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ABSTRACT 

This paper investigates the accuracy of the linear-elastic Theory of Critical Distances (TCD) in 

estimating high-cycle fatigue strength of notched metallic materials experiencing elevated 

temperatures during in-service operations. The TCD postulates that the fatigue damage extent can 

be estimated by directly post-processing the entire linear-elastic stress field acting on the material 

in the vicinity of the crack initiation locations. The key feature of this theory is that the high-cycle 

fatigue assessment is based on a scale length parameter which is assumed to be a material 

property. The accuracy of this design method was checked against a number of experimental 

results generated under axial loading by testing, at 250°C, notched specimens of carbon steel C45. 

To further investigate the reliability of the TCD, its accuracy was also checked via several data 

taken from the literature, these experimental results being generated by testing notched samples of 

Inconel 718 at 500°C as well as notched specimens of directionally solidified superalloy DZ125 at 

850°C. This validation exercise allowed us to prove that the linear-elastic TCD is successful in 

estimating high-cycle fatigue strength of notched metallic materials exposed to elevated 

temperature, resulting in estimates falling within an error interval of ±20%. Such a high level of 

accuracy suggests that, in situations of practical interest, reliable high-cycle fatigue assessment can 

be performed without the need for taking into account those non-linearities characterising the 

mechanical behaviour of metallic materials at high temperature, the used critical distance being 

still a material property whose value does not depend on the sharpness of the notch being 

designed. 

 

Ke yw o rds : Theory of Critical Distances, notch endurance limit, high temperature 

  



NOMENCLATURE 

E  Young’s modulus 
k  Negative inverse slope 
Kt  Stress concentration factor referred to the net area 
L  Critical distance value 
NRef  Reference number of cycles to failure in the high-cycle fatigue regime 
Nf  Number of cycles to failure 
Oxyz  System of coordinates 
PS  Probability of survival 
r, θ  Polar coordintes 
rn  Notch root radius 
R  Load ratio (R=σmin/ σmax) 
T  Temperature 
Tσ   Scatter ratio of the endurance limit range for 90% and 10% probabilities of survival 
dn, wn  Net diameter/ width 
dg, wg  Gross diameter/ width 
σUTS  Ultimate tensile strength 
ΔKth  Range of the threshold value of the stress intensity factor 
Δσ0 Range of the plain and notch endurance limit extrapolated at NRef cycles to failure 
Δσ1  Range of the maximum principal stress 
Δσeff  Range of the effective stress 
Δσnet  Range of the nominal stress referred to the net area 
ΔσUTS  Range of the stress breaking the plain specimens at 1/ 4 cycles to failure. 
Δσy  Range of the local stress perpendicular to the notch bisector 
 

 

INTRODUCTION 

Owing to its intrinsic complexity, the fatigue behaviour of metallic materials experiencing elevated 

temperatures is always a matter of concern to structural engineers engaged in designing real 

components. The importance of being able to properly and accurately perform the fatigue 

assessment of components working under extreme temperature conditions is evidenced by the fact 

that this design problem is key in relevant industrial sectors such as transportation (for example, 

the blades of jet engines), energy (for example, nuclear power plants), and metalworking & 

manufacturing (for example, hot rolling of metals). Accordingly, starting from the pioneering work 

done by Manson [1] and Coffin [2], since about the middle of the last century [3-5], the scientific 

international community has made a tremendous effort in order to understand/ model the 

mechanical behaviour as well as to predict lifetime of metallic materials subjected, at elevated 

temperatures, to time-variable load histories. Examination of the state of the art [6] suggests that 

such an intractable problem has been addressed mainly in terms of strain, the plastic part of the 



total cyclic deformation being assumed to play a primary role in those processes resulting, at 

elevated temperatures, in the initiation of fatigue cracks.  

Owing to the fact that real components have complex geometries, numerous 

experimental/ theoretical investigations have been carried out also to quantify the effect of 

stress/ strain concentrators on the overall fatigue behaviour of metallic materials experiencing high 

in-service temperatures (see, for instance, Refs [7-13] and references reported therein). In this 

context, due to the important role played by single-crystal metallic materials in the energy sector, 

also the effect of stress/ strain raisers on the high-temperature fatigue strength of single-crystal 

components have been studied in depth (see, for instance, Refs [14, 15] and references reported 

therein). 

