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FROBENIUS MAPS ON INJECTIVE HULLS AND THEIR
APPLICATIONS TO TIGHT CLOSURE

MORDECHAI KATZMAN

ABSTRACT. This paper studies Frobenius maps on injective hulls of residue fields of
complete local rings with a view toward providing constructive descriptions of objects
originating from the theory of tight closure. Specifically, the paper describes algorithms
for computing parameter test ideals, and tight closure of certain submodules of the
injective hull of residue fields of a class of well-behaved rings which includes all quasi-

Gorenstein complete local rings.

1. INTRODUCTION

This paper studies problems originating from the theory of tight closure which we now
review briefly. Let A be a commutative ring of prime characteristic p; for any positive
integers e we define the iterated Frobenius endomorphism f¢: A — A to be the map which
raises elements to their p°th power. This map can be used to endow A with the structure
of a A-bimodule. As a left A-module it has the usual A-module structure whereas A acts
on itself on the right via the iterated Frobenius map; we denote this bimodule “A. Now for
alla € Aand be A, b-a = ba while a - b = b”"a, where - denotes the action of A. We can
extend this construction to obtain the Frobenius functor F'§ sending any A-module M to
FS(M) =“A®4 M where A acts on F§ (M) via its left-action on 4, so for a @ m € F§(M)
and b€ A we have b- (a®@m) =ba®m and (a @ bm) =a-b@m = b a @ m.

We often find it convenient to think of “4 and the associated Frobenius functors as follows.
Let © be an indeterminate and consider the free A-module A[©; f¢] = ®°,A0" which we
turn into a skew-polynomial ring by defining ©a = a?“© for all a € A. We can now identify
“IA with A®7 C A[O; f¢] and for all A-modules M we may write F§ (M) = AQ7 ® 4 M.

If M is an A-module and N C M is an A-submodule we define the tight closure of N in
M, denoted Nj;, to be the set of all m € M such that for some ¢ € A not in any minimal
prime, c® m € F5(M) is in the image of the map F5(N) — F$(M) for all e > 0.

Among the most interesting and useful results obtained early in the development of the
theory of tight closure is the existence of test-elements (cf. Chapter 2 in [H]). Notice that
the element ¢ € A occurring in the definition of tight closure could depend on the modules
N and M and on the element m € M. Test elements are elements ¢ € A not in any minimal

prime such that for all finitely generated modules M and submodules N C M and all
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mée M,
(1) me Ny & c®@me Fi(M) is in the image of F3(N) — F45(M) for all e > 0.

A weaker concept, that of a pe/—weak test element is defined similarly, only that we relax

the last condition above and demand that
(2) mée Ny & c®me Fi(M) is in the image of F§(N) — F3(M) for all e > ¢'.

One also defines the test-ideal and pe/-weak test ideal of A to be the ideals generated by all
test-elements, and all pe,—weak test elements, respectively.

In many applications one restricts one’s attention to local rings A and to the tight-closure
of ideals generated by systems of parameters. One then naturally considers the notion of
parameter test elements: these are elements ¢ € A not in any minimal prime which satisfy
(@ with M = A and N being an ideal generated by a system of parameters. Similarly one
obtains the notion of pe,—weak parameter test elements: these are the elements ¢ € A not
in any minimal prime which satisfy (@) with M = A and N being an ideal generated by a
system of parameters. One can then define the parameter test ideal and pe/—weak parameter
test ideal) of A to be the ideals generated by all parameter test elements, and all pe/-weak
parameter test elements, respectively. It is worth noting that when S is a Gorenstein ring,
the notions of parameter-test-ideals and test-ideals coincide (cf. Chapter 2 in [H]).

We refer the reader to the seminal paper [HH| and to [H] for detailed descriptions of tight

closure and its properties.

The main results of this paper produce explicit descriptions of these test-ideals. The first
such result is Theorem [3.4] which gives a formula for weak parameter-test-ideals of complete
local rings. This is a generalization of Theorem 8.2 in [K] which gave a similar description
of the parameter-test-ideals of complete local rings under the assumption that a certain
Frobenius map on the the injective hull of the residue field is injective.

Another important result is Theorem which gives an explicit description of the tight
closure of certain submodules of the injective hull of the residue field of certain complete
local rings. In view of the notorious difficulty of computing the tight closure of ideals, the
fact that sometimes it is easy to compute the tight closure of submodules of a much larger
object seems very interesting. Also, this result has immediate relevance to the study of
test-ideals. It is known that test-ideals of local rings are the annihilators of the finitistic
tight closure of 0 in the injective hulls of their residue fields (cf. section 8 of [HH]) and
it is conjectured that this finitistic tight closure coincides with the regular tight closure
(cf. Conjecture 2.6 in [LS] and section 8 of that paper where the conjecture is shown to hold
in some cases.) The last section of this paper computes the tight closure of 0 in the injective

hulls residue fields of certain complete local rings.

Throughout this paper, we fix (R, m) to be a complete regular ring of prime characteristic
p, we fix I C R to be an ideal and we write S = R/I. We denote with Eg and Eg = anng, I
the injective hulls of the residue fields of R and S respectively.
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Definition 1.1. For any S-module M and all e > 0 we let F¢(M) denote the set of all
additive functions ¢ : M — M with the property that ¢(sm) = s? ¢(m) for all s € S
and m € M. Note that each F¢(M) is naturally an S-module: for all ¢ € F¢(M) and
s € S the map s¢ defined as (s¢)(m) = s¢(m) for all m € M is in F¢(M). We also define
F(M) = @m0 T (M).

We call an S-submodule N C M an F¢(M)-submodule if (N) C N for all ¢ € F¢(M);
if N is an F°(M)-submodule for all e > 0 we call N an F(M)-submodule.

We shall refer to the maps in F¢(M) defined above as eth Frobenius maps (or just Frobe-
nius maps when e = 1.) The most important Frobenius map is, of course, the Frobenius
map on f: S — S given by f(s) = sP.

Notice that given an S-module M, any ¢ € F¢(M) determines a left S[O; f¢]-module
structure on M given my Om = ¢(m) for all m € M. Conversely, a left S[©; f¢]-module
structure on M defines a ¢ € F¢(M) given by ¢(m) = Om for all m € M.

