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In Ref. 1 we investigated gravitational perturbations in the background of de Sitter
spacetime in arbitrary dimensions. More specifically, we used a gauge-invariant formalism
to describe the perturbations inside the cosmological horizon, i.e. in the static patch of
de Sitter spacetime. After a gauge-fixed quantization procedure, the two-point function
in the Bunch-Davies-like vacuum state was shown to be infrared finite and invariant
under time translation. In this work, we give details of the calculations to obtain the
graviton two-point function in 3 4+ 1 dimensions.
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1. Introduction

Linearized gravity treated as a quantum field propagating in a background space-

2,3 indicate an

time can describe several interesting phenomena. Since observations
accelerated rate of the Universe’s expansion, de Sitter spacetime can be regarded as
an accurate model for our Universe, at least in its phases of exponential rate of ex-
pansion. Moreover, linear quantum gravity in the background of de Sitter spacetime
is particularly important for the inflationary cosmology. Linearized gravitons can
induce fluctuations in the cosmic microwave background, for example (See Refs. 4, 5
for the more general setting of Robertson-Walker spacetimes). However, there have
been some controversies about the infrared (IR) properties of the graviton two-point
function. The main source of these controversies is that the graviton mode functions
natural to the Poincaré patch of de Sitter spacetime behave in a manner similar to
those for the minimally-coupled massless scalar field,> which allows no de Sitter-
invariant vacuum state because of IR divergences.” However, due to the gauge
invariance of linearized gravity, it is important to determine if these IR divergences
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are physical.* In Ref. 1, we analyzed the graviton two-point function in the static
patch of de Sitter spacetime and found it to be finite in the infrared. Moreover, it
is, by construction, time-translation invariant. In this paper, we give more details
about the construction of this graviton two-point function in (3 + 1)-dimensional
de Sitter spacetime. In Section 2, we present the gravitational perturbations in the
background of (3 + 1)-dimensional de Sitter spacetime in the static patch. The per-
turbations are related to master variables, as described in Ref. 8. These master
variables satisfy wave-like equations, which are also presented together with their
solutions. In Section 3, we present our main result, that is, a graviton two-point func-
tion finite in the infrared limit. We also write it in a form similar to the two-point
function of the conformally-coupled massless scalar field in de Sitter spacetime.

2. Gravitational Perturbations in Static de Sitter Spacetime

We write M, 4-dimensional de Sitter spacetime in the static patch, locally, as the
product:

M=0x53 (y,2') = (a"), (1)
where S? is the 2-sphere and O is the so-called orbit spacetime, a Lorentzian space
given in coordinates ¢t and r. The de Sitter spacetime in the static patch can be
described by the following line element:

a5 = guodaide® — —(1— 1)t + Y 4 12402 2
s° = gudatda” = —(1—r7) Ti= 2T ) (2)
where
dQ? = v;;d#'d#? = d6? + sin® Odp? (3)
is the line element on the 2-sphere 52 and 0 < r < 1. We are using units such that
the cosmological horizon is located at » = 1. Thus, we set the Hubble parameter
H = 1. The orbit spacetime has a line element given by

dr?
1—7r2 (4)

The equations above establish the notation used. Greek indices are spacetime indices

dsirb = gabdyadyb =—(1- 7"2)dt2 +

running from 0 to 3. The letters a and b are used as the indices for the t and
r components, while the letters i, j, k, ... are used as the indices for the § and ¢
components. We denote the covariant derivatives compatible with the metrics ds?,
ds?,, and dQ?, respectively, by Vu, Dq and D;.