As recently pointed out by Berto, Lazzarin, and Gallo [16], the high-temperature notch fatigue 

problem has been investigated mainly considering the low/ medium-cycle fatigue regime. On the 

contrary, little research work has been carried out so far in order to formalise and validate 

appropriate design methods suitable for designing against high-cycle fatigue notched metallic 

components experiencing high temperatures during in-service operations. In this context, toward 

the end of the 90s, Nisitani and co-workers [17, 18] have shown that, also at elevated temperatures, 

the high-cycle fatigue strength of notched specimens of Inconel 718 could successfully be estimated 

via conventional linear-elastic notch mechanics, the small-yielding conditions being satisfied for 

this specific material also at 300, 500, and 600°C. By performing an accurate experimental 

investigation, Shi et al. [19] observed that the fatigue strength at 850°C of notched DZ125 decreases 

as the linear-elastic stress concentration factor, Kt, increases, Kt being seen to affect also the 

ratcheting behaviour of this directionally solidified superalloy. By testing plain and notched 

samples of 40CrMoV13.9 as well as of a copper-cobalt-beryllium alloy, Berto, Lazzarin, and Gallo 

[16, 20] have proven that, given the material, the strain energy density parameter is capable of 

summarising in the same scatter band experimental results generated at different temperatures. 

As far as room temperature notch fatigue is concerned, it is generally recognised that the so-called 

Theory of Critical Distances (TCD) [21, 22] is a reliable engineering tool allowing notched 

components to accurately be designed against high-cycle fatigue. By post-processing a very large 

number of experimental results [23-25], it has been proven that the TCD is capable of estimates 



falling within an error interval of ±20%, such a high accuracy level being reached also under 

multiaxial fatigue loading [26-30]. According to the TCD’s m odus operandi, notch fatigue strength 

is estimated via an effective stress whose definition depends on a material critical length, the stress 

analysis being performed by adopting a simple linear-elastic constitutive law. According to the 

most general formulation of the TCD, such a theory makes use of a length scale parameter which is 

treated as a material property, i.e., its value is assumed not to vary as the sharpness of the assessed 

notch changes. 

Turning back to the high-temperature notch fatigue issue, Yang et al. [31] have recently 

investigated the accuracy of the TCD in estimating fatigue damage in notched specimens of 

directionally solidified superalloy DZ125 subjected, at 850°C, to axial fatigue loading. In this study 

the TCD was applied by considering not only the linear-elastic [21, 22] but also the elasto-plastic 

[32] formalisation of this theory. By post-processing their experimental results according to a 

particular re-interpretation of the above strategies, the authors came to the conclusion that, for the 

specific superalloy being tested, the critical distance value was somehow affected by the notch 

sharpness. It is worth recalling here also that Leidermark et al. [33] have recently shown that the 

critical plane method applied along with the critical distance concept can successfully be used to 

estimate lifetime of notched single-crystal superalloy MD2 subjected, at 500 °C, to uniaxial fatigue 

loading. 

In this complex scenario, the aim of the present paper is to investigate whether the linear-elastic 

TCD is successful in estimating high-cycle fatigue strength of notched metallic materials also at 

elevated temperatures, the length scale parameter being still treated as a material property whose 

value does not depend on the notch sharpness. 

 

FUNDAMENTALS OF TH E TH EORY OF CRITICAL DISTANCES 

According to the TCD’s m odus operandi, high-cycle notch fatigue strength is directly estimated by 

post-processing the entire stress field acting on the material in the vicinity of the stress raisers 

being assessed [22]. One of the most remarkable features of the TCD is that this theory is capable 

of accommodating those non-linearities characterising the mechanical behaviour of ductile metallic 

materials into a linear-elastic framework, this holding true not only in the high-cycle [24], but also 



in the medium-cycle fatigue regime [34]. Accordingly, the stress analysis can directly be performed 

by assuming that metallic materials obey a simple linear-elastic constitutive law. This obviously 

results in a great simplification of the fatigue assessment problem, allowing the time and costs of 

the design process to be reduced considerably [35]. 