We shall call an element m of an S[©; f¢]-module M nilpotent if ©Im = 0 for some
j > 0 and we shall denote the set all such elements Nil(M); this is easily seen to be an
S[O; f¢]-submodule of M.

In the first part of this paper we will be particularly interested in S-submodules of Eg
which are stable under one particular Frobenius map arising from a canonical Frobenius
map which we describe next. One of most important examples of modules with Frobenius
maps is the top local cohomology module HY ¢(S) which is a left S[T; f]-module in the

following natural way. H ¢(S) can be computed as the direct limit of

S ZT1... Tqg S ZT1... Tqg
(r1,...,24)8 (23,...,2%)8

where z1,...,z4 is a system of parameters of S and we can define a Frobenius map ¢ €
Fe (HiS(S)) on this direct limit by mapping the coset a+ (z7,...,2%)S in the n-th compo-

nent of the direct limit to the coset a?” + (z77 ..., xspe)S in the np®-th component of the
direct limit. When S has a canonical module w C S, this S[T’; f]-module structure induces
one in Eg as follows. The inclusion w C S yields a surjection Es = H%g(w) — HE o(S)
which can be made into a surjection of S[T’; f]-modules by lifting the S[T’; f] module struc-
ture of H? ¢(S) onto Es (cf. §7 in [K]). Tt is this S[T’; f]-module structure on Eg which, as
in [K], will enable us to give a explicit description of the weak parameter test ideals of S.
Recall that as R is a power series ring K[z1, . . ., ] for some field K of characteristic p, Er
is isomorphic to the module of inverse polynomials K[z, ..., z,] (cf. Example 12.4.1 in [BS])

On = gh*. . aPon for

which has a natural left R[T’; f]-module structure extending Tx*-. . .-z

all a,...,a, < 0. One can show that all left S[O; f¢] module structures on Eg = anng, I
are given by © = uT® where u € (I'"] : I) (cf. Proposition 4.1 in [K] and Chapter 3 of [B].)
Given a left S[T; f]-modules structure on S[T; f], the study of S[T; f]-submodules of Eg
now translates via Matlis duality to the study of certain ideals of R:
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Definition 1.2 (cf. Definition 4.2 in [K]). An ideal J C S is called an Eg-ideal if anng J
is an S[T; f]-submodule of Es. An ideal J C R is called an Eg-ideal if it contains I and its

image in S is an Fg-ideal.

Theorem 4.3 in [K] states that an ideal J C R containing I is an Eg-ideal if and only if
uJ C JP! where u € (I'"! :g I) determines the S[T’; f]-module structure of Eg as above. It
is this characterization which allows one to transform question regarding submodules of Eg
to one regarding ideals of R, and these transformation sometimes renders them tractable.

As in [K] let €¢ be the category of Artinian S[T; f¢]-modules and let D¢ be the category
of R-linear maps M — F§(M) where M is a finitely generated S-module and where a
morphism between M = Fg(M) and N 5 F % (N) is a commutative diagram of R-linear
maps

M—#>N

b

F00) 2 ()
This paper uses the mutually inverse functors A€ : ¢ — D¢ and ¥¢ : D¢ — C¢ defined in
[K]. We shall also use fragments of the construction of A, as in the proof of Theorem 2.4
These two functors will enable us to translate problems involving the injective hull Eg to
problems involving of ideals in R. The crucial tool in answering the latter will be the ideal
operation I.(—): for an ideal J C R, I.(J) is defined as the smallest ideal L C R for which
J C LIP°l, The existence of this operation and its construction are discussed in section 5
of [K]; we shall assume the reader is familiar with the basic properties of this operation
described there.

This paper is organized as follows: Section [2studies basic properties of submodules of Eg
and their annihilators which are used throughout this paper. Section [ generalizes Theorem
8.2 in [K] and gives an explicit description of the weak parameter test ideals of S in the case
where S is Cohen-Macaulay with canonical module w C S but where the Frobenius map

on Eg induced from the natural Frobenius map on HLE

(S) is not necessarily injective.
Section [ introduces a certain operation on FEg-ideal and applies it to the description of
quasimaximal filtrations of Eg. This operation is again used in section [B which gives fairly

explicit descriptions of the tight closure of certain submodules of Fg.

2. BASIC PROPERTIES OF GRADED ANNIHILATORS AND FEg IDEALS

Throughout this section we consider a fixed S[T’; f]-module structure of Eg corresponding
to a fixed u € (I'P! : ).
We start by listing some basic properties of Eg-ideals.

Proposition 2.1. (a) The intersection of Es-ideals is an Eg-ideal.
(b) If J C R is an Eg-ideal and A C R is an ideal, then (J : A) is an Eg-ideal.
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(¢) Assume J C R is an Eg-ideal with minimal primary decomposition Q1 N ---NQyp
and write P; = /Q; for all1 <i <n. Then P,..., P, are Eg-ideals and, if P; is
not an embedded prime, then Q; is an Eg-ideal.

Proof. Let {Jx}rea be a set of Eg-ideals. We have

[p]
”(ﬂ JA) cNuwnc = (ﬂ ‘“)
AEA AEA AEA A€A
where the equality follows from the fact that R'/P is an N-flat R module (cf. Proposition
5.3 in [K]) and (a) follows.

Since

u(J : AYAP C u(J : A)A C uJ C JWP!
we see that
u(J: A) C (JIP: APy = (g : 4)lPl

where the equality follows from the fact that R is regular, and now (b) follows.
To prove (c), first assume that P; is not an embedded prime, and pick a € N;£,Q; \ F;.

Now
n

(7:a) = ()(Q:0) = (Qi: a) = Qs
j=1
is an Eg-ideal. Any P; has the form (J : a) for some a € R, so (b) implies that P; is an
FEg-ideal. O

Definition 2.2. Let H be an S[T’; f]-module and let M C H be an S-submodule. For any
e > 0 we write ST°M for the S-submodule of M generated by {T°m |m € M} and we also
write M(¢) = (0 :gr ST°M). We define the graded annihilator of M, denoted gr-ann M, to
be the ideal ®.>oM (&) ST C S[T; f].

