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Thermodynamics of de Sitter black holes with a conformally coupled scalar field

Anne-Marie Barlow, Daniel Doherty, and Elizabeth Winstanleyﬁ
Department of Applied Mathematics, The University of Sheffield,
Hicks Building, Hounsfield Road, Sheffield, S3 7TRH, United Kingdom.
(Dated: February 3, 2008)

We study the thermodynamics of de Sitter black holes with a conformally coupled scalar field.
The geometry is that of the “lukewarm” Reissner-Nordstrém-de Sitter black holes, with the event
and cosmological horizons at the same temperature. This means that the region between the event
and cosmological horizons can form a regular Euclidean instanton. The entropy is modified by the
non-minimal coupling of the scalar field to the geometry, but can still be derived from the Euclidean
action, provided suitable modifications are made to deal with the electrically charged case. We use
the first law as derived from the isolated horizons formalism to compute the local horizon energies
for the event and cosmological horizons.

PACS numbers: 04.20.Jb, 04.40.Nr, 04.70.Dy

I. INTRODUCTION

Within the subject of black hole thermodynamics, the study of black holes with scalar or dilaton fields is an
important area, in which new features arise. For example, there is a flat-space black hole solution (the BBMB black
hole [1]) with a conformally coupled scalar field, which has zero temperature but infinite entropy [2]. In [2], a modified
action principle is formulated which is able to provide well-defined thermodynamics for a number of black holes with
an infinite entropy, although, interestingly, this approach fails for the BBMB black hole.

In this paper we study the thermodynamics of the corresponding de Sitter black holes with a conformally coupled
scalar field (which we shall refer to as the MTZ black holes) |3]. Here the geometry is that of the “lukewarm”
Reissner-Nordstrom-de Sitter (RNdS) black holes 4], but, unlike the BBMB black holes, the scalar field is regular
on and outside the event horizon. The thermodynamics of RNdS black holes without a scalar field has been studied
by several authors 4, 13, 6]. In the lukewarm case, the event and cosmological horizons are at the same temperature,
which enables a regular Euclidean instanton to be formed from the region between the event and cosmological horizons
[7]. The Euclidean action for the lukewarm RNdS black hole and its relationship to the entropy has also been studied
|5, 6). Our interest in this paper is therefore to determine the effect of the non-minimal coupling of the scalar field
matter to the black hole. The thermodynamics of a related de Sitter black hole with a minimally coupled scalar field
is discussed in [§].

The outline of this paper is as follows. In section[lwe briefly review the salient features of the MTZ black holes. We
compute the temperature and entropy of these black holes in section [Tl and discuss elementary features of these (see
also [9] for further discussion). In particular, we will see the significant effect of the conformally coupled scalar field on
the entropy of the system. We examine the entropy in more detail in section [[M] by computing the Euclidean action
for the regular instanton [d]. This is straightforward for magnetically charged black holes, but there is a subtlety for
the electrically charged case, which also arises for RNdS black holes without a scalar field []. Since we are focusing
on the region between the horizons, which does not include infinity, we do not compute the global gravitational mass,
but instead, in section [ study the local horizon energy defined through the first law of isolated horizons [1(]. Our
conclusions are presented in section [Vl

II. THE MTZ BLACK HOLES

The MTZ black holes [3] are solutions of the field equations arising from the action
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where « is the coupling constant. Here and throughout this paper, we use units in which c= G =kp =h=1. We
will consider both charged and electrically neutral black holes, so for neutral black holes, the electromagnetic field is
absent. In both cases, the black hole geometry is described by the RNdS metric:

ds® = =N (r)dt*> + N(r)~ dr® 17 (d6? + sin® 0 d?) ; (2)

where

r

N(r)= (1 — %)2 - %7‘2. (3)

The black holes have inner, event and cosmological horizons at values of the radial co-ordinate r given by, respectively,
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where | = 1/3/A. From (@), it is clear that the solution is defined only for 0 < M < Myax = 1/4. When M = 0, the
metric @) reduces to de Sitter space and there is only a cosmological horizon. In the other limit, M = My = /4,
the event and cosmological horizons coincide, leaving a charged Nariai solution. The Penrose diagram for the generic
case can be found in [].

