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❛♥❞ ✐♥✐t✐❛❧ ✇❡❛❧t❤✳ ■♥ ❛ ❣❡♥❡r❛❧ ♠♦❞❡❧ ✇❡ s❦❡t❝❤ t❤❡ q✉❛❧✐t❛t✐✈❡ ❡✛❡❝ts ❜✉t t♦ ❣❡t
❛♥❛❧②t✐❝❛❧ ❛♥❞ ❡♠♣✐r✐❝❛❧❧② ❛♣♣❧✐❝❛❜❧❡ r❡s✉❧ts✱ ✇❡ t❤❡♥ s♣❡❝✐❢② ♣r❡❢❡r❡♥❝❡s✳ ❆❢t❡r
❞❡r✐✈✐♥❣ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❡✛❡❝ts ♦♥ r❡s❡r✈❛t✐♦♥ ✇❛❣❡s ❢♦r ❞✐✛❡r❡♥t
✐♥t❡rt❡♠♣♦r❛❧ ❧❛❜♦✉r ♣❛rt✐❝✐♣❛t✐♦♥ ♣❛tt❡r♥s✱ ✇❡ ❝❛❧✐❜r❛t❡ t❤❡s❡ t♦ ❝♦♠♣✉t❡ t❤❡
s✐③❡ ♦❢ t❤❡ ✐♠♣❛❝ts✳ ❚❤❡ ♣r❡s❡♥t ❞❡❢❡rr❛❧ s❝❤❡♠❡ ❣✐✈❡s ❛❜♦✉t ❛ ✷✪ ✐♥❝r❡❛s❡ ✐♥ t❤❡
r❡s❡r✈❛t✐♦♥ ✇❛❣❡ ❢♦r ❢✉❧❧ t✐♠❡ ✇♦r❦ ❢♦r ✶✷ ♠♦♥t❤s ♦❢ ❞❡❢❡rr❛❧✳ ■❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧
❞♦❡s ❞❡❢❡r✱ ✉♥❞❡r t❤❡ ♣r❡s❡♥t s②st❡♠ ❤❡ ❝❛♥ t❛❦❡ t❤❡ ❧❛t❡r r❡✇❛r❞s ❛s ❡✐t❤❡r
❛ ❧✉♠♣ s✉♠ ♦r ❛s ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✇❡❡❦❧② ♣❛②♠❡♥t✳ ❲❡ ❛♥❛❧②s❡ t❤❡ ❝❤♦✐❝❡
❜❡t✇❡❡♥ t❤❡s❡✱ ❡①❛♠✐♥✐♥❣ t❤❡ ❡✛❡❝ts ♦❢ ❧✐❢❡ ❡①♣❡❝t❛♥❝②✴❧❡♥❣t❤ ♦❢ ❞❡❢❡rr❛❧ ❛♥❞ ♦❢
✐♥t❡r❡st r❛t❡s✳

■♥ s❡❝t✐♦♥ ✷ ✇❡ ❧❛② ♦✉t ❛ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ✇❤✐❝❤ ❡♥❝♦♠♣❛ss❡s t❤❡ ❡✛❡❝ts ♦❢
♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ ♦♥ ♦♣t✐♠❛❧ ❧❛❜♦✉r s✉♣♣❧② t❤r♦✉❣❤ t❤❡ r♦❧❡ ♦❢ t❤❡ ♣r❡s❡♥t ✈❛❧✉❡
♦❢ ♥♦♥✲❧❛❜♦✉r ✐♥❝♦♠❡✳ ■♥ s❡❝t✐♦♥ ✸ ✇❡ s❤♦✇ t❤❡ ❡✛❡❝ts ♦❢ r❡❣✐♠❡ s✇✐t❝❤❡s ♦♥ t❤❡
♦♣t✐♠❛❧ ❧❛❜♦✉r s✉♣♣❧②✱ ✉s✐♥❣ ❛ ❢♦r♠ ♦❢ ♣r❡❢❡r❡♥❝❡s ✉s❡❞ ✇✐❞❡❧② ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳
❙❡❝t✐♦♥ ✹ ❝♦♠♣❛r❡s t❤❡ t✇♦ ❞❡❢❡rr❛❧ ♦♣t✐♦♥s ❛✈❛✐❧❛❜❧❡ ✉♥❞❡r ❝✉rr❡♥t ❯❑ ❙t❛t❡
P❡♥s✐♦♥ ❧❡❣✐s❧❛t✐♦♥✳ ❙❡❝t✐♦♥ ✺ ❝♦♥❝❧✉❞❡s✳

✷ ❚❤❡ ♠♦❞❡❧

❲✐t❤ ♣❡r❢❡❝t ❝❛♣✐t❛❧ ♠❛r❦❡ts ❛♥❞ ✐♥ ❛ ✇♦r❧❞ ♦❢ ❝❡rt❛✐♥t②✱ ✜♥❛♥❝✐❛❧ ✇❡❛❧t❤ ❝❛♥
❜❡ tr❛♥s❢❡rr❡❞ ✐♥t❡rt❡♠♣♦r❛❧❧② ❜② t❤❡ ❝♦♥s✉♠❡r✳ ❙♦ ♦♥❡ ✇♦✉❧❞ ❡①♣❡❝t t❤❛t t❤❡
❜❡♥❡✜ts ♦❢ ❞❡❢❡rr✐♥❣ ❛ st❛t❡ ♣❡♥s✐♦♥ ✇✐❧❧ ❞❡♣❡♥❞ ♦♥❧② ♦♥ ❛ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥
t❤❡ ✐♠♣❧✐❝✐t ✐♥t❡r❡st r❛t❡ ✉s❡❞ ✐♥ t❤❡ ❣♦✈❡r♥♠❡♥t s❡t t❡r♠s ♦❢ ❞❡❢❡rr❛❧ ❛♥❞ t❤❡

✷



♠❛r❦❡t ✐♥t❡r❡st r❛t❡✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ✐♥❞✐✈✐❞✉❛❧s ✇✐❧❧ ♦♥❧② ❞❡❢❡r ✐❢ ✐t r❛✐s❡s
t❤❡✐r ❞✐s♣♦s❛❜❧❡ ✇❡❛❧t❤ ❛t t❤❡ ❞❛t❡ ♦❢ ❞❡❢❡rr❛❧✱ t❤r♦✉❣❤ r❛✐s✐♥❣ t❤❡ ♣r❡s❡♥t ✈❛❧✉❡
♦❢ ❝✉rr❡♥t ❛♥❞ ❢✉t✉r❡ ♥♦♥✲❧❛❜♦✉r ✐♥❝♦♠❡ ✐♥ t❤❡ ❢♦r♠ ♦❢ ♣❡♥s✐♦♥ r❡❝❡✐♣ts✳ ❋♦r
✐♥❞✐✈✐❞✉❛❧s ✇❤♦ ❞❡❢❡r ✇❡ ✇♦✉❧❞ ❡①♣❡❝t ♦♣t✐♠❛❧ ❛❞❥✉st♠❡♥t ✐♥ ❝♦♥s✉♠♣t✐♦♥ c✱
❛♥❞ ❧❡✐s✉r❡ L ❛s t❤❡② ✐♥t❡rt❡♠♣♦r❛❧❧② s♠♦♦t❤ t❤❡ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢ ❝♦♥s✉♠♣✲
t✐♦♥✳ ❚❤❡r❡ ✇✐❧❧ ❜❡ ✇❡❛❧t❤ ❡✛❡❝ts ♦♥ ♣r❡s❡♥t ❛♥❞ ❢✉t✉r❡ ❧❛❜♦✉r ♣❛rt✐❝✐♣❛t✐♦♥
❛♥❞ ❝♦♥s✉♠♣t✐♦♥✳ ❉✐s♥❡② ✫ ❙♠✐t❤ ✭✷✵✵✷✮ ♣♦✐♥t ♦✉t t❤❛t t❤❡r❡ ♠❛② ❜❡ ❧❛❜♦✉r
♣❛rt✐❝✐♣❛t✐♦♥ ❡✛❡❝ts ♦❢ ❝❤❛♥❣❡s ✐♥ t❤❡ ♣❡♥s✐♦♥ r✉❧❡s✱ ♦r ♠♦r❡ s♣❡❝✐✜❝❛❧❧② ✐♥ t❤❡
✐♠♣❧✐❝✐t ✇❛❣❡ ✐♥❝♦♠❡ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❝❛♥ ❡❛r♥ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛♥ ❡❛r♥✐♥❣s r✉❧❡✳
❲✐t❤♦✉t ♣❡r❢❡❝t ❛♥❞ ❝♦♠♣❧❡t❡ ❝❛♣✐t❛❧ ♠❛r❦❡ts ✐t ✐s ♠♦r❡ ❝♦♠♣❧❡①✳ ❋♦r ❡①❛♠♣❧❡
✇✐t❤ ✉♥❝❡rt❛✐♥t② ❛❜♦✉t ♦t❤❡r ❢✉t✉r❡ ✐♥❝♦♠❡ s♦✉r❝❡s ❛♥❞ ❡s♣❡❝✐❛❧❧② ❛❜♦✉t t❤❡
r❡♠❛✐♥✐♥❣ ❧❡♥❣t❤ ♦❢ ❧✐❢❡✱ t❤❡ ❞❡❝✐s✐♦♥ t♦ ❞❡❢❡r ♦r ♥♦t ✐s ♠✉❝❤ ❧❡ss ❝❧❡❛r✳

❙✐♠✐❧❛r❧② ✐♥❞✐✈✐❞✉❛❧s ✇❤♦ ❢❛❝❡ ❜♦rr♦✇✐♥❣ ❝♦♥str❛✐♥ts ❛r❡ ❧❡ss ❧✐❦❡❧② t♦ ❞❡❢❡r
✇❤❡♥ t❤❡② ❤❛✈❡ t❤❡ ♦♣♣♦rt✉♥✐t②✳ ❍♦✇❡✈❡r ❛ r❡❝❡♥t ♣❛♣❡r ❜② ❈r❛✇❢♦r❞ ❛♥❞
❖✬❉❡❛ ✭✷✵✶✹✮ s✉❣❣❡sts ❝r❡❞✐t ❝♦♥str❛✐♥ts ❛r❡ ✉♥❧✐❦❡❧② t♦ ❜❡ ✐♥ ♦♣❡r❛t✐♦♥ ❢♦r
♠❛♥② ♦❧❞❡r ❊♥❣❧✐s❤ ❤♦✉s❡❤♦❧❞s✳ ❚❤❡✐r ♣❛♣❡r ✉s✐♥❣ s✉r✈❡② ❞❛t❛ ❢r♦♠ t❤❡ ❊♥❣❧✐s❤
▲♦♥❣✐t✉❞✐♥❛❧ ❙t✉❞② ♦❢ ❆❣❡✐♥❣ ✭❊▲❙❆✮ ❧✐♥❦❡❞ t♦ ❛❞♠✐♥✐str❛t✐✈❡ ❞❛t❛ s❤♦✇s t❤❛t
♦♥ r❡❛❝❤✐♥❣ r❡t✐r❡♠❡♥t ✾✷✪ ♦❢ t❤❡✐r s❛♠♣❧❡ ♦❢ ♦❧❞❡r ❊♥❣❧✐s❤ ❤♦✉s❡❤♦❧❞s ❤❛❞ ❛
❧❡✈❡❧ ♦❢ t♦t❛❧ ✇❡❛❧t❤ ✐♥ ❡①❝❡ss ♦❢ ✇❤❛t ✐s ♦♣t✐♠❛❧✳✶ ❊✈❡♥ ✐❢ ♦♥❡ ✇❡r❡ t♦ ❡①❝❧✉❞❡
❤♦✉s✐♥❣ ✇❡❛❧t❤ ❢r♦♠ ♦❜s❡r✈❡❞ ✇❡❛❧t❤ ❤♦❧❞✐♥❣s✱ t❤r❡❡ q✉❛rt❡rs ♦❢ t❤❡ s❛♠♣❧❡
❤❛❞ ❧❡✈❡❧s ♦❢ ✇❡❛❧t❤ ✐♥ ❡①❝❡ss ♦❢ ✇❤❛t ✐s ♦♣t✐♠❛❧✳ ■♥❞❡❡❞✱ ♠❛♥② st✉❞✐❡s ❤❛✈❡
❞❡♠♦♥str❛t❡❞ t❤❡ s✐❣♥✐✜❝❛♥t ✇❡❛❧t❤ ❤♦❧❞✐♥❣s ♦❢ ♦❧❞❡r ❤♦✉s❡❤♦❧❞s ✐♥ ❞❡✈❡❧♦♣❡❞
❡❝♦♥♦♠✐❡s ❛♥❞ s✉❣❣❡st ❝r❡❞✐t ❝♦♥str❛✐♥ts ❛r❡ ✉♥❧✐❦❡❧② t♦ ❜❡ ❜✐♥❞✐♥❣ ❢♦r s✉❝❤
❤♦✉s❡❤♦❧❞s ✭s❡❡ ✐♥t❡r ❛❧✐❛✿ ❈✉r♠❡ ❛♥❞ ❊✈❡♥✱ ✶✾✾✺❀ ❲♦❧✛✱ ✶✾✾✽❀ ❙❝❤♦❧③ ❡t ❛❧✳
✷✵✵✹❀ ❈r♦♦❦✱ ✷✵✵✻❀ ▲❡ ❇❧❛♥❝ ❡t ❛❧✳ ✷✵✶✹✮✳

❚♦ s❡❡ ❤♦✇ ❛ ❞❡❝✐s✐♦♥ t♦ ❞❡❢❡r ✐♠♣❛❝ts ♦♥ ❝✉rr❡♥t ❛♥❞ ❢✉t✉r❡ ❧❛❜♦✉r s✉♣♣❧②
❛s ✐♥❞✐✈✐❞✉❛❧ ❧❡✐s✉r❡ ♣r❡❢❡r❡♥❝❡s ❛♥❞ ✇❛❣❡ r❛t❡s ✈❛r② ♥❡❡❞s ❛ ❢♦r♠❛❧ ❢r❛♠❡✇♦r❦✳
❲❡ ♣r❡s❡♥t t❤✐s ♥❡①t✳ ❖✉r ✐♥t❡r❡st ✐s ♦♥ ✐♥❞✐✈✐❞✉❛❧s ❛t t❤❡ ❡♥❞ ♦❢ t❤❡✐r ❧✐❢❡✱
s♦ ✇❡ t❛❦❡ ❛ t✇♦ ♣❡r✐♦❞ ♠♦❞❡❧ t = T − 1✱T ✳ ❚❤❡r❡ ✐s ❛ s✐♥❣❧❡ ✜♥❛♥❝✐❛❧ ❛ss❡t
❆ ✐♥ ✇❤✐❝❤ ❜♦rr♦✇✐♥❣ ♦r s❛✈✐♥❣ ✐s ❛❧❧♦✇❡❞ ❛♥❞ ✇❤♦s❡ ♦♥❡ ♣❡r✐♦❞ r❡❛❧ ✐♥t❡r❡st
❢❛❝t♦r ✐s r. ❚❤❡ ✐♥❞✐✈✐❞✉❛❧ st❛rts ✇✐t❤ ❛ st♦❝❦ AT−1 ♦❢ t❤❡ ✜♥❛♥❝✐❛❧ ❛ss❡t ❛t t❤❡
❜❡❣✐♥♥✐♥❣ ♦❢ ♣❡r✐♦❞ ❚✲✶✳ ❊❛❝❤ ♣❡r✐♦❞ t❤❡ ✐♥❞✐✈✐❞✉❛❧ r❡❝❡✐✈❡s ♥♦♥✲❧❛❜♦✉r ✐♥❝♦♠❡
yT−1,yT ♣❛rt ♦❢ ✇❤✐❝❤ ✐s ♣❡♥s✐♦♥ r❡❝❡✐♣ts ✐♥ t❤❡ ♣❡r✐♦❞✳ ❚❤❡ ♣❡♥s✐♦♥ r❡❝❡✐♣ts ✐♥
❡❛❝❤ ♣❡r✐♦❞ ❞❡♣❡♥❞ ♦♥ t❤❡ ❞❡❢❡rr❛❧ ❞❡❝✐s✐♦♥✳ ■♥❞✐✈✐❞✉❛❧s ❛❧s♦ ❤❛✈❡ ❛ ✜①❡❞ t✐♠❡
❡♥❞♦✇♠❡♥t ❡❛❝❤ ♣❡r✐♦❞ ♦❢ ♦♥❡ ✉♥✐t ♦❢ t✐♠❡ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞ ❡✐t❤❡r ❢♦r ❧❡✐s✉r❡
♦r ✇♦r❦✳ ❚♦ ❢♦❝✉s ♦♥ ❧❛❜♦✉r ♣❛rt✐❝✐♣❛t✐♦♥ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♦♥❧② ✇♦r❦ ♦♣t✐♦♥s
❛✈❛✐❧❛❜❧❡ ❛r❡ ❡✐t❤❡r L = 0 ✭❢✉❧❧ t✐♠❡ ✇♦r❦✮ ♦r L = 1 ✭③❡r♦ ✇♦r❦✮✳✷ ❲✐t❤ t❤❡s❡
❛ss✉♠♣t✐♦♥s ✇❡❛❧t❤ ❛t t❤❡ st❛rt ♦❢ T − 1✱ xT−1✱ ✐s

✶❲❤❡r❡ ♦♣t✐♠❛❧ ✐s ❞❡✜♥❡❞ ❛s ♠❛✐♥t❛✐♥✐♥❣ ❛ ❤♦✉s❡❤♦❧❞✬s ♣r❡r❡t✐r❡♠❡♥t st❛♥❞❛r❞ ♦❢ ❧✐✈✐♥❣
t❤r♦✉❣❤ r❡t✐r❡♠❡♥t✳

✷❚❤❡ ❢❛❝t ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ❝♦r♥❡r s♦❧✉t✐♦♥s ♠❡❛♥s t❤❡r❡ ✐s t❤❡ ♣♦ss✐❜✐❧✐t② ❢♦r ✐♥❞✐✈✐❞✉❛❧s
t♦ ♠♦✈❡ ❢r♦♠ r❡t✐r❡♠❡♥t ❜❛❝❦ ✐♥t♦ ♣❛✐❞ ✇♦r❦✱ s♦ ❝❛❧❧❡❞ ✉♥r❡t✐r❡♠❡♥t ✭▼❛❡st❛s✱ ✷✵✶✵✮✳ ❲❡
❛ss✉♠❡ t❤✐s ✐s ❝♦st ❢r❡❡ ❤♦✇❡✈❡r ✐t ❝♦✉❧❞ ❜❡ ❛r❣✉❡❞ t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ✉♥t❡♥❛❜❧❡✳ ■♥❞✐✈✐❞✉❛❧s
♠❛② ❤❛✈❡ t♦ r❡tr❛✐♥ ❛♥❞ ❤❛✈✐♥❣ ❜❡❡♥ ♦✉t ♦❢ t❤❡ ❧❛❜♦✉r t❤✐s ✐s ♠♦r❡ ❝♦st❧② ❞✉❡ t♦ ❞❡♣r❡❝✐❛t✐♦♥
✐♥ t❤❡ ✐♥❞✐✈✐❞✉❛❧✬s st♦❝❦ ♦❢ ❤✉♠❛♥ ❝❛♣✐t❛❧✳ ■♥tr♦❞✉❝✐♥❣ ❛ s✇✐t❝❤✐♥❣ ❝♦st ✇♦✉❧❞ ✐♠♣❧② ❛♥
✐♥❞✐✈✐❞✉❛❧✬s r❡s❡r✈❛t✐♦♥ ✇❛❣❡ ✐♥❝r❡❛s❡s ❝❡t❡r✉s ♣❛r✐❜✉s ✐♥ ♦r❞❡r t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❤✐❣❤❡r r❡✲
❡♥tr② ❝♦st✳ ❍♦✇❡✈❡r ✐t ✇♦✉❧❞ ♥♦t ❢✉♥❞❛♠❡♥t❛❧❧② ❝❤❛♥❣❡ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤❡ ♣❛♣❡r✳

✸



xT−1 = AT−1 + yT−1 +
yT
r

+ wT−1(1− LT−1) +
wT (1− LT )

r
✭✶✮

= YT−1 + wT−1(1− LT−1) +
wT (1− LT )

r

❲❤❡r❡ YT−1 ≡ AT−1 + yT−1 + yT

r ✳ ■♥❞✐✈✐❞✉❛❧s ♠❛①✐♠✐s❡ ❛ t✐♠❡ ❛❞❞✐t✐✈❡
❝♦♥❝❛✈❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ ❛ s✐♥❣❧❡ ❝♦♥s✉♠♣t✐♦♥ ❣♦♦❞✱ c✱ ❛♥❞
❧❡✐s✉r❡ L s✉❜❥❡❝t t♦ t❤❡✐r r❡♠❛✐♥✐♥❣ ❧✐❢❡t✐♠❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t✿

max
cT−1,cT ,LT−1,LT

u(cT−1,LT−1) + δu(cT , LT ) ✭✷✮

st cT−1 +
cT
r

= xT−1 ✭✸✮

0 ≤ Lt ≤ 1

✇❤❡r❡ δ ✐s t❤❡ r❛t❡ ♦❢ t✐♠❡ ♣r❡❢❡r❡♥❝❡✳
❚♦ ❤✐❣❤❧✐❣❤t ❤♦✇ ❞❡❢❡rr❛❧ ❛✛❡❝ts ❧✐❢❡t✐♠❡ ✉t✐❧✐t②✱ ✇❡ s♦❧✈❡ t❤❡ ❢✉❧❧ ❧✐❢❡❝②❝❧❡

♣r♦❜❧❡♠ ✐♥ t✇♦ st❡♣s✿ ✜rst ❢♦r ❛ ❣✐✈❡♥ ❞❡❢❡rr❛❧ ❝❤♦✐❝❡ ❛♥❞ ❣✐✈❡♥ ❧✐❢❡t✐♠❡ ❧❡✐s✉r❡
❝❤♦✐❝❡s✱ ✇❡ s♦❧✈❡ ♦✉t t❤❡ ♦♣t✐♠❛❧ ❧✐❢❡t✐♠❡ ❝♦♥s✉♠♣t✐♦♥ ♣❛tt❡r♥✳ ❚❤✐s ❣✐✈❡s ✉s
❛ s❡♠✐✲✐♥❞✐r❡❝t ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ✐♥ ✇❤✐❝❤ ♠❛①✐♠❛❧ ❧✐❢❡t✐♠❡ ✉t✐❧✐t② ❛❢t❡r ❛❞❥✉st✐♥❣
t❤❡ ❝♦♥s✉♠♣t✐♦♥ ♣❛tt❡r♥ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❧❡✐s✉r❡ ❝❤♦✐❝❡s ❛♥❞ ♦♥ ✐♥✐t✐❛❧
✇❡❛❧t❤ xT−1 ❛t t✐♠❡ ❚✲✶✳

❋♦❧❧♦✇✐♥❣ t❤✐s ♣r♦❝❡ss✱ ✇❡ s✉❜st✐t✉t❡ ♦✉t t❤❡ ❧✐❢❡t✐♠❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t r❡✲
❞✉❝✐♥❣ t❤❡ ♦♣t✐♠❛❧ ❝♦♥s✉♠♣t✐♦♥ ♣r♦❜❧❡♠ ✭❢♦r ❛♥ ✐♥t❡r✐♦r s♦❧✉t✐♦♥✮ ❛t ✜①❡❞ ✈❛❧✉❡s
♦❢ ❧❡✐s✉r❡ ❛♥❞ xT−1t♦

max
cT−1

u(cT−1, LT−1) + δu(r(xT−1 − cT−1), LT )

■❢ ✇❡ ❛ss✉♠❡ t❤❛t ❝♦♥s✉♠♣t✐♦♥ ❡❛❝❤ ♣❡r✐♦❞ ✐s ✐♥t❡r✐♦r✱ t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥✱
❡q✉❛t✐♦♥ (3) ❜❡❧♦✇✱ s❤♦✇s t❤❛t t❤❡ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢ ❝♦♥s✉♠♣t✐♦♥ ❛t ❡❛❝❤ t✐♠❡
♣❡r✐♦❞ ♠✉st ❜❡ ✐♥t❡rt❡♠♣♦r❛❧❧② ❜❛❧❛♥❝❡❞✿✸

∂uT−1

∂cT−1
= rδ

∂uT

∂cT
✭✹✮

✭❛♥❞ ❣✐✈❡♥ ❝♦♥❝❛✈✐t② ✐♥ c t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❛❧s♦ s✉✣❝✐❡♥t✮✳
▲✐❢❡t✐♠❡ ✇❡❛❧t❤ xT−1 ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❡❢❡rr❛❧ ❞❡❝✐s✐♦♥ s❂❞✱♥❞ s✐♥❝❡ t❤✐s

♣❛rt❧② ❞❡t❡r♠✐♥❡s ✐♥❝♦♠❡ ✐♥ ❡❛❝❤ ♣❡r✐♦❞ ✈✐❛ t❤❡ ♣❡♥s✐♦♥✳ ❋♦r ✜①❡❞ ✈❛❧✉❡s ♦❢
LT−1, LT ❛♥❞ xs

T−1 t❤✐s ❣✐✈❡s ❛ s❡♠✐✲✐♥❞✐r❡❝t ✉t✐❧✐t②✱ ✈✭✳✮✱ ❞❡✜♥❡❞ ❛s✿

v(LT−1, LT , xT−1) = maxcT−1
[u(cT−1, LT−1) + δu(r(xs

T−1 − cT−1), LT )]

✇❤✐❝❤ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ ❛❧❧ ✐ts ❛r❣✉♠❡♥ts ❛♥❞ ❛❧s♦ ❝♦♥❝❛✈❡ ✐♥ t❤❡ ❧❡✐s✉r❡s ♦❢ ❡❛❝❤
♣❡r✐♦❞ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❙t♦❦❡②✱ ▲✉❝❛s✱ Pr❡s❝♦tt✱ ✶✾✽✾✮✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ♣r♦❜❧❡♠s

✸❆ss✉♠✐♥❣ t❤❛t t❤❡ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢ ❝♦♥s✉♠♣t✐♦♥ ✐♥ ❛♥② ♣❡r✐♦❞ ❜❡❝♦♠❡s ❛r❜✐tr❛r✐❧② ❤✐❣❤
❛s ❝♦♥s✉♠♣t✐♦♥ ✐♥ t❤❛t ♣❡r✐♦❞ ❜❡❝♦♠❡s ✈❡r② s♠❛❧❧ ❡♥s✉r❡s ❛♥ ✐♥t❡r✐♦r s♦❧✉t✐♦♥✳

✹



❢♦r t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❛r❡ t♦ ❝❤♦♦s❡ ♦♣t✐♠❛❧ ❧❛❜♦✉r s✉♣♣❧② ✐♥ ❡❛❝❤ ♣❡r✐♦❞ ❛♥❞✱ ✈✐❛
❞❡❢❡rr❛❧ ✭Y s✮✱ xs

T−1✿

max
LT ,LT−1,xT−1

v(LT−1, LT , xT−1) st 0 ≤ Li ≤ 1

❖✉r ♠❛✐♥ ❢♦❝✉s ✐s ♦♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❧❛❜♦✉r ♣❛rt✐❝✐♣❛t✐♦♥ ❞❡❝✐s✐♦♥s✱
s❛✈✐♥❣ ❛♥❞ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ s♦ ✇❡ ❢♦❝✉s ♦♥ ❥✉st ❢✉❧❧ t✐♠❡ ❛♥❞ ③❡r♦ ✇♦r❦ ♦♣t✐♦♥s
❢♦r ❡❛❝❤ t✐♠❡ ♣❡r✐♦❞✳✹ ■♥ t❤❡ s❡❝♦♥❞ st❡♣ ✇❡ ❥♦✐♥t❧② ❞❡t❡r♠✐♥❡ t❤❡ ❜❡st ❞❡❢❡rr❛❧
❛♥❞ ❧❡✐s✉r❡ ❝❤♦✐❝❡ ❞❡❝✐s✐♦♥s✱ t❤❡s❡ ❞❡❝✐s✐♦♥s ❛r❡ ❞✐s❝r❡t❡ ✇❤✐❝❤ ✐♠♣❧✐❡s ❝♦♠♣❛r✲
✐♥❣ s❡♠✐✲✐♥❞✐r❡❝t ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ✈❛❧✉❡s ❢♦r ❞✐✛❡r❡♥t ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ❞✐s❝r❡t❡
❝❤♦✐❝❡s✳