We shall call an ideal L C S H-special, if there exists an S[T'; f]-submodule N C H for
which gr-ann N = LS[T; f]. When H = Eg and Nil(EFg) = 0 the notions of Eg-special
ideals and Eg ideals coincide (cf. §6 in [K]).

Note that whenever M C H is an S[T’; f]-submodule, {M (e)}e>0 is an ascending chain
of ideals. When Nil(M) = 0 that ascending chain is constant and that constant value is a
radical M-special ideal, whose minimal primes are themselves M-special ideals. (cf. Corol-
lary 3.7 in [S1]). In general the ascending chain {(¢) }8>0 need not be constant (e.g., while
Nil(Es)(®) = S for all large e, Nil(Eg)® # § wheneveriNil(Es) # 0), and the ideals there
may be non-radical. We next study the properties of these chains of ideals.

Lemma 2.3. Let J; C Jo C R be any ideals.

Ja v L anng, Ji
Jl - anng . JQ'
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Proof. Apply (—)V to the short exact sequence
0— JQ/Jl — R/Jl —>R/J2 — 0

to obtain the short exact sequence

T\
0 — anng, Jo — anng, J; — (J—2> — 0.
1

For any e > 1 write v =1+ --- 4+ pc~ L.

Theorem 2.4. Let M be an S-submodule of Eg and write M = anngg L for some ideal

L CR.
(a) For alle >0,
annp, L]

annp, (u’e R+ LP°1)

(b) For all e >0, M(®) = (LIP] . yve).

(c) Foralle>0, uM(®) C Me=Dl,

(d) Assume further that M is an S[T; f]-submodule of Es. Then anng, M(®) is an
S[T; f] submodule of Es and if for some e > 0 we have M) = M+ then
MO = M© forall j > e.

STeM =

Proof. Fix any e > 0 and consider the map of R-modules 9, : RT® ®r Es — Eg given by
Ye(rT¢ @ m) = rT°m; notice that ¢.(RT® ®p M) = ST°M. Since R is regular, we have
an injection RT® @p M — RT° Qg Eg; let Ee be the restriction of . to RT° ® g M and
consider the following commutative diagram

we
RT° ® Eg Es .

Ee
RT*® M —= ST*M“— Eg

An application of Matlis duality together with the fact that (RT® ®p M)" = RT® @ MY

(cf. Lemma 4.1 in [[]) yields the commutative diagram

u’e

R/ R/T .

| |

R/LIPT <—(ST*M)V <— R/I
The image of the composition of the top and left maps is u** R+ LIPl / LIP*] and this coincides

with the image of (ST*M)V in R/LP"). We deduce that (ST*M)V is isomorphic to u"* R +
L1 /L) Now

e \Y
e ~ e VvV _ ul/eR + L[p ]
(ST°M) = (ST*M)"Y = (7/;[?@}
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and an application of Lemma 23 gives (a).

We now compute

M

(0 ‘R STeM)
(0:5 (ST*M)Y)

ve R 4+ LIP°]
(0 ‘R L)

Llpe]
= (L[pe} ‘R U’ R)

and obtain (b). Next we notice that, for all e > 0, v. — 1 = pr._; and

M@ = (LT yre) C (LIP yprer) = (L7 reon)lel = M=

and (c) follows.
If M is an S[T'; f]-submodule of Eg then {M(e) }e>0 is an ascending chain of ideals and we

deduce from (c) that uM(©) C M(©) [p], i.e., that M(©) is an Eg ideal and hence anng, M ()
is an S[T’; f] submodule of Eg.
Consider the maps ; : R/L — Fi(R/L) = R/LP"] given by the composition

prfl

R/L % R/LWP % R/LlP,

i.e., by multiplication by u*¢. For each i > 1, the kernel of 3; is the image of M) = (L[pi] ‘R
u”i) in R/L; (d) now follows from Proposition 2.3(b) in [LJ]. O

We can now prove the following generalization of Proposition 3.3 in [S1].

Theorem 2.5. Let A C B be S[T; f]-submodules of Es. Write A = anngg K and B =
anng, J for some ideals J C K C R. Also write gr-ann B = @¢>0b.T°¢ and gr-ann B/A =
@eZOBeTe where be and b. are ideals of R for alle > 0. For all e > 0,

b = ((JW ‘R Uy,) R K) = (b :p K).

Proof. As in the proof of Theorem 2.4 fix any e > 0 and consider the map of R-modules
Ve : RT°®r BJ/A — B/A given by 1.(rT¢ ® m) = rT°m; we notice that the image of 1), is
(8T°B + A)/A. An application of Matlis duality to the maps

RT°®pr B/A— (ST°B+ A)/A— B/A
yields the R-linear maps
K/J — ((ST°B + A)/A)Y — KP*l/ jlP"]

whose composition is given by multiplication by u”e. We deduce that ((ST¢B + A)/A)Y is
isomorphic to the image of the map R/J — R/JP"] given by multiplication by u*<, i.e., to
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u’e K 4 JP1/JP°] Now

=l
®
|

(05 (ST°B + A)/A)
(0:r ((ST°B+ A4)/A))
I I

= (P i) in K)

(be :r K).

O

Recall that there exists an integer n > 0 such that T Nil(Es) = 0 (cf. Proposition
4.4. in [L]) which we shall refer to as the index of nilpotency of Eg and that Nil(Eg) =
anngg I, (u”" R) + I where for all ideals L C R and positive integers e, I.(L) is defined as
the smallest ideal J for which L C JP°! (cf. Theorem 4.6 and section 5 in [K].)

Corollary 2.6. Let B be an S[T; f]-submodule of Es and write B = anng, J for some
ideal J C R. Let n be the index of nilpotency of Es and K = I,(u""R) + I. We have
(JPT g ue) g K) = ((J :r u) g K) for all e >0 and these are radical ideals.

We conclude this section by recording some additional properties of the associated primes
of the ideals occurring in graded annihilators of S[T’; f]-submodules of Fs. These properties
will not be used elsewhere in this paper.

