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Superdeformed and Triaxial States in 42Ca
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Shape parameters of a weakly deformed ground-state band and highly deformed slightly triaxial
sideband in 42Ca were determined from E2 matrix elements measured in the first low-energy Coulomb
excitation experiment performed with AGATA. The picture of two coexisting structures is well reproduced
by new state-of-the-art large-scale shell model and beyond-mean-field calculations. Experimental evidence

PRL 117, 062501 (2016) P HY S I CA L R EV I EW LE T T ER S
week ending

5 AUGUST 2016

0031-9007=16=117(6)=062501(7) 062501-1 © 2016 American Physical Society



for superdeformation of the band built on 0þ2 has been obtained and the role of triaxiality in the A ∼ 40mass
region is discussed. Furthermore, the potential of Coulomb excitation as a tool to study superdeformation
has been demonstrated for the first time.

DOI: 10.1103/PhysRevLett.117.062501

Highly deformed nuclear shapes, of elongation that may
be approximately represented as an ellipsoid with a 2∶1

major to minor axes ratio, were first observed in fission
isomers in 1962 [1]. This discovery was followed by the
observation of superdeformed (SD) bands in the rare-earth
region [2]. A particularity of these structures, which are
found to occur at high spin, was that their linking to the
ground-state band was difficult to establish. The phenome-
non of superdeformation became a challenge for both
experiment and nuclear structure theory, and soon very
similar structures were found in other mass regions,
namely, A ∼ 130 [3,4] and A ∼ 190 [5]. However, the
original criterion of a 2∶1 axes ratio does not seem to
be universally valid, as the deformation of most of the
established SD bands corresponds to axes ratios of between
3∶2 and 2∶1. Recently, SD bands have been discovered in
lighter nuclei, particularly in the A ∼ 40mass region, where
the nucleons occupy similar proton and neutron orbitals.
The deformation parameter β in the sidebands of 40Ca [6],
36;38;40Ar [7–10], and 44Ti [11] nuclei reaches 0.4–0.6,
which is similar to what is observed in other mass regions,
where superdeformation has been established. However, in
contrast to heavier nuclei, strongly deformed bands in A ∼

40 isotopes are linked to other, less deformed states by
intense γ-ray transitions.
Considering the relatively small number of nucleons, the

A ∼ 40 region constitutes an excellent testing ground to
study the origin of highly deformed structures within various
theoretical approaches, such as, for example, large-scale
shell model (SM) [12,13], beyond-mean-field models
(BMF) [14–16], and antisymmetrized molecular dynamics
(AMD) [17–22]. In particular, the normal-deformed and SD
structures in 40Ca were successfully described in the
framework of SM calculations that yielded a spherical
ground-state band, a normal-deformed band (β ¼ 0.3) built
on the 0þ2 state dominated by the 4p-4h excitation into the
pf shell, and a SD band (β ¼ 0.6) built on the 0þ3 state with
an 8p-8h configuration [13]. The sideband observed in this
nucleus at low excitation energy was interpreted as a partner
of the 4p-4h excited band, resulting from its triaxial shape,
which is in agreement with the conclusions of other
theoretical works [18,23,24]. The importance of the triaxial
degree of freedom in the development of deformation was
also suggested for other nuclei in this mass region, e.g., 44Ti
[17]. The currently available experimental data, however, are
not conclusive, as they are mostly limited to energies of
states in γ bands. More solid evidence for triaxiality can be
obtained from a measurement of transition probabilities and
quadrupole moments of excited states.

A regular sideband built on the 0þ2 state is known in 42Ca,
and some of its spectroscopic properties do not differ
significantly from those of the established SD bands in the
A ∼ 40 region. Firstly, its moment of inertia, which is
proportional to the quadrupole deformation parameter β2
[25], is large and similar to those in the SD bands in 36Ar
and 40Ca. The strongly deformed character of this band is
further supported by the observation of its preferential
feeding from the low-energy component of the highly split
giant dipole resonance decay of 46Ti [26]. On the other
hand, the lifetimes of the states in the sideband [27,28]
indicate that their deformation is smaller than that of the SD
band in 40Ca; it should be noted, however, that these
lifetimes are subject to significant uncertainties.
Since the band head of the sideband in 42Ca lies at an