The form of the scalar field depends on whether we are studying neutral or charged solutions. In the case with no
electromagnetic field, there is a solution only if the coupling constant « is given by

27A
« 9 ) ( )
and then the scalar field takes the form
V3M
o(r) = (6)

Vin(r— M)’

which has a pole at r = M < r, lying inside the event horizon.
For electrically charged black holes, the only non-vanishing component of the electromagnetic field is

Q
Ftr = _87"1415 = 7”_27 (7)

where the charge-to-mass ratio is given by a quantity K € [0, 1], defined as
Q 2 2mA
K2 = e = 1 —_— N 8
( Q + 2. ®)
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and the scalar field in this case is

This latter solution only exists provided « satisfies the bound

2wA
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If we set K = 0, then we recover the neutral black hole scalar field (), while the value K = 1 corresponds to the
usual RNdS black hole with @ = M. In this latter case, we have effectively taken the limit o« — —oo, so that the
scalar field (@) is zero. In addition to the electrically charged solutions described in [3], there are also magnetically



charged solutions, with the scalar field still given by (@), but with the electromagnetic field having a single non-zero
component:

F9¢ = Qsin@. (11)

The neutral and electrically charged MTZ solutions were shown to be unstable in |11], and we conjecture that the
magnetically charged black holes are also classically unstable. The fact that these black holes are classically unstable
does not render their thermodynamics uninteresting. For example, the BBMB black hole is also classically unstable,
yet the study of its thermodynamics has revealed deeper insights into the subject [2].

IIT. TEMPERATURE AND ENTROPY

Although the geometry @) of the black holes we are studying in this note is that of a standard RNdS black hole,
the presence of the conformally coupled scalar field affects the thermodynamical quantities significantly.

The temperature of the black holes is unaffected by the conformally coupled scalar field, however, and given by the
usual Hawking formula:

KA
Th = —

L

As observed in [4, H, (1], the temperature given by ([ is the same for the event and cosmological horizons:

1 4M
=57 1 T (13)
Therefore, we are considering “lukewarm” black holes in the terminology of [4]. Note that 0 < 27T < 1/I. When
M = 0, the temperature T is simply the de Sitter temperature T'= 1/2xl, while if M = My,ax = 1/4, we have T' = 0.
Unlike the BBMB black hole, the temperature is non-zero in general.

On the other hand, the entropy of the black hole is no longer given by the usual area law, but acquires a multiplicative
factor due to the conformally coupled scalar field |10, [12] (see also [13] for the 2+1-dimensional case):

Sa =73 (1 - %gb(m)?) : (14)

There are a number of ways of deriving this result. Firstly, there is the approach due to Iyer and Wald [12], where
the entropy of a black hole in a theory with a very general action is derived using a Noether current approach to the
first law. This method gives the entropy to be:

S = —QW/EE#VQQE#VGQQ; (15)

where the integration is performed over the bifurcation two-sphere of the event horizon ¥, with binormal ¢,,, and
EmveB g the functional derivative of the Lagrangian L of the theory with respect to R,vap, treated as a variable
independent of the metric g,,. Applying this formula to our action ([l) gives the entropy ([I]). The entropy ([ has
also been rederived recently using the isolated horizons approach to deriving the first law [10]. We shall employ this
approach in section [Vl to compute the local energies of the event and cosmological horizons. We will also discuss, in
section V], a third alternative, following a method of Kallosh et al [14]. In the case of the BBMB black hole, the
formula [[@) gives an infinite answer because the scalar field is not regular on the event horizon. This is discussed in
detail in [2].

Although the scalar field ¢ is constant over each of the horizons, the multiplicative factor in () has a significant
qualitative effect on the entropy. For the black hole event horizon at r = r, we find the entropy to be:

[ 4M K2 oM AN \ |

while for the cosmological horizon at r = r4 4,

AM K2 oM AN \ |
So.=xl2 |1 22 4 2 .