❙❤♦✉❧❞ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❞❡❢❡r t❤❡✐r ♣❡♥s✐♦♥ ❢r♦♠ T − 1t♦ T❄ ❋♦r ❛♥② ❝♦♥❝❛✈❡
✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ v ❛♥❞ ❢♦r ❛♥② ✈❛❧✉❡s ♦❢ LT−1, LT ✱ v ✐s ♠❛①✐♠✐s❡❞ ✇rt xT−1

❜② ❝❤♦♦s✐♥❣ t❤❡ ❤✐❣❤❡st ✈❛❧✉❡ ♦❢ xT−1✳ ❚❤✐s ✐s t❤❡ ❜❡st ❝❤♦✐❝❡ ❢♦r ❛♥② ♣r❡❢❡r❡♥❝❡s
❛♥❞ ❛♥② ❧❛❜♦✉r ♣❛rt✐❝✐♣❛t✐♦♥ ❞❡❝✐s✐♦♥s t❤❛t t❤❡ ✐♥❞✈✐❞✉❛❧ ❝❤♦♦s❡s✳ ❙✐♥❝❡ ❝❛♣✐t❛❧
♠❛r❦❡ts ❛r❡ ♣❡r❢❡❝t ❤❡ ❝❛♥ r❡❛rr❛♥❣❡ xT−1 t❤r♦✉❣❤ t✐♠❡ ✐♥ ❛♥② ✇❛② ❤❡ ✇✐s❤❡s✳
❙♦ ✐❢ ✇❛❣❡ r❛t❡s ❛♥❞ ♣r❡❢❡r❡♥❝❡s ♠❛❦❡ ✐t ❜❡st t♦ ✇♦r❦ ♦♥❧② t♦❞❛② ❤❡ ❝❛♥ s❛✈❡✱ ♦r ✐❢
♦♥❧② t♦♠♦rr♦✇ ❝❛♥ ❜♦rr♦✇ ❛s ❤❡ ✇✐s❤❡s✳ ❘❡❝❛❧❧✐♥❣ t❤❛t xT−1 = 1✱ t❤❡ ✐♥❞✐✈✐❞✉❛❧
✇✐❧❧ ❝❤♦♦s❡ t❤❡ ❞❡❢❡rr❛❧ ♦♣t✐♦♥ ✇❤✐❝❤ ❤❛s t❤❡ ❤✐❣❤❡r ♣r❡s❡♥t ✈❛❧✉❡ ♦❢ ♣❡♥s✐♦♥
♣❛②♠❡♥ts ✇❤✐❝❤ ❛r❡ ❡♠❜❡❞❞❡❞ ✐♥ ❨✳ ❚❤❡ st❛t❡ ♣❡♥s✐♦♥ ♥♦✇ ❛✈❛✐❧❛❜❧❡ ❛t T −1 ✐s
p ♣❡r ♣❡r✐♦❞✳ ❚❤✉s ✐❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❤❛s ♥♦♥✲st❛t❡ ♣❡♥s✐♦♥✱ ♥♦♥✲❧❛❜♦✉r ✐♥❝♦♠❡
✭s✉❝❤ ❛s ♦❝❝✉♣❛t✐♦♥❛❧ ♣❡♥s✐♦♥ ✐♥❝♦♠❡ ❛♥❞ ✐♥✈❡st♠❡♥t ✐♥❝♦♠❡✮ ♦❢ yoT−1❀ y

o
T t❤❡♥

✇✐t❤♦✉t ❞❡❢❡rr❛❧ t❤❡② r❡❝❡✐✈❡ yT−1 = yoT−1+ p❀ yT = yoT + p✳ ❲✐t❤ ❞❡❢❡rr❛❧ t❤❡②
r❡❝❡✐✈❡ yT−1 = yoT−1❀ yT = yoT + rgp ✇❤❡r❡ rg ✐s t❤❡ ✐♠♣❧✐❝✐t ✐♥t❡r❡st r❛t❡ ❢❛❝t♦r
s❡t ❜② t❤❡ ❣♦✈❡r♥♠❡♥t ✐♥ t❤❡ t❡r♠s ♦❢ ❞❡❢❡rr❛❧✳ ❉❡❢❡rr❛❧ ✇✐❧❧ ❜❡ ❝❤♦s❡♥ ✐✛ ✐t
r❛✐s❡s ❧✐❢❡t✐♠❡ ♥♦♥✲❧❛❜♦✉r ✐♥❝♦♠❡ Y = yT−1 + (yT /r)✳ ❲✐t❤♦✉t ❞❡❢❡rr❛❧ Y nd =
y0T−1 + p+

[(

y0T + p
)

/r
]

✇❤✐❧❡ ✇✐t❤ ❞❡❢❡rr❛❧ Y d = y0T−1 +
[(

y0T + rgp+ p
)

/r
]

.
❊q✉❛t✐♥❣ t❤❡s❡ t✇♦ ❡①♣r❡ss✐♦♥s ✐♠♣❧✐❡s t❤❛t t❤❡ ✐♥❞✐✈✐❞✉❛❧ ✐s ❜❡tt❡r ♦✛ ❞❡❢❡rr✐♥❣
✐✛ rg > r✳ ❚❤❡ ✐♠♣❧✐❝✐t ✐♥t❡r❡st r❛t❡ ❢❛❝t♦r rg ✐s ❝♦♠♠♦♥ t♦ ❛❧❧ ✐♥❞✐✈✐❞✉❛❧s s♦
✈❛r✐❛t✐♦♥ ❛♠♦♥❣st ✐♥❞✐✈✐❞✉❛❧s ✐♥ t❤❡ ❞❡❝✐s✐♦♥ t♦ ❞❡❢❡r ♠✉st ❜❡ ❞✉❡ t♦ ✈❛r✐❛t✐♦♥ ✐♥
t❤❡ ♠❛r❦❡t ✐♥t❡r❡st r❛t❡ ❛✈❛✐❧❛❜❧❡ t♦ ✐♥❞✐✈✐❞✉❛❧s✱ ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧❧② t♦ ✈❛r✐❛t✐♦♥
✐♥ ❜♦rr♦✇✐♥❣ ❝♦♥str❛✐♥ts ♦r ♦t❤❡r ❝❛♣✐t❛❧ ♠❛r❦❡t ✐♠♣❡r❢❡❝t✐♦♥s✱ ♦r t♦ ♦♠✐tt❡❞
✐ss✉❡s ❧✐❦❡ ✉♥❝❡rt❛✐♥t② ♦✈❡r t❤❡ ❧❡♥❣t❤ ♦❢ ❧✐❢❡ ♦r s♣♦✉s❛❧ ❧❛❜♦✉r ❢♦r❝❡ st❛t✉s✳

❖♥❝❡ ❞❡rr❛❧ ❤❛s ❜❡❡♥ ❞❡❝✐❞❡❞✱ t❤❡ r❡♠❛✐♥✐♥❣ ❝❤♦✐❝❡s ❛r❡ ❧❛❜♦✉r ♣❛rt✐❝✐♣❛t✐♦♥✳
❚❤❡r❡ ❛r❡ ❢♦✉r ♣♦ss✐❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ ❧❛❜♦✉r ♣❛rt✐❝✐♣❛t✐♦♥ ♦✈❡r t❤❡ ✜♥❛❧ t✇♦
♣❡r✐♦❞s ♦❢ ❧✐❢❡✿ ❢✉❧❧ t✐♠❡ ✇♦r❦ ✐♥ ❜♦t❤ ♣❡r✐♦❞s✱ ③❡r♦ ✇♦r❦ ✐♥ ❜♦t❤ ♣❡r✐♦❞s ♦r ❢✉❧❧
t✐♠❡ ✇♦r❦ ✐♥ ♦♥❡ ♣❡r✐♦❞ ❛♥❞ ③❡r♦ ✇♦r❦ ✐♥ t❤❡ ♦t❤❡r✳

❉❡✜♥❡ t❤❡ ❧✐❢❡❝②❝❧❡ ❢✉❧❧ ✐♥❝♦♠❡s ❛t t❤❡ st❛rt ♦❢ T − 1 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡❛❝❤
❧✐❢❡t✐♠❡ ♣❛tt❡r♥ ♦❢ ❧❛❜♦✉r ♣❛rt✐❝✐♣❛t✐♦♥ ✭t❤❡ s✉❜s❝r✐♣ts r❡❢❡r t♦ t❤❡ ❛♠♦✉♥t ♦❢

✹■❢ ✇❡ ✐♥❝❧✉❞❡❞ ✐♥t❡r✐♦r s♦❧✉t✐♦♥s ❢♦r ❧❛❜♦✉r ♣❛rt✐❝✐♣❛t✐♦♥ t❤❡r❡ ✇♦✉❧❞ ❜❡ ✾ ❝♦♥✜❣✉r❛t✐♦♥s✳
❚❤❡ ✇❛② ♦❢ ❣❡tt✐♥❣ t❤❡ ✧r❡s❡r✈❛t✐♦♥ ✇❛❣❡s✧ ❛❜♦✈❡ ✇♦✉❧❞ ❜❡ s✐♠✐❧❛r ❡❣ s✉♣♣♦s❡ 0 < LT−1 < 1
❛♥❞ LT = 0. ▲❡t L∗

T−1
s♦❧✈❡

dv(L∗
T−1

, 0, x)

dLT−1

= 0 ❛♥❞ t❤❡♥ r❡q✉✐r❡
dv(L∗

T−1
, 0, x)

dLT
< 0

❙❡❡ ❆♣♣❡♥❞✐① ❇ ❢♦r ❢✉❧❧ ❞❡t❛✐❧s✳

✺



❧❡✐s✉r❡ ✐♥ ❡❛❝❤ ♣❡r✐♦❞ s♦ ❡✳❣✳ 01 ❝♦rr❡s♣♦♥❞s t♦ ❢✉❧❧ t✐♠❡ ✇♦r❦ ❛t T − 1 ❜✉t ③❡r♦
✇♦r❦ ❛t T ✮ ❢♦r ❛ ❣✐✈❡♥ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ ❞❡❝✐s✐♦♥ s = d, nd ②✐❡❧❞✐♥❣ Y s

Xs
11 = AT−1 + Y s

≡ Zs

Xs
00 = AT−1 + Y s + rwT−1 + wT = Zs + rwT−1 + wT

Xs
01 = AT−1 + Y s + rwT−1 = Zs + rwT−1

Xs
10 = AT−1 + Y s + wT = Zs + wT

❲❡ ❤❛✈❡ ❛ r❛♥❦✐♥❣ ♦❢ t❤❡ ❢✉❧❧ ✐♥❝♦♠❡s Xs
00 > Xs

01 > Xs
11, X

s
00 > Xs

10 > Xs
11.

❚❤❡ ♣♦ss✐❜❧❡ ♣❛②♦✛s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡s❡ ❧❛❜♦✉r ♣❛rt✐❝✐♣❛t✐♦♥ ♣❛tt❡r♥s ❛r❡
t❤❡♥ v(1, 1, Xs

11), v(0, 1, X
s
01), v(1, 0, X

s
10) ❛♥❞ v(0, 0, Xs

00).◆♦t❡ t❤❛t ✐❢ v(1, 1, X
s
11) >

v(0, 1, Xs
01), v(1, 0, X

s
10) t❤❡♥ v(1, 1, Xs

11) > v(0, 0, Xs
00) ❢r♦♠ t❤❡ ♠♦♥♦t♦♥✐❝✐t②

♦❢ v() ✐♥ ❛❧❧ ✐ts ❛r❣✉♠❡♥ts✳
●✐✈❡♥ t❤❡ ❞❡❢❡rr❛❧ ❝❤♦✐❝❡✱ t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ❢✉❧❧ ✐♥❝♦♠❡s ❜❡t✇❡❡♥

♣❛rt✐❝✐♣❛t✐♦♥ ♣❛tt❡r♥s ❛r❡ ✐♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ t✐♠❡ ❡♥❞♦✇♠❡♥t ✇❤✐❝❤ ❛r✐s❡s ✐♥
♣❡r✐♦❞s ♦❢ ✇♦r❦ ❛♥❞ ❞❡♣❡♥❞s ♦♥ t❤❡ ✇❛❣❡s ♦❢ t❤♦s❡ ♣❡r✐♦❞s✳ ❆ s✉✐t❛❜❧❡ ✐❞❡❛ ♦❢ t❤❡
t✐♠❡ ♣r♦✜❧❡ ♦❢ r❡s❡r✈❛t✐♦♥ ✇❛❣❡s ❜❡t✇❡❡♥ ❛♥② t✇♦ ❛❧t❡r♥❛t✐✈❡ ♣r♦✜❧❡s ♦❢ ❧❛❜♦✉r
♣❛rt✐❝✐♣❛t✐♦♥✱ ❢♦r ❛ ❣✐✈❡♥ ❞❡❢❡rr❛❧ ❞❡❝✐s✐♦♥✱ ✐s ❛ ♣❛✐r wT−1, wT ❣✐✈✐♥❣ ✐♥❞✐✛❡r❡♥❝❡
❜❡t✇❡❡♥ t❤❡ t✇♦ ♣❛tt❡r♥s ♦❢ ❧❛❜♦✉r ♣❛rt✐❝✐♣❛t✐♦♥✳ ❙♦ ✇✐t❤ Zs = AT−1 + Y s,
❛♥❞ s✐♠✐❧❛r❧② ❢♦r ✇❛❣❡s ws✇❤❡r❡ s = d, nd✇❡ ❝❛♥ ❞❡✜♥❡✿

V s
11 = v(1, 1, Zs) = v(1, 0, Zs + ws,11,10

T ) = V s
10

V s
01 = v(0, 1, Zs + ws,01,10

T−1 ) = v(1, 0, Zs + ws,01,10
T ) = V s

10

V s
11 = v(1, 1, Zs) = v(0, 0, Zs + rws,00,10

T−1 + ws,00,10
T ) = V s

00

V s
11 = v(1, 1, Zs) = v(1, 0, Zs + ws,11,01

T−1 ) = V s
01

⇒ v(0, 0, Zs + rwT−1 + ws,11
10 ) < v(1, 0, Zs + ws,11

10 )

■♥ ❣❡♥❡r❛❧ ✜♥✐t❡ ♣♦s✐t✐✈❡ ✇❛❣❡s ❡♥s✉r✐♥❣ t❤❡s❡ ✐♥❞✐✛❡r❡♥❝❡s ❡①✐st ✐❢ ♦♥❡ ❛s✲
s✉♠❡s t❤❡ ■♥❛❞❛ ❝♦♥❞✐t✐♦♥s ❤♦❧❞ ❢♦r ∂U

∂L , ❤♦✇❡✈❡r ❢♦r ❝❡rt❛✐♥ ❢♦r♠s ♦❢ t❤❡ ✉t✐❧✐t②
❢✉♥❝t✐♦♥ ✭s✉❝❤ ❛s q✉❛s✐❧✐♥❡❛r✮ t❤✐s ✐s ♥♦t tr✉❡ ❛s ✇❡ s❤♦✇ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳
◆♦♥❡t❤❡❧❡ss t❤❡ ❣❡♥❡r❛❧ ♣❛tt❡r♥ ♦❢ ❤♦✇ ❧✐❢❡❝②❝❧❡ ❧❛❜♦✉r ♣❛rt✐❝✐♣❛t✐♦♥ ✐s ❞❡t❡r✲
♠✐♥❡❞ ✐s ❝❧❡❛r✳ ❋♦r t❤❡ ♣❛tt❡r♥ ij t♦ ❜❡ ♦♣t✐♠❛❧ ✭✐✳❡✳ ♣❛rt✐❝✐♣❛t✐♦♥ st❛t❡ i ✐♥
♣❡r✐♦❞ T − 1 ❛♥❞ j ✐♥ T ✮ t♦ ❜❡ ♦♣t✐♠❛❧ ✇❡ r❡q✉✐r❡ t❤❛t V s

ij > V s
kl ❢♦r ❡❛❝❤ ♦t❤❡r

♣♦ss✐❜❧❡ ♣❛rt✐❝✐♣❛t✐♦♥ ♣r♦✜❧❡ kl. ❍♦✇ t❤❡ ♦♣t✐♠❛❧ ♣❛rt✐❝✐♣❛t✐♦♥ ♣r♦✜❧❡ ✈❛r✐❡s
✇✐t❤ Z ❛♥❞ ❝✉rr❡♥t ✇❛❣❡s ❞❡♣❡♥❞s ♦♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ ✉t✐❧✐t②✳ ❚❤❡r❡ ❛r❡ s♦♠❡
❜❛s✐❝ r❡s✉❧ts ❥✉st ❢r♦♠ ♠♦♥♦t♦♥✐❝✐t② ♦❢ v() ✐♥ ✐ts ❛r❣✉♠❡♥ts✳ ❚❤✉s ✐❢ V s

11 = V s
10

t❤❡♥ V s
00 < V s

10. ■♥ ❣❡♥❡r❛❧ ❢♦r ❛ ❣✐✈❡♥ Z ❛♥❞ ✉t✐❧✐t② ❢✉♥❝t✐♦♥✱ t❤❡r❡ ✇✐❧❧ ❜❡ ❛
r❡❣✐♦♥ ♦❢ ❤✐❣❤ ✇❛❣❡s ✐♥ ❜♦t❤ ♣❡r✐♦❞s ✇❤❡r❡ ✐t ✐s ♦♣t✐♠❛❧ t♦ ✇♦r❦ ❢✉❧❧ t✐♠❡ ✐♥
❜♦t❤ ♣❡r✐♦❞s ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ V s

00 > V s
10, V

s
01, V

s
11)✳ ❙✐♠✐❧❛r❧② t❤❡r❡ ✇✐❧❧ ❜❡ ❛

r❡❣✐♦♥ ♦❢ ❧♦✇ ✇❛❣❡s ✐♥ ❜♦t❤ ♣❡r✐♦❞s ✇❤❡r❡ ✐t ✐s ♥♦t ♦♣t✐♠❛❧ t♦ ✇♦r❦ ✐♥ ❡✐t❤❡r
♣❡r✐♦❞ ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ V s

11 > V s
10, V

s
01, V

s
00)✳ ❆♥❞ ✜♥❛❧❧② t❤❡r❡ ✇✐❧❧ ❜❡ t✇♦

r❡❣✐♦♥s✿ ♦♥❡ ✇✐t❤ ❤✐❣❤ ✇❛❣❡s ✐♥ T − 1 ❜✉t ❧♦✇ ✇❛❣❡s ✐♥ T ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦
V s
01 > V s

10, V
s
00, V

s
11)✱ ✇❤❡r❡ ✐t ✐s ♦♣t✐♠❛❧ t♦ ✇♦r❦ ❢✉❧❧ t✐♠❡ ✐♥ T − 1 ❜✉t ♥♦t ✇♦r❦

❛t ❛❧❧ ❛t T, ❛♥❞ ❝♦♥✈❡rs❡❧② ❛ r❡❣✐♦♥ ♦❢ ❤✐❣❤ ✇❛❣❡s ❛t T ❜✉t ❧♦✇ ✇❛❣❡s ❛t T − 1

✻



✇❤❡r❡ ✐t ✐s ♦♣t✐♠❛❧ t♦ st❛② ♦✉t ♦❢ t❤❡ ❧❛❜♦✉r ♠❛r❦❡t ❛t T − 1 ❜✉t ✇♦r❦ ❢✉❧❧
t✐♠❡ ❛t T ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ V s

10 > V s
00, V

s
01, V

s
11✮. ❲✐t❤ ❣✐✈❡♥ ♣r❡❢❡r❡♥❝❡s✱ Z ❛♥❞

✇❛❣❡ r❛t❡s ♦❢ ❡❛❝❤ ♣❡r✐♦❞✱ t❤❡ ♦♣t✐♠❛❧ ♣r♦✜❧❡ ♦❢ ❧❛❜♦✉r ♣❛rt✐❝✐♣❛t✐♦♥ ❢♦r ❛ ❣✐✈❡♥
❞❡❢❡rr❛❧ ❝❤♦✐❝❡ ♦✈❡r t❤❡ t✇♦ ♣❡r✐♦❞s ✐s ❞❡t❡r♠✐♥❡❞✳

❍♦✇ ❞♦❡s ❛♥ ✐♠♣r♦✈❡♠❡♥t ✐♥ t❤❡ ❞❡❢❡rr❛❧ ♦♣t✐♦♥ ❛✛❡❝t t❤❡ ♦♣t✐♠❛❧ ♣❛rt✐❝✐♣❛✲
t✐♦♥ ♣r♦✜❧❡❄ ❉❡❢❡rr❛❧ ✐s ♦♥❧② t❛❦❡♥ ✉♣ ✐❢ ✐t r❛✐s❡s t❤❡ ♣r❡s❡♥t ✈❛❧✉❡ ♦❢ ♥♦♥✲❧❛❜♦✉r
✐♥❝♦♠❡ ✐♥❝❧✉❞✐♥❣ t❤❡ ♣❡♥s✐♦♥ str❡❛♠✳ ❚❤✐s ❝❤❛♥❣❡ ✐♥ ✇❡❛❧t❤ ❝❤❛♥❣❡s t❤❡ ❞❡✲
♠❛♥❞ ❢♦r ❧❡✐s✉r❡ ✐♥ ❡❛❝❤ ♣❡r✐♦❞✳ ■❢ ❧❡✐s✉r❡ ✐s ❛ ♥♦r♠❛❧ ❣♦♦❞✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ✇❡❛❧t❤
✐♥❝r❡❛s❡s t❤❡ ❞❡♠❛♥❞ ❢♦r ❧❡✐s✉r❡ ✐♥ ❡❛❝❤ ♣❡r✐♦❞✳ ❙♦ ✇❡ ✇♦✉❧❞ ❣❡♥❡r❛❧❧② ❡①♣❡❝t
❛ ❞r♦♣ ✐♥ ✇♦r❦ ❤♦✉rs ✐♥ ❡❛❝❤ ♣❡r✐♦❞ ✇❤❡♥ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ♣r❡❢❡rs t♦ ❞❡❢❡r✳ ■❢ ❛♥
✐♥❞✐✈✐❞✉❛❧ ✇❛s ♣❧❛♥♥✐♥❣ ❢✉❧❧ t✐♠❡ ✇♦r❦ ✐♥ ❡❛❝❤ ♣❡r✐♦❞ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❞❡❢❡rr❛❧
❜✉t ❝❤♦♦s❡s t♦ ❞❡❢❡r✱ t❤❡♥ ✐❢ t❤❡✐r ✇❛❣❡ r❛t❡s ✇❡r❡ ❝❧♦s❡ t♦ t❤❡ r❡s❡r✈❛t✐♦♥ ✇❛❣❡
✐♥ ♦♥❡ ♦❢ t❤❡ ♣❡r✐♦❞s ✭❛s ❝♦♠♣✉t❡❞ ❛❜♦✈❡✮✱ ✇✐t❤ ❞❡❢❡rr❛❧ ❤✐s ♦♣t✐♠❛❧ ♣r♦✜❧❡ ♠❛②
s✇✐t❝❤ ✐♥t♦ ③❡r♦ ✇♦r❦ ✐♥ t❤❛t ♣❡r✐♦❞✳ ❉✐s♥❡② ❛♥❞ ❙♠✐t❤ ✭✷✵✵✷✮ ❝♦♥s✐❞❡r t❤❡
❡✛❡❝ts ♦❢ r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ ❡❛r♥✐♥❣s r✉❧❡ ♦♥ ❧❛❜♦✉r s✉♣♣❧② ♣❛rt✐❝✐♣❛t✐♦♥ ♦❢ ♦❧❞❡r
✇♦r❦❡rs ✐♥ t❤❡ ❯❑✳ ❚❤❡✐r ❡♠♣✐r✐❝❛❧ r❡s✉❧ts ✐♥❞✐❝❛t❡ t❤❛t ✐♥❝r❡❛s✐♥❣ ❣❡♥❡r♦s✐t②
♦❢ ✇♦r❦ ✐♥❝❡♥t✐✈❡s✱ s✉❝❤ ❛s r❡❞✉❝✐♥❣ t❤❡ ♠❛r❣✐♥❛❧ t❛① r❛t❡ ♦♥ ❡❛r♥✐♥❣s ❢♦r ♦❧❞❡r
✇♦r❦❡rs ✐♥❝r❡❛s❡s t❤❡ ♥✉♠❜❡r ♦❢ ❤♦✉rs ✇♦r❦❡❞✳✺ ❚❤✐s s✉❣❣❡sts str♦♥❣ ✐♥❝♦♠❡
❡✛❡❝ts ❛r❡ ❛t ✇♦r❦✱ ✇❤❡r❡❛s ✐♥ ♦✉r ♠♦❞❡❧ ❞❡❢❡rr❛❧ ❤❛s ❛ ❞✐r❡❝t ✇❡❛❧t❤ ❡✛❡❝t
❛♥❞ ✉♥❞❡r st❛♥❞❛r❞ ❛ss✉♠♣t✐♦♥s ✇♦✉❧❞ ❛❝t t♦ ✐♥❝r❡❛s❡ t❤❡ ❛♠♦✉♥t ♦❢ ❧❡✐s✉r❡
❝♦♥s✉♠❡❞✳

❚♦ s❡❡ t❤❡ ✐♠♣❛❝t ♦❢ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ ♦♥ ❧✐❢❡❝②❝❧❡ ❧❛❜♦✉r ❢♦r❝❡ ♣❛rt✐❝✐♣❛t✐♦♥
✇❡ ♥❡❡❞ t♦ ❦♥♦✇ ♠♦r❡ ❛❜♦✉t t❤❡ ✇❛❣❡ r❡❣✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❞✐✛❡r❡♥t ❧❛❜♦✉r
♣❛rt✐❝✐♣❛t✐♦♥ ♣❛tt❡r♥s ❛♥❞ ❤♦✇ t❤❡s❡ ✈❛r② ✇✐t❤ Z. ❚♦ ❞❡t❡r♠✐♥❡ t❤✐s ✇❡ ❤❛✈❡ t♦
r❡s♦rt t♦ ❛ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ♣r❡❢❡r❡♥❝❡s ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❡①♣❧✐❝✐t❧② ❝♦♠♣✉t❡ t❤❡
❧❛❜♦✉r ♣❛rt✐❝✐♣❛t✐♦♥ ❛r❡❛s ❛♥❞ t❤❡ ✇❛②s ✐♥ ✇❤✐❝❤ t❤❡② ✈❛r② ✇✐t❤ Z. ❋r♦♠ t❤✐s ✇❡
❝❛♥ ♣r❡❞✐❝t ✇❤✐❝❤ ♣❛rts ♦❢ t❤❡ ✐♥t❡rt❡♠♣♦r❛❧ ✇❛❣❡ r❛t❡ ❞✐str✐❜✉t✐♦♥ ✇✐❧❧ ❧❡❛❞ t♦ ❛
s✇✐t❝❤ t♦ ③❡r♦ ❤♦✉rs ♦❢ ✇♦r❦ ✐♥ ❡✐t❤❡r ♦r ❜♦t❤ ♦❢ ♣❡r✐♦❞s T−1, T ♦♥ ✐♥tr♦❞✉❝t✐♦♥
♦❢ t❤❡ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ ♦♣t✐♦♥ . ❲❡ ❝❛♥ t❤❡♥ ❛❧s♦ s❡❡ ❤♦✇ ❞❡❢❡rr❛❧ ✇✐❧❧ ✐♠♣❛❝t
♦♥ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ s❛✈✐♥❣s ✐♥ ❞✐✛❡r❡♥t ♣❛rts ♦❢ t❤❡ ✇❛❣❡ r❛t❡ ❞✐str✐❜✉t✐♦♥✳

