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Abstract

Building upon a recent work by two of the authours and J. Seidler on bw-Feller property for stochastic nonlinear
beam and wave equations, we prove the existence of an invariant measure to stochastic 2-D Navier-Stokes (with
multiplicative noise) equations in unbounded domains. This answers an open question left after the first authour
and Y. Li proved a corresponding result in the case of an additive noise.
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1. Introduction

A classical method of proving the existence of an invariant measure for a Markov proceess is the celebrated
Krylov-Bogoliubov method. Originally it was used for Markov processes with values in locally compact state
spaces, e. g. finite dimensional Euclidean spaces, see e.g. [36] and [46]. In the recent years it has been successfully
generalised to Markov processes with non-locally compact state spaces, e.g. infinite dimensional Hilbert and
Banach spaces, see for instance the books by Da Prato and Zabczyk [26, 27] and a fundamental paper by Flandoli
[30] for the case of 2 dimensional Navier-Stokes equations with additive noise. One should also mention here
a somehow reverse problem, found for instance in the stochastic quantisation approach of Parisi and Wu [48],
of constructing a Markov process with certain properties given an ’a priori invariant measure’. In the context
of Stochastic Partial Differential Equations, this approach has been successfully implemented by Da Prato and
Debussche for 2 dimensional Navier-Stokes equations with periodic boundary conditions driven by space time
white noise in [24] and for the 2-D stochastic quantization equation in [25].

The latter method is related to the approach by Dirichlet forms as for instance in [2]. In the field of deterministic
dynamical systems the so called Avez method, see [3] and [38], is also popular. It seems that the first of these
methods when used in order to prove the existence of an invariant measure for Markov processes generated by
SPDEs one requires the existence of an auxiliary set which is compactly embedded into the state space and in
which the Markov process eventually lives. Thus, it has so far been restricted to SPDEs of parabolic type (giving
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ondrejat@utia.cas.cz ( and Martin Ondrejat)
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necessary conditions with smoothing effect) and in bounded domains (providing the needed compactness via the
Rellich Theorem).

On the other hand, as a byproduct of results obtained by Yuhong Li and the 1st named authour in [12], about
the existence of a compact absorbing set for stochastic 2 dimensional Navier-Stokes equations with additive noise
in a certain class of unbounded domains, there exists an invariant measure for the Markov process generated by
such equations. This, to the best of the authours knowledge, provides the first example of a nontrivial SPDEs
without the previously required compactness assumption possessing an invariant measure. A posteriori, one can
see that behind the proof is the continuity of the corresponding solution flow with respect to the weak topologies,
see Example 1.1.

It is has been discovered in [42, Proposition 3.1] that a bw-Feller semigroup has an invariant probability mea-

sure provided the set
1 Ty
{—f Pivds; n> 1} (1.1)
Tn 0

is tight on (H, bw). However, it is far from straightforward to identify stochastic PDEs for which the associated
transition semigroups are bw-Feller. This has been recently done for SPDEs of hyperbolic type (i.e. second order
in time) such as beam and nonlinear wave equations in [20]. The aim of this work is to show that the general
approach proposed in that paper is also applicable to stochastic Navier-Stokes equations in unbounded domains.
In the case of bounded domains, the first such a result has been obtained by Flandoli in the celebrated paper [30].
A similarity between the equations studied in [20] and the current paper is that the linear generator has no compact
resolvent. However, in the current situation, the generator is sectorial contrary to the former case. However, the
smoothing of the semigroup is rather used to counterweight the non-smoothness of the nonlinearity.

On the other hand, in [42] Maslowski and Seidler proposed to use the of weak topologies to the proof of the
existence of invariant measures but the applications of the proposed theory had limited scope.

These two papers, i.e. [42] and [12] have inspired us to investigate this matter further.

Moreover, while working on the existence of solutions to geometric wave equations it has become apparent to
us that the methods of using very fine techniques in order to overcome the difficulty arising from having only weak
a’priori estimates should also allow one to prove the sequentially weak Feller property required by the Maslowski
and Seidler approach. This made it possible to prove the existence of invariant measure for SPDES of hyperbolic
type as for instance wave and beam, see the recent paper [20] by the Seidler and the 1st and 3rd authours.

The aim of the current work is to show that the approach worked out in [20] combined with the method of
proving the existence of Stochastic Navier-Stokes Equations in general domains developed recently by 1st and 2nd
authours, see for instance [16], indeed can lead to a proof of the existence of an invariant measure for stochastic 2
dimensional Navier-Stokes equations with multiplicative noise (and additive as well) in unbounded domains and
thus generalizing the previously mentioned result [12].

Let us stress that the general result proved in Sections 5-10 of [20] does no apply directly to Stochastic NSEs.
Instead we propose a scheme which is general enough that it should be applicable to other equations. Let us
describe it in more detail. In a domain O c R? satisfying the Poincaré inequality we consider the following
stochastic Navier-Stokes equations in the functional form
{ du(t) + Au(t) dt + B(u(t), u(t)) dt = f dt + G(u(t)) dW(t), te[0,7T], (12)

u(0) = uo,

where A is the Stokes operator, uy € H, f € V' and we use the standard notation, see the parts of the paper around
equation (3.2). In particular, W = (W(?)),,, is a cylindrical Wiener process on a separable Hilbert space K defined
on a ceratin probability space and the nonlinear diffusion coefficient G satisfy some natural assumptions. It is
known (but we provide an independent proof of this fact) that the above problem has a unique global solution
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u(t; up), t 2 0. The corresponding semigroup (P;),»o is Markov, see Proposition 6.1. This semigroup is defined by
the formula, see (6.2),

(Prp)(uo) = Elp(u(t;up))l, =0, up€H, (1.3)

for any bounded Borel function ¢ € B,(H). Then, see Proposition 6.2, we prove that this semigroup is bw-
Feller, i.e. for every ¢ > 0 and every bounded sequentially weakly continuous function ¢ : H — R, the function
P,¢ : H — Ris also bounded sequentially weakly continuous.

The idea of the proof of the last result can be traced to recent papers by all three of us in which we proved
the existence of weak martingale solutions to the stochastic geometric wave and Navier-Stokes and equations
developed respectively in [17, 18] and [16].

Finally, our main result, i.e. Theorem 6.5 about the existence of an invariant measure for the semigroup (P;);>0,
follows provided some natural assumptions, as inequality (G3) holds with 1y = 0, i.e. for some' p > 0,

|G(u)|r2r2(K!H) <Q@2- 77)”””2 +p, uev, (1.4

guaranteeing the uniform boundedness in probability, are satisfied, see Corollary 6.4.
In proving Proposition 6.2 the continuity/stability result contained in Theorem 5.9 plays an essential role.
We will present now the earlier promised example based on the paper [12].

Example 1.1. If ¢ = (¢1)i>0 is a deterministic dynamical system on a Hilbert space H, then one can define the
corresponding Markov semigroup by

[P = fle(x), 120, xeH. (1.5)
Suppose that the semiflow is sequentially weakly continuous in the following sense.
Ift, - te Ry, x, = xweakly in H then ¢, (x,) — ¢:(x) weakly in H. (1.6)

Note that the above condition is satisfied for the deterministic 2-d Navier-Stokes equations, see [52] and also [12,
Lemma 7.2].

Then, the assertion of Theorem 9.4 in [20] holds. Indeed, let us choose and fix a bounded sequentially weakly
continuous function f : H —» R, a sequence (t,) — t and a sequence (x,) such that x,, — x weakly in H. Then by
assumption (1.6) ¢, (x,) — ¢;(x) weakly in H and since f is sequentially weakly continuous we infer that

[P, (NI(xn) = [, (xn)) = fl@i(x) = Prf(x).

The condition guaranteeing the existence of an invariant measure, see [20, Theorem 10.1], now reads as follows.
There exists x € H such for every € > 0, there exists R > 0 such that

!
lim sup % f Lig,ozrds < & 1.7)
t—00 0

which is obviously satisfied provided the dynamical system ¢ = (¢;)1>0 is bounded at infinity, i.e. there exists x € H
and R > 0 such that |py(x)lg < R for all s > 0. It is well known that this condition holds for the deterministic 2-d
Navier-Stokes equations in a Poincaré domain (as well as for the damped Navier-Stokes Equations in the whole
space R2. Thus we conclude, that in those cases, there exists an invariant measure. Of course, these are known
results, the purpose of this Example is only to elucidate our paper by showing that it is also applicable to these
cases.

' Throughout the whole paper we use the symbol 77 to denote the space of Hilbert-Schmidt operators between corresponding Hilbert spaces.
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Let us point out that [12, Lemma 7.2] played an important réle in that paper.

We believe that the result described in this Example holds also for the Random dynamical system from [12]. In this
way, we will get an alternative proof of the result existence of an invariant measure proved in that paper.

The weak continuity property (1.6) has also been investigated [4, 52, 12, 23]. In the first three of these
references the weak to weak continuity is an important tool in proving the existence of an attractor for deterministic
2D Navier-Stokes Equations in unbounded domains, where, as we pointed out earlier, the compactness of the
embedding from the Sobolev space H' to L* does not hold. A similar type of continuity (weak to strong), is
encountered in the proof of the large deviation principle for SPDES, see for instance [9, Lemma 6.3] for the case
of Stochastic Landau-Lifshitz Equations. It might be interesting to understand in the relationship between these
two types of continuity.

Let us finish the Introduction with a brief description of the content of the paper. Section 2 is devoted to
recalling some basic notation and information. In section 3 we recall the fundamental facts about Navier-Stokes
Equations. This section is based on a similar presentation in [16], however, in the present paper, we make some
modifications. In section 4 we formulate and prove the convergence result for a sequence of martingale solutions
of the Stochastic NSEs, see for instance Theorems 4.9 and 4.11. The results of section 4 hold both in 2 and 3-
dimensional possibly unbounded domains. Let us stress this again, these two results are for sequence of martingale
solutions of the Stochastic NSEs. In the case when these are replaced by strong solutions of the corresponding
Galerkin approximations, the corresponding results have been proved in [16], see also Theorem 4.8 in the present
paper. In section 5 we recall the main results from [16] in the special case of 2-dimensional domains. Besides, we
prove Theorem 5.9, needed in the main section, and being the counterpart of Theorem 4.11 for the 2-dimensional
case. Theorems 4.9, 4.11 and 5.9 generalise [12, Lemmata 7.1 and 7.2]. In section 6 we state and proof the main
result of this paper, i.e. the existence of invariant measures for Stochastic Navier-Stokes equations in 2-dimensional
Poincaré, possibly unbounded, domains with multiplicative noise.

2. Preliminaries

The following introductory section is for the reader convenience and hence relies heavily on [16], arXiv:1208.3386.

Let O c RY, where d = 2,3, be an open connected subset with smooth boundary dO. For p € [1, o) by LP(O, R%)
we denote the Banach space of (equivalence classes) of Lebesgue measurable R¢-valued p-th power integrable
functions on the set O. The norm in L”(O, RY) is given by

1
lul,, := (f lua(x)P dx)h, u € LP(O,RY).
o
By L(0,RRY) we denote the Banach space of Lebesgue measurable essentially bounded R?-valued functions
defined on O with the norm defined by
|ul; = esssup {lu(x)], x € O}, ue L*(O,RY).

If p = 2, then L?(O,RY) is a Hilbert space with the inner product given by
(u, V)2 = f u(x) - v(x) dx, u,v € L*(O,R%).
o

By H'(O,RY) = H"?(0,RY) we will denote the Sobolev space consisting of all u € L*(O, R?) for which there exist
weak derivatives D;ju € L2(O,R%), i =1,--- ,d. It is a Hilbert space with the inner product given by

(0, V)i := (u, V)2 + (Vu, Vv) 2, u,v € H'(O,R%),
4



where (Vu, Vv),, := 27:1 fo Diu(x) - D;v(x) dx. Let C*(O, R?) denote the space of all R¢-valued functions of class
C* with compact supports contained in O. We will use the following classical spaces

Vi={ueC O,RY: divu =0},

H := the closure of V in L*(O, RY),
V := the closure of V in H'(O, R%).

In the space H we consider the inner product and the norm inherited from L*(O, R?) and denote them by (-, -),; and
| - |y, respectively, i.e.
(u, V)y = (u, V)2, luln = lul 5 ), u,v eH.

In the space V we consider the inner product inherited from H'(O,R9), i.e.

(, )y := (u, V)2 + (u, V), 2.1)
where
(u,v) := (Vu, Vv),,, u,vev. (2.2)
Note that the norm in V satisfies
uly, = ul® + [Vul3,, vevV. (2.3)
‘We will often use the notation || - || for the seminorm

lull® := (u, w) = (Vu, Vu),2, ueVv.

A domain O satisfying the Poincaré inequality, i.e. there exists a constant C > 0 such that

C f Q*de < f IVel*d¢  forall p € H)(O) (2.4)
o o

will be called a Poincaré domain. It is well known that, in the case when O is a Poincaré domain, the inner product
in the space V inherited from H'(O,RY), i.e. (4, v)y := (u, V), + (u, v)) is equivalent to the following one:

(u,V)p = (u,v)), u,vev. (2.5)

In the sequel, if O is a Poincaré domain, then in the space V we consider the inner product (-,-) given by (2.2)
and the corresponding norm || - ||.

