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Submitted to the Annals of Probability

INVARIANT MEASURE FOR THE STOCHASTIC
NAVIER-STOKES EQUATIONS IN UNBOUNDED 2D
DOMAINS*

By ZpzI1StAW BRZEZNIAK' , ELZBIETA MOTYL AND MARTIN ONDREJAT

University York, University of £6dZ and Czech Academy of Sciences
Building upon a recent work by two of the authours and J. Seidler
on bw-Feller property for stochastic nonlinear beam and wave equa-
tions, we prove the existence of an invariant measure to stochastic
2-D Navier-Stokes (with multiplicative noise) equations in unbounded
domains. This answers an open question left after the first authour
and Y. Li proved a corresponding result in the case of an additive

noise.

1. Introduction. A classical method of proving the existence of an
invariant measure for a Markov proceess is the celebrated Krylov-Bogoliubov
method. Originally it was used for Markov processes with values in locally
compact state spaces, e. g. finite dimensional Euclidean spaces, see e.g. [36]
and [46]. In the recent years it has been successfully generalised to Markov

processes with non-locally compact state spaces, e.g. infinite dimensional
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Hilbert and Banach spaces, see for instance the books by Da Prato and
Zabczyk [26, 27] and a fundamental paper by Flandoli [30] for the case
of 2 dimensional Navier-Stokes equations with additive noise. One should
also mention here a somehow reverse problem, found for instance in the
stochastic quantisation approach of Parisi and Wu [48], of constructing a
Markov process with certain properties given an ’a priori invariant measure’.
In the context of Stochastic Partial Differential Equations, this approach has
been successfully implemented by Da Prato and Debussche for 2 dimensional
Navier-Stokes equations with periodic boundary conditions driven by space
time white noise in [24] and for the 2-D stochastic quantization equation in
[25].

The latter method is related to the approach by Dirichlet forms as for
instance in [2]. In the field of deterministic dynamical systems the so called
Avez method, see [3] and [38], is also popular. It seems that the first of these
methods when used in order to prove the existence of an invariant measure
for Markov processes generated by SPDEs one requires the existence of an
auxiliary set which is compactly embedded into the state space and in which
the Markov process eventually lives. Thus, it has so far been restricted to
SPDEs of parabolic type (giving necessary conditions with smoothing effect)
and in bounded domains (providing the needed compactness via the Rellich
Theorem).

On the other hand, as a byproduct of results obtained by Yuhong Li and
the 1st named authour in [12], about the existence of a compact absorbing
set for stochastic 2 dimensional Navier-Stokes equations with additive noise

in a certain class of unbounded domains, there exists an invariant measure
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for the Markov process generated by such equations. This, to the best of the
authours knowledge, provides the first example of a nontrivial SPDEs with-
out the previously required compactness assumption possessing an invariant
measure. A posteriori, one can see that behind the proof is the continuity of
the corresponding solution flow with respect to the weak topologies, see
Example 1.1.

It is has been discovered in [42, Proposition 3.1] that a bw-Feller semigroup

has an invariant probability measure provided the set

I
(1.1) {Tn/o Pivds; n > 1}

is tight on (H, bw). However, it is far from straightforward to identify stochas-
tic PDEs for which the associated transition semigroups are bw-Feller. This
has been recently done for SPDEs of hyperbolic type (i.e. second order in
time) such as beam and nonlinear wave equations in [19]. The aim of this
work is to show that the general approach proposed in that paper is also
applicable to stochastic Navier-Stokes equations in unbounded domains. In
the case of bounded domains, the first such a result has been obtained by
Flandoli in the celebrated paper [30]. A similarity between the equations
studied in [19] and the current paper is that the linear generator has no
compact resolvent. However, in the current situation, the generator is secto-
rial contrary to the former case. However, the smoothing of the semigroup
is rather used to counterweight the non-smoothness of the nonlinearity.

On the other hand, in [42] Maslowski and Seidler proposed to use the of
weak topologies to the proof of the existence of invariant measures but the
applications of the proposed theory had limited scope.

These two papers, i.e. [42] and [12] have inspired us to investigate this
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matter further.

Moreover, while working on the existence of solutions to geometric wave
equations it has become apparent to us that the methods of using very fine
techniques in order to overcome the difficulty arising from having only weak
a’priori estimates should also allow one to prove the sequentially weak Feller
property required by the Maslowski and Seidler approach. This made it
possible to prove the existence of invariant measure for SPDES of hyperbolic
type as for instance wave and beam, see the recent paper [19] by the Seidler
and the 1st and 3rd authours.

The aim of the current work is to show that the approach worked out
in [19] combined with the method of proving the existence of Stochastic
Navier-Stokes Equations in general domains developed recently by 1st and
2nd authours, see for instance [16], indeed can lead to a proof of the existence
of an invariant measure for stochastic 2 dimensional Navier-Stokes equations
with multiplicative noise (and additive as well) in unbounded domains and
thus generalizing the previously mentioned result [12].

Let us stress that the general result proved in Sections 5-10 of [19] does
no apply directly to Stochastic NSEs. Instead we propose a scheme which
is general enough that it should be applicable to other equations. Let us
describe it in more detail. In a domain @ C R? satisfying the Poincaré
inequality we consider the following stochastic Navier-Stokes equations in
the functional form
(1.2)

du(t) + Au(t) dt + B(u(t),u(t)) dt = fdt + G(u(t)) dW(t), te€[0,T],

u(0) = wuyp,
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where A is the Stokes operator, ug € H, f € V' and we use the standard
notation, see the parts of the paper around equation (3.2). In particular,

W = (W(t)) is a cylindrical Wiener process on a separable Hilbert space

>0
K defined on a ceratin probability space and the nonlinear diffusion coeffi-
cient G satisfy some natural assumptions. It is known (but we provide an
independent proof of this fact) that the above problem has a unique global

solution wu(t;up), t > 0. The corresponding semigroup (F;)¢>0 is Markov, see

Proposition 6.1. This semigroup is defined by the formula, see (6.2),
(1.3) (Pep)(uo) = E[p(u(t;ug))], t >0, ug€H,

for any bounded Borel function ¢ € By(H). Then, see Proposition 6.2, we
prove that this semigroup is bw-Feller, i.e. for every ¢ > 0 and every bounded
sequentially weakly continuous function ¢ : H — R, the function Pi¢ : H —
R is also bounded sequentially weakly continuous.

The idea of the proof of the last result can be traced to recent papers by
all three of us in which we proved the existence of weak martingale solutions
to the stochastic geometric wave and Navier-Stokes and equations developed
respectively in [17, 18] and [16].

Finally, our main result, i.e. Theorem 6.5 about the existence of an in-
variant measure for the semigroup (F;)¢>0, follows provided some natural

assumptions, as inequality (G2) holds with \g = 0, i.e. for some! p > 0,
(1.4) G m < @=n)lul®*+p,  weV,

guaranteeing the uniform boundedness in probability, are satisfied, see Corol-

lary 6.4.

Throughout the whole paper we use the symbol 7z to denote the space of Hilbert-

Schmidt operators between corresponding Hilbert spaces.
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In proving Proposition 6.2 the continuity/stability result contained in
Theorem 5.9 plays an essential role.

We will present now the earlier promised example based on the paper [12].

EXAMPLE 1.1.  If ¢ = (¢¢)1>0 is a deterministic dynamical system on a

Hilbert space H, then one can define the corresponding Markov semigroup

by
(1.5) [Pe())(x) = fpe(x)), t=0, z€H.

Suppose that the semiflow is sequentially weakly continuous in the following
sense.
(1.6)

Ift, =t € Ry, x, — = weakly in H then ¢y, (x,) — @i(x) weakly in H.

Note that the above condition is satisfied for the deterministic 2-d Navier-
Stokes equations, see [52] and also [12, Lemma 7.2].

Then, the assertion of Theorem 9.4 in [19] holds. Indeed, let us choose and
fix a bounded sequentially weakly continuous function f : H — R, a sequence
(tn) — t and a sequence (x,) such that x, — x weakly in H. Then by
assumption (1.6) @, (xn) — @i(x) weakly in H and since f is sequentially

weakly continuous we infer that

[Pe (F)(n) = f(pt,(2n)) = fpi(2)) = Pof ().