✸ ◗✉❛s✐❧✐♥❡❛r ✉t✐❧✐t②✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ t❛❦❡ ❛ ❝♦♠♠♦♥❧② ✉s❡❞ s♣❡❝✐✜❝❛t✐♦♥ ❢♦r t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥
✭●✉st♠❛♥ ❛♥❞ ❙t❡✐♥♠❡✐❡r ✭✷✵✶✵✮✱ ❇❧❛✉ ✭✷✵✶✷✮✮✱ ✐♥ ✇❤✐❝❤ ❝♦♥s✉♠♣t✐♦♥✱ c✱ ✐s
✐s♦❡❧❛st✐❝ ❛♥❞ ❧❛❜♦✉r✱ L✱ ✐s q✉❛s✐❧✐♥❡❛r✳ ❋✐rst ✇❡ ❞❡r✐✈❡ ♦♣t✐♠❛❧ s❛✈✐♥❣ ❛♥❞ ❧❛❜♦✉r
s✉♣♣❧② r❡❣✐♠❡s✳ ❲❡ ✜♥❞ t❤❡ ❝❤❛♥♥❡❧s t❤r♦✉❣❤ ✇❤✐❝❤ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ ❛✛❡❝ts
♦♣t✐♠❛❧ ❧❛❜♦✉r s✉♣♣❧②✳ ■♥ t❤✐s s♣❡❝✐✜❝❛t✐♦♥✱ r❡♠❛✐♥✐♥❣ ❧✐❢❡t✐♠❡ ♣r❡❢❡r❡♥❝❡s ❛r❡
❣✐✈❡♥ ❜②

u(cT−1,LT−1) + δu(cT , LT ) =
Cα

T−1

α
+ hT−1LT−1 + δ(

Cα
T

α
+ hTLT ) ✭✺✮

✺❚❤✐s ♠❛② ♥♦t ❤♦❧❞ tr✉❡ ❢♦r ❛❧❧ ✇♦r❦❡rs ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r t❤❡✐r ✐♥❝♦♠❡ ✐s ❛❜♦✈❡ ♦r
❜❡❧♦✇ t❤❡ ❡❛r♥✐♥❣s r✉❧❡ t❤r❡s❤♦❧❞✳

✼



■♥ ❆♣♣❡♥❞✐① ❆ ✇❡ ❞❡r✐✈❡ t❤❡ s❛✈✐♥❣s ❢✉♥❝t✐♦♥ AT ❛s

AT =
xT−1 − (δr)1/(α−1)(yT + wT (1− LT )

1 + r(δr)1/(α−1)

✇❤❡r❡ ♥♦✇ xT−1 ≡ AT−1 + yT−1 + wT−1(1− LT−1)✳
❚❤❡ r❡s✉❧t✐♥❣ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✐s✿

v(Ks, wT−1LT−1, LT , wT ) =
(Ks + wT−1(1− LT−1)) +

wT (1−LT )
r )α

α
D+hT−1LT−1+δhTLT

✇❤❡r❡ ❢♦r ❛ ❣✐✈❡♥ ❞❡❢❡rr❛❧ ❞❡❝✐s✐♦♥ s = nd, d✱ Ks ✐s t❤❡ s✉♠ ♦❢ t❤❡ ❝✉♠✉❧❛t❡❞
✈❛❧✉❡ ♦❢ ✐♥✐t✐❛❧ ✇❡❛❧t❤ ❛♥❞ ❧✐❢❡t✐♠❡ ♥♦♥✲❧❛❜♦✉r ✐♥❝♦♠❡ ✈❛❧✉❡❞ ❛t T ✿

Ks
≡ r(AT−1 + yT−1) + yT

D ≡ ((δr)α/(α−1) + δ)

Ks ✈❛r✐❡s ✇✐t❤ t❤❡ ❞❡❢❡rr❛❧ ❞❡❝✐s✐♦♥ t❤r♦✉❣❤ ✈❛r②✐♥❣ ❧✐❢❡t✐♠❡ ♥♦♥✲❧❛❜♦✉r
✐♥❝♦♠❡ ❜✉t ✐s ♦t❤❡r✇✐s❡ ❡①♦❣❡♥♦✉s✳

❚❤❡ s❡♠✐✲✐♥❞✐r❡❝t ✉t✐❧✐t② ❢✉♥❝t✐♦♥ v✱ ✐s ✐s♦❡❧❛st✐❝ ✐♥ ❞✐s♣♦s❛❜❧❡ ✇❡❛❧t❤ ❛t
T − 1 ❛♥❞ ❧✐♥❡❛r ✐♥ ♣r❡s❡♥t ❛♥❞ ❢✉t✉r❡ ❧❡✐s✉r❡s✳ ◗✉❛s✐❧✐♥❡❛r✐t② ✐♥ ❧❡✐s✉r❡ ❣✐✈❡♥
t❤❡ ✇❡❛❧t❤ ❡✛❡❝t ♦❢ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧✱ ♠❡❛♥s t❤❛t t❤❡ ✐♥❝♦♠❡ ❡✛❡❝ts ❢❛❧❧ s♦❧❡❧②
♦♥ ♣❛rt✐❝✐♣❛t✐♦♥✳ ■♥ ❆♣♣❡♥❞✐① ❇ ✇❡ ❞❡r✐✈❡ t❤❡ ❢✉❧❧ s❡t ♦❢ ❧❡✐s✉r❡ ❞❡♠❛♥❞s ❢♦r
t❤❡s❡ ♣r❡❢❡r❡♥❝❡s ✇✐t❤ ❝♦♥t✐♥✉♦✉s❧② ✈❛r✐♦❛❜❧❡ ❤♦✉rs ♦❢ ✇♦r❦✳ ❍♦✇❡✈❡r ❛s st❛t❡❞
❛❜♦✈❡ ♦✉r ♠❛✐♥ ✐♥t❡r❡st ✐s ♦♥ t❤❡ ❧✐♥❦s ❜❡t✇❡❡♥ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ ❛♥❞ ❧❛❜♦✉r ❢♦r❝❡
♣❛rt✐❝✐♣❛t✐♦♥ s✐♥❝❡ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❡①t❡♥❞✐♥❣ ✇♦r❦✐♥❣ ❧✐✈❡s t❤✐s ✐s ✇❤❡r❡ t❤❡
♠❛✐♥ ♣♦❧✐❝② ✐♥t❡r❡st ❧✐❡s✳ ❙✐♥❝❡ ✇❡ r❡str✐❝t ❛tt❡♥t✐♦♥ t♦ ❧❡✐s✉r❡ ❝❤♦✐❝❡s ✇❤✐❝❤ ❛r❡
❞✐s❝r❡t❡ (0, 1)✱ t❤❡♥ t❤❡ ❜❡st ❧❡✐s✉r❡✴♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ ❝♦♠❜✐♥❛t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜②
t❤❡ ♠❛①✐♠❛❧ s❡♠✐♥❞✐r❡❝t ✉t✐❧✐t② ❧❡✈❡❧ ♦✈❡r t❤❡ ❞✐s❝r❡t❡ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ❧❡✐s✉r❡
❛♥❞ ❞❡❢❡rr❛❧✳

❈♦♥❞✐t✐♦♥❛❧ ♦♥ ❞❡❢❡rr❛❧ ❛♥❞ ❤❡♥❝❡ Ks t❤❡ ♠❛①✐♠❛❧ ✉t✐❧✐t✐❡s ♦❜t❛✐♥❡❞ ❢r♦♠
t❤❡ ❧✐❢❡❝②❝❧❡ ❧❛❜♦✉r ❢♦r❝❡ r❡❣✐♠❡ ✭❞❡✜♥❡❞ ❜② t❤❡ s✉❜s❝r✐♣t ♥♦t❛t✐♦♥✮ ❛r❡ ❞❡✜♥❡❞
❛s✿

V s
00(K,wT−1, wT ) =

(Ks + rwT−1 + wT )
α

α
D

V s
01(K,wT−1) =

(Ks + rwT−1)
α

α
D + δhT

V s
10(K,wT ) =

(Ks + wT )
α

α
D + hT−1

V s
11(K) =

(Ks)α

α
D + hT−1 + δhT

❚❤✐s ❛❧❧♦✇s ✉s t♦ ❞❡✜♥❡ s✐① ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ✇❛❣❡s ws,i
T−1, w

s,i
T s = nd, d ❛♥❞

✽



i = 1..6 ✇❤✐❝❤ ❣✐✈❡ ✐♥❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♣❛✐rs ♦❢ ♠❛①✐♠❛❧ ✉t✐❧✐t② ❧❡✈❡❧s

(1)V s
00(K

s, ws,1
T−1, w

s,1
T ) = V s

01(K
s, ws,1

T−1)

(2)V s
00(K

s, ws,2
T−1, w

s,2
T ) = V s

10(K
s, ws,2

T )

(3)V s
00(K

s, ws,3
T−1, w

s,3
T ) = V s

11(K
s)

(4) V s
01(K

s, ws,4
T−1) = V s

10(K
s, ws,4

T ) ✭✻✮

(5) V s
01(K

s, ws,5
T−1) = V s

11(K
s)

(6) V s
10(K

s, ws,6
T ) = V s

11(K
s)

❯s✐♥❣ t❤❡ ❞❡t❛✐❧❡❞ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ✈❛r✐♦✉s ✈❛❧✉❡ ❢✉♥❝t✐♦♥s ❆♣♣❡♥❞✐① ❈ ❞❡✲
r✐✈❡s t❤❡ ❝r✐t✐❝❛❧ ✇❛❣❡ ❝♦♠❜✐♥❛t✐♦♥s ❛♥❞ s❤♦✇s t❤❛t ❣❡♥❡r❛❧❧② t❤❡② ❛r❡ r❡❧❛t❡❞
❛s ✐♥ ❋✐❣✉r❡ ✶ ❜❡❧♦✇✳✻✳ ❊❛❝❤ ♦❢ t❤❡ ❧✐♥❡s ❧❛❜❡❧❡❞ ✐♥ ❋✐❣✉r❡ ✶ ❝♦rr❡s♣♦♥❞ t♦
t❤❡ r❡s❡r✈❛t✐♦♥ ✇❛❣❡s ws,i

T−1, w
s,i
T ❣✐✈✐♥❣ ✐♥❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♣❛✐rs ♦❢ ♠❛①✐♠❛❧

✉t✐❧✐t② ❧❡✈❡❧s✳
❯s✐♥❣ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❡①♣r❡ss✐♦♥s ✐♥ t❡r♠s ♦❢ t❤❡ ✇❛❣❡

r❛t❡s✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ r❡❣✐♦♥s ♦❢ t❤❡ ✇❛❣❡ s♣❛❝❡ ✐♥ ✇❤✐❝❤ ❞✐✛❡r❡♥t ✐♥t❡rt❡♠♣♦r❛❧
❧❛❜♦✉r ♣❛rt✐❝✐♣❛t✐♦♥ ♣❛tt❡r♥s ❛r❡ ♦♣t✐♠❛❧ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷ ❜❡❧♦✇✳ ❚❤❡
❜♦✉♥❞❛r✐❡s ❜❡t✇❡❡♥ t❤❡ r❡❣✐♦♥s ✐♥ ❋✐❣✉r❡ ✷ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ r❡❧❡✈❛♥t ♣❛rts
♦❢ t❤❡ ❧✐♥❡s ✐♥ ❋✐❣✉r❡ ✶✿ 1, 2 ❣✐✈✐♥❣ ❧♦✇❡r ❜♦✉♥❞s ♦♥ ❢✉❧❧ t✐♠❡ ✇♦r❦✱ 5, 6 ❣✐✈✐♥❣
✉♣♣❡r ❜♦✉♥❞s ♦♥ t❤❡ ③❡r♦ ✇♦r❦ r❡❣✐♦♥ ❛♥❞ 4 ❣✐✈✐♥❣ t❤❡ ❞✐✈✐s✐♦♥ ❜❡t✇❡❡♥ ✇♦r❦✐♥❣
❡✐t❤❡r ❥✉st ✐♥ T − 1 ♦r ✐♥ T. ❇♦t❤ ❋✐❣✉r❡s ✶ ❛♥❞ ✷ ❛r❡ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ Ks ❛♥❞
t❤❡r❡❢♦r❡ ❞❡♣❡♥❞ ♦♥ t❤❡ ❞❡❢❡rr❛❧ ❝❤♦✐❝❡✳

✸✳✶ ❚❤❡ ❡✛❡❝t ♦❢ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ ♦♥ ❧❛❜♦✉r ❢♦r❝❡ ♣❛rt✐❝✐✲

♣❛t✐♦♥✳

❚♦ ❡①❛♠✐♥❡ t❤❡ ✐♠♣❛❝t ♦❢ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ ✇❤✐❝❤ r❛✐s❡s t❤❡ ♣r❡s❡♥t ✈❛❧✉❡ ♦❢ ♥♦♥✲
❧❛❜♦✉r ✐♥❝♦♠❡ ♦♥ ❧✐❢❡❝②❝❧❡ ❧❛❜♦✉r ♣❛rt✐❝✐♣❛t✐♦♥✱ ✇❡ s❤♦✇ ❤♦✇ ❋✐❣✉r❡ ✷ ❝❤❛♥❣❡s
✇✐t❤ Ks. ❋✐❣✉r❡s ✸ ❛♥❞ ✹ s❤♦✇s t❤❛t t❤❡ ❡✛❡❝t ♦♥ t❤❡ ♦♣t✐♠❛❧ ❧❛❜♦✉r ♣❛rt✐❝✐♣❛✲
t✐♦♥ ♣r♦✜❧❡ ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ K ❞❡♣❡♥❞s ♦♥ ✇❤❡t❤❡r t❤❡ ✉t✐❧✐t② ✈❛❧✉❡ ♦❢ ❧❡✐s✉r❡
✐s ❤✐❣❤❡r ✐♥ T − 1 ♦r T. ■♥ ❜♦t❤ ❝❛s❡s t❤❡ ✇❛❣❡ r❡❣✐♦♥ ✇✐t❤ ③❡r♦ ✇♦r❦ ✐♥ ❜♦t❤
♣❡r✐♦❞s ❡①♣❛♥❞s ❛♥❞ t❤❛t ✇✐t❤ ❢✉❧❧ t✐♠❡ ✇♦r❦ ✐♥ ❜♦t❤ ♣❡r✐♦❞s ❝♦♥tr❛❝ts✳ ❇✉t
✐❢ t❤❡ ✈❛❧✉❡ ♦❢ ❧❡✐s✉r❡ ✐s ❤✐❣❤❡r ✐♥ ♣❡r✐♦❞ T t❤❛♥ T − 1, t❤❡ ✇❛❣❡ r❡❣✐♦♥ ✇✐t❤
❢✉❧❧ t✐♠❡ ✇♦r❦ ♦♥❧② ❛t T − 1 ❡①♣❛♥❞s ❛t t❤❡ ❡①♣❡♥s❡ ♦❢ t❤❡ ✇❛❣❡ r❡❣✐♦♥ ✇✐t❤

✻■♥ s♦♠❡ ❝❛s❡s t❤❡r❡ ♠❛② ❜❡ ♥♦ ♣♦s✐t✐✈❡ ✇❛❣❡ ♣❛✐rs wT−1, wT ②✐❡❧❞✐♥❣ ✐♥❞✐✛❡r❡♥❝❡✳ ■♥ ❝❛s❡
✭✹✮ ❡q✉❛t✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥s ❢♦r v01 = v10②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✿

(K + rwT−1)
α = (K + wT )α +

α

D
(hT−1 − δhT )

■❢ hT−1 − δhT > 0 t❤✐s ♥❡❡❞s rwT−1 > wT ≥ 0✿ ♥♦ ✐♥t❡r❝❡♣t✳
■❢ hT−1−δhT < 0,t❤❡♥ rwT−1 < wT . ■♥ ❢❛❝t ✐❢ (K+wT )α+ α

D
(hT−1−δhT ) < 0 t❤❡r❡ ✐s ♥♦

wT−1 ≥ 0 ❣✐✈✐♥❣ ✐♥❞✐✛❡r❡♥❝❡ ✭❜❡❝❛✉s❡ t❤❡ ▲❍❙ ♠✉st ❜❡ > 0✮✳ ❇✉t ✐❢ ((K+wT )α+ α
D
(hT−1−

δhT ) > 0 t❤❡♥ ✇❡ ♠✉st ❤❛✈❡ wT > [− α
D
(hT−1−δhT )]1/α−K. ■❢ [− α

D
(hT−1−δhT )]1/α−K >

0 t❤✐s ❣✐✈❡s ❛ ♣♦s✐t✐✈❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ (K+rwT−1)
α ♦❢ ✭s❡tt✐♥❣ wT = 0), Kα+ α

D
(hT−1−δhT )

✇❤✐❝❤ ❝❛♥ ❜❡ ♥❡❣❛t✐✈❡ ♦r ♣♦s✐t✐✈❡. ■❢ [− α
D
(hT−1 − δhT )]1/α −K < 0 t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ wT

✐s ③❡r♦ ❛♥❞ t❤❡♥ t❤❡r❡ ✐s ❛♥ ✐♥t❡r❝❡♣t✳

✾



❋✐❣✉r❡ ✶✿ ❘❡s❡r✈❛t✐♦♥ ✇❛❣❡s ✇❤✐❝❤ ❣✐✈❡ ✐♥❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♣❛✐rs ♦❢ ♠❛①✐♠❛❧
✉t✐❧✐t② ❧❡✈❡❧s

❋✐❣✉r❡ ✷✿ ❖♣t✐♠❛❧ ❧✐❢❡❝②❝❧❡ ♣❛rt✐❝✐♣❛t✐♦♥ ♣r♦✜❧❡s

✶✵



❋✐❣✉r❡ ✸✿ ■♥❝r❡❛s❡ ✐♥ ♥♦♥✲❧❛❜♦✉r ✐♥❝♦♠❡ hT−1 < hT

❢✉❧❧ t✐♠❡ ✇♦r❦ ♦♥❧② ✐♥ T ✭❛s ✐♥ ❋✐❣✉r❡ ✸✮. ❈♦♥✈❡rs❡❧② ✐❢ t❤❡ ✈❛❧✉❡ ♦❢ ❧❡✐s✉r❡ ✐s
❤✐❣❤❡r ✐♥ T −1 t❤❛♥ T, t❤❡ ✇❛❣❡ r❡❣✐♦♥ ✇✐t❤ ❢✉❧❧ t✐♠❡ ✇♦r❦ ❛t T ❡①♣❛♥❞s ❛t t❤❡
❡①♣❡♥s❡ ♦❢ t❤❡ ✇❛❣❡ r❡❣✐♦♥ ✇✐t❤ ❢✉❧❧ t✐♠❡ ✇♦r❦ ♦♥❧② ✐♥ T − 1 ✭❛s ✐♥ ❋✐❣✉r❡ ✹✮✳

■❢ t❤❡ ♦♣t✐♦♥ t♦ ❞❡❢❡r ✐s s✉❞❞❡♥❧② ✐♥tr♦❞✉❝❡❞ ♦r t❛❦❡♥ ✉♣✱ ♦r ✐s ♠❛❞❡ ♠♦r❡
❣❡♥❡r♦✉s✱ t❤❡ ♣r❡s❡♥t ✈❛❧✉❡ ♦❢ ♥♦♥✲❧❛❜♦✉r ✐♥❝♦♠❡ ✐♥❝r❡❛s❡s✳ ❲❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡
❧✐❦❡❧② ❡✛❡❝ts ♦♥ ❧✐❢❡❝②❝❧❡ ♣❛rt✐❝✐♣❛t✐♦♥ ♣r♦✜❧❡s✳ ■❢ ❧❡✐s✉r❡ ✐s ♠♦r❡ ✈❛❧✉❛❜❧❡ ✐♥
♣❡r✐♦❞ T − 1, t❤❡ ✐♥❝r❡❛s❡ ✐♥ K ✇✐❧❧ t❡♥❞ t♦ r❡❞✉❝❡ ❢✉❧❧ t✐♠❡ ✇♦r❦ ✐♥ T − 1.
❆ ♣r♦♣♦rt✐♦♥ ♦❢ t❤♦s❡ ✐♥❞✐✈✐❞✉❛❧s ✇❤♦ ✇❡r❡ ✇♦r❦✐♥❣ ❢✉❧❧ t✐♠❡ ✐♥ ❜♦t❤ ♣❡r✐♦❞s
♠❛② s✇✐t❝❤ t♦ ♦♥❧② ✇♦r❦✐♥❣ ✐♥ ♣❡r✐♦❞ T ❛♥❞ s♦♠❡ ♦❢ t❤♦s❡ ✇❤♦ ♣r❡✈✐♦✉s❧② ♦♥❧②
✇♦r❦❡❞ ✐♥ T −1 ♠❛② s✇✐t❝❤ t♦ ♦♥❧② ✇♦r❦✐♥❣ ✐♥ T. ❇✉t s♦♠❡ ✇❤♦ ♣r❡✈✐♦✉s❧② ♦♥❧②
✇♦r❦❡❞ ✐♥ T ♠❛② s✇✐t❝❤ ✐♥t♦ ✐♥❛❝t✐✈✐t② ✐♥ ❜♦t❤ ♣❡r✐♦❞s✳ ❚❤✉s ✇✐t❤ ❧❡✐s✉r❡ ♠♦r❡
✈❛❧✉❛❜❧❡ ✐♥ T−1, t❤❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❞❡❢❡rr❡❞ ♣❡♥s✐♦♥ ✉♥❛♠❜✐❣✉♦✉s❧②
r❡❞✉❝❡s t❤❡ ♥✉♠❜❡r ♦❢ ❢✉❧❧ t✐♠❡ ✇♦r❦❡rs ✐♥ T − 1✱ ❜✉t ♠❛② r❛✐s❡ ♦r ❧♦✇❡r ✐t ✐♥
♣❡r✐♦❞ T ✳ ■❢ t❤❡ ✈❛❧✉❡ ♦❢ ❧❡✐s✉r❡ ✐s ❤✐❣❤❡r ✐♥ ♣❡r✐♦❞ T ✱ t❤❡ ♦♣♣♦s✐t❡ ❡✛❡❝ts ♦❝❝✉r✿
t❤❡ ♥✉♠❜❡r ♦❢ ❢✉❧❧ t✐♠❡ ✇♦r❦❡rs ✐♥ T ✉♥❛♠❜✐❣✉♦✉s❧② ❢❛❧❧s ✇❤✐❧❡ t❤❡ ♥✉♠❜❡r ♦❢
❢✉❧❧ t✐♠❡ ✇♦r❦❡rs ✐♥ T − 1 ♠❛② ❢❛❧❧ ♦r r✐s❡ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡
❧✐❢❡❝②❝❧❡ ✇❛❣❡s wT−1, wt ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥✳

❚❤❡ ✇❡❛❧t❤ ❝❤❛♥❣❡ ❝❛✉s❡❞ ❜② ❞❡❢❡rr❛❧ ❤❛s ♣❛rt✐❝✐♣❛t✐♦♥ ❡✛❡❝ts ♦♥ ✐♥❞✐✈✐❞✉❛❧s
❝❧♦s❡ t♦ t❤❡ r❡s❡r✈❛t✐♦♥ ✇❛❣❡ ✐♥ ♦♥❡ ♣❡r✐♦❞ ❛t ❧❡❛st✳ ❍♦✇❡✈❡r ❧❛❜♦✉r ❢♦r❝❡ ♣❛r✲
t✐❝✐♣❛t✐♦♥ ✐s ✉♥❛✛❡❝t❡❞ ❜② t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ ❢♦r t❤♦s❡ ✇❤♦ ❡❛r♥
s✉✣❝✐❡♥t❧② ❛❜♦✈❡ t❤❡ r❡❧❡✈❛♥t ❝r✐t✐❝❛❧ ✇❛❣❡ ❞❡✜♥✐♥❣ ❢✉❧❧ t✐♠❡ ✇♦r❦✳ ■♥ t❤❡ ♥❡①t
s✉❜s❡❝t✐♦♥ ✇❡ s✐♠✉❧❛t❡ t❤❡ ❡✛❡❝t ♦❢ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ ✐♠♣❧✐❡❞ ❜② ♦✉r ❢r❛♠❡✇♦r❦✳

✶✶



❋✐❣✉r❡ ✹✿ ■♥❝r❡❛s❡ ✐♥ ♥♦♥✲❧❛❜♦✉r ✐♥❝♦♠❡ hT−1 > hT

✸✳✶✳✶ ❙t②❧✐s❡❞ s✐♠✉❧❛t✐♦♥✿ ❞❡❢❡r ♦r ♥♦t ❞❡❢❡r❄

❍❛✈✐♥❣ ❝♦♥s✐❞❡r❡❞ t❤❡ t❤❡♦r❡t✐❝❛❧ ❡✛❡❝ts ♦❢ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ ✇✐t❤✐♥ ♦✉r ❢r❛♠❡✲
✇♦r❦✱ ✇❡ ❞❡♠♦♥str❛t❡ t❤❡s❡ ❡✛❡❝ts ✉s✐♥❣ ❛ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥✳ ■♥ ♦r❞❡r t♦
❝❛❧✐❜r❛t❡ ♦✉r ♠♦❞❡❧ ✇❡ ✉s❡ ❛ ♠✐①t✉r❡ ♦❢ ❛ss✉♠❡❞ ♣❛r❛♠❡t❡rs ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡
❧✐t❡r❛t✉r❡ ❛♥❞ t❤♦s❡ ✐♥❢❡rr❡❞ ❢r♦♠ s❡❝♦♥❞❛r② ❞❛t❛✳