excitation energy of 1837 keV, considerably lower than its
counterparts in the neighboring Ca and Ar isotopes, it is
possible to populate this structure by Coulomb excitation in
order to obtain a complete set of electromagnetic matrix
elements between the observed states. This includes
spectroscopic quadrupole moments that are directly related
to the charge distribution in a given state, as well as
transitional quadrupole matrix elements, which can be used
to infer the mixing between the observed structures using
comparisons with state-of-the-art model calculations.
In this Letter, we report on the results of a dedicated

Coulomb excitation experiment to study properties of the
superdeformed band in 42Ca, performed at the Laboratori
Nazionali di Legnaro, Italy [29,30]. A 42Ca beam of
170 MeV energy bombarded 1 mg=cm2 thick targets of
208Pb and 197Au. The γ rays from Coulomb excited nuclei
were measured with the three triple clusters of AGATA [31]
in coincidence with backscattered projectiles, detected in
the DANTE array [32,33] consisting of three microchannel
plate (MCP) detectors, covering θLAB angles from 100°
to 144°.
Thanks to the combination of two position-sensitive

detector arrays, DANTE for charged particles and the
AGATA tracking spectrometer for γ rays, the observation
and Doppler correction of the γ transitions deexciting the
ground state and the sideband in 42Ca were possible (see
Fig. 1). The γ-ray spectrum obtained with the 208Pb target,
Doppler corrected for the 42Ca velocity, in coincidence
with backscattered particles registered in one of the
MCP detectors, is shown in Fig. 2. In addition to
transitions resulting from Coulomb excitation of 42Ca
and 208Pb, weaker lines at 376, 1674, and 2048 keV are
observed, originating from the subbarrier transfer reac-
tion 208Pbð42Ca; 43CaÞ207Pb (as discussed in Ref. [30]).
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A Doppler-broadened and shifted 511-keV γ-ray line, and
transitions from Coulomb excitation of target impurities,
204Pb (899 keV), 206Pb (803 keV), 207Pb (570 keV), are
also present in the spectrum. The transition in 204Pb
obscured the 2þ2 → 2þ1 line in 42Ca; therefore, the inten-
sity of the latter could only be extracted from the data
collected with the 197Au target (see inset of Fig. 2).
A set of reduced electromagnetic matrix elements

between the low-lying states in 42Ca was extracted using
the GOSIA code [35]. It was fitted to the observed γ-ray

yields, as well as to the known spectroscopic data for 42Ca:
lifetimes of the yrast and nonyrast states [27,36–45],
E2=M1 mixing ratios [28,46], the quadrupole moment
of the 2þ1 state [36], and the branching ratios [45,47–49]. In
particular, the 2þ2 → 0þ1 =2

þ
2 → 2þ1 branching ratio was

remeasured at the Heavy Ion Laboratory, University of
Warsaw, Poland, using the 12Cð32S; 2pÞ42Ca fusion-evapo-
ration reaction, employing the EAGLECompton-suppressed
HPGedetector array [50]. The obtainedvalue, 0.35(7),which
is in agreement with the previous findings [45], was used to
constrain the Coulomb excitation data analysis. Although no
transitions deexciting the 2þ3 state were observed in the
present experiment, its influence on the population of other
states was taken into account by introducing into the
calculations matrix elements coupling it to the observed
states. These were calculated from the known spectroscopic
data, such as the lifetime of the 2þ3 state and branching and
mixing ratios for all possible paths of its decay [34], and
remained fixed in the GOSIA minimization routine.
It should also be noted that although the 2þ2 → 0þ2

transition is too weak to be observed, the corresponding
matrix element affects excitation cross sections of observed
states, in particular, that of the 2þ2 , and hence it could be
determined from the intensities measured in the present
Coulomb excitation experiment.
The resulting set of reduced matrix elements in 42Ca and

corresponding BðE2Þ values are presented in Table I. Two
key pieces of information regarding the deformation of
the sideband have been obtained for the first time: the
h2þ2 ∥E2∥0