The condition guaranteeing the existence of an invariant measure, see [19,
Theorem 10.1], now reads as follows. There exists x € H such for every

€ > 0, there exists R > 0 such that

. L[
(1.7) hmsupt/0 Lig,(@)u>rds < €

t—o00
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which is obviously satisfied provided the dynamical system ¢ = (pt)i>0 s
bounded at infinity, i.e. there exists x € H and R > 0 such that |os(x)|u < R
for all s > 0. It is well known that this condition holds for the deterministic
2-d Navier-Stokes equations in a Poincaré domain (as well as for the damped
Navier-Stokes Equations in the whole space R%. Thus we conclude, that in
those cases, there exists an invariant measure. Of course, these are known
results, the purpose of this Example is only to elucidate our paper by showing
that it is also applicable to these cases.

Let us point out that [12, Lemma 7.2] played an important réle in that
paper.
We believe that the result described in this Example holds also for the Ran-
dom dynamical system from [12]. In this way, we will get an alternative
proof of the result existence of an invariant measure proved in that paper.

The weak continuity property (1.6) has also been investigated [4, 52, 12,
23]. In the first three of these references the weak to weak continuity is an
important tool in proving the existence of an attractor for deterministic 2D
Navier-Stokes Equations in unbounded domains, where, as we pointed out
earlier, the compactness of the embedding from the Sobolev space H' to L?
does not hold. A similar type of continuity (weak to strong), is encountered
in the proof of the large deviation principle for SPDES, see for instance [9,
Lemma 6.3] for the case of Stochastic Landau-Lifshitz Equations. It might
be interesting to understand in the relationship between these two types of

continuity.

Let us finish the Introduction with a brief description of the content of the
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paper. Section 2 is devoted to recalling some basic notation and information.
In section 3 we recall the fundamental facts about Navier-Stokes Equations.
This section is based on a similar presentation in [16], however, in the present
paper, we make some modifications. In section 4 we formulate and prove the
convergence result for a sequence of martingale solutions of the Stochastic
NSEs, see for instance Theorems 4.9 and 4.11. The results of section 4 hold
both in 2 and 3-dimensional possibly unbounded domains. Let us stress
this again, these two results are for sequence of martingale solutions of the
Stochastic NSEs. In the case when these are replaced by strong solutions of
the corresponding Galerkin approximations, the corresponding results have
been proved in [16], see also Theorem 4.8 in the present paper. In section 5 we
recall the main results from [16] in the special case of 2-dimensional domains.
Besides, we prove Theorem 5.9, needed in the main section, and being the
counterpart of Theorem 4.11 for the 2-dimensional case. Theorems 4.9, 4.11
and 5.9 generalise [12, Lemmata 7.1 and 7.2]. In section 6 we state and
proof the main result of this paper, i.e. the existence of invariant measures
for Stochastic Navier-Stokes equations in 2-dimensional Poincaré, possibly

unbounded, domains with multiplicative noise.

Acknowledgements. The authours would like to thank an anonymous
referee for careful reading of the manuscript and useful remarks.

The second named authour would like to thank the Department of Math-
ematics of the University of York, where part of this research started, for

the hospitality.



INVARIANT MEASURE FOR THE STOCHASTIC NSES 9

2. Preliminaries. The following introductory section is for the reader
convenience and hence relies heavily on paper [16] by the firts two named

authours.

Let O C RY where d = 2,3, be an open connected subset with smooth
boundary 0. For p € [1,00) by LP(O,R?) we denote the Banach space
of (equivalence classes) of Lebesgue measurable R%valued p-th power inte-

grable functions on the set O. The norm in LP(O,R%) is given by

o = (/O |u(x)|pdx>’l’, e LP(O,RY.

By L>*(0,R%) we denote the Banach space of Lebesgue measurable essen-

tially bounded R%valued functions defined on O with the norm defined by
|u| 700 := esssup {|u(z)], x € O}, u e L°(O,RY).
If p =2, then L?(O,R?) is a Hilbert space with the inner product given by

(u,V)L2 = /Ou(a:) -v(z) de, u,v € L?(O,RY).

By HY(O,R%) = H“2(0,R?) we will denote the Sobolev space consisting of
all u € L?(O,R%) for which there exist weak derivatives D;u € L?(O,RY),

t=1,---,d. It is a Hilbert space with the inner product given by
(u,V)H1 = (u,V)L2 + (Vu, VV)LQ, u,v e HY(O,R%),

where (Vu, Vv) Ele Jo Diu(z)- Div(x) dz. Let C2°(O,R?) denote the

2=

space of all R%-valued functions of class C> with compact supports contained
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in 0. We will use the following classical spaces

Vi={ueC®O,RY: divu =0},
H := the closure of V in L?*(O,RY),

V := the closure of V in H'(O,R%).

In the space H we consider the inner product and the norm inherited from

L?(0,R%) and denote them by (-, )H and | - |, respectively, i.e.
(u,v)H = (u,V)LQ, lulg = |U|L2(O)v u,v € H.
In the space V we consider the inner product inherited from H'(O, Rd), i.e.
(2.1) (w,V)y = () 2 + (V)
where

(2.2) ((u,v)) = (Vu, VV) u,v € V.

L2
Note that the norm in V satisfies

(2.3) lul} = |ul? + |Vul2,, veV.
We will often use the notation || - || for the seminorm

|ul|? == (u,u)) = (Vu, Vu) ueV.

L27

A domain O satisfying the Poincaré inequality, i.e. there exists a constant

C > 0 such that

(2.4) C/ ©?de < / |Vp2d¢  for all ¢ € H}(O)
O @]
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will be called a Poincaré domain. It is well known that, in the case when
O is a Poincaré domain, the inner product in the space V inherited from
H'(O,R%), i.e. (u,v)

v = (u,v) 2t ((u,v)) is equivalent to the following

one:
(2.5) (U,V)P = ((u,v)), u,v € V.
In the sequel, if O is a Poincaré domain, then in the space V we consider

the inner product ((-,-)) given by (2.2) and the corresponding norm || - ||.

Denoting by (-,-) the dual pairing between V and V', i.e. (-,-) := v/ (-, )v,
by the Lax-Milgram Theorem, there exists a unique bounded linear operator

A : V — V' such that we have the following equality
(2.6) (Au,v) = ((u,v)), u,v € V.

The operator A is closely related to the Stokes operator A defined by

D(A) = {ueV:Auec H},
Au = Au, ifue D(A).

(2.7)

The Stokes operator A is a non-negative self-adjoint operator in H. More-
over, if O is a 2D or 3D Poincaré domain, see (4.11) below, then A is strictly
positive. We will not use the Stokes operator as in this paper we will be con-
cerned only with the weak solutions to the stochastic Navier-Stokes equa-

tions, which in particular do not take values in the domain D(A) of A.

Let us consider the following tri-linear form

(2.8) b(u, w,v) = /O(u - Vw)vdz.
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We will recall fundamental properties of the form b. By the Sobolev embed-
ding Theorem (or Gagliardo-Nirenberg Inequality) we have, see for instance

[54, Lemmata I11.3.3 and II1.3.5],

1/4, 1% i 1,2
(2.9) [ulpapy < 2 V“|L2<<9)VW|L2(<9)’ uwe Hy*(0), ford=2,3.
by applying the Holder inequality, we obtain the following estimates

(2.10) |b(u,w,v)| = |b(u, v, w)]

IN

|ul palw] L[ VV] 2

(2.11)

IN

culylwlvivily, — ww,veV

for some positive constant c. Thus the form b is continuous on V, see also
[54]. Moreover, if we define a bilinear map B by B(u,w) := b(u,w,-), then
by inequality (2.11) we infer that B(u,w) € V' for all u,w € V and, by the
Gagliardo-Nirenberg Inequality (2.9)) that the following inequality holds,
for d = 2, 3,

1—4 d 1—a d
C2|U|L2 ‘ |VU|22 |w]L2 ‘ |Vw|£2,

IA

|B(u,w)v < erfulpalw|pa

IN

esllullvllwlly, u,w € V.
In particular, the mapping B : V x V — V' is bilinear and continuous.