❋♦❧❧♦✇✐♥❣ t❤❡ ✇♦r❦ ♦❢ ❆tt❛♥❛s✐♦ ❡t ❛❧✳ ✭✷✵✵✽✮ ✇❡ s❡t t❤❡ r❡❧❛t✐✈❡ r✐s❦ ♣❛r❛♠✲
❡t❡r α t♦ −0.5✳ ❯s✐♥❣ ✇❛✈❡ ✹ ✭✷✵✶✷✲✷✵✶✸✮ ♦❢ t❤❡ ❯♥✐t❡❞ ❑✐♥❣❞♦♠ ❍♦✉s❡❤♦❧❞
▲♦♥❣✐t✉❞✐♥❛❧ ❙✉r✈❡② ✇❡ ❡st✐♠❛t❡ ♠❡❞✐❛♥ ♣❡r ❝❛♣✐t❛ ✭♥♦♥✲❤♦✉s✐♥❣✮ ✇❡❛❧t❤ ♦❢
➾1500✳ ❯s✐♥❣ t❤❡ ✷✵✶✸✲✷✵✶✹ ❯❑ ❋❛♠✐❧② ❘❡s♦✉r❝❡s ❙✉r✈❡② ✭❯❑❋❘❙✮ ✇❡ ❡st✐✲
♠❛t❡ ♠❡❞✐❛♥ ✇❡❡❦❧② ✐♥✈❡st♠❡♥t ✐♥❝♦♠❡ ✭❛♠♦♥❣ ✐♥❞✐✈✐❞✉❛❧s ❛❣❡❞ ✻✺ ❛♥❞ ♦✈❡r✮ t♦
❜❡ ③❡r♦✳ ❚❤❡ ❯❑❋❘❙ ❛❧s♦ ❝♦♥t❛✐♥s ✐♥❢♦r♠❛t✐♦♥ ♦♥ ✇❡❡❦❧② ♣r✐✈❛t❡✴♦❝❝✉♣❛t✐♦♥❛❧
♣❡♥s✐♦♥ ✐♥❝♦♠❡✱ t❤❡ ♠❡❞✐❛♥ ✜❣✉r❡ ❛♠♦♥❣ ❛❧❧ ✐♥❞✐✈✐❞✉❛❧s ❛❣❡❞ ✻✺ ❛♥❞ ♦✈❡r ✐s
➾✸✷✳ ❋✐♥❛❧❧② ✇❡ ❛ss✉♠❡ ✇❡❡❦❧② st❛t❡ ♣❡♥s✐♦♥ ✐♥❝♦♠❡ t♦ ❜❡ ➾✶✷✺✳✼ ❲❡ ❛❧s♦
❛ss✉♠❡ ✐♥❞✐✈✐❞✉❛❧s ✇♦r❦ 40 ❤♦✉rs ♣❡r ✇❡❡❦✱ ❝❛♥ ❡❛r♥ ❛♥ ❛♥♥✉❛❧ r❛t❡ ♦❢ r❡t✉r♥
♦❢ 3% ✐♥ t❤❡ ❢r❡❡ ♠❛r❦❡t ❛♥❞ ❤❛✈❡ ❛ t✐♠❡ ♣r❡❢❡r❡♥❝❡ ❞✐s❝♦✉♥t r❛t❡ ♦❢ 0.95✳ ■❢
❛♥ ✐♥❞✐✈✐❞✉❛❧ ❞❡❢❡rs t❤❡✐r st❛t❡ ♣❡♥s✐♦♥ t❤❡② ❝❛♥ ❡❛r♥ ❛♥ ❛♥♥✉❛❧ r❛t❡ ♦❢ r❡t✉r♥
♦❢ 10.4 ✭❡q✉✐✈❛❧❡♥t t♦ ❛ ✇❡❡❦❧② r❛t❡ ♦❢ ✵✳✷✪✮✱ t❤✐s ✐s ❡q✉❛❧ t♦ t❤❡ r❛t❡ ♦❢ r❡✲
t✉r♥ ❛✈❛✐❧❛❜❧❡ t♦ ✐♥❞✐✈✐❞✉❛❧s ✉♥❞❡r ❝✉rr❡♥t ❣♦✈❡r♥♠❡♥t ❧❡❣✐s❧❛t✐♦♥✳ ❲❡ s❡t t❤❡
♠❛r❣✐♥❛❧ ✈❛❧✉❡ ♦❢ ❧❡✐s✉r❡ h ✐♥ t❤❡ ♣❡♥✉❧t✐♠❛t❡ ♣❡r✐♦❞ ❛♥❞ t❡r♠✐♥❛❧ ♣❡r✐♦❞ ❛t
0.006 ❛♥❞ 0.00630 r❡s♣❡❝t✐✈❡❧② ✭❛♥ ✐♥❝r❡❛s❡ ♦❢ 5% ❜❡t✇❡❡♥ ♣❡r✐♦❞s✮✳✽ ■♥ ❞♦✐♥❣

✼❙t❛t❡ ♣❡♥s✐♦♥ ✐♥❝♦♠❡ ❝♦✉❧❞ ❛❧s♦ ✐♥❝❧✉❞❡ ❜❡♥❡✜ts s✉❝❤ ❛s ♣❡♥s✐♦♥ ❝r❡❞✐t ❛♥❞ ♦t❤❡r s✉♣♣❧❡✲
♠❡♥t❛r② st❛t❡ ❜❡♥❡✜t ✐♥❝♦♠❡ s♦✉r❝❡s✳

✽❚❤✐s ✈❛❧✉❡ ❣❡♥❡r❛t❡s ❛♥ ♦♣t✐♠❛❧ ❧❛❜♦✉r ✐♥❝♦♠❡✴❛ss❡t r❛t✐♦ ♦❢ ❛❜♦✉t ✸✵✪✱ ❛ r❡s❡r✈❛t✐♦♥
✇❛❣❡ ❢♦r ③❡r♦ ✇♦r❦ ❛t ❛ ❧❡✈❡❧ s✐♠✐❧❛r t♦ t❤❡ ❯❑ ▼✐♥✐♠✉♠ ❲❛❣❡✴ ❯❑ ▲✐✈✐♥❣ ❲❛❣❡ ❛♥❞ ❛
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❋✐❣✉r❡ ✺✿ ❲❛❣❡ ❝♦✲♦r❞✐♥❛t❡s ❞❡✜♥✐♥❣ ③❡r♦ ❛♥❞ ❢✉❧❧ t✐♠❡ ✇♦r❦

s♦ ✇❡ r❡♣❧✐❝❛t❡ t❤❡ ❡✛❡❝ts ♦❢ ❋✐❣✉r❡ ✸ ♠♦r❡ ❝❧❡❛r❧② ✐✳❡✳ ❛ss✉♠✐♥❣ hT−1 < δhT ❛s
s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳

❲❡ ♣r♦✈✐❞❡ ❛ s❦❡t❝❤ ♦❢ ❤♦✇ t❤❡ s✐♠✉❧❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞✳ ❋✐rst✱ ✇❡ ❞❡t❡r✲
♠✐♥❡ t❤❡ ✇❛❣❡s ❞❡✜♥✐♥❣ ✐♥❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✈❛r✐♦✉s ❧❛❜♦✉r s✉♣♣❧② r❡❣✐♠❡s
✐♥ (1) − (6) ❛❜♦✈❡✳ ◆❡①t✱ ✉s✐♥❣ t❤❡ ❛ss✉♠❡❞✴✐♥❢❡rr❡❞ ♣❛r❛♠❡t❡rs ✇❡ ✐♠♣❧✐❝✲
✐t❧② ♣❧♦t t❤❡s❡ ✐♥❞✐✛❡r❡♥❝❡s✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳ ❖✉r ❢♦❝✉s ✐s ♦♥ ③❡r♦ ❛♥❞
❢✉❧❧ t✐♠❡ ✇♦r❦✱ t❤❡r❡❢♦r❡ ✇❡ ❝♦♠♣✉t❡ t❤❡ ✇❛❣❡ ❝♦♦r❞✐♥❛t❡s ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦
t❤❡s❡ r❡❣✐♠❡s ❜❡✐♥❣ ♦♣t✐♠❛❧✳ ❲❡ ❝❛rr② ♦✉t t❤✐s ❡①❡r❝✐s❡ ❛ss✉♠✐♥❣ ♥♦ ❞❡❢❡rr❛❧
❛♥❞ t❤❡♥ r❡♣❡❛t ✐t ❛ss✉♠✐♥❣ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❞♦❡s ❞❡❢❡r t❤❡✐r st❛t❡ ♣❡♥s✐♦♥✳ ❲❡
❛ss✉♠❡ ✐♥❞✐✈✐❞✉❛❧s ❞❡❢❡r t❤❡✐r ♣❡♥s✐♦♥ ❢♦r ♦♥❡ ♣❡r✐♦❞ ❛♥❞ ❡❛r♥ ✶✵✳✹✪ r❛t❡ ♦❢
r❡t✉r♥ ♦♥ t❤❡ ♠✐ss❡❞ st❛t❡ ♣❡♥s✐♦♥ ♣❛②♠❡♥t ❛s ♣❡r ❝✉rr❡♥t ❯❑ ❧❡❣✐s❧❛t✐♦♥✳ ■♥
t❤✐s ✇❛②✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ♣❧♦t t❤❡ ❛r❡❛s ♦❢ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❧❛❜♦✉r ♣❛rt✐❝✐♣❛t✐♦♥✱
✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❞❡❢❡rr❛❧✱ ❛♥❞ ❤❡♥❝❡ s❤♦✇ t❤❡ ❡✛❡❝ts ♦❢ st❛t❡ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧
♦♥ ❧❛❜♦✉r s✉♣♣❧②✳

❇② ❞❡❢❡rr✐♥❣ ♦♥❡ ♣❡r✐♦❞ t❤❡ r❡s❡r✈❛t✐♦♥ ✇❛❣❡s r❡q✉✐r❡❞ t♦ ❜❡ ✐♥ ❛ ❣✐✈❡♥
❧❛❜♦✉r s✉♣♣❧② r❡❣✐♠❡ ✐♥❝r❡❛s❡ ✐♥ ❡❛❝❤ ♣❡r✐♦❞✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ③❡r♦ ✇♦r❦ t❤✐s ✐s
s❤♦✇♥ ❜② t❤❡ ❝✉r✈❡s s❤✐❢t✐♥❣ ❢r♦♠ ♣♦✐♥t A t♦ ♣♦✐♥t B✱ ✇❤❡r❡❛s ❢♦r ❢✉❧❧ t✐♠❡ ✇♦r❦
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧♦❝✐ s❤✐❢ts ❢r♦♠ ♣♦✐♥t C t♦ ♣♦✐♥t D✳ ❯♥❞❡r t❤❡ ♥♦ ❞❡❢❡rr❛❧
♦♣t✐♦♥ t❤❡ ✇❛❣❡ r❛t❡ r❡q✉✐r❡❞ t♦ ❜❡ ✐♥ ③❡r♦ ✇♦r❦ ❛t T − 1✱ T ✐s ✭➾6.69✱➾6.87✮
r❡s♣❡❝t✐✈❡❧②✱ ✇❤✐❧st ✉♥❞❡r ❞❡❢❡rr❛❧ ✐t r✐s❡s t♦ ✭➾6.81✱➾6.99✮✳ ❙✐♠✐❧❛r❧② ❢♦r ❢✉❧❧
t✐♠❡ ✇♦r❦ ❛t (T − 1, T ) t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❛❣❡ r❛t❡s ❛r❡ ✭➾9.07,➾8.82✮✱ ✉♥❞❡r
❞❡❢❡rr❛❧ t❤❡s❡ ✐♥❝r❡❛s❡ t♦ ✭➾9.25,➾9.01✮✳ ❚❤❡ ❡✛❡❝t ♦❢ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ t❤❡r❡❢♦r❡

❝r✐t✐❝❛❧ ✇❛❣❡ ❢♦r s✇✐t❝❤✐♥❣ ❢r♦♠ ♣❛rt✲t✐♠❡ t♦ ❢✉❧❧ t✐♠❡ ♦❢ ❛❜♦✉t ♦♥❡ ❛♥❞ ❛ ❤❛❧❢ t✐♠❡s t❤❡
◆❛t✐♦♥❛❧ ▼✐♥✐♠✉♠ ❲❛❣❡✳

✶✸



r❛✐s❡s t❤❡ ❢✉❧❧ t✐♠❡ r❡s❡r✈❛t✐♦♥ ✇❛❣❡ ❜② ❛r♦✉♥❞ 2% ❛ss✉♠✐♥❣ t❤❡ ❛❜♦✈❡ ♣❛r❛♠✲
❡t❡rs✳ ❍♦✇ s❡♥s✐t✐✈❡ ❛r❡ ♦✉r r❡s✉❧ts t♦ ❝❤❛♥❣❡s ✐♥ t❤❡ ❛ss✉♠❡❞ ♣❛r❛♠❡t❡rs❄ ■t
t✉r♥s ♦✉t t❤❛t t❤❡ t✇♦ ♣❛r❛♠❡t❡rs ✇❤✐❝❤ ❝❤❛♥❣❡ t❤❡ ❝r✐t✐❝❛❧ ✇❛❣❡ ❝♦♠❜✐♥❛t✐♦♥s
♠♦st s✐❣♥✐✜❝❛♥t❧② ❢r♦♠ t❤❡ ❜❡♥❝❤♠❛r❦ ❡①❛♠♣❧❡ ❛❜♦✈❡ ❛r❡α✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢
r❡❧❛t✐✈❡ r✐s❦ ❛✈❡rs✐♦♥ ❛♥❞ h t❤❡ ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ♦❢ ❧❡✐s✉r❡ ✐♥ ❡❛❝❤ ♣❡r✐♦❞✳ ❖t❤❡r
♣❛r❛♠❡t❡rs s✉❝❤ ❛s AT−1, yt−1, yt r❛✐s❡ ❛♥❞ ❧♦✇❡r t❤❡ ✇❛❣❡ ❝♦♠❜✐♥❛t✐♦♥s ✐♥ ❛
♣r❡❞✐❝t❛❜❧❡ ✇❛②✱ ❢♦r ❡①❛♠♣❧❡ ❛♥ ✐♥❝r❡❛s❡ At−1✇✐❧❧ r❛✐s❡ r❡s❡r✈❛t✐♦♥ ✇❛❣❡s ❢♦r ❛❧❧
❧❛❜♦✉r s✉♣♣❧② ❝♦♠❜✐♥❛t✐♦♥s✳ ❚❤❛t ✐s t♦ s❛②✱ t❤❡s❡ ♣❛r❛♠❡t❡rs ❞♦ ♥♦t ❛✛❡❝t t❤❡
s❤❛♣❡ ♦❢ t❤❡ ✇❛❣❡ ❝✉r✈❡s ❛s ❞❡✜♥❡❞ ✐♥ ❆♣♣❡♥❞✐① ❈✳

❚♦ ❞❡♠♦♥str❛t❡ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ♦✉r r❡s✉❧ts✱ ❚❛❜❧❡ ✶ s❤♦✇s t❤❡ ✇❛❣❡ ❝♦✲
♦r❞✐♥❛t❡s ❞❡✜♥✐♥❣ ③❡r♦ ✇♦r❦ ✐♥ ❡❛❝❤ ♣❡r✐♦❞

(

➾w11
T−1,➾w

11
T

)

❛♥❞ t❤❡ ✇❛❣❡ r❛t❡

❞❡✜♥✐♥❣ ❢✉❧❧ t✐♠❡ ✇♦r❦
(

➾w00
T−1,➾w

00
T

)

✇❤❡♥ α❛♥❞ h ❛r❡ ✭s❡♣❛r❛t❡❧②✮ ❛❧t❡r❡❞
❢r♦♠ ❜❛s❡❧✐♥❡ ✭❝❛s❡s ✶ ❛♥❞ ✹ ✐♥ ❚❛❜❧❡ ✶ r❡❢❡r t♦ ❋✐❣✉r❡ ✺✮✳ ❋♦r ❡❛❝❤ ❝❛s❡ ♥♦t❡
t❤❡r❡ ❛r❡ t✇♦ r♦✇s✱ t❤❡ t♦♣ r♦✇ r❡❢❡rs t♦ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❞♦❡s
♥♦t ❞❡❢❡r t❤❡✐r st❛t❡ ♣❡♥s✐♦♥ ❛♥❞ t❤❡ s❡❝♦♥❞ r♦✇ r❡❢❡rs t♦ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡♥
t❤❡② ❞♦ ❞❡❢❡r t❤❡✐r st❛t❡ ♣❡♥s✐♦♥✳ ❚❤❡ ❝♦❧✉♠♥ PV (➾Y ∗) ❞❡♥♦t❡s t❤❡ ♣r❡s❡♥t
✈❛❧✉❡ ♦❢ t♦t❛❧ ♣❡♥s✐♦♥ ♥♦♥✲❧❛❜♦✉r ✐♥❝♦♠❡ ✭t❤❡ s✉♠ ♦❢ st❛t❡ ❛♥❞ ♣r✐✈❛t❡ ♣❡♥s✐♦♥✮❀
✇❤❡♥ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❞♦❡s ♥♦t ❞❡❢❡r ✭t❤❡ t♦♣ r♦✇ ♦❢ ❡❛❝❤ ❝❛s❡✮ t❤❡♥ Y ∗ ✐s ❡q✉❛❧ t♦
➾✶✺✼ ✐♥ ❚✲✶ ❛♥❞ ❚ ✭t♦t❛❧✿ ➾✸✶✹✮✳ ■❢ ✐♥st❡❛❞ ❤❡✴s❤❡ ❝❤♦♦s❡s t♦ ❞❡❢❡r t❤❡♥ Y ∗✐s
❡q✉❛❧ t♦ ➾✸✷ ✐♥ ❚✲✶ ❛♥❞ ➾✸✵✼ ✐♥ ❚ ✭t♦t❛❧✿ ➾✸✸✾✮✳✾ ❚❤❡ ♣r❡s❡♥t ✈❛❧✉❡ ♦❢ t❤❡
t✇♦ ❛♠♦✉♥ts ✭♥♦ ❞❡❢❡r ❛♥❞ ❞❡❢❡r✮ ✐s ❡q✉❛❧ t♦ ➾✸✵✾✳✹ ❛♥❞ ➾✸✸✵✳✵✺ r❡s♣❡❝t✐✈❡❧②
t❤❡r❡❢♦r❡ ✐♥ ❡✈❡r② ❝❛s❡ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ✐s ❜❡tt❡r ♦✛ ❞❡❢❡rr✐♥❣✳

✾❚❤❡s❡ ♥✉♠❜❡rs ❛r❡ ❞❡r✐✈❡❞ ❛s ❢♦❧❧♦✇s✿ ◆♦ ❞❡❢❡rr❛❧ ❝❛s❡ Y ∗❂✇❡❡❦❧② st❛t❡ ♣❡♥s✐♦♥ ✭➾✶✷✺✮ ✰
✇❡❡❦❧② ♣r✐✈❛t❡ ♣❡♥s✐♦♥ ✭➾✸✷✮✱ ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ ➾✶✺✼ ✐♥ ❡❛❝❤ ♣❡r✐♦❞ ✭t♦t❛❧ ➾✸✶✹✮✳ ■♥ t❤❡ ❞❡❢❡r
❝❛s❡✱ Y ∗❂✇❡❡❦❧② ♣r✐✈❛t❡ ♣❡♥s✐♦♥ ✭➾✸✷✮ ✐♥ ❚✲✶ ❛♥❞ t❤❡♥ ❛t ❚ t❤❡ ✐♥❞✐✈✐❞✉❛❧ r❡❝❡✐✈❡s t❤❡✐r
❞❡❢❡rr❡❞ st❛t❡ ♣❡♥s✐♦♥✯(1 + rdefer) ✰✇❡❡❦❧② st❛t❡ ♣❡♥s✐♦♥✰ ✇❡❡❦❧② ♣r✐✈❛t❡ ♣❡♥s✐♦♥ ✭➾✸✷✮
✭t♦t❛❧ ➾❳✮✳

✶✹



❚❛❜❧❡ ✶✿ ❈❤❛♥❣❡s ✐♥ α❛♥❞ h ♦♥ ✇❛❣❡ ❝♦✲♦r❞✐♥❛t❡s ❞❡✜♥✐♥❣
③❡r♦ ❛♥❞ ❢✉❧❧ t✐♠❡ ✇♦r❦ r❡❧❛t✐✈❡ t♦ ❋✐❣✉r❡ ✺✳

❈❛s❡ ❉❡❢❡r❄ α PV (➾Y ∗) ➾w11
T−1✱➾w

11
T ➾w00

T−1✱➾w
00
T

✶ ◆♦ ✲✵✳✺ ✸✵✾✳✹ 6.69, 6.87 9.07, 8.82
✶ ❨❡s ✲✵✳✺ ✸✸✵✳✵✺ 6.81, 6.99 9.25, 9.01
✷ ◆♦ ✲✵✳✹✺ ✸✵✾✳✹ 4.43, 4.54 5.34, 5.20
✷ ❨❡s ✲✵✳✹✺ ✸✸✵✳✵✺ 4.50, 4.62 5.44, 5.30
✸ ◆♦ ✲✵✳✺✺ ✸✵✾✳✹ 10.32, 10.59 18.40, 17.90
✸ ❨❡s ✲✵✳✺✺ ✸✸✵✳✵✺ 10.51, 10.80 18.88, 18.37

hT−1, hT

✹ ◆♦ ✵✳✵✵✻✱✵✳✵✵✻✸ ✸✵✾✳✹ 6.69, 6.87 9.07, 8.82
✹ ❨❡s ✵✳✵✵✻✱✵✳✵✵✻✸ ✸✸✵✳✵✺ 6.81, 6.99 9.25, 9.01
✺ ◆♦ ✵✳✵✵✽✱✵✳✵✵✽✹ ✸✵✾✳✹ 9.26, 9.50 14.65, 14.26
✺ ❨❡s ✵✳✵✵✽✱✵✳✵✵✽✹ ✸✸✵✳✵✺ 9.42, 9.68 14.99, 14.58
✻ ◆♦ ✵✳✵✵✹✱✵✳✵✵✹✷ ✸✵✾✳✹ 4.31, 4.42 5.20, 5.06
✻ ❨❡s ✵✳✵✵✹✱✵✳✵✵✹✷ ✸✸✵✳✵✺ 4.38, 4.50 5.30, 5.16

❚✐❧t✐♥❣ t❤❡ ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ♦❢ ❧❡✐s✉r❡ ✐♥ T − 1❛♥❞ T ✭❛ss✉♠✐♥❣ α = 0.5)
hT−1

hT

✼ ◆♦ ✵✳✾✺ ✵✳✵✵✻✱✵✳✵✵✻✸ 6.69, 6.87 9.07, 8.82
✼ ❨❡s ✵✳✾✺ ✵✳✵✵✻✱✵✳✵✵✻✸ 6.81, 6.99 9.25, 9.01
✽ ◆♦ ✶ ✵✳✵✵✻✱✵✳✵✵✻ 6.69, 6.51 8.56, 8.70
✽ ❨❡s ✶ ✵✳✵✵✻✱✵✳✵✵✻ 6.81, 6.62 8.73, 8.88
✾ ◆♦ ✶✳✵✺ ✵✳✵✵✻✸✱✵✳✵✵✻ 6.69, 6.15 8.06, 8.58
✾ ❨❡s ✶✳✵✺ ✵✳✵✵✻✸✱✵✳✵✵✻ 6.81, 6.26 8.21, 8.75
◆♦t❡s✿■♥ ❝❛s❡s ✶✲✻ ✇❡ ❛ss✉♠❡ rriskfree = 1.03✱rdefer = 1.104 ✱δ = 0.95✱ AT−1 = 1500✱
hT−1 = 0.006, hT = 0.0063 ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ ✇♦r❦s ✹✵ ❤♦✉rs ♣❡r ✇❡❡❦✳ Y ✐s ❞❡✜♥❡❞

❛s t❤❡ s✉♠ ♦❢ ♥♦♥✲♣❡♥s✐♦♥ ✐♥✈❡st♠❡♥t ✐♥❝♦♠❡✱ ♣r✐✈❛t❡✴♦❝❝✉♣❛t✐♦♥❛❧ ♣❡♥s✐♦♥ ✐♥❝♦♠❡
❛♥❞ st❛t❡ ♣❡♥s✐♦♥ ✐♥❝♦♠❡✳ wy

x❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✇❛❣❡ ✐♥ ♣❡r✐♦❞ x ✇❤❡r❡ xǫ(T − 1, T )
❛♥❞ y ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❧❛❜♦r s✉♣♣❧② r❡❣✐♠❡ ✇❤❡r❡ yǫ(nowork(11), alwayswork(00))✳

❈❛s❡s ✶✲✸ ♦❢ ❚❛❜❧❡ ✶ s❤♦✇s ❤♦✇ s♠❛❧❧ ❝❤❛♥❣❡s ✐♥ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ r❡❧❛t✐✈❡
♦❢ r✐s❦ ❛✈❡rs✐♦♥✱ α✱ ❝❛♥ s✐❣♥✐✜❝❛♥t❧② ❝❤❛♥❣❡ t❤❡ ✇❛❣❡ ❝♦✲♦r❞✐♥❛t❡s ❞❡✜♥✐♥❣ t❤❡
r❡s❡r✈❛t✐♦♥ ✇❛❣❡s ❢♦r ③❡r♦ ❛♥❞ ❢✉❧❧ t✐♠❡ ✇♦r❦✳ ❈❛s❡ ✷ ✐♥ ❚❛❜❧❡ ✶ ✐♥❞✐❝❛t❡s
✐♥❞✐✈✐❞✉❛❧s ✇❤♦ ❛r❡ ❧❡ss r✐s❦ ❛✈❡rs❡ (α = −0.45) ❤❛✈❡ ❛ ❧♦✇❡r r❡s❡r✈❛t✐♦♥ ✇❛❣❡
r❡❧❛t✐✈❡ t♦ t❤❡ ❜❡♥❝❤♠❛r❦ (α = −0.5)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐♥❞✐✈✐❞✉❛❧s ✇❤♦ ❛r❡
♠♦r❡ r✐s❦ ❛✈❡rs❡ (α = −0.55) ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤❡r r❡s❡r✈❛t✐♦♥ ✇❛❣❡✳

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❡✛❡❝t ♦❢ ❝❤❛♥❣✐♥❣ t❤❡ ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ♦❢ ❧❡✐s✉r❡✱ ❝❛s❡ ✹
(hT−1 = 0.006, hT = 0.0063) ✐s t❤❡ ❜❡♥❝❤♠❛r❦ ❝❛s❡ ✭❞❡♠♦♥str❛t❡❞ ❣r❛♣❤✐❝❛❧❧②
✐♥ ❋✐❣✉r❡ ✺✮✳ ■♥❝r❡❛s✐♥❣ ❛♥ ✐♥❞✐✈✐❞✉❛❧✬s ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ♦❢ ❧❡✐s✉r❡ ✐♥ ❡❛❝❤ ♣❡r✐♦❞
✭❝❛s❡ ✺✿ (hT−1 = 0.008, hT = 0.0084)✮✱ ✐♥t✉✐t✐✈❡❧② s❤♦✉❧❞ r❛✐s❡ ❛♥ ✐♥❞✐✈✐❞✉❛❧✬s
r❡s❡r✈❛t✐♦♥ ✇❛❣❡s ❢♦r ❜♦t❤ ♥♦t✲✇♦r❦✐♥❣ ❛♥❞ ✇♦r❦✐♥❣ ❢✉❧❧ t✐♠❡✳ ◆❡①t✱ ❝♦♥s✐❞❡r
r❡❞✉❝✐♥❣ ❛♥ ✐♥❞✐✈✐❞✉❛❧✬s ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ♦❢ ❧❡✐s✉r❡ ✭❝❛s❡ ✻✿ (hT−1 = 0.004, hT =
0.0042)✮✱ t❤✐s r❡❞✉❝❡s ❛♥ ✐♥❞✐✈✐❞✉❛❧✬s r❡s❡r✈❛t✐♦♥ ✇❛❣❡ ❢r♦♠ t❤❡ ❜❡♥❝❤♠❛r❦ ❝❛s❡✳
■t ✐s ✇♦rt❤ ♥♦t✐♥❣ ♦✉r ❜❡♥❝❤♠❛r❦ ❡①❛♠♣❧❡ ❣✐✈❡s ❛ ③❡r♦ ✇♦r❦ r❡s❡r✈❛t✐♦♥ ✇❛❣❡
❝❧♦s❡ t♦ ❯❑ ◆❛t✐♦♥❛❧ ▼✐♥✐♠✉♠ ❲❛❣❡ ❛♥❞ ◆❛t✐♦♥❛❧ ▲✐✈✐♥❣ ❲❛❣❡✳ ■♠♣❧✐❝✐t❧② ✐♥

✶✺



t❤❡ ❝❛❧✐❜r❛t✐♦♥ t❤❡ ❝❤❛♥❣❡ ✐♥ r❡s❡r✈❛t✐♦♥ ✇❛❣❡ ♦♥ ❞❡❢❡rr❛❧ ✐s ❢♦r ❞❡❢❡rr❛❧ ❧❛st✐♥❣
♦♥❡ ②❡❛r✳

❈❛s❡s ✼✲✾ ❛♥❛❧②s❡ t❤❡ ❡✛❡❝ts ♦❢ ✈❛r②✐♥❣ t❤❡ r❛t✐♦ ♦❢ t❤❡ ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ♦❢
❧❡✐s✉r❡ ✐♥ T − 1 ❛♥❞ T. ❈❛s❡ ✼ ✐s t❤❡ ❜❡♥❝❤♠❛r❦ ❝❛s❡ ✇❤❡r❡ t❤❡ ♠❛r❣✐♥❛❧ ✈❛❧✉❡
♦❢ ❧❡✐s✉r❡ ✐s ❤✐❣❤❡r ✐♥ ❚ t❤❛♥ ❚✲✶✳ ■♥ ❝❛s❡ ✽ t❤❡r❡ ✐s ♥♦ ❝❤❛♥❣❡ ✐♥ t❤❡ ♠❛r❣✐♥❛❧
✈❛❧✉❡ ♦❢ ❧❡✐s✉r❡✱ ❝♦♥s✐❞❡r t❤❡ ❝♦❧✉♠♥ s❤♦✇✐♥❣ t❤❡ r❡s❡r✈❛t✐♦♥ ✇❛❣❡s ❢♦r ③❡r♦
✇♦r❦ ✭➾w11