The metric perturbations can be expanded in terms of harmonic tensors of rank
0, 1 and 2. These are called scalar-, vector- and tensor-type perturbations, respec-
tively. The scalar-type perturbations are expanded in terms of scalar spherical har-
monics S, which satisfy

DD'S+1(1+1)S=0, 1=0,1,2.... (5)

2See Ref. 1 and references therein for a overview of the discussion.
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The metric perturbations of the scalar-type read

hab = fab(t,’l")S, (6)
ha'i - fa(tvr)Si; (7)
]’Lij = 2r? [HL(t, ’I“)’yijS + HT(t, ’I“)Sij] R (8)

where S; and S;; are tensors constructed from covariant derivatives of S, that is

D;S
S; = —m (9)

and

DiD;s 1

ij i S.
IS0 ) T2

(10)

We are omitting the labels (I,m) on the harmonic expansion for convenience. But
we point out that all coefficients, which are functions of ¢ and r, can depend only on
the [ label. The vector-type perturbations are expanded in terms of divergenceless
harmonic vectors V; satisfying

DDV, +[Il(l+1) - 1]V, =0, D;Vi =0, (11)
with [ = 1,2, .... The vector-type metric perturbations are written as
hai = ga(t,7)Vi, (12)
hij = 2r*Gr(t,r)Vi;, (13)
where
Vi = - +11) — (DN]- + Djvi) . (14)

For perturbations of the tensor type we would need harmonic tensors of rank 2,
which are traceless and have zero divergence. However, there are no solutions for
rank-2 harmonic tensors of this type on the unit 2-sphere.?>'? Thus we do not have
perturbations of the tensor type in four dimensions.

It can be shown that these gravitational perturbations in the background de Sit-
ter spacetime can be related to master variables, by writing gauge-invariant quan-
tities for each type of perturbation. Each master variable satisfies, in general, a
distinct wave-like equation.® ! The usefulness of this method is apparent from the
fact that the perturbations decouple from each other. Moreover, the dynamics is
contained in the master variables, which satisfy 2-dimensional equations in the orbit
spacetime. For the case of 4-dimensional de Sitter spacetime, both the scalar- and
vector-type master variables satisfy the same equation, namely:

V(r)

l
0ol — T

oY) =0, (15)
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where P = S or V stands for scalar- or vector-type perturbations, respectively. The
differential operator O is the d’Alembertian in the orbit spacetime. The effective
potential V(r) in Eq. (15) is given by

1—r2

V() =10+ 1) (16)

By using a Fourier decomposition with respect to the time variable, one can write
positive-frequency solutions regular at the origin to Eq. (15) as

@gl)(t,r) — Ag;uz)e_iwtrl+1(1 _ T2)iw/2

1 1
xF (2(iw+l—|—1),2(iw+l+2);l+2;7‘2), (17)

)

tion constants. The scalar-type gravitational perturbations with [ = 0 and [ = 1

where F(a, 3;7;2) is Gauss’s hypergeometric function.'? The Ag‘;’l are normaliza-
need to be considered separately.® The | = 0 mode is a spherically symmetric per-
turbation and, by Birkhoff’s theorem, is locally isometric to the linearized version
of Schwarzschild-de Sitter solution. For a wvacuum perturbation, this corresponds
to a change in the background metric by the introduction of a small black hole at
the origin (see Appendix A for more details). The I = 1 mode can always be set
to zero by a gauge transformation. Therefore, we exclude these cases. As for the
vector-type perturbations, the [ = 1 modes — there are no [ = 0 vector harmonics
— are physical® only if there is a black hole of nonzero mass at the center and
corresponds to the addition of angular momentum to this black hole. These modes,
I = 0 scalar-type and [ = 1 vector-type, are both non-radiative modes. Thus, we
exclude them and consider both mode functions fb(swl) and @g}” D starting at [ = 2.

3. Graviton Two-point function in static de Sitter spacetime

As we pointed out before, there are no tensor-type modes in 3 4+ 1 dimensions. The
scalar-type modes will be given in terms of the usual scalar spherical harmonics
Y(&m) (9, ¢). The relation between the metric perturbations hy, and the master
variables actually depends on the choice of gauge, that is, on some conditions the
metric perturbations are required to satisfy. We have chosen a gauge® such that

bHere, the expression “the modes are physical” means that the modes cannot be eliminated by a
gauge transformation.
¢See Ref. 1 for more details.
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perturbations of the scalar type read