Denoting by (:,-) the dual pairing between V and V’, i.e. (:,:) := v(,,-)v, by the Lax-Milgram Theorem, there
exists a unique bounded linear operator A : V — V'’ such that we have the following equality

(Au, vy = (u,v)), u,vev. (2.6)
The operator A is closely related to the Stokes operator A defined by

D(A)
Au

{ueV:Au e H},

Au, if u € D(A). 27

The Stokes operator A is a non-negative self-adjoint operator in H. Moreover, if O is a 2D or 3D Poincaré domain,
see (4.11) below, then A is strictly positive. We will not use the Stokes operator as in this paper we will be
5



concerned only with the weak solutions to the stochastic Navier-Stokes equations, which in particular do not take
values in the domain D(A) of A.

Let us consider the following tri-linear form

b(u,w,v) = f(u - Vw)vdx. (2.8)
o

We will recall fundamental properties of the form b. By the Sobolev embedding Theorem (or Gagliardo-Nirenberg
Inequality) we have, see for instance [54, Lemmata I11.3.3 and I11.3.5],

d d
1-4 g

1/4 4
< 2 |u|L2(O)|Vu|L2(O)’

ooy < ueH*0), ford=2,3. 2.9)
by applying the Holder inequality, we obtain the following estimates

Ib(u, w, V)| = [b(u, v, W)l < |ul 4| W]+|V V]2 (2.10)

cluly [wllyIvlly, u,w,vev 2.11)

IA

for some positive constant c¢. Thus the form b is continuous on V, see also [54]. Moreover, if we define a bilinear
map B by B(u,w) := b(u,w, ), then by inequality (2.11) we infer that B(u,w) € V’ for all u,w € V and, by the
Gagliardo-Nirenberg Inequality (2.9)) that the following inequality holds, for d = 2, 3,

d

4

2

csllullylwlly, u,weVv.

.
el [Vul, wl), 19wl

IA

|B(ll, W)'V’ <c |M|L4|W|L4

IA

In particular, the mapping B : V X V — V’ is bilinear and continuous.

Let us also recall the following properties of the form b, see Temam [54], Lemma I1.1.3,
b(u,w,v) = =b(u,v,w), u,w,vev. 2.12)

In particular,
(B(u,v),v)) =b(u,v,v) =0 u,vev. (2.13)

We will need the following Fréchet topologies.

Definition 2.1. By leoc((), R%) = ]leoc we denote the space of all Lebesgue measurable R¢-valued functions v such

that fK Iv(x)|> dx < oo for every compact subset K  O. In this space we consider the Fréchet topology generated
by the family of seminorms

PR = (fo v(x)P dx)%, ReN,

where (Or)gen is an increasing sequence of open bounded subsets of O with smooth boundaries and such that
Uren Ok = 0. ?
By Hj,. we denote the space H endowed with the Fréchet topology inherited from the space L?. (O, RY).

loc

2Such sequence (Op)gen always exist since it is sufficient to consider as O a smoothed out version of the set O N B(0, R), see for instance
[56] and references therein.



Let us, for any s > 0 define the following standard scale of Hilbert spaces
V, := the closure of V in H*(O,R?).
Ifs> ‘3’ + 1 then by the Sobolev embedding Theorem,
H7'(O,RY) < Cy(O,RY) — L¥(O,R).

Here C,(0, RY) denotes the space of continuous and bounded R4-valued functions defined on O. If u,w € V and
v € V, with s > g + 1, then for some constant ¢ > 0,

b, w, V)l = 1bQu, v, W) < ful Wl [VVe < clul WL Ivly -

We have the following well know result used in the proof of [16, Lemma 5.4].
Lemma 2.2. Assume that s > ‘% + 1. Then there exists a constant C > 0 such that

[B(u, V)lv; < Clulglvly, u,v € V. 2.14)
Hence, in particular, there exists a unique bilinear and bounded map B:HxH— V', such that B(u,v) = B(u,v)
forallu,v eV. 5
In what follows, the map B will be denoted by B as well.
3. Stochastic Navier-Stokes equations

We begin this section with listing all the main assumptions.

Assumption 3.1. We assume that the following objects are given.
(H.1) A separable Hilbert space K;
(H.2) a measurable map G : H — T>(K, V') that

(i) is of linear growth, i.e. for some C > 0

IG@IF, vy < CA +lulf),  weH. G1)

(ii) G(v) € TH(K,H) for v € V, and the restriction map G : V — T>(K, H) is Lipschitz continuous, i.e. there
exists a constant L > 0 such that

G = Gl ey < Ly = wallys wr,uz € V. G2)
(iii) for some constants Ay, p and n € (0, 2],

Gy < @ = llull® + oluly +p,  weV, (G3)
(iv) and, for every y € V the function

UG :Hype D u > {K 3y v(Gy, )y € R} € K’ is continuous. (G4)
7



(H.3) A real number p such that
pel22+ 1), 3.1)
2-1n
where we put %7 =oowhenn=2.;

(H.4) a Borel probability measure uy on H such that fH |x|P to(dx) < oo is given.
(H.5) an linear operator A : VN — V' satisfying equality (2.6).

Now we state definition of a martingale solution of equation (3.2). We really need to consider the infinite time
interval, i.e. [0, o0), however, we need also to state some of the results on the interval [0, T], where T > 0 is fixed.
Thus, in the following definition we distinguish between the two cases of solution on a finite interval [0, T] and on
[0, o0).

Definition 3.2. Let us assume Assumption 3.1. Let 7 > 0 be fixed. We say that there exists a martingale solution
of the following stochastic Navier-Stokes Equations (in an abstract form) on the interval [0, T']

du(t) + Au(r) dt + B(u(t), u(t))dt = f(t) dt + G(u(t)) dW(z), t>0,
(3.2)
L(u(0)) = po,
iff there exist
e a stochastic basis (Q, ¥, ¥, P) with a complete filtration I = {7:",},6[0;],
e a K-cylindrical Wiener process W = (W)cj0.7)
e and an F—progressively measurable process u : [0, 7] x Q — H with P-ae. paths satisfying
u(-,w) € C([0, T1,H,) N L*0,T; V) 3.3)
such that
the law on H of u(0) is equal to pyg
and, forallr € [0,T] and all v € V,
! !
(u(®),v)y + f (Au(s),v)ds + f (B(u(s)),v)ds
0 0
! !
= (w(0), v)y + f (f(s),vyds + f G(u(s)) dW(s), v), P-as. (3.4)
0 0
and
. T
E[ sup lu(f + f V() dt] < . (3.5)
1€[0,T] 0

If all the above conditions are satisfied, then the system
Q7 5P, W,u)
will be called a martingale solution to problem (3.2) on the interval [0, T'] with the initial distribution py.

8



A system (Q, %, 7, ®, W, u) will be called a martingale solution to problem (3.2) with the initial distribution

Mo iff all the above conditions are defined with the interval [0, T'] being replaced by [0, co) and the condition (3.3)
is replaced by

u(-, w) € C([0, ), H,,) N L ([0, 0); V), (3.6)

loc

and inequality (3.5) holds for every T > 0.
Here, H,, denotes the Hilbert space H endowed with the weak topology and C([0, T'], H,,) and C([0, ), H,,)
denote the spaces of H valued weakly continuous functions defined on [0, 7] and [0, o), respectively.

In the case when yy is equal to the law on H of a given random variable i : Q — H then, somehow incorrectly,
a martingale solution to problem (3.2) will also be called a martingale solution to problem (3.2) with the initial
data uy. Fully correctly, it should be called a martingale solution to problem (3.2) with the initial data having the
same law as 1. In particular, in this case we require that the laws on H of u( and u(0) are equal.

If no confusion seems likely, a system (f! 7,0 P, W, u) from Definition 3.2 will be called a martingale solu-
tions.

Remark 3.3. Let us recall the following observation from [16]. Since |lull := |Vul,, and (Au,u) = (u,u) =
(Vu, Vu),,, we have
Q2 = llulP* = 2(Au, uy — nllul’, ueV.

Hence inequality (G3) can be written equivalently in the following form
2Au, u) = GNF, g py = 7lldll® = Aolulgy —p,  ueV, (G3)

Inequality (G3’) is the same as considered by Flandoli and Gatarek in [31] for Stochastic NSEs in bounded
domains. The assumption 7 = 2 corresponds to the case when the noise term does not depend on Vu. We will
prove that the set of measures induced on appropriate space by the solutions of the Galerkin equations is tight
provided that the map G from part (H.2) of Assumption 3.1 satisfies inequalities (G1) and (G3). Inequality (G1)
and condition (G4) from part (H.2) of Assumption 3.1 will be important in passing to the limit as n — oo in the
Galerkin approximation. Condition (G4) is essential in the case of unbounded domain O. It is wort mentioning
that the following example of the noise term, analyzed in details in [16, Section 6], is covered by part (H.2) of
Assumption 3.1.

Example 3.4. Let us consider the noise term written classically as
[Gw)](t, x)dW(2) := Z[(bi(x) “Vu(t, x) + c;(x)u(t, x)|dp;(1), (3.7
i=1

where

Bi, i€N, arei.i.d. standard R-valued Brownian Motions,
b;: 0— Rd, i € N, are functions of class C™class,

Ci: 0 - R, ieN, are functions of C™ - of class ,

are given. Assume that

Cy:= ) (IbillFs + Idiv bill7 + lleillFe) < oo (3.8)
i=1

9



and there exists a € (0, 2] such that for all £ = (1, ...,{s) € R?and all x € O,

d
BIOBE) G <2 ) 8udite - aldP = 2 - a)lgP. (3.9)

d
Jok=1 Jik=1

™M

4

This noise term can be reformulated in the following manner. Let K := *(N), where [>(N) denotes the space of
all sequences (h);cy C R such that 37| h? < co. It is a Hilbert space with the scalar product given by (h, k), :=
iy hik;, where h = (h;) and k = (k;) belong to P(N). Putting

00

G(uh = Z [(bi - VYu+cul i, ueV, h=(h)elN), (3.10)
i=1

we infer that the mapping G fulfils all conditions stated in assumption (H.2), see [16, Section 6] for details.

Remark 3.5. Note that by Definition 3.2 every solution to problem (3.2) satisfies equality (3.4) for all v € V.
However, equality (3.4) holds not only for v € V but also for all v € V. Indeed, this follows from the density of
YV in the space V and the fact that each term in (3.4) is well defined and continuous with respect to v € V. This
remark is important while using the 1t6 formula in the proof of Lemma 5.8.

Remark 3.6. Let assumptions (H.1)-(H.5) be satisfied. If the system Q. F,F.P,W,u)isa martingale solution of
problem (3.2) on the interval [0, o), then P-a.e. paths of the process u(t), t € [0, 00), are V'-valued continuous
functions, i.e. for P-a.e. w € Q

u(-, w) € C([0, ), V"), (3.11)

and equality (3.4) can be rewritten as the following one, understood in the space V',

u(t) + f Au(s)ds + f B(u(s))ds = u(0) + f f(s)ds + f G(u(s))dW(s), t € [0, c0). (3.12)
0 0 0 0

Proof. Let us fix any T > 0. Let us notice that since the map G satisfies inequality (G1) in Assumption 3.1, by
inequality (3.5) we infer that

T T
El | 16k ds| < CR[ | (1 +lu(s)f) ds| < .
0 0

Thus the process y defined by
!
u(t) = f Gu(s))dW(s), 1€l0,T],
0

is a V’-valued square integrable continuous martingale.

Remark. The process u is an H-valued square integrable continuous martingale, as well.

Proof. Since the map G satisfies inequality (G3) in Assumption 3.1, using inequality (3.5) we deduce that

T T
B [ 16N ds] < B[ [ 12 =GP + 2lu(s)f + pl ] < oo
0 0
Thus u(z), t € [0, T], is an H-valued square integrable continuous martingale. O
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In the framework of Remark 3.6, by the regularity assumption (3.3), we infer that for Pae we
Au(-,w) € L0, T; V'), Blu(, w),u(-,w)) € L**(0,T; V).

By assumption (H.3), in particular, f € LP(0,T;V’). Hence for P-a.e. w € € the functions

[0, T3>t f Au(s,w)ds e V',
0

[0, T3>t f B(u(s, w), (u(s, w))ds € V',
0

[0, T3>t f f(s)ds eV’
0

are well defined and continuous. Using (3.4) we infer that for P-ae. weh
M(" 0.)) € C([O’ T]’ V’)

and for every ¢ € [0, T'] equality (3.12) holds. Since T' > 0 has been chosen in an arbitrary way, regularity condition
(3.11) and equality (3.12) hold. The proof of the claim is thus complete. O

4. The continuous dependence of the solutions on the initial state and the external forces in 2D and 3D
domains

In this section we will concentrate on martingale solutions to problem (3.2) on a fixed interval [0, T']. The main
result is Theorem 4.11. We will also need some modification of Theorem 5.1 in [16], contained in Theorem 4.8.