T−1,➾w
11
T ) t❤❡ ✐♠♣❛❝t ✭r❡❧❛t✐✈❡ t♦ ❝❛s❡ ✼✮ ✐s t❤❛t t❤❡ ♣❡r✐♦❞ ❚ ✇❛❣❡s

❢♦r ③❡r♦ ✇♦r❦ ❛r❡ ♥♦✇ ❧♦✇❡r ✭✐rr❡s♣❡❝t✐✈❡ ♦❢ ✇❤❡t❤❡r ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❞❡❢❡rs ♦r

♥♦t✮✳ ❙✐♠✐❧❛r❧② t❤❡ ❝❤❛♥❣❡ ✐♥ hT−1

hT
❛❧s♦ ❛✛❡❝ts t❤❡ ✇❛❣❡ ❝♦✲♦r❞✐♥❛t❡s ❞❡✜♥✐♥❣

t❤❡ ❢✉❧❧ t✐♠❡ r❡s❡r✈❛t✐♦♥ ✇❛❣❡s ✭s❡❡ ❝♦❧✉♠♥ ➾w00
T−1,➾w

00
T ✮✱ ✐♥ t❤✐s ❝❛s❡ ❛❧❧ t❤❡

✇❛❣❡ ❝♦✲♦r❞✐♥❛t❡s ❛r❡ ❧♦✇❡r t❤❛♥ t❤❡ ❜❡♥❝❤♠❛r❦ ❡①❛♠♣❧❡✳ ❋✐♥❛❧❧②✱ ✐♥ ❝❛s❡ ✾ ❛♥
✐♥❞✐✈✐❞✉❛❧✬s ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ♦❢ ❧❡✐s✉r❡ ❞❡❝r❡❛s❡s ❜❡t✇❡❡♥ ❚✲✶ ❛♥❞ ❚✱ s✐♠✐❧❛r t♦
❝❛s❡ ✽ t❤✐s r❡❞✉❝❡s t❤❡ r❡s❡r✈❛t✐♦♥ ✇❛❣❡ ❞❡✜♥✐♥❣ ③❡r♦ ✇♦r❦ ✐♥ ❚ ❛♥❞ ❛❧s♦ t❤❡
✇❛❣❡ ❝♦✲♦r❞✐♥❛t❡s ❞❡✜♥✐♥❣ ❢✉❧❧ t✐♠❡ ✇♦r❦ ✭❛❣❛✐♥✱ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❡✛❡❝t ✐s
t❤❡ s❛♠❡ ✐rr❡s♣❡❝t✐✈❡ ♦❢ ✇❤❡t❤❡r ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❞❡❢❡rs ♦r ♥♦t✮✳ ❆ ♣r✐♦r✐ ✐t ✐s ♥♦t
❝❧❡❛r ❤♦✇ ❛♥ ✐♥❞✐✈✐❞✉❛❧✬s ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ♦❢ ❧❡✐s✉r❡ ✇✐❧❧ ❡✈♦❧✈❡ ❛t ♦r ❛r♦✉♥❞ ❙P❆✱
❢♦r ❡①❛♠♣❧❡ ✐t ❝♦✉❧❞ ❜❡ r❡❧❛t❡❞ t♦ ❝♦♠♣❧❡♠❡♥t❛r✐t✐❡s ✐♥ ❧❡✐s✉r❡ ♦r ❡①♦❣❡♥♦✉s
s❤♦❝❦s t♦ ♦♥❡✬s ❤❡❛❧t❤❀ ❤♦✇❡✈❡r ✇❤❛t ✐s ❝❧❡❛r ✐s t❤❛t ✐♥ ❛ q✉❛s✐❧✐♥❡❛r ❢r❛♠❡✇♦r❦
❛s ♣❡r ✭✺✮ t❤✐s ♣❛r❛♠❡t❡r ❤❛s ✐♠♣♦rt❛♥t ✐♠♣❧✐❝❛t✐♦♥s ❢♦r t❤❡ r❡s❡r✈❛t✐♦♥ ✇❛❣❡s
❞❡✜♥✐♥❣ ③❡r♦ ❛♥❞ ❢✉❧❧ t✐♠❡ ✇♦r❦✳

■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t t❤❡ ❞❡❝✐s✐♦♥ t♦ ❞❡❢❡r st❛t❡ ♣❡♥s✐♦♥ ✐s ♦♣t✐♠❛❧
✐rr❡s♣❡❝t✐✈❡ ♦❢ ❝❤❛♥❣❡s t♦ ❦❡② ♣❛r❛♠❡t❡rs ✉s❡❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ ❛s
t❤❡ ♣❡r✐♦❞ ♦❢ ❞❡❢❡rr❛❧ ✐♥❝r❡❛s❡s ❜❡②♦♥❞ t❤✐s✱ t❤❡ r❡s❡r✈❛t✐♦♥ ✇❛❣❡ ❞✐✛❡r❡♥❝❡ ✇✐❧❧
r✐s❡✳ ❍♦✇ t❤❡ r❡❧❛t✐✈❡ s❧♦♣❡s ♦❢ t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ r❡❣✐♠❡ ❜♦✉♥❞❛r✐❡s ❛♥❞ t❤❡✐r
♣♦s✐t✐♦♥ ❝❤❛♥❣❡ ♣r✐♥❝✐♣❛❧❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ✈❛❧✉❡ ♦❢ ♥♦♥✲❧❛❜♦✉r
✐♥❝♦♠❡ ❜② ❞❡❢❡rr✐♥❣ ❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ♦❢ ❧❡✐s✉r❡ ✐♥ ❡❛❝❤
♣❡r✐♦❞✳

❊♠♣✐r✐❝❛❧ r❡❧❡✈❛♥❝❡ ♦❢ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧✳ ❚❤❡ st②❧✐s❡❞ s✐♠✉❧❛t✐♦♥ s❤♦✇❡❞
t❤❛t ✐♥ t❤❡ ❜❛s❡❧✐♥❡ ❡①❛♠♣❧❡ ✭❝❛s❡ ✶✮ ❞❡❢❡rr❛❧ ❝❛♥ ❛✛❡❝t ❧❛❜♦✉r s✉♣♣❧② ❞❡❝✐s✐♦♥s
❢♦r ❛❧❧ ❢✉❧❧ t✐♠❡ ✇♦r❦❡rs ✇❤♦ ❡❛r♥ ♠♦r❡ t❤❛♥ ❛♣♣r♦①✐♠❛t❡❧② £9 ♣❡r ❤♦✉r✳ ❲❡
♣♦♦❧ ❢♦✉r ✇❛✈❡s ♦❢ ❞❛t❛ ❢r♦♠ t❤❡ ▲❛❜♦✉r ❋♦r❝❡ ❙✉r✈❡② ❜❡t✇❡❡♥ t❤❡ ②❡❛rs 2008
❛♥❞ 2013 t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✇❛❣❡ ❞✐str✐❜✉t✐♦♥s ✭❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❜❡✐♥❣ ✐♥ ✇♦r❦✮ ❢♦r
✇♦♠❡♥ ❛❣❡❞ ❜❡t✇❡❡♥ 60 ❛♥❞ 65✱ ❛♥❞ ♠❡♥ ❛❣❡❞ ❜❡t✇❡❡♥ 65 ❛♥❞ 70✳✶✵ ❲❡ r❡str✐❝t
♦✉r s❛♠♣❧❡ t♦ t❤❡s❡ ❛❣❡ r❛♥❣❡s ❛s t❤❡② ❝♦✈❡r t❤❡ st❛t❡ r❡t✐r❡♠❡♥t ❛❣❡ ❛♥❞ ❤❡♥❝❡
t❤❡ ♣❡r✐♦❞ ✇❤❡♥ ✐♥❞✐✈✐❞✉❛❧s ♠❛❦❡ t❤❡ ❞❡❢❡rr❛❧ ❞❡❝✐s✐♦♥✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡
t❤❛t t❤❡ ❞❡❝✐s✐♦♥ t♦ ✇♦r❦ ❛♥❞ t❤❡ ❞❡❢❡rr❛❧ ❞❡❝✐s✐♦♥ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ✭❡①❝❡♣t ❢♦r
t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦♥ ✐♥❝♦♠❡ t❛①✮✳ ❖✉r ✜♥❛❧ s❛♠♣❧❡ ❝♦♥s✐sts ♦❢ 483 ✐♥❞✐✈✐❞✉❛❧s
❛♥❞ ❋✐❣✉r❡s ✻ ❛♥❞ ✼ ❞❡♣✐❝t t❤❡✐r ❤♦✉r❧② ✇❛❣❡s✳

■t ✐s ❝❧❡❛r t❤❛t ❛ s✐❣♥✐✜❝❛♥t ♣r♦♣♦rt✐♦♥ ✭❛r♦✉♥❞ 54% ♦❢ ❢❡♠❛❧❡s ❛♥❞ ♠♦r❡
t❤❛♥ 62% ♠❛❧❡s✮ ✐♥ ♦✉r s❛♠♣❧❡ ❡❛r♥ ♠♦r❡ t❤❛♥ £9 ♣❡r ❤♦✉r✱ t❤❡r❡❢♦r❡ ❞❡❢❡rr❛❧

✶✵❲❡ ❡♥s✉r❡ t❤❡r❡ ✐s ♥♦ ♦✈❡r❧❛♣ ✐♥ t❤❡ s✉r✈❡②s t♦ ❡♥s✉r❡ ♦✉r s❛♠♣❧❡ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥②
r❡♣❡❛t❡❞ ♦❜s❡r✈❛t✐♦♥s✳ ❲❡ ✐♥❝❧✉❞❡ ✐♥❞✐✈✐❞✉❛❧s ✇♦r❦✐♥❣ ❜❡❧♦✇ ❢✉❧❧ t✐♠❡ ❤♦✉rs t♦ ❜♦♦st s❛♠♣❧❡
s✐③❡✱ ♥♦t✐♥❣ t❤❛t t❤❡ ♠❡❛♥ ✇❛❣❡ ❢♦r ❢✉❧❧ t✐♠❡ ❛♥❞ ♣❛rt t✐♠❡ ✇♦r❦❡rs ✐♥ t❤✐s ❛❣❡ ❝❛t❡❣♦r② ❛r❡
r♦✉❣❤❧② ❡q✉❛❧✳

✶✻



❋✐❣✉r❡ ✻✿ ❋❡♠❛❧❡ ❲❛❣❡ ❉✐str✐❜✉t✐♦♥✿ ❆❣❡s ✻✵✲✻✺ ✭✷✵✵✽✲✷✵✶✸✮

❋✐❣✉r❡ ✼✿ ▼❛❧❡ ❲❛❣❡ ❉✐str✐❜✉t✐♦♥✿ ❆❣❡s ✻✺✲✼✵ ✭✷✵✵✽✲✷✵✶✸✮

✶✼



♣♦❧✐❝② ✐s ❛♥ ✐♠♣♦rt❛♥t ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❧❛❜♦✉r s✉♣♣❧② ❞❡❝✐s✐♦♥ ❢♦r ❛ ❧❛r❣❡
♣r♦♣♦rt✐♦♥ ♦❢ ♦❧❞❡r ✇♦r❦❡rs✳ ■♥❞❡❡❞ ❛ ❉❲P r❡♣♦rt ✐♥ ✷✵✵✽ s✉❣❣❡st❡❞ t❤❛t
✐♥❞✐✈✐❞✉❛❧s t❡♥❞ t♦ ❝♦♦r❞✐♥❛t❡ t❤❡✐r ❧❛❜♦✉r s✉♣♣❧② ❛♥❞ ❞❡❢❡rr❛❧ ❞❡❝✐s✐♦♥✳ ❚❤❡②
❢♦✉♥❞ 79% ♦❢ ❞❡❧✐❜❡r❛t❡ ❞❡❢❡rr❡rs ✇❡r❡ ✐♥ ♣❛✐❞ ✇♦r❦ ❛♥❞ t❡♥❞❡❞ t♦ ♠❛✐♥t❛✐♥
t❤❡✐r ♣r❡r❡t✐r❡♠❡♥t ❤♦✉rs✱ ♣r✐♠❛r✐❧② ❢✉❧❧ t✐♠❡✱ ❛❢t❡r ❞❡❢❡rr❛❧✳ ❋❛♠✐❧② ❞❡❝✐s✐♦♥s
✇❡r❡ ✐♠♣♦rt❛♥t s♦ ❛ ♣❛rt♥❡r ❝♦♥t✐♥✉✐♥❣ ✐♥ ✇♦r❦ ♠❛❞❡ ❞❡❢❡rr❛❧ ♠♦r❡ ❧✐❦❡❧②✱ ❛s
❞✐❞ t❤❡ ❞❡s✐r❡ t♦ ❛✈♦✐❞ ❧✐❛❜✐❧✐t② ❢♦r ❛ ❤✐❣❤❡r ✐♥❝♦♠❡ t❛① r❛t❡✳ ❯♥❞❡r ❝✉rr❡♥t
❯❑ ❧❡❣✐s❧❛t✐♦♥ t❤❡r❡ ❛r❡ ❛❝t✉❛❧❧② ❞✐✛❡r❡♥t ❞✐♠❡♥s✐♦♥s t♦ t❤❡ ❞❡❢❡rr❛❧ ❝❤♦✐❝❡✿ t♦
♦♣t ❢♦r ❛♥ ❡♥❤❛♥❝❡❞ ✇❡❡❦❧② ♣❡♥s✐♦♥ ♦r ❛ ❧✉♠♣ s✉♠ ♣❛②♠❡♥t ♦♥ ✉♥❞❡❢❡rr❛❧ ❛♥❞
❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❞❡❝✐❞✐♥❣ t♦ ❞❡❢❡r✱ ❢♦r ❤♦✇ ❧♦♥❣ t♦ ❞♦ s♦✳ ❲✐t❤ ❛ t✇♦ ♣❡r✐♦❞
♠♦❞❡❧ t❤❡s❡ ❞✐✛❡r❡♥❝❡s ❞♦ ♥♦t ♠❛tt❡r✳ ❇✉t ✇✐t❤ ✐♥❝r❡❛s❡❞ ❧♦♥❣❡✈✐t②✱ ❞❡❢❡rr❛❧ ✐s
✐♥❝r❡❛s✐♥❣❧② ❝♦♠♠♦♥ ❛♥❞ s♦ t❤❡s❡ ❞❡t❛✐❧s ♦❢ t❤❡ ❞❡❢❡rr❛❧ s❝❤❡♠❡ ❛r❡ ✐♠♣♦rt❛♥t
❢♦r ❜♦t❤ t❤❡ ❣♦✈❡r♥♠❡♥t ❛♥❞ t❤❡ ✐♥❞✐✈✐❞✉❛❧✳

✹ ❯❑ ❙t❛t❡ P❡♥s✐♦♥ ✫ ❉❡❢❡rr❛❧✳

✹✳✶ ❲❤✐❝❤ ❉❡❢❡rr❛❧ ❖♣t✐♦♥ ✐s ❇❡st

■♥ ❛ ♠✉❧t✐♣❡r✐♦❞ s❡tt✐♥❣ t❤❡ ❞❡❝✐s✐♦♥ ❜❡❝♦♠❡s ♦♥❡ ♦❢ ❝❤♦♦s✐♥❣ ❜♦t❤ ✐❢ t♦ ❞❡❢❡r
❛♥❞✱ ✐❢ s♦✱ ❢♦r ❤♦✇ ♠❛♥② ②❡❛rs✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s✐♠✉❧❛t❡ t❤❡ ♣r❡s❡♥t ✈❛❧✉❡
♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧s st❛t❡ ♣❡♥s✐♦♥ ♣♦t ❛t t❤❡ ❞❛t❡ ♦❢ ✉♥❞❡❢❡rr❛❧✱ ✉♥❞❡r ❜♦t❤ t❤❡
✐♥❝r❡♠❡♥t❛❧ ❛♥❞ ❧✉♠♣ s✉♠ ♦♣t✐♦♥ ❢♦r ❞❡❢❡rr❛❧ ♦✈❡r ❛ ✈❛r②✐♥❣ ♥✉♠❜❡r ♦❢ ②❡❛rs✳
■♥ ♦✉r ❝♦♠♣❛r✐s♦♥s ✇❡ ♣✉r❡❧② ❝♦♠♣❛r❡ ❞❡❢❡rr❛❧ ♦♣t✐♦♥s ❜❛s❡❞ ♦♥ t❤❡ ♣r❡s❡♥t
♥❡t ✈❛❧✉❡ ✉♥❞❡r ❝✉rr❡♥t ❣♦✈❡r♥♠❡♥t ❧❡❣✐s❧❛t✐♦♥✱ ✇❡ ❞♦ ♥♦t ✉s❡ t❤❡ t❤❡♦r❡t✐❝❛❧
❢r❛♠❡✇♦r❦ ❞❡✈❡❧♦♣❡❞ ✐♥ ❡❛r❧✐❡r s❡❝t✐♦♥s ♦❢ t❤❡ ♣❛♣❡r✳

❖♥ r❡❛❝❤✐♥❣ ❙P❆ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❝❛♥ ❝❤♦♦s❡ ✇❤❡t❤❡r t♦ t❛❦❡ ✉♣ t❤❡ st❛t❡
♣❡♥s✐♦♥ ♦r ❞❡❢❡r ✐t ❢r♦♠ t❤❛t ❞❛t❡✳ ❚❤❡② ❞♦ ♥♦t ❤❛✈❡ t♦ ♣r❡❝♦♠♠✐t t♦ ❛ ❧❡♥❣t❤ ♦❢
❞❡❢❡rr❛❧ ❜✉t ❛t ❛♥② ❢✉t✉r❡ ❞❛t❡ ❝❛♥ ❛s❦ ❢♦r t❤❡✐r ♣❡♥s✐♦♥ t♦ st❛rt ❢r♦♠ t❤❡♥ ♦♥✳✶✶

■❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❝❤♦♦s❡s t♦ ❞❡❢❡r t❤❡✐r ♣❡♥s✐♦♥✱ t❤❡♥ ❝✉rr❡♥t r✉❧❡s ♠❡❛♥ t❤❛t ❢♦r
❡✈❡r② ✜✈❡ ✇❡❡❦s ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❞❡❢❡rs✱ t❤❡✐r ✇❡❡❦❧② ❙t❛t❡ P❡♥s✐♦♥ ✐♥❝r❡❛s❡s ❜②
✶✪✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ✶✵✳✹✪ r❛t❡ ♦❢ r❡t✉r♥ ❢♦r ❡❛❝❤ ❢✉❧❧ ②❡❛r ♦❢ ❞❡❢❡rr❛❧✳
❆❧t❡r♥❛t✐✈❡❧② ❛♥ ✐♥❞✐✈✐❞✉❛❧ ♠❛② ❛❧s♦ ❞❡❢❡r t❤❡✐r ❙t❛t❡ P❡♥s✐♦♥ ❛♥❞ r❡❝❡✐✈❡ ❛ ❧✉♠♣
s✉♠ ♣❛②♠❡♥t✳✶✷✱ ✶✸ ■❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❝❤♦♦s❡s t♦ t❛❦❡ t❤❡ ❧❛tt❡r ♦♣t✐♦♥✱ t❤❡ ❧✉♠♣
s✉♠ t❤❡② r❡❝❡✐✈❡ ✐s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡✐r ♣❛st ❞❡❢❡rr❡❞ ✇❡❡❦❧② ♣❡♥s✐♦♥ ♣❛②♠❡♥ts
❛❝❝✉♠✉❧❛t❡❞ ❛t ❛♥ ✐♥t❡r❡st r❛t❡ ♦❢ ❛t ❧❡❛st ✷✪ ❛❜♦✈❡ t❤❡ ❇❛♥❦ ♦❢ ❊♥❣❧❛♥❞

✶✶❚❤✐s ♥♦t tr✉❡ ❢♦r t❤❡ ❧✉♠♣ s✉♠ ♦♣t✐♦♥✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♠✉st ❞❡❢❡r ❢♦r ❛t ❧❡❛st
✺✷ ✇❡❡❦s✳

✶✷❊①tr❛ ❙t❛t❡ P❡♥s✐♦♥ ❛♥❞ ❧✉♠♣ s✉♠ ♣❛②♠❡♥t ❛r❡ ❜♦t❤ t❛①❡❞✳ ■♥ ❛❞❞✐t✐♦♥ ✐❢ ②♦✉ ❝❤♦♦s❡
t♦ ❞❡❢❡r t❤❡♥ t❤✐s ✇✐❧❧ ✐♠♣❛❝t ♠❡❛♥s t❡st❡❞ ❜❡♥❡✜ts✱ ✇❤❡r❡❛s ✐❢ ②♦✉ ❝❤♦♦s❡ t♦ r❡❝✐❡✈❡ ❛ ❧✉♠♣
s✉♠✱ t❤✐s ✇✐❧❧ ♥♦t ❛✛❡❝t ❝❡rt❛✐♥ ♠❡❛♥s t❡st❡❞ ❜❡♥❡✜ts✳

✶✸❙✐♥❝❡ ✐t✬s ✐♥❝❡♣t✐♦♥ t❤❡r❡ ❤❛✈❡ ❜❡❡♥ ✈❛r✐♦✉s ❝❤❛♥❣❡s t♦ ❧❡❣✐s❧❛t✐♦♥ r❡❣❛r❞✐♥❣ ❤♦✇ t❤❡ r❛t❡
♦❢ r❡t✉r♥ ♦♥ t❤❡ ❞❡❢❡rr❛❧ ♦♣t✐♦♥ ✐s ❢♦r♠✉❧❛t❡❞✱ ❛♥❞ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ❧✉♠♣ s✉♠ ♦♣t✐♦♥
✐♥ ✷✵✵✻✳ ❋♦r ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡s❡ ❝❤❛♥❣❡s s❡❡ ❇♦③✐♦ ❡t ❛❧ ✭✷✵✶✵✮✳

✶✽



❜❛s❡ r❛t❡✳ ✶✹✱✶✺ ■❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❝❤♦♦s❡s t♦ t❛❦❡ t❤❡ ❧❛tt❡r ♦♣t✐♦♥✱ t❤❡ ❧✉♠♣
s✉♠ t❤❡② r❡❝❡✐✈❡ ✐s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡✐r ♣❛st ❞❡❢❡rr❡❞ ✇❡❡❦❧② ♣❡♥s✐♦♥ ♣❛②♠❡♥ts
❛❝❝✉♠✉❧❛t❡❞ ❛t ❛♥ ✐♥t❡r❡st r❛t❡ ♦❢ ❛t ❧❡❛st ✷✪ ❛❜♦✈❡ t❤❡ ❇❛♥❦ ♦❢ ❊♥❣❧❛♥❞ ❜❛s❡
r❛t❡✳✶✻ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❧✐❢❡ ❡①♣❡❝t❛♥❝② ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ t❤❡r❡ ✐s ♥♦ ❝❧❡❛r
❛♥s✇❡r ❛s t♦ ✇❤✐❝❤ ♦♣t✐♦♥ ✐s ♠♦r❡ ❧✉❝r❛t✐✈❡✱ ❤♦✇❡✈❡r ❣✐✈❡♥ t❤❡ ✐♥❝r❡❛s✐♥❣ ❧✐❢❡
❡①♣❡❝t❛♥❝② ♦❜s❡r✈❡❞ ✐♥ t❤❡ ♣❛st ✸✵ ②❡❛rs✱ ✐t ✐s ❣❡♥❡r❛❧❧② ❝♦♥s✐❞❡r❡❞ ✭s❡❡ ❋❛rr❛r
❡t ❛❧✳✱ ✷✵✶✷✮ t❤❛t t❤❡ ✐♥❝r❡♠❡♥t❛❧ ♦♣t✐♦♥ ♦✛❡rs ❛ ❤✐❣❤❡r r❛t❡ ♦❢ r❡t✉r♥✳

❆t t❤❡ ♣♦✐♥t ♦❢ r❡✐♥st❛t❡♠❡♥t ♦❢ ❛ ❞❡❢❡rr❡❞ ♣❡♥s✐♦♥ S✱ t❤❡ ♣r❡s❡♥t ✈❛❧✉❡ ♦❢ t❤❡
❡①tr❛ ✇❡❡❦❧② ♣❛②♠❡♥t ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❞❡❢❡rr❛❧ ✐s x(1+1.01+1.012+..1.01τ )(1+
(1+r)−1+ ..(1+r)T−S) ✇❤❡r❡ τ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♠♦♥t❤s ❢♦r ✇❤✐❝❤ t❤❡ ♣❡♥s✐♦♥
❤❛s ❜❡❡♥ ❞❡❢❡rr❡❞ ❜❡t✇❡❡♥ ❙❘❆ ❛♥❞ ❛❣❡ ❛t S✱ x ✐s t❤❡ ♦r✐❣✐♥❛❧ ✇❡❡❦❧② ♣❡♥s✐♦♥
♣❛②❛❜❧❡ ❛t ❙❘❆✱ r ✐s ❛ ❝♦♥st❛♥t ♠❛r❦❡t ✐♥t❡r❡st r❛t❡ ❛♥❞ T ✐s t❤❡ ❞❛t❡ ♦❢ ❞❡❛t❤✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ ❧✉♠♣ s✉♠ ♣❛②❛❜❧❡ ❛t S ✐s x(1+1+ρ+(1+ρ)2+..(1+ρ)τ )
✇❤❡r❡ ρ ✐s ❛t ❧❡❛st 2% ❛❜♦✈❡ ❜❛♥❦ ❜❛s❡ r❛t❡✳

❲❡ ♣❧♦t t❤❡ ♣r❡s❡♥t ✈❛❧✉❡ ✉♥❞❡r ❡❛❝❤ ♦♣t✐♦♥ ✐♥ ❋✐❣✉r❡s ✽ ❛♥❞ ✾ ❜❡❧♦✇✳ ■♥
❋✐❣✉r❡ ✽ ✇❡ ✈❛r② t❤❡ ❣❡♥❡r♦s✐t② ♦❢ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ♦♣t✐♦♥✱ ✐✳❡✳ t❤❡ ❧❡♥❣t❤ ♦❢ t✐♠❡
✐t t❛❦❡s t♦ ❡❛r♥ ❛ ✶✪ ✐♥❝r❡❛s❡ ✐♥ ❛♥ ✐♥❞✐✈✐❞✉❛❧s ✇❡❡❦❧② st❛t❡ ♣❡♥s✐♦♥✳ ❲❤✐❧st ✐♥
❋✐❣✉r❡ ✾ ✇❡ ✈❛r② t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ♣❡r✐♦❞ ❢r♦♠ t❤❡ ❞❛t❡ ♦❢ ✉♥❞❡❢❡rr❛❧ t♦ ❞❡❛t❤✳
■t ✐s t❤❡s❡ t✇♦ ❢❛❝t♦rs ✇❤✐❝❤ t♦ ❛ ❧❛r❣❡ ❡①t❡♥t ❞✐❝t❛t❡ t❤❡ P❱ ♦❢ t❤❡ ❞❡❢❡rr❡❞
♣❡♥s✐♦♥✳ ❚♦ s❤♦✇ t❤✐s ✇❡ s❡t ❛❧❧ ♦t❤❡r ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❛s ❢♦❧❧♦✇s✿ ✐♥✐t✐❛❧ ✇❡❡❦❧②
st❛t❡ ♣❡♥s✐♦♥ ♦❢ ➾125✱ ✇❡❡❦❧② ✐♥t❡r❡st r❛t❡ ♦♥ ❧✉♠♣ s✉♠ ♦♣t✐♦♥ ❡q✉❛❧ t♦ 0.05

