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Jacobi Fiber Surfaces for Bivariate Reeb Space Computation
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Fig. 1. The Reeb space R (f) of a bivariate function f segments the domain M into regions where bers, multivariate analogs of
level-sets, are made of a single connected component. This allows the automatic separation of volumetric regions that project to
the same areas in the continuous scatterplot (CSP). In this ow example (streamlines are shown in green and blue in (a), top), the
Reeb space of the velocity and curl magnitudes is used to segment the data into its main features (a). The largest regions of R (f)
are located before the obstacle (in blue, red and green (a), top). While these features are not important for the understanding of the
structure of the turbulent ow, their projections cover most of the CSP (red, blue and green polygons in (b), left). In particular, due to
the symmetry in the data, the blue and green regions nearly coincide in the CSP. Removing these regions from the projection results in
a less cluttered CSP, better revealing the projections of the turbulent features of the ow ((b), right). The user can further inspect these
features with localized CSPs (c). These visualizations are enabled by our new Reeb space computation algorithm, which computes
this segmentation in a minute and a half, while previous techniques either take days to compute or hours to approximate the result.

Abstract — This paper presents an ef cient algorithm for the computation of the Reeb space of an input bivariate piecewise linear
scalar function f de ned on a tetrahedral mesh. By extending and generalizing algorithmic concepts from the univariate case to the
bivariate one, we report the rst practical, output-sensitive algorithm for the exact computation of such a Reeb space. The algorithm
starts by identifying the Jacobi set of f, the bivariate analogs of critical points in the univariate case. Next, the Reeb space is computed
by segmenting the input mesh along the new notion of Jacobi Fiber Surfaces, the bivariate analog of critical contours in the univariate
case. We additionally present a simpli cation heuristic that enables the progressive coarsening of the Reeb space. Our algorithm is
simple to implement and most of its computations can be trivially parallelized. We report performance numbers demonstrating orders
of magnitude speedups over previous approaches, enabling for the rst time the tractable computation of bivariate Reeb spaces in
practice. Moreover, unlike range-based quantization approaches (such as the Joint Contour Net), our algorithm is parameter-free.
We demonstrate the utility of our approach by using the Reeb space as a semi-automatic segmentation tool for bivariate data. In
particular, we introduce continuous scatterplot peeling, a technique which enables the reduction of the cluttering in the continuous
scatterplot, by interactively selecting the features of the Reeb space to project. We provide a VTK-based C++ implementation of our
algorithm that can be used for reproduction purposes or for the development of new Reeb space based visualization techniques.

Index Terms —Topological data analysis, multivariate data, data segmentation
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1 INTRODUCTION

As scienti ¢ data-sets become more intricate and larger in size, dibn for fast isosurface traversal [45, 9], feature tracking [42], transfer
vanced data analysis algorithms are needed for their ef cient visualiZanction design for volume rendering [46], similarity estimation [43],
tion and exploration. For scalar eld visualization, topological analyer application-driven segmentation and analysis tasks [29, 22, 19, 21].
sis techniques have shown to be practical solutions in various contexts

by enabling the concise and complete capture of the structure of the inHowever, with the ongoing development of computational re-
put data into high-levelopological abstractionsuch as contour trees sources on the one hand and of sensing devices on the other, multivari-
[8], Reeb graphs [35, 4, 44], or Morse-Smale complexes [20, 47, 1&}e scalar data-sets become more and more common. Such data-sets
Such topological abstractions are fundamental data-structures thatrepresent functions that no longer map points of the domain to the real
able the development of advanced data analysis, exploration andlwie as it is the case for univariate scalar data, but to Euclidean spaces
sualization techniques, including for instance: small seed set extrat-higher dimension, each dimension typically representing a variable
under investigation (temperature, pressure, velocity magnitude, etc.).
To enable the extension and the generalization of the topology based
Julien Tierny is with Sorbonne Universites, UPMC Univ Paris 06, CNRS visualization techniques mentioned above to this new type of data, the
LIP6 UMR 7606, France. E-mail: julien.tierny@lip6.fr. core concepts and algorithms of topological data analysis rst have
Hamish Carr is with the University of Leeds. E-mail: h.carr@leeds.ac.ukio be generalized to ranges of higher dimension than one, from the
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ing rststep, as the variables of multivariate data are often co-analyzed
and co-visualized in pairs in the form of two-dimensional scatterplo
The notion of Reeb space and its properties were rst investigate
by Edelsbrunner et al. [15], who introduce a dimension-independen
algorithm that admits in the bivariate case a quadratic complexity
O(ne nr) (Wherene andny stand for the number of edges and of (a) [40], [15] (b) 3], [6] (c) [36], this paper
tetrahedra in the domain respectively). In comparison, our algorithgly 2. Algorithmic analogy to the univariate case (left: input univariate
has also a quadratic worst-case complexity but is output-sensitigajar eld). The algorithms by Edelsbrunner et al. [15], by Carr and
which results in orders of magnitude speedups in practice. Carr angke [6] and our approach are bivariate generalizations of the vertex-
Duke introduce a range-based quantization approach to approximgdéed contouring [40], the quantized range contouring [3, 23, 48] and
the Reeb space with the notion of Joint Contour Net [6]. In contrashke critical point contouring [36, 12] strategies, respectively.
our algorithm is exact and parameter-free.
In this paper, we extend and generalize algorithmic concepts of the
univariate case to the bivariate one, which results in the de nition dfie number of vertices and triangles of the input domain respectively.
a simple, ef cient and practical algorithm for Reeb space computatidffe call such an approachvertex-based contouringtrategy.
on bivariate data. In doing so, we present an extensive algorithn@uantized range contouring: To accelerate the computation time
analogy between the univariate and the bivariate cases, which ideittipractice, approximate algorithms based on range quantization have
es their similarities and highlights their core differences. Our algobeen proposed [3, 23, 48]. These algorithms extract the connected
rithm is simple to implement and most of its computations can be tricomponents of the pre-images of regularly sampled intervals of the
ially parallelized. Extensive experiments report orders of magnitudange, whose width is given by a user-de ned range quantization pa-
speedups in comparison to previous approaches. Despite the simplicneter. The Reeb graph is then constructed by connecting adja-
ity of our algorithm, we believe it constitutes an important practical resent components (Fig. 2(b)), resulting irOén; ;) time complex-
sult as it brings computation times from hours or days to a few dozeityg (wheren; stands for the number of range intervals). This strategy,
of seconds, hence making bivariate Reeb space computation tractaiiech we callquantized range contouringpeeds up Reeb graph com-
for the rst time. We additionally present a simpli cation heuristicputation since fewer level sets are extractedg typically orders of
that enables the progressive coarsening of the Reeb space. To demmagnitude smaller tham,) at the expense of an inaccurate extraction,
strate the versatility and the utility of our approach, we introccm®  possibly discarding arcs of the Reeb graph whose image is shorter than
tinuous scatterplot peeling technique exploiting the Reeb space t¢he user-de ned range quantization threshold.
reduce cluttering in continuous scatterplots, by separating regionsGritical point contouring: To combine the advantages of the two
the domain that overlap in the range. We also provide a lightweigptevious strategies (accuracy and speed), Patane et al. [36] and Do-
VTK-based C++ implementation of our algorithm that can be usediswamy and Natarajan [12] independently introduced a similar strat-
for reproduction purposes or for the development of new Reeb-spagy, that we calkritical point contouring It is based on a central

based visualization techniques. idea in Morse theory [31] which states that the topology of the level
sets only changes in the vicinity of the critical points of the function
1.1 Related work (points where its gradient vanishes). Thus, these algorithms compute