Proposition 2.7. Let M be an S[T’; f]-submodule of Es, write M = M +Nil(Es)/ Nil(Eg)
and write Nil(Eg) = anng, K.
(a) For all e >0, Ass M(©) D Ass M(c+1),
(b) For alle >0, if P € Ass M\ Ass M(©) and P is not an embedded prime of M)
then P O K.
(c) Assume that ht KS > 0. If ht M(©)S > 0 for some e > 0 then ht M(©)S > 0 for all
e>0.

Proof. Write M = anng, J for some Eg-ideal J. For all e > 0 let Qge) N-NQY be a

minimal primary decomposition of M) and write Pz-(e) = Qge) for all 1 <i < ne.
Theorem [2.4b) shows that

MletD) — (J[pe“] - upu6+1) _ ((J[pﬁ] ‘R uue)[p] ‘R u) _ (M(e)[p] ‘R u) )

N { (QE”M ‘R u> 11<i<ne, u¢ Q§e>[p]}
is a primary decomposition of M (¢*1) and (a) follows.
Theorem [Z.5] implies that ' = (M(©) :r K) for all e > 0 and e

ideal (cf. Lemma 1.9 in [S1]). Now we obtain primary decompositions

m{(QEQ ‘R K) 11<i<n., K%Qge)}

Now

) = H(O) is a radical
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where the primary components associated with minimal primes are irredundant, and since
these primary components occur for all e > 0, (b) follows.

Assume now that that ht 'S > 0 and that ht M8 > 0 for some e > 0. If ht MO S =0
then there exists an associated prime P of M such that ht PS = 0. But P is not an
associated prime of M(©), so K C P and ht KS < ht PS = 0, a contradiction. g

All the results in this section have natural analogues when working with a S[©; f¢]-module
structure on Es— these were omitted for the sake of simplicity. The proofs of this analogous
results consist of straightforward modifications of the proofs given above. In what follows

we shall assume the more general results.

3. WEAK PARAMETER TEST IDEALS

In this section we describe an algorithm for computing the p®-weak parameter test ideal
of complete local Cohen-Macaulay rings. This extends the main result in [K] where this was
done under the assumption that a certain Frobenius map on Eg is injective.

Throughout this section we assume S to be Cohen-Macaulay with canonical module
w C S and we write H = HI29(S). Now dim S/w < dim S and the short exact sequence

0-w—>8—S/w—0

yields a surjection Y : Eg — H. We can now endow Eg with a structure of an S[T; f]-
module which makes this surjection into a map of S[T'; f]-modules (cf. section 7 in [K]). We
fix this S[T; f]-module structure throughout this section.

Let J C R be henceforth in this section the ideal for which ker Y = anng, J. This
ideal can be computed effectively as follows. The map T is obtained from the long exact
sequence of local cohomology modules arising from the the short exact sequence 0 — w —
S — S/w—0,ie., from

0 — Ho§ 7 (S/w) — HR§ *(w) = HRg *(5) — 0.
We may rewrite this short exact sequence using local duality to obtain
0 — Ext@mA=dimS+HL g/, R)Y — ExtimA-dimS, RV RN Extim f=dimS g gV 0
which yields
0 — Ext@mA-dmS (g py  ExtimA-dmS(, B) — (ker T)V — 0

Now Extfmf=dimS(,, R) =~ § and we identify w’ = Extfi™#~4mS (g R) which is a canon-
ical module for S, with its image in S. We have (ker T)V 2 S/w’ and another application
of (=) gives (S/JS)Y 2 ker T = (S/w’')V and so S/JS = S/w’, and, therefore, JS = w'.

Definition 3.1. For all e > 0 we define

Je = {M(e) | M C H is an S[T; f]—submodule} .
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Notice that this extends the definition of the set of H-special ideals given in [SI] for the

case where H is T-torsion-free.

Fix a system of parameters x1,...,x4 of S and think of H as the direct limit
S T1-....xTq S 1 ...:Tq
(1,...,24)S (z3,...,22)8

with its standard Frobenius described in the introduction and notice that as we assume

S to be Cohen-Macaulay, the maps in this direct limit are injective. Pick some element
a+(zi,...,2%)S. In what follows we will tacitly use the fact that €T¢(a+ (2%, ...,25)S) =0
in the direct limit for some ¢ € S not in any minimal prime if and only ifa € ((z%,...,2%)9)*
(cf. Remark 4.2 in [S1]).

Theorem 3.2. Assume that S has a parameter-test-element. For all e > 0, the p®-weak

parameter test ideal of S is the image of
N{K|K €I, ht KS>0}
is S.

Proof. Let 7 be the intersection in the statement of the theorem. Assume that d is a p*-weak
parameter test element. If M C H is an S[T’; f]-submodule for which ht M(®) > 0, we can
find a ¢ € M(®) whose image in S is not in a minimal prime such that ¢TI M = 0 for all
¢’ > e, and hence dT¢ M = 0 for all ¢ > e, and in particular d € M(®). We deduce that
d € 7. We next show that all elements in 7 are p®-weak parameter test elements.

Fix a ¢ € R whose image ¢ in S is a parameter-test-element. Let h € H be such that such
that ¢T¢ h = 0 for all ¢’ > 0. Define L = EBe/ZOSETEl and M = anngy L; notice that h € M.
Now ¢ € M© C M(© and so ht M(©)S > 0. Also 7 C M) so 7T¢M C M©)TeM =0, and
in particular 77°h = 0. g

Lemma 3.3. Assume that S has a parameter test element. Let M be a S[T'; f]-submodule
of H. If ht M(©)S > 0 for some e > 0, then ht MES >0 for all € > 0.