Let us also recall the following properties of the form b, see Temam [54],
Lemma I1.1.3,

(2.12) b(u,w,v) = —b(u,v,w), u,w,v € V.

In particular,

(2.13) (B(u,v),v)) =b(u,v,v) =0 u,v e V.

We will need the following Fréchet topologies.
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DEFINITION 2.1. By LIQOC(O,Rd) = L2 _ we denote the space of all
Lebesgue measurable R%valued functions v such that [} |v(z)[*dz < oo
for every compact subset K C . In this space we consider the Fréchet

topology generated by the family of seminorms

1
pri= ([ W@Pds)’,  ReN
Or

where (OR) gy is an increasing sequence of open bounded subsets of O with
smooth boundaries and such that |Jpey Or = O. 2
By Hj,. we denote the space H endowed with the Fréchet topology inher-

ited from the space L2 _(O,R9).

loc

Let us, for any s > 0 define the following standard scale of Hilbert spaces
V := the closure of V in H*(O,R%).
If s > % + 1 then by the Sobolev embedding Theorem,
HYO,RY) — Cy(O,RY) — L®(O,RY).

Here Cy(O, R?%) denotes the space of continuous and bounded R%-valued func-
tions defined on O. If u,w € V and v € V4 with s > % + 1, then for some

constant ¢ > 0,
b(u, w,v)| = [b(u,v,w)| < |ufp2|w[2| V] < clulpa|w]]v]y, .

We have the following well know result used in the proof of [16, Lemma 5.4].

2Such sequence (OR) gen always exist since it is sufficient to consider as Or a smoothed

out version of the set O N B(0, R), see for instance [56] and references therein.
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LEMMA 2.2. Assume that s > %—l— 1. Then there exists a constant C > 0

such that
(2.14) B(uv)lv; < Clulglvly, u,veV.

Hence, in particular, there ezists a unique bilinear and bounded map B :

H x H — V. such that B(u,v) = B(u,v) for all u,v € V.

In what follows, the map B will be denoted by B as well.

3. Stochastic Navier-Stokes equations. We begin this section with

listing all the main assumptions.

AssuMPTION 3.1.  We assume that the following objects are given.

(H.1) A separable Hilbert space K;
(H.2) a map G:V — To(K,H) that

(i) is Lipschitz continuous, i.e. there exists a constant L > 0 such that
(G1) G(u1) = Glu)lyy k) < Lllun —welly, ui,uz €V,

(ii) for some constants \g, p and n € (0,2],
(G2) |G ()| ) < (2= n)ull® + Nolulfy + p, uwev,

(111) extends to a measurable map G : H — To(K, V') such that for some
>0

(G3) IG() |7 vy < COL+ |uff),  weH
(iv) and, for every v €V the function
(G4) ™G Hige 3 u {K 5y v (Glu)y, ¥y € R} ek

18 continuous.
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(H.3) A real number p such that
n
3.1 2,2+ ——
(3.1) pe 22+ 5 n)’
where we put ﬁ = 0o when n=2.;
(H.4) a Borel probability measure jig on H such that [, |x[Puo(dx) < oo is
given.

(H.5) an linear operator A :V — V' satisfying equality (2.6).

Now we state definition of a martingale solution of equation (3.2). We
really need to consider the infinite time interval, i.e. [0, 00), however, we
need also to state some of the results on the interval [0, 7], where T > 0 is
fixed. Thus, in the following definition we distinguish between the two cases

of solution on a finite interval [0, 7] and on [0, c0).

DEFINITION 3.2. Let us assume Assumption 3.1. Let T" > 0 be fixed.
We say that there exists a martingale solution of the following stochastic

Navier-Stokes Equations (in an abstract form) on the interval [0, 7]

;

du(t)+ Au(t)dt + B(u(t),u(t)) dt

(3:2) = f(t)dt + G(u(t)) dW(t), t>0,

L(u(0)) = po,
iff there exist

e a stochastic basis (Q, F., T, ]f”) with a complete filtration F = {ﬁt}te[O,TP

e a K-cylindrical Wiener process W= (VAV)te[O’T]
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e and an F-progressively measurable process u : [0,T] x Q — H with
P-a.e. paths satisfying

(3.3) u(-,w) € C([0,T),Hy) N L*(0,T;V)

such that

the law on H of u(0) is equal to g
and, for all t € [0,7] and all v € V,
(3.4)
(u(t),v)y —i—/o (Au(s),v) ds+/0 (B(u(s)),v) ds
= (u(0),v) 4+ /0 (f(s),v)ds+ </0 G(u(s)) dW(s),v>, P-a.s.

and
. T
(3.5) [ sup u(t)|2H+/ Vu(t)P d] < oo,
t€[0,T] 0

If all the above conditions are satisfied, then the system

(Q,F,F,P,W,u)
will be called a martingale solution to problem (3.2) on the interval [0, T
with the initial distribution .
A system (Q, F, I@‘, I@’, W, u) will be called a martingale solution to prob-
lem (3.2) with the initial distribution p iff all the above conditions are de-
fined with the interval [0, T'] being replaced by [0, 00) and the condition (3.3)

is replaced by

(3.6) u(-,w) € ([0, 50), Hw) N L2,([0,00): V),
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and inequality (3.5) holds for every T' > 0.
Here, H,, denotes the Hilbert space H endowed with the weak topology
and C([0,T],H,) and C([0,00),H,,) denote the spaces of H valued weakly

continuous functions defined on [0, 7] and [0, o), respectively.

In the case when pg is equal to the law on H of a given random variable
ug : €2 — H then, somehow incorrectly, a martingale solution to problem
(3.2) will also be called a martingale solution to problem (3.2) with the
initial data ug. Fully correctly, it should be called a martingale solution to
problem (3.2) with the initial data having the same law as ug. In particular,
in this case we require that the laws on H of up and u(0) are equal.

If no confusion seems likely, a system (Q,ﬁ,ﬁ?,]@, W,u) from Definition

3.2 will be called o« martingale solutions.

REMARK 3.3. Let us recall the following observation from [16]. Since

Jull = [Vul;. and (Au,u) = ((u,u)) = (Vu, Vu)

25 We have

(2 = )llul® = 2(Au, w) —nllul?, weV.
Hence inequality (G2) can be written equivalently in the following form

(@2)  2du,u) — G2 = llull® = dolull — o, weV,

Inequality (G2’) is the same as considered by Flandoli and Gatarek in [31]
for Stochastic NSEs in bounded domains. The assumption 17 = 2 corresponds
to the case when the noise term does not depend on Vu. We will prove that
the set of measures induced on appropriate space by the solutions of the
Galerkin equations is tight provided that the map G from part (H.2) of

Assumption 3.1 satisfies inequalities (G3) and (G2). Inequality (G3) and
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condition (G4) from part (H.2) of Assumption 3.1 will be important in
passing to the limit as n — oo in the Galerkin approximation. Condition
(G4) is essential in the case of unbounded domain O. It is wort mentioning
that the following example of the noise term, analyzed in details in [16,

Section 6], is covered by part (H.2) of Assumption 3.1.

ExXAMPLE 3.4. Let us consider the noise term written classically as

o0

(3.7) [G(u)] (t,z) dW (t) := Z[(bz(x) . V)u(t, x) + ¢i(x)u(t, x)]dﬁi(t),

i=1

where

Bi, i€ N, are ii.d. standard R-valued Brownian Motions,
bi: O > R? jeN, are functions of class C¥class,

¢ : O =R, icN, are functions of C* - of class ,

are given. Assume that

o0

(3.8) Cri=> (IIbillFo + [divhi[[Foe + [[cillFo) < 00
=1

and there exists a € (0,2] such that for all ¢ = (¢y,...,¢g) € R? and all
z €O,

oo d
(3.9) D> W(@)bf(2) GG < 2 Z 8ikCiCr — al¢® = (2 — a)|¢]*.