þ
2 i matrix element, as well as the spectroscopic

quadrupole moment of the 2þ2 state. Their values are
consistent with a large quadrupole deformation of this band.
Other matrix elements obtained in the present analysis are in
general agreement with the results of earlier measurements,
and in several cases the precision has been considerably
improved, notably for transitions deexciting the 4þ2 state.
In order to get a complete picture of the coexisting

structures in 42Ca, two new SM and BMF calculations have
been performed.
Following the previous description [13] of the spherical,

normal-deformed and superdeformed structures in 40Ca,
SM calculations have been carried out using up to 6
particle-hole excitations from the s1=2 and d3=2 orbitals
into the pf orbitals. This is computationally challenging,
with matrices of dimensionsOð109Þ, and was tackled using
them-scheme code ANTOINE [51,52]. The effective charges
used were 1.5e for protons and 0.5e for neutrons. The
results show that the configuration of the 0þ2 and 2þ2 states is
dominated by the 6p-4h excitation, which is supported by
the α transfer strength to the 0þ2 state in 42Ca measured with
the 38Arð6Li; dÞ42Ca reaction [53]. The above results are in
agreement with the earlier deformed-basis antisymmetrized
molecular dynamics calculations with the generator coor-
dinate method (AMDþ GCM) [54] that predicted β ¼
0.43 for the band built on the 0þ2 state of the 6p-4h
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FIG. 1. Low-lying excited states in 42Ca, considered in the
present analysis [34]. Transitions observed in the current experi-
ment are marked in red. Level and transition energies are given
in keV.

0 1000 2000 3000 4000
 γ -ray energy [keV] 

10

100

1000

10000

C
o
u
n
ts

 /
 1

 k
e
V

1600 2000 2400 2800
 γ -ray energy [keV] 

0

300

600

900

C
o

u
n

ts
 /

 8
 k

e
V

1000 1200
 γ -ray energy [keV] 

0

3000

6000

C
o

u
n

ts
 /

 8
 k

e
V

312

1525

1729

2424899
1227

1729

2424
899

1227

FIG. 2. The γ-ray spectrum observed in the 42Caþ 208Pb
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configuration. Furthermore, the importance of triaxiality in
this system has been clearly revealed: the spectroscopic
quadrupole moment of the 2þ3 state has been found to be of
similar magnitude (19 e fm2) but of opposite sign to that of
the 2þ2 state. In addition, the calculations yielded a low-
lying 3þ state, which is connected by a strong transition to
the 2þ3 state [BðE2; 3þ → 2þ3 Þ ¼ 372 e2 fm4] and has a
spectroscopic quadrupole moment close to zero. Hence,
these states were identified as members of the SD γ band
built on the 2þ3 level, having a structure dominated by the
6p-4h, similar to that of the 2þ2 and 0þ2 states. Constrained
Hartree-Fock calculations (CHFSM) performed with the
same Hamiltonian and within the same valence space [55]
presented in Fig. 3(a)revealed a first triaxial minimum at
β ¼ 0.4 and with γ close to 20°, and a second minimum at
β ¼ 0.6 and γ ¼ 8°. In contrast, the ground-state band is
based on a spherical minimum, dominated by a two-particle

configuration, but with a considerable amount of 4p-2h and
6p-4h admixtures.
In the BMF calculations, particle number and angular

momentum symmetry restorations have been taken into
account as well as quadrupole (axial and nonaxial) shape
mixing within a generator coordinate method. The Gogny
D1S interaction was used to define the corresponding
energy density functional [56]. These calculations yielded
a similar general picture of a spherical ground-state band, a
deformed triaxial rotational band built on top of the 0þ2
state, and a γ band associated to it.
Matrix elements calculated using these two approaches

are presented in Table I. The general picture of two
coexisting structures differing in collectivity is well repro-
duced. However, both theoretical predictions overestimate
in-band matrix elements in the sideband, and underestimate
the corresponding spectroscopic quadrupole moments,
which suggests that this structure may be more axially
symmetric and slightly less deformed than that predicted by
theory. On the other hand, quadrupole moments and
transition probabilities in the ground-state band are under-
estimated by both models, as well as intraband transition
rates, which means that the mixing between the two bands
is not fully reproduced.
Comparisons of individual matrix elements may not