52 ✱
♣♦st ✉♥❞❡❢❡rr❛❧ ✇❡❡❦❧② ♥❡t r❛t❡ ♦❢ r❡t✉r♥ ❡q✉❛❧ t♦ 0.02

52 ❛♥❞ ❞❡❢❡rr❛❧ ♣❡r✐♦❞ ❡q✉❛❧
t♦ t✇♦ ②❡❛rs✳ ❲❡ s❡t t❤❡ ❧✉♠♣ s✉♠ ✇❡❡❦❧② ✐♥t❡r❡st r❛t❡ ❡q✉❛❧ t♦ 0.05

52 ✉s✐♥❣ t❤❡
❝✉rr❡♥t ♣♦❧✐❝② r✉❧❡ t❤❛t ❢♦r t❤❡ ❧✉♠♣ ♦♣t✐♦♥ ♦❢ ❞❡❢❡rr❛❧✱ ❜❡♥❡✜ts ✇✐❧❧ ❣r♦✇ ❛t ✷✪
♣❡r ❛♥♥✉♠ ❛❜♦✈❡ t❤❡ ❇❛♥❦ ♦❢ ❊♥❣❧❛♥❞ ❜❛s❡ r❛t❡✳✶✼

✭✐✮ ❱❛r②✐♥❣ r❛t❡ ♦❢ r❡t✉r♥ ♦♥ ✐♥❝r❡♠❡♥t❛❧ ♦♣t✐♦♥ ❋✐❣✉r❡ ✽ s❤♦✇s
t❤❡ ❡✛❡❝t ♦❢ ❝❤❛♥❣✐♥❣ t❤❡ r❛t❡ ♦❢ r❡t✉r♥ ♦r r❡❧❛t✐✈❡ ❣❡♥❡r♦s✐t②✱ ❛ss✉♠✐♥❣ ❛♥
✐♥❞✐✈✐❞✉❛❧ ❧✐✈❡s ❢♦r 15 ②❡❛rs ❢♦❧❧♦✇✐♥❣ t❤❡ ❞❛t❡ ♦❢ ✉♥❞❡❢❡rr❛❧✳ ❚❤❡ s❧♦♣✐♥❣ ❝✉r✈❡
r❡♣r❡s❡♥ts t❤❡ ❞❡❢❡rr❡❞ ✐♥❝♦♠❡ ♦♣t✐♦♥ ✇❤✐❧st t❤❡ ✢❛t ❝✉r✈❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡
❧✉♠♣ s✉♠ ♦♣t✐♦♥✳

❚❤❡ ❜r❡❛❦ ❡✈❡♥ ♦❢ ♣♦✐♥t ❢♦r t❤❡ P❱ ♦❢ t❤❡ ♣❡♥s✐♦♥ ✐s ❛t ❛ r❛t❡ ♦❢ r❡t✉r♥
♦❢ ❛❜♦✉t ✶✪ ❢♦r ❡✈❡r② ✻✳✷✺ ✇❡❡❦s ❞❡❢❡rr❡❞✳ ❯♥❞❡r ❡①✐st✐♥❣ r✉❧❡s t❤❡ ❝✉rr❡♥t
r❛t❡ ♦❢ r❡t✉r♥ ✐s ❛ ✶✪ ✐♥❝r❡♠❡♥t ❢♦r ❡✈❡r② ✺ ✇❡❡❦s ❞❡❢❡rr❡❞✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐♥ t❤✐s

✶✹■♥ t❡r♠s ♦❢ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ ♦♥❡ ♦❢ t❤❡ ❜✐❣❣❡st ❝❤❛♥❣❡s ♦❢ t❤❡ ♠♦✈❡ t♦ ❛ s✐♥❣❧❡ t✐❡r ♣❡♥s✐♦♥
✐s t❤❛t t❤❡ ❧✉♠♣ s✉♠ ♦♣t✐♦♥ ✇✐❧❧ ❜❡ s❝r❛♣♣❡❞ ❛♥❞ ♦♥❧② t❤❡ ✐♥❝r❡♠❡♥t❛❧ ♦♣t✐♦♥ ✇✐❧❧ ❜❡ ❛✈❛✐❧❛❜❧❡
t♦ t❤♦s❡ ✇❤♦ ❞❡❢❡r ✭❲❤✐t❡ P❛♣❡r ✷✵✶✸✮✳ ▼♦r❡♦✈❡r t❤❡ ✐♥❝r❡♠❡♥t❛❧ ♦♣t✐♦♥ ✇✐❧❧ ❜❡❝♦♠❡ ❧❡ss
❣❡♥❡r♦✉s ♣r♦✈✐❞✐♥❣ ❞❡❢❡rr❡rs ✇✐t❤ ❛ r❛t❡ ♦❢ r❡t✉r♥ ♦❢ ❥✉st ✉♥❞❡r ✺✳✽✪✳

✶✺❊①tr❛ ❙t❛t❡ P❡♥s✐♦♥ ❛♥❞ ❧✉♠♣ s✉♠ ♣❛②♠❡♥t ❛r❡ ❜♦t❤ t❛①❡❞✳ ■♥ ❛❞❞✐t✐♦♥ ✐❢ ②♦✉ ❝❤♦♦s❡
t♦ ❞❡❢❡r t❤❡♥ t❤✐s ✇✐❧❧ ✐♠♣❛❝t ♠❡❛♥s t❡st❡❞ ❜❡♥❡✜ts✱ ✇❤❡r❡❛s ✐❢ ②♦✉ ❝❤♦♦s❡ t♦ r❡❝✐❡✈❡ ❛ ❧✉♠♣
s✉♠✱ t❤✐s ✇✐❧❧ ♥♦t ❛✛❡❝t ❝❡rt❛✐♥ ♠❡❛♥s t❡st❡❞ ❜❡♥❡✜ts✳

✶✻■♥ t❡r♠s ♦❢ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ ♦♥❡ ♦❢ t❤❡ ❜✐❣❣❡st ❝❤❛♥❣❡s ♦❢ t❤❡ ♠♦✈❡ t♦ ❛ s✐♥❣❧❡ t✐❡r ♣❡♥s✐♦♥
✐s t❤❛t t❤❡ ❧✉♠♣ s✉♠ ♦♣t✐♦♥ ✇✐❧❧ ❜❡ s❝r❛♣♣❡❞ ❛♥❞ ♦♥❧② t❤❡ ✐♥❝r❡♠❡♥t❛❧ ♦♣t✐♦♥ ✇✐❧❧ ❜❡ ❛✈❛✐❧❛❜❧❡
t♦ t❤♦s❡ ✇❤♦ ❞❡❢❡r ✭❲❤✐t❡ P❛♣❡r ✷✵✶✸✮✳ ❆t t❤❡ t✐♠❡ ♦❢ ✇r✐t✐♥❣ t❤❡ ❛❝t✉❛❧ ❣❡♥❡r♦s✐t② ♦❢ t❤❡
✐♥❝r❡♠❡♥t❛❧ ♦♣t✐♦♥ ✐s ②❡t t♦ ❜❡ ❞❡❝✐❞❡❞✱ ❤♦✇❡✈❡r ✐s ❜❡❧✐❡✈❡❞ t♦ ❜❡ ✐♥ t❤❡ r❡❣✐♦♥ ♦❢ ❤❛❧❢ ✐ts
❝✉rr❡♥t ❣❡♥❡r♦s✐t② ✭❋❚✱ ❙❡♣t❡♠❜❡r ✷✵✶✸✮✳

✶✼❇❛♥❦ ♦❢ ❊♥❣❧❛♥❞ ❤✐st♦r✐❝❛❧ ❞❛t❛ ❜❡t✇❡❡♥ ✷✵✵✺✲✷✵✵✾ ✭♣r✐♦r t♦ t❤❡ ✜♥❛♥❝✐❛❧ ❝r✐s✐s✮ r❡✈❡❛❧s
t❤❡ ❛✈❡r❛❣❡ ✐♥t❡r❡st r❛t❡ ✇❛s r♦✉❣❤❧② ✸✪✳

✶✾



❋✐❣✉r❡ ✽✿ ❱❛r②✐♥❣ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ❢❛❝t♦r

◆♦t❡s✿ ❚❤❡ ❳✲❛①✐s ♠❡❛s✉r❡s t❤❡ ♥✉♠❜❡r ♦❢ ✇❡❡❦s ✭♠✉❧t✐♣❧✐❡❞ ❜② ✶✵✵✮ r❡q✉✐r❡❞ ❢♦r ❛♥ ✐♥❞✐✈✐❞✉❛❧
t♦ ❞❡❢❡r t❤❡✐r st❛t❡ ♣❡♥s✐♦♥ ✐♥ ♦r❞❡r ❢♦r t❤❡♠ t♦ r❡❝❡✐✈❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ➾✶ ❡①tr❛ ❛ ✇❡❡❦ ✉♣♦♥
✉♥❞❡❢❡rr❛❧✳

❡①❛♠♣❧❡ ✐t ✐s ✇♦rt❤ ❛♣♣r♦①✐♠❛t❡❧② ➾✸✵✵✵ t♦ t❤❡ ✐♥❞✐✈✐❞✉❛❧ t♦ ❝❤♦♦s❡ t❤❡ ❞❡❢❡rr❡❞
✐♥❝♦♠❡ ♦♣t✐♦♥✳ ❍♦✇❡✈❡r ✐❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ✇❛s ❝r❡❞✐t ❝♦♥str❛✐♥❡❞ t❤❡♥ ✐t ❝♦✉❧❞
❜❡ t❤❡ ❝❛s❡ t❤❡② r❡q✉✐r❡ t❤❡ ❧✉♠♣ s✉♠ t♦ ❝❧❡❛r s♦♠❡ ❞❡❜t✱ ❡✳❣✳ ❛♥ ♦✉tst❛♥❞✐♥❣
♠♦rt❣❛❣❡✳ ❲❤❛t ✐s ❛❧s♦ ❝❧❡❛r ✐s t❤❛t ❞✉r✐♥❣ t❤❡ ✶✾✼✵✬s ✇❤❡♥ t❤❡ ❝♦♥tr✐❜✉t✐♦♥
r❛t❡ ✇❛s ❛♣♣r♦①✐♠❛t❡❧② ✶✪ ❢♦r ❡✈❡r② ✼✲✽ ✇❡❡❦s ❞❡❢❡rr❡❞✱ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧s ❤❛❞ ❛
s❤♦rt❡r ❧✐❢❡ s♣❛♥ ✭s❡❡ ❋✐❣✉r❡ ✶✵✮✱ t❤❡ ❧✉♠♣ s✉♠ ♦♣t✐♦♥ ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ♠♦r❡
❧✉❝r❛t✐✈❡ ❤❛❞ ✐t ❜❡❡♥ ❛✈❛✐❧❛❜❧❡✳ ❆s ♦❢ ❆♣r✐❧ ✷✵✶✻ t❤❡ ❣♦✈❡r♥♠❡♥t ♣❧❛♥s t♦ s❝r❛♣
t❤❡ ❧✉♠♣ s✉♠ ♦♣t✐♦♥ ❛♥❞ r❡❞✉❝❡ t❤❡ ❣❡♥❡r♦s✐t② ♦❢ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ♦♣t✐♦♥ ❜②
♦♥❡✲❤❛❧❢ ✇❤✐❝❤ ✐♠♣❧✐❡s ✐♥❞✐✈✐❞✉❛❧s ✇✐❧❧ ❜❡ ✇♦rs❡ ♦✛❀ ❤♦✇❡✈❡r t❤❡ ♣r♦♣♦s❡❞ r❛t❡
♦❢ r❡t✉r♥ ♦♥ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ♦♣t✐♦♥ ✐s st✐❧❧ ✐♥ ❡①❝❡ss ♦❢ t❤❡ ❢r❡❡ ♠❛r❦❡t r❛t❡✳

✭✐✐✮ ❱❛r②✐♥❣ ❧✐❢❡ s♣❛♥ ❢r♦♠ ✉♥❞❡❢❡rr❛❧ ❞❛t❡ ❋✐❣✉r❡ ✾ s❤♦✇s t❤❡ ❡✛❡❝t
♦❢ ✐♥❝r❡❛s✐♥❣ ❧♦♥❣❡✈✐t② ✉♥❞❡r t❤❡ ✐♥❝r❡♠❡♥t❛❧ ♦♣t✐♦♥ ✭❣r❡❡♥✮ ❛♥❞ ❧✉♠♣ s✉♠
♦♣t✐♦♥ ✭r❡❞✮✱ ❛ss✉♠✐♥❣ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❝✉rr❡♥t ❧❡❣✐s❧❛t✐♦♥✳

■♥t✉✐t✐✈❡❧②✱ t❤♦s❡ ✇❤♦ ♦♥❧② ❧✐✈❡ ❛ s❤♦rt ♣❡r✐♦❞ ❛❢t❡r t❤❡② ✉♥❞❡❢❡r ❛r❡ ♠✉❝❤
❜❡tt❡r ♦✛ ❝❤♦♦s✐♥❣ t❤❡ ❧✉♠♣ s✉♠ ♦♣t✐♦♥✳ ❍♦✇❡✈❡r ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ❞❡❢❡rr❡❞
✐♥❝♦♠❡ ♦♣t✐♦♥ ✐s ♠♦r❡ ❧✉❝r❛t✐✈❡ ♣r♦✈✐❞❡❞ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❧✐✈❡s ❢♦r ❛♣♣r♦①✐♠❛t❡❧②
✶✷ ②❡❛rs ♦r ♠♦r❡ ❛❢t❡r t❤❡② ✉♥❞❡❢❡r✳

❚❤❡ ❖✣❝❡ ❢♦r ◆❛t✐♦♥❛❧ ❙t❛t✐st✐❝s ✭✷✵✶✶✮ ♣✉❜❧✐s❤❡❞ ❝✉rr❡♥t ❛♥❞ ♣r♦❥❡❝t❡❞ ❧✐❢❡
❡①♣❡❝t❛♥❝② t❛❜❧❡s ❜② ❣❡♥❞❡r ✐♥ t❤❡ ❯❑ ❝♦✈❡r✐♥❣ t❤❡ ♣❡r✐♦❞ ✶✾✽✺ t♦ ✷✵✸✺✳ ❖✈❡r
t❤✐s ♣❡r✐♦❞ ✐t ✐s q✉✐t❡ ❝❧❡❛r ❧✐❢❡ ❡①♣❡❝t❛♥❝② ❤❛s ✐♥❝r❡❛s❡❞ s✉❜st❛♥t✐❛❧❧②✱ ❢♦r ❜♦t❤
❝♦❤♦rt ❛♥❞ ♣❡r✐♦❞ ❣r♦✉♣s✳ P❡r✐♦❞ ❧✐❢❡ ❡①♣❡❝t❛♥❝② r❡❢❡rs t♦ t❤❡ ❧✐❢❡ ❡①♣❡❝t❛♥❝② ❢♦r
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❋✐❣✉r❡ ✾✿ ❱❛r②✐♥❣ ✐♥❞✐✈✐❞✉❛❧s ❧✐❢❡ ❡①♣❡❝t❛♥❝②

◆♦t❡s✿ ❳✲❛①✐s r❡❢❡rs t❤❡ ❞✉r❛t✐♦♥ ✭✐♥ ✇❡❡❦s✮ ♦❢ t❤❡ ❞❡❢❡rr❛❧ ♣❡r✐♦❞✳

t❤♦s❡ ✐♥❞✐✈✐❞✉❛❧s ✐♥ ❛ ❣✐✈❡♥ ❝❛❧❡♥❞❡r ②❡❛r ✭❖◆❙✱ ✷✵✶✶✮✳ ❍❡♥❝❡ ✐♥ ✷✵✶✸ ❢❡♠❛❧❡s
❛r❡ ❡①♣❡❝t❡❞ t♦ ❧✐✈❡ ✉♥t✐❧ ✽✸ ②❡❛rs ♦❢ ❛❣❡ ♦♥ ❛✈❡r❛❣❡✳ ■♥ ❝♦♥tr❛st✱ ❝♦❤♦rt ❧✐❢❡
❡①♣❡❝t❛♥❝② ❛t ❜✐rt❤ ✐s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❛❣❡✲s♣❡❝✐✜❝ ♠♦rt❛❧✐t② r❛t❡s ✇❤✐❝❤ ❛❧❧♦✇
❢♦r ❦♥♦✇♥ ♦r ♣r♦❥❡❝t❡❞ ❝❤❛♥❣❡s ✐♥ ♠♦rt❛❧✐t② t❤r♦✉❣❤♦✉t ❛ ♣❡rs♦♥✬s ❧✐❢❡ ✭❖◆❙✱
✷✵✶✶✮✳ ❋♦r ❡①❛♠♣❧❡ ❛ ❢❡♠❛❧❡ ❜♦r♥ ✐♥ ✷✵✶✸ ✐s ❡①♣❡❝t❡❞ t♦ ❧✐✈❡ ✉♥t✐❧ ✾✹ ②❡❛rs ♦❢
❛❣❡✳

❙✉♣♣♦s✐♥❣ ❛♥ ✐♥❞✐✈✐❞✉❛❧ r❡❛❝❤❡s t❤❡✐r ❧✐❢❡ ❡①♣❡❝t❛♥❝②✱ ❋✐❣✉r❡ ✶✵ ✐♠♣❧✐❡s t❤❡
❞❡❢❡rr❡❞ ✐♥❝♦♠❡ ♦♣t✐♦♥ ✐s ♠♦r❡ ❧✉❝r❛t✐✈❡ ❢♦r ❜♦t❤ ❝✉rr❡♥t ❛♥❞ ❢✉t✉r❡ r❡t✐r❡❡s✱ s♦
❧♦♥❣ ❛s t❤❡ r❡❧❛t✐✈❡ ❣❡♥❡r♦s✐t② ♦❢ t❤✐s ♦♣t✐♦♥ ✐s ♥♦t ❝❤❛♥❣❡❞✳

❋❛rr❛r ❡t ❛❧✳ ✭✷✵✶✷✮ ❝♦♠♣❛r❡ t❤❡ t✇♦ ✉♥❞❡❢❡rr❛❧ ♦♣t✐♦♥s r❡❧❛t✐✈❡ t♦ ♥♦t
❞❡❢❡rr✐♥❣ ❛♥❞ ✐♥✈❡st✐♥❣ ❛t t❤❡ ♠❛r❦❡t r❛t❡✱ ✐♥ ♠♦st ♣♦❧✐❝② s✐♠✉❧❛t✐♦♥s ❞❡❢❡rr❛❧
♦❢ ❛♥② ❦✐♥❞ ✐s ♣r❡❢❡rr❡❞ ♦✈❡r ♥♦♥ ❞❡❢❡rr❛❧✳✶✽ ❙✐♠✐❧❛r t♦ ❉✐s♥❡② ❛♥❞ ❙♠✐t❤ ✭✷✵✵✷✮
❛♥❞ ♦✉r ♦✇♥ ♠♦❞❡❧✱ ❋❛rr❛r ❡t ❛❧✳ ✭✷✵✶✷✮ ❛ss✉♠❡ ✐♥❞✐✈✐❞✉❛❧s ❢❛❝❡ ♥♦ ❜♦rr♦✇✐♥❣
❝♦♥str❛✐♥ts✳ ❉❡❢❡rr❛❧ ✇♦✉❧❞ ♥♦t ❜❡ ♦♣t✐♠❛❧ ✐❢ ✐♥❞✐✈✐❞✉❛❧s ❝♦✉❧❞ ♥♦t ❜♦rr♦✇
❛❣❛✐♥st t❤❡✐r ❢✉t✉r❡ ✐♥❝♦♠❡✳ ❆ss✉♠✐♥❣ ❛♥ ✐♥❞✐✈✐❞✉❛❧ r❡❛❝❤❡s t❤❡✐r ♣r❡❞✐❝t❡❞ ❧✐❢❡
❡①♣❡❝t❛♥❝②✱ t❤❡♥ ♦✉r r❡s✉❧ts ✐♠♣❧② t❤❡ ✐♥❝r❡♠❡♥t❛❧ ♦♣t✐♦♥ t❡♥❞s t♦ ♦✛❡r ❛ ❤✐❣❤❡r
r❛t❡ ♦❢ r❡t✉r♥ ✐♥ ♠♦st ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s✳ ❙✐♠✐❧❛r❧② ❋❛rr❛r ❡t ❛❧✳ ✭✷✵✶✷✮ ✜♥❞
t❤❡ ✶✵✳✹✪ ✐♥t❡r❡st ♣❛②♠❡♥t s✉❜st❛♥t✐❛❧❧② ❡①❝❡❡❞❡❞ t❤❡ ❜r❡❛❦ ❡✈❡♥ ✐♥t❡r❡st r❛t❡
r❡q✉✐r❡❞ ❢♦r t❤❡ ✐♥❝r❡♠❡♥t❛❧ ❛♥❞ ❧✉♠♣ s✉♠ ♦♣t✐♦♥ t♦ ❜❡ ♦❢ ❡q✉❛❧ ✈❛❧✉❡ ✭✐♥ P❱
t❡r♠s✮✳

❈♦❧❡♠❛♥ ❡t ❛❧ ✭✷✵✵✽✮ ❛♥❛❧②s❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❞❡❢❡rr❡rs ✈❡rs✉s t❤♦s❡

✶✽■♥ t❤❡✐r ♣❛♣❡r t❤❡ ❛✉t❤♦rs ✇♦r❦❡❞ ✐♥ ❝♦♥t✐♥✉♦✉s t✐♠❡ ❛♥❞ ❞♦ ♥♦t ❝♦♥s✐❞❡r ❛ ❢♦r♠❛❧ ♠♦❞❡❧
♦❢ ❧❛❜♦✉r ❢♦r❝❡ ♣❛rt✐❝✐♣❛t✐♦♥✳
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❋✐❣✉r❡ ✶✵✿ ❈♦❤♦rt ❛♥❞ ♣❡r✐♦❞ ❧✐❢❡ ❡①♣❡❝t❛♥❝② ♠❡♥ ❛♥❞ ✇♦♠❡♥

❙♦✉r❝❡✿ ❖◆❙ ✭✷✵✶✶✮

✇❤♦ ❝❧❛✐♠ st❛t❡ ♣❡♥s✐♦♥ ❛t ❙P❆✳ ❚❤❡✐r r❡s✉❧ts s✉❣❣❡st ❞❡❢❡rr❡rs ❛r❡ ♠❛✐♥❧②
❤✐❣❤ ❡❛r♥❡rs ✇❤♦ ❤❛❞ ❣♦♦❞ ✜♥❛♥❝✐❛❧ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❞❡❢❡rr❛❧ ♦♣t✐♦♥ ✭❤❡♥❝❡
t❤❡ ♠❛❥♦r✐t② ♦❢ t❤❡♠ ❝❤♦s❡ t❤❡ ❞❡❢❡rr❡❞ ✐♥❝♦♠❡ ♦♣t✐♦♥✮ ❛♥❞ ❡✐t❤❡r t❤❡② ♦r t❤❡✐r
♣❛rt♥❡r t❡♥❞❡❞ t♦ ❝♦♥t✐♥✉❡ ❡♥❣❛❣✐♥❣ ✇✐t❤ ♣❛✐❞ ✇♦r❦ ♣♦st ❙P❆✳ ❚❤❡s❡ ✐♥❞✐✈✐❞✉❛❧s
r❡♣♦rt❡❞ t❤❡② ✇❡r❡ ✜♥❛♥❝✐❛❧❧② ❝♦♠❢♦rt❛❜❧❡ ❞✉r✐♥❣ t❤❡ ❞❡❢❡rr❛❧ ♣❡r✐♦❞✳ ❚❤✐s
s✉❣❣❡sts t❤❡ ❡♠♣❧♦②♠❡♥t ❛♥❞ ❞❡❢❡rr❛❧ ❞❡❝✐s✐♦♥ ♠❛② ✇❡❧❧ ❜❡ ❥♦✐♥t❧② ❞❡t❡r♠✐♥❡❞
❛♥❞ ✐t ✐s ✉♥❧✐❦❡❧② ❞❡❢❡rr❡rs ❛r❡ ❢r♦♠ ❝r❡❞✐t ❝♦♥str❛✐♥❡❞ ❤♦✉s❡❤♦❧❞s✳ ▼♦r❡ r❡❝❡♥t
❞❛t❛ ❢r♦♠ ✇❛✈❡s ❢♦✉r ❛♥❞ ✜✈❡ ♦❢ t❤❡ ❊♥❣❧✐s❤ ▲♦♥❣✐t✉❞✐♥❛❧ ❙t✉❞② ♦❢ ❆❣❡✐♥❣
✭❊▲❙❆✮ s♣❛♥♥✐♥❣ t❤❡ ②❡❛rs ✷✵✵✽✲✷✵✶✸ ❛❧s♦ ❝♦♥t❛✐♥ ✐♥❢♦r♠❛t✐♦♥ ♦♥ st❛t❡ ♣❡♥s✐♦♥
❞❡❢❡rr❛❧✱ ❞❡s♣✐t❡ s♠❛❧❧ s❛♠♣❧❡ s✐③❡s t❤♦s❡ ✇❤♦ ❞♦ ❞❡❢❡r t❡♥❞ t♦ ❤❛✈❡ ✇♦r❦❡❞ ✐♥
♣r♦❢❡ss✐♦♥❛❧✱ ♠❛♥❛❣❡r✐❛❧ ♦r s❦✐❧❧❡❞ ♥♦♥✲♠❛♥✉❛❧ ♦❝❝✉♣❛t✐♦♥s✳ ❚❤❡s❡ ✐♥❞✐✈✐❞✉❛❧s
❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ ❝❤♦♦s❡ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ✐♥❝♦♠❡ ♦♣t✐♦♥ ❛♥❞ t❡♥❞ t♦ ❞❡❢❡r t❤❡✐r
st❛t❡ ♣❡♥s✐♦♥ ❢♦r ❜❡t✇❡❡♥ ✶ ❛♥❞ ✺ ②❡❛rs✳✶✾

✹✳✷ Pr❡✈❛❧❡♥❝❡ ♦❢ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧✳

❆ ❋r❡❡❞♦♠ ♦❢ ■♥❢♦r♠❛t✐♦♥ ❘❡q✉❡st r❡❧❡❛s❡❞ ❜② t❤❡ ❉❲P s❤♦✇❡❞ ❜❡t✇❡❡♥ ❙❡♣t❡♠✲
❜❡r ✷✵✵✾✲✷✵✶✵ ❛♣♣r♦①✐♠❛t❡❧② ✻✻✱✸✵✵ ✐♥❞✐✈✐❞✉❛❧s ❞❡❢❡rr❡❞ t❤❡✐r ♣❡♥s✐♦♥✳✷✵ ❖❢ t❤✐s
t♦t❛❧ r♦✉❣❤❧② ❥✉st ♦✈❡r ♦♥❡ t❤✐r❞ t♦♦❦ t❤❡ ✐♥❝r❡♠❡♥t ♦♣t✐♦♥✱ ✇❤✐❧st ♥❡❛r❧② ❤❛❧❢

✶✾❖❝❝✉♣❛t✐♦♥ ❞❛t❛ ✐s ❢❡❞ ❢♦r✇❛r❞ t♦ ✇❛✈❡ ♦♥❡ ♦❢ ❊▲❙❆ ❢r♦♠ t❤❡ ❍❡❛❧t❤ ❙✉r✈❡② ❢♦r ❊♥❣❧❛♥❞
❞❛t❛✱ ❢r♦♠ ✇❤✐❝❤ t❤❡ ♦r✐❣✐♥❛❧ ❊▲❙❆ s❛♠♣❧❡ ✐s ❞❡r✐✈❡❞✳