As in [16] in the proofs we will use the following structure. Let us fix s > g + 1 and notice that the space V
is dense in V and the natural embedding V; < V is continuous. By [32, Lemma 2.5], see also [16, Lemma C.1],
there exists a separable Hilbert space U such that U is a dense subset of V and

the natural embedding t; : U — V is compact . “.1)

Then we also have
U—>Vi>HzH -V, U, “4.2)

where H' and U’ are the dual spaces of H and U, respectively, H" being identified with H and the dual embedding
H’ < U’ is compact as well.

In the next definition we will recall definition of a topological space Z7 that plays an important rdle in our
approach, see page 1629 and Section 3 in [16].

To define the space Zr we will need the following four spaces.

C(0,T],U’) := the space of continuous functions u : [0, 7] — U’ with the topology

induced by the norm |M|C([O,T],U’) = sup |u()|y
1€[0,T]

Lfv(O, T;V) the space L*(0,T;V) with the weak topology,
L*(0,T;H,.) := the space of all measurable functions u : [0, 7] — H such that for all R € N

1
2

T
prr(u) = (fo A |u(z, x)[? dxdt) < 0o

with the topology generated by the seminorms (pr g)gen-
11



Let H,, denote the Hilbert space H endowed with the weak topology and let us put

C([0,T];H,,) := the space of weakly continuous functions u : [0, T] — H endowed with
the weakest topology such that for all 4 € H the mappings
C(0,TT;H,) 3 u = (u(-), h)y € C([0, T1; R) are continuous.

Definition 4.1. For T > 0 let us put
Zr :=C(0,T1;U") N LE(0,T; V) N L*(0, T; Hioe) N C([0, T]; Hy,) 4.3)

and let 77 be the supremum of the corresponding four topologies, i.e. the smallest topology on Z7 such that the
four natural embeddings from Z7 are continuous.
The space Zr will also considered with the Borel o-algebra, i.e. the smallest o-algebra containing the family 77.

The following auxiliary result which is needed in the proof of Theorem 4.11, cannot be deduced directly from
the Kuratowski Theorem, see Counterexample C.4 in the Appendix C.

Lemma 4.2. Assume that T > 0. Then the following fours sets C([0, T1; H) N Zr, C([0, T1; V)N Zz, L*(0,T; V)N
Zr and C([0,T]; V') N Zr are Borel subsets of Zy and the corresponding embedding tranforms Borel sets into
Borel subsets of Zr. Moreover, the following R, U {+co}-valued functions

SUPye(0,7] |u(s)|2 , fueC(0,T;H)NZr
00, otherwise,

.ZTBMI—){

T .
Zroum fO lu()I* ds, ifue L*0,T; V)N Zr,
e otherwise,

are Borel.

Proof. Because C([0,T1; U’) N L*(0, T; Hy,) is a Polish space, by the Kuratowski Theorem C([0, T]; H) is Borel
subset of C([0, T']; U)NL*(0, T; Hy,.). Hence the intersection C([0, T]; H)NZr is a Borel subset of the intersection
C([0,T]; U") N L*(0, T; Hy,.) N Z7 which happens to be equal to Z7.

We can argue in the same way in the case of the spaces C([0,T]; V) N Zr and C([0,T]; V') N Z7.

The proof in case the space L>(0, T; V) is analogous, one needs to begin with an observation that by the Kuratowski
Theorem the set L>(0, T; V) is Borel subset of L*(0, T; H;,.). We have used a fact that a product of Borel set in
C([0,T]; U N L*(0, T; Hy,,) and the set Z is a Borel subset of the latter.

The same argument applies to the proof that iz and j;r map Borel subsets of their corresponding domains to Borel
sets in Zr. The last part of Lemma is a consequence Proposition C.2. 0

4.1. Tightness criterion and Jakubowski’s version of the Skorokhod theorem

One of the main tools in this section is the tightness criterion in the space Zr defined in identity (4.3). We will
use a slight generalization of of the criterion stated in Corollary 3.9 from [16], compare with the proof of Lemma
5.4 therein. Namely, we will consider the sequence of stochastic processes defined on their own probability spaces.
Let (Q,, %, F,, IP,), n € N, be a sequence of probability spaces with the filtration F, = (F,,,1),5¢-

Corollary 4.3. (tightness criterion) Assume that (X,),ey is a sequence of continuous ¥,-adapted U’-valued pro-
cesses defined on Q,, and such that

supE, [ sup X, (s)I4] < o0, (4.4)
neN s€[0,T]

T
sup’e, f X ds] < o, 4.53)
neN 0

12



(a) and for every € > 0 and for every n > 0 there exists § > O such that for every sequence (t,),en Of [0, T1-valued
F,.-stopping times one has

sup sup ]Pn{ |Xn(Tn + 0) - Xn(Tn)|U’ 2 77} <e (46)

neN 0<60<6

Let B, be the law of X,, on the Borel o-field B(Zr). Then for every € > 0 there exists a compact subset K, of Zr
such that y

supP(K,) > 1 —¢.

neN

The proof of Corollary 4.3 is essentially the same as the proof of [16, Corollary 3.9].

If the sequence (X),),cy satisfies condition (a) then we say that it satisfies the Aldous condition [A] in U’ on
[0,T]. If it satisfies condition (a) for each T' > 0, we say that it satisfies the Aldous condition [A] in U’.

Obviously, the class of U’-valued processes satisfying the Aldous condition is a real vector space. Below we
will formulate a sufficient condition for the Aldous condition. This idea has been used in the proof of Lemma 5.4
in [16] but it has not been formulated in such a way.

Lemma 4.4. Assume that Y is a separable Banach space, o € (0, 1] and that (u,),cy is a sequence of continuous
F,-adapted Y-valued processes indexed by [0, T] for some T > 0O, such that

(@’) there exists C > 0 such that for every 6 > 0 and for every sequence (7,),cy of [0, T]-valued F,-stopping times
with one has

En [lun(Tn + 0) - un(Tn)|Y] < COO’ (47)

Then the sequence (u,),cy satisfies the Aldous condition [A] on [0, T'].

Proof. Letus fix n > 0 and € > 0. By the Chebyshev inequality and the estimate (4.7) we obtain

1 C-6
Pn(“un(‘rn +0) —up(Tp)ly 2 77}) < EEn [lun(Tn +0) - un(Tn)|Y] < > neN.
Letus ¢ := [%8]71’ Then we have
sup sup P, {lu, (7, +60) —u,(t,)ly 2 n} < &,
neN 1<0<5
This completes the proof of Lemma 4.4. O

Remark 4.5. As can be seen in (4.3), the space Zr is defined as an intersection of four spaces, one of them being
the space C([0, T]; U’). The latter space plays, in fact, only an auxiliary role. Let us recall that the space U, see
(4.1) and [16, Section 2.3], is important in the construction of the solutions to stochastic Navier-Stokes equations
via the Galerkin method in the case of an unbounded domain, i.e. when the embedding V c H is not compact. (In
the case of a bounded domain we can take, e.g. U := V; for sufficiently large s.) In particular, the orthonormal
basis of the space H, which we use in the Galerkin method is contained in U, so the Galerkin solutions ”live in”
the space U.

With the space U in hand, in [16] we prove an appropriate compactness and tightness criteria in the space Zr,
see [16, Lemma 3.3 and Corollary 3.9]. Let us emphasize that in order to prove the relative compactness of an
appropriate set in the Fréchet space L*(0, T; Hy,.) first we need to prove a certain generalization of the classical
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Dubinsky Theorem, see [16, Lemma 3.1], where the space C([0, T']; U”) is used. This result is related to the Aldous
condition in the space U’ in the tightness criterion, (4.6) in Corollary 4.3 and [16, Corollary 3.9(c)].

We will use Corollary 4.3 to prove Theorems 4.9 and 4.11, below. Even though, the presence of the space
C([0,T]; U’) in the definition of the space Zr is natural in the context of the Galerkin approximation solutions,
it’s presence in the context of Theorems 4.9 and 4.11 where we consider sequences of the solutions of the Navier-
Stokes equations seems to be unnecessary. However, again because of the lack of the compactness of the embed-
ding V c H to prove tightness in Theorem 4.9 we still use Corollary 4.3 in its original form.

In the proofs of the theorems on the existence of a martingale solution and on the continuous dependence of
the data we use a version of the Skorokhod theorem for nonmetric spaces. For convenience of the reader let us
recall the following Jakubowski’s [34] version of the Skorokhod Theorem, see also Brzezniak and Ondrejat [18].

Theorem 4.6. (Theorem 2 in [34]). Let (X, T) be a topological space such that there exists a sequence (f,,) of
continuous functions f,, : X — R that separates points of X. Let (X,,) be a sequence of X-valued Borel random
variables. Suppose that for every € > 0 there exists a compact subset K, C X such that

supP{X, e K.}) > 1 —e&.
neN

Then there exists a subsequence (X, )icn, a sequence (Yi)icy of X-valued Borel random variables and an X-valued
Borel random variable Y defined on some probability space (Q, F ,P) such that

L(Xn/‘) = —E(Yk), k= 1,2,

and for all w € Q:
Yi(w) SN Y(w) ask— oo.

Note that the sequence (f;,) defines another, weaker topology on X. However, this topology restricted to o-
compact subsets of X is equivalent to the original topology 7. Let us emphasize that thanks to the assumption
on the tightness of the set of laws {£(X},),n € N} on the space X the maps Y and Y}, k € N, in Theorem 4.6 are
measurable with respect to the Borel o-field in the space X.

The following result has been proved in the proof of [16, Corollary 3.12] for the spaces Z7.

Lemma 4.7. The topological space Zr satisfies the assumptions of Theorem 4.6.

4.2. The existence and properties of martingale solutions on [0, T']

We will concentrate on martingale solutions to problem (3.2) on a fixed interval [0, T]. The following result
is a slight generalisation of Theorem 5.1 in [16]. In comparison to [16] the deterministic initial state has been
replaced by the random one satisfying assumption (H.3). However, our attention will be focused on the estimates
satisfied by the solutions of the Navier-Stokes equations. We claim that there exists a solution u satisfying estimate
IAE[sup,E[O’T] Iu(t)llq_l] < Ci(p, q) for every g € [2, p], (and not only for g = 2 as stated in inequality (5.1) in [16]).
Moreover, we analyse what is the relation between the constant C(p, g) and the initial state uo and the external
forces f. The same concerns the estimate on I@l[ fOT llu(®)||* dt]. These results generalise [16, Theorem 5.1]. In the
second part of Theorem 4.8 we will prove another estimate on u in the case when O is a 2D or 3D Poincaré domain,
see (4.11) below. This estimate will be of crucial importance in the proof of existence of an invariant measure in
2D case. The proof of Theorem 4.8 is based on the Galerkin method. The analysis of the Galerkin equations is
postponed to Appendix A. Recall also that in assumption (H.3) we have put %7 = oo whenn = 2.
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Theorem 4.8. Let assumptions (H.1)-(H.5) be satisfied. In particular, we assume that p satisfies (3.1), i.e.

n
€l2,2+ ——),
2.2+55)

where 1 € (0, 2] is given in assumption (H.2).

(1) Forevery T >0, g € [1,p] and R1,R, > 0 if uy is a Borel probability measure on H, f € LP([0, o); V")
satisfy fH |xPuo(dx) < Ry and |flro.1:v) < Ra, then there exists a martingale solution (Q, F P, W, u) to
problem (3.2) with the initial law uy which satisfy the following estimates for some constants C(p, q) and
C>(p), depending also on T, Ry and R,

I( s[up lu(s)I) < Ci(p, @), (4.8)
s€[0
putting C1(p) := C1(p, p), in particular,
E( sup [u(s)) < Ci(p). (4.9)
s€[0,T]
and
f IVu(s)I7, ds] < Ca(p). (4.10)

(2) Moreover, if O is a Poincaré domain and the map G satisfies inequality (G3) in Assumption 3.1 with 1y = 0,
then there exists a martingale solution (Q, F, ¥, P, u) of problem (3.2) satisfying additionally the following
inequality for every T > 0

T
IE[ f Vu(s)2, ds <]E[|u(0)|§l]+% f lf ()P ds + pT. “.11)
0

Proof of Theorem 4.8 is postponed to Appendix B.

4.3. The continuous dependence

We prove the following results related to the continuous dependence on the deterministic initial condition
and deterministic external forces. Roughly speaking, we will show that if (up,) ¢ H and (f,) ¢ LP(0,T;V’)
are sequences of initial conditions and external forces approaching uy € H and f € LP(0,T,V’), respectively,
then a sequence (u,) of martingale solutions of the Navier-Stokes equations with the data (uo,, f,), satisfying
inequalities (4.8)-(4.10), contains a subsequence of solutions, on a changed probability basis, convergent to a
martingale solution with the initial condition uy and the external force f. Note that existence of such solutions
u,, n € N, is guaranteed by Theorem 4.8. This result holds both in 2D and 3D possibly unbounded domains with
smooth boundaries. Moreover, in the case of 2D domains, because of the existence and uniqueness of the strong
solutions, stronger result holds. Namely, the solutions u,, n € N, satisfy inequalities (4.8)-(4.10) and not only a
subsequence but the whole sequence of solutions (u,) is convergent to the solution of the Navier-Stokes equation
with the data uy and f. Their proofs are de facto, modifications of the proofs of corresponding parts of Theorem
5.1 from [16], where Galerkin approximations are substituted by solutions u,, n € N. However, the last part of the
proof is different. Namely, contrary to the case of the Galerkin aproximations, the martingale M,, defined by (5.16)
in [16] is, in general, not square integrable. It would be square integrable, for example, if inequality (4.8) held with
some g > 4. This holds in the case, when the noise term does not depend on Vu or if we impose such restriction
on 7 that 2% > 4. However, to cover the general case, this part of the proof is different.

