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Abstract This paper studies semigroups of operators on Hardy and Dirichlet spaces
whose generators are differential operators of order greater than one. The theory of
forms is used to provide conditions for the generation of semigroups by second order
differential operators. Finally, a class of more general weighted Hardy spaces is con-
sidered and necessary and sufficient conditions are given for an operator of the form
f + Gf (for holomorphic G and arbitrary n¢) to generate a semigroup of quasi-
contractions.

Keywords Strongly continuous semigroup - Hardy space - Weighted Hardy space -
Quasicontractive semigroup - Form - Heat kernel

1 Introduction

The theory of semigroups of weighted composition operators on Hardy and Dirichlet
spaces of the unit disc D is well understood (see [1,3-6,12,15,16]), and these have
generators that are first order differential operators of the form A : f +— Gof+ G f'.
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Less attention has been given to higher order generators (some of which are the
counterpart of those appearing in the theory of heat semigroups), and that is the main
theme of this paper.

In Sect. 2 we use the theory of forms to give sufficient conditions for the existence of
semigroups on the Hardy space H? with generators given by second-order differential
operators; other techniques involved in this section include perturbation theory and
the use of generalized heat kernels in general reproducing kernel Hilbert spaces.

Then in Sect. 3 we consider a particular class of weighted Hardy spaces, including
the Dirichlet space, and by means of numerical range techniques and the Lumer—
Phillips theorem, together with explicit expressions for the reproducing kernels, we
are able to provide necessary and sufficient conditions for generators of the form
f + G0 to generate a semigroup of quasicontractions.

Take (B,),=0 a sequence of positive real numbers. Then H 2(ﬂ) is the space of
analytic functions

o0
f@ = e
n=0
in the unit disc that have finite norm
00 12
Ifllp = (Z |cn|2ﬁ,%) :
n=0

The case B, = 1 gives the usual Hardy space H?; also, the case o = 1 and 8, = /n
for n > 1 provides the Dirichlet space D, which is included in H 2(JD)).

With an extra condition on (8,),, the Hilbert space H>(B) is also a reproducing
kernel space, i.e., for all w € I, there exists a function k,, € H>(p) such that

(fa kw) = f(w),

forall f € Hz(ﬂ) (seep. 19in [7] and p. 146 in [13]). More precisely, if (8;), is such
that

|w|2n
> g < forall weD, (1)
n

n>0
it follows that H2(p) is a reproducing kernel Hilbert space and
@ =T with B =S
w@ = Ik with — lkwll72 4 = > T
n>0 "1 n>0 n
In fact (1) is also equivalent to the more explicit condition lim inf(8,)/" > 1.

We recall that H® is the Banach algebra of bounded analytic functions in the disc,
with the supremum norm.
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Before embarking on the general theory we give a simple motivating example.

Example 1.1 Let (Af)(z) = —z>f"(z) for f € D(A) C H?, where D(A) = {f €
H? : f” € H?}. Note that if f(z) = z", then (Af)(z) = —n(n — 1)z". It follows
easily that A is the generator of the semigroup (7 (¢));>0, where

o oo
T(t) Zanzn — Zane—n(n—l)tzn.
n=0

n=0

2 Holomorphic semigroups on H?
2.1 Application of the theory of forms

First we recall the definition of a form and we present the result that we will apply in
order to obtain sufficient conditions for the existence of an analytic semigroup with a
prescribed generator involving the second derivative.

The following presentation is based on [2], where we add a simplification concern-
ing the mapping j defined below.

Let V be a complex Hilbert space anda : V x V — C a form, that is a continuous,
sesquilinear and coercive mapping, i.e. there exists a > 0 such that, forallu € V,

Rea(u,u) > allull}. 2)

Then we take H another complex Hilbert space such that there is an embedding
j 1V — H continuous and dense range. Often we identify j(v) with v forvin V.
For x,y € H, we say that x € D(A) and Ax = y if x € V and

a(x,v) = (y, v)H,

forallv e V.

Then the linear operator A is well-defined, linear, densely-defined, with A :
D(A) — H.

Moreover, we say that a is j-elliptic if there exists w € R, & > 0 such that

Re(a(u, u)) + wllull; > aful?. )

The link between a and A is the following.