✷✵❋r❡❡❞♦♠ ♦❢ ■♥❢♦r♠❛t✐♦♥ r❡q✉❡st ❝❛t❛❧♦❣✉❡ ♥✉♠❜❡r ✭✷✼✼✸✴✷✵✶✶✮✳
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t♦♦❦ t❤❡ ❧✉♠♣ s✉♠ ♦♣t✐♦♥✱ t❤❡ r❡♠❛✐♥❞❡r t♦♦❦ ❛ ♠✐①t✉r❡ ♦❢ t❤❡ t✇♦✳✷✶ ❖❢ t❤❡
t♦t❛❧ ♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛❧s ❡❧✐❣✐❜❧❡ t♦ ❝❧❛✐♠ t❤❡✐r st❛t❡ ♣❡♥s✐♦♥✱ r♦✉❣❤❧② ✶ ✐♥
✶✵ ❝❤♦s❡ t♦ ❞❡❢❡r t❤❡✐r ♣❡♥s✐♦♥✳ ❈♦❧❡♠❛♥ ❡t ❛❧ ✭✷✵✵✽✮ ✉s✐♥❣ ❛❞♠✐♥✐str❛t✐✈❡ ❞❛t❛
s✉r✈❡②❡❞ ✐♥❞✐✈✐❞✉❛❧s ✇❤♦ ✇❡r❡ ❛♣♣r♦❛❝❤✐♥❣ ♦r ❤❛❞ r❡❛❝❤❡❞ ❙P❆✱ ❛♥❞ ❢♦✉♥❞ ♦♥❧②
❛ ❧♦✇ ❧❡✈❡❧ ♦❢ r❡s♣♦♥❞❡♥ts✱ ✻✺✪✱ ❦♥❡✇ ♦❢ t❤❡ ♦♣t✐♦♥ t♦ ❞❡❢❡r✳ ❚❤✐s ♣r♦♣♦rt✐♦♥
♦♥❧② ✐♥❝r❡❛s❡❞ s❧✐❣❤t❧② ❛❢t❡r ❙P❆✳ ❚❤❡ ♠❛✐♥ r❡❛s♦♥s ❝✐t❡❞ ✇❡r❡ ❞✉❡ t✐♠❡ ❝♦♥✲
str❛✐♥ts ❛♥❞ ✐t ❜❡✐♥❣ t❤❡ ❵s♣♦✉s❡s r❡s♣♦♥s✐❜✐❧✐t②✬✱ ❧❛❝❦ ♦❢ ✐♥t❡r❡st ♦r ❝♦♥✜❞❡♥❝❡
✐♥ ✜♥❛♥❝✐❛❧ ♠❛tt❡rs✳ ❚❤❡r❡❢♦r❡ ❞❡s♣✐t❡ r♦✉❣❤❧② ✶ ✐♥ ✶✵ ✐♥❞✐✈✐❞✉❛❧s ❞❡❢❡rr✐♥❣ ✐t
✐s ❧✐❦❡❧② ✇✐t❤ ✐♥❝r❡❛s❡❞ ❛✇❛r❡♥❡ss ✭❛ ❝❡♥tr❛❧ ❛✐♠ ♦❢ t❤❡ ✷✵✶✸ ❲❤✐t❡ P❛♣❡r✮ t❤✐s
♣r♦♣♦rt✐♦♥ ✇✐❧❧ r✐s❡✳✷✷

✺ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ♣♦❧✐❝② ✐♠♣❧✐❝❛t✐♦♥s

■♥ t❤✐s ♣❛♣❡r ✇❡ ❞❡✈❡❧♦♣ ❛ ❧✐❢❡❝②❝❧❡ ❢r❛♠❡✇♦r❦ t♦ ♠♦❞❡❧ t❤❡ ❥♦✐♥t ❞❡❝✐s✐♦♥ ♦❢
♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ ❛♥❞ ✐♥t❡rt❡♠♣♦r❛❧ ❧❛❜♦✉r s✉♣♣❧②✳ ❈♦♥tr❛r② t♦ t❤❡ ♣♦❧✐❝② ❛✐♠ ♦❢
♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ ✇❤✐❝❤ ✐s t♦ ❡①t❡♥❞ ✇♦r❦✐♥❣ ❧✐✈❡s✱ ♦✉r t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ✐♥❞✐❝❛t❡s
♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ ❛❝ts t♦ r❛✐s❡ t❤❡ r❡s❡r✈❛t✐♦♥ ✇❛❣❡ ❛♥❞ r❡❞✉❝❡ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢
❧❛❜♦✉r ❢♦r❝❡ ♣❛rt✐❝✐♣❛t✐♦♥✳ ❚❤❡ ❡①❛❝t ❞✐r❡❝t✐♦♥ ✐♥ ✇❤✐❝❤ ❧❛❜♦✉r ❢♦r❝❡ ❝❤❛♥❣❡s ✐♥
❛ t✇♦ ♣❡r✐♦❞ ❢r❛♠❡✇♦r❦ ❞❡♣❡♥❞s ♦♥ t❤❡ ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ♦❢ ❧❡✐s✉r❡ ✐♥ ❡❛❝❤ ♣❡r✐♦❞
❛♥❞ ✐ts ❝❤❛♥❣❡ ♦✈❡r t✐♠❡✳ ❚❤❡r❡ ❛r❡ ❝❧❡❛r q✉❛❧✐t❛t✐✈❡ ❡✛❡❝ts✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❛❣❡
♣r♦✜❧❡✱ ♥♦♥✲❧❛❜♦✉r ✇❡❛❧t❤ ❛♥❞ ♣r❡❢❡r❡♥❝❡s✱ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧
s❝❤❡♠❡ ❝❛♥ t✐❧t ❧❛❜♦✉r ♣❛rt✐❝✐♣❛t✐♦♥ t♦✇❛r❞s t❤❡ ♣r❡s❡♥t ♦r ❢✉t✉r❡✳

❖✉r ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ❛♥❞ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ s✉❣❣❡st t❤❛t t❤❡ ❞❡❢❡rr❛❧
♣♦❧✐❝② ❛✛❡❝ts ❛ ❧❛r❣❡ ♣r♦♣♦rt✐♦♥ ♦❢ t❤❡ ♦❧❞❡r ✇♦r❦✐♥❣ ♣♦♣✉❧❛t✐♦♥✳ ❆s ❛ ❜❛❧❧♣❛r❦
✜❣✉r❡ t❤❡ ♦♣t✐♦♥ ❝❤❛♥❣❡s t❤❡ r❡s❡r✈❛t✐♦♥ ✇❛❣❡s ❜② ❛❜♦✉t ✷✪✳ ▼♦r❡♦✈❡r s✐♠✐❧❛r❧②
t♦ ❋❛rr❛r ❡t ❛❧✳ ✭✷✵✶✷✮ ♦✉r r❡s✉❧ts ✐♥❞✐❝❛t❡ ✭✶✮ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ ✐s ♦♣t✐♠❛❧ ✐♥
t❤❡ ❛❜s❡♥❝❡ ♦❢ ❝r❡❞✐t ❝♦♥str❛✐♥ts ❛♥❞ ✭✷✮ ♦❢ t❤❡ ❞❡❢❡rr❛❧ ♦♣t✐♦♥s ❛✈❛✐❧❛❜❧❡✱ t❤❡
✐♥❝r❡♠❡♥t❛❧ ✐♥❝♦♠❡ ♦♣t✐♦♥ ✐s ♠♦r❡ ❧✉❝r❛t✐✈❡✳

❚❤❡ r❡❝❡♥t ❯❑ ❛♥♥♦✉♥❝❡♠❡♥t ♦❢ ❛ ♠♦✈❡ t♦ ❛ s✐♥❣❧❡ t✐❡r ♣❡♥s✐♦♥ s②st❡♠ ✇✐❧❧
❤❛✈❡ ❛ ♥✉♠❜❡r ♦❢ ✜♥❛♥❝✐❛❧ ✐♠♣❧✐❝❛t✐♦♥s ❢♦r t❤♦s❡ ❛♣♣r♦❛❝❤✐♥❣ r❡t✐r❡♠❡♥t ❛♥❞
❢✉t✉r❡ ❣❡♥❡r❛t✐♦♥s ✭❈r❛✇❢♦r❞ ❡t ❛❧✳✱ ✷✵✶✸✮✳ ❚❤✐s ✐♥❝❧✉❞❡s ❝❤❛♥❣❡s t♦ t❤❡ r✉❧❡s
❣♦✈❡r♥✐♥❣ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧✱ t❤❡ ♠♦st s✐❣♥✐✜❝❛♥t ♦❢ ✇❤✐❝❤ r❡❧❛t❡ t♦ t❤❡ ❛❜♦❧✐t✐♦♥
♦❢ t❤❡ ❧✉♠♣ s✉♠ ♦♣t✐♦♥ ❛♥❞ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ❣❡♥❡r♦s✐t② ♦❢ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ♦♣t✐♦♥
✭t❤❡ ✐♠♣❧✐❡❞ ❛♥♥✉❛❧ ✐♥t❡r❡st r❛t❡ ♦♥ ❞❡❢❡rr❛❧s ✇✐❧❧ ❤❛❧✈❡ ❢r♦♠ 10.4% t♦ 5.8%✮✳
◆♦♥❡t❤❡❧❡ss t❤✐s ✐s st✐❧❧ ❢❛r ✐♥ ❡①❝❡ss ♦❢ ♦t❤❡r t❛① ❡✣❝✐❡♥t ✜♥❛♥❝✐❛❧ ♣r♦❞✉❝ts
❝♦♠♠♦♥❧② ❛✈❛✐❧❛❜❧❡✱ ✐♥❝❧✉❞✐♥❣ t❤❡ P❡♥s✐♦♥❡r ❇♦♥❞ ❧❛✉♥❝❤❡❞ ✐♥ ❉❡❝❡♠❜❡r ✷✵✶✹✳

✷✶❋❖■ ❉❲P ✭✷✵✶✶✮ ♣♣✳✷ ♥♦t❡s✿ ◆❡✇ r✉❧❡s ❢♦r ❞❡❢❡rr❛❧ ❝❛♠❡ ✐♥t♦ ❡✛❡❝t ✐♥ ❆♣r✐❧ ✷✵✵✺ ❛♥❞
❧✉♠♣ ♣❛②♠❡♥ts ❜❡❝❛♠❡ ❛✈❛✐❧❛❜❧❡ ❢r♦♠ ❆♣r✐❧ ✷✵✵✻✳ ❆ ♣❡rs♦♥ ✇❤♦ ❞❡❢❡rr❡❞ t❤❡✐r ❙t❛t❡ P❡♥s✐♦♥
❜❡❢♦r❡ ❆♣r✐❧ ✷✵✵✺ ✇♦✉❧❞ q✉❛❧✐❢② ❢♦r ✐♥❝r❡♠❡♥ts ❢♦r t❤❡ ♣❡r✐♦❞ ✉♣ t♦ ❆♣r✐❧ ✷✵✵✺ ❛♥❞ ♠❛② ❤❛✈❡
❛ ❝❤♦✐❝❡ ♦❢ ❡✐t❤❡r ❛ ❧✉♠♣ s✉♠ ♣❛②♠❡♥t ♦r ❛♥ ✐♥❝r❡♠❡♥t ❢♦r t❤❡ ♣❡r✐♦❞ ♦❢ ❞❡❢❡rr❛❧ ❢r♦♠ ❆♣r✐❧
✷✵✵✺✳ ❚❤✐s ♠❡❛♥s s♦♠❡ ♣❡♦♣❧❡ ♠❛② ❤❛✈❡ ❜♦t❤ ❛♥ ✐♥❝r❡♠❡♥t ❛♥❞ ❛ ❧✉♠♣ s✉♠ ♣❛②♠❡♥t✳ ❚❤❡
❧✉♠♣ s✉♠ ♦♣t✐♦♥ ✐s ♦♥❧② ❛✈❛✐❧❛❜❧❡ t♦ t❤♦s❡ ✇❤♦ ❤❛✈❡ ❞❡❢❡rr❡❞ ❝♦♥t✐♥✉♦✉s❧② ❢♦r ❛t ❧❡❛st ✶✷
♠♦♥t❤s✳ ❚❤❡ ♥✉♠❜❡rs ❞♦ ♥♦t ✐♥❝❧✉❞❡ t❤♦s❡ ✇❤♦ ❞❡❢❡rr❡❞ ❢♦r ❧❡ss t❤❛♥ ✶✷ ♠♦♥t❤s ❛♥❞ ♦♣t❡❞
❢♦r s✐♠♣❧❡ ❛rr❡❛rs ✐♥st❡❛❞ ♦❢ ✐♥❝r❡♠❡♥ts✳

✷✷❖♣t✐♦♥s t♦ ❛❧❧♦✇ ✐♥❝r❡❛s❡❞ ✢❡①✐❜✐❧✐t② ♦❢ ❞❡❢❡rr✐♥❣ ❛♥❞ ✉♥❞❡❢❡r✐♥❣ ♠✉❧t✐♣❧❡ t✐♠❡s ❛r❡ ❛❧s♦
❜❡✐♥❣ ❝♦♥s✐❞❡r❡❞ ❜② t❤❡ ❉❲P ✭❲❤✐t❡ P❛♣❡r ✷✵✶✸✮✳

✷✸



❆t ♣r❡s❡♥t ♦♥❡ ✐♥ t❡♥ r❡t✐r❡❡s ❝❤♦♦s❡s t♦ ❞❡❢❡r t❤❡✐r st❛t❡ ♣❡♥s✐♦♥❀ ♣♦❧✐❝②♠❛❦✲
❡rs ❛r❡ ❛tt❡♠♣t✐♥❣ t♦ ❞❡s✐❣♥ ✈❛r✐♦✉s ✐♥✐t✐❛t✐✈❡s t♦ ❡①t❡♥❞ ✇♦r❦✐♥❣ ❧✐✈❡s ✐♥ t❤❡
❢❛❝❡ ♦❢ ✐♥❝r❡❛s✐♥❣ ❧✐❢❡ ❡①♣❡❝t❛♥❝②✳ ❚❤❡r❡❢♦r❡ r❡s❡❛r❝❤ ✇❤✐❝❤ ❛tt❡♠♣ts t♦ ✉♥❞❡r✲
st❛♥❞ t❤❡ ❡✛❡❝ts ♦❢ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ ❢r♦♠ ❛ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ❡♠♣✐r✐❝❛❧ ✈✐❡✇♣♦✐♥t
✐s ♦❢ ♣❛r❛♠♦✉♥t ✐♠♣♦rt❛♥❝❡✳

❲❡ ❤❛✈❡ s✐♠♣❧✐✜❡❞ t❤❡ ❢r❛♠❡✇♦r❦ t♦ ❤✐❣❤❧✐❣❤t t❤❡ ❦❡② ❢❛❝t♦rs✳ ❖❢ ❝♦✉rs❡
r❡❧❡✈❛♥t ❡①t❡♥s✐♦♥s ❛r❡ ♣♦ss✐❜❧❡✳ ❆❜♦✈❡ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ❛ s✐♥❣❧❡ ✐♥❞✐✈✐❞✉❛❧s
❝❤♦✐❝❡✳ ■♥ t❤❡ ❛❣❣r❡❣❛t❡ ❛♥② ❝❤❛♥❣❡ ✐♥ t♦t❛❧ ♣❡♥s✐♦♥ ❝♦st t♦ t❤❡ ❣♦✈❡r♥♠❡♥t
✇♦✉❧❞ ❤❛✈❡ t♦ ❜❡ ✜♥❛♥❝❡❞✱ ✐t ❝♦✉❧❞ t❤✉s ❣♦ ❤❛♥❞ ✐♥ ❤❛♥❞ ✇✐t❤ ❛ ✇❛❣❡ t❛① ♦♥
❛❧❧ ✇♦r❦❡rs ❜♦t❤ ❡❧❞❡r❧② ❛♥❞ ♦t❤❡rs✳ ■❢ ❞❡❢❡rr❛❧ ✐s ❧❡ss ❝♦st❧② t♦ t❤❡ ❡①❝❤❡q✉❡r
t❤❡♥ t❤❡ ✇❛❣❡ t❛① ❝♦✉❧❞ ❜❡ ❧♦✇❡r ❛♥❞ ❝♦♥s❡q✉❡♥t❧② t❤❡ r❡❣✐♦♥s ✐♥ ✇❤✐❝❤ ✇❛❣❡s
❛r❡ ❛❜♦✈❡ t❤❡✐r r❡s❡r✈❛t✐♦♥ ❧❡✈❡❧s ♠✐❣❤t ❡①♣❛♥❞✳ ▼♦r❡♦✈❡r ✐❢ t❤❡r❡ ❛r❡ ♠❛♥②
✐♥❞✐✈✐❞✉❛❧s ✇❤♦ ❛❧❧ ❝❤♦♦s❡ t♦ ❞❡❢❡r ❛♥❞ t❤✐s r❡❞✉❝❡s t❤❡✐r ❧❛❜♦✉r s✉♣♣❧②✱ t❤❡♥
t❤r♦✉❣❤ t❤❡ ❢❛❧❧ ✐♥ ❛❣❣r❡❣❛t❡ ❧❛❜♦✉r s✉♣♣❧②✱ ✇♦r❦❡r ♣r♦❞✉❝t✐✈✐t② ❛♥❞ s♦ ♣r❡t❛①
✇❛❣❡ r❛t❡s ❝♦✉❧❞ r✐s❡✳ ❲❡ ❤❛✈❡ s✐♠♣❧✐✜❡❞ ❛✇❛② t❤❡s❡ ❢❡❡❞❜❛❝❦ ❡✛❡❝ts✳

❆♥♦t❤❡r r❡❧❛t✐♦♥s❤✐♣ ✇❡ ❤❛✈❡ ♥♦t ❝♦♥s✐❞❡r❡❞ ✐s t❤❡ ❡st❛❜❧✐s❤❡❞ ❧✐♥❦ ❜❡t✇❡❡♥
❤❡❛❧t❤ ❛♥❞ ❛❣❡✳ ■❢ ✐♥ ♣♦♦r ❤❡❛❧t❤ ❛t ❚✲✶✱ t❤❡ ❞❡♠❛♥❞ ❢♦r ❧❡s✐✉r❡ ❛♥❞ ❝♦♥♠✲
s✉♠♣t✐♦♥ ❛t ❚✲✶ ✐s ❧✐❦❧❡② t♦ ✐♥❝r❡❛s❡ ♠❛❦✐♥❣ ❞❡❢❡rr❛❧ ❧❡ss ❧✐❦❡❧②✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞ ✐❢ ✐♥ ❣♦♦❞ ❤❡❛❧t❤ ❛t ❚✲✶ ❜✉t ✇✐t❤ t❤❡ r✐s❦ ♦❢ ❢❛❝✐♥❣ ♣♦♦r ❤❡❛❧t❤ ❛t ❚ ❛♥❞
✐ts ❛ss♦❝✐❛t❡❞ ❡①♣❡♥s❡s✱ t❤❡ ❞❡♠❛♥❞ ❢♦r ❧❡✐s✉r❡ ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ ❛t ❚✲✶ ♠❛②
❢❛❧❧ ❛♥❞ t❤❛t ❢♦r ❞❡❢❡rr❛❧ ✐♥❝r❡❛s❡✳ ❚❤❡r❡❢♦r❡ t❤❡ ♥❡t ❡✛❡❝t ♦♥ ❧❛❜♦✉r s✉♣♣❧② ✐s
❛♠❜✐❣✐♦✉s✳

❋✐♥❛❧❧② ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ ✉♥❝❡rt❛✐♥t② ❛✇❛②✳ ❚❤✐s ❝♦✉❧❞ ✐♠♣❛❝t t❤r♦✉❣❤ s❡✈✲
❡r❛❧ ❝❤❛♥♥❡❧s✿ t❤❡ ❧✐❢❡ ❡①♣❡❝t❛♥❝②✱ t❤❡ ❢✉t✉r❡ ♥♦♥✲❧❛❜♦✉r ✐♥❝♦♠❡ ❛♥❞ t❤❡ ❢✉t✉r❡
✇❛❣❡ r❛t❡✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❚❤❡ ❛✉t❤♦rs ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♣❛rt✐❝✐♣❛♥ts ❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✈❡♥ts✿ ❲♦r❦
P❡♥s✐♦♥s ❊❝♦♥♦♠✐❝s ●r♦✉♣ ✭❯♥✐✈❡rs✐t② ♦❢ ❙❤❡✣❡❧❞✮ ❆♥♥✉❛❧ ❝♦♥❢❡r❡♥❝❡ ✷✵✶✸ ❛♥❞
◆❡ts♣❛r s✉♠♠❡r ■♥t❡r♥❛t✐♦♥❛❧ P❡♥s✐♦♥ ❲♦r❦s❤♦♣ ✷✵✶✹ ✭❱❡♥✐❝❡ ■♥t❡r♥❛t✐♦♥❛❧
❯♥✐✈❡rs✐t②✮✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❖r❛③✐♦ ❆tt❛♥❛s✐♦ ✫ ❍❛♠✐s❤ ▲♦✇ ✫ ❱✐r❣✐♥✐❛ ❙❛♥❝❤❡③✲▼❛r❝♦s✳ ✷✵✵✽✳ ❊①✲
♣❧❛✐♥✐♥❣ ❈❤❛♥❣❡s ✐♥ ❋❡♠❛❧❡ ▲❛❜♦r ❙✉♣♣❧② ✐♥ ❛ ▲✐❢❡✲❈②❝❧❡ ▼♦❞❡❧✳ ❆♠❡r✐❝❛♥
❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❆ss♦❝✐❛t✐♦♥✱ ✈♦❧✳ ✾✽✭✹✮✱ ♣❛❣❡s ✶✺✶✼✲
✺✷✱ ❙❡♣t❡♠❜❡r✳

❬✷❪ ❇❛♥❦s✱ ❏❛♠❡s ❛♥❞ ❙♠✐t❤✱ ❙❛r❛❤✳ ✭✷✵✵✻✮✳ ❘❡t✐r❡♠❡♥t ✐♥ t❤❡ ❯❑✳ ❖①❢♦r❞
❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ P♦❧✐❝②✱ ✷✷✭✶✮✱ ✹✵✲✺✻✳
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❬✸❪ ❇❧❛✉ ❉❛✈✐❞ ▼✳ ✷✵✶✷✳ P❡♥s✐♦♥s✱ ❍♦✉s❡❤♦❧❞ ❙❛✈✐♥❣✱ ❛♥❞ ❲❡❧❢❛r❡✿ ❆ ❉②♥❛♠✐❝

❆♥❛❧②s✐s✳ ■❩❆ ❉✐s❝✉ss✐♦♥ P❛♣❡rs ✺✺✺✹✱ ■♥st✐t✉t❡ ❢♦r t❤❡ ❙t✉❞② ♦❢ ▲❛❜♦r
✭■❩❆✮✳

❬✹❪ ❇❧♦♦♠✱ ❉❛✈✐❞ ❊✳✱ ❉❛✈✐❞ ❈❛♥♥✐♥❣✱ ❛♥❞ ▼✐❝❤❛❡❧ ▼♦♦r❡✳ ✷✵✶✹✳ ❖♣t✐♠❛❧ r❡✲
t✐r❡♠❡♥t ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❧♦♥❣❡✈✐t②✳ ❚❤❡ ❙❝❛♥❞✐♥❛✈✐❛♥ ❥♦✉r♥❛❧ ♦❢ ❡❝♦♥♦♠✐❝s
✶✶✻✱ ♥♦✳ ✸✱ ✽✸✽✲✽✺✽✳

❬✺❪ ❇♦③✐♦ ❆♥t♦✐♥❡✱ ❈r❛✇❢♦r❞ ❘♦✇❡♥❛ ✫ ❚❡t❧♦✇ ●❡♠♠❛✳ ✷✵✶✵✳ ❚❤❡ ❍✐st♦r② ♦❢
❙t❛t❡ P❡♥s✐♦♥s ✐♥ t❤❡ ❯❑✿ ✶✾✹✽ t♦ ✷✵✶✵✳ ■❋❙ ❇r✐❡✜♥❣ ◆♦t❡ ❇◆✶✵✺✱ ■♥st✐t✉t❡
❢♦r ❋✐s❝❛❧ ❙t✉❞✐❡s✳

❬✻❪ ❈♦❧❡♠❛♥ ◆✐❝❦✱ ▼❝▲❡♦❞ ❘♦s✐❡✱ ◆♦r❞❡♥ ❖❧✐✈❡r ❛♥❞ ❈♦✉❧t❡r ❆❧✐❝❡✳ ✷✵✵✽✳
❙t❛t❡ P❡♥s✐♦♥ ❞❡❢❡rr❛❧✿ ♣✉❜❧✐❝ ❛✇❛r❡♥❡ss ❛♥❞ ❛tt✐t✉❞❡s✳ ❘❡s❡❛r❝❤ ❘❡♣♦rt
◆♦ ✺✷✻✳ ❉❡♣❛rt♠❡♥t ❢♦r ❲♦r❦ ❛♥❞ P❡♥s✐♦♥s✳

❬✼❪ ❈r❛✇❢♦r❞ ❘♦✇❡♥❛✱ ❑❡②♥❡s ❙♦✉♠❛②❛ ✫ ❚❡t❧♦✇ ●❡♠♠❛✳ ✷✵✶✸✳ ❆ s✐♥❣❧❡✲t✐❡r

♣❡♥s✐♦♥✿ ✇❤❛t ❞♦❡s ✐t r❡❛❧❧② ♠❡❛♥❄ ■❋❙ ❘❡♣♦rt ✽✷✳

❬✽❪ ❈r❛✇❢♦r❞✱ ❘✳✱ ❖✬❉❡❛✱ ❈✳ ✷✵✶✹✳ ❈❛s❤ ❛♥❞ P❡♥s✐♦♥s✿ ❍❛✈❡ t❤❡ ❡❧❞❡r❧② ✐♥

❊♥❣❧❛♥❞ s❛✈❡❞ ♦♣t✐♠❛❧❧② ❢♦r r❡t✐r❡♠❡♥t✳ ■❋❙ ✇♦r❦✐♥❣ ♣❛♣❡r ✭❲✶✹✴✷✷✮✳

❬✾❪ ❈r♦♦❦✱ ❏✳ ✭✷✵✵✻✮✳ ❍♦✉s❡❤♦❧❞ ❞❡❜t ❞❡♠❛♥❞ ❛♥❞ s✉♣♣❧②✿ ❆ ❝r♦ss✲❝♦✉♥tr② ❝♦♠✲

♣❛r✐s♦♥✳ ❚❤❡ ❡❝♦♥♦♠✐❝s ♦❢ ❝♦♥s✉♠❡r ❝r❡❞✐t✱ ✻✸✲✾✷✳

❬✶✵❪ ❈✉r♠❡✱ ▼✳ ❆✳✱ ✫ ❊✈❡♥✱ ❲✳ ❊✳ ✭✶✾✾✺✮✳ P❡♥s✐♦♥ ❝♦✈❡r❛❣❡ ❛♥❞ ❜♦rr♦✇✐♥❣

❝♦♥str❛✐♥ts✳ ❏♦✉r♥❛❧ ♦❢ ❍✉♠❛♥ ❘❡s♦✉r❝❡s✱ ✼✵✶✲✼✶✷✳

❬✶✶❪ ❉✐s♥❡② ❘✐❝❤❛r❞ ❛♥❞ ❙♠✐t❤ ❙❛r❛❤✳ ✷✵✵✷✳ ❚❤❡ ▲❛❜♦✉r ❙✉♣♣❧② ❊✛❡❝t ♦❢ t❤❡

❆❜♦❧✐t✐♦♥ ♦❢ t❤❡ ❊❛r♥✐♥❣s ❘✉❧❡ ❢♦r ❖❧❞❡r ❲♦r❦❡rs ✐♥ t❤❡ ❯♥✐t❡❞ ❑✐♥❣❞♦♠✳
❚❤❡ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧✱ ✶✶✷✿ ❈✶✸✻✕❈✶✺✷✳