To perform the high-cycle fatigue assessment of notched components, the TCD makes use of the 

range of an effective stress, Δσeff, which is calculated by taking into account a suitable material 

length scale parameter. In this context, such a critical distance is assumed to be a material property 

whose value can directly be determined via appropriate experiments run by using standard testing 

equipment [36]. The TCD can be formalised in different ways which include the Point Method 

(PM) [37], the Line Method (LM) [38], and the Area Method [39]. In particular, when the TCD is 

applied in the form of the PM, Δσeff is estimated at a certain distance from the apex of the stress 

concentrator (Fig. 1b); the LM postulates instead that Δσeff has to be calculated by averaging the 

linear-elastic stress over a line (Fig. 1c); finally, according to the AM, Δσeff can also be determined 

be averaging the linear-elastic maximum principal stress over an area (Fig. 1d). According to the 

symbolism adopted in Fig. 1a, the above definitions of the range of the effective stress, Δσeff, can be 

formalised mathematically as [22]: 
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In Eqs (1) to (3) material characteristic length L is determined via the range of the threshold value 

of the stress intensity factor, ΔKth, and the plain fatigue limit, Δσ0, as follows [21, 22, 41]: 
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It is important to highlight here that, to correctly take into account the mean stress effect in fatigue, 

the values of both ΔKth and Δσ0 used to estimate L have to be determined experimentally under the 

same load ratio, R=σmin/ σmax, as the one damaging the component being assessed. Definition (4) 

should make it evident that, since the critical distance value is a function of two material 

properties, L is in turn a material property which is seen to be different for different materials and 

different load ratios. 

From a materials science point of view, the fatigue limit in metals corresponds to the initiation of a 

microstructural crack whose propagation is arrested either by the first grain boundary or by the 

first micro-structural barrier [42, 43]. Non-ferrous metals instead do not have a fatigue limit, 

therefore they must always be designed for finite lifetime (for instance, this is the fatigue behaviour 

which is displayed by aluminium alloys). Under these circumstances, the high-cycle fatigue 

assessment is performed via the so-called endurance limit. By definition, the endurance limit is the 

range of the stress extrapolated at a given number of cycles to failure, NRef (where NRef is typically 

taken in the interval 5·105÷108 cycles to failure) [44]. In situations of practical interest, many 

different external factors (elevated temperatures included) can result in the elimination of the 

fatigue limit also in those metals which potentially have a fatigue limit [45, 46]. Accordingly, when 

it comes to designing real notched components against high-cycle fatigue, the use of appropriate 

endurance limits is always advisable [46]. 

When either the range of the threshold value of the stress intensity factor is not available or the 

material being designed does not exhibit a fatigue limit, the required critical distance can 

accurately be determined by using two endurance limits obtained by testing un-notched specimens 

and samples weakened by a known geometrical feature [34]. The in-field procedure suggested as 

being followed to determine L according to this strategy is described in Fig. 2. In particular, the S-

N chart sketched in Fig. 2a plots two fatigue curves. The upper fatigue curve is assumed to be 

generated by testing plain specimens, whereas the lower one by testing samples containing a 

particular geometrical feature. According to the PM, Eq. (1), given the reference number of cycles 

to failure, NRef, L/ 2 is the distance from the notch apex at which the range of the linear-elastic local 



stress, Δσy, equals the stress range, Δσ0, which has to be applied to the parent material to generate 

a failure at Nf=NRef cycles to failure. The required liner-elastic stress field in the vicinity of the 

stress raiser under the range of the nominal stress, Δσnet, breaking the notched samples at Nf=NRef 

cycles to failure (Fig. 2b) can be determined either numerically (i.e., using the Finite Element (FE) 

method) or through suitable analytical solutions. In the next sections this strategy will be adopted 

to determine the critical distance value for the materials which will be used to check the accuracy of 

the linear-elastic TCD in estimating notch endurance limits at elevated temperatures. 

Having reviewed the fundamentals of the TCD, it is worth concluding by observing that a notched 

component is assumed to be at its fatigue/ endurance limit as long as the following conditions is 

assured: 

 

0eff σΔ≤σΔ               (5) 

 

where the range of the effective stress, Δσeff, can be calculated according to either the PM, Eq. (1), 

the LM, Eq. (2), or the AM, Eq. (3). 

