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Abstract

The aim of this paper is to determine the thermal properties of an orthotropic planar
structure characterised by the thermal conductivity tensor in the coordinate system of
the main directions (Oxy) being diagonal. In particular, we consider retrieving the time-
dependent thermal conductivity components of the an orthotropic rectangular conductor
from nonlocal overspecified heat flux conditions. Since only boundary measurements are
considered, this inverse formulation belongs to the desirable approach of non-destructive
testing of materials. The unique solvability of this inverse coefficient problem is proved
based on the Schauder fixed point theorem and the theory of Volterra integral equa-
tions of the second kind. Furthermore, the numerical reconstruction based on a nonlinear
least-squares minimization is performed using the MATLAB optimization toolbox rou-
tine lsgnonlin. Numerical results are presented and discussed in order to illustrate the
performance of the inversion for orthotropic parameter identification.

Keywords: Orthotropic heat conductor; heat equation; inverse problem; thermal con-
ductivity; regularization.
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1 Introduction

Factors such as manufacturing and curing process may affect the material properties of a
structure often introducing additional variations such as anisotropy, [4], which are difficult
to measure directly. Such a coefficient identification problem is challenging because it is
inverse, nonlinear and, in general, ill-posed.

At steady-state, research on the determination of the diffusivity/conductivity of a
layered and orthotropic medium has been initiated in [1,3] and the general case of identi-
fication of anisotropic spacewise dependent conductivity in the Laplace-Beltrami elliptic
equation has been much investigated in the last two decades, [15].

In the time-dependent case the situation is much less investigated and here we only
mention the nonlinear identification of a temperature-dependent orthotropic material,
[14], the space-dependent anisotropic case considered in [11], and the recovery of the
leading coefficients of a heterogeneous orthotropic medium, [1,5].

In this study, for the first time to the authors’ knowledge, the identification of the
time-dependent thermal conductivity of an orthotropic rectangular material from nonlocal
heat flux overdetermination boundary conditions is investigated both theoretically and



numerically. The inverse problem that we formulate in Section 2 and propose to study
combines the features of multi-dimensions, multiple coefficient identification, [6], as well as
non-local overdetermination data, [2,7,8,10]. All these papers are unified by the approach
utilized to prove the existence of solution: the inverse problem is reformulated as a fixed
point problem for a certain nonlinear compact operator, so that the Schauder theorem can
be applied to it. Afterwards, uniqueness of solution follows from the theory of Volterra
integral equations of the second kind. In this paper, we also follow this approach and
prove the existence and uniqueness of the solution in Section 2. The numerical solutions
of the direct and inverse problems are described in Section 3 and 4, respectively, and
numerical results are presented and discussed in Section 5. Finally, conclusions are given
in Section 6.

2 Statement of the problem

We consider an inverse problem of identifying the thermal conductivity coefficients a; ()
and as(t) in the two-dimensional orthotropic heat equation

Uy = aq (t)u:r:a: + a2(t)uyy + f(.’lf, Y, t)a
(x,y,t) € Qr :={(z,y,t): 0<x < h,0<y<l,0<t<T}, (1)

with initial condition

u(z,y,0) = ¢(,y), (,y) €[0,h] x[0,], (2)

Dirichlet boundary data
U(anat) = ﬂll(%t)v U(h,y,t) = MlZ(yat)> (yat) € [07 l] X [OvT]> (3)
w(z,0,t) = por(x,t), w(z,l,t) = psa(z,t), (x,t)€[0,h] x[0,T] (4)

and nonlocal overspecification conditions
a1<t)(yll(t)u$(07y07t) + V12<t>ua}(hay07t)) = %1(t), le [OvTL (5>
az(t) (Va1 ()uy (2o, 0, ) + vaa(t)uy (2o, 1, 1)) = 5(1), t € [0,T], (6)

where xg, 3o are fixed values from the intervals (0, k) and (0,1) respectively.