always be conclusive; thus, the obtained E2 matrix ele-
ments, both experimental and theoretical, were further
interpreted in the framework of the quadrupole sum method
[57–59] in order to extract information on the charge
distribution of the nucleus in specific states. In this method,
which has been recently applied to 182–188Hg [60] and
96;98Sr [61], the quadrupole rotational invariants, hQ2i and
hQ3 cosð3δÞi, are calculated from experimentally deter-
mined matrix elements. The first of them is a measure of
overall deformation and is proportional to the sum of
squared E2 matrix elements hi‖E2‖tiht‖E2‖ii over all
intermediate states jti that can be reached from the state in
question jii in a single E2 transition. The higher-order
invariant hQ3 cosð3δÞi that provides information on axial
symmetry is constructed of triple products of E2 matrix

TABLE I. Reduced transitional and diagonal E2 matrix ele-
ments between the low-lying states in 42Ca and corresponding
BðE2Þ values and spectroscopic quadrupole moments. Present
experimental results are compared with previously measured
values, SM and BMF calculations.

hIi∥E2∥Ifi [e fm2] BðE2↓; Iþi → Iþf Þ [W.u.]

Iþi → Iþf Present SM BMF Present Previous

2þ1 → 0þ1 20.5þ0.6
−0.6 11.5 9.14 9.7þ0.6

−0.6 9.3� 1 [36]
11� 2 [28]
9� 3 [27]

8.5� 1.9 [45]
4þ1 → 2þ1 24.3þ1.2

−1.2 11.3 12.2 7.6þ0.7
−0.7 50� 15 [28]

11� 3 [27]
10þ10

−8 [45]
6þ1 → 4þ1 9.3þ0.2

−0.2 8.2 14.3 0.77þ0.03
−0.03 0.7� 0.3 [27]

0þ2 → 2þ1 22.2þ1.1
−1.1 11.9 6.1 57þ6

−6
64� 4 [27]
100� 6 [28]
55� 1 [42]
64� 4 [45]

2þ2 → 0þ1 −6.4þ0.3
−0.3 9.4 4.4 1.0þ0.1

−0.1 2.2� 0.6 [28]
1.5� 0.5 [27]
1.2� 0.3 [45]

2þ2 → 2þ1 −23.7þ2.3
−2.7 −13.6 −7.7 12.9þ2.5

−2.5 17� 11 [28]
19þ22

−14 [27]

14þ35
−9 [45]

4þ2 → 2þ1 42þ3
−4 21.9 10.1 23þ3

−4 30� 11 [28]
16� 5 [27]
12þ7

−4 [45]
2þ2 → 0þ2 26þ5

−3 32 42 15þ6
−4 < 61 [27]

< 46 [45]
4þ2 → 2þ2 46þ3

−6 52 70 27þ4
−6 60� 30 [27]

60� 20 [28]
40þ40

−30 [45]

hIi∥E2∥Ifi [e fm2] Qsp ½e fm2�

2þ1 → 2þ1 −16þ9
−3 −4.3 0.1 −12þ7

−2 −19� 8 [36]

2þ2 → 2þ2 −55þ15
−15

−31 −42 −42þ12
−12

FIG. 3. Potential energy surfaces resulting from deformation-
constrained Hartree-Fock calculations with (a) SM interaction,
and, (b) BMF, variation after the particle number projection (PN-
VAP), Gogny D1S interaction. Spatial densities corresponding to
each minimum found in BMF calculations are also shown in (b).
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elements (hi‖E2‖tiht‖E2‖uihu‖E2‖ii, where jii is initial
state, jti and jui are intermediate states), and thus relative
signs of E2 matrix elements entering the sum must
be known.
The hQ2i parameters were obtained for the 0þ and 2þ

states in both bands, as presented in Table II. Since the
present measurement yielded relative signs of E2 matrix
elements coupling the 0þ and 2þ states, it was also possible
to determine the hQ3 cosð3δÞi invariants for the 0þ1 and 0þ2
states (Table II). This is the first time that this kind of
information has been obtained in the A ∼ 40 mass region.
The same procedure was applied to matrix elements