hiy '™ =0, (18)
wim Y(l7m) 9) w
p{Stm) 72( 9 (52 + (1 - )22 (r2"), (19)
ytm) (g, ¢) 1
S;wlm _ ) 2 2 (wl)
Pz = [ar + (1—7*2)284 (rog™), (20)
hipem =y tmg, ¢) [arat + 1:“738} (re$?), (21)
(S;wlm) r2y(l,m) (97 ¢) (wi)
hij = f’%](m + 2)(7@)8 ) (22)
Note that we are reinstating the labels | and m. Vector spherical harmonics, which
are divergenceless on S2, can be written as:% 13
Y0, ¢) = ——ep7Y ™) (9, ), 23
10,6 = V0,0 23)

where ¢;; is the Levi-Civita tensor on S2. In the gauge we have chosen, the vector-
type perturbations are given by

hgf;wlm) _ Yi(l,m)(& P)(1— T2)8r (7‘@&”) 7 (24)
(t,m)
(Viwlm) }/1 (07¢) (wl)
hri = 71 — 2 8t (T(I)V ) 5 (25)

with all other components vanishing.
We expand the graviton field h,,, (z) as

l

iluy(a:) = Z Z Z /dw {&gm)(w)hgﬁ%wlm)u) _i_dgtl)m)T(w)hl(iz,wlm)(33)}7

P=S,V =2 m=-1 0
(26)

where the overbar denotes complex conjugation. The hfﬁwlm) (z) are gravitational

perturbations given in terms of the classical solutions of Eq. (17), by Egs. (18)-(22)
and Egs. (24) and (25). We can write a Lagrangian density for the field A, in the
background de Sitter geometry, given by

1 h
‘C =v—g |:v‘u,h'uyvphpu - 5Vphz‘u,uvphl“j + VTIL (V“h — 2Vphp”)

—H? (hwh“” - h;ﬂ , (27)

where h = g""h,, is the trace of the perturbation. We define an inner product

between two solutions h,(ﬁ}) and h,(],lj) by

(h™), p(M)y — —i/dEn,\ (hLTS')p(n)AMV N hl%)pfm)w) 7 (28)
b))
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where ¥ is a Cauchy hypersurface in the static patch of de Sitter spacetime and
pM¥ is the conjugate momentum defined by

A 1 oL
p = e
V=99 (Vahu)

By requiring the field h,, to be normalized with respect to the inner product
above, the normalization constants have to satisfy

(29)

sinh e |T(4 (iw + 1+ 2))T(3 (6w + 1 + 1))

‘Ang)|2 _ — (30)
2m2(l - I+ 1)1 +2) [T+ 2)|
and
. . . 2
|A§;"l)|2 _ sinh 7w |(3 (iw 4+ 1 4 1))1(4 (iw +21 +2))| . (31)
8w2(1—1)(1+2) [T+ 3)|

Then the operators &gm) (w) and dgm”(w) will satisfy the commutation relations:

&gm) (w)7 &gi//m/).i_(w,)il _ 6PP’61l/6m7n'6<w _ w/)- (32)

In the de Sitter invariant Bunch-Davies vacuum state, which is a thermal state
with temperature H/27, when probed only in the static region, one can write the
graviton two-point function as

l

(@) = 5= 525 [ o] G @l )

P=5V =2 m=—1}

@) ] (33)
in which H = 1 due to our choice of units. Let us analyze the low-w behavior
of this two-point function. The low-w behavior of the solutions hiy“"™ (2) and
RV <™ (1) coincides with the behavior of the normalization constants Agw” and
A%,wl), respectively. These constants tend to zero like w'/2 in the limit w — 0, which
means that the integrand of the two-point function have the following w behavior:

integrand of <flm,(x)izufl,/ (a:’)> ~ 6%5_ Tt Zizm’ (34)
hence it is finite in the infrared. As a consequence of the fact that the two-point
function is constructed in the static patch using the stationary modes, it is time-
translation invariant as well.