=1 j,k=1 7,k=1
This noise term can be reformulated in the following manner. Let K :=
I?(N), where [*(N) denotes the space of all sequences (h;),cy C R such
that >°°°, h? < oo. It is a Hilbert space with the scalar product given by

i=1"'"1

(h, k:)l2 i= "2, hik;, where h = (h;) and k = (k;) belong to (*(N). Putting

(3.10) G(u)h = i (- V)u+ciul hiy,  weV, h=(h)el}N),
=1
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we infer that the mapping G fulfils all conditions stated in assumption (H.2),

see [16, Section 6] for details.

REMARK 3.5. Let us explain that via the isomorphism between the space
V and its dual V', condition (H.2) (iii) in Assumption 3.1 is understood in

the usual sense, i.e. for every orthonormal basis (e;) C K
N IG)(er)3 < CA+ [ul}), wel
k

In fact, conditions (H.2) (iii) and (iv) in Assumption 3.1 can be replaced

by the following more general:

(iii’) The map G : V — T2(K, H) extends to a measurable map g : H —
L(K, V') such that for some C' > 0 for every u € H
(G3') sup sup v (g(w)(k), v)y[* < C(1 + Julfy).
veV,|lvfly <1 keK, ||k <1

(iv’) and, for every ¢ € V the function

(G4) Y*™*g : Hige 3 u {K Sy vilg(u)y,Y)v € R} €K

is continuous.

REMARK 3.6. Note that by Definition 3.2 every solution to problem (3.2)
satisfies equality (3.4) for all v € V. However, equality (3.4) holds not only
for v.€ V but also for all v € V. Indeed, this follows from the density of
V in the space V and the fact that each term in (3.4) is well defined and
continuous with respect to v € V. This remark is important while using the

1t6 formula in the proof of Lemma 5.8.
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REMARK 3.7. Let assumptions (H.1)-(H.5) be satisfied. If the system
(Q,]:",]ﬁ‘,lf”, W,u) is a martingale solution of problem (3.2) on the interval
[0,00), then P-a.e. paths of the process u(t), t € [0,00), are V'-valued con-

tinuous functions, i.e. for P-g.e. we
(3.11) u(-,w) € C([O, oo),V'),

and equality (3.4) can be rewritten as the following one, understood in the

space V',
(3.12) u(t)+/0 Au(s)ds+/0 B(u(s))ds
:u(0)+/0 f(s)ds+/0 G(u(s))dW (s), te[0,00).

PrROOF. Let us fix any T' > 0. Let us notice that since the map G satisfies

inequality (G3) in Assumption 3.1, by inequality (3.5) we infer that

| /0 G () By ds| < C| /0 "0t () ds| < .

Thus the process u defined by

u(t) = / Gu(s)) dW(s), te[0,T],

is a V'-valued square integrable continuous martingale.

Remark. The process p is an H-valued square integrable continuous mar-

tingale, as well.

PROOF. Since the map G satisfies inequality (G2) in Assumption 3.1,

using inequality (3.5) we deduce that

A

E[/OT G () ds} < E[/OT[(Q—U)Hu(s)|2+)\0|u(5)|%{+,0] ds] < .
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Thus u(t), t € [0,T], is an H-valued square integrable continuous martingale.

O]

In the framework of Remark 3.7, by the regularity assumption (3.3), we

infer that for P-a.e. w € Q
Au(,w) € (0, T3 V'), Blu(-,w),u(-,w)) € L0, T; V).

By assumption (H.3), in particular, f € L?(0,T; V’). Hence for P-a.e. w € Q

the functions
t
0,T] >t / Au(s,w)ds € V',
0
t
0,7 9m/ Blu(s,w), (u(s,w)) ds € V',
0
t
0,7 9m/ f(s)ds € V'
0
are well defined and continuous. Using (3.4) we infer that for P-a.e. w € €
U(-, W) S C([Ov T] ) V,)

and for every t € [0, T] equality (3.12) holds. Since T' > 0 has been chosen in
an arbitrary way, regularity condition (3.11) and equality (3.12) hold. The

proof of the claim is thus complete. O

4. The continuous dependence of the solutions on the initial
state and the external forces in 2D and 3D domains. In this section
we will concentrate on martingale solutions to problem (3.2) on a fixed
interval [0,7]. The main result is Theorem 4.11. We will also need some

modification of Theorem 5.1 in [16], contained in Theorem 4.8.
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As in [16] in the proofs we will use the following structure. Let us fix
s > % 4+ 1 and notice that the space V, is dense in V and the natural
embedding V; < V is continuous. By [32, Lemma 2.5], see also [16, Lemma
C.1], there exists a separable Hilbert space U such that U is a dense subset
of V, and

4.1 the natural embedding ts : U — Vg is compact .
( g

Then we also have

(4.2) U—sVs—sH2H <V, U,

where H' and U’ are the dual spaces of H and U, respectively, H' being

identified with H and the dual embedding H' < U’ is compact as well.

In the next definition we will recall definition of a topological space Zp
that plays an important role in our approach, see page 1629 and Section 3

in [16].

To define the space Z7 we will need the following four spaces.

C([0,T),U") := the space of continuous functions u : [0,7] — U’

with the topology induced by the norm

|u|C([0,T],U/) = sup |u(t)|y
t€[0,T]
L2(0,T;V) := the space L?(0,T;V) with the weak topology,

LZ(O, T;Hpe) := the space of all measurable functions w : [0,7] — H
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such that for all R € N

pr.r(u) = </OT /OR |u(t,a:)12da:dt>é < 00

with the topology generated by the seminorms
(PT,R) ReN®
Let H,, denote the Hilbert space H endowed with the weak topology and let
us put
C([0,T]; Hy) := the space of weakly continuous functions w : [0,7] — H
endowed with the weakest topology such that for all
for all h € H the mappings

C([0,T); Hy) 2w (ul-), h)H € C([0,T];R) are continuous.
DEFINITION 4.1. For T' > 0 let us put
(4.3)  Zr:=C([0,T];U") N L, (0,T5V) N L*(0, T Hioe) NC([0, T]; Hu)

and let 77 be the supremum of the corresponding four topologies, i.e. the
smallest topology on Zr such that the four natural embeddings from Z7 are
continuous. The space Zr will also considered with the Borel o-algebra, i.e.

the smallest o-algebra containing the family 7.

The following auxiliary result which is needed in the proof of Theorem
4.11, cannot be deduced directly from the Kuratowski Theorem, see Coun-

terexample C.4 in the C.

LEMMA 4.2.  Assume that T > 0. Then the following fours sets
C([0, T H) N Zr, C([0,T): V) N 27, L*(0,T;V) N Zr and C([0,T]; V') N 27

are Borel subsets of Zp and the corresponding embedding tranforms Borel
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sets into Borel subsets of Zp. Moreover, the following Ry U {4o00}-valued

functions
supseo.r) [u(s)lf, ifu e C([0,T];H) N Zp
Zrouw—>
00, otherwise,
S lu(s)|?ds, if u e L2(0,T;V) N Zr,
Zr o u+>
s otherwise,
are Borel.

PROOF. Because C([0,T]; U’')NL?(0,T; Hy) is a Polish space, by the Ku-
ratowski Theorem C([0, T']; H) is Borel subset of C([0, T]; U’) N L?(0, T; Hyye.).-
Hence the intersection C([0,T]; H) N Zr is a Borel subset of the intersection
C([0,T];U") N L?(0, T; Hye) N Z7 which happens to be equal to Zr.

We can argue in the same way in the case of the spaces C([0,T];V) N Zr
and C([0, T); V') N Zp.