. . . . the Reeb graph by computing, for each critical point, the connected
The related work can be classi ed into two main categories: topologé- mponen% ofpleve){ set p%ssir?g through it. Next,rihe arcs of the Reeb

_calhdata analysis of ung(arla_lte scalar elds (.Wh'c.h we partlally exten aphs are simply obtained by considering the partitions of the in-
g}\}aﬁ;ir;'g ﬁ%ﬁtei\;;ﬁat':g:t‘;e elds) and visualization techniques f uced domain segmentation (Fig. 2(c)). This strategy also results in a
: quadratic time complexit®(n. nt) for 2D domains an®(ne nt)
Overthe for 3D domains, where stands for the number of critical points.
ever, for most practical data-sets,is typically one to two orders

magnitude smaller tham,, making this strategy much more ef cient

an vertex-based contouring, while still guaranteeing an exact output
unlike quantized range contouring). Other Reeb graph computation
ture in a concise and complete manner the structure of the data. S{g{iniques include algorithms with improved practical performance
abstractions include the Reeb graph [37, 35, 4, 44] (and its loop fret» 441 Or optimal time complexity [10, 34].
variant the contour tree [8]) or the Morse-Smale complex [20, 47, 11]. Multivariate data analysis and visualization The analysis and
These structural abstractions constitute fundamental data-structwigsialization of multivariate data, functions which map each point of
that facilitate, accelerate or automate various geometric algorithmstire domain to a Euclidean space of dimension higher than one, has
visualization, including for instance small seed set extraction for faghined a lot of attention lately, partly due to the prominence of this
isosurface traversal [45, 9], feature tracking [42], transfer function dgspe of data in numerical simulations. Several automatic and inter-
sign [46], similarity estimation [43], and application-driven segmentactive techniques have been developed to investigate the correlation
tion and analysis tasks [29, 22, 19, 21]. We refer the reader to surdsstween each represented variable (i.e. each dimension of the range),
articles [4, 11] for an extended discussion on the applications of topgaeluding scatterplot based visualizations [1, 30], gradient-based cor-
logical data analysis to visualization. Among the existing topologicaélation analysis [39, 33] or interactive brushing techniques [25, 7].
abstractions, the Reeb graph is a popular data-structure that represanietailed review of all the techniques addressing multivariate data is
the evolution of the connectivity of the level sets of the input data, byut of the scope of this paper and we refer the reader to survey articles
contracting connected components of level sets to points. We revifi8, 27] for comprehensive descriptions.

in the following some of the existing algorithms for its computation A rst topological insight in the correlation of the components of
and relate them to our extension to the bivariate case. a multivariate function is given by the notion of Jacobi sets [13].
Vertex-based contouring: The rst combinatorial algorithm for Reeb Huittenberger et al. [24] use the notion of Pareto optimality to ex-
graph computation on piecewise-linear 2-manifolds was introduced trgct extremal structures in multivariate data. In particular, an extremal
Shinagawa and Kunii [40]. It constructs the Reeb graph by rst segoint is identi ed if it locally dominates its neighbors for each com-
menting the domain along the level sets of each vertex. This stepisnent of the multivariate function. Although these structures share
equivalent to considering the pre-image of all maximal range intervamilarities with the Jacobi sets, it is not clear how they relate to the
where no vertex projects. Next, the arcs of the Reeb graph are ctopology of bers (multivariate analogs of level sets). The notion
structed by connecting adjacent components in the domain (Fig. 2(af) Reeb space, the generalization of the concept of Reeb graph [37]
This results in @(ny 1) time complexity where, andn, stand for to the multivariate setting, was rst investigated by Edelsbrunner et

Topological data analysis of univariate scalar elds
last two decades, topological data analysis has played a key role for
development of advanced analysis, exploration and visualization al
rithms for univariate scalar elds. Topological techniques focus on t
ef cient computation of high-levetopological abstractionshat cap-



al. [15], who describe a dimension-independent algorithm which can

be specialized to the bivariate case with a quadratic time complexity

(O(ne n1), wherene stands for the number of edges in the domain).

This algorithm constructs the Reeb space by gluing domain-incide

connected components of pre-imagestmimberswhich can be inter-

preted in the bivariate case as maximal convex polygons in the range, (a) (b) () (d)

de||m|ted by the |mage Of the set Of a” edgeS Of the dOI’T‘IaIn Thﬁg 3. Given a point q: fqu’qvg 2 RZ, its ber f 1(q) can be obtained
strategy can be seen as the bivariate generalization of the vertex-bagagnsidering the intersection of the level sets of its coordinates u 1(qy)
contouring approach in the univariate case (Fig. 2(a)). To the bgsfand v (qy) (b). f 1(g) is shown with a white cylinder in (c) and its

of our knowledge, no implementation of this algorithm has ever beegstriction to the triangles of M are shown with black spheres (c,d).
documented so far. In this paper, we specialize and improve this algo-

rithm for the bivariate case. Carr and Duke [6] introduced an algorithAnalogy: As it is often the case in the univariate case, we will assume
that approximates the Reeb space by considering the connected ctit f is genericin order to easily handle degeneracies. This implies
ponents of the pre-images of a pixel-based quantization of the rantjet the restriction of to the vertices oM s injective (i.e. no two
This corresponds to the bivariate generalization of the quantized rarygétices inM are equally valued by and byv). In practice, this
contouring strategy (Fig. 2(b)). In particular, this algorithm approxguarantees that no edgeldf collapses to a point iR2. However, in
imates exact chambers [15] with pixels, whose size is de ned byG@ntrast to the univariate case, additional requirements are needed. In
user-de ned range quantization threshold. Thus, as with the quantiZegrticular, the following, stronger condition has to be satis ed as well:

range contouring strategy in the univariate setting, this algorithm MBE nition 1 (Non-collinearity condition) For any pair of edges £

miss features in the Reeb space which project to sub-pixel regions,ify o, of M . if the images and f are not collinear. f is said
the range. We refer the reader to [32] for a detailed theoretical disc 'sa%sfy thé1|on-ccl)llingaritg/eé)onditio%eﬂ I o I

sion regarding the convergence of this quantization approach. In this
paper, we present an algorithm that generalizes the critical point con-Such a condition guarantees for instance that no triangle and no
touring strategy (Fig. 2(c)), which yields, similarly to the univariatéetrahedron oM map to a line segment iR2. We will detail other
case, exact, parameter-free, output-sensitive and fast computationgiseful guarantees in the following that derive from this condition. The
non-collinearity and genericity conditions can easily be satis ed in
1.2 Contributions practice through a two-dimensional instance of simulation of sim-
This paper makes the following new contributions: plicity [17]. Such a process can be achieved symbolically, by re-
implementing the necessary predicates, or numerically. For ease of
1. Approach: We generalize algorithmic concepts from the uniimplementation, we opted for the numerical alternative and the scalar
variate case to the bivariate one and provide a comprehensi@ls u andv are slightly perturbed with the following-expansions
analogy between the two settings, identifying their similaritieEL7], for each vertex;, of M, whereO(vp) 2 N is the offset position
and highlighting their core differences. We believe this yields @f vp in memory ance is an arbitrarily small constant:
simple and intuitive description of bivariate Reeb spaces, which
may facilitate their adoption in visualization applications. u(vp)  u(vp)+ eO(vp) @)
V(vp)  V(vp)+ eO(vp) eO(vp)