In what follows we do not assume that O is a Poincaré domain.
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Theorem 4.9. Let assumptions (H.1)-(H.3) and (H.5) be satisfied and let T > 0. Assume that (uo,),., is a
bounded H-valued sequence and (f,),., is a bounded L*(0,T;V’)-valued sequence. Let Ry > 0 and R, > 0 be
such that sup,,.y luo |y < R1 and sup,. || full LTV S R,. Let

(Qn’ 7}1’[7 Fn, I,P\)n’ WI’H u}’l)

be a martingale solution of problem (3.2) with the initial data uy , and the external force f, and satisfying inequal-
ities (4.8)-(4.10). Then, the set of Borel measures { L(u,),n € N} is tight on the space (Zr,TT).

Proof. Letus fix T > 0 and p satisfying condition (3.1). Let (uo,),_, and (f,)
L?(0,T; V')-valued, sequences. Let

be bounded H-valued, resp.

n=1

(QYH ‘7}1’[7 Fn, I,P\)n’ Wm u}’l)

be a corresponding martingale solution of problem (3.2) with the initial data uf and the external force f,, and
satisfying inequalities (4.8)-(4.10). Such a solution exists by Theorem 4.8.

To show that the set of measures {£L(u,), n € N} are tight on the space (Z7, T1), where Z7 is defined in (4.3),
we argue as in the proof of Lemma 5.4 in [16] and apply Corollary 4.3. We first observe that due to estimates
(4.8) (with g = 2) and (4.10), conditions (4.4) and (4.5) of Corollary 4.3 are satisfied. Thus, it is sufficient to prove
condition (a), i.e. that the sequence (u,),cy satisfies the Aldous condition [A]. By Lemma 4.4 it is sufficient to
proof the condition (a”).

We have now to choose our steps very carefully as we no longer treat strong solutions to an SDE in a finite
dimensional Hilbert space but instead a weak solution to an SPDE in an infinite dimensional Hilbert space.

Let (1), be a sequence of stopping times taking values in [0, T']. Since each process satisfies equation (3.4),
by Remark 3.6 we have

Un(t) = gy — f Auty(s)ds — f Bluy(s)) ds + f fu(s)ds + f G(u,(s)) dW(s)
0 0 0 0
= T TN + ) + TN + T, 1€]0,T],

where the above equality is understood in the space V’. Let us choose and 6 > 0. It is sufficient to show that each
sequence J!' of processes, i = 1,---, 5 satisfies the sufficient condition (a’) from Lemma 4.4.

Obviously the term J{ which is constant in time, satisfies whatever we want. We will only deal with the other
terms. In fact, we will check that the terms J}, Jy, Jg’ satisfy condition (a’) from Lemma 4.4 in the space Y = V’
and the term J% satifies this condition in Y = V| with 5 > ‘—21 + 1. Since the embeddings V), ¢ U’ and V' c U’ are
continuous, we infer that (a’) from Lemma 4.4 holds in the space Y = U’, as well.

Ad J3. Since the linear operator A : V — V'’ is bounded, by the Holder inequality and (4.10), we have

T,+0
E, | f | A ()], ds]

T 1 .
0% (E, | fo len(I ds])* < Ca(p) - 6. (4.12)

]En [|J;(Tn + 9) - J;(Tn)|v/]

IA

IA

Ad Ji. Let s > ‘51 + 1 Similarly, since B : Hx H — V/, is bilinear and continuous (and hence bounded so that the
norm ||B|| of B : HX H — V/, is finite), then by (4.8) we have the following estimates

T,+60 Tp+0
By (150 +6) = Ja(m)ly, ] = By | f B(un(n)drly, | < By | f IBun(M)ly, dr|

T, +6
< cllBIIE, [ f (P dr] < clBll -, [ sup (i3] 6 < clBICi(p.2) - (4.13)
Ty relo,
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Remark. The above argument works as well for d = 3. However for d = 2 we have the following different proof
which exploits inequality (2.12) (which is valid only the the two dimensional case).

T,+0 T,+60
Ey [3(ra + 6) = J3(tly ] < B | f |Bun(M),, dr| < 2B, f (P2 Vet (P2 dr
Tn Tn

1 T, +0 1
Scz[En sup |un(r)|§,]2[1E,, f |Vu,,(r)|§2dr]29%

re[T,, T, +6]

1 T 1
SCZ[E,, sup |u,,(r)|12{]2[En f |Vun(r)|§2dr]29%
rel0,7T] 0

< &[Ci(p, )13 [Ca(p)] 2067, (4.14)

Ad J}. Since the sequence (f,) is weakly convergent in LP(0,T; V’), it is, in particular, bounded in L”(0, T; V).
Using the Holder inequality, we have

T, +0
E, [V (0 +0) = Ji(T0)ly. | = E, Hf Ja(s) ds|v,]

-1

_ T 1 - p
<07 (8] [ 1K, ds])’ = 07 1l = o007 @19

where ¢4 1= sup,oy |fn|Lp(0’T;V,).

Ad JZ. By assumption (G1) and inequality (4.8), we obtain the following inequalities

(SIE

E, (V2 +0) = S@ly ] < (Ba [5G +6) - Ji@l 1)
T,+0 1
— (B [ I ds]
’ T,+0 1
< [c B, f (1 + (I ds|’
1
< e +[E[ sup (o)D)
s€[0,T]
1
< [ca+ci@)e] =tes- 6. (4.16)
Thus the proof of Theorem 4.9 is complete. O

Remark 4.10. It is easy to be convinced that u, take values in Zr but it’s not so obvious to see that in fact
u, are Borel measurable functions. This is so because our construction of the martingale solution is based on
Jakubowski’s version of the Skorokhod Theorem, see Theorem 4.6 for details.

The main result about the continuous dependence of the solutions of the Navier-Stokes equations on the ini-
tial state and deterministic external forces, which covers both cases of 2D and 3D domains, is expressed in the
following theorem 4.11. Stronger version for 2D domains will be formulated in the next section, see Theorem 5.9.
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Theorem 4.11. Let conditions (H.1)-(H.3) and (H.5) of Assumption 3.1 be satisfied and let T > 0. Assume that

(Uo,n)ey is an H-valued sequence that is convergent weakly in Hto ug € H and (f,);>, is an L?(0,T;V')-valued

sequence that is weakly convergent in LP(0,T; V') to f € LP(0,T;V’). Let Ry > 0 and R, > 0 be such that
SUp e ltto,nly < R1 and sup oy ”f””LI’(O,T;V’) <R;. Let

(Qn» 7}}1’ I@m ﬁDana un)

be a martingale solution of problem (3.2) with the initial data uj and the external force f, and satisfying inequalities
(4.8)-(4.10).
Then there exist

e a subsequence (ny)y,
e a stochastic basis (Q, F,F,P), where F = (T} 150,
e qa cylindrical Wiener process W =W(@), t € [0, o) defined on this basis,

e and progressively measurable processes i, (iiy, ), (defined on this basis) with laws supported in Zr such

that
ity, has the same law as u,, on Zr and i,, — it in Zr, P-as. “4.17)
forevery g € [1, p] y
E[ sup |12(s)|;’{] < 00, (4.18)
5€[0,T]
and the system o
(Q, 7. F,P,W, i)

is a solution to problem (3.2).
In particular, forallt € [0, T]and all v e V

(@), v)y — (@(0),v)y + f (Au(s),v)yds + f (B(ii(s)),v) ds
0 0

=L£<fwxvnm+(lgawu»dW@xv>

and

T
E[ | laIPds] < o (4.19)
0

Proof. Since the product topological space Z7xC([0, T], K) satisfies the assumptions of Theorem 4.6, by applying
it together with Theorem 4.9, there exists a subsequence (7;), a probability space <, F, P) and Z7 x C([0, T], K)-
valued Borel random variables (it, W), (iix, Wx), k € N such that each W and W;, k € N is an K-valued Wiener
process and such that

the laws on B(Zr x C([0, T'], K)) of (u,,, W) and (i, W) are equal. (4.20)

where B(Z7 x C([0, T1,K)) is the Borel o-algebra on Z7 x C([0, T, K), and, with K being an auxiliary Hilbert
space such that K c K and the natural embedding K — K is Hilbert-Schmidt,

(iiz, W) converges to (i, W) in Z7 x C([0,T],K) P-almost surely on Q. 4.21)
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Note that since B(Z7 x C([0, T'],K)) € B(Z7) x B(C([0, T], K)), the function u is Z7 Borel random variable.
Define a corresponding sequence of filtrations by

Fy = (Fu(®)z0. where Fi(t) = o({(ie(s), Wi(s)), s <1}), t€[0,T]. (4.22)

To conclude the proof, we need to show that the random variable # gives rise to a martingale solution. The proof of
this claim is very similar to the proof of Theorem 2.3 in [43]. Let us denote the subsequence (i, ); again by (i),
The few differences are:

(i) The finite dimensional space H,, is replaced by the whole space H. But now, by Lemma 4.2 the space C([0, T']; V)N
Zr is a Borel subset of Z7 and since by Remark 3.6 u, € C([0,T]; V'), P-a.s. and i, and u, have the same laws
on Zr, we infer that

ii, € CI0,T; V)  n>1, Pas.

(i) The operator P, has to be replaced by the identity. But this is rather a simplification as for instance we do not
need Lemmas 2.3 and 2.4 from [16].

In addition to point (i) above, we have that for every g € [1, p], we have

sup E (sup li,(s)lf) < Ci(p, 9, (4.23)
neN 0<s<T
Similarly,
i, € L*0,T;V) n>1, P-as.
and ,
supB[ [ (o) ds] < €t (424)
ne 0

By inequality (4.24) we infer that the sequence (i,) contains a subsequence, still denoted by (ii,), convergent
weakly in the space L*([0, T1x Q; V). Since by (4.21) P-a.s. @1, — @t in Zr, we conclude that i € L*([0, T1xQ; V),
ie.

T
fE[ lii(s)[? ds] < oo, (4.25)
0

Similarly, by inequality (4.23) with ¢ = p we can choose a subsequence of (ii,) convergent weak star in the space
LP(Q; L~(0,T;H)) and, using (4.21), infer that

E[ sup lia(s)lf] < oo. (4.26)
0<s<T
Then, of course, for every g € [1, p], y
E[ sup la(s)lf;] < oo. 4.27)
0<s<T

The remaining proof will be done in two steps.
Step 1. Let us choose and fix s > ‘3’ + 1. We will first prove the following Lemma.

Lemma 4.12. Forall p € V,
(@) Timyseo B [ [((0) — 0), @)y dt] = O,

(b) 1im,_e B[|(i,(0) — (0), 9)*] = 0,
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() limyoo B[ f) | ) (At (s) = Auls), ) ds| di] = 0,
(d) limy oo B | |3 (Bia(s) = BG(s), @) ds| ] = 0,
(e) limy oo B[ |} fuls) = £(5).0) ds|le] = 0,

() limeo ELf [ [ TG @n(s)) — GGai(s))] dW(s), @) dt] = .

Proof of Lemma 4.12. Let us fix ¢ € V. Ad (a). Since by (4.21) &, — @ in C([0,T]; Hy) P-a.s., (itu(-), )y —
(@(-), )y in C([0, T1; R), P-a.s. Hence, in particular, for all ¢ € [0, T']

Lim (@(0), @)y = @(0). @)y Pras.

Since by (4.23), sup,o.7 IIZ,,(t)IIZ_I < o0, P-as., using the dominated convergence theorem we infer that

T
lim f |(Gin() — i(t), @)y dt =0 P-as. . (4.28)
n—oo 0

By the Holder inequality and (4.23) for every n € N and every r € (1,1 + £]

T , T
EH fo i, () — (I dt' | < & fo (@ (O] + 1O dt] < 2Ci(p,2r), 4.29)

where ¢, ¢ are some positive constants. To conclude the proof of assertion (a) it is sufficient to use (4.28), (4.29)
and the Vitali Theorem.

Ad (b). Sigce by (4.21) &1, — @ in C(0,T;H,,) P-a.s. and & is continuous at 7 = 0, we infer that (#1,(0), )y —
(@1(0), )y, P-a.s. Now, assertion (b) follows from (4.23) and the Vitali Theorem.