Let Gi(z,t,&,7) be the Green function for the equation w, = ay(t)u,, with Dirichlet
boundary conditions for £ = 1, and with Neumann boundary conditions for £ = 2. These
functions are defined by, [9],

) . +o0 N _(x_§+2nh)2
et =5y 2o (7 i o)

n=—oo

t

+(—1)*exp (—iéj(f)tzzl(};))))) , k=1,2, 0.(t) = /a1<7)d7',t €0, 7. (7)

At the same time we define the function G,,(y,t,n,7) for the equation u; = as(t)uy,
analogously to Gy(x,t,&, 7).
Then the Green function of the problem (1)-(4) is defined by

Grm(z,y,t,§,n,7) = Gr(x,t, &, 7)Gm(y, t,n,7), when k =m = 1. (8)



Theorem 1. Let the following assumptions be satisfied:

(A1) 80 € C([0, h]x[0,1]), pa1,s gz € C*H[0,1]x[0,T]), par, pa2 € C*1([0,R]x[0,T)),f €
LO(Qr), 21, 500, v11,v12 € C([0, T));

(A2) s(t) > 0, v11(t) + v12(t) > 0,t € [0,T], @u(z,y) > 0, (z,y) € [0,h] x [0,
porz(x,t) > 0, piogg(x,t) > 0, (x,t) € Y
,Ullyy(y;t> 2 07 ,u12t<y7t) - f<h7y7t> 2 07 :u12yy<y7t> g 07 (yvt) S [ 5
fm(x7y7t) 2 07 (Ji,y,t) S QT;

(A3) s(t) > 0, 1(t) + ve(t) > 0,t € [0,T], py(x,y) > 0, (z,y) € [0,h] x [0,]],
ﬂlly(% ) > 07 :ul?y(yvt) > 07 (y7t) € [07 l] X [OvT]7 N21t(x7t) - f(a:,O,t) < 07
P2tz (T, t) = 0, poor(x,t) — fx,l,t) = 0, poge(x,t) < 0, (z,t) € [0,h] x [0,7],
fy(xvyv ) 07 (:E,y, ) € QT,

(A4) ¢(0,y) = p1i(y,0), w(h,y) = p2(y,0), y € [0,1], (,0) = pa(z, 0) p(z
,LLQQ(I,O), AR [0 h] 11
,LLm(l,t) = ,ugg(h, t), t e [O,T]

Then, the problem (1)-(6) has at least one solution (ay, az,u) € (C([0,T]))* x C>*(Qy).

Proof. To prove the existence of a solution to (1)-(6) we are first going to reduce it to
an equivalent in a certain sense operator equation with respect to (a1, as) and afterwards
apply the Schauder fixed point theorem.

If a;(t) > 0,as(t) > 0 are known functions, the solution to the direct problem (1)-(4)
can be represented as

h 1 It
$ y7 //Gll(xayvtagvlr]?())@(é-an)dgdn+ //Gllﬁ(x7y7tvOaan)al(T)/'Lll(an)dndT
0 0 0 0
t h t

!
//GHE x,y, thyn, T)ay () (n, dndT—l—//Gm, x,y,t,&,0,T)as(T) 21 (€, 7)dédT
00

//bmwa&M%ﬂﬂm& Jdedr + ///bnx%uw,V@m>&ww
(9)

Denote wq := u,(x,y,t) and differentiate (9) with respect to x to obtain

l

h 1 t
Jf ya //G21(x7y7t7§77770>¢§(£7n>d§dn - //G21<I7y7t7 077]77—)(:“117'(7777—)
0 0

0 0

It
- f(Ou n, T) - a2( )Mllnn n,T dﬁdT + //G21 (ZE, Y, tu ha n, T) (M127(777 T) - f(hu n, T)
0

t
—@mmeﬂwm+//Gm@%mmm@mm@mwwf
0 0



t h

h l
_ / / Gar (s s 1. €, 1, 7)as (7 pisse (€, 7)dEdT + / / / Gor(,y,1,€,17,7) fe (€, 17, 7)dEdndr.
0 0 0O 0 O

(10)

t

An operator equation with respect to a; is obtained from (5) as
aq :Pl(al,ag), (1].)

where

1 (t)