2. Algorithm: We present an algorithm for bivariate Reeb space
computation that is simple, parameter-free, output-sensitive asthce O(vp) is by construction injective, thig-expansion intro-
orders of magnitude faster than previous algorithms in practicduces for each vertex a unique perturbation, given by the vector
Most of its computations can be trivially parallelized for im-feO(vp);eO(vp) eO(vp)g. Moreover, since the slope of this pertur-
proved performances. We present a heuristical simpli catiobation vector is also unique for each verted(vp)), this guarantees
strategy that enables the interactive coarsening of the Reeb spaicat no vertex pair can be perturbed in a collinear manner, which is

N — o suf cient to enforce the non-collinearity condition.
3. Application: We present an application of the bivariate Reeb

space tcContinuous Scatterplot Peeling technique that enables De nition 2 (Fiber) Let q= fqu;avg 2 R? be a point in the range.
the interactive clutter reduction in continuous scatterplots by s&he ber of g, noted f 1(g), is the pre-image of g ontidl through f:
lecting the features of the Reeb space to project. 1 )

f (@=fp2M jf(p)= qg

4. Implementation: We provide a lightweight VTK-based C++ =fp2M ju(p)= qug\f p2M jv(p)= g @)
implementation of our algorithm that can be used for reproduc-
tion purposes or for the development of new visualization tech- Fibers are multivariate analogs of level-sets. They can be made

niques based on Reeb spaces. of several connected components, calleel components By con-
struction (Eq. 3),f 1(g) is given by the intersection of the level sets
2 PRELIMINARIES u Yaqu) andv (qv). Since bothu andv are assumed to be generic,

This section describes our formal setting (Sec. 2.1) and presents pghe- restrictions olu (qy) andv 1(qy) to the interior of a tetrahe-
liminary results (Sec. 2.2) that will guide the de nition of our algo-dron of M are either empty or planar polygons (Figs. 3(a) and 3(b)).
rithm (next section). Introductions to ber topology are also availabldloreover, since is assumed to satisfy the non-collinearity condition
[38, 5]. To provide an intuitive description of the Reeb space, we wi{Def. 1), these restrictions cannot be coplanar. It follows that the re-
develop in the following a running analogy between the univariate asttiction of a ber to the interior of a tetrahedron bf is either empty

bivariate cases, discussing their similarities and differences. or a single line segment (Fig. 3(c)). Then the restriction of a ber to the
interior of a triangle oM is either empty or a point. In the latter case,
2.1 Background the existence of such a point implies that the restrictions of the corre-

Let f : M ! R2 be a bivariate piecewise-linear (PL) scalar eld desponding ber to the cofaces of the triangle (its at most two adjacent
ned on a PL 3-manifoldM embedded irR3. It has values at the tetrahedra) are non empty due to the continuity of the PL interpolant.
vertices ofM and is linearly interpolated on the simplices of higheHence such restrictions are line segments (Fig. 3(d)). In other words,
dimension. In the followingM andR? will be called thedomainand ~ bers cannot disconnect or disappear along the interior of the triangles
the range respectively. f can be decomposed into two independen®f M . Then, the only simplices &l across which bers can change
univariate PL scalar eldsi:M ! Randv:M ! R: their topology (appear, connect, disconnect or disappear) are its ver-
tices and edges. In particular, such con gurations belong tdakebi
8p2M; f(p)= fu(p);v(p)g (1)  setof f [13].



direct extension of that of a critical point in the univariate case [14].
Therefore, we will consider that Jacobi edges are analogs of critical
points in the univariate case. However, Jacobi edges lose many of the
nice properties of their univariate analogs. In particular, they are not
isolated (two Jacobi edges can share a vertex) and their images are
not necessarily disjoint (the images of two Jacobi edges can intersect).
As discussed later on, this complicates the design of topological algo-
rithms in the bivariate case.

2O As illustrated in Fig. 4, the topology of the bers can only change
o in the vicinity of Jacobi edges. The notion of the Reeb space enables
° a more global understanding of these topological events [15]:
= De nition 4 (Reeb space) Given a point p2 M and its image
=
@ ) © f(p)= 2 R?, let f 1(q)p be the connected component of the ber

f 1(q) which contains p. The Reeb spaéf) is a two-dimensional

Fig. 4. Jacobi edge classi cation. The input edge e, Lk (€) and Lk* (€)
are represented with black, blue and green cylinders respectively in the
domain (top) and the range (bottom). Fibers crossing the edge e are

complex de ned as the quotient spaRéf) = M = by the equiva-
lence relation p p2, which holds if:

represented in yellow, orange and purple in each column. (a) Fibers
do not change their topology when crossing a regular edge. (b) Fibers
shrink to a point and disappear when crossing an extremum edge. (c)
Fibers merge (yellow to orange) and immediately split (orange to purple)
when crossing a saddle edge.

f(p)= f(p2)=q
P22 f gy

Analogy: The notion of Reeb space is obtained with a direct extension
to the bivariate case of the Reeb graph de nition [37]. Intuitively, ber
Analogy: In the univariate case, the topology of the level sets of a Plomponents are retracted to points and such points will be adjacent
scalar eld can only change at certain vertices, called critical poin{ R (f) if the corresponding ber components are also adjacent in
[2]. These can be extracted by considering the lower and upper linigs. Note that, unlike the univariate case, the Reeb space is no longer
of each vertex. A similar strategy can be derived in the bivariate caggsimplicial complex. In particular, it is locally homeomorphic to a
by considering the lower and upper links of each edge however.  sybset ofR? but it is not manifold in the vicinity of the equivalence
Thestar S(e) of a simplexe is the set of simplices that contain classes of Jacobi edges. Given an isovajudf one restricts Def. 4
e as a face. Thdink Lk(€) of a simplexe is the set of faces of the to the subseti 1(qy) M , note that the corresponding Reeb space
simplices of the staB{(€), which do not intersea. becomes equal by de nition to the Reeb graph of the restriction to the
Letde:Lk(e) ! R be the following univariate PL scalar eld: subsew 1(qy) of the functionv: M ! R. In other words, cutting a
bivariate Reeb space along an isovalue of one function yields the Reeb
graph of the other function on the corresponding level-set (Fig. 5).

|
de(V) = h (W) F(W; Mg i )

2.2 Reeb space characterization and computation

image f(€) of the edges andv0one of the vertices of. This scalar In this subsection, we introduce novel notions that further characterize

Idg be int tgd ' based sianed di t. 1df the Reeb space and which are central to our algorithm. As discussed
eld can be interprete asar?nge- ase S|'gne Istance eld from Eove, the Reeb space is made of two-dimensional cells that locally
vertices ofLk(e) to f(€). Both f(v) f(v) andny g are guaranteed to connect in a non-manifold way. Each of these cells represents a region
be different from the null vector since no edge can collapse to a poisfitthe domain where bers are made of a single connected component,
throughf (genericity condition). and which can be further characterized as follows.