The proof in case the space L?(0,T; V) is analogous, one needs to begin with
an observation that by the Kuratowski Theorem the set L%(0,T; V) is Borel
subset of L2(0,7;Hj..). We have used a fact that a product of Borel set in
C([0,T];U") N L?(0,T; Hy,.) and the set Zr is a Borel subset of the latter.
The same argument applies to the proof that 7 and jr map Borel subsets
of their corresponding domains to Borel sets in Zp. The last part of Lemma

is a consequence Proposition C.2. O

4.1. Tightness criterion and Jakubowski’s version of the Skorokhod theo-
rem. One of the main tools in this section is the tightness criterion in the

space Zp defined in identity (4.3). We will use a slight generalization of of
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the criterion stated in Corollary 3.9 from [16], compare with the proof of
Lemma 5.4 therein. Namely, we will consider the sequence of stochastic pro-
cesses defined on their own probability spaces. Let (2, Fpn,Fp,Py), n € N,

be a sequence of probability spaces with the filtration F,, = (Fp¢),~-

COROLLARY 4.3. (tightness criterion) Assume that (X,),cy is a se-

quence of continuous F,,-adapted U’ -valued processes defined on 0, and such

that
(4.4) supEy [ sup | Xn(s)[fi] < oo,
neN s€[0,T]
T
(15) s, | [ IX (0 ds] <
neN 0

(a) and for every € > 0 and for every n > 0 there exists 6 > 0 such that

for every sequence (Tp),cn of [0, T]-valued F,-stopping times one has

(4.6) sup sup Pn{ | X (70 + 0) — Xon(0) |07 > 17} <e.
neN 0<0<s

Let P, be the law of X,, on the Borel o-field B(Z7). Then for every e > 0

there exists a compact subset K. of Zp such that

sup P, (K.) > 1 —e.
neN

The proof of Corollary 4.3 is essentially the same as the proof of [16,
Corollary 3.9].

If the sequence (X,),, oy satisfies condition (a) then we say that it satisfies
the Aldous condition [A] in U’ on [0,T]. If it satisfies condition (a) for each

T > 0, we say that it satisfies the Aldous condition [A] in U’.
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Obviously, the class of U’-valued processes satisfying the Aldous condition
is a real vector space. Below we will formulate a sufficient condition for the
Aldous condition. This idea has been used in the proof of Lemma 5.4 in [16]

but it has not been formulated in such a way.

LEMMA 4.4. Assume that Y is a separable Banach space, o € (0,1]
and that (uy),cy 5 a sequence of continuous Fy,-adapted Y -valued processes

indexed by [0,T] for some T > 0, such that

(a’) there exists C > 0 such that for every 8 > 0 and for every sequence

(Tn)nen of [0, T)-valued Fy,-stopping times with one has
(4.7) Ep, [Jtn(mn + 0) — un(0)]y] < CO°.
Then the sequence (un),cy Satisfies the Aldous condition [A] on [0,T].

PROOF. Let us fix n > 0 and € > 0. By the Chebyshev inequality and the

estimate (4.7) we obtain

C-0°
<
n

E, [|un(7—n + 9) - un(Tn)‘Y]

I |

, n € N.
1
Let us § := [E] o . Then we have

sup sup Pn{\un(m +0) — up(mn)ly > 77} <&,
neN 1<0<s

This completes the proof of Lemma 4.4. O

REMARK 4.5. As can be seen in (4.3), the space Zr is defined as an
intersection of four spaces, one of them being the space C([0,7];U’). The

latter space plays, in fact, only an auxiliary role. Let us recall that the space



INVARIANT MEASURE FOR THE STOCHASTIC NSES 27

U, see (4.1) and [16, Section 2.3], is important in the construction of the
solutions to stochastic Navier-Stokes equations via the Galerkin method in
the case of an unbounded domain, i.e. when the embedding V C H is not
compact. (In the case of a bounded domain we can take, e.g. U := V; for
sufficiently large s.) In particular, the orthonormal basis of the space H,
which we use in the Galerkin method is contained in U, so the Galerkin
solutions ”live in” the space U.

With the space U in hand, in [16] we prove an appropriate compactness
and tightness criteria in the space Zp, see [16, Lemma 3.3 and Corollary
3.9]. Let us emphasize that in order to prove the relative compactness of an
appropriate set in the Fréchet space L?(0,T;Hy,.) first we need to prove a
certain generalization of the classical Dubinsky Theorem, see [16, Lemma
3.1], where the space C([0,T]; U’) is used. This result is related to the Aldous
condition in the space U’ in the tightness criterion, (4.6) in Corollary 4.3
and [16, Corollary 3.9(c)].

We will use Corollary 4.3 to prove Theorems 4.9 and 4.11, below. Even
though, the presence of the space C([0,T];U’) in the definition of the space
Zr is natural in the context of the Galerkin approximation solutions, it’s
presence in the context of Theorems 4.9 and 4.11 where we consider se-
quences of the solutions of the Navier-Stokes equations seems to be un-
necessary. However, again because of the lack of the compactness of the
embedding V C H to prove tightness in Theorem 4.9 we still use Corollary

4.3 in its original form.

In the proofs of the theorems on the existence of a martingale solution and

on the continuous dependence of the data we use a version of the Skorokhod
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theorem for nonmetric spaces. For convenience of the reader let us recall
the following Jakubowski’s [34] version of the Skorokhod Theorem, see also

Brzezniak and Ondrejat [18].

THEOREM 4.6. (Theorem 2 in [34]). Let (X,7) be a topological space
such that there exists a sequence (fy,) of continuous functions fp, : X — R
that separates points of X. Let (X,,) be a sequence of X -valued Borel random
variables. Suppose that for every e > 0 there exists a compact subset K. C X
such that

supP{X,, € K.}) > 1—e.
neN

Then there exists a subsequence (Xy, )pcn, @ sequence (Yi) oy of X-valued
Borel random variables and an X-valued Borel random variable Y defined

on some probability space (0, F,P) such that
L(X,,) = L(Yk), k=1,2,..

and for all w € Q:

YVi(w) = Y(w) ask — oo.

Note that the sequence (f,,) defines another, weaker topology on X. How-
ever, this topology restricted to o-compact subsets of X is equivalent to the
original topology 7. Let us emphasize that thanks to the assumption on the
tightness of the set of laws {£(X},),n € N} on the space X the maps Y and
Yi, k € N, in Theorem 4.6 are measurable with respect to the Borel o-field
in the space X.

The following result has been proved in the proof of [16, Corollary 3.12]

for the spaces Zp.
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LEMMA 4.7. The topological space Zr satisfies the assumptions of The-

orem 4.0.

4.2. The ezistence and properties of martingale solutions on [0,T]. We
will concentrate on martingale solutions to problem (3.2) on a fixed inter-
val [0,7T]. The following result is a slight generalisation of Theorem 5.1 in
[16]. In comparison to [16] the deterministic initial state has been replaced
by the random one satisfying assumption (H.3). However, our attention
will be focused on the estimates satisfied by the solutions of the Navier-
Stokes equations. We claim that there exists a solution u satisfying estimate
IAE[supte[(),T] lu(t)|f;] < Ci(p,q) for every q € [2,p], (and not only for g = 2 as
stated in inequality (5.1) in [16]). Moreover, we analyse what is the relation
between the constant C'(p, ¢) and the initial state ug and the external forces
f. The same concerns the estimate on K| fOT |lu(t)||? dt]. These results gen-
eralise [16, Theorem 5.1]. In the second part of Theorem 4.8 we will prove
another estimate on u in the case when O is a 2D or 3D Poincaré domain,
see (4.11) below. This estimate will be of crucial importance in the proof
of existence of an invariant measure in 2D case. The proof of Theorem 4.8
is based on the Galerkin method. The analysis of the Galerkin equations is
postponed to A. Recall also that in assumption (H.3) we have put % = o0

when n = 2.

THEOREM 4.8.  Let assumptions (H.1)-(H.5) be satisfied. In particular,

we assume that p satisfies (3.1), i.e.

n
€ 12,24+ ——),
pe 22457

where n € (0,2] is given in assumption (H.2).
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(1) For every T > 0 and Ry, Ry > 0 if po is a Borel probability measure
onH, f € LP([0,00); V') satisfy [y |x[Pro(dz) < Ry and |f|peomvry <
Ry, then there exists a martingale solution (Q,f,F,]@’,W,u) to
problem (3.2) with the initial law py which satisfies the following es-
timates: for every q € [1,p] there exist constants Ci(p,q) and Ca(p),
depending also on T, Ry and R, such that
(4.8) E( sup |u(s)[f) < Ci(p.a),

s€[0,7T

putting C1(p) := C1(p,p), in particular,

(4.9) E( sup |u(s)[f) < Ci(p),
s€[0,7T
and
T
(4.10) E[/O [Vu(s)[72 ds] < Ca(p).