 

EXPERIMENTAL DETAILS 

In order to check the accuracy of the linear-elastic TCD in estimating high-cycle fatigue strength of 

notched metals at elevated temperatures, plain and notched samples of structural steel C45 

(similar to SAE 1045) were tested under axial loading at 250° C, the load ratio, R, being set equal to 

0 .1. Examination of the state of the art suggests that the fatigue behaviour of metallic materials at 

elevated temperatures has been investigated mainly considering high-performance alloys. This is a 

consequence of the fact that materials having superior mechanical properties are obviously used in 

those extreme situations involving time variable loading and elevated temperatures (such as, for 

instance, the blades of jet engines). However, it has to be said that, there are situations of practical 

interest where conventional structural steels as well experience medium/ high temperatures during 

in service operations (as it happens, for instance, to the steel structural parts of vehicle engines and 

engine beds). As to the expected mechanical behaviour at high-temperature of structural steel C45, 



by testing under fatigue loading specimens of SAE 1045, Christ et al. [47] have observed that, given 

the amplitude and mean stress of the loading cycle, fatigue damage reaches its maximum value at a 

temperature in the range 200-250°C. The reasons briefly summarised above should explain the 

motivations behind the choice of testing commercial structural steel C45 at 250°C. 

The geometries of both the un-notched and notched specimens tested at the Materials Testing 

Laboratory of the University of Sheffield are sketched in Figure 3. The fatigue tests were performed 

using a 100kN Mayes fatigue testing machine (Fig. 4) controlled through controller Kelsey 

Instruments K7500. During testing the temperature inside the furnace was kept constant and equal 

to 250°C through an external controller connected to a number of thermocouples located inside the 

furnace itself. Not to alter the magnitude of the applied loading during high-temperature testing, 

the apparatus was set up so that the loading cell was positioned outside the furnace. Further, the 

loading cell was continuously kept at room temperature by using an ad hoc external cooling 

system. Figure 4 shows the testing apparatus as well as a plane sample positioned inside the 

furnace and clamped through the mechanical grips which were specifically designed and 

manufactured for this type of experimental investigation. 

The fatigue tests were performed according to the following experimental protocol. Initially, the 

fatigue samples were clamped using the mechanical grips as shown in Figure 4. Subsequently, the 

furnace was switched on allowing the internal temperature to reach 250°C. As soon as the internal 

temperature was equal to 250°C, the samples were left inside the furnace for at least an hour. 

Before testing, the furnace was opened and the bolts were tightened to compensate possible 

thermal dilatations. After tightening the bolts, the samples were left inside the furnace for at least 

30 minutes to ensure that the material to be tested was at the correct temperature. It is worth 

noticing here that during this initial pre-test phase no evident creep/ relaxation phenomena were 

detected. 

Fatigue tests were performed, in load control, under a load ratio, R, equal to 0 .1 at a frequency of 15 

Hz. The failure criterion was the complete breakage of the samples. The picture in Figure 3b 

displays some examples summarising the cracking behaviour observed both in the plain and in the 

notched samples. 



The experimental results generated by testing the plain and notched specimens shown in Figure 3 

are summarised in the Wöhler diagrams of Figure 5. These log-log diagrams plot the range of the 

nominal net stress, Δσnet, against the number of cycles to failure, Nf. The charts of Figure 5 report 

not only the Wöhler curves estimated for a probability of survival, PS, of 50%, but also the scatter 

bands calculated for PS equal to 10% and 90%, respectively. Such fatigue curves were determined 

by post-processed the data under the hypothesis of a log-normal distribution of the number of 

cycles to failure for each stress level, the confidence level being taken equal to 95% [48, 49]. The 

results of the statistical re-analysis are also summarised in Table 1 in terms of negative inverse 

slope, k, range of the endurance limit (for PS=50%) extrapolated at NRef=5·105 cycles to failure, Δσ0, 

and scatter ratio of the endurance limit range for 90% and 10% probabilities of survival, Tσ. As 

suggested by Sonsino [46] for structural steels, the reference number of cycle to failure, NRef, was 

taken equal to 5·105 cycles to failure, the run out data displayed in the charts of Figure 5 confirming 

the validity of this assumption. To conclude, it is worth pointing out explicitly that, both in Table 1 

and in Figure 5, the ranges of the notch endurance limits extrapolated at NRef=5·105 cycles to 

failure, Δσ0, were calculated with respect to the nominal net section. 