Py(ay, az)(t) = vir (H)wy (0, yo, t) + v12(t)wi (b, yo, )’

t €[0,7]

and wyis defined by (10).
Analogously, in order to get an operator equation with respect to az(t), we differentiate
(9) with respect to y and use the notation wsy := wu,(z,y,t) to obtain

h 1
w2(xay7t) _//G12($7y7t7£7777 O)QDU(Ean)dgdn
0 0

t

l
+ / / G, 9, 1,0, 7, T)ar (T)piarg(n, 7)didr
0 0
l

t

/ G12§ (ZE, Y, ta h7 n, T)CLl (T)M1277<T]7 T)d’f]dT

Gz (ZL’, (2 57 0, T) (:u217'(§7 7—) - f(ga 0, T) — (T),U/21§§<€, T))dng

+

O\;w O\w O\m o\
O\N o\“ D\H =]

o\ﬂ

G12<x7 y,t,¢, L T)(:“Q?r(éuv T) - f(ga L T) —a (T)HJQQ& (g’ T))deT

+ Gl?<x7yat757naT)fn(€7n7T)d€dndT' (12>

Therefore, an operator equation with respect to ay is obtained from (6)
a :Pg((ll,ag), (13)

where

75(t)
I/Ql(t)wg(ﬂf(), 0, t) + V99 (t)wg(l‘o, l, t) ’

Pg(al, ag)(t) = t e [O,T]

and ws is defined by (12).

Denote:

N :=A{ay,a3 € C([0,T]) : an < a1(t) < Ay, ag < az(t) < Ay}, where the constants
oy, a9, Ay, Ay € R, are to be determined below;
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P : N — N such that P(a,as) = (?81,22;)'
2\01, 42

Thus, the problem (1)-(6) is reduced to the operator equation
(CLl, CLQ) = P(al, CLQ), (al, CLQ) S N (14)

The problem (1)-(6) is equivalent to the equation (14) in the following sense: if
(a1,a2,u) is a solution to (1)-(6), then (ai,as) is a solution to (14), and, conversely,
if (a1,a2) € N is a solution to (14), then (ay, as,u) is a solution to (1)-(6), where u is
defined by formula (9). This follows from the way the equation (14) has been obtained.

To make sure that the operator P maps N into itself let us estimate the constants
a1, g, Ay, Ay € Ry, From the uniqueness of the solution to the problem

ur = a1 (t)ugy, (z,t) € (0,h) x (0,7),
u(z,0) =1, x€|0,h],
uz(0,t) =0, wu.(h,t)=0, te][0,T],

the following identity is obtained

h
/Gg(x,t,g,O)dg .Y (15)
0

According to the properties of the Green function (namely, that Gy, (y,t,0,7) > 0,
Ghy(y,t,1,m) < 0 and (15) holds) it follows from (A2) applied to (10) that

l
w1<I,y,t) 2 min Qor(xay>/G1(yvt7n70)dn+ min ,U/21x It /Gln yat 0 T)a2( )dT
0

[0,R]x[0,1] [0,A]x[0,T]

t

—  min  jig9.(z, t)/Gln(yat>la7_)a2(7_)dT'

[0,2] x[0,T]
0

Similarly to (15), from the uniqueness of the solution to the problem

Uy = a2(t)uyy7 <y7t) € (07 l) X (07T)7

u(y,0) =1, ye€l0,],

w(0,t) =1, w(l,t)=1, te€][0,T].
we obtain the formula

l t t

/Gl(y,t,n,O)df—i—/Gln(y,t,O,T)ag(T)dT—/Gln(y,t,l,T)aQ(T)dT =1. (16)

0 0 0

The formula (16) implies the estimate

wy(z,y,t) = mm{mg]ur[lo P (2, 9), o i ot (z,1) o i H2 (z,1)} = Wi



Thus, the following estimate for the operator P; holds:

Pi(ay,a0)(t) < I[I()l’%}f%l(t) = Ay, tel0,T]
S T i) + e o
Similarly,
Py(ay,a0)(t) < Ay, t€[0,T],
where
maxy(t
Aa = mm<y2f0(f>] n z:(t))wg’
[0,T]
Wy = min{ min ¢,(z,y), min_pu,(y,1), fizy(y, 1)}

[0,] x[0,] [0,]<[0,T] [o, } [0 7]

The next step is to obtain the upper bound estimate of wy(0,yo,t). It implies from
(15) and (16) that