Thelower link Lk (e) of an edgee is the subset ofk(e) contain-
ing only vertices with negativee values:Lk (€)= fs 2 Lk(e) j8v2
s : dg(V) < 0g. The upper link LK (e) is de ned symmetrically:
Lk* ()= fs 2 Lk(e) j8v2 s :de(v) > Og. Given the non-collinearity
condition (Def. 1), there is n@2 Lk(€) such thatde(v) = 0. Hence,
Lk (e) andLk* (e) cannot be both empty and a vertef Lk(e) can
always be classi ed as either belonginglt& (e) or Lk* (€). This
de nition of lower and upper links generalizes the univariate one.

whereh; i denotes the dot produc'nf(e) the vector normal to the

De nition 5 (3-sheet) Let S be a connected, three-dimensional subset
of M . Sis said to satisfy theetraction conditiorif for each point 2 S

with f(p) = g2 R?, the restriction of f 1(g) to S is equal to f1(g)p.

If so, Sis called &-sheet

Intuitively, a 3-sheet can be interpreted as a connected region of
M which, given the equivalence relation that de nes the Reeb space
(Def. 4), completely captures the equivalence class of each of its

De nition 3 (Jacobi edge) An edge e oM is regular if and only if points. Note that the union of adjacent 3-sheetMinforms a valid

both Lk (e) and LK (€) are simply connected. Otherwise, e iSa
cobi edgeof f.

3-sheet as well, as long as it satis es the retraction condition.
If Lk (€) or Lk* (€) is empty,eis called arextremum edgeOther-

wise, if eis neither regular nor an extremum edge, it is callsdddle

edge As shown in Fig. 4(b), the number of ber componentsSi(e)

goes from 0 to 1 (or 1 to 0) when crossing an extremum edge in th

range. Thus, ber components either appear or disappear when cross-  (g) (b) (© (d)

ing an extremum edge. In c_ontrast, thi_s numb(_ar ?'095 not evolve_ Wh—%" 5. Relation between the Reeb space and the Reeb graph on a
crossing a regular edge (Fig. 4(a)). Finally, similar to saddles in 2[yje pivariate example (the X and Y 3D coordinates serve as input
for the univariate case, the number of ber components suddenly dgvariate function). (a) Input bivariate function (left: green and blue per-
creases to one at a saddle edge and increases again after crossifghdficular lines denote u and v level-sets). (b) Given an isovalue g, the
(Fig. 4(c)). In conclusion, the topology of bers only changes wherestriction to u 1(gy) of v:M ! R is shown by the colored surface (from
crossing Jacobi edges: components appear or disappear on extremiusito green). The critical points [2] of this restriction (blue spheres:
edges and components merge or disconnect on saddle edges. Thexgetna, white sphere: saddle) are located on the Jacobi set of f (ex-
of all Jacobi edges is called tdacobi se{13]. tremum and saddle edges are shown in blue and white respectively). (c)
Analogy: Given the generalization to the bivariate case of the notioeeb graph of the restriction. (d) The Reeb space can be interpreted as
of lower and upper links, note that the de nition of a Jacobi edge isacontinuous stacking of such Reeb graphs, as g, continuously evolves.



(b)

Fig. 6. Generalization of the critical point contouring strategy (toy exam-
ple from Fig. 5). (a) Input bivariate function in the domain and the range
(right, each colored polygon is a chamber). (b) The image (right) of
the Jacobi set of f (left: extremum and saddle edges are shown in blue
and white respectively) also segments f(M ) RZinto colored polygons
within which the topology of the bers is guaranteed not to change.

The vertex-based contouring strategy [40, 15] can be specialized
to the bivariate setting by considering the pre-imagehembersand
gluing the connected components of such pre-images if they are inci- K’:J.:ﬁ
dent inM . Such chambers would then be de ned as maximal convex ﬁ:> . g ° ®
polygons in the range where no edge\f projects (Fig. 6(a)). Since
the topology of the bers can only change across the edgés othe
connected components of the pre-images of chambers are then valid
3-sheets. To construct such 3-sheets, one rst needs to construct the
boundaries iM of the chamber pre-images. These are given by con-
sidering the union of the pre-image of the image of all edged of

De nition 6 (2-sheet) Let e be an edge ofl . Its image {e) isaline
segment ifR? and the pre-image of(#) is called the2-sheebf e.

Since f is assumed to satisfy both the genericity and the non-
collinearity condition,f(e) is indeed a line segment and the corre-
sponding 2-sheet is indeed a 2-dimensional objed inThe compu-
tation of such 2-sheets can be achieved with the notionesfsurface ) o ) )
[7, 28], which is de ned as the pre-image of a curve through a bivarf29- 7- Reeb space of a bivariate example (top, inset: f(M ) R*, the
ate function. This computation requiréény) steps, for each of the XandY 3D coord_lnates serve as input blyarlate functlon)._ In _thls data-
edges oM , yielding an overall time complexity @(ne nr) steps set, each Fopologlcal haqdle yields a pair of 3-sheets (hlghllghted_ by
(wherent is the number of tetrahedra M ). The above strategy is a .COIOFZd‘ af“gned arrow pg'rs’ top) as '”uf)fratlf d by thebblac'k beé which
bivariate specialization of the vertex-based contouring [40, 15]. Is made of two connected components (- ack arrows, Ottor-n)' xtrema

. acobi ber surfaces (blue, bottom) contribute to the separation of these

However, the Reeb space can be computed much more ef cientlyyions from the rest of the object, where bers are made of a single
by generalizing the critical point contouring strategy (36, 12], whicRynnected component (other colors, bottom).
we do with our approach. In particular, as described in the previous
subsection, the topology of the bers can only change when crossingThe decomposition oM into 3-sheets along Jacobi ber sur-

a certain sub-set of the edges Mf: the Jacobi set. Therefore, tofaces then produces a direct representation of the Reeb Rodde
construct the Reeb space, one can consider larger 3-sheets, beingvifigre each 3-sheet il denotes a two-dimensional cell R (f),
connected components of the pre-images of multiple adjacent chasmd where adjacent 3-sheetsNh denote adjacent two-dimensional
bers. In particular, one can consider the pre-image of maximal convells in R (f). At this point, note that the union of two adjacent 3-
polygons in the range where dacobi edgeorojects (Fig. 6(b)). To sheets can still respect the retraction condition and therefore constitute
construct such extended 3-sheets, one needs to construct their boanghlid, larger 3-sheet ifo saddle Jacobi ber surface separates them.
aries inM , which is given by the notion of Jacobi ber surface: Indeed, such a con guration implies that a ber component can travel
from one 3-sheet to the other, without disconnecting or reconnecting.