Proof. We assume that ht M@S > 0 for some e > 0 and show that ht M(®S > 0. Since
ME) D MO for all ¢ > 0, we will then have ht ME)S >0 for all e > 0.
Pick any element d € M(®) whose image in S is not in any minimal prime and notice that
de MY for all j > e, ie., dSTIM =0 for all j > e.
Let x = (1,...,Zdim s) be a full system of parameters of S and write x™S for the ideal
of S generated by z7, ..., 2%, g- Now think of H as the direct limit of
S S S
xS x28 x5
where the (injective) maps are given by multiplication by 1 - ... Zdim s-
Any element m € M can be identified with an element represented by s+xS in the direct
limit system above, and the fact that dST9m = 0 for all j > e shows that ds?’] € (x'5)?’]

for all 7 > e and hence s € (x'S)*. Now for any parameter-test-element c, ¢(x*S)* C x'S,



FROBENIUS MAPS ON INJECTIVE HULLS 11

and we deduce that cs € x*S. We now see that any parameter-test-element kills M and so
is in M8, hence M S has positive height.
O

We are now ready to give an explicit description of weak parameter-test-ideals and to
do so we need to recall the following notion (cf. section 5 in [K]). For any ideal L C R
and u € R we define L™ to be the smallest ideal A containing L with the property that
ud C Al

Theorem 3.4. Let ¢ € R be such that its image in S is a test element. For all e > 0, the

p¢-weak parameter test ideal T, of S is given by
((er+ 1) g ) s,

Proof. Write L = (cJ + I)™". Notice that L is an Eg-ideal and that since ¢ € ((cJ+1)** : J),
we have ht LS > 0. Now

Te = ﬂ{(M(e)S’|M C H is an S[T; f] submodule, ht ME > 0}
= ﬂ{(A[pC] ‘R u”‘“J) S|AC Jis an Eg-ideal, ht (A[pc} ‘R u”eJ) S >0}

and (L[pﬁ] ‘R uve J) S is one of the ideals in this intersection, hence 7, C (L[pﬁ] ‘R uve J) S.

Now let A C J be any Fg-ideal for which ht (A[pe] ‘R u”e J) S > 0. Lemma implies
that ht (anng, A)(O) = ht AS > 0 and since the image of ¢ in S is in 7o C (A4 : J)S, we have
¢J C A. Proposition 5.5 in [K] now implies that L C A and hence that (L[pﬁ] ‘g uve J) C
(A[pe] ‘R u”ﬁJ). We conclude that (L[pe] ‘R u”CJ) S C 7. O

Corollary 3.5. Let T be the union of the ascending chain {T.|e > 0}. If T; = Tiy1 for
some i >0 thenT =T;.

Proof. Write L = (¢J + )™ and let M = anng, L. Theorem [3.4] together with Theorem
24(b) imply that gr-ann M = ©.>07.T° and the result follows from Theorem ZX4(d). O

We can translate Theorem [3.4] above to an algorithm as follows.

(1) Given R and I, compute the u € (I'") :z I) corresponding to the Frobenius map
on Eg which makes T into an homomorphism of S[T’; f] modules and also find
J =kerY (cf. §7 in [K]).

(2) Find asingle parameter test element c (e.g., by inspecting the Jacobian of I (cf. Chap-
ter 2 in [H)).

(3) Compute (c¢J + I)*™ (cf. §5 in [K]).

(4) Output the p®-weak parameter test ideal (((cJ + I)*u)[pe} ‘R u”e J) S.

4. QUASIMAXIMAL FILTRATIONS

Throughout this section we consider a fixed S[T’; f]-module structure of Eg corresponding
to a fixed u € (I'P! : ).
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As in section 4 of [L], for any S[T’; f] module M we write M;eq for M/Nil(M) and M*
for the S[T'; f]-submodule Ne>0ST*M of M. We note that if M is Artinian as an S-module,
there exists an a > 0 such that
My = (20T NIOD

il(M)
ST*M + Nil(M)
Nil(M)

STM
Nil(M) N (ST*M)

Nes0STCM
Nll(M) n (ﬂeZQSTeM)
= (M")rea

and denote both of these M, ;. We also recall the following:

Definition 4.1. A filtration 0 = My C -+ C Ms; = M of an S[T; f] module M is called
quasimazimal if for all 1 < ¢ < s the modules (M;/M;_1)},4 are non-zero simple S[T; f]
modules.

Artinian S[T’; f] modules have quasimaximal filtrations; their lengths and simple factors
are invariants of the module (cf. section 4 in [L]).

In this section we study quasimaximal filtrations of EFg and in doing so we introduce an
operation on Eg-ideals which will be a key ingredient for obtaining the results of the next

section. We start with a description of such filtrations in general.

Definition 4.2. Let M be an S[T’; f] module. We define A(M) to be the set of all S[T; f]-
submodules N C M with the property that Nil(M/N) = 0.

Theorem 4.3. Let M be an S[T'; f] module which is Artinian as an S-module. Let 0 C
Ny € -+ C Ny = M be a chain with Ny,...,Ns € A(M) which is saturated in the sense
that for all 1 < i < s —1, there is no element in A(M) strictly between N; and N;y1 and
there is no element in A(M) strictly contained in Ny. Then 0 C Ny C --- C Ny =M is a
quasimazximal filtration of M whenever N1 # 0 and N1 C --- & Ny = M is a quasimazimal

filtration of M whenever Ny = 0.

Proof. Fixany 1 < ¢ < s—1. We have Nil(N;+1/N;) C Nil(M/N;) = 0 hence (N;41/N;)k 4 =
(Nig1/Ni)™

Pick any S[T’; f]-submodule A C M such that N; C A C N; 41 and let B be the S[T’; f]
submodule of M for which Nil(M/A) = B/A. We have

. L M/A . M/A
Nil(M/B) = Nil (B—//A> = Nil (W%) =0

so B € A(M). Also, the natural surjection M/A — M/N,;; maps Nil(M/A) = B/A into
Nil(M/N;+1) = 0 hence B C N,;41. Now N; C B C N;41 and the saturation of our chain
implies that either B = N; (in which case A = N;) or B = N;41.
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We now show that (Nji1/N;)* = (N + N;)/N; is simple. Pick any sub-S[T’; f]-module
A/N; of (Ni41/N;)* where A C M is an S[T; f] submodule of M containing N; for which
A/J\/vZ g (Nz-i-l/Nz)* Now (A/NZ)* Q (Nz+1/Nz)*7 if (A/Nl)* = (A* + Nl)/Nl = O, then
A* C N; and A/N; C Nil(M/N;) = 0. Assume that (A/N;)* # 0 and let B be as in
the previous paragraph, i.e., Nil(M/A) = B/A. Since ST*B C A for all e >> 0, we have
B* = A*, hence (A/N;)* = (B/N;)* = (Nit1/N;)*. Now (N;y1/N;)* = (A/N;)* C A/N, C
(Nig1/Ni)* so A/N; = (Nip1/N;)*.