Theorem 2.1 [2, Thm.4.3] If a is a form which is j-elliptic, then there exists a sec-
tor g with 6 € (0, /2] such that —A generates a holomorphic Cy-semigroup of
quasicontractions on H with

IT (@) < eRe®v,

foralltin Xy.
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We now present an application of the above theory from forms to semigroups.
Take H = H2, G1, G2, Gz in H* such that

Re(Gy) =z & “

where €1 is a positive numerical constant.
Then define a by

a(f,g) = (Glf/v g/)HZ + <G2fv g)HZ + (G3f/, g)HZ

onV x V,where V := {f € H> : f' € H?)} is a Hilbert space endowed with the

norm
If v = I A1z + 11,2

Using the Cauchy—Schwarz inequality, a is continuous and obviously sesquilinear. It
remains to check that a is j-elliptic.
Note that

Re (a(f, f)) = %/02” Re (G1 (e”)) Vi (e“’) 2d6

2

t [ Re (G2 (¢)) 15 () Pao +Re (Ga " )yp)

2 0
Moreover, once more using the Cauchy—Schwarz inequality, we have

1G3lloo

Re (G5, f) )| < 1G3llocll £ 2l fll g2 < 5

(171 + 1£132) -
Now for |G3llcc < 2€1, and for w sufficiently large, it follows that a is indeed

j-elliptic.
The last step consists in identifying A. In our case A is defined by Af = g when

(Glf/9 h/)Hz + (GZfs h)HZ + <G3f/s h)HZ = (g’ h)HZv

forallh e V.
Note that for all k, 1 € V, we have

(e(zk)' h)yyo = (k. h') o

Indeed, one can easily check this identity for k and & equal to powers of z.
It follows that A is defined on D(A) C V by

Af =z (zG1f") + Gof +Gsf'. )
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We have proved the following theorem which, as the referee has observed, is for-
mally related to the Black—Scholes equation of mathematical finance (see [8,9]).

Theorem 2.2 Let G, Gy, G3 € H*® and €1 > 0 be such that
Re(G1) > €1 and ||G3lloo < 2¢€.
Let A : D(A) — H? be defined by

Af(2) = 2zG1() f(2) + G2(2) f(2) + G3(2) f(2).
Then — A generates a holomorphic Cy-semigroup of quasicontractions.
An easy example here is given by G1(z) = 1, G2(z) = 0 and G3(z) = —z, in

which case Af(z) = z° f”(z), an example discussed in the introduction.
The proof of Theorem 2.2 leads to the following particular cases.

Theorem 2.3 Let G, G2, G3 € H*® and €1 > 0 be such that
Re(G1) = €1 and ||G3lco < 2€].

If moreover there exists €3 > 0 such that
Re(G2) = €2 and [|G3l < 2é2,

then — A defined by (5) generates a holomorphic Co-semigroup of contractions.
Example 2.4 A particular case of Theorem 2.2 is the case where Af(z) =
72(zG1(z) f'(z))’ for which we can conclude that —A generates a holomorphic Cy-

semigroup of quasicontractions (7'(z));ex, with [T ()] < e"Re@ for all w > 0.
This implies that T is a holomorphic Co-semigroup of contractions.

2.2 Perturbation theory

Recall that an operator B is bounded relative to another operator A if D(A) € D(B)
and there are constants a, b > 0 such that

|Bx| < allAx| +b|lx|| forall x € D(A). 6)

We write ag = inf{a > 0 : 3b such that (6) holds}, and call this the A-bound of B.

Theorem 2.5 [11, Thm. II1.2.10] Suppose that A generates an analytic semigroup
((T(2))zexyui0y- Then there is an a > 0 such that A + B (with D(A + B) = D(A))
generates an analytic semigroup for all B with A-bound ag < o.
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More precisely, there is a C > 1 such that ||[(A] — A)~|| < % for A in some large
sector X,/2+5 with 8 > 0. Then we may take « = 1/(C + 1).

To see an application of this result, let us take A defined by Af = —z>f” for
f € D(A) C H?, whichis diagonalisable with Ae, = —n(n—1)e,, where e, (z) = 7"
forn=0,1,2,...

Now

O —A)ley=—
A+nn—1)

Suppose that . = —x + iy with |x/y| < € (the case x > 0 is easier); then

2 2
1 L VPl Vit

Jex+nn—10)2+y2 Iyl 2y T A

so we may take C = +/1 + €2 for any € > 0, and hence @ = ﬁ

ap = 1/2. we may apply Theorem 2.5, and conclude the following.

Thus, taking

Theorem 2.6 Let Af = —z%f” and Bf = gf”, where ||g|loc < % Then A + B
generates a holomorphic semigroup on H?.

2.3 Heat kernels
It is well known (see, e.g., [10]) that many parabolic partial differential equations on

R” can be solved in terms of a (generalized) heat kernel. The simplest example is
defined on L2(R) by

T(t)f(s) = (47[[)_1/2/ f(r)e—(s—r)z/4t dr,
R

giving a semigroup whose generator is the closure of the Laplacian f — f”.