(2) Moreover, if O is a Poincaré domain and the map G satisfies inequal-
ity (G2) in Assumption 3.1 with Ay = 0, then there exists a martingale
solution (Q,]:',I@‘,I@’, u) of problem (3.2) satisfying additionally the fol-

lowing inequality for every T > 0

1+ T 2 = 2 2 (T 2
@10 38| [ Fu)ads| < BB+ 2 [ 1560 ds+ o

Proof of Theorem 4.8 is postponed to B.

4.3. The continuous dependence. We prove the following results related
to the continuous dependence on the deterministic initial condition and de-
terministic external forces. Roughly speaking, we will show that if (ug,) C H

and (f,) C LP(0,T; V') are sequences of initial conditions and external forces
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approaching ug € H and f € LP(0,7T,V’), respectively, then a sequence
(un) of martingale solutions of the Navier-Stokes equations with the data
(uo,n, fn), satisfying inequalities (4.8)-(4.10), contains a subsequence of so-
lutions, on a changed probability basis, convergent to a martingale solution
with the initial condition ug and the external force f. Note that existence of
such solutions u,, n € N, is guaranteed by Theorem 4.8. This result holds
both in 2D and 3D possibly unbounded domains with smooth boundaries.
Moreover, in the case of 2D domains, because of the existence and unique-
ness of the strong solutions, stronger result holds. Namely, the solutions
un, n € N, satisfy inequalities (4.8)-(4.10) and not only a subsequence but
the whole sequence of solutions (u,) is convergent to the solution of the
Navier-Stokes equation with the data ug and f. Their proofs are de facto,
modifications of the proofs of corresponding parts of Theorem 5.1 from [16],
where Galerkin approximations are substituted by solutions u,,, n € N. How-
ever, the last part of the proof is different. Namely, contrary to the case of
the Galerkin aproximations, the martingale M, defined by (5.16) in [16] is,
in general, not square integrable. It would be square integrable, for example,
if inequality (4.8) held with some ¢ > 4. This holds in the case, when the
noise term does not depend on Vu or if we impose such restriction on 7
that ﬁ > 4. However, to cover the general case, this part of the proof is
different.

In what follows we do not assume that O is a Poincaré domain.

THEOREM 4.9. Let assumptions (H.1)-(H.3) and (H.5) be satisfied
and let T > 0. Assume that (UO,n)Zozl 1s a bounded H-valued sequence and

(fn)oey is a bounded LP(0,T;V')-valued sequence. Let Ry > 0 and Ry > 0
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be such that sup,cy |uon|y < Ri and sup,cy ||fn|]Lp(07T;v,) < Ry. Let

A ~

(Qm Fn, ]Fnaﬁbna Wna un)

be a martingale solution of problem (3.2) with the initial data ug, and the
external force f, and satisfying inequalities (4.8)-(4.10). Then, the set of

Borel measures {L£(uy),n € N} is tight on the space (Zr,Tr).

PROOF. Let us fix T > 0 and p satisfying condition (3.1). Let (Uo,n)

n=1

and ( f")n:1 be bounded H-valued, resp. LP(0,T; V')-valued, sequences. Let

A ~

(Qna Fn, En, ]fpna Wm un)

be a corresponding martingale solution of problem (3.2) with the initial data
ug and the external force f,, and satisfying inequalities (4.8)-(4.10). Such a
solution exists by Theorem 4.8.

To show that the set of measures {E(un), n € N} are tight on the space
(Z7,7Tr), where Zp is defined in (4.3), we argue as in the proof of Lemma
5.4 in [16] and apply Corollary 4.3. We first observe that due to estimates
(4.8) (with ¢ = 2) and (4.10), conditions (4.4) and (4.5) of Corollary 4.3 are
satisfied. Thus, it is sufficient to prove condition (a), i.e. that the sequence
(tn),cn satisfies the Aldous condition [A]. By Lemma 4.4 it is sufficient to
proof the condition (a’).

We have now to choose our steps very carefully as we no longer treat
strong solutions to an SDE in a finite dimensional Hilbert space but instead
a weak solution to an SPDE in an infinite dimensional Hilbert space.

Let (7n),,cn be a sequence of stopping times taking values in [0, T']. Since
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each process satisfies equation (3.4), by Remark 3.7 we have

up(t) = uon— /.Aun ds—/ un ds—l—/fn

+/O G(un(s))dW(s)
= JU+Jy() + I3 (t) + () + T3 (t), t €[0,T],

where the above equality is understood in the space V'. Let us choose and
6 > 0. It is sufficient to show that each sequence J* of processes, 7 =1,---,5
satisfies the sufficient condition (a’) from Lemma 4.4.

Obviously the term J{* which is constant in time, satisfies whatever we
want. We will only deal with the other terms. In fact, we will check that the
terms J§, Ji', JI satisfy condition (a’) from Lemma 4.4 in the space Y =V’
and the term JI satifies this condition in Y = V|, with s > %l + 1. Since the
embeddings V., C U" and V' C U’ are continuous, we infer that (a’) from

Lemma 4.4 holds in the space Y = U’, as well.

Ad Jj. Since the linear operator A : V — V' is bounded, by the Holder
inequality and (4.10), we have
Tn+0

(4.12) En [|J3 (10 4+ 0) — J3 (1) |v/] < En [/ | Aun(s)

Tn

< 02 (En [/OT||un(s)||2dsD; < Cy(p) - 63.

v/ ds

Ad J3. Let s > % + 1 Similarly, since B : H x H — V. is bilinear and

continuous (and hence bounded so that the norm ||B|| of B: HxH — V. is
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finite), then by (4.8) we have the following estimates

Tn+9
(4.13) E, [|J3(m0 +0) — J3 (10) |V, = ‘/ B(un(r)) dr

a

Trn—+0 Tn+0 5
< [ 1B )y o] < Bl e | ] \un<r>err]

< c||B]| - Ep [ sup |un(r)f] -0 < c|B]| Ci(p,2) - 0.
re[0,T]

Remark. The above argument works as well for d = 3. However for d = 2
we have the following different proof which exploits inequality (2.12) (which

is valid only the the two dimensional case).

dr|

Tn+0
@1) By [+ 0) = Bl B[ 1By,

Tn—+0
< &E, / i (7)) 2 [Vt (1) 2

NI

1 1
b Tn+6 2
<alt, s ful >|H} [E JRCROK

Te[7n77_n+9 n
3
SC2|:En sup ’un :| |: ]Vun( )‘%2d7{| 0%
TGOT]
< &a[Ca(p,2))2[Ca(p))20%.

Ad J}. Since the sequence (f,) is weakly convergent in LP(0,7T;V’), it is,

in particular, bounded in LP(0,7T;V'). Using the Holder inequality, we have

T7L+0
(4.15) Ep [|JP (10 +6) — Ji () /] = {/ d5|v,]
—1 —1

< HpT (En [/OT | fn(s) i)/' ds]); = G%Ifnhp(oj;v/) =c4 - 9%7

where ¢4 1= sup,,cn ’fn|LP(O,T;V’)‘

Ad JP. By assumption (G3) and inequality (4.8), we obtain the following
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inequalities

N

(4.16) E, UJ{?(TH +0) — J;(Tnﬂvf} < {En “Jg(Tn +0) — J?(Tn”%//] }

[NIES

- Tn+0 9
— [ [ UG (6 By ds]
! 1
2

IN

- Tn+0
C E, / (1 -+ un()R) ds]
1

_C(l + [En [ sup |un(s)]2H])0} :
- s€[0,7

IN

1

(1 + 01(2))9]§ =503,

. i
Thus the proof of Theorem 4.9 is complete. O

REMARK 4.10. It is easy to be convinced that u, take values in Zp but
it’s mot so obvious to see that in fact u, are Borel measurable functions.
This is so because our construction of the martingale solution is based on

Jakubowski’s version of the Skorokhod Theorem, see Theorem 4.6 for details.

The main result about the continuous dependence of the solutions of the
Navier-Stokes equations on the initial state and deterministic external forces,
which covers both cases of 2D and 3D domains, is expressed in the following
theorem 4.11. Stronger version for 2D domains will be formulated in the

next section, see Theorem 5.9.