 

VALIDATION BY EXPERIMENTAL DATA 

In order to check the accuracy of the linear-elastic TCD in estimating the high-cycle fatigue 

strength of the notched samples of C45 we tested at 250°C, initially attention was focussed on the 

stress analysis problem. The linear-elastic stress fields in the vicinity of the apices of the 

investigated stress raisers were estimated by using commercial FE software ANSYS® . The 

specimens were modelled adopting bi-dimensional elements Plane 183. This 2D element is a higher 

order 8-node element, having quadratic displacement behaviour. Each node has two degrees of 

freedom, i.e., translations in the nodal x and y directions. This element can be used as a plane 

element (plane stress, plane strain and generalized plane strain) or as an axisymmetric element. In 

order to accurately determine the necessary stress-distance curves, the mesh density in the vicinity 

of the notch tips was gradually increased until convergence occurred. In particular, the mesh 

density was gradually increased until profile and magnitude of the determined linear-elastic stress 



fields were no longer affected by the mesh density it self. This resulted in elements in the vicinity of 

the notch tip having size lower than 0 .005 mm. 

The mechanical clamping devices displayed in Figure 4 were designed so that, during testing, they 

could rotate about an axis perpendicular to the plane containing the surface of the samples 

themselves. This allowed the local stress concentration phenomena to be maximised due to the 

effect of the secondary bending. Owing to the fact that the rotation angles characterising the cyclic 

movement of the grips during the testing of the notched specimens were seen to be very small, the 

effect of the secondary bending was modelled in the FE simulations by simply un-constraining the 

displacements perpendicular to the direction along which the loading was applied. It is also worth 

pointing out explicitly that this particular way of clamping the samples resulted in no 

superimposed static torsional stresses. 

The FE analyses performed as described above resulted in a net stress concentration factor, Kt, 

equal to 6.9 for the blunt U-notches, to 10.0  for the sharp U-notches, and, finally, to 26.5 for the 

sharp V-notches (see also Figure 3 and Table 1). 

The critical distance value for the investigated structural steel was determined by using the method 

summarised in Figure 2. In particular, as shown by the stress vs. distance chart of Figure 6, a 

critical distance value of 0 .252 mm was obtained via the plain endurance limit and the linear-

elastic stress field arising, at the endurance limit condition, from the sharp V-notch. This diagram 

shows also that the linear-elastic PM was highly accurate in estimating the high-cycle fatigue 

strength of both the bluntly and the sharply U-notched specimens. The error band plotted in Figure 

6 was determined by calculating the error as follows: 

 

0

0effError
σΔ

σΔ−σΔ
=  [%]            (6) 

 

where Δσeff is the effective stress calculated according to either the PM, LM, or AM, whereas Δσ0 is 

the un-notched material endurance limit. 

Table 1 confirms that the TCD used in the form of the PM, LM, and AM was capable of estimates 

falling within an error interval of ±15%, this holding true independently from the sharpness of the 



assessed notch. Such a high level of accuracy is very promising because, in general, it is not possible 

to distinguish between an error of ±20% and an error of 0% due to the problems which are usually 

encountered during testing as well as during the numerical analyses [36]. 

In light of the encouraging results obtained when using the linear-elastic TCD to post-process the 

results we generated by testing, at 250°C, the notched samples of C45, the accuracy and reliability 

of our design method was further checked against two datasets taken from the literature. 

Chen at al. [16] investigated the high-cycle fatigue behaviour of notched cylindrical specimens of 

Inconel 718. The samples were tested under rotating bending (R=-1) at 500°C. As shown in Table 2, 

the net diameter, wn, of the samples was kept constant and equal to 8 mm, the gross diameter, wg, 

being equal to either 9 mm or 10 mm. Three different values of the notch root radius were 

investigated, i.e., rn=1 mm, rn=0.1 mm, and rn=0.05 mm. 

Shi et al. [19] tested, at 850°C, flat samples with a single lateral notch of directionally solidified 

superalloy DZ125. The axial cyclic force was applied along a direction parallel to the direction of 

solidification, the loading rate, R, being kept constant and equal to 0 .1. The two considered U-

notched geometries had gross width, wg, equal to 6 mm, net width, wn, equal to 5.4 mm and 5.5 

mm, and root radius, rn, equal to 0 .4 mm and 0 .2 mm, respectively. Two series of results generated 

by testing single V-notched specimens were also considered. The V-notched samples with notch 

opening angle equal to 60° had wg=6 mm, wn= 5.5 mm, and rn=0.2 mm. The V-notched specimens 