Ad (c). Since by (4.21) it, — @t in L2(0,T; V), P-as., by (2.6) we infer that P-a.s.

lim f (Aity(5), ) ds = lim f (n(5). 9) ds = f (@@(s), @) ds = f (Aii(s), p) ds (4.30)
0 = Jo 0 0

n—oo

By (2.6), the Holder inequality and estimate (4.24) we infer that for all r € [0,7] and n € N

E['j(: <ﬂﬁn(s)’ ¢> ds|2:| _ ]E["fo‘f ((ﬁn(s),¢)) ds|2]
T
< cligll, B fo () ds| < 2Co(p), (431)

where ¢, ¢ > 0 are some constants. By (4.30), (4.31) and the Vitali Theorem we conclude that for all ¢ € [0, T']

lim || f (Alty(5) = A(s), g} ds|| = 0.
0

n—oo

Assertion (c) follows now from (4.24) and the dominated convergence theorem.
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Ad (d). Since by (4.24) and (2.3) the sequence (ii,) is bounded in L*0,T;H)and by (4.21) i1, — @i in L*(0,T; Hjoe)s
P-ass., by Lemma B.1 in [16] we infer that P-a.s. for all z € [0, T] and peV;

lim f (B(ity(s5)) — B(ii(s)), ¢ ds = 0. 4.32)
n—oo 0

Using the Holder inequality, Lemma 2.2 and (4.23) we infer that for all € [0,T], r € (0,5] and n € N the
following inequalities hold

| fo (B, 9 ds'Hr] <&|( fo tlB(ﬁn(s))|V;|¢|VJ ds)"']

3
< (calgly )" t’E[ f lii, (55" ds] < CE[ sup lit, ()57 < CCi(p,2 + 2r). (4.33)
0 s€[0,T]

By (4.32), (4.33) and the Vitali Theorem we obtain for all # € [0, T']

lim || fo (B(itn(s)) - B(i(s)). ¢) ds|| = 0. (4.34)

Using again Lemma 2.2 and estimate (4.23), we obtain for all r € [0, T] and n € N

| fo (Blin(5)), @) ds|| < B[ sup [ (D] < cCi(p. ),

5€[0,T]

where ¢ > 0 is a constant. Hence by (4.34) and the dominated convergence theorem, we infer that assertion (d)
holds.

Ad (e). Assertion (e) follows because the sequence (f;,) converges weakly in L?(0,T;V’) to f and V;, C V.

Ad (f). Let us notice that for all ¢ € V we have
f IKG () = Ga(s), . ¢

= f ™ G@n)(s) - ¢ G .z, 45 < 167 GE) = 7 G g 117 iy
| Tk

where ¢*™*G is the map defined by (G4) in assumption (H.2). Since by (4.21) i, — i in L2(0, T: Hie), P-a.s., by
(G4) we infer that forall € [0,T]and ¢ € V

lim f IKG (@ (s)) = G(a(s)), "">”¢<KR) =0. (4.35)

By (G1) and (4.23) we obtain the following inequalities for every ¢t € [0, T], r € (1,1 + g] andn e N
|| f IKG i (5)) = G(@(s), P2 ¢ 5 ||

Bl - fo (G (NE. gy + GO V]

IA

T
B [+ o + o) ds

<&{1+E[ sup la () + sup la(s)i]} < &1 +2C1(p.2r) (4.36)

s€[0,T] 5€[0,T1]
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where c, ¢y, ¢ are some positive constants. Using the Vitali theorem, by (4.35), (4.36) we infer that for all p € V

lim | f IKG@n(5)) = Gils), I ¢, ds] = . (437)
Hence by the properties of the Itd integral we infer that for all 7 € [0, T] and ¢ € V
! - 2
lim &[|( f (Gl (s)) - Ga(s))] dW(s), ¢)[ ] = 0. (4.38)
n—oo 0

By the It isometry, since the map G satisfies inequality (G1) in part (H.2) of Assumption 3.1, and estimate (4.23)
we have forallp e V,r € [0,T] andn € N

E[I( f 16 () - GasN] (5. ¢) ]

= £ f KG@n(s) = GG I ¢ 5]

<cf1+E| sup |t (s), + S |u(s)|H)]} < c(1 +2C1(p,2)), (4.39)

where ¢ > 0 is some constant. Thus by (4.38), (4.39) and the Lebesgue Dominated Convergence Theorem we infer
that for all p € V

T t
lim i E[|( f [G(iin(s)) — G(ii(s))] dW(s), 50>|] 0. (4.40)

n—oo

To conclude the proof of assertion (f), it is sufficient to notice that since s > % + 1, V, C V and thus (4.40) holds
for all ¢ € V. The proof of Lemma 4.12 is thus complete. O

As a direct consequence of Lemma 4.12 we get the following corollary which we precede by introducing some
auxiliary notation. Analogously to [13] and [43], let us denote

Aty W, @)(1) = (ﬁn(O),QO)H—fO <ﬂﬁn(S),w>ds—£ (B(itn(5)), p)ds

- fo () @y ds + fo Glin(s) dWy(s), @), 1€[0,T], (4.41)

and

A, W, @)(1) := (ﬁ(o)’(p)H_j; <ﬂft(S),s0>ds—fO (B(u(s)), p)ds

+ fo Fo)eyds+ ( j; ' Gi(s) dW(s), )., tel0.T]. (4.42)
Corollary 4.13. For every ¢ € Vy,
1im (i) 9 = (O il g 1oy = O (4.43)
and
1 Ay s Was @) = A W93 0710 = O- (4.44)
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Proof of Corollary 4.13. Assertion (4.43) follows from the equality

T
and Lemma 4.12 (a). Let us move to the proof of assertion (4.44). Note that by the Fubini theorem, we have

|An(ﬁns Wm 90) - A(ﬁ, VNV’ ¢)|L1([0,T]><f2)

T
_ fo 1A, Wo 0)(0) — A, W, 0)(0)] 1dt.

To conclude the proof of Corollary 4.13 it is sufficient to note that by Lemma 4.12 (b)-(f), each term on the right
hand side of (4.41) tends at least in L' ([0, T'] xQ) to the corresponding term in (4.42). O

Step 2. Since u, is a solution of the Navier-Stokes equation, for all € [0, 7] and ¢ € V
(1), @)y = A, W, )(0),  P-as.

In particular, .

[ Bl 00 At W01 1 =0
Since L(up, W) = L(it,, Wy,), .

[ £ 0.0 = Aot W01 11 =0
Moreover, by (4.43) and (4.44) .

| B, 0 - A o011 = 0.
Hence for I-almost all 7 € [0, 7] and P-almost all w € Q
(@), )y = A, W, )(0) = 0,

i.e. for l-almost all 7 € [0, T] and P-almost all w € Q
! !
(@(t), o)y + f (A(s), ) ds + f (B(ii(s)), @) ds
0 0

= (@(0), @)y + fo (F(s). @) ds + fo G(a(s)) dW(s). ). (4.45)

Since a Borel i is Zr-valued random variable, in particular # € C([0, T]; H,,), i.e. i is weakly continuous, we
infer that equality (4.45) holds for all € [0, 7] and all ¢ € V. Since V is dense in V, equality (4.45) holds for all
¢ €V, as well. Putting A o= (Q, f', P, IF‘), we infer that the system (ﬁl, W, i) is a martingale solution of equation
(3.2). By (4.25) and (4.27) the process i satisfies inequalities (4.19) and (4.18). The proof of Theorem 4.11 is thus
complete. O

Remark 4.14. It seems to us that the same argument works if the space Zr defined in (4.3) is replaced by a bigger
space Zr defined by
Zr = L3,0.T; V) N L*0,T; Hiee) N C([0, T: H,). (4.46)
In particular, to prove that the sequence (ii,) given in (4.20), whose existence follows from the Skorokhod Theorem,
converges to a solution of the Navier-Stokes equation, it is sufficient to use the convergence of (ii,) in the space
Zr.
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5. The case of 2D domains

A special result proved recently in [16] is about the existence and uniqueness of strong solutions for 2-D
stochastic Navier Stokes equations in unbounded domains with a general noise.
Let us present the framework and the results. Let us recall Lemma 7.2 from [16].

Lemma 5.1. Let d = 2 and assume that all conditions in parts (H.I);(H.3) and (H.5) of Assumption 3.1 are
satisfied. Assume that uo = 0,, for some deterministic uo € H. Let (Q,F, T, W, P, u) be a martingale solution of
problem (3.2), in particular,

T
fE[ sup |u(t)l + f [Vu(r)]? dt] < co. (5.1)
t€[0,T] 0

Then for P-almost all w € O the trajectory u(-, w) is equal almost everywhere to a continuous H-valued function
defined on [0, T]. P-a.s. and

15 ! !
u(t) = ug — f [Au(s) + B(u(s))] ds + f f(s)ds + f G(u(s))dW(s), te€[0,T]. (5.2)
0 0 0
Let us emphasize that equality (5.2) is understood as the one in the space V’, see Remark 3.6.

The next result is [16, Lemma 7.3].

Lemma 5.2. Assume that all conditions in parts (H.1)-(H.3) and (H.5) of Assumption 3.1 are satisfied. In addition
we assume that the Lipschitz constant of G is smaller than V2, i.e. the map G satisfies condition (G2) in part (H.2)
of Assumption 3.1 with L < V2. Assume that uy € H. If u; and u, are two solutions of problem (3.2) defined
on the same filtered probability space (Q, TA‘, I@, ]@)) and the same Wiener process W, then P-a.s. forallt € R,

u (1) = ua(0).
Because from now we will be dealing with the pathwise uniqueness of solutions let us formulate the following
assumption on the stochastic basis.

Assumption 5.3. Assume that (Q, 5 ,F,P) is a stochastic basis with a filtration F = {F}g and W = (W(1)) 5 is
a cylindrical Wiener process in a separable Hilbert space K defined on this stochastic basis.

We will often consider problem (3.2) with the initial data yuy = 6, for some deterministic #y € H, and hence
we explicitly rewrite that problem in the following way:

{ du(t) + Au(t) dt + B(u(t), u(t)) dt = f(t) dt + G(u(t)) dW(z), t>0, (5.3)

u(0) = uo,
To avoid any confusion, a martingale solution to problem (5.3) with initial data uy € H, is a martingale solution to

problem (3.2) with pg = d,,, .
For the completeness of the exposition let us also recall a notion of a strong solution.

Definition 5.4. Assume that uy € Hand f : [0,00) — V’. Assume Assumption 5.3. We say that an F-
progressively measurable process u : [0, c0) X Q — H with P - a.e. paths

u(-,w) € C([0, ), H,,) N L2 ([0, o0); V)

loc

is a strong solution to problem (5.3), i.e.,

{ du(t) + Au(r) dt + B(u(t), u(t))dt = f(t) dt + G(u(t)) dW(z), t>0,

u(0) = uy,
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if and only if for all ¢ € [0, o0) and all v € V the following identity holds P’ - a.s.
! !
(u@®),v)y + f (Au(s),v)yds + f (B(u(s), u(s)),v)ds
0 0

= (uo,V)y + fo (f(s).v)ds + fo G(u(s)) dW(s), v)

and forall T > 0,

T
E[ sup lu()ff + f Vu( di] < . (5.4)
t€[0,T] 0
Let us recall two basic concepts of uniqueness of the solution, i.e. pathwise uniqueness and uniqueness in law,
see [33], [45]. Please note the following difference between problems (3.2) and (5.3). In the former, a law of the
initial data is prescribed, while in the latter a initial data is given.

Definition 5.5. We say that solutions of problem (5.3) has pathwise uniqueness property if and only if for all
up € Hand f : [0, 00) — V’ the following condition holds

ifui, i = 1,2, are strong solutions of problem (5.3) on (Q,F,F,P, W) satisfying Assumption 5.3,

then P-a.s. for all t € [0,00), u'(t) = u*(?). (5:5)

Assume that uy € Hand f : [0, 00) — V’. A solution u to problem (5.3) on (Q, ¥, F, P, W) satisfying Assumption
5.3, is said to be pathwise unique iff for every solution i to problem (5.3) on the same (Q2, 7, F, [P, W), one has

P-a.s. for all 7 € [0, 00), u(t) = i(z).

Definition 5.6. We say that problem (3.2) has uniqueness in law property iff for every Borel measure ¢ on H and
every f : [0, 00) — V’ the following condition holds

if QL F FL P W uh), i = 1,2, are such solutions of problem (3.2) that (5.6)
then Lawp (u') = Lawp(u®) on C([0, c0), H,,) N L ([0, 00); V),

loc

where Lawpi(u'), i = 1,2, are by definition probability measures on C([0, o), H,,) N L2 ([0, 0); V).

loc

Corollary 5.7. Assume that conditions (H.1)-(H.3) and (H.5) of Assumption 3.1 are satisfied and that the map
G satisfies inequality (G2) in part (H.2) of Assumption 3.1 with a constant L smaller than \2. Assume also that
(Q,F,F, P, W) satisfies Assumption 5.3. Then for every ugy € H.

1) There exists a pathwise unique strong solution u on (Q, F,TF, P, W) of problem (5.3).

2) Moreover, if u is a strong solution of problem (5.3) on (Q,F,F,P, W), then for P-almost all w € Q the
trajectory u(-, w) is equal almost everywhere to a continuous H-valued function defined on [0, o).

3) The martingale solution of problem (3.2) with p = 0y, is unique in law. In particular, if (Q', F', F', P', W', u'),
i = 1,2 t are such solutions to problem (3.2), then for all t > 0, the laws on H of H-valued random variables
ul (t) and u?(¢) coincide.