THEOREM 4.11. Let conditions (H.1)-(H.3) and (H.5) of Assump-

tion 5.1 be satisfied and let T > 0. Assume that (uon) ., is an H-valued

n=1
sequence that is convergent weakly in H to wp € H and (fn);—y is an
LP(0,T;V')-valued sequence that is weakly convergent in LP(0,T;V') to f €

LP(0,T;V'). Let Ry > 0 and Ry > 0 be such that sup,cy [uonly < R1 and



36

7. BRZEZNIAK ET AL.

SuanN ||anLp(O,T,V/) S R2 Let

(Qm ]:—m Fn: I@)ana un)

be a martingale solution of problem (3.2) with the initial data ug and the

external force fy, and satisfying inequalities (4.8)-(4.10). Then there exist

e a subsequence (ng)y,
® a stochastic basis (Q,]},IF',]?’), where F = {ﬁt}tzo,
e a cylindrical Wiener process W = W(t), t € [0,00) defined on this

basts,
e and progressively measurable processes u, (ﬂnk)k>1 (defined on this

basis) with laws supported in Zp such that

(4.17)

Up, has the same law as u,, on Zr and uy,, — @ in Zr, P - a.s.,

for every q € [1, p]

(4.18) I~E[ sup |a(s)|fy] < oo,

and the system

is a solution to problem (3.2).

In particular, for all t € [0,T] and allv eV

(a(t),v)y — (fL(O),V)H-i-/Ot (Aa(s),v) ds—i—/ot (B(a(s)),v) ds
:/0 (f(s),v)ds+ </0 G(u(s)) dW(s),V>

and

(4.19) i [/OTHa(s)n?ds} < 0.
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PROOF. Since the product topological space Zp x C([0, T, K) satisfies the
assumptions of Theorem 4.6, by applying it together with Theorem 4.9, there
exists a subsequence (ny,), a probability space (€, F,P) and Z7xC([0, T], K)-
valued Borel random variables (12, W), (ﬂk, V~Vk), k € N such that each W
and Wk, k € N is an K-valued Wiener process and such that
(4.20)

the laws on B(Zr x C([0,T],K)) of (un,, W) and (fig, W) are equal.

where B(Z7r x C([0,T],K)) is the Borel o-algebra on Zr x C(]0, 7], K), and,
with K being an auxiliary Hilbert space such that K C K and the natural
embedding K — K is Hilbert-Schmidst,

(4.21)

(i, Wi) converges to (@, W) in Z7 x C([0, T, K) P-almost surely on €.

Note that since B(Zr x C([0,T],K)) C B(Z7) x B(C([0,T],K)), the function
u is Z7 Borel random variable.

Define a corresponding sequence of filtrations by
(4.22)

]ﬁ'k = (fk(t))tzo, where j:k(t) = U({(ﬂk(s), Wk(s)), s < t}), t e [0, T].

To conclude the proof, we need to show that the random variable @ gives
rise to a martingale solution. The proof of this claim is very similar to the
proof of Theorem 2.3 in [43]. Let us denote the subsequence (i, ), again by
(tn)p,-

The few differences are:

(i) The finite dimensional space H,, is replaced by the whole space H. But

now, by Lemma 4.2 the space C([0,T]; V') N Zr is a Borel subset of Zy and
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since by Remark 3.7 w, € C([0,T]; V'), P-a.s. and 4, and u, have the same

laws on Zp, we infer that
i € C([0,T]; V') n>1, Pas.

(ii) The operator P, has to be replaced by the identity. But this is rather a

simplification as for instance we do not need Lemmas 2.3 and 2.4 from [16].

In addition to point (i) above, we have that for every ¢q € [1, p], we have

(4.23) sup E ( sup \ﬂn(s)ﬁl) < Ci(p,q),
neN 0<s<T

Similarly,

i, € L*(0,T;V) n>1, P-as.

and
(4.24) suplE | / () ds] < o).
neN 0
By inequality (4.24) we infer that the sequence (u,,) contains a subsequence,
still denoted by (i, ), convergent weakly in the space L2([0,T] x €; V). Since

by (4.21) P-a.s. @i, — @ in Zp, we conclude that @ € L2([0,T] x Q; V), i.e.

(4.25) E [/OT \ﬂ(s)|2ds] < .

Similarly, by inequality (4.23) with ¢ = p we can choose a subsequence of
(iin) convergent weak star in the space L?(Q; L>°(0,T; H)) and, using (4.21),
infer that

(4.26) E[ sup |a(s)[iy] < oo.
0<s<T
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Then, of course, for every ¢q € [1,p],

(4.27) E[ sup [|a(s)[f] < oo.
0<s<T

The remaining proof will be done in two steps.

Step 1. Let us choose and fix s > g + 1. We will first prove the following

Lemma.

LEMMA 4.12.  For all p € V

fals) = f(s), ) ds| dt] =0,
(1[G (@n(s)) — G(a(s))] dW (s), ) |* dt] = 0.

PROOF OF LEMMA 4.12. Let us fix ¢ € V,. Ad (a). Since by (4.21)
iy — @ in C([0,T]; Hy) P-as., (in(),¢)y = (a(-), )y in C([0,T;R), P-

a.s. Hence, in particular, for all ¢t € [0, 7

lim (ﬂn(t), (p)H = (ﬂ(t),go)H, P-a.s.

n—oo
Since by (4.23), supeo 11 |t (1) |7 < 00, P-a.s., using the dominated conver-

gence theorem we infer that

T
(4.28) lim [ [(@n(t) —a(t), )y [°dt =0  P-as..

n—oo 0

By the Holder inequality and (4.23) for every n € N and every r € (1, 1+ %]

(4.29) EH/OTmn(t) —ﬂ(t)ﬁ{dt‘r} < CE[/OT(an(t) o laly) di]

< ¢Ch(p,2r),



40 7. BRZEZNIAK ET AL.

where ¢, ¢ are some positive constants. To conclude the proof of assertion

(a) it is sufficient to use (4.28), (4.29) and the Vitali Theorem.

Ad (b). Since by (4.21) @, — @ in C(0,T;H,) P-a.s. and 4 is continuous

at t = 0, we infer that (,(0),¢)y = (2(0),¢)y, P-a.s. Now, assertion (b)

H
follows from (4.23) and the Vitali Theorem.

Ad (c). Since by (4.21) 4, — @ in L2 (0,T; V), P-a.s., by (2.6) we infer that
P-a.s.

(4.30) lim (At (s),p) ds = lim (@n(s), ¢)) ds

_ /0 ((@ls), ) ds = /0 (Aii(s), ¢) ds.

By (2.6), the Holder inequality and estimate (4.24) we infer that for all

t€[0,T] and n € N

g /0 (ns) ) 5[]

T
< cllelR B[ IR s < oo

(4.31) EH/; (Adin(s), o) ds

where ¢, ¢ > 0 are some constants. By (4.30), (4.31) and the Vitali Theorem

we conclude that for all ¢ € [0, 7]

n—oo

Tim E[\/ﬂt (Aip(s) — At(s), ) ds” —0.

Assertion (c) follows now from (4.24) and the dominated convergence theo-

rem.

Ad (d). Since by (4.24) and (2.3) the sequence (i, ) is bounded in L?(0, T; H)

and by (4.21) @, — @ in L*(0, T; H,.), P-a.s., by Lemma B.1 in [16] we infer



INVARIANT MEASURE FOR THE STOCHASTIC NSES 41

that P-a.s. for all t € [0,7] and ¢ € V,

(4.32) Jim [ (B () ~ BGi(s)), ) ds = 0

Using the Hoélder inequality, Lemma 2.2 and (4.23) we infer that for all

tel0,T],re (0, g] and n € N the following inequalities hold

1+r:|

439) &[] [ B s ] <E[([ 1Bl oly, 45

t ~
< (calel) B[ [ fan(s) ¥ ds] < CE[ sup ans) 3]
0 s€[0,T

< CCy(p,2 + 2r).