with notch opening angle equal to 120° had instead wg=6 mm, wn= 5.4 mm, and rn=0.3 mm. The 

parent material results were generated by testing, under R=0.05÷0.1, cylindrical samples having 

diameter equal to 10 mm [50]. Table 3 summarises the considered experimental results in terms of 

negative inverse slope, k, range of the net endurance limit (for PS=50%), Δσ0, and scatter ratio of 

the endurance limit range for 90% and 10% probabilities of survival, Tσ. Since the experimental 

results used to determine the above fatigue curves were generated mainly in the range 5·102÷106 

cycles to failure, in order to determine the corresponding endurance limits in a consistent and 

reliable way, the reference number of cycles to failure, NRef, was taken equal to 106 cycles to failure. 

From a statistical point of view, the experimental results were post-processed under the hypothesis 

of a log-normal distribution of the number of cycles to failure for each stress level, the confidence 



level being taken equal to 95% [48, 49]. It has to be pointed out here also that those results 

obtained by testing U- and V-notches with rn=0.2 mm were re-analysed together. This was done to 

have a population of data enough numerous to be representative from a statistical point of view. In 

terms of profile of the local linear-elastic stress fields, this simplification resulted just in a little loss 

of accuracy, since, in the presence of sharp V-notches, the effect of the notch opening angle on the 

stress distribution is seen to be very little as long as the opening angle itself is lower than 90° [51]. 

Accordingly, in the validation exercise discussed below, the V-notches having opening angle equal 

60° were modelled as U-notches with root radius equal to 0 .2 mm. 

An interesting aspect highlighted by Table 3 is that, whilst the presence of a notch clearly lowers 

the overall strength of DZ125 at 850°C, the plain fatigue curve is steeper than the ones obtained by 

testing notched specimens. 

In order to determine the required linear-elastic stress fields, the investigated geometries were 

modelled using commercial FE software ANSYS® , the mesh density in the vicinity of the stress 

concentrator apices being gradually increased until convergence occurred. For the sake of 

completeness, it is worth observing here that the values for the net stress concentration factors 

estimated according to this standard numerical procedure (see Tables 2 and 3) were slightly 

different from the corresponding values reported in the original sources [16, 19]. 

Figure 7 displays the stress-distance curves, at the endurance limit condition, for the notched 

specimens of Inconel 718 tested by Chen at al. [16]. The value for the critical distance shown in the 

above chart (i.e., L=0.154 mm) was estimated according to the method summarised in Figure 2 by 

using the plain endurance limit (Δσ0=710 MPa) and the notch endurance limit experimentally 

determined by testing the samples having Kt=8. The diagram of Figure 7 (see also Table 2) clearly 

proves that the PM was highly accurate in estimating the high-cycle fatigue strength of the other 

notched geometries, with estimates falling within an error interval of ±20%. Table 2 indicates that 

a similar level of accuracy was obtained also when the TCD was applied in the form of both the LM 

and the AM. 

The diagram of Figure 8 summarises the stress-distance curves determined by post-processing the 

experimental results generated by Shi et al. [19] by testing, at 850°C, notched flat samples of 



directionally solidified superalloy DZ125. Owing to the numerous assumptions which were made to 

determine the fatigue curves summarised in Table 3, for this material the length scale parameter 

was calculated by using the three curves reported in Figure 8. A value of 0 .452 mm was obtained 

for critical distance L by simply adopting a standard best fit procedure. The errors listed in Table 3 

prove that the TCD used in the form of the PM, LM, and AM was capable of predictions falling 

within an error interval of ±20%, such a remarkable accuracy being obtained without the need for 

changing the L value as the sharpness of the assessed notch varied. 

To conclude, the error vs. stress concentration factor diagram of Figure 9 summarises the overall 

level of accuracy which was reached by using the linear-elastic TCD to estimate notch endurance 

limits at high temperature. This diagram seems to strongly support the idea that, in the presence of 

notches experiencing in-service elevated temperatures, accurate high-cycle fatigue assessment can 

be performed not only by continuing to adopt a linear-elastic constitutive law to model the 

mechanical behaviour of the material being designed, but also by continuing to treat critical 

distance L as a material property. 