Proof. The proof of part (3) given in [16] yields the uniqueness in law in the trajectory the space C([0, ), H,,) N
L2 ([0, 00); V), hence in C([0, T1,H,,) N L*(0, T; V) for every T > 0. O

loc
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Let us emphasize that, by definition, we require a martingale solution of the Navier-Stokes equation to satisfy
inequality (3.5), i.e.

~

T
E[ sup lu(f + f Vu() dt] < .
1€[0,7] 0

In Theorem 4.8, covering both 2D and 3D domains, we proved that there exists a martingale solution satisfying
stronger estimates, i.e. (4.8)-(4.11). However, in the case when O is a 2D domain, we can prove that every
martingale solution satisfies these inequalities.

Lemma 5.8. Assume that d = 2 and that conditions (H.1)-(H.3) and (H.5) from Assumption 3.1 are satisfied.
Then the following holds.

(1) Forevery T > 0, Ry > 0 and R, > O there exist constants C1(p) and C,(p) depending also on T, Ry and
Ry such that if ug is a Borel probability measure on H, f € LP(0,T;V’) satisfy fH [x|Puo(dx) < Ry and
|flzr,r:vy < Ra, then every martingale solution of problem (3.2) with the initial data po and the external
force f, satisfies the following estimates

E(ﬁs{gg ] (I < Cr(p) (5.7)
and ;
B[ fo () V() ds] < Ca(p). (5.8)
In particular,
fe[ fo ' [Vu(s)P* ds] < Cy := Cy(2). (5.9)

(2) Moreover, if O is a Poincaré domain and the map G satisfies inequality (G3) in part (H.2) of Assumption
3.1 with A9 = 0 (and with p € [0, 00) and n € (0,2]), then the process u satisfies additionally the following
inequality for every t > 0

N N ! N 2 ("
Bl 1+ 28] [ 19uof as]) < B0 1+ > [ ok ds e (5.10)
0 nJo

The proof of Lemma 5.8 is similar to the proof of estimates (5.4), (5.5) and (5.6) from Appendix in [16]. The
difference is that the solution process u to which the Itd formula (in a classical form, see for instance [33]) was
applied was taking values in a finite dimensional Hilbert space H, and u was a solution in the most classical way.
Now, u,, is martingale solution to problem (3.2), see Definition 3.2.

If we assume that d = 2, by Lemma II1.3.4 p. 198 in [54], we infer that the regularity assumption (3.3) implies
that

B(u(-, w), u(-, w)) € L2 ([0, 00); V') for P-a.a. w € Q.

loc

This however does not imply that
T
E f |B(u(t), u())I3, dt < oo
0

what is necessary in order to apply the infinite dimensional Itd Lemma from [47].
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Fortunately, we can proceed as in the proof of the uniqueness result, i.e. Lemma 7.3 from [16], i.e. introduce a
family 7y, N € N of the stopping times defined by

Ty = inf{t € [0,00) : (Dl = N}, N eN. (5.11)

and then consider a stopped process u(f ATy), t > 0. Note that with this definition of the stopping time 7y, we have

N TATN . T
o) f IB(u(t), u(t))l3, dt < CN*E f lu()|)? dt < co.
0 0

Remark. If d = 3, then
B(u(-, w), u(-, w)) € L*30,T; V")  for P-a.a. w € Q.

Thus, in this case the above procedure with the stopping time 7y does not help.

Proof of Lemma 5.8. Let us fix p satisfying condition (3.1). As in the proof of Lemma A.1, we apply the Itd
formula from [47] to the function F defined by

F:H3x+—>|x|ﬁ€R.

With the above comments in mind and using Remark 3.5, we have, for ¢ € [0, o),
ATl = O = [ [Pl s~ ) Bu(s) + £(5)
1
5T [F7 ()G u(s). Glu(s))] | ds

p fo ()P~ u(s), G(u(s)) dW(s))

N
= fo WN[—p (P luls)IP + p lus)P(uls), £(s))

+%Tr[F”(u(S))(G(M(S)), Gu(s)]|ds
+ p fo " P ts), Gluts) dW(s)). (5.12)

Proceeding as in the proof of Lemma A.1, we obtain

ATy

@ A)l” + 6 [ ()P Vuls)P ds

IA

(O + Ky(Ao.p) "™ ()P ds + 21 + &2 ["™ | f0)lf, ds (5.13)

+

P Jy (P u(s), G(u(s)) AW(s)), 1 € [0, 00),

where K,,(do, p) = 5+ [Aop + 2+ p(p = 2)1.
By the definition of the stopping time 7y we infer that the process

pn(t) = fo ()" (u(s), Gu(s)) dW(s)), 1€ [0, 00)
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is a martingale. Indeed, if we define a map

g:Vour {Ksk (u,Gwk) € H} € 72(K,R)
then uy(?) = fOWN ()P g(u(s))dW(s) and, since the map G satisfies inequality (G3) in part (H.2) of Assumption
3.1, we infer that for every ¢ > 0,

fo () gD gy ds = fo ()1 NI g gy I (5.14)

< fo lu(s)[P~ u()PIG () ¢ g1y ds < fo lu(IP[2 = ) IVu@) + Lolu@®F + p]ds
< (2-n)NP f i IVu(r) dt + NP (AoN? + p).
0

Hence by inequality (3.5) we infer that

tATN
B[ P 2D [z ds < 0, 120,
0

and thus we infer, as claimed, that the process py is a martingale. Hence, E[uy(7)] = 0. Let us now fix T > 0. By
taking expectation in inequality (5.13) we infer that

tATN

Ellucntol’] < BluO)P]+Ky(do,p) i Bl ds + 2(t Atw) + £ AT)lfIE,

IA

Ellu(0)P1+ K,(do,p) ;™ B [lu(s A Tw)IP1ds + T(2 + &P2If,),  t€[0,T].
Hence by the Gronwall Lemma there exists a constant C = C,(T, 1, Ao, p, E[Iu(O)I”], If] LP(O,T;V’)) > 0 such that

B [lu(t A Ta)IP] < C, t€[0,T]. (5.15)
Using this bound in (5.13) we also obtain

TATN
E[ f ()P Vu(s)P ds| < € (5.16)
0

for a new constant C = C‘p(n,ﬁ | (0)|7, 1 fOT If($)IY, ds) > 0. Finally, taking the limit N — oo and observing that
T Aty — T, by the Lebesgue dominated convergence Theorem we infer that for the same constant C we have

sup E[lu@l’] < C, (5.17)
t€[0,T]
T
fE[ f ()P Vu(s)P ds| < C. (5.18)
0

This completes the proof of estimates (5.8) and (5.9). The proof of inequality (5.7) is the same as the proof of
inequality (A.2) and thus omitted.

To prove inequality (5.10) in the case O is a Poincaré domain we use the same arguments as the proof of
inequality (A.5). This time however, the solution to the Galerkin approximating equation is replaced by the stopped
process u(t A Ty), t = 0. Let us recall that in the space V we consider the inner product (-, -)) given by (2.2).
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By identity (5.12) with p = 2, we have
INTN 1
ut ATi)P = Ju(O) = fo (=2 (I +2us). £ + 5T F" (u(s)(Gu(s)). Gus)] ds
+ 2 f - (u(s), G(u(s)) dW(s)), t=0.
0

Since B( [ o

o (G(u(s)), u(s) dW(s))) = 0, we infer that

IATN N IATN
Blu@ Aol < B[]+ E fo {(=2lu(I +2(f(s), u(s)y} ds + fo G ()7, i 11, 45

Taking next the N — oo limit, since the map G satisfies inequality (G3) in part (H.2) of Assumption 3.1 with
Ao =0, 1ie |G(”(S))|2¢2<K,H) < 2 = n)lluCs)|? + o, we get

Blu@), < -nE f lu(s)I? ds + B[ () ] + 2 f (f(5), u(s)) ds + ot. (5.19)
0 0

Since 2(f, u(s))y < 2|Vu(s)]* + %Ifl%,, we infer that

. . t R 2 !
Blu@l < —g]E fo ||u(s)||2ds+E[|u(O)|%I]+; fo If()2, +ot, t>0. (5.20)

The proof of inequality (5.10) is thus complete. This completes the proof of Lemma 5.8. O

Note that if f : [0, 00) — V' is constant, it satisfies assumption (H.3). In this case we will write f € V’.

By Theorem 4.11 Corollary 5.7 and Lemma 5.8 we obtain the following result about the continuous dependence
of the solutions to 2D SNSEs with respect to the initial data and the external forces.

Theorem 5.9. Letd = 2. Let parts (H.1)-(H.2), (H.5) and (G2) with a constant L smaller than V2, of Assumption
3.1, be satisfied. Assume that uy € H, f € V' and that an H-valued sequence (uo,),.., is weakly convergent in H
to uy, and that an V'-valued sequence (f,),_, is weakly convergent in V' to f. Let

(Qm fu ]Fn’ Pn’ Wiu M}’l)

be a martingale solution of problem (5.3) on [0, 00) with the initial data uy,, and the external force f,. Then for
every T > QO there exist

e a subsequence (ny)y,
e a stochastic basis (Q, ¥,F, P)’ where [ = {7%}'20’

a cylindrical Wiener process W = W(@), t € [0, ) defined on this basis,

and an F-progressively measurable processes ii(t), (ft,,k(t))kzl,t € [0, T] (defined on this basis) with laws
supported in Zr such that
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ity has the same law as u,, on Zr and ii,, — i in Zr, P-a.s. (5.21)

and the system N

Q7. F P, W, i) (5.22)
is a martingale solution to problem (5.3) on the interval [0, T ] with the initial law 6,,,. In particular, for allt € [0, T]
andv €V

(@), v)y —(ﬁ(O),v)H+f (Au(s), v) ds+f (B(a(s)),v) ds
0 0

= f (fovyds + f G(u(s)) dW(s), ).
0 0

Moreover, the process i satisfies the following inequality for every p satisfying condition (3.1) and q € [1, p]

T
B[ s[%pn |a(s)|§{]+f+3[j; ||ﬁ(s)||2ds] < oo, (5.23)

Proof. Let p be any exponent satisfying condition (3.1). Since the sequences (ug,),., € Hand ()2, c V'
convergent weakly in H and V’, respectively, we infer that there exist R} > 0 and R, > 0 such that

sup upaly <R and  suplfully, < Ro.
neN neN

By Lemma 5.8 we infer that the processes u,, n € N, satisfy inequalities (4.8)-(4.10). Thus the first part of the
assertion follows directly from Theorem 4.11. Inequality (5.23) follows again from Lemma 5.8. The proof of
theorem is thus complete. O

Remark 5.10. Although this has not been studied in the present paper, we believe that methods developed here
can be used to study the continuous dependence of the solutions on other parameters entering our equations, for
instance the linear operator A, the nonlinearity B and the diffusion operator G.

6. Existence of an invariant measure for Stochastic NSEs on 2-dimensional domains

In this section we assume that d = 2. Since we are interested in the existence of invariant measures we assume
that the domain O satisfies the Poincaré condition see (2.4). > However, our results are true for general domains
for the stochastic damped Navier-Stokes equations, see for instance [22].

Since we assume that O is a Poincaré domain, by the Poincaré inequality, see (2.4), the functional given by the
formula

llull = [Vul,», uev, (6.1)

is a norm in the space V equivalent to the norm given by (2.3).
In the sequel, in the space V we consider the norm given by (6.1).

We aim in this section to prove that, under some natural assumptions, problem (3.2) has an invariant measure.
Let us fix, as in Assumptions 5.3, a stochastic basis (Q, ¥, F, P) with a filtration F = {¥;},5¢; a canonical cylindrical
Wiener process W = W(¢) in a separable Hilbert space K defined on the stochastic basis (Q, ¥, F, P). We also fix a

31t is well known that this condition holds if the domain O is bounded in some direction, i.e. there exists a vector & € R? such that
ONh+0)=0.
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function G : H — 7,(K, V’) satisfying condition (H.2) in Assumption 3.1 and, in addition, the Lipschitz condition
(G2) with a constant L smaller than V2, and inequality (G3) with Ay = 0. The last assumption on A, corresponds
to the fact that in O we consider the norm given by (6.1). In what follows the initial data uy will be an element of
the space H. By u(z, ug), t > 0, we denote the unique solution to the problem (5.3) (defined on the above stochastic
basis satisfying Assumptions 5.3).

For any bounded Borel function ¢ € B,(H) and ¢ > 0 we define

(Prp)(uo) = Elp(u(t, up))l,  uo € H. (6.2)
Since by Lemma 5.1 the trajectories u(:, 1) are continuous, (P;),»¢ is a stochastically continuous semigroup on the
Banach space C,(H). This means that for every ¢ € C,(H) and uy € H

lim P(up) = ug.
1—0

As a consequence of Corollary 5.7 we have the following result.
Proposition 6.1. The family u(t,uy), t > 0, uy € H is Markov. In particular, P,y = P,P, fort,s > 0.
The proof of Proposition 6.1 is standard and thus omitted, see e.g. [1], [26, Section 9.2], [50, Section 9.7].