We can simplify the graviton two-point function given by Eq. (33). Let us con-
sider first the contribution to the graviton two-point function from the scalar-type
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modes. We define the following tensor differential operators:

S 1
D) = 5l0F + (1 —r*)%0), (35)
p® =Ll L g (36)
rr 2 T (1 7 7”'2)2 >
S T
i) = 0,0 + =0, (37)
2
.
D) = (O +2), (38)

with all other components vanishing. We choose ¢/ =0 in 2’ = (¢/,7,6',¢') without
loss of generality. Then the contribution to the graviton two-point function (33)
reads

AS) (yy) =DEIDE) Gly.y), (39)

pvp'v w'v'

where

T‘bng)( /(I) wl)

176 27rw

(1,0) Y0 (g Ji wl) T)T/‘I’('sw)(t/ )
Y d :
Z / w 6271'0.; -1

0

] (40)
since Y(W™) (¢ = 0, ¢') = 0, unless m = 0.

We can write the function G(y,y’) in a way similar to the well known!4 two-point
function for the conformally-coupled massless scalar field, namely

1

A " —
W:9) = S —cos g, ) + i€t = 1))’

(41)

where p(y,y’) is the geodesic distance between the two points y = (¢,r,0,¢) and
y = (t',r,0',¢), if they are spacelike separated. If the separation between these
points is timelike, we make the substitution cos p(y,y’) — cosh pur(y,y’), where
ur(y,y') is the timelike geodesic distance of the two points. The term ie(t—t’), where
€ is an infinitesimal positive number, indicates how the singularity at p(y,y’) = 0
is avoided. We can write the two-point function A(©) (y,v') in the static patch as

follows:!
e’} l 0
Ay y) =Y > YEm(,9)Y ™6, ) / dw|N@D 2Ry (r) R (')
=0 m=-1 0

627\'4;.) -1 + 1— 6727\'441

iw(t—t") —iw(t—t")
e e ] 7 (42)
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where

sinh 7w [T(3(iw + 1+ 1) (4 (iw + 1+ 2))|°
o ra+3)[°

IN@OP2 = : (43)

, 1 1
Rui(r) = rt(1 — r?)w/2F (2(iw +1+1), 5(z'w +1+2):1+ 2”“2) . (44)

[
We have used the fact that Ry (r) and > YEm)(,¢)Y ™) (9, ¢') are both real.
m=—1

Notice that by Eq. (30) we have
2|N(wl)|2
=D+ 1)(1+2)

We multiply Eq. (42) by Y40 (#’, ¢') and integrate over S2. Using Eq. (45) we find
by the orthonormality of the spherical harmonics

wl
AS)? = (45)

/

Tr

do’dé’ sin 6’
47r2(l—1)l(l—|—1)(l+2)/ ¢'d9 sin
S’2

00, ¢')
1 —cosu(y,y’) +ie(t —t')

Y0 (9, ¢).  (46)

. 7d o (ol () | B8 (el ()
w e2rw _ 1 1 — g 27w
0

Using the formula

Y06, 6) = /2L 1P (cos), (47)
4m
we obtain
/
20+ 1)rr /dqﬁ'd@’ sin g’ P;(cosé )
16m3(1—DII+1)(1+2) 1 —cospu(y,y') + ie(t —t')

® (I)(‘*’l) )(I)(WI)( T/) (I)(Wl)(t T)@(Wl)(t/ 7"')
/ dw =8 RS STy @0 (0, ¢y 06, ).

e27rw -1 1 — g 27w

(48)

We compare this expression with Eq. (40) to find

Qo)
G = d¢'dd’ sin ¢’ 49
(.y) =%’ / ¢ 48 sin 1—cosp(y,y') +ie(t —t')’ (49)
SQ
where
20+1
P 0.

167732 (o na ) eost) (50)

We have |P;(cos@’)| < 1 as is well known. Hence, this series converges for all ¢’
because the coefficient tends to zero like 1/13 as [ — oo.
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Next, let us examine the contribution of the vector-type modes to the two-
point function. We can show that, for ' = 0, the only terms of the vector spherical

harmonics Yi(l’m) (and Yi(l’m) as well) that will contribute are the ones with |m| = 1.
We note first that

> vEmig, )y (g, o)

m==1

2l+1

= WP} (cos 0)P} (cos 8) cos(p — ¢').