It remains to show that, if N7 # 0,

(N1)fea = (M#IH(M) *

is simple. To simplify notation, write N = N;. Pick any S[T; f]-submodule A of M for
which N N Nil(M) € A C N, and, as before, write Nil(M/A) = B/A for an S[T; f]-
submodule B of M. Again we have B € A(M) and B C N, so B = N. Pick any
(A/N N Nil(M))* C (N/N N Nil(M))* and assume (A/N N Nil(M))* # 0; again we have
A* = B* and (N/N N Nil(M))* = (A/N nNil(M))* € A/N nNil(M) € (N/N 0 Nil(M))*
so A/(N NNil(M)) = (N/N NNil(M))*. O

We now produce quasimaximal filtrations of EFg when it is T-torsion free. These are
described in terms of prime Fg-ideals. Recall that in this case the set of Fg ideals coincides
with the set of Eg-special ideals (cf. §6 in [K]) and that this set is finite (cf. Theorem 3.10
in [S1]).

Corollary 4.4. Assume that Eg is T-torsion free and let Py, ..., P, be all its prime Eg-
ideals ordered so that P; Q P; for all1 <i < j <n. The chain

K3 n
OCannEspl C - Canngg ﬂpj C .- Canngg ﬂpj C Eg.
Jj=1 J=1
is a quasimazximal filtration of Es. Therefore, the set of annihilators of the factors of any

quasimazimal filtration of Eg is {Py,..., Py}

Proof. Notice that the ordering above of J = {P,..., P,} can always be achieved: start
with P, ..., P, maximal with respect to inclusion in J, then list P, ..., F;, ~maximal
with respect to inclusion in I\ {F;,,..., P, }, ete.

Write A; = anng, ﬂ;:l P; for all 0 <4 < n; notice that our ordering guarantees that
these form a strictly ascending chain. For all 1 < i < n, A; is a graded-annihilator submodule
of Eg; since Eyg is T-torsion free, so is Es/A; and A; € A(Es).

Now any S[T; f]-submodule between A,_; and A; would be a graded-annihilator sub-
module of the form B = anng, J where J = P, N---NP; withi: <j,...,jm <nisa
proper Eg-special and

PNn---NnP_tNP,CJCPN---NPEP_.

The first inclusion above shows that for all 1 < k < m, P;, contains one of P;,..., P, and

our ordering then shows that i¢x < 7. The second inclusion above now shows that either
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J=PNn---NP_1NP,or P,N---NP,_q,ie, B=A;_1 or B=A;. We deduce that the
factors A;/A;—1 are simple for all 1 < ¢ < n and so our chain of of modules in A(Es) is
saturated. The result now follows from Theorem O

The rest of this section will describe quasimaximal filtrations of Fg in the presence of

T-torsion.

Proposition 4.5. For any Eg-ideal J C R, and any e > 0 we have
I (u”J) 2 Teqq(u”et2 J).

Proof. First, u’e+1J = uP¥uJ C uP**JP! so

Topq (U’ J) C Ioyq (u:DVeJ[:D]> .

Now I (u”s J)P™'1 2 (ure J)[p] = uP¥ JPl and the minimality of Io4q (uP<.JP!) implies that
Teqy (upe JP)) C Io(u?eJ). 0

For any Eg-ideal J the sequence {I.(u"*J)}e>0 is decreasing and we can introduce the

following definition.
Definition 4.6. For any Eg-ideal J C R let

Jh = ﬂ I (u"J)+ 1.

e>0

Notice that R = MNeso Le(u”*R) + I defines the submodule of nilpotent elements, i.e.,
Nil(Es) = anng, R (cf. Theorem 4.6 in [K]).

Lemma 4.7. For any Eg-ideal J C R, Ji is an Eg-ideal.

Proof. Tt is enough to show that for all e > 0, ul.(uJ) C Ie+1(u”e+1J)[p]. Now
[p°] .
(Ie+1 (uVe+t J)[Zﬂ) = Topq (ueht J)[p 1 S yrett g

50 Iy (uret J)PL O I (u’e+1J) = I (uP"uJ) so it is enough to show that for any a € R
and any ideal B C R we have I, (a? B) = al.(B).
Now a?" B C I.(a?" B)P] s0
€ [ e] € € [pe]
BC (Ie(ap B 1 ) - (Ie(ap B) :n a)
and so I.(B) C (I.(a® B) :g a), and, therefore, al.(B) C I.(a”" B). On the other hand,
a?" B C (al.(B)*" so I.(a”" B) C al.(B). 0

Theorem 4.8. Let M be an S[T; f]-submodule of Es and write M = anng, J for an
Eg-ideal J. Then Nil(Es/M) = anngg J*/M.
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Proof. Let N, be the S[T'; f]-submodule of Fs/M consisting of all elements killed by 7.
An application of the functor A® (cf. section 4 in [K]) to the short exact sequence 0 —

M — Eg — Es/M — 0 yields the following short exact sequence in D¢

J R R
3 0 - - = 0.
®) I I J
JP°] R R 0
J[pe] Jp] Jlpe]

Write J. = I.(u”*J) 4+ I and consider the following exact sequence in D¢

J J
4 = — .
(4) 7 7 0
J[pe] J[PC] 0
Ilpe] Je[pﬁ]