De nition 7 (Jacobi ber surface) The 2-sheet of an extremum edgero complete our characterization of the Reeb space, we introduce the
and of a saddle edge are callezktremumand saddle Jacobi ber following two notions:

surfacegespectively.

De nition 8 (1-sheet) A connected component of the Jacobi séflin

The restriction of the Jacobi ber surface of an extremum eglge  is called a 1-sheet.
its starS{(€) coincides withe (Fig. 4(b)). Otherwise, like its constitut- \qte that in general, 1-sheets are not necessarily 1-manifolds. Thus,
ing bers (in orange, Fig. 4), itis manifold for regular edges (Fig. 4(a)jo, completeness, we nally introduce the following notion:
and non-manifold for saddle edges, precisely ale(igig. 4(c)). . . o

As discussed in the experiment section, the number of Jacobi edfg&shition 9 (0-sheet) A vertex of the Jacobi set of f which is not ex-
(notedn;) is orders of magnitude smaller tham for practical data- actly adjacent to two Jacobi edges is called-sheet
sets, making this strategy appealing for performance improvement, Agralogy: Jacobi edges and Jacobi ber surfaces are bivariate analogs
sulting in a time complexity o©(n; nt) steps. of the notions of critical points and critical contours in the univariate

In practice, this strategy can be further improved. In particular, f@ase respectively. However, unlike the univariate case where only sad-
a given saddle edgg only the connected component of the Jacoldle critical contours need to be considered [36, 12], the Jacobi ber
ber surface that passes through it needs to be considered. Indeeds@$aces of extrema edges also need to be considered in the bivariate
illustrated in Fig. 4(c), when crossinfds) in the range, only the ber case. Fig. 7 illustrates this for a bivariate function de ned on a bitorus.
components in the vicinity cfwill disconnect or re-connect, precisely In particular, each topological handle yields a pair of non-mergeable
ats. In contrast, ber components which do not touein M when 3-sheets: an orange-red pair and a cyan-green pair (highlighted by
crossingf (s) in the range will then have their connectivity unchangedaligned arrow pairs of matching color, top). As illustrated by the black
This means that such components belong tm@ue 3-sheet before ber (bottom), bers in these areas are made of two connected com-
and after crossingf (s). ponents, while they are made of only one component anywhere else
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(d) (e
Fig. 8. Algorithm overview on the toy example from Fig. 5. Our algorithm
computes the Reeb space by constructing sheets in order of increasing
dimension. First, 1-sheets are constructed as connected components of
the Jacobi set (a). Second, the corresponding 2-sheets are constructed.
Extrema and saddle Jacobi ber surfaces are shown in blue and white
respectively (b). Here only the red and yellow extrema edges yields
non-empty 2-sheets (c). Third, the 3-sheets are extracted as the con-
nected components delimited by the 2-sheets (d). Finally, an expansion
process merges adjacent 3-sheets that are not separated by any saddle
Jacobi ber surface (e). Within each 3-sheet of the output Reeb space
(f), each ber is made of a single connected component, as shown with
cylinders of matching color (inset: schematic view of the Reeb space).

Fig. 9. Fiber surface computation within a tetrahedron given a line seg-
ment fv;vy 2 R? (the orientation axes on the left denote a range view,
as opposed to a domain view). First (a), the level set d, (0) is computed
(green triangle, right). Second (b), this level set is clipped (blue polygon,
right) by linear interpolation to the points that strictly projects to fv;v.

the algorithm described in [28] which presents an approach for the
computation of pre-images of curves through bivariate functions. For
comgleteness, we sketch its main steps here. Given a line segment
in R< (in our current casef(€)), the algorithm visits each tetrahe-
dron of T 2 M and applies the following procedure. The level set
de 1(0) is rst computed (Eqg. 4). This corresponds to the set of points
of T that project inR? to the line that carries(e) (Fig. 9(a)). Sec-
ond, this surface is further clipped to select only the point$ dfiat
strictly project withinf(e). To achieve this, a linear parameterization
t:ds.1(0)! Ris rstevaluated. This parameterization is set to 0 and
1 at the two extremities of (6) (v andvPin Fig. 9(b)) and its values
for the projected vertices af, 1(0) (f(A), f(B) andf(C) in Fig. 9(b))

are given by linear interpolation in the range. Finally, the clipped ber
surface is obtained by considering the pre-image of the int¢oya]
ontod, 1(0) throught. We refer the reader to [28] for further details.

As discussed in the previous section, for a given saddle edgsy

. the connected component of its Jacobi ber surface that passes through

(vellow, purple, red and green bers). In that. con guration, both €Xit needs to be considered for Reeb Space computation. Therefore, for

tremum and saddle Jacobi ber surfaces are indeed needed_ L0 Properl¥ 3 Jacobi edge we construct its Jacobi ber surface with the

del'm!t the 3'Sh.e?ts on the ha'?d'es from the rest of the object, whi ove algorithm by visiting/ in a breadth- rst search fashion, start-

constitutes a distinct 3-sheet (in blue, top) where_ the yeIIc_)w, purp g in sand propagating to adjacent tetrahedra only if the current tetra-

red gnd green bers belong (bottom). Flna.lly, since the IMages ghgronT is indeed intersected by the ber surface. This strategy ef-

multlp!e Jacobi edges are not nec_essarlly disjoint, note that multlpf tively builds the connected component of Jacobi ber surface that

Jacobi ber surfaces can intersectvh . passes throughk, while avoiding an exhaustive visit of all the tetra-

3 ALGORITHM hedra ofM . This improvement cannot be applied to the extremum
Jacobi ber surfaces however since bers disappear when crossing an

Our algorithm naturally and concisely follows from the properties dissxtremum edge (Fig. 4). Then, as a consequence, given an extremum

cussed in the previous section and an overview of it is given in Fig. 8dgee, the restriction of the pre-image éfe) to St(e) is only eitself.