The entropies ([AIIT) can also be written compactly in terms of the temperature T':

Si = T [8PT+ KU (14 2miT )
Sev = T [87IT+ K22 (1 2miT)?]. (18)

The total entropy of the space-time is given by the sum of the entropies arising from the event and cosmological
horizons:

oM
Stotal =S4 + 544 = gK2l2 (14 47°PPT?) = TK?1? (1 - T) . (19)

For the neutral black holes (K = 0), we see that the black hole event horizon entropy S5 is always negative, and
further, that S, = —S, 4, giving a zero total entropy. This is despite the fact that the temperature is non-zero. The
other limit of interest is when K = 1, in which case the entropies Siotal, S+ and S; 4 all reduce to the known values
for the ordinary RNdS black holes. The entropy of the cosmological horizon, S, , is always positive, but the entropy
of the black hole event horizon, Sy is negative unless T is sufficiently small and K? > 0.

The fact that the entropy of the black hole event horizon is negative for most of the available parameter space is very
interesting. The negative entropy arises because of the non-minimal coupling between the geometric curvature and the
scalar field. Similar negative entropies can occur for black holes in higher-derivative theories (see, for example, [15]).
This may indicate some fundamental thermodynamical instability, in parallel with the known classical instability of
these solutions [11]. However, we should stress that the total entropy of the system is always positive or zero.

We are unable to regard @ as a free parameter, as it is fixed by M and the coupling constants of the theory ().
Therefore we plot in Figure [l the entropies S} and Sy, as functions of the temperature T for fixed values of the
charge/mass ratio K. It is clear from Figure[ll, or by direct differentiation of [[J), that the derivatives of Sy and S
are finite and non-zero, for all values of K and T, except that 95, /0T = 0 when K =1 =T. This means that there
are no phase transitions, in contrast to the situation when there is no scalar field [16]. The entropies S} and S, are
discussed in more detail in [9].

IV. ENTROPY AND EUCLIDEAN ACTION

As the event and cosmological horizons are at the same temperature ([[3), a regular Euclidean instanton can be
formed from the region between the horizons [d]. We complexify the time co-ordinate ¢ and introduce a new real
co-ordinate 7 by 7 = —it. The resulting Euclidean section has metric

ds? = N(r)d7—2 + N(r)_ldr2 + 72 (d92 + sin? 6‘d<p2) , (20)

and by taking the Euclidean time 7 to have period 1/T, a regular instanton M is formed with topology S? x S? [1].
We now consider the Euclidean action

1 1 1 1
Ip = — | d%yg|— (R—2MA) — g™ 0,60, — —R$* — ag’ — — FW™F,,
E /M /g {1677 (R ) 59 0,60, ¢ 12R¢ ag T6n u

- /{W dPavh [1 - éqﬂ K; (21)

where K is the trace of the second fundamental form of the boundary 0 M. The boundary term is a generalization of
the Gibbons-Hawking [17] term for a conformally coupled scalar field, and is required to ensure that the variational
principle is well-defined. Since we are considering the instanton formed from the region between the event and
cosmological horizons, we do not need to include additional counterterms to deal with the boundary at infinity. The
instanton we are considering is of finite spatial extent, and so we are using the microcanonical ensemble [18]. From
this it follows that the Euclidean action (2II) should be equal to minus the total entropy of the system.

The Euclidean instanton has no boundary, so the boundary term in ([ZII) does not contribute. We begin by looking
at the magnetically charged black holes, since their Euclideanization is straightforward, with the magnetic field still
given by (). A simple calculation reveals that

Ip = —nK*? (1 — g) (22)
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FIG. 1: Graph of the entropies of the event horizon, Si (top) and cosmological horizon, Si+ (bottom) as functions of the
temperature 7', for various values of the charge/mass ratio.

in this case. We can immediately see that the Euclidean action is equal to minus the total entropy ([d) for the
neutral and magnetically charged black holes. This is in agreement with the results for the lukewarm RNdS black
holes without a scalar field [6].