The TCD postulates that fatigue assessment has to be performed by post-processing the entire 

stress field damaging the so-called process zone (i.e., that material portion controlling the overall 

fatigue strength of the component being designed) [36, 44]. The size of the process zone depends 

mainly on: (i) material microstructural features, (ii) local micro-mechanical properties, and (iii) 

nature of the physical mechanisms resulting in the initiation of fatigue cracks [27]. In this setting, 

by using the AM argument (see Figure 1d), it is possible to presume that the radius defining the size 

of the process zone approaches critical distance L [27]. 

Yokobori et al. [52] performed an accurate experimental investigation by testing, at 650°C, V-

notched samples of stainless steel SUS304. Their in situ observations revealed that, under fatigue 

loading, damage was localised in a small region in the vicinity of the notch tip, eventually resulting 

in the initiation of a fatigue crack. The formation of such a highly damaged zone was evidenced by a 

clear change in the local morphology of the investigated material. This seems to strongly support 

the idea that, also at elevated temperatures, the TCD is successful in estimating high-cycle notch 

fatigue strength because the process zone supplies all the engineering information which is 

required to accurately quantify the effect of those damaging mechanism locally altering the 



material morphology. In other words, in contrast to the classic approach [53], the TCD assumes 

that the fatigue damage extent does not depend solely on the stress state at the tip of the notch 

being assessed. The TCD postulates instead that the overall fatigue strength of a notched 

component is controlled by a finite portion of material (having size of the order of L). According to 

this schematisation, localised stress concentration phenomena (such as surface roughness) play a 

role of secondary importance due to the fact that, in terms of damaging effect, the stress field 

perturbation caused by a macroscopic notch prevails over the highly confined perturbation due to 

superficial asperities. In this context, it is evident that it would be very interesting to check the 

accuracy of the TCD when the relevant stress fields are determined by explicitly considering not 

only the effect of macroscopic notches, but also the presence of localised stress concentration 

phenomena due to surface roughness. This combined approach may explain the reason why in 

certain materials (such as, for instance, those aluminium alloys commonly used in aircraft 

construction [54]) a reduced variation of the surface roughness can remarkably affect the total 

fatigue lifetime. 

Another interesting aspect which is worth commenting here is that the TCD estimates high-cycle 

fatigue strength by directly post-processing the linear-elastic stress fields in the vicinity of the 

assumed crack initiation locations, even though, within the process zone, the local mechanical 

behaviour of metallic materials at elevated temperatures is highly non-linear. As to the above 

aspect, one may argue that the linear-elastic TCD is still successful because, as demonstrated by 

Lazzarin and Zambardi [55] by using a sophisticated energy argument, the linear– elastic energy 

equals the elasto-plastic one, when they are averaged over the entire fatigue process zone. 

Even if the considerations reported above offer an explanation for why the linear-elastic TCD is 

successful also in performing the high-cycles fatigue assessment of notched metallic materials 

experiencing elevated temperatures, it is evident that more work needs to be done in this area to 

more rigorously link the TCD’s m odus operandi to the physical processes taking place within the 

process zone and resulting in the initiation of fatigue cracks. 

 

CONCLUSIONS 



• The linear-elastic TCD applied in the form of the PM, LM, and AM is successful in 

estimating high-cycle notch fatigue strength of metallic materials at elevated temperatures. 

• The TCD allows notched components experiencing in-service high-temperature to be 

designed against high-cycle fatigue by directly post-processing the relevant stress fields 

determined through conventional linear-elastic FE models. This implies that an accurate 

high-cycle fatigue assessment can be performed without the need for explicitly modelling 

the highly non-linear mechanical behaviour displayed by metallic materials when exposed 

to elevated temperatures. 

• At high-temperature as well, the TCD can be used to design notched components against 

fatigue by treating the required critical distance as a material property whose value is not 

affected by the sharpness of the notch being assessed. 

• More work needs to be done in this area to coherently extend the use of the stress based 

linear-elastic TCD to the medium-cycle fatigue regime. 
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Table s  
 

No tch  type  Kt 
N . o f 

sam ple s  R k 
0 (1) N Re f(2 ) 

Tσ 
e ff Erro r 

PM LM AM PM LM AM 

[MPa] [Cycles]  [MPa] [MPa] [MPa] [%] [%] [%] 

Plain 1.0  10 

0.1 

7.8 429.2 

5·105 

1.222 - - - - - - 
Blunt U-Notch 6.9 9 3.5 75.0  1.300 471.0  436.4 476.6 9.7 1.7 11.1 
Sharp U-Notch 10.0  9 3.4 55.2 1.496 439.8 380.0 449.1 2.5 -11.5 4.6 

Sharp V-Notch 26.5 8 3.1 42.2 1.891 429.2 369.9 439.5 0 .0  -13.8 2.4 
(1)Range of the nominal stress referred to the net area. 