/

G21 ZE Y, t? 5) 7, 0)90£<57 ﬁ)dfdﬁ + / / Gan(aja Y, ta 57 07 T>a2<7>ﬂ21§<£> T)dédT

t

/GQh7 x, Y, t, &1, T)ag(T) poge (€, T)dEdT
0

O\: O\N

< (T, 1), (T, 1
max{[or}g]lgfél]so( Y o hax i (z,1) o ax iz (z,1)}.
It is shown in [9] that Ga(0,£,0,7) < [ — + ——— d Go(0,4, h,7) < & Th
1s shown in a ,0,0,7) < | -+ ————— | an S hT) < —. us,
2 h Vo (t —T) 2 h

/Gm (0,90,t,0,0,7) (117 (0, 7) = f(0,0,7) = az(7) pra1ny (1, 7)) dndr
0

T 2VT
7 — 0,y,t A
3 + 7TCY1> ([OZ]X[OT]( pie(y,t) + f(0,y,t)) + 2[ I]neh))cT]unyy(y, )),

N
WAO\N

G21 (07 Yo, tv h'7 n, T) <M12T(777 T) - f(hv mn, T) - GQ(T):U’IQW] (777 T))dndT

o _
—

<

S| =

t)— f(h t A — t))).
([o,ﬂi?éfn(’“‘m(y’ ) — f(h,y,t) + Q[O}ﬁ‘%}éfﬂ( [1124y (Y, 1))

Finally, the last term of (10) is evaluated by

t

h 1
/ / / Grala, 1.6 7) (6.1 )Eddr < T (11,0,
0O 0 O r



After the same procedure is applied to wq(h, yo,t), the following inequality is obtained:

&

N

vin(H)wi(0,y0,t) + via(t)wi(h, yo, t) < C1 +

Therefore, for P, we obtain the lower bound estimate

Cs :
o < Pi(ay,a9)(t), t€]0,T], where Cs:= 1[51}1]1%1 (t).
Vv 1

To ensure that P maps N into itself a; must satisfy the equation
Cs
Cy -~
C
1+ o

Ci +

o] =

This equation has a unique positive solution

2
—Cy + /O3 +4C1Cs
= 2°C .

1

Similarly,

Cs
Vo2

vo1(t)wa (0, 0, 1) 4+ vaa(t)wa(xo, I, 1) < Cy +

which yields the lower bound estimate for P

C
—60 < Py(ay,a2)(t), te[0,T], where Cg:= minsn(t).
Cy+ \/% (0,17

Then, «y satisfies the equation

Cs

—C4+\%—2

Qo

Y

which has only one positive solution

2
<—05 +4/C2 + 4C4CG>
g (=

20,

Taken such values for ay,ap, Ay, A € R, the operator P maps the set A into itself.
Compactness of the operator P follows from [9]. According to the Schauder theorem
there exists a solution to (14), and therefore to the problem (1)-(6).

Theorem 2. Provided that ,(t) # 0, »2(t) # 0 for t € [0,T], the solution (a1, az,u) to
the problem (1)-(6) is unique in C([0,T])* x C*1(Qr).



Proof. Suppose that there are two solutions (ay(t), as(t), u(x,y,t)) and
(aj(t),a’(t),u*(z,y,t)) to the problem (1)-(6). Denote ai(t) = ai(t) — aj(t), ax(t) =
as(t) — a3(t) u(x,y,t) = u(z,y,t) — u*(z,y,t). Then (a;(t),as(t),u(z,y,t)) is solution to
the problem

Uy = a1 () Uge + a2(t)yy + a1 (t)uy, (z,y,t) + ao(t)u,, (z,y,1), (z,y,t) € Qr,  (17)
A, y,0) =0, (z,y) € [0,A] x [0,1], (18)
u(0,y,t) =0, u(h,y,t) =0, (y,t)€][0,l]x][0,T], (19)
u(z,0,t) =0, u(x,l,t)=0, (z,t)€][0,h]x][0,T], (20)
ay(t)(vi1 () uz (0, yo, t) + via(t)uz(hy yo, 1)) + ar () (11 (8)ux (0, yo, t)

+ I/lz(t)ax(h, Yo, t)) = 0, t e [0, T] (21)
62 (t)(Vgl (t)u;‘ ([E(), 0, t) + VQQ(t)UZ(IO, l, t)) + a9 (t) (V21 (t)ay<l’0, O, t)

+ v (t)uy (20,1, t)) =0, te[0,T]. (22)