Let H be a reproducing kernel Hilbert space of analytic functions on . For a
semigroup (T (#));>0 on H with generator f 2210 G f®, where the Gy are
analytic in D, define the associated kernel K (¢, z, w) on Ry x D x D by

K(t,z, w) = T()ky(2),

where k,, is the reproducing kernel for H. That is, K satisfies the equation

K & oK
EZZG"Q’ K (0, z, w) = ky(2). D
k=0

Proposition 2.7 Suppose that T (¢t) f(w) = F(t, w); then

F(t,w) =(f, K(t,z,w)),, (f€H).
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Proof This is clearly true if f is a finite linear combination of reproducing kernels,
and it follows for all f by the boundedness of the operator 7 (¢). O

Theorem 2.8 If the equation ZZ(’:O G.9® = rg has a normalized basis (¢,) of
eigenvectors in H, with eigenvalues (1), such that Re ,, < 0 for all n, then

K(t,z,w) = D gu(@)gnw)e ™",

Proof By a simple calculation f(w) = (f, K(0,z,w)), for f € H, and so
K (0, z,w) = ky(z). Moreover, the hypotheses on (¢,) and A, easily imply that
(7) holds. O

Example 2.9 For H = H 2 with reproducing kernel k,,(z) = 1/(1 — wz), consider
the generator f — Gf”, where G(z) = —z°,and ¢,(z) = 7", Ay = —n(n—1). Then

[e¢)
K(t, Z, U)) — Ze—n(l’l—l)lwnzn.
n=0

Take f(z) = ZZO:O an7"; then F(t, w) = T(¢t) f(w) is given by

o
F(t,w) = Zanefn("fl)’w".
n=0

3 Link between the generator and the numerical range
Let ng be a positive integer and let G be an analytic function in the disc (we impose a

more general condition on G later).
Assume that A is defined on a dense set of H? by

Af =G f(no)’
where f(0) denotes the derivative of f of order ny.

IfG(z) = Z:io anz", denote by G the analytic function associated with G defined
by

00
G(Z) = ap, + Z (ano+n + ano—n) 7",

n=1

with the conventiona; = 0if j < 0.
Note that, for all z € T,

Re (70G(z2)) = Re (G(2)) . ®)
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Consider now the weighted Hardy space H2(8) where g is the sequence defined
by

1 forl <n <ng
Bn =

\/ —("(_nl_"’l')'?)! for n > ny.

In other words, for this particular weight 8, we have H 2(,3 )CH 2 and

no—1

1
FeHE) = (F Mgy = X ool + > O < .

n=nq D!

Note also that there is a link between the scalar product (, ) and the usual scalar

product on H? denoted by |, )

H2(B)

2 namely, for all f, g € H2(ﬁ), we have

0=l 2m) 0y ¢ (0)
(f. &)ap) = (128" )y Z ! ()g ()-

We can now present a link between a condition on G and the upper boundedness of
the numerical range of A acting on H2(f).

Proposition 3.1 If esssup, .y Re(w™G(w)) < 0, and D(A) is dense in H*(B),
where A is defined by Af = Gf" then

supRe (A, [}z + £ € DA I f sy = 1] < o0,
Proof Writing Tr for the Toeplitz operator f +— Py Ff, we have

Re(AS. f)y25) = R(GF™, f) 124,

-l 10y™ 0y 7 (0)
— Re(Gf("O), Znog(no)> + RC(Z (Gf 0 ) (0) f n'(O))

n!

— ( f("o) f(no) 2 ( (Gf(m)))(n) 0) f(") (O))

n!

n 1 n n n
= (Treaey /™. [y +Re( A 0))( '(0) £¢ )(0))

no—1 N A
0 " (G (no))(n)(o) (n)(O)
= {Tre@) f "+ £ 2 +Re(z ! n! ! n! )

n=0

n! n!

=~ m0=1  ~ £(no)y (1) () £ (O)
= Re(Gf(”O),f(”O))Hz +Re(z (G o)y f (())).

n=0
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It follows that ess sup, ¢ Re(é(z)) < 0 implies that

no—1 —
G ronm gy £ (0
RelA7. /]y sRe(Z (Gf ™)™ () f n!( )

n!
n=0

) < o) IGF " | 2.

In order to find an upper bound independent of the choice of f, note that we may
assume without loss of generality that G and f are polynomials of degree at most
2n¢. Moreover since the norm of f in H>(8) is 1, in particular the Taylor coefficients
of f are bounded by 1. It is now clear that there exists a numerical constant C > 0
depending only on ng and the norm of G in H%(8), such that

Re(Af9 f>H2(/3) S C7

for all f in the unit ball of H2(B). O

The following result, which serves as a converse, applies in a large family of
weighted Hardy spaces with reproducing kernels. Now the sequence (8,), need not
depend on the operator A.