The situation for the electrically charged black holes is more subtle. We could follow [d] and complexify the electric
charge so that the electric field [@) becomes

; (23)

where Q = i@ is real. This gives the Euclidean action to be exactly the same as in the magnetically charged case ([22).
However, such a transformation does not preserve electromagnetic duality [19], and, furthermore, in this case the
metric 20) no longer satisfies the Einstein equations. If we wish to have @0) as a solution of the Einstein equations
and also retain electromagnetic duality, then we keep the parameter @) real, leading to an imaginary electric charge
in the Euclidean section, with electric field |4, i, [19]:

iQ

Frp= 3. (24)



In this case the Euclidean action ([II) turns out to be

4M
Ip = —n K> (1 - T) . (25)
The difference between the two answers [22) and (ZH) is due to the fact that
v 2Q°
.FH FPW == —T—4 (26)

when we have the electric field 4]), but has the opposite sign for the electric field ([23)) (and for the magnetically
charged black holes).

The situation we have is identical to that for the lukewarm RNdS black holes without a scalar field |4, 6], namely
the action [H) does not equal minus the total entropy. However, as discussed in [d, [18], we are dealing with an
instanton manifold of finite spatial extent and so our action [g is the microcanonical action, which means that the
entropy S must be given by S = —Ig [18]. Therefore our action (ZII) requires modification in the electrically charged
case. This has been studied in detail by Mann and Ross [l], and here we briefly summarize their results. We start by
considering, instead of our Euclidean instanton without boundary, a Euclidean section with boundary (for example,
one could take one half of our Euclidean instanton, taking the boundary to be along the surface 7 = 0,7/2 [d]). In
order to have a well-defined variational principle with the electric charge fixed on the boundary, Mann and Ross found
it necessary to add a boundary term to the action [ I), and consider instead [f]:

~ 1

Ip=Ip— — daVhF* A,n,, (27)
47 IM

where n, is the unit normal to the boundary. In our case, we wish to compute the action for a manifold without

boundary, which would imply that the additional term in (27) makes no difference. However, we may write the

boundary term as a volume integral:

1
Ip=1Ig— oo / d*x\/gV, (F'A,), (28)
M

which will then contribute even when there is no boundary. On-shell, for an electromagnetic field satisfying Maxwell’s
equations, we have the identity

V. (F'A,) = (V,F'™) A, + F'V, A, = %FWFW, (29)
and so
f%nfshcll — Iy — 8% /M d4x\/§F“”Fuu' (30)
The advantage of using this on-shell action is that it is manifestly gauge-invariant. Finally, computing f%“_Shell, we
find
f%nfshcll — K22 (1 _ g) 7 (31)

which is indeed minus the total entropy. We note that one could instead follow precisely the calculation of [6], and
find @7) for one-half the Euclidean instanton, using the boundary term in ([27), and then multiply the final answer
by two. Note that for the boundary considered in [6], the extrinsic curvature K is zero, so that the generalized
Gibbons-Hawking term in (ZI) does not contribute.

An alternative approach to the computation of the entropy for the lukewarm black holes has been followed in [4].
There, the authors used a result of Kallosh et al [14], that the entropy of a black hole in a general theory with
arbitrary, but minimally coupled, matter is given by

5= / " BaVR K - Ko, (32)

87 Jr,

where Ky is the extrinsic curvature for a reference background (in our case de Sitter space). The expression on the
right-hand-side in ([B2) needs some explanation. One explicity evaluates integrals over the two 3-surfaces corresponding



to the event and cosmological horizons, even though the Euclidean manifold has no boundaries at these points. In [A]
it is shown that this procedure yields the correct total entropy for the lukewarm RNdAS black holes without a scalar
field. With a conformally coupled scalar field, we can see from the action [ZII) that B2) will become instead

1 [

S " BV {1 - %2} (K — Ko, (33)

8 .

and, since the scalar field ¢ depends only on the radial co-ordinate r, it is constant over the horizon 3-surfaces and
we therefore obtain the total entropy ([[3).

V. LOCAL HORIZON ENERGY

In this paper we have been considering only the region of space-time between the event and cosmological horizons
and therefore we do not consider total mass and charge as quantities defined at infinity. Instead, we shall use the
isolated horizons formalism |10] to define local horizon energies for the event and cosmological horizons. In this section
we consider only the electrically charged black holes, as magnetic charge does not appear in the first law for isolated
horizons [2(]. Here we take a fairly simplistic view of the horizon energy, more detailed discussion of the subtleties
involved in defining this concept for black holes in de Sitter space are discussed in [21]].