This section additionally describes the parallelization of our approach

and presents a heuristic approach to Reeb space simpli cation. 33 3-sheet computation

As discussed in our characterization of the Reeb space (Sec. 2.2), .

the topology of the bers can only change when crossing the JacdBi1ce the 2-sheets have been extracted inthe 3-sheets can be con-

edges off. Therefore, as illustrated in Fig. 8, our algorithm conStructed as connected component#/ofdelimited by the Jacobi ber

structs the Reeb space by extracting the connected components oftfiéaces. This is obtained through a breadth- rst search traversal of

pre-image of maximal convex polygons in the range where no Jacéb tetrahedra o , which stops when hitting a 2-sheet. In order to

edge projects (Fig. 6(b)). The computation of such components (call@@pPture the geometry of the poundarles of the 3-sheets accurately, the

3-sheets in the previous section) rst requires the extraction of théftrahedra crossed by Jacobi ber surfaces should be re-meshed along

boundaries (2-sheets), which itself requires the computation of the §m, which can be achieved through constrained triangulation [41].

cobi set (1-sheets). Thus, our algorithm computes the Reeb space b@s described in the previous section, at this point, the union of two

constructing such sheets in order of increasing dimension, as detaféfpcent 3-sheets can form itself a valid 3-sheet if no saddle Jacobi

in the following subsections. ber surface separates them. Therefore, we merge adjacent 3-sheets
that satisfy this criteria in a last step, as illustrated in Fig. 8(e).

3.1 1-sheet computation

1-sheets are constructed as connected components of the Jacob?-det Parallelism

of f. Jacobi edges are rst extracted according to the classi catioQost of the steps described so far are local operations which can be
presented in Fig. 4. Such a classi cation is a local operation, thgfyially parallelized as follows. First, the classi cation of the edges of
requires for each edge2 M the construction of its linkk(e) and 1 as Jacobi or regular can be achieved in parallel (i.engteslges of
the evaluation of its range distance ety (Eq. 4). Once the Jacobi M are approximately equally distributed among théareads). The
edges have been identi ed, the O-sheets are extracted as the vertigassequent breadth- rst search that identi es the 1-sheets is intrinsi-
of the Jacobi set which are not adjacent to exactly two Jacobi edgesty sequential. However, as illustrated in the experimental section,
Finally, each connected component of the Jacobi set is extracted WiR computation time of this last step is negligible in practice with re-
a standard breadth- rst search pass. gard to that of the Jacobi edge classi cation. Next, the computation

. of the Jacobi ber surfaces is also achieved in parallel on a per Jacobi
3.2 2-sheet computation edge basis (i.e. thej Jacobi edges of are approximately equally
2-sheets, or Jacobi ber surfaces, are constructed, for each Jacobi edigeibuted among tha threads). Again, the subsequent breadth- rst
e, as the pre-image of(€). Such a pre-image can be obtained witlsearch that constructs the 3-sheets is intrinsically sequential. However,



CY (b) (©) (d)
Fig. 10. Simpli cation sequence for the Reeb space of a silhouette example. Each orientation axis denotes a range view, as opposed to a domain
view (bottom right). The X and Y 3D coordinates serve as input bivariate function. The 1-sheets get progressively simpli ed (top right), yielding
simpler and simpler silhouettes. Along the simpli cation (from left to right), the Reeb space contains 6152, 83, 5 and 3 3-sheets respectively.

Table 1. Running time of the different steps of the algorithm (in sec- Table 2. Running time comparison with the Joint Contour Net [6] (1
onds). nr and n; are the numbers of tetrahedra in M and Jacobi edges  thread, 2 quantizations) and the chamber approach [15] (parallel). Run-
of f. The columns JE, 1S, 2S 3Sand P represent the computation time  ning times are provided in seconds. The bold numbers indicate the
for the Jacobi edge classi cation, the extraction of the 1-, 2- and 3-  speedups obtained by our algorithm.

sheets respectively and the parallel version of our algorithm (12 cores). Data-set nr || JCN-1[6] JCN-100 [6] Chambers-P [15]
Data-set nr nj| JE 1S 25 39 Total| P | Speedup Water dimer 302,718 20.3 01| 2904 16| 1384 507
Water dimer 302,715 9,742 0.6 0.0 1647 185 183.8| 27.4 6.7 Gargoyle 1,098,603| 2265 0.3 | 2,011.6 26 8,654.6  120.7
Gargoyle 1,098,602 21,689 3.0 0.0 7543 5.7 7629 717 10.6 Mechanical ~ 1,482,764| 490.0 14| 5,649.2 16.0 8,116.6  249.0
Mechanical 1,482,764 11,486 3.3 0.0 3457 4.8 353.9| 326 10.9 Bitorus 2,555,904/ 521.5 7.3 | 4,903.7 68.3 23,361.2 3,385.7
Bitorus 2,555,904 97§ 57 00 654 07 718| 69 10.4
Vonox street 5000475  BOSA10L 00 0044 154 6598| 920 01 Vortex street 5,060,475 587.7 0.6 | 15,660.0 16.8 | 103,862.0 1,128.9

the computation time of this last step is negligible in practice with rélme, with one thread, for the Jacobi edge classi cation and the extrac-

gard to that of the Jacobi ber surface computation (Sec. 4). tion of the 1-, 2- and 3-sheets respectively. In particular, the Jacobi
ber surface extraction clearly dominates the process, with 95% of the
3.5 Simpli cation computation time on average.

While the theoretical extension of topological persistence [16] to the N Practice, as illustrated in Tab. 1, the computation time for the Ja-
bivariate case is out of the scope of this paper, we observed in practfe@! ber surfaces is indeed related to the number of Jacobi edges

as it is the case in the univariate setting, that the simpli cation of th§ Particular, the minimum overall computation time is observed for
Reeb space is often bene cial. We therefore introduce the followirf§€ data-set which minimizes its number of Jacobi edges (the Bitorus
heuristic for the progressive coarsening of the Reeb space, whictfiid@-set) although it is one of the largest in terms of number of tetra-
inspired by the univariate case. We rst evaluate the area of the piegdrant . Reciprocally, the second longest computation occurs for the
jection of each 3-sheet iR2 by summing the area of the projectiondata'sgt that maximizeg althqugh it |s.one_of the smallest.ln terms of
of each of its tetrahedra. This measure, nait, will serve as an "'T- This shows that the pr_actlcal running time o_foural_gorl_thm is more
importance score for each 3-sh&tNext, given a user de ned sim- dependent on t.hetopologl.cal complexity of the input blvarlgt‘e function
pli cation scorea, the 3-sheeS that minimizesa is merged with f than on th_e S|ze_df/l . This demonstrates the qutput-sensntlve nat_ure
the maximizer ofa among its adjacent neighborsafS ) < a. This of our algorithm since the number of 3-sheets in the Reeb space is de-
merging process involves the concatenation of the sheets' list of tetPgndent on the topological complexity bf(expressed as the number
hedra and the update of the importance score. The merging procedird@cobi edges). ) )

is iteratively repeated unté(S ) becomes greater than Along this As discussed in Sec. 3.4, most of the computations of our algorithm
simpli cation sequence, we also prune 1-sheets (as well as the c6fn be trivially parallelized. However, two sub-routines (the extraction
responding 2-sheets) if they contain saddle edges and if they becd?héhe 1- and 3-sheets) involve breadth- rst search traversals, which
adjacent to only one 3-sheet (which implies that they no longer sefd€ intrinsically sequential procedures. As reported in Tab. 1, the sum

rate 3-sheets). The resulting sequence is illustrated in Fig. 10.  ©Of these two steps only represent 3% of the computation time on aver-
age. Therefore, these two sequential sub-routines should not penalize
4 RESULTS AND DISCUSSION the overall parallel performance. In practice, we implemented shared-