The solution to the problem (17)-(20) can be calculated by formula (9) to read

t I h
ﬂ(xyy,t)==U/mj/u/nCﬁl(x,y7t,§,n77)(5i(T)U§x(£,U,T)*—5é(7)u2y(£,n,T))dédndT,
0O 0 O

(ZL’,y,t) € @T' (23>

Substituting (23) into (21), (22) we obtain the system

t | h
A1) (i (10, 0, £) + s () (B you ) = —au(t ///mlam0m¢sm>
+V12< )Gllw(hvy07t7§7777 ))( ( ) :mc(g , )—FCLQ(T)UZ?J faan))dé-dndT te [O T]

(24)

I h
&\2 (t)(l/gl(t)’u;:(l’o, O, t) + VQQ(t)uZ(.TO, l, t)) = —(ZQ(t) / / /(l/gl(t)Glly(iEo, O, t7 f, n, ’7')

+ Va9 (t)G11y<I07 l, ta 57 1, T))(al (T)u:x (57 n, T) + a2<7—>uyjy(§a n, T>>d§dnd77 te [07 T] (25)

Thus, (24) and (25) form a system of homogeneous Volterra integral equations of the
second kind. Since (aj,al, u*) is solution to the problem (1)—(6), it implies from the
conditions (5), (6) and assumptions of the theorem that

Vll(t)u;(oaymt) + V12(t)u:;(ha y())t) 7é 07 V21(t)ugj(x07 Oa t) + V22(t)u;;({1’}07 la t) 7é 07 le [O’ T]

Therefore, the system of equations (24) and (25) has a unique trivial solution. The
uniqueness is proved.

3 Solution of direct problem

In this section, we consider the direct initial boundary value problem (1)—(4), where
ai(t), as(t), f(z,y,t), ¢(x,y), and p,j, 1,7 = 1,2, are known and the solution u(x,y,t)

8



is to be determined. To achieve this, we use the Forward-Time-Central-Space (FTCS)
finite-difference scheme which is conditionally stable.

We subdivide the solution domain Q) into M,, M, and N subintervals of equal step
lengths Az and Ay, and uniform time step At, where Az = h/M,, Ay = E/M and At =
T/N, for space and time, respectively. At the node (4, ], k) we denote u = u(X;, Y, t),
where X; = iAx, Y; = jAy, t, = kAt, af = a(ty), ab = aa(ty) and f” = f(Xi, Y], te)
for i =0,M,, j =0,M, and k = 0, N.

The simplest explicit difference scheme for equation (1) is given by

k
Uiy Uiy _k Uiy — 2wy Uiy ak“ﬁjﬂ 2ug; + Uy 4 (26)
At : (Aw) ’ (Ay)

1’7]

fori = 1,M, —1, j = 1, M 1 and kK = 0, N. The initial and boundary conditions
(2)-(4) give

UOJ :¢i,j7 i:OaMza j _0 M (27>
U j = Mll()/}atk)a u?Wz,j = MlQ(}/;H k)? j = 07 My7 k= 17N7 (28>
U; 0 = M21(Xiatk)7 U,ﬁMy = M?Q(Xhtk)) 1= 07 Mm7 k= 17N (29>

Let a; and as be the maximum values of a;(t) and as(t), respectively, then, the stability
condition for the explicit FDM scheme (26) will be [13],

ay At as At <

L 30
a7 T agp 52 )

The fluxes (5) and (6) can be calculated using the second-order FDM approximations:

s (t) = ab (Vll(tk)um(o, Yo, tr) + v1a(tr)uz(h, yo, tk)>, k=1,N, (31)
o (ty) = alg (l/gl(tk)uy(xo, 0,t5) + vaa(ti)uy (o, ¢, tk)), k=1, N, (32)

where
(0. 0. ) = 4u(Xy, yo, t) — u()gzmyo,tk) — 3#11(y0,tk), k=1, (33)
o (o, ty) = du(Xpr, -1, Yo, t) — u(i(QJ\/fAm;z,yo,tk) — 3#12(%,%)7 E=T.N, (34)
(20,0, 1) = Au(zg, Y1, i) — u(x;,:;, t1) — 3pta1 (2o, t’“), K=TN, (35)
(0, £, ) = du(wo, Yar, -1, k) — u(foz,zzfyz, ty) — 3paa(zo, tk)’ k=T (36)