In [14], the isolated horizons formalism is extended to include a scalar field non-minimally coupled to the geometry.
From this, the horizon energy Ea of an isolated horizon is defined. It satisfies the first law:

OFEA =TAOSA + PAIQA. (34)

Here Ta is the temperature of the horizon (), Sa is the entropy, given by the formula (@), ®A is the electric
potential on the horizon and Qa the horizon charge. In our case, the horizon charge is simply QA = @ for both the
event and cosmological horizons, and we have

OYNES Q (35)
A
However, in order to implement (B4l), we first note that we are dealing with a restricted phase space, and cannot
regard @) as an independent variable, since it is constrained to satisfy () by the coupling constants in the theory.
Therefore, we must set 0QA = KIM , where K is fixed.
Considering firstly the black hole event horizon, taking the variation of the formula for the entropy (), and
substituting in @), we find

from which we deduce that £, = M up to a constant. This result is not unexpected, since, from the form of the
metric @) we would regard M as being the “mass” of the black hole. However, performing the same calculation for
the cosmological horizon yields instead

4M
SE y = | -1+ K? <1 —/1— T)] M, (37)
so that
, K21 AM 2
E++ = (K — 1) M + T 1 — T + constant. (38)

The cosmological horizon energy therefore includes contributions from the matter fields (scalar and electromagnetic
fields) between the horizons. There are two limits of particular interest. Firstly, for RNdS black holes without a scalar
field, we have K =1 and

3
l 4M\ 2
E = 5 (1 - T) + constant; (39)

and secondly there are the neutral black holes for which K = 0 and

E, = —M + constant. (40)
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FIG. 2: Graph of the cosmological horizon energy E4 as a function of the parameter M for various values of the charge/mass
ratio.

In both these cases, we observe that the cosmological horizon energy decreases as the parameter M increases. In
fact, it is straightforward to see that E is decreasing as M increases for all values of the charge/mass ratio K, as
shown in Figure This is in accord with pure de Sitter space having larger energy than any asymptotically de Sitter
space-time.

For the RNdS black holes without a scalar field, the region outside the cosmological horizon has been studied in
[22], with the gravitational mass and total charge computed using a background counterterm technique. As may be
expected from the form of our particular metric (@), the total charge is found to be M. The gravitational mass is found
to be —M, so the mass of the space-time is less than that of de Sitter space. Compared with our expression for the
energy of the cosmological horizon ([BY), we see that the electromagnetic field outside the cosmological horizon makes
a significant contribution to the total gravitational mass. One would like to perform a similar calculation including
the scalar field, but this will necessitate the formulation of suitable counterterms for the scalar field contribution to
the action. This issue will be addressed elsewhere [23].

VI. CONCLUSIONS

In this paper we have studied the classical thermodynamics of the black hole solutions of Martinez, Troncoso and
Zanelli [3], in which there is a de Sitter black hole with a conformally coupled scalar field. Unlike the corresponding
flat space black hole [1]], in this case we have a finite, non-zero, temperature and entropy. For most of the black holes,
we find that the entropy of the event horizon is negative, but the entropy of the cosmological horizon and the total
entropy are always positive. The total entropy is found to be equal to minus the Euclidean action, as anticipated, but
there is a subtlety in the computation in the electrically charged case. Following Mann and Ross ], and including
an additional boundary term to fix the charge on the boundary, gives the correct answer. Finally, we computed the
local horizon energies of the event and cosmological horizons, using the first law as derived from the isolated horizons
formalism [10]. Once again, the non-minimal coupling of the scalar field has a significant effect. While the energy of
the event horizon is the mass parameter M appearing in the metric, the energy of the cosmological horizon is more
complicated, as it has contributions from the matter fields between the horizons. It will be of interest to compare
these local energies with the gravitational mass at infinity, computed using counterterm subtraction techniques, and
we hope to return to this question in the near future. It would also be instructive to compare the thermodynamics
of these de Sitter black holes with the corresponding behaviour of the anti-de Sitter black holes with a conformally
coupled scalar field [24].
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