Write N, = ¢ (Ji v, %) and note that it is an S[T; f]-submodule of Eg/M. The
definition of .J, implies that the rightmost map in () is zero, hence T°N! = 0 so N, C N..
On the other hand, an application of A® to the exact sequence 0 — N, — Eg/M yields an

exact sequence in D¢

J J
5 - — .
(5) 7 I 0
Jlp°] Jlrl
. 0
Ilp] Le[:D ]

for some Eg-ideal L. such that I C L., C J and for which u”<J C L[ep 1. Now the minimality
of J. = I.(u¥*J) + I implies that I.(uJ) C L. and hence
N, — ( J >v _ anng L. c anng Jo

il =N/
L. M - M ¢

and we deduce that N, = N/.
We now conclude the proof by observing that

anngg Je _ anlpg meZO Je _ alnpg Jh
M M M

Nil(Es/M) = | JN. = | N, =

e>0 e>0 e>0
O

Corollary 4.9. For any Eg-ideal J C R, Es/anng, J* is T-torsion free and (Jﬁ“)ﬁu =
Jhe,
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Definition 4.10. We define
T4 = {Ju“ | J C Risan Eg ideal}

and call a chain J3* C J# € ... € J™ of ideals in J* #-saturated if it cannot be refined by
adding an ideal in J%.

Theorem 4.11. Let I = 0% = Ji* c Ji* c ... C JI" = R be a f-saturated chain. Then
0cC Jgﬁl C .-+ Canngg qu C anngg Jg" =Fg
is a quasi-mazimal filtration of Eg.

Proof. Notice that A(FEg) = {anng, J|J € J*}. Any finite strictly ascending chain in
A(Egs) can be refined to saturated chain and all these have the same length, namely the
quasilength of Eg (cf. Theorem 4.6 in [L]). So finite saturated chains as in the statement of
the theorem do exist and now the theorem follows from Theorem 0

The ideals J#* will play a central role in calculating tight closure in Eg as described in

the following section.

5. TIGHT CLOSURE IN FEg

In this section we give an explicit description of the tight closure of certain submodules
of Eg, including 03, which holds whenever, the S-algebra F(Es) is generated by one
element. The class of complete local rings S with this property includes those which are
quasi-Gorenstein, but it is strictly larger than this as is illustrated by the example at the
end of this section.

We shall henceforth use the natural isomorphism F¢(M) = Homg (ST° ®s M, M) which
maps a ¢ € F¢(M) to the S-linear map ¢ : ST*® M — M determined by ¢(s@m) = s¢(m)
(cf. section 3 in [LS]). Conversely, the element ¢ : ST® ® M — M corresponds under this

isomorphism to the map ¢ € F¢(M) given by ¢(m) = ¢(1®m). We shall henceforth identify
these two S-modules using this notation.

We can think of the tight closure of ideals L C S as the set of all elements s € S such
that for some ¢ € S not in any minimal prime we have c¢(s) € S¢(L) for all e > 0 and all
¢ € F¢(S). This is because for each e > 0, F¢(S) is generated by the e*! iterated Frobenius
map on S. Our first aim is to show that this also yields the tight closure of submodules of

Es, and to do so we shall need weak test elements for testing tight closure in this setup.

Definition 5.1. Let M be an S-module and let N C M be an S-submodule. We call ¢ € S
not in any minimal prime a p7-weak test element for the pair (N, M) if a € N;, if an only if
c®a € ST®® M is in the image of ST¢® N in ST¢® M for all e > 7. Henceforth NI[\Z/}E] (or
just NP} when it will not lead to confusion) will denote the image of ST*® N in ST®® M.

These test elements mentioned in the definition above are known to exist when S is

F-pure (cf. section 3 in [S2]), and I believe they exist in much wider generality.
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Proposition 5.2. Let N be any S-submodule of Eg, let ¢ € S and fix an a € M. For all
e>0, c®a € ST*®Eg is in NP if and only if for all ¢ € F¢(Es) we have cé(a) € SH(N).

Consequently, if ¢ is a p"-weak test element for the pair (N, Es) then a € Ng_ if and
only if for all e > n and all ¢ € F¢(Es) we have cp(a) € SH(N).

Proof. Note that for all ¢ € F¢(Eg) we have ¢(NP1) = Sp(N).
Assume first that ¢ ® a € NIP°l. Now for all ¢ € F¢(Eg) we have

ch(a) = dplc®a) C 5(N[pe]) = S¢(N).

Assume now that c¢(a) € S¢(N) for all ¢ € F(Eg). Let M C ST°® ®g Es be
the S-submodule generated by NPl and ¢ ® a. The inclusion above yields a surjection
Homg(ST® ®s Es, Es) — Homg(M, Eg); we now recall that F¢(Eg) = Homg(ST° ®g
Es,Es) and deduce that for all ¢ € Homg(ST® ©g Eg, Eg) we have ¢(M) = (NP +
S(c®a)) = S$(N) = (N1,

If c@a ¢ NPl we can find a non-zero 1) € Homg(M /NPl Eg). The short exact sequence

M .
0 — Homs (<7, Bs) — Homs(M, Es) — Homg(NP) Eg) — 0

NI

enables us to identify 1) with a non-zero ¢» € Homg (M, Eg) for which ¢»(NP*l) = 0. Since Eg
is injective, we can extend v to an element zz € Homg(ST° ®s Es, Es). Now J(C@ m) # 0,
otherwise 1) = 0, and hence zZ(M) # 0 and so is not equal to J(N[pe]) = 0, contradicting
the conclusion of the previous paragraph.

The final conclusion follows directly from the definition of weak test elements. O

The proposition above gives a method for translating the calculation of the tight closure
of an S-submodule N C FEgs to a calculation involving ideals of R as follows. Assume
¢ € S be a p"-weak test element for the pair (N, Es). Fix an e > n, ¢ € F¢(Eg) and the
corresponding S[0; f¢]-module structure on Eg corresponding to v € (IP] : I). Define
Ny ={m € Eg|cOm € SON} and write Ny = anngg Ly for some ideal Ly C R. Notice
that Ny is the largest submodule of Eg with the property c¢SON4; C SON, ie., canng, (0 :g
SON,) C anngg (0 :g SON) which, using the S[0; f¢]-module analogue of Theorem Z4(b),
translates to canng, (Lgﬂ :v) C anng, (JP : v), or, equivalently, (Lg)ﬁ] cv) D e(JPT :w),
ie., Lgfc] D cv(JP) : v). We deduce that Ly is the minimal ideal L C R containing I for
which L7 D co(JP 1 v), ie., Ly = I (co(JP : v)) + I. We can now express N,  as the
annihilator in Eg of the sum of all these ideals L.