❬✶✷❪ ❉❡♣❛rt♠❡♥t ❢♦r ❲♦r❦ ❛♥❞ P❡♥s✐♦♥s✳ ✷✵✶✸✳ ❲❤✐t❡ P❛♣❡r✿ ❚❤❡ s✐♥❣❧❡✲t✐❡r

♣❡♥s✐♦♥✿ ❛ s✐♠♣❧❡ ❢♦✉♥❞❛t✐♦♥ ❢♦r s❛✈✐♥❣✳ ❉❡♣❛rt♠❡♥t ❢♦r ❲♦r❦ ❛♥❞ P❡♥✲
s✐♦♥s✳

❬✶✸❪ ❋❛rr❛r ❙✉❡✱ ▼♦✐③❡r ❏♦♥❛t❤♦♥ ❛♥❞ ❍②❞❡ ▼❛r❦✳ ✷✵✶✷✳ ❚❤❡ ✈❛❧✉❡ ♦❢ ✐♥❝❡♥t✐✈❡s
t♦ ❞❡❢❡r t❤❡ ❯❑ st❛t❡ ♣❡♥s✐♦♥✳ P❡♥s✐♦♥s ✶✼✱ ✹✻✕✻✷✳

❬✶✹❪ ●✉st♠❛♥ ❆❧❛♥ ▲✳ ✫ ❙t❡✐♥♠❡✐❡r ❚❤♦♠❛s ▲✳ ✷✵✵✷✳ ❘❡t✐r❡♠❡♥t ❛♥❞ t❤❡ ❙t♦❝❦

▼❛r❦❡t ❇✉❜❜❧❡✳ ◆❇❊❘ ❲♦r❦✐♥❣ P❛♣❡rs ✾✹✵✹✱ ◆❛t✐♦♥❛❧ ❇✉r❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝
❘❡s❡❛r❝❤✱ ■♥❝✳

❬✶✺❪ ▲❡ ❇❧❛♥❝✱ ❏✳✱ P♦r♣✐❣❧✐❛✱ ❆✳✱ ❚❡♣♣❛✱ ❋✳✱ ❩❤✉✱ ❏✳✱ ✫ ❩✐❡❣❡❧♠❡②❡r✱ ▼✳ ✭✷✵✶✹✮✳
❍♦✉s❡❤♦❧❞ s❛✈✐♥❣ ❜❡❤❛✈✐♦✉r ❛♥❞ ❝r❡❞✐t ❝♦♥str❛✐♥ts ✐♥ t❤❡ ❊✉r♦ ❛r❡❛ ✭◆♦✳
✹✷✽✮✳ ◆❡t❤❡r❧❛♥❞s ❈❡♥tr❛❧ ❇❛♥❦✱ ❘❡s❡❛r❝❤ ❉❡♣❛rt♠❡♥t✳

❬✶✻❪ ▼❡❣❤✐r✱ ❈♦st❛s ❛♥❞ ❲❤✐t❡❤♦✉s❡✱ ❊❞✇❛r❞✳ ✭✶✾✾✼✮✳ ▲❛❜♦✉r ♠❛r❦❡t tr❛♥s✐✲

t✐♦♥s ❛♥❞ r❡t✐r❡♠❡♥t ♦❢ ♠❡♥ ✐♥ t❤❡ ❯❑✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s✱ ✼✾✭✷✮✱
✸✷✼✲✸✺✹✳
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❬✶✼❪ ❖✣❝❡ ❢♦r ◆❛t✐♦♥❛❧ ❙t❛t✐st✐❝s✳ ✷✵✶✶✳ ✷✵✶✵✲❜❛s❡❞ P❡r✐♦❞ ❛♥❞ ❈♦❤♦rt ▲✐❢❡

❊①♣❡❝t❛♥❝② t❛❜❧❡s✳ ▲✐♥❦✿ ❤tt♣✿✴✴✇✇✇✳♦♥s✳❣♦✈✳✉❦✴♦♥s✴r❡❧✴❧✐❢❡t❛❜❧❡s✴♣❡r✐♦❞✲
❛♥❞✲❝♦❤♦rt✲❧✐❢❡✲❡①♣❡❝t❛♥❝②✲t❛❜❧❡s✴✷✵✶✵✲❜❛s❡❞✴♣✲❛♥❞✲❝✲❧❡✳❤t♠❧

❬✶✽❪ ❙❝❤♦❧③✱ ❏✳ ❑✳✱ ❙❡s❤❛❞r✐✱ ❆✳✱ ❛♥❞ ❑❤✐t❛tr❛❦✉♥✱ ❙✳ ✭✷✵✵✹✮✳ ❆r❡ ❛♠❡r✐❝❛♥s

s❛✈✐♥❣✧ ♦♣t✐♠❛❧❧②✧ ❢♦r r❡t✐r❡♠❡♥t❄ ✭◆♦✳ ✇✶✵✷✻✵✮✳ ◆❛t✐♦♥❛❧ ❇✉r❡❛✉ ♦❢ ❊❝♦✲
♥♦♠✐❝ ❘❡s❡❛r❝❤✳

❬✶✾❪ ❙t♦❦❡②✱ ◆✳ ▲✳✱ ▲✉❝❛s ❏r✱ ❘✳ ❊✳✱ ❛♥❞ Pr❡s❝♦tt✱ ❊✳ ❈✳ ✭✶✾✽✾✮✳ ❘❡❝✉rs✐✈❡ ▼❡t❤✲
♦❞s ✐♥ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s✳ ❍❛r✈❛r❞ ❯♥✐✈❡rs✐t② Pr❡ss✱ ❈❛♠❜r✐❞❣❡✳

❬✷✵❪ ❚❤✉r❧❡② ❉✉♥❥❡✳ ✷✵✶✵✳ ❉❡❢❡rr❡❞ ❘❡t✐r❡♠❡♥t ■♥❝r❡♠❡♥ts✳ ❇✉s✐♥❡ss ❛♥❞ ❚r❛♥s✲
♣♦rt❛t✐♦♥ ❙❡❝t✐♦♥✱ ▲✐❜r❛r②✱ ❍♦✉s❡ ♦❢ ❈♦♠♠♦♥s✳

❬✷✶❪ ❲♦❧✛✱ ❊✳ ◆✳ ✭✶✾✾✽✮✳ ❘❡❝❡♥t tr❡♥❞s ✐♥ t❤❡ s✐③❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❤♦✉s❡❤♦❧❞

✇❡❛❧t❤✳ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ P❡rs♣❡❝t✐✈❡s✱ ✶✸✶✲✶✺✵✳

✷✻



❆ ❚❤❡ ❙❡♠✐✲■♥❞✐r❡❝t ❯t✐❧✐t② ❋✉♥❝t✐♦♥ ❢♦r ◗✉❛s✐❧✐♥❡❛r✲

■s♦❡❧❛st✐❝ Pr❡❢❡r❡♥❝❡s

❉❡✜♥✐♥❣ AT ❛s t❤❡ ✜♥❛♥❝✐❛❧ ✇❡❛❧t❤ ❝❛rr✐❡❞ ❢♦r✇❛r❞ ❢r♦♠ ♣❡r✐♦❞ T −1 t♦ ♣❡r✐♦❞
T, ✇❡ ❝❛♥ s✉❜st✐t✉t❡ ♦✉t t❤❡ ❧✐❢❡t✐♠❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t t♦ ✇r✐t❡ cT−1 ✐♥ t❡r♠s
♦❢ ✐♥✐t✐❛❧ ✇❡❛❧t❤ ♠✐♥✉s s❛✈✐♥❣s ❛♥❞ ❧❡❛✈❡ t❤❡ ♣r♦❜❧❡♠

U =
(AT−1 + yT−1 + wT−1(1− LT−1)−AT )

α

α
+ hT−1LT−1

+δ(
(rAT + yT + wT (1− LT ))

α

α
+ hTLT )

▼❛①✐♠✐s✐♥❣ U ✇rt AT ❣✐✈❡s

AT =
xT−1 − (δr)1/(α−1)(yT + wT (1− LT )

1 + r(δr)1/(α−1)

✇❤❡r❡ xT−1 = AT−1 + yT−1 + wT−1(1 − LT−1) ❛♥❞ ♣✉tt✐♥❣ t❤✐s ❜❛❝❦ ✐♥t♦ U
❣✐✈❡s

U =
(AT−1 + yT−1 + wT−1(1− LT−1)−

[

xT−1−(δr)1/(α−1)(yT+wT (1−LT )

1+r(δr)1/(α−1)

]

)α

α
+ hT−1LT−1

+δ(
(r

[

xT−1−(δr)1/(α−1)(yT+wT (1−LT )

1+r(δr)1/(α−1)

]

+ yT + wT (1− LT ))
α

α
+ hTLT )

❚❤❡ s❡♠✐ ✐♥❞✐r❡❝t ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ✐s t❤❡♥

v =
(r(AT−1 + yT−1 + wT−1(1− LT−1)) + yT + wT (1− LT ))

α

α
((δr)α/(α−1) + δ)

+hT−1LT−1 + δhTLT

✇❤✐❝❤ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

v =
(Ks + rwT−1(1− LT−1)) + wT (1− LT ))

α

α
D + hT−1LT−1 + δhTLT

✇❤❡r❡✿
K = r(AT−1 + yT−1) + yT , D = ((δr)α/(α−1) + δ)

✷✼



❇ ▲❡✐s✉r❡ ❉❡♠❛♥❞s ✇✐t❤ ❈♦♥t✐♥✉♦✉s ❍♦✉rs

❈♦♥s✐❞❡r t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛ss✉♠✐♥❣ ❛ q✉❛s✐❧✐♥❡❛r s♣❡❝✐✜❝❛t✐♦♥ ❢♦r ✉t✐❧✐t②✿

v =
1

α
[Ks + wT−1(1− LT−1) +

wT

r
(1− LT )]

αD + hT−1LT−1 + δhTLT

D = ((δr)α/(α−1) + δ

❋✐rst ♦r❞❡r ❝♦♥❞✐t✐♦♥s ✇rt LT−1, LT ❛r❡

∂v

∂LT−1
= hT−1 −DwT−1[K

s + wT−1(1− LT−1) +
wT

r
(1− LT )]

α−1

∂v

∂LT−1
= hT −D

wT

r
[Ks +

wT

r
(1− LT−1) +

wT

r
(1− LT )]

α−1

✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥

∂v

∂LT−1
: (

hT−1

DwT−1
)1/(α−1)

− [Ks + wT−1(1− LT−1) +
wT

r
(1− LT )]

∂v

∂LT−1
: (

rδhT

DwT
)1/(α−1)

− [Ks + wT−1(1− LT−1) +
wT

r
(1− LT )]

❲❡ ❤❛✈❡ t❤❡ ❝♦♥str❛✐♥ts 0 ≤ Lt ≤ 1, t = T − 1, T. ❚❤❡ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ♣♦ss✐❜❧❡
s♦❧✉t✐♦♥s ❛r❡

✭✶✮ ✐❢ (Ks+wT−1+
wT

r )α−1 < ( hT−1

DwT−1
) ❛♥❞ (Ks+wT−1+

wT

r )α−1 < ( rδhT

DwT
)✱

❛t ③❡r♦ ❧❡✐s✉r❡ ❡❛❝❤ ♣❡r✐♦❞ t❤❡ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢ ❧❡✐s✉r❡ ❡①❝❡❡❞s t❤❡ ♠❛r❣✐♥❛❧
✉t✐❧✐t② ♦❢ ❝♦♥s✉♠♣t✐♦♥ s♦ ♦♣t✐♠❛❧❧② (LT−1, LT ) = (0, 0)

✭✷✮ ✐❢

(Ks)α−1 < (
hT−1

DwT−1
) ❛♥❞ (Ks)α−1 < (

rδhT

DwT
)

✭❛t ③❡r♦ ✇♦r❦ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢ ❝♦♥s✉♠♣t✐♦♥ st✐❧❧ ❧❡ss t❤❛♥ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢
❧❡✐s✉r❡✮ s♦ ♦♣t✐♠❛❧❧② (LT−1, LT ) = (1, 1)

✭✸✮ ■❢

(Ks + wT−1)
α−1 > (

hT−1

DwT−1
) ❛♥❞ (Ks + wT−1)

α−1 < (
rδhT

DwT
)

✭✇✐t❤ ❢✉❧❧ t✐♠❡ ✇♦r❦ ✐♥ T −1 ❛♥❞ ③❡r♦ ✇♦r❦ ❛t T, ❛t T −1 t❤❡ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢
❝♦♥s✉♠♣t✐♦♥ ❡①❝❡❡❞s t❤❛t ♦❢ ❧❡✐s✉r❡ ❜✉t ❛t T t❤❡ r❡✈❡rs❡ ❤♦❧❞s✮ s♦ (LT−1, LT ) =
(LT−1, LT ) = (0, 1) ♠✉st ❜❡ ♦♣t✐♠❛❧

✭✹✮ ■❢

(Ks +
wT

r
)α−1 < (

hT−1

DwT−1
) ❛♥❞ (Ks +

wT

r
)α−1 > (

rδhT

DwT
)

✭✇✐t❤ ❢✉❧❧ t✐♠❡ ✇♦r❦ ✐♥ T ❛♥❞ ③❡r♦ ✇♦r❦ ❛t T − 1, ❛t T − 1 t❤❡ ♠❛r❣✐♥❛❧ ✉t✐❧✐t②
♦❢ ❧❡✐s✉r❡ ❡①❝❡❡❞s t❤❛t ♦❢ ❝♦♥s✉♠♣t✐♦♥ ❛t T − 1, ❜✉t ❛t T t❤❡ r❡✈❡rs❡ ❤♦❧❞s✮ s♦
(LT−1, LT ) = (1, 0) ♠✉st ❜❡ ♦♣t✐♠❛❧

✷✽



✭✺✮ ✐❢

Ks < (
rδhT

DwT
)1/(α−1) < Ks +

wT

r
✱(
rδhT

wT
) < (

hT−1

wT−1
)

t❤❡♥

LT =
rKs

wT
+ 1− (

δhT

D
)1/(α−1)(

r

wT
)α/(α−1)

s❛t✐s✜❡s 0 < LT < 1 ❛♥❞

(Ks +
wT

r
(1− LT ))

α−1 < (
hT−1

DwT−1
) ✱(Ks +

wT

r
(1− LT ))

α−1 = (
rδhT

DwT
)

❚❤❡ ♦♣t✐♠✉♠ ✐s (LT−1, LT ) = (1, rKs

wT
+ 1− ( δhT

D )1/(α−1)( r
wT

)α/(α−1))
✭✻✮ ✐❢

Ks + wT−1 < (
rδhT

DwT
)1/(α−1) < Ks + wT−1 +

wT

r
✱(
hT−1

wT−1
) < (

rδhT

wT
)

t❤❡♥

LT =
rKs + wT−1

wT
+ 1− (

δhT

D
)1/(α−1)(

r

wT
)α/(α−1)

s❛t✐s✜❡s 0 < LT < 1 ❛♥❞

(Ks+wT−1+
wT

r
(1−LT ))

α−1 > (
hT−1

DwT−1
) ✱(Ks+wT−1+

wT

r
(1−LT ))

α−1 = (
rδhT

DwT
)

❚❤❡ ♦♣t✐♠✉♠ ✐s (LT−1, LT ) = (0, rKs

wT
+ 1− ( δhT

D )1/(α−1)( r
wT

)α/(α−1))
✭✼✮ ✐❢

Ks < (
hT−1

DwT−1
)1/(α−1) < Ks + wT−1 ✱(

hT−1

wT−1
) < (

rδhT

wT
)

t❤❡♥

LT−1 = [Ks + wT−1 − (
hT−1

DwT−1
)1/(α−1)]

1

wT−1

s❛t✐s✜❡s 0 < LT−1 < 1 ❛♥❞

(Ks+wT−1(1−LT−1))
α−1 = (

hT−1

DwT−1
) ✱(Ks+wT−1(1−LT−1))

α−1 < (
rδhT

DwT
)

✭✽✮ ✐❢

Ks +
wT

r
< (

hT−1

DwT−1
)1/(α−1) < Ks + wT−1 +

wT

r
✱(
hT−1

wT−1
) > (

rδhT

wT
)

t❤❡♥

LT−1 = [Ks + wT−1 +
wT

r
− (

hT−1

DwT−1
)1/(α−1)]

1

wT−1

✷✾



s❛t✐s✜❡s 0 < LT−1 < 1 ❛♥❞

(Ks+wT−1(1−LT−1)+
wT

r
)α−1 = (

hT−1

DwT−1
) ✱(Ks+wT−1(1−LT−1)+

wT

r
)α−1 > (

rδhT

DwT
)

✭✾✮ ✐❢ ( hT−1

wT−1
)1/(α−1) = ( rδhT

DwT
)1/(α−1) ❛♥❞

[Ks + wT−1 +
wT

r
]α−1 < (

hT−1

DwT−1
) < [Ks]α−1

♦♣t✐♠❛❧❧② ❜♦t❤ ❧❡s✐✉r❡s ❛r❡ ✐♥t❡r✐♦r ❛♥❞ ❛♥② ❝♦♠❜✐♥❛t✐♦♥ ♦❢ 0, LT−1, LT < 1 ♦♥
t❤❡ ❧✐♥❡

wT−1(1− LT−1) +
wT

r
(1− LT ) = (

hT−1

DwT−1
)1/(α−1)Ks

❛r❡ ♦♣t✐♠❛❧✳

✸✵



❈ ❚❤❡ ❲❛❣❡ Pr♦✜❧❡s ●✐✈✐♥❣ ■♥❞✐✛❡r❡♥t P❛rt✐❝✐✲

♣❛t✐♦♥ Pr♦✜❧❡s

❊❛❝❤ ♣❛✐r✇✐s❡ ✉t✐❧✐t② ❝♦♠❜✐♥❛t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
✭✐✮ v00 = v01

(Ks + rws
T−1 + ws

T )
α = (Ks + rws

T−1)
α +

α

D
δhT

ws,1
T =

(

(Ks + rws,1
T−1)

α +
α

D
δhT

)1/α

−Ks
− rws,1

T−1

✭✐✐✮ v00 = v10

(Ks + rws
T−1 + ws

T )
α

α
D =

(Ks +s wT )
α

α
D + hT−1

rws,2
T−1 =

(

(Ks + w2
T )

α +
α

D
hT−1

)1/α

−Ks
− ws,2

T

✭✐✐✐✮ v00 = v11

(Ks + rws
T−1 + ws

T )
α

α
D =

Ks,α

α
D + hT−1 + δhT

rws,3
T−1 + ws,3

T = (Ks,α +
α

D
(hT−1 + δhT ))

1/α
−Ks

✭✐✈✮ v01 = v10

(Ks + rw4
T−1)

α = (Ks + w4
T )

α +
α

D
(hT−1 − δhT )

rws,4
T−1 = ((Ks + ws,4

T )α +
α

D
(hT−1 − δhT ))

1/α
−Ks

✭✈✮ v01 = v11

rws,5
T−1 = (Ks,α +

α

D
hT−1)

1/α
−Ks ✭✼✮

✭✈✐✮ v10 = v11

ws,6
T = (Ks,α +

α

D
δhT )

1/α
−Ks ✭✽✮

❲❤❡r❡ s = nd, d✳
❋♦r ❝♦♥✈❡♥✐❡♥❝❡ ✇❡ r❡♣❡❛t t❤❡ ✐♥❞✐✛❡r❡♥❝❡ r❡❧❛t✐♦♥s ❤❡r❡✱ ❜✉t s❡tt✐♥❣ ✇❛❣❡s

✸✶



♦♥ t❤❡ ❘❍❙ t♦ ③❡r♦ ✐♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ t❤❡ r❡❧❡✈❛♥t ✇❛❣❡ ✐♥t❡r❝❡♣ts

(1) = V s
00 − V s

01 : ws,1
T =

(

Ks,α +
α

D
δhT

)1/α

−Ks

(2) = V s
00 − V s

10 : rws,2
T−1 =

(

Ks,α +
α

D
hT−1

)1/α

−Ks ✭✾✮

(3) = V s
00 − V s

11 : rws,3
T−1 + w3

T = (Ks,α +
α

D
(hT−1 + δhT ))

1/α
−Ks

(4) = V s
10 − V s

01 : rws,4
T−1 = (Ks,α +

α

D
(hT−1 − δhT ))

1/α
−Ks ✭✶✵✮

(5) = V s
11 − V s

01 : rws,5
T−1 = (Ks,α +

α

D
hT−1)

1/α
−Ks

(6) = V s
10 − V s

11 : ws,6
T = (Ks,α +

α

D
δhT )

1/α
−Ks

❈♦♠♣❛r✐♥❣ t❤❡ ✐♥t❡r❝❡♣t ♦❢ t❤❡ ❧♦❝✐✿ t❤♦s❡ ♦❢ (1) ❛♥❞ (6) ❛r❡ ❡q✉❛❧ ❛s ❛r❡
t❤♦s❡ ♦❢ (2) ❛♥❞ (5)✳ ❇✉t t❤❡ ✐♥t❡r❝❡♣t ♦❢ ❧♦❝✉s (1) ✐s ❜❡❧♦✇ t❤❛t ♦❢ ❧♦❝✉s(3)
♦♥ t❤❡ ws

T ❛①✐s ✱ ❛♥❞ ♦❢ ❧♦❝✉s (2) ✐s ❜❡❧♦✇ t❤❛t ♦❢ ❧♦❝✉s ✭✸✮ ♦♥ t❤❡ ws
T−1 ❛①✐s✳

❈♦♠❜✐♥✐♥❣ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ❣✐✈❡s ❋✐❣✉r❡ ✶ ✐♥ t❤❡ t❡①t✳
❈♦♠♣❛r✐♥❣ t❤❡ ❧♦❝✐ ✇❡ s❡❡ t❤❛t ❢♦r ✇❛❣❡s s✉❝❤ t❤❛t V s

10 = V s
01 ❛♥❞ V s

00 = V s
01

✇❡ ♠✉st ❛❧s♦ ❤❛✈❡ V s
00 = V s

10, ✐♥ t❡r♠s ♦❢ ❋✐❣✉r❡ ✶ t❤❡ ❧♦❝✐ (1), (2) ♠✉st ❝r♦ss
❡❛❝❤ ♦t❤❡r ♦♥ t❤❡ ❧♦❝✉s (4)✳ ❙✐♠✐❧❛r❧② t❤❡ ❧♦❝✐ (5), (6) ✭V s

11 = V s
01 ❛♥❞ V s

11 = V s
10✮

♠✉st ❝r♦ss ♦♥ t❤❡ ❧♦❝✉s (4) ✭V s
01 = V s

10✮✳ ❋♦r s✐♠✐❧❛r r❡❛s♦♥s ❧♦❝✐ (1), (3), (5)
♠✉st ✐♥t❡rs❡❝t ❛t ❛ ❝♦♠♠♦♥ ♣♦✐♥t❀ ❛♥❞ s♦ ♠✉st ❧♦❝✐ (2), (3), (6)✳

❚❤❡ ✐♥❞✐✛❡r❡♥❝❡ r❡❧❛t✐♦♥s V s
11 = V s

01, V
s
11 = V s

10 ❛♥❞ V s
00 = V s

11 ❛r❡ ❛❧❧ ❧✐♥❡❛r
✐♥ t❤❡ ✇❛❣❡ r❛t❡s ✇✐t❤ t❤❡ ❧❛st ❜❡✐♥❣ ♥❡❣❛t✐✈❡❧② s❧♦♣❡❞ ❛♥❞ t❤❡ ♦t❤❡r t✇♦ r❡s♣❡❝✲
t✐✈❡❧② ❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧✳ ❘❡❧❛t✐♦♥ (4), (1) ❛♥❞ (2)❀ V s

10 = V s
01✱ V

s
00 = V s

01

❛♥❞ V s
00 = V s

10 r❡s♣❡❝t✐✈❡❧② ❛r❡ ❛❧❧ ♣♦s✐t✐✈❡❧② s❧♦♣❡❞✳ ❋♦r ❡①❛♠♣❧❡ ❞✐✛❡r❡♥t✐❛t✐♥❣
v00 − v01 ✐♠♣❧✐❝✐t❧②

α(Ks + rws
T−1 + ws

T )
α−1(rdws

T−1 + dws
T ) = α(Ks + rws

T−1)
α−1rdws

T−1

dws
T

dws
T−1

= r
(Ks + rws

T−1)
α−1 − (Ks + rws

T−1 + ws
T )

α−1

(Ks + rws
T−1 + ws

T )
α−1

α < 1 s♦ (Ks + rws
T−1)

α−1 > (Ks + rws
T−1 +ws

T )
α−1 ❛♥❞ t❤❡ s❧♦♣❡ ♦❢ ❧♦❝✉s (1)

✐s ❛❧✇❛②s ♣♦s✐t✐✈❡ ❛t ❛♥② ws. ❚❤❡ s❛♠❡ ❧♦❣✐❝ ❛♣♣❧✐❡s t♦ ❧♦❝✉s (2)✿

α(Ks + rws
T−1 + ws

T )
α−1

(

rdws
T−1 + dws

T

)

= α(Ks + ws
T )

α−1 (rdws
T )

dws
T

dws
T−1

= r

(

Ks + rws
T−1

)α−1
−

(

Ks + rws
T−1 + ws

T

)α−1

(

Ks + rws
T−1 + ws

T

)α−1

✸✷



❉ ❈♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♦❢ t❤❡ ♦♣t✐♠❛❧ ❧✐❢❡❝②❝❧❡

❧❛❜♦✉r ♣❛rt✐❝✐♣❛t✐♦♥ r❡❣✐♠❡s

■♥ ♦r❞❡r t♦ ❛s❝❡rt❛✐♥ t❤❡ ❡✛❡❝t ♦❢ ♣❡♥s✐♦♥ ❞❡❢❡rr❛❧ ♦♥ ♣❛rt✐❝✐♣❛t✐♦♥ ♥♦t✐❝❡ t❤❛t
✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ rws,4

T−1✱ t❤❡ ❝r✐t✐❝❛❧ ✇❛❣❡ ❡①♣r❡ss✐♦♥s ✭❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ Ks✮
❛❧❧ t❛❦❡ t❤❡ ❢♦r♠✿

ws = ((Ks + ws)α + z)1/α −Ks

✇❤❡r❡ z > 0 ✐s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ α, hT−1, hT ❛♥❞ D✳ ◆♦t❡ t❤❛t ✐♥ ❝❛s❡s ✼
❛♥❞ ✽✱ ③ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ s✳ ❉✐✛❡r❡♥t✐❛t❡ ✇rt Ks

dws

dK
= ((Ks + ws)

α
+ z)(1−α)/α(Ks + ws)α−1

− 1

= (1 + z(Ks + ws)−α)(1−α)/α
− 1 > 0 ✐❢ z > 0

■♥ t❤❡ ❝❛s❡ ♦❢ ✭✶✵✮ ♥♦t❡ t❤❛t ♦♥ t❤❡ ❘❍❙ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ ✇❡ ❤❛✈❡ z =
α
D (hT−1 − δhT ) s♦ ✐❢ hT−1 > δhT t❤❡♥ dw/dK > 0 ❜✉t ✐❢ hT−1 < δhT t❤❡♥
dw/dK < 0. ❙♦ ✐❢ hT−1 > δhT t❤❡ ✇❛❣❡ r❡❣✐♦♥ ✇✐t❤ ❢✉❧❧ t✐♠❡ ✇♦r❦ ❛t T ❡①♣❛♥❞s
❛t t❤❡ ❡①♣❡♥s❡ ♦❢ t❤❡ ✇❛❣❡ r❡❣✐♦♥ ✇✐t❤ ❢✉❧❧ t✐♠❡ ✇♦r❦ ♦♥❧② ✐♥ T −1.❖r ✈✐❝❡ ✈❡rs❛
✐❢ hT−1 < δhT .

✸✸