4 Solution of inverse problem

In this section, we aim to obtain stable reconstructions for the principal direction com-
ponents a1(t) > 0 and as(t) > 0 of the two-dimensional orthotropic rectangular medium



together with the temperature u(x,y,t) satisfying the equations (1)-(6). One can re-
mark that at initial time ¢ = 0 the values a1(0) and ay(0) can be obtained from the
overdetermination conditions (5) and (6) as

B Al (0)
a1(0) = v11(0)94(0, yo) + v12(0) (R, yo)’ o

V21(0)¢y(x07 O) + V22(0)¢y(x07 6) '
The inverse problem is solved based on the nonlinear minimization of the least-squares

objective function

2
F(Gl, ag) =

ax(t) (I/n(t)’%(oa Yo, t) + v12(t)uz(h, o, t)) — ()

2

+ ; (39)

a9 (t) (Vgl(t>uy((l}0, 0, t) + V9o (t)uy(l’o, l, t)) — (t)

or, in discretised form

N 2
Plava) =3 [d (00000, )+ a0 o)) = 510
=1

_l_

i [ (1/21 t)uy (o, 0, 1)) + l/gg(tk)uy(xo,l,tk)> _ %2(%)}2' (40)

The minimization of the objective functional (40), subject to the physical simple bound
constraints a; > 0 and a, > 0 is accomplished using the MATLAB optimization toolbox
routine [sqgnonlin, which does not require supplying (by the user) the gradient of the
objective function, [12]. Furthermore, within [sgnonlin we use the Trust-Region algorithm
which is based on the interior-reflective Newton method. Each iteration involves a large
linear system of equations whose solution, based on a preconditioned conjugate gradient
method, allows a regular and sufficiently smooth decrease of the objective functional (40).
Upper and lower bounds on the thermal conductivities a; and as can be specified according
to a priori information on these physical parameters.

In the numerical computation, we take the parameters of the routine [sgnonlin, as
follows:

e Maximum number of iterations = 10°x (number of variables).
e Maximum number of objective function evaluations = 10°x (number of variables).

e Solution and objective function tolerances = 1071,

The inverse problem (1)—(6) is solved subject to both exact and noisy measurements (5)
and (6). The noisy data is numerically simulated as

M ty) = s (ty) + €y, 252 (th) = s(ty) + €25, k=1,N, (41)

where €1, and €2; are random variables generated from a Gaussian normal distribution
with mean zero and standard deviations o1 and o2 given by

1=px t 2=1pX t 42
ol=p 2}3%‘]'”1(’“)" 02=p t§3§]|%2(k)|, (42)
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where p represents the percentage of noise. We use the MATLAB function normrnd to
generate the random variables €l = (el),_1 and €2 = (€2;),_1 5, as follows:

1 =normrnd(0,01,N), €2 = normrnd(0,02, N). (43)

In the case of noisy data (41), we replace s (ty) and se(ty) by s (ty) and st (t),
respectively, in (40).

5 Numerical results and discussion

In this section, we present numerical results for the reconstruction of the orthotropic
thermal conductivity components a;(t), as(t) and the temperature u(x,y,t), in the case
of exact and noisy data (41). To assess the accuracy of the numerical solution we employ
the root mean square errors (rmse) defined by:

- N 11/2
1 numerica exac 2
rmse(a;) = N Z (al Htg) — af t(tk)) ) (44)
L k=1 i
B . N 11/2
numerica exac 2
rmse(ay) = N Z (aQ Nte) — a$ t(tk)) (45)
L k=1 i

For simplicity, we take h = ¢ =T = 1. The bounds on the physical variables a; and as
are 1079 (lower bounds) and 10? (upper bounds). Although the initial guess for a;(t) and
as(t) could be taken as a;(0) and az(0) which are known form (37) and (38), in order to
investigate the robustness of the numerical inversion we take them (arbitrary), say equal
to unity.