Proposition 6.2. The semigroup P; is bw-Feller, i.e. if ¢ : H — R is a bounded sequentially weakly continuous
Sfunction and t > 0 then P,¢ : H — R is also a bounded sequentially weakly continuous function. In particular, if
Uy, — ug weakly in H then

Pip(uon) — Prd(uo).

Proof of Proposition 6.2. Let us choose and fix t > 0, uy € H and an H-valued sequence (ug,) that is weakly
convergent to uy in H. Let also ¢ : H — R be a bounded sequentially weakly continuous function. Let us choose
an auxiliary time T € (¢, o).

Since obviously the function P;¢ : H — R is bounded, we only need to prove that it is sequentially weakly
continuous.

Let u,(-) = u(-, up,), respectively u(-) = u(-, up), be a strong solution of problem (5.3) on [0, co) with the initial
data ug,, resp. up. We assume that these processes are defined on the stochastic basis (Q, ¥, F, P, W). By Theorem
5.9 there exist (depending on T')

e a subsequence (1),
e a stochastic basis (Q, F T, ]f”), where [ = {7?'X}S€[O,T],
e a cylindrical Wiener process W = W(s), s € [0, T] defined on this basis,

e and an [F-progressively measurable processes i(s), (itn,(5));>;» s € [0,T] (defined on this basis) with laws
supported in Z7 such that

iy, has the same law as u,, on Zr and ii,, — in Zr, P -a.s. (6.3)
and the system o
(Q,7.F,P,W, i) 6.4)
is a martingale solution to Problem (5.3) on the interval [0, T'] with the initial data u.
In particular, by (6.3), P-almost surely

ity (t) — @(t) weakly in H.
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Since the function ¢ : H — R is sequentially weakly continuous, we infer that P-a.s.,

B(ity, (1) = P(a(r)) in R.

Therefore, since the function ¢ : H — R is also bounded, by the Lebesgue Dominated Convergence Theorem we
infer that

khl?o El¢(itn, ()] = E[p(@())]. (6.5)
From the equality of laws of i, and u,,, k € N, on the space Zr we infer that
Bl (i1, (1)] = E[p(un, ()] = Pyp(uon,). (6.6)

Sincg b~y ~assump‘tions Q,7,F, P, W,u) is a martingale solution of equation (5.3) with the initial data uy and
(Q,F,F,P,W, ) is also a martingale solution with the initial of equation (5.3) with the initial data uo and since
the solution of (5.3) is unique in law, we infer that

the processes u and ii have the same law on the space Z;.

Hence ~
E[g@@(1)] = E[p()] = Pi(uo). 6.7
Thus by (6.5), (6.6) and (6.7), we infer that

kILIg Pip(ugy,) = Pip(up).
Using the sub-subsequence argument, we infer that the whole sequence (P,¢(ug,)),cy is convergent and
nh&l(} Pip(ug,) = Pip(up),

which completes the proof of Proposition 6.2. O

Remark 6.3. From inequality (5.10) and the Poincaré inequality (2.4), it follows that the following inequality
holds for the strong solution u of problem (5.3) defined on the stochastic basis (Q, 7, F,P, W)

' 2 2 2
Elu(s)Z ds < —uol% + —(=If3. + o)1, t>0. (6.8)
fo T op Cn(n v+e)
Proof of inequality (6.8). Let us fix t > 0. By the Poincaré inequality (2.4) for almost all s € [0, 7],
1
()l < Z Vsl
By (5.10), in particular, we obtain
n ' 2 2 2 0
SE | IVu()P ds < luoly + (Z1/R, + o)
0 n
Hence we infer that
! 1 ! 2 2 /2
Elu(s)* ds < =E f IVu(s)? ds < —luol + —(=If13, +0)t, >0,
fo ORI Ccnp M Cn(n v+o)

i.e. inequality (6.8) holds. O
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Using inequality (6.8) we deduce the following result.
Corollary 6.4. Let uy € H and let u(t), t > 0, be the unique solution to the problem (5.3) starting from uy. Then

there exists Ty > 0 such that for every € > 0 there exists R > 0 such that

sup — f (P:5,,)(H\ Br)ds < &, (6.9)

21, T
where Bg = {(ve H: ||y <R).

Proof. Using the Chebyshev inequality and inequality (6.8) we infer that for every T > 0 and R > 0

1 T . _ 1 T T
?j; (P6u, )H\Br)ds = ?j(; P({lu(s)lg > RD ds < —— TR Elu(s)llz{ ds
2
< 7 R2[ Juolfy + ( R + g)T]
12, 1
= ma}|uo|ﬁ+ R Cn ( |f|v )
Thus the assertion follows. O

By Proposition 6.2, Corollary 6.4 and the Maslowski-Seidler Theorem [42, Proposition 3.1] we deduce the
following main result of our paper.

Theorem 6.5. Let O C R? be a Poincaré domain. Let assumptions (H.1)-(H.2) and (H.5) be satisfied. In addition
we assume that the function G satisfies condition (G2) with L < V2 and inequality (G3) with A9 = 0. Then there
exists an invariant measure of the semigroup (P,),s defined by (6.2), i.e. a probability measure u on H such that

Pip=p.

Remark 6.6. In this section we have used strong solutions. In particular, in order to show a global inequality
(6.8) which was a basis for Corollary 6.4. However, we could have easily avoided this. For instance, instead of the
global inequality (6.8) we could prove that every martingale solution (Q,F,F, P, W, u) of equation (5.3) with the
initial data ug on the time interval [0, T] satisfies inequality (6.8) for only t € [0, T] but with constants C, n and p
independent of T.

Appendix A. Uniform estimates of the solutions Galerkin approximatin equations

Let us recall that the proof of existence of a martingale solution of the Navier-Stokes equations, given in [16],
is based on the Faedo-Galerkin approximation in the space H,, see (5.2) in the cited paper. In order to continue
we need to choose and fix a stochastic basis and thus we assume that Assumption 5.3 holds. We also fix an
Fo-measurable H-valued random variable. Then the n-th equation is the following one in the space H,,.

{ du,(t) = =[P Au,(t) + By(un(t)) — P f(0)] dt + P,G(u, (1)) dW(t), >0, (AD)

u,(0) = Prup.
Recall that H,, is a finite dimensional subspace spanned by the # first eigenvectors of the operator L given by (2.19)
in [16], P, is defined by [16, (2.25)] and B, is defined on p. 1636 in [16]. For details see [16, Lemmas 2.3 and
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2.4]. In particular, P, restricted to H is the orthogonal projection. The existence of a solution of equation (A.1) is
guaranteed by Lemma 5.2 in [16].

The following result corresponds to Lemma 5.3 from [16]. The proof of estimates (A.2), (A.3) and (A.5),
is similar to the proof of estimates (5.4), (5.5) and (5.6) from Appendix A in [16]. However, we provide the
details to indicate the dependence of appropriate constants on the data, which will be important in the proof of
continuous dependence of the solutions of the Navier-Stokes equations on the initial state up and the external
forces f. Moreover, if O is the Poincaré domain, we prove a new estimate, see (A.5). This estimate is of crucial
importance in the proof of the existence of invariant measure. Recall that we have put %} = oo whenn = 2.

Lemma A.1. Let Assumption 5.3 and parts (H.2),(H.3) and (H.5) of Assumption 3.1 be satisfied. In particular, we
assume that p satisfies (3.1), i.e.

pel22+ 1,
2-7

where € (0, 2] is given in (H.2).
(1) Then for every T > 0, v, Ry and R; there exist constants C(p), C‘z(p), Co(p), such that if uy € LP(Q, Fo, H),

f € LP([0, 00); V') satisfy E[|Mo|€l] < Ry and |fliro.1:vy < Ra, then every solution u, of Galerkin equation
(A.1) with the initial data uy and the external force f satisfies the following estimates

sup E( sup [un(s)I;) < Ci(p) (A.2)
neN s€(0,T]
and ,
sngE[ f i ()2 IVun(5)P ds] < Ca(p), (A3)
ne 0
and
T
supE[ | [Vun(s)I* ds] < Ca(p). (A.4)
neN 0

(2) Moreover, if O is a Poincaré domain and inequality (G3) holds with Ay = 0, then for every t > 0

8 2 !
sup(E[ (0 1+ | f Va5 ds]) < Bl 1+ 2 f )R ds + pt. (AS)
neN 0 n Jo

Proof of Lemma A.1. Let us fix p satisfying condition (3.1). We apply the Itd formula from [47] to the function F
defined by
F:H3xe xR

In the sequel we will omit the subscript H and write | - | := | - |3. Note that

F'(x)=dF =p- 1" - x, IF” (0l = 3 FIl < p(p = 1) - P2, x e H.
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With the above comments in mind, we have, for ¢ € [0, c0),
lun()” = lun O = fo t[p ()17~ (14n(5), = At (5) = Bu(un()) + Pof ()
+%Tr [F” () (PaGttn(5)), PaGlttn()))]] ds
+p fo (5P tn(5), PaGlan() W)
= fo t[—p a2 Nan (I + p luta ()P (), Paf(5))

1
3 T (D) (PuGn(5)). PuGlun ()] s

+p fo (P71t (5), PuG(un(s)) dW(5)). (A.6)
Since
Tr [F"(u)(P,,G(u), PnG(u))] <plp-1 |u|p—2 : |G(u)|,27~z(K,H), uev,
and by (G3)

Gy < @ =) IVul® + Aolul® +p, ueV,

. . . . 2
and since by (2.3) and the Young inequality with exponents 2, p—_pz and p,

1
A i o e e (T \ PRV
£ _ 1 gP?
< SUul + V)l + (5 = Sl + —— I,
p p
£ L, d+e 1 g2 ,
S VUl 4 (o = Ol = fl, we V. eV,

we infer that

1 s
P+ [p- p§ —5p(p=1H2 -] fo |t ()IP Vit ()1 d's

IA

! 1 1
(O] + fo [P Do) + £ U + 500 = Dl olin(F + )] s

+p fo lin (™21t (5), PuG (1t (5)) dW(5))

TA 1
fo (0= 1+ PE22 - 1)l + 2o = Dlun(P ™+ 672 7(5), ] ds
+p fo (I~ (5), PuG () dW(s))

Let us choose € € (0, 1) such that § = 6(p,n) := p — p5 — %p(p - 1)(2 —n) > 0, or equivalently,
e<1IAR=(p-D2-n]
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Notice that under condition (3.1) such ¢ exists. Denote also

A 2 p-1 -1
Kp(lo.p) = 5 p(p = 1)+ p = Lt pp1 = )P = E5=dop + 2.+ p(p = 2)

Thus, since by Young inequality x*~% < (1 — l%)x” + 1—2)1”/ 2 for x > 0, we obtain

a4 6 [ (P2 Vun(s)P ds

IA

O + Kp(Ao.p) f; lun(S)I ds +p(p = Dt +&72 [ |f(s)ly, ds (A7)

+

P un(IP 2 uta(5), PuGlun()) dW(s)), 1 € [0, 00).
Since u,, is the solutions of the Galerkin equation, we infer that the process
t
Mn(1) 2= f lun ()P~ n(5), PG (tn(5)) dW(s)), 1 €[0,00)
0

is a square integrable martingale. Indeed, if we define a map
g:Vourm{K3skm (u, P,Gwk) € H € To(K,R)

then w,(t) = f(; |un(s)|”*2g(u,,(s))dW(s) and hence, by assumption (G3) and the fact that P, is the orthogonal
projection in H we infer that for every 7 > 0,

[ !
f 11t ($)IP g (U (DI iy d5 = f (P21 gttn (DI ¢ 2, (A8)
0 0
! !
< f lin ()17 2|1t () NI PR G (W), i 11y s < f lua(IP[2 = ) IVun(OF + dolun (D) + pl ds.
0 0
Hence by the fact that u, is a Galerkin solution we infer that

13
E f Il |Mn(s)|p_2g(un(s))”%'Z(K,R) ds <o, t20.
0

and thus we infer, as claimed, that the process p, is a square integrable martingale. Hence, E[u,(¢)] = 0. Let us
now fix T > 0. By taking expectation in inequality (A.7) we infer that

Ef lu, 01" ]

IA

Elluol” | + Kp(Ao, p) [ E[lua(s)P)ds +p(p = Dt + & P12E [[1£(s)ly, ds

IN

E[ luol” 1 + Kp(Ao.p) i Ellun()Pds +p(p = DT +&PE [ |f(), ds, 1€[0.T].