resulting from theoretical calculations. In this case one can
include in the calculations all intermediate states obtained
from the theory, or just the same subset of states that
were used to calculate experimental values of hQ2i and
hQ3 cosð3δÞi. The difference between the results of these
two approaches is negligible for all studied states in 42Ca.
A simplistic interpretation of the obtained shape param-

eters would be that a highly deformed, nonaxial sideband
coexists with the ground-state band, that is less deformed
and maximally triaxial. However, 42Ca, lying only 2
neutrons above the closed N ¼ 20 shell, is widely consid-
ered to be spherical in its ground state, as supported by the
potential energy surface maps in Fig. 3. The nonzero hQ2i
value obtained for the 0þ1 state may thus correspond to
fluctuations about a spherical shape. This is consistent with
the maximum triaxiality obtained for this state, which in
this case would result from averaging over all possible
quadrupole shapes. If this interpretation is correct, the
dispersion of hQ2i, defined as σðQ2Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hQ4i − hQ2i2
p

[63], should be comparable to hQ2i. The existing set of
experimentally determined matrix elements, although large,
is not sufficient to obtain the hQ4i invariant. However, it
can be determined from the theoretical values of matrix
elements in order to get a better understanding of the
experimental results.
The behavior of hQ2i and its dispersion is remarkably

consistent for both theoretical approaches, as shown in
Table II. For the ground-state band, σðQ2ÞSM and σðQ2ÞBMF

values are comparable with hQ2i, as one would expect for
fluctuations in a spherical minimum of potential. For the
sideband, however, the dispersion is much lower than the
actual value, which is interpreted as a static deformation. In
this case, the hQ2i and hQ3 cosð3δÞi invariants can be
further converted to the β and γ collective model deforma-
tion parameters, as explained in detail in Ref. [59].
The β ¼ 0.43ð2Þ and γ ¼ 13ðþ5

−6
Þ° deformation parame-

ters obtained in this way for 0þ2 show that the sideband
in 42Ca has a slightly triaxial superdeformed shape, and can
be directly compared to model predictions. A very good
overall agreement is found: both potential energy surface
maps presented in Fig. 3, in addition to a spherical
minimum for the ground-state band, show a triaxial
minimum that is located at β2 ¼ 0.4 and γ ≈ 20° for
CHFSM [Fig. 3(a)] and at β2 ¼ 0.5, γ ¼ 15° for BMF
calculations [Fig. 3(b)].
It should be noted that the deformation predicted by

both theoretical approaches remains constant within each
band. This is confirmed by the experimental results for the
highly deformed structure, but those for the ground-state
band show that the hQ2i for the 2þ1 state is considerably
larger than the value obtained for the ground state. This
effect can be attributed to a possible mixing of the 2þ states,
consistent with one-neutron transfer reaction spectroscopy
[64,65] and the measured intraband transition strengths that
are underestimated by both calculations.
In conclusion, the properties of low-lying states in 42Ca

were studied via the measurement of E2 matrix elements
using low-energy Coulomb excitation. The quadrupole
deformation parameters of the ground state and the side-
bands in 42Ca were determined from the measured reduced
matrix elements and compared with the results of SM and
BMF calculations. The nonzero value of the overall
deformation parameter hQ2i for the ground state in 42Ca
has been attributed to the fluctuations around the spherical
shape. In contrast, a large static deformation of β ¼ 0.43ð2Þ
and β ¼ 0.45ð2Þ, respectively, was observed for the two
lowest states in the sideband, proving its superdeformed
character; therefore, for the first time, the deformation of a
SD band was studied using the Coulomb excitation
technique. The triaxiality parameter hcosð3δÞi measured
for the 0þ2 state provides the first experimental evidence for
nonaxial character of SD bands in the A ∼ 40 mass region.
Both SM and BMF calculations well reproduce the general
picture of coexistence of a spherical ground-state band with
a slightly triaxial SD band. The correct description of the
observed mixing between the two coexisting structures
remains a challenge for future theoretical works.
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