In this section, we present practical results obtained with aVTK-basBifmory parallelism W't.h OpenMP "’?”d performance numbers are re-
orted in the column P in Tab. 1 (using 12 cores). The corresponding

C++ implementation of the algorithm (provided as additional maté d ith reqard to th ntial version of our algorithm (next
rial). Experiments were performed on a desktop computer with twp ©€aup with regard 1o the sequential version of our aigor (nex

Xeon CPUs (2.6 GHz, 6 cores each) with 64GB of RAM column) is equal to 9.7 on average (out of 12 ideally), which indicates
' ! ' an ef cient parallelization. In particular, the practical effect of this
4.1 Time requirement parallelization is to bring the computation time down to an interval

. . . between a few seconds and a minute and a half for all of our data-sets.
Given an input tetrahedral mesh with ny tetrahedra ande edges,

our algorithm rst starts by classifying edges as Jacobi or regular i
O(ne) steps. Next, the 1-sheets are constructed with a breadth r
search traversal of thg Jacobi edges i®(nj) steps. Then, the Jacobi Tab. 2 provides a computation time comparison with prior approaches.
ber surface of each Jacobi edge is computed, requidg; nt) We rst compare to the Joint Contour Net (JCN) [6] with a sequential
steps overall. Finally, 3-sheets are constructed and expanded in lin€ar implementation provided by the authors of the technique. As
time. Therefore, the overall complexity of our approach is dominatetiscussed in Sec. 1.1, this algorithm approximates the Reeb space by
by the quadratic term induced by the Jacobi ber surface computaticzonsidering the connected components of the pre-image of a pixel-
This observation is con rmed by the numerical experiments reportdrhsed quantization of the range. The pixel-size in this quantization
in Tab. 1, where the columdE, 1S, 2Sand FBreport the computation approach is a user-de ned parameter. We report experiments for two

Comparison



values of this parameter, chosen such that the range gets quantized by a
1x1 and a 100x100 rasterization respectively. The former quantization
(1x1) will obviously approximate the Reeb space with only one pixel
and it will therefore miss all of its features. We believe the second
guantization (100x100) provides a modest yet reasonable rasterization
resolution. The columns JCN-1 and JCN-100 of Tab. 2 report the cor-
responding computation times. While it takes minutes of computa-
tion for the 1x1 rasterization, it reaches hours of computation for the
100x100 rasterization, for most of our data-sets. The bold numbers in
these columns indicate the speedup obtained witlséogientialver-

sion of our algorithm. These indicate an average speedup of 21 over
the 100x100 rasterized JCN, which is further increased to 218 if we
compare to the parallel version of our algorithm. In addition to this
two order of magnitude speedup, in contrast to the JCN, our approach
is parameter-free and directly computes the exact Reeb space.

Next we compare to a bivariate specialization of the dimension- (@) (b)
independent algorithm presented by Edelsbrunner et al. [15], whi
we discussed in Sec. 2.2. We recall that no implementation of this
gorithm has been documented so far to the best of our knowledge.
_therefqre implemented this approach ourselve_s in C++ by consider nal (a, bottom), some of the largest 3-sheets of the Reeb space
in particular the 2-sheet _Of e:_’;lch edge _Of the Inp_ut mesh. Due to rlap in this area (inset zoom). Each of these layers can be visualized
extremely long computation times obtained by this approach, we p@{-a; independent CSP (b, bottom). Four of them have a very simi-
allelized it on a per edge basis and the computation times reporteddfishape (red, blue, green and yellow). These correspond to covalent
the CO|Umn ChamberS'P Of Ta.b 2 haVe been Obtalned W|th 12 COf@&qu between oxygen and hydrogen atoms, which are captured by the
Even when parallelized, this approach typically requires several hodtsresponding 3-sheets (b, top). The remaining 3-sheet (cyan) denotes
of computation (more than 24 hours for the largest data-set, implyifig: hydrogen bond linking the two molecules.
days of computation in sequential mode). This illustrates that this al-

gorithm is not tractable in practice. The bold numbers in this colunjbintq2 R2, each of the connected componentd of(g) will be lo-
indicate the speedup obtained by greallel version of our algorithm,  cated in a distinct 3-sheet. In other words, the segmentatitvh @ito
reporting from one to three orders of magnitude speedups. the 3-sheets oR (f) enables the automatic separation of the regions
In conclusion, in contrast to approximation techniques based gfthe domain which overlap in the range.
range quantization, our approach computes the exact Reeb space whilgycedq on this observation, we introducentinuous scatterplot
still providing orders of magnitude speedups with regard to existing algejing a technique which enables the segmentation of the data into
gorithms. We believe this is an important result for the applicability inerlapping layers in the continuous scatterplot (CSP) [1]. Given the
the Reeb space to visualization as it brings its computation time froé@gmentation oM into the 3-sheets oR (f), we let users iterate
hours or days down to less than two minutes (column P, Tab. 1).  hrough them in decreasing order of projection area (which also cor-
responds to the importance sca@ES) used in our simpli cation al-
gorithm, Sec. 3.5). This process enables the review of the different
In the univariate setting, in the vicinity of critical points, level setg-sheets of the segmentation in decreasing order of importance, both
change their topology, but not necessarily their connectivity. For il the domain and the range. Next, users can select whether or not they
stance, an isosurface can change its genus in the vicinity of a sadglieh to include the corresponditayer (the corresponding 3-sheet) in
while maintaining its number of connected components. Thus, tkfe continuous scatterplot. We nally compute the nal continuous
critical point contouring strategy will tend in practice to compute unscatterplot(s) for the layers selected by the user with an implementa-
needed critical contours in these con gurations, for which no branckion provided by the original authors of the technique. Figs. 1, 11 and
ing actually occurs in the Reeb graph. Our approach suffers from thg present several visualizations obtained with this technique.
same limitation: ber components change their topology when cross- Fig, 1 presents a classical vortex street ow simulation ( ow turbu-
ing a saddle Jacobi edge but not necessarily their connectivity. For fance behind an obstacle). The Reeb space of the ow velocity and
stance, a ber can evolve from a closed to an open curve in the vicinigyr| magnitudes enables an automatic segmentation of the domain. In
of a Jacobi edge. Such an edge will trigger the computation of a ﬁrticular, the 3 largest 3-sheetsR({ f) correspond to regions before
cobi ber surface in our approach although bers do not necessaritye obstacle (Fig. 1(a), top). These regions have little interest for the
disconnect there. This implies unnecessary computations. application, however they overlap most of the CSP (Fig. 1(b), left).
_Moreover, in the univariate setting, the time performance of the criote that due to the symmetry of the vortex street, the blue and green
ical point contouring strategy deteriorates and converges towards thaiheets overlap nearly perfectly in the CSP. Thanks to the segmenta-
of the vertex-based contouring strategy for pathological cases of scajgh of M into the 3-sheets of the Reeb space, these regions can be
elds that resemble random elds since for such elds, the number iasily removed from the projection, which results in a less cluttered
critical points is no longer negligible with regard to the number of veicsp (Fig. 1(b), right), better revealing the projections of the turbulent
tices in the mesh. The same limitation applles to our work. HOWeVQéatures of the ow. At this point, some of the |argest remaining 3-
as illustrated in our experiments, we found that the number of Jac@jeets are shown (Fig. 1(a), bottom), capturing the geometry of the
edges was suf ciently low for practical data-sets to guarantee go@gtbulent ow in the domain. These 3-sheets can be independently
performances, even for noisy bivariate elds (Fig. 10(a)). visualized in the CSP. In particular, the top, center and bottom CSPs
Finally, unlike the univariate case, extrema edges also need to(pgy. 1(c)) represent the regions with matching colors in the domain
considered in the generalization of the critical point contouring to tr(ﬁ)p, center and bottom regions of the vortex street respectively).
bivariate case (Fig. 7). However in practice, the corresponding Jacobi,:ig. 11 shows a Reeb space driven visualization of a water dimer.
ber surface may be empty or may not contribute to the structure g quantum chemistry, molecular simulations are often analyzed in the
the Reeb space (Fig. 8), which implies unnecessary computations. |ight of two scalar elds: the electron density and a function of its
gradient magnitude [26]. Such a bivariate function is represented in a
S APPLICATION: CONTINUOUS SCATTERPLOT PEELING CSP (Fig. 11(a), bottom), where points on the diagonal are known to
To demonstrate its versatility and utility, we apply our algorithm t@orrespond to regions of space where no chemical interaction occurs.
bivariate data segmentation tasks. As described in Sec. 2.2, for edbtle automatic segmentation of this data into the 3-sheets of the Reeb