Proposition 3.2 Let (B8,), be a decreasing sequence of positive reals such that
liminf,_ oo |Bn|Y/" > 1 and let G € H*(B) such that

ess sup Re(w™ G (w)) > 0.

weT

Then
supRe {{Af, £}z | € DAL If sy = 1] = +oc,

where A is defined on D(A) = {f € H*(B) : Gf®™) € H*(B)} by Af = Gf"0),

Before proceeding to the proof, we state the following technical lemma which explains
the hypothesis on monotonicity of (8,).

Lemma 3.3 Let (B,), be a decreasing sequence of positive reals. Then for each
positive integer N, there exists n = n(N) > 0 such that for all z € D with |w| > 1 -3,
we have

N 2 0 2
>l > e
B2 Bq

n=0 n=N+1

Proof Since (1/,), is increasing, we have

N 2 2N+2
|w|" 1 ) IN 1 1 — |w|

n=0 "1 N N

@ Springer



I. Chalendar, J. R. Partington

On the other hand, we have

o
|w|2n . 1 |w|2n B |w|2N+2 - |w|2N+2
2 = p2 — p2 — 2 :
n:ZN+1 R n:ZN+1 B (=P~ B — )

Since 1 — |w|*N*t? < |w|*N*2 is equivalent to |w| > (1/2)/CN+2) forall w € D
such that |w| > n(N) with n(N) = 1 — (1/2)1/@N+2) we have

N
Z |w|2n o |w|2n
< .
< 2 g
n=0 '3” n=N+1 '3”

m}

Proof of Proposition 3.2 By hypothesis, there exists § > 0 and a sequence (wi)x C
D such that |wg|] — 1 and Re(wZOG(wk)) > §. Moreover the condition

liminf,_ o0 |Ba|Y/" > 1 guarantees that the space H 2(B) has reproducing kernels
ky, for all w € . Now consider the sequence (ky,, )x of normalized reproducing ker-

. . . — kw .
nels associated with (wy)g, i.e. ky, = W First assume that k,,, € D(A). In
will 2()

this case, the remainder of the proof consist in checking that

lim Re ((Ak/u;, k/“;)Hz(ﬂ)) = +o00.

k— 00

Note that

-

kwk>H2<ﬁ) - 2
”kIUk ”Hz(ﬂ)

(AR, o) (G (kuy) ™. G (we) k1 (wy) ,

H2(B) —

where k{1 (2) = 3,20 n(n—l)---(:;sgnwl)wfk" ey

It follows that

n(n =1y (n — no + )G (wp)wp® [wy |20

(A ko)) = 2 Bi ’
nzl n
and thus
o (=1 (n=no+D|wi "
Ak/\ k/\ _ wZOG(wk) ann() = nﬁgo =
( Wk » wk)HZ(ﬂ) - |wk|2"° z . lwkfn
nzt B
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Now, for each positive integer N, take n(N) as in Lemma 3.3, and k sufficiently
large so that |wg| > 1 — n(N). Then we have

3 nn—1-(n—ng+D)|wi " ZN n(n—1-(n—no+1)|we|*"
n>ngo ﬂ’% n=ng ﬂ%
w2 TSN Jwe 00 [wg |2
ZHZO ﬁ% ZnZO /3% +Zn=N+1 ,3,%
Zoo n(n—1)-(n—ng+1)|wg |2
n=N+1 ﬂ%

N 2n 2n
2 n>0 lwéé + 2Nl ‘wéé
2n
(N4 DN (N +1=ng+ 1) 302y
2n
230 M

(N+DN---(N+1—no+1)
5 .

v

Therefore, for k sufficiently large (so that |wi| > 1 — n(N)), we get

- (NEDN---(N+1—ng+1). —
Re ((Akwk, kwk)Hz(ﬁ)) > TN Re(w G (wy)).

Since Re(w_ZOG(wk)) > § and since |wy| tends to 1, we get the desired conclusion.
If ky, is notin D(A), the conclusion follows from similar calculation, considering
the sequence of polynomials (kl"‘j’k )m>o defined by

Mo W
— n
kg = 2 B
n=0 "1
which belongs to D(A) and tends to ky,, in H 2(/3). O

Corollary 3.4 For A to generate a Cy semigroup of quasicontractions on H*(B) it
is necessary and sufficient that ess sup,,.r Re(w"0G(w)) < 0 and there isa » > 0
such that A — M1 is invertible in H*(B). Moreover, such a semigroup is holomorphic
if and only if there is a B € (0, 7 /2) such that ess sup,, Re(etPw™ G (w)) < 0.

Proof The first part follows from Propositions 3.1 and 3.2 using the Lumer—Phillips
theorem [14, p. 14]. The characterization of holomorphy follows from the complex
version of the Lumer—Phillips theorem as in [5, Prop. 2.2]. O
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