5.1 Example 1

Consider the inverse problem (1)—(6) with unknown coefficients a;(¢) and as(t), with the
input data ¢, p;, vi; and », 1,7 = 1,2, as follows:

101543t + 2z +y

(.I,y) = (I Y, ) (_2 +I)2 - (_2 +y>27 f(.I,y,t) = 50 )
pn(y,t) = w(0,y,t) = =4 +2t — (=2 +y)*,  pa(yt) = u(l,y,t) = =1+ 2t — (=2 +y)?
por(m,t) = u(x,0,t) = =4+ 2t — (=2 +2)%,  poo(w,t) = u(z,1,t) = =142t — (=2 + 2)?,

V11<t) ]_ 1/12( ) = 1 1/22( ) = 17 VQl(t) = ]_, %1(t) = 3(1131)1), %Q(t) = W’

g = 05, Yo = 0.5.

One can observe that conditions of Theorem 2 are satisfied and therefore, the uniqueness
of the solution is guaranteed. In fact, it can easily be checked by direct substitution that
the analytical solution is given by

an(t) = % a(t) = Qt;)(?ﬁ, te o], (46)
u(x,y,t) = —(l’ - 2)2 - (y - 2)2 + 2t7 (.I', yat) € @T' (47)
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We take M, = M, = N = 10 which together with the upper bound 10? for the
unknown coefficients a; and as ensure that the stability condition (30) is always satisfied
at each iteration of the minimization process.

We start the investigation for simultaneously determining the time-dependent un-
knowns a; and ay for exact and noisy input data, i.e., for the cases p € {0,1,5,10}% of
noise. Figure 1 presents the objective function (40), as a function of the number of itera-
tions. From this figure one can notice that a rapid convergence is achieved in 42 iterations.
The objective function (40) converges to a very small minimum value of O(107%).

Figure 2 shows the unknown reconstructions for a,(t) and as(t) for various noise levels.
As expected, the numerically obtained results become more stable and accurate as the
percentage of noise p decrease from 10% to 5% and then to 1%, see rmse(a;) and rmse(as)
in Table 1.

5.2 Example 2

The previous example has recovered the smooth time-dependent orthotropic conductivity
components a1(t) and as(t) given by (46). In this example we asses the performance of
the numerical method for reconstructing a non-smooth test case given by

100 2

5 +—, te]0,1], (48)

ai(t) 20’

+op0 @)=t

1 1 1 1
10

21’1

and u given by (47). The input data ¢, p, j, V4, To and yo are the same as in Example 1
but

1 1 1 1 21
H=—lt—=|+=|?— |+ = 4
3 1] 3 3, 1| 3

We take M, = M, = 10, N = 40 which, as in Example 1, together with the upper
bound of 10? imposed ensure that the stability condition (30) is always satisfied during
the iterative procedure. As we did in Example 1, Figures 3, 4 and Table 1 present the
plots of objective function (40) as a function of the number of iterations, the numerically
obtained reconstructions for the non-smooth coefficients and the rmse values (44) and
(45) for Example 2, respectively. The same conclusions can be drawn about the stable
reconstructions for the unknown coefficients.

6 Conclusions

The inverse problem concerning the simultaneous identification of the orthotropic ther-
mal conductivity components a;(t) and as(f) in a rectangular domain has been theoret-
ically and numerically investigated. The unique solvability of the inverse problem has
been established using Schauder’s fixed point theorem and the theory of Volterra integral
equations of the second kind.

The orthotropic heat equation has been discretised using an explicit FDM. Further,
the inverse problem has been solved as a constrained minimization problem using the
MATLAB optimization toolbox routine lsqnonlin. Numerical results presented and dis-
cussed for both exact and noisy data show that accurate and stable solutions have been

12



obtained. No regularization has been found necessary indicating that the inverse problem
is in fact well-posed.
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Figure 1: The objective function (40), for various noise levels p € {0,1,5,10}%, for Example 1.
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Figure 4: The exact solution (—) and numerical solutions for various noise levels p €
{0,1,5,10}% for (a) a1(t) and (b) as(t), for Example 2.

Table 1: The rmse values (44) and (45) for various noise levels p € {0,1,5,10}%.

Example 1 | p=0 | p=1% | p=5% | p=10%
rmse(a;) | 2.6E-4 | 5.1E-4 | 0.0020 | 0.0038
rmse(az) | 2.9E-4 | 4.5E-4 | 0.0014 | 0.0026

Example2 | p=0 |p=1% | p=5% | p=10%
rmse(ay) | 2.9E-16 | 0.0014 | 0.0070 | 0.0140
rmse(ay) | 2.9E-4 | 9.3E-4 | 0.0047 | 0.0093
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