Hence by the Gronwall Lemma there exists a constant C'p = C',,(T, n, o, p, Ellug|”], ||f||L,,(O’T;V,)) = C',,(T, n, Ao, p, R1, Ry) >
0 such that
E [lu,(0)I"] < C), te[0,T], neN,

i.e.
sup sup E[lu,()’] < C,. (A.9)
neN re[0,T]
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Using this bound in (A.7) we also obtain

T
supE f (P2 Vin(s)P ds| < Calp) (A.10)
0

neN

for a new constant C,(p) = Co(p, T, 0, Ao, p, Elluol?], IIfIIU(O’T;V,)) = Co(p, T, 1, Ao, p, Ry, Ry). This completes the

proof of estimates (A.3). Since Elluol’] < (E[|uol? ])% < R?/ ? we infer that (A.4) holds with another constant

Ca(p).
Let us move to the proof of estimate (A.2). By the Burkholder-Davis-Gundy inequality, see [27], the Schwarz
inequality and inequality (G3), there exists a constant ¢, such that for any # > 0,

E

sup
0<s<t

fo Pl (), PoG (o)) AW () H

<cy E [(fot lu, ()72 - |PnG('4n(O—))|‘%’2(K,H) d‘f)z]

oI—
[S—

Scp-E[sup Ik f (@2 1G a0 a1y )

0<o<t

< EE [OSUP |un(s)|p _C f [, ()P~ 2 |G(un(o-))|r]',([( H)
<s<t

< 5ELswp In, (9] + 36 f (@2 [ = lta( @ + Ao (P + p] dor
<s<t

1 oy L 22p » )

< EE[QSUP |t (5)IP] + 297, —r+ —C 22— n)E Iun(cT)I llutn()II” do
<s<t
1 2

+=c (/lo +p - f |, ()P dO' (A.1D)

2F p

Using (A.11) in (A.7), by inequalities (A.9) and (A.10) we infer that

A

1 2 !
E[sup (O] < Ellol’ 1+ Kydo.p) + 563(d0 +p(1 =) fo E [l (s)] s

0<s<t

2p 2P -p/2 ' P

(—+cp— t+e? flf(s)l,ds
p p

+

1 [
+ E]E[SUP Iun(S)I”]+ 7€ 22 -nE flun(cr)l”llun(cr)llzdcf]
0<s<t 0

IA

2\\] ~
E[ jupl? | + [K,,(/lo, o)+ ch,(/lo +p(1- ;))]C,,t
+ 3(2 + A+ f IS, ds

1
+ =E[sup lu,(s)"] + c (2 nCy(p), t=0.
2 0<s<t

Thus for a fixed T > 0

E[ sup [u,()I'] < Ci(p),
0<s<T 37



where
Ci(p) = Ci(p,T,n,0,p,R1,Ry)
1, 20\ A
= 2R + 2[Kp(/10,p) + Ecp(,10 (1 - ;))]CPT

2
+2(§ + cf,g) T +267°R, + 32 = )Calp).

This completes the proof of estimate (A.2).
To prove inequality (A.5) let us assume that O is a Poincaré domain and inequality (G3) holds with 4y = 0.

Recall that now in the space V we consider the inner product (-,-) given by (2.2). By identity (A.6) from the
previous proof with p = 2, we have

! 1
P = O = fo (=2l )P + 2 Cun(s), £(5)) + ST ()G utn (). Glun()))]} s
+ 2f(un(s),P,,G(un(s))dW(s)), t>0.
0

Since E( fot (PuG(uy(5)), un(s) dW(s))) = 0, we infer that

Elu, (0 < Elluofy]+E f (=2l ()P +2(f(5), un())} ds + E f IPAG ()2 11y 5
0 0

Using assumption (G3) with 4y = 0 (i.e |G(un(s))|2Tz(K7H) < 2 = )llua(s)|* + 0) we get

Elu(ly < -nE fo (I ds + E[ luoly 1+ 2E fo (f(5), u(s)) ds + ot. (A.12)

Since 2(f(s), u(s)y < Z|Vu,(s)I* + %Iflz, we infer that

f 2 !
Elu,(0lf; < —gE f ||un(s)||2ds+1E[|uo|%{]+5 f If(R +ot, t=0. (A.13)
0 0

The proof of inequality (A.5) is thus complete. O

Appendix B. Proof of Theorem 4.8

Similarly to the proof of Theorem 5.1 in [16] the present proof is based on the Galerkin method. We will use
the fact the the laws of the Galerkin solutions form a tight set of probability measures on Z7. We will use the
Jakubowski’s version of the Skorokhod theorem 4.6, as well. However, some details are different.

Let us fix positive numbers 7, R; and R,. Let us assume that u is a Borel probability measure on H, f €
LP([0, o0); V”) which satisfy fH [x|Pu(dx) < Ry and |flrr.7:v:) < Ro. Similarly to the previous section we choose
and fix a stochastic basis and thus we assume that Assumption 5.3 holds. We also fix an Fy-measurable H-valued
random variable whose law is equal to u.

As in the proof of [16, Theorem 5.1] let (u,),cx be a sequence of the solutions of the Galerkin equations. Then
the set of laws {L(u,,n € N} is tight on the space (Z7,0(77)), where o(77) denotes the topological o-field. By
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theorem 4.6 there exists a subsequence (n;), a probability space (Q, 7, ]P’) and, on this space Zr-valued random
variables u, i, , k € N, and a sequence of K-valued Wiener processes W, W, ne» kK € N such that

the variables (u,,, W) and (i, , Wnk) have the same laws on the Borel o-algebra 8(Z7 x C([0,T],K))  (B.1)

and
(i, » W,,) converges to (u, W) in Zr x C([0, T]; K) almost surely on Q. (B.2)

In particular,
ii,, converges to u in Zy almost surely on Q. (B.3)

We will denote the subsequence (i, , W,,) again by (it,, W,). Define a corresponding sequence of filtrations by
Fy = (Faiz0, where 7y = o{(@in(s), Wa(s)), s <1}, 1€[0,T1. (B.4)

To obtain (4.8), we modify the proof from [16] at pages 1650-51. Namely, using Lemma A.1, we infer that the
processes ii,, n € N, satisfy the following inequalities

sup E( sup i, (s)I) < C1(p) (B.5)
neN s€(0,T]
and
sup £ f Vi, ()12, ds] < Ca(p). (B.6)
neN

Let us emphasize that the constants Ci(p) and C,(p), being the same as in Lemma A.1, depend on 7, R, and
R,. Using inequality (B.5) we choose a subsequence, still denoted by (ii,), convergent weak star in the space
LP(Q; L*(0,T;H)) and infer that

E[ sup lu(s)I%] < Ci(p) (B.7)
s€[0,T]

and that the limit process u satisfies (B.7), as well. This completes the proof of inequality (4.9). To prove (4.8) let
us fix g € [1, p). Notice that for every ¢ € [0, T']

(@l = (u@P)*” < ( sup o))"
1€[0,T]

/ . .
Thus, sup,o 7 [u@®)|? < (SuPzelo,n Iu(t)lf’)q " and so by the Holder inequality

E[ sup (o] < E[( sup luor)"’] < (E[ sup |u(r>|"])q/Ps(Cl<p>)‘””,

t€[0,T] t€[0,T] t€[0,T]

which means that inequality (4.8) holds with the constant C;(p, ¢) := (C1(p))*'?.
By inequality (B.6) we infer that the sequence (it,) contains further subsequence, denoted again by (i, ), con-
vergent weakly in the space L*([0,T] x Q; V) to u. Moreover, it is clear that

T
]E[f IVu(s)l7. ds] < Ca(p) (B.8)
0
and the process u satisfies (4.10).
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To prove the second part of the theorem we assume that O is a Poincaré domain and inequality (G3) holds with
Ao = 0. In this case, by Lemma A.1, instead of inequality (B.6) we can use the following one corresponding to the
uniform estimates (A.5),

T 2 T
g sup IE)[ f Vit ()3, ds] < El|uol} 1+ = f I£($)2 ds + pT, (B.9)
neN 0 nJo

choose a subseqence convergent weakly in the space L>([0, T] x Q; V) to u and infer that the limit process satisfies
the same estimate, which proves estimate (4.11). We will prove that the system (Q,F,F,P, u) is a martingale
solution of problem (3.2).

Step 1. Let us fix ¢ € U. Analogously to [13] and [43], let us denote
Al Wa, @)(1) = (i8,(0), @)y — fo t (Pp Aty (5), p)ds — fo t (B (itn(5)), p)ds
+ fo t (fuls). @) ds + fo ZP,lG(ﬁn(s))de(s),<p>, 1€[0,T1, (B.10)
and
A, W, @)(1) := (u(0), )y — fot (Au(s), p)ds - fot (B(u(s)), p)ds

+f0<f(s),<p>ds+(f0 G(u(s))dW(s),¢), t€[0,T]. (B.11)

Using Lemma 2.4(c) from [16], see also [43, Lemma 5.4], we can prove the following lemma analogous to Lemma
4.12.

Lemma B.1. Forall g € U
(a) im0 B [ 1(@0,(0) — (). @)yl dt] = 0,
(b) lim, .o B[|(@,(0) — u(0), @)y*] = 0,
(¢) 1imysco L[| [ (PuAln(s) — Au(s), @) ds| df] = 0,
(d) Tim, s B[} | [ (Buitn(5)) - Bau(s)). ¢) ds| di] = 0,
(€) limyseo EL[| [ (Pufu(s) = £(5). ) ds| dt] = 0,
() limyseo ELf) [ TPAGGin(s)) — Glu(s)] dW (), )| di] = 0.
Directly from Lemma 1 we get the following corollary
Corollary B.2. For every ¢ € U,
Tim (), @) = (O Ol g0y = 0 (B.12)

and

lim A, (@, Wi, ) = A, W, @), 0. (B.13)

i (0.T1x) —
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Proof. Assertion (B.12) follows from the equality

T
1), ) = O Ol o110, = El fo (@ (1) = (1), @)yt
and Lemma 4.12 (a). To prove (B.13) let us note that by the Fubini theorem, we have

|An(ﬁm Wn’ ‘P) - A(ua W’ ‘P)|L1([0’T]XQ)

T
=j(; E[IAn (Gt Wi, 9)(1) = A, W, @)(0)] 1dit.

To complete the proof of (B.13) it 1~s sufficient to note that by Lemma 1 (b)-(f), each term on the right hand side of
(B.10) tends at least in L'([0, T'] x) to the corresponding term in (B.11). ]

Step 2. Since u, is a solution of the Galerkin equation, for all # € [0, 7] and ¢ € U

(un(t)’ QD)H = An(un, W, (,0)([), P-a.s.
In particular,
T
fo E[I(un(t), @)y = An(ttn, W, 0)()] ] dt = 0.

Since L(u,, W) = L(ii,, W,), using (B.12) and (B.13) we infer that

T
L ]E['(u(t)’ SO)H - A(M, W, QD)([)' ] dt =0.

Hence for l-almost all 7 € [0, 7] and P-almost all w € Q
(u(®), @)y — A, W, 9)(1) = 0, (B.14)

Since u is Zr-valued random variable, in particular u € C([0, T]; H,,), i.e. u is weakly continuous, we infer that
equality (B.14) holds for all # € [0, 7] and all ¢ € U. Since U is dense in V, equality (B.14) holds forall ¢ € V, as
well. Putting A:=(Q,F,PB,F), by (B.14) and (B.11) we infer that the system A, W,u)isa martingale solution of
equation (3.2). The proof of Theorem 4.8 is thus complete.

Appendix C. Kuratowski Theorem
The following is the classical form of the celebrated Kuratowski Theorem.

Theorem C.1. Assume that X, X, are two Polish spaces with their Borel o-fields denoted respectively by B(X,), B(X>).
If ¢ : X1 — X, is an injective Borel measurable map, then for any E| € B(X)), E; := ¢(E|) € B(X3).

Let us formulate a simple corollary to the above result.
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Proposition C.2. Suppose that X, X, are two topological spaces with their Borel o-fields denoted respectively by
B(X)), B(X). Suppose that ¢ : X, — X, is an injective Borel measurable map such that for any E| € B(X)),
E> = ¢(E1) € B(Xy). Then if g : X1 — R is a Borel measurable map then a function f : X, — R defined by

g7 (x2)), if x2 € p(X)),
- C.1
12 =14, ifx2 € X\ 6(X)), €D

is also Borel measurable.

Proof. Note that g = f o ¢.

=9l @] AcR.
Thus, if A € B(R), then by assumptions g~'(A) € B(X,). Hence by Theorem C.1 we infer that ¢[g~' (A)] € B(X,)
and thus by the equality above, we infer that f~'(A) € B(X,). The proof is complete. O

One may wonder if the following a generalization of the above result to non Polish spaces is valid.

Theorem C.3. Let X and X, be a topological spaces such that for each i = 1,2 there exists a sequence {f;n} of
continuous functions fi,, : X; = R that separate points of X;. Let us denote by .%; the o-algebra generated by the
maps {fim}. If ¢ : X1 — X, is an injective measurable map, then for any E\ € A, E; := ¢(E)) € S5.

The following Counterexample shows that the answer to the above question is No.

Counterexample C.4. 1) Define fi(x) = e2**, x € [0, 1), for every integer k (trigonometric functions).
2) Let X be a non-Borel subset of [0, 1) equipped with the euclidean metric.
3) Let X, denote [0, 1) with the Euclidean metric.

4) Denote by fk1 the restriction of fi to Xj.

5) Then fk1 are continuous and separate points in X;.

6) Then f; are continuous and separate points in X,.

7) o(fx) = Borel(Xy) by Stone-Weierstrass.

8) o'(fkl) ={ANnX;:Aeo(fr)} ={ANX; : A € Borel(X,)} = Borel(Xy).
9) Let ¢ : X1 — X; be the identity mapping.

10) ¢ is a continuous injection.

11) ¢[Xi] is not Borel in X;.
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