(51)

We choose ¢’ = 0. (At the end of the calculation, the result will be independent of
this choice). This means that the 6’-direction and ¢’-direction are identified with
the z'- and y'-directions, respectively, in the cartesian coordinates. We denote the

unit vectors in the z’- and g’-directions by ég,x) and égf’), respectively. For small ¢’

we have!®
I(l+1
Pl!(cost) ~ — ( ;_ )sme’. (52)
Then, for  — 0 and ¢’ — 0 we find
. I(l+1
€irj: 07 [P (cos ) cos(¢ — ¢')] — %eg?), (53)
where
P = el sing + e cos ¢. (54)
Hence, by Eq. (23) we obtain
iy 204+1 ;
Y(l,m) Ygl,m) _ Y] Pl A(fi))
> V00,0 = e [P (cos )¢ ]
m==1
1 0
= ;00— Y09, )Y 0 (0,006l | .
l(l+1)eﬂ 8€[ (ad)) (7 )ez ]
(55)
We now define the following differential operators:
D) = (1-12)d,, (56)
1
V) _
DY) = a0 (57)

Thus, the contribution of the vector-type modes to our graviton two-point function
can be given as

AN (y,y) = DYDY Fir(y,y) (58)

aia’i’

with all other components vanishing, where

o0 - o0 (wl) / (wl) / /
r® t,r)r'®d t,r
Falw) =Y 3 Y00y 0,0 [ (M (G0
=2 m==%1 0

r@&}ul) (t, r)r’@i‘,‘ﬂ) ', ")
1— 6—271'0.)

(59)
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We note the relation

B — I 1‘ 1)

Wl (60)

Using the relation given by Eq. (60) into Eq. (59), using Eq. (55) and then using
the definition (40) of G(y,y’), we obtain

1 . .
Fi(y,y') = Zeijaj [&;G(y,y’)eﬁfd’)} . (61)

() ()
(2 K3
of the cartesian coordinate system, the result does not depend on the particular

By writing Fyi (y,y’) we find that as a function of the unit vectors e;"’ and e
choice of ¢’. In summary, with the choice 8/ = 0 in 3’ = (¢',1/,6’,¢’) our graviton
two-point function in 3 + 1 dimensions can be written as

Ny (1,3) = DD, Gy, 1) + 67,80,08,00, DYDY ;07 [agc(y,y’)é§?> ,
(62)

where {...} indicates symmetrization.

4. Discussion

We have studied the gravitational perturbations in the static patch of (3 + 1)-
dimensional de Sitter spacetime. Expanding the metric perturbations in terms of
harmonic tensors, it is possible to relate them to master variables satisfying the
same wave-like equation. We find an inner product for the metric perturbations
solutions with the gauge degrees of freedom fully fixed. Then, the graviton two-point
function in the de Sitter invariant Bunch-Davies vaccuum state can be constructed
in a straightforward manner. Since the normalized modes h,(f;;“)lm) all behave like
w'/? as w — 0, this two-point function is finite in the infrared. This graviton two-
point function can be written in a way similar to the conformally-coupled scalar field
two-point function. We note also that the graviton two-point function is similar to
the IR divergent two-point function of the minimally coupled scalar field. However,
the graviton two-point function lacks a contribution to the integrand similar to
the I = 0 mode of the minimally coupled scalar field, which diverges like w™2 as
w — 0.! Additionally, the graviton two-point function in the static patch does not
grow as a function of time, due to its time-translation invariance, in contrast to the
IR-divergent two-point function in the Poincaré patch and the IR-finite two-point
function in the global patchd.

dFor the two-point function in the global patch, it grows as a function of time if the two points
are kept at a fixed physical distance.
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Appendix A. Monopole (I = 0) scalar-type mode

We can solve the perturbed Einstein’s equation directly for the [ = 0 scalar-type
mode. For [ = 0, S; and S;; are not defined and S is just a constant. As is well-
known, linearized gravity is invariant under the gauge transformation h,, — h,, +
VA, +V, A, Using a gauge vector of the form

Aa = fa(f, 7"), AZ = O> (Al)

we can set to zero both hy. and h;;. The only remaining components of the metric
perturbations are h;; and h,.., which are functions only of ¢ and r. The vacuum
perturbed Einstein’s equations® are given by