(2)NRef taken equal to 5·105 cycles to failure according to Sonsino [46]. 
 

Table  1. Summary of the results generated by testing, at T=250°C, plain and notched samples of C45; accuracy of the 
TCD applied in the form of the PM, LM, and AM. 

 
 
 
 

w g w n  rn  
Kt 

0 ,n  e ff Erro r 

PM LM AM PM LM AM 

[m m ] [m m ] [m m ] [MPa] [MPa] [MPa] [MPa] [%] [%] [%] 

9 8 1.00 2.0  460 787.3 709.5 800.0  10.9 -0 .1 12.7 
9 8 0 .10 4.8 370 743.1 657.8 762.1 4.7 -7.4 7.3 
9 8 0 .05 6.7 370 718.1 668.0  748.7 1.1 -5.9 5.5 
10 8 1.00 2.2 450 846.8 761.8 858.5 19.3 7.3 20.9 
10 8 0 .10 5.8 310 737.0  641.0  752.1 3.8 -9.7 5.9 

10 8 0 .05 8.0  310 710.0  650.2 747.6 0 .0  -8.4 5.3 
 

Table  2 . Summary of the results generated by Chen et al. [16] by testing, at T=500°C, notched cylindrical samples of 
Inconel 718; accuracy of the TCD applied in the form of the PM, LM, and AM. 

 
 
 



 

Re f. 
w g w n  rn  

Kt 
N . o f 

sam ple s  
T 

R k 
0 (1,2 ) 

Tσ 
e ff Erro r 

PM LM AM PM LM AM 

[m m ] [m m ] [m m ] [°C] [MPa] [MPa]  [MPa] [MPa] [%] [%] [%] 

[50 ] 10 10 - 1.0  11 

850 

0.05÷0.1 7.5 1210 1.147 - - - - - - 

[19] 6 5.4 0 .4 3.4 9 0 .1 13.1 823 1.460 1360.7 1227.3 1372.5 12.5 1.4 13.4 

[19] 6 5.5 0 .2 4.2 7 0 .1 12.4 711 1.356 1058.4 1010.9 1092.3 -12.5 -16.5 -9.7 

[19] 6 5.4 0 .3 3.7 8 0 .1 15.1 849 1.280 1372.3 1262.3 1398.3 13.4 4.3 15.6 
(1)Range of the nominal stress referred to the net area. 
(2)Endurance limit extrapolated at N0=106 cycles to failure. 
 

Table  3 . Summary of the results generated by Shi et al. [19] by testing, at T=850°C, notched cylindrical samples of 
directionally solidified superalloy DZ125; accuracy of the TCD applied in the form of the PM, LM, and AM. 
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Figure  1. Local system of coordinates (a); The Theory of Critical Distances formalised according to 

the Point (b), Line (c), and Area Method (d). 
 
 
 

 
 

Figure  2 . Determination of the critical distance value by using two calibration fatigue curves. 
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Figure  3 . Geometries of the tested samples (dimensions in millimetres) (a); un-notched and 

notched samples of C45 showing evident fatigue cracks (b). 
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Figure  4 . Testing apparatus and plain sample mechanically clamped inside the furnace. 
 

  



 

  

  
 

Figure  5. Summary of the generated experimental results: Wöhler curves and associated scatter 
bands for PS=10% and PS=90%. 

 

 
 

Figure  6 . Linear-elastic stress distance curves at the endurance limit for structural steel C45 and 
determination of critical distance L. 
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Figure  7. Linear-elastic stress distance curves at the endurance limit for Inconel 718 [16] and 
determination of critical distance L. 

 
 
 
 

 
Figure  8 . Linear-elastic stress distance curves at the endurance limit for directionally solidified 

superalloy DZ125 [19, 50] and determination of critical distance L. 
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Figure  9 . Overall accuracy of the TCD applied in the form of the PM, LM, and AM. 
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