Irjg. 11. Reeb space driven visualization of a water dimer (a, top). Al-
ugh the continuous scatterplot (CSP) of the electron density and its
Sdient magnitude does not exhibit clear discontinuities above the di-

4.3 Limitations



space indicates 5 large 3-sheets that project off this diagonal (zoom).
Although the CSP does not exhibit clear discontinuities in these ar-
eas, these 5 3-sheets all overlap. Our Reeb space based segmentation
enables the independent CSP visualization for each of these regions
(Fig. 11(b), bottom). Note that four of these CSPs are very similar in
shape. They correspond to 3-sheets that capture the covalent bonds
between the hydrogen and oxygen atoms (matching colors, Fig. 11(b),
top). The remaining 3-sheet (cyan) exhibits a CSP of different shape:
the corresponding region in the domain denotes the hydrogen bond
linking the two molecules, as expected by the chemists. Note that this
subtle, yet important feature projects to a small cyan area in the range.
This means that a JCN approximation of the Reeb space may miss this
feature for insuf cient quantization thresholds.

Fig. 12 presents the Reeb space driven visualization of a ow sim-
ulation within a mechanical piece (Fig. 12(a)). The considered input
bivariate function is given by the ow velocity and curl magnitudes.
Originally, the Reeb space counts 4863 3-sheets. Our Reeb space
simpli cation algorithm (Sec. 3.5) progressively merges adjacent 3-
sheets in increasing order of range area, until a user threshold of 5%
of the overall area of (M ) is reached. At this threshold, this simpli-
cation results in the automatic identi cation of 7 remaining 3-sheets (@) (b)
(Fig. 12(b)). These correspond to the main features of the ow: its two
inlets (dark and light blue), its two outlets (orange and red) and three
interleaved regions in the turbulence area (inset zoom). Once pro-
jected, this simpli ed Reeb space (Fig. 12(c), right) enables an easier
understanding of the structure of the CSP, as compared to the original
Reeb space (center). The overlap of the projected 3-sheets can be ad-
dressed by CSP peeling, to inspect layers independently (Fig. 12(d)).

6 CONCLUSION

In this paper, we presented an ef cient algorithm for the computation
of Reeb spaces of bivariate functions de ned on tetrahedral meshes.
By developing a comprehensive analogy with the univariate case, we
believe we have given a simple and intuitive presentation of bivariate
Reeb spaces. We detailed and discussed the core algorithmic simi-
larities and differences between the univariate and the bivariate set-
tings. As a result, we presented an algorithm that extends to the bi-
variate case the critical point contouring strategy used for fast Reeb
graph computation in the univariate setting. This results in an ef -
cient, output-sensitive and parallel technique for Reeb space compu-
tation. While our algorithm is very simple, it yields several orders of
magnitude speedups with regard to previous work, as detailed through
our experimental results. We believe this is an important practical re-
sult for the applicability of the Reeb space to scienti ¢ visualization as

it brings its computation time from hours or days down to a few dozens
of seconds, hence making bivariate Reeb space computation tractable
for the rsttime.

We demonstrated the utility of our algorithm by using the Reeb
space as a semi-automatic segmentation tool for bivariate data. In
particular, we showed that it could be used to separate overlapping
features in the continuous scatterplot, hence reducing its clutter and
enabling further localized inspections. Beyond this application, we be-
lieve this work opens several exciting avenues for the generalization of
topology based techniques to bivariate data, including for instance fea-
ture similarity estimation (as suggested in Fig. 11), automatic feature (d)
segmentation for quantitative analysis, silhouette and Jacobi set an- 12. Continuous scafternlot peeling for the ow velocity and curl
pli cation (as suggested in Fig. 10), 2-dimensional skeletal structunégémtudes ithin 5 mechaEicalppieceg The color shadeyfrom tlue
extraction for shape modeling (as suggested in Fig. 5), etc. We h.qgggreen indicates integration time (a). While the Reeb space initially

that our companion C++ implementation wil h9|p Fhe _communi.ty Mounts 4863 3-sheets, after simpli cation, only 7 remain (b). These
the development of such Reeb space based visualization techniquegg,cats correspond to two inlet and two outlet regions, as well as 3

regions in the area of turbulence (inset zoom). Flow velocity and curl
ACKNOWLEDGMENTS magnitudes correspond to the X and Y axes in the continuous scatter-
This work is partially supported by the Bpifrance gratVIDO” (Programme plot (c). The projection of the simpli ed Reeb space (c, right) yields less
d'Investissements d'Avenir, reference P112017-2661376/D0S0021427) and the EPSRGiter than the original one (c, center, blue and white cylinders denote
grant EP/J013072/1. The author would like to thank the anonymous reviewers for thgie projections of extrema and saddle edges). However, several pro-
thoughtful remarks and suggestions. Special thanks go to Joshua A. Levine for his carpigted 3-sheets still overlap. Continuous scatterplot peeling enables the

proofreading and precious feedback. The vortex street data-set (Fig. 1) has been kiRgly,alization of each of these layers independently (d, matching colors).
provided by Robert Geist and Joshua A. Levine.

This paper is dedicated to my daughter Amy.
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