(VaVhyu = VOV hye — VOV, hye + V.V, h)

N | =

1 1
+5 9 (VOVPhap — Vo VOR) + 3H? (hw - 2gwh> =0, (A.3)

°Recall that we are considering a cosmological background. In other words, we take the vacuum
Einstein’s equation to be

1
Gy = Ry = S(R—=20)guw =0, A = 3H2. (A.2)
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where we do not set H = 1. We insert the [ = 0 scalar-type metric perturbation in
this equation to get the following set of partial differential equations:

Ohs

—— = A4

5 =0 (A4
2.2 2.2 ahQ

(1—=5H*r*)hy +r(1—H*r )W:O, (A.5)

(1— H?*r?) {raa]:ﬂo + (1 —4H?*? + 3H4r4)h2} +2H%%hg =0,  (A.6)
2H?r [(2— H?r®) ho — (1 — H*r*)(4 — 9H?r? + 5H"r")hy)
oh oh
_ 2,2y | Y0 72,2 _ 2.2 4,4 2
+(1 Hr){ar +(1—H*r*)(1-3H"r +2Hr)—ar

*hy  9%h
+r(1 — H"r?) ( 5,2 + 52 )} 0, (A7)

where hy = ho(t,r) and h,.. = ha(t,r). Solutions to Eqs. (A.4), (A.5) and (A.6)
above are given by

ha(r) = = (A.8)
and
ho(t,r) = ; +(1— H22)f(1), (A.9)

where ¢ is a constant of integration and f(t) is an arbitrary function. Eq. (A.7)
is identically satisfied by the solutions given above. However, by a further gauge
transformation of the form

1
Ay = —5(1 — H?r?) / f(t)dt, A, =A;=0, (A.10)

we can eliminate f(t). Thus, since we are considering first order perturbations, we
have, for the | = 0 mode,

Q

C
Jtt + htt — (1 — ; — H2T2) 5 (All)

-1
grrt by~ (1= 5= H32) (A.12)
r

Hence, in this approximation, these solutions correspond to the Schwarzschild-de

Sitter family of solutions.

References

R. P. Bernar, L. C. B. Crispino and A. Higuchi, Phys. Rev. D 90 (Jul 2014) 024045.
A. G. Riess et al., Astron. J. 116 (1998) 10009.

S. Perlmutter et al., Astrophys. J. 517 (1999) 565.

S. Weinberg, Cosmology (Oxford University Press, USA, 2008).

L. H. Ford and L. Parker, Phys. Rev. D 16 (1977) 1601.

L. H. Ford and L. Parker, Phys. Rev. D 16 (1977) 245.

S otk e



March 31, 2016 20:20 WSPC/INSTRUCTION FILE HBC3ASP revised

13.
14.
15.

Graviton Two-point Function in 3 4+ 1 Static de Sitter Spacetime 13

B. Allen, Phys. Rev. D 32 (1985) 3136.
H. Kodama and A. Ishibashi, Prog. Theor. Phys. 110 (2003) 701,
arXiv:hep-th/0305147 [hep-th].

. T. Regge and J. A. Wheeler, Phys. Rev. 108 (Nov 1957) 1063.
10.
11.
12.

M. A. Rubin and C. R. Ordez, J. Math. Phys. 25 (1984) 2888.

H. Kodama, A. Ishibashi and O. Seto, Phys. Rev. D. 62 (Aug 2000) 064022.

M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions with Formulas,
Graphs, and Mathematical Tables, 9th edn. (Dover, New York, 1964).

A. Higuchi, J.Math.Phys. 28 (1987) 1553, 43, 6385(E) (2002).

T. Bunch and P. Davies, Proc. Roy. Soc. Lond. A360 (1978) 117.

I. S. Gradshteyn and I. M. Ryzhik, Table of integrals, series, and products, 7th edn.
(Elsevier/Academic Press, Amsterdam, 2007).



	Introduction
	Gravitational Perturbations in Static de Sitter Spacetime
	Graviton Two-point function in static de Sitter spacetime
	Discussion
	Monopole (l=0) scalar-type mode