In some simple cases this gives directly a fairly explicit expression for the tight closure
on N. For example, if I is generated by a regular sequence g1, ..., gy, and N = 0, then for
all e > 0 we have (Il : ) = g?" =1 4 JIP"] where g =gy - ... - g and, if ¢ is a test element
for (0, Eg), then

0%, = annpg Zle(cgpefl) +1.
e>0
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The rest of this section applies Proposition under additional hypothesis to produce
explicit expressions for Ny : we shall first restrict our attention to F(Es) submodules
N C Eg (which includes the interesting case where N = 0) and later we shall impose the
additional condition that the S-algebra F(FEg) is generated by one element.

Proposition 5.3. Fiz any S[©; f7]-module structure on Es. Letc € R and let Z = anng J
be an S[O; f7]-submodule, where I C J C R is an ideal. Let Y = anngy L be the largest
S[0; f1]-submodule of Eg contained in anng, cJ where ¢J C L C R is an ideal. Choose a
positive integer jo such that ©° Nil(Eg/Y) = 0. Write

M:{m€E5|c@jm€Zf0rallj2j0}.
Then M is the preimage in Es of Nil (Eg/Y)

Proof. Clearly, if m +Y € Nil (Eg/Y) then for all j > jo we have LO/m = 0 and since
L D ¢J we also have ¢c®/m € anng, J = Z.

Notice that M is an S[©; f"]-submodule of Eg. Write A = (0 :z SO M); Theorem[2.4(d)
shows that anng, A is an S[O; f"]-submodule of Eg. Furthermore, ¢S©7°M C anng, J,
ie., ¢cJOIM = 0 and hence ¢J C A implying L C A. Since S M C anng, A we have
m +anng, A € Nil (Eg/anngg A) for all m € M; as L C A we also have m + anng, L €
Nil (ES/ anngg L) ]

Our next goal is produce an explicit method of calculating tight closure in Eg. The

following introduces the main tool.

Definition 5.4. Let e > 0, fix any u € (I?"] : I) and let J C R be any ideal containing I.

We write J** for the smallest ideal L containing J for which uL C LIP’] (see section 5
in [K] for a construction of this ideal).

Endow Fg with the structure of an S[©; f¢]-module corresponding to u, and let M be an
S-submodule of Eg. We define M** to be the largest S[O; f¢]-submodule of Eg contained
in M.

Note that if M = anng, J, M* = anngg J* *.

Theorem 5.5. Suppose that the S-algebra F(Es) is generated by one element corresponding
tou € (I : I). Let N be a S[T; f]-submodule of Es and let Z = anngg J be the stable
value of the descending chain {ST'N};>o. Assume further that the image of c € R in S is
a weak p"-test element for the pair (N, Es) and that n was chosen so large that Z = ST"N.
We have

Nj. =anng, ((CJ + I)*n“)ﬁu .

s

Proof. Fix the S[T; f]-module structure on Eg corresponding to u. In view of Proposition
and of the fact that for all e > 7, F¢(Fg) = ST*,

Npg =Nezn{m € Eg [cT*m € ST°N'}

for all n > ng.
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Notice that, if for some a € Es and positive integer j the element ¢ ® a € ST/ @ Eg
is in N[pjn], then after tensoring on the left with ST* for 1 < k < n — 1 and using the
isomorphism ST* @ ST" 2 ST*+in we obtain ¢** ® a € STI* @ Eg is in NP""™" for all
1 <k <1n—1 and hence " @ac STk g Es is in NP+ for all 1 < k < n— 1. For
any positive integer jo, we may replace ¢ with " asa P70 weak test element and deduce
that

a € Np. =0Nj>j,{m € Es|cT""m € STI"N}.

Write © = T7 and let L = (¢J + I)*'*. Note that anng, L is the largest S[O; f7]-
submodule of Eg contained in anng, cJ. Pick any positive integer jo such that ©7° Nil(Eg/ anng, L) =
0.

An application of Proposition shows that

N =Nj>j{m € Es|c®'m € Z}
is the pre-image of Nil(Es/anng, L) in Eg, and this is precisely anng, L. O

One instance when the S-algebra F(Eg) is generated by one element is when S is Goren-
stein, or more generally, when S is quasi-Gorenstein (i.e., Es = HI25(S)) and satisfies
Serre’s Sy condition. This is the content of Example 3.6 in [LS]. However, the class of
quotients S of R for which the S-algebra F(Eg) is generated by one element is strictly
larger than this. Consider the power series ring R = K[a, b, ¢], where K is a field of prime
characteristic p, its ideal I = (ab — be, bc — b?, ac — bc)R = (a,b)RN (¢, b))RN (a —c,b—c)R

and the one dimensional quotient S = R/I. We have a minimal resolution

b c
—a —c
b —b (ab—bc bc — b2 ac—bc)
0— R? R? R—S—0

which shows that S is Cohen-Macaulay of type 2, hence non-Gorenstein and not quasi-
Gorenstein. For all primes p > 5,

Wb — )P Ha—b)P~t e (1P 1)

and a calculation with Macaulay2 shows that this element generates the S-module (I el .
I)/1P) for all 5 < p < 97.

Corollary 5.6. Assume that S is equidimensional and quasi- Gorenstein and that it satisfies
Serre’s So condition. Let ¢ € R be such that its image in S is a test element for the pair
(0, Eg). The test ideal of S is

anng 0%, = ((Re+ I)*)™ .

Proof. The fact that S is quasi-Gorenstein and equidimensional implies that the finitistic
tight closure of 0 in Eg coincides with 0%_ and hence the test ideal of S is anng 0%,
(cf. section 8 in [HH] and Proposition 3.3 in [Sm|). The fact that S satisfies Serre’s Sy
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condition implies that the S-algebra F(FEg) is generated by one element. Now the result
follows from Theorem with J = R. |
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