By (4.32), (4.33) and the Vitali Theorem we obtain for all ¢ € [0, 7]

(4.34) lim E[\/@t (B(iin(s)) — B(1(s)), ) dsy] =0.

n—oo
Using again Lemma 2.2 and estimate (4.23), we obtain for all ¢ € [0,7] and

neN

(| [ (Bl ().¢) dsl] < B[ sup [an(s)[E] < cCil,2)
0 s€[0,T]

where ¢ > 0 is a constant. Hence by (4.34) and the dominated convergence

theorem, we infer that assertion (d) holds.

Ad (e). Assertion (e) follows because the sequence (f,) converges weakly

in LP(0,7; V') to f and Vg C V.

Ad (f). Let us notice that for all ¢ € V we have
t
| NG 9) = G519 g 05
t
= [ I G s) = ¢ @ i

< H(,D**G(’lln) - w**G(ﬂ‘)Hi2([07T]77'2(f{$R))7
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where ¢**G is the map defined by (G4) in assumption (H.2). Since by (4.21)
Gy, — @ in L2(0,T; Hy.), P-a.s., by (G4) we infer that for all ¢ € [0,7T] and

peV

(4.35) lim / (G in(s)) — Clii(s)). 0} |2, gy s = 0.

n—o0 0

By (G3) and (4.23) we obtain the following inequalities for every t € [0, 77,
€ (1,1—1—%] andn €N

gt
(436) B[| [ IMG(0u(5) = Gla(a)). )3 .y 5]
t
E |2 - Tn(s))]?" u(s s
Bl [ {160 ) e + 1D e} ]
<c INE[/T(lJrlﬂ (s)[37 + |a(s) 2T)ds}
>0 0 n H H

< 5{1 +fE[ sup |iin ()7 + sup ya(s)ﬁ{)]} < &1+ 201 (p, 21)),
s€[0,T) 5€[0,T]

where c¢,c1,¢ are some positive constants. Using the Vitali theorem, by

(4.35), (4.36) we infer that for all p € V

(437) im B[ [ 1(Gn(5)) = G5, ) 5 iz 5] =0

n—oo

Hence by the properties of the It6 integral we infer that for all ¢ € [0, 7] and

peV
n—oo

(4.38) lim IE:W /0 t [Giin(s)) — G(ii(s))] dW(s),¢>|2} — 0.

By the It6 isometry, since the map G satisfies inequality (G3) in part (H.2)

of Assumption 3.1, and estimate (4.23) we have for all ¢ € V, ¢t € [0,7T] and
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where ¢ > 0 is some constant. Thus by (4.38), (4.39) and the Lebesgue
Dominated Convergence Theorem we infer that for all p € V

T

(4.40) lim EM /0 t [Gitn(s)) — G(ii(s))] dW(s),gp>|2} =0.

n—o0 0

To conclude the proof of assertion (f), it is sufficient to notice that since
s>9+1,V, C V and thus (4.40) holds for all ¢ € V,. The proof of Lemma
4.12 is thus complete. O

As a direct consequence of Lemma 4.12 we get the following corollary
which we precede by introducing some auxiliary notation. Analogously to

[10] and [43], let us denote
(4.41)
Al W, ) (1) = (i0n(0), ), — /0 (A (5), ) ds — /0 (B(iin(s)), 9)ds

—l-/ot (fn(s), ) ds + </0t G(ﬂn(s))de<3)’gp>7 te0,7],

and

(4.42) MA@, W, @)(t) = (ﬂ(O),so)H—/O <«4ﬂ(8),s0>d8—/0 (B(u(s)), ¢)ds
+/0 (f(s),cp)ds+</0 G(a(s)) W (5), ), t€[0.T].
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COROLLARY 4.13. For every ¢ € Vg,

(4'43) nh_g)lo |(1~Ln(), SO)H - (&()7 SO)H|L2([0,T]><Q) =0
and
(444) nh_>n;0 |An(ana WTM (10) - A(ﬂ7 W7 (70)|L1([0,T]><Q) = 0

PROOF OF COROLLARY 4.13. Assertion (4.43) follows from the equality

~ ~ 2 d T ~ ~ 2
‘(un()v QD)H - (u(')’go)H|L2([O,T]><Q) = E|:/0 |(un(t) - u(t),«p)H\ dt:|

and Lemma 4.12 (a). Let us move to the proof of assertion (4.44). Note that

by the Fubini theorem, we have

\An(fbm Wn’ 80) - A(ﬂ, W7 90)‘L1([07T]XQ)

T
- /0 E[| A, Wi, ) (£) — A(@ W, 0)(0)] ]t

To conclude the proof of Corollary 4.13 it is sufficient to note that by Lemma
4.12 (b)-(f), each term on the right hand side of (4.41) tends at least in

LY([0,T] x€) to the corresponding term in (4.42). O

Step 2. Since u,, is a solution of the Navier-Stokes equation, for all ¢ € [0, T

and p € V

In particular,

T
| Bl 0010 = Al W) 0] dt =0
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Since L(up, W) = L (1, Wy),

T
[ B (0. ) = Al Wo)(0] ] dt = 0.

Moreover, by (4.43) and (4.44)

T
/0 E[|(a(t). ), — A(@ W, 0)(t)] ] dt = 0.

Hence for l-almost all ¢ € [0, 7] and P-almost all w € Q

(a(t)a QD)H - A(ﬂ, Wa ‘10)(75) =0,

i.e. for l-almost all ¢ € [0, 7] and P-almost all w € Q

t t
(4.45) (ﬂ(t),gD)H—i-/O (Au(s), ) ds+/0 (B(u(s)), p) ds

t
0

= @Oy + [ ) ds+ ([ Gt amis). )

45

Since a Borel @ is Zp-valued random variable, in particular @ € C([0, T]; Hy),

i.e. @ is weakly continuous, we infer that equality (4.45) holds for all ¢ € [0, T

and all ¢ € V. Since V is dense in V, equality (4.45) holds for all p € V,

as well. Putting 2 := (Q, F,P,F), we infer that the system (A, W, ) is a
martingale solution of equation (3.2). By (4.25) and (4.27) the process @

satisfies inequalities (4.19) and (4.18). The proof of Theorem 4.11 is thus

complete.

O

REMARK 4.14. It seems to us that the same argument works if the space

Zr defined in (4.3) is replaced by a bigger space Zr defined by

(4.46) Zp = L2(0,T;V) N L*(0,T; Hype) N C([0, T]; Hy).
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In particular, to prove that the sequence (ty,) given in (4.20), whose existence
follows from the Skorokhod Theorem, converges to a solution of the Navier-
Stokes equation, it is sufficient to use the convergence of () in the space
Zr.

5. The case of 2D domains. A special result proved recently in [16]
is about the existence and uniqueness of strong solutions for 2-D stochastic
Navier Stokes equations in unbounded domains with a general noise.

Let us present the framework and the results. Let us recall Lemma 7.2

from [16].

LEMMA 5.1. Let d = 2 and assume that all conditions in parts (H.1)-
(H.3) and (H.5) of Assumption 3.1 are satisfied. Assume that o = dy, for
some deterministic ug € H. Let (Q,]:",I@‘,W,If’, u) be a martingale solution
of problem (3.2), in particular,

T
(5.1) E| sup ]u(t)|%1+/ |Vu(t)> dt| < oo.
t€[0,7 0

Then for P-almost all w € ) the trajectory u(-,w) is equal almost everywhere

to a continuous H-valued function defined on [0,T]. P-a.s. and

u(t) = uy — t[.Au(s)—i—B(u(s))] ds + tf(s)ds
R !

t
+ / G(u(s))dW(s), tel0,T].

0
Let us emphasize that equality (5.2) is understood as the one in the space

V’, see Remark 3.7.

The next result is [16, Lemma 7.3].
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LEMMA 5.2. Assume that all conditions in parts (H.1)-(H.3) and
(H.5) of Assumption 3.1 are satisfied. In addition we assume that the Lip-
schitz constant of G is smaller than /2, i.e. the map G satisfies condition
(G1) in part (H.2) of Assumption 3.1 with L < /2. Assume that ug € H.
If uy and ug are two solutions of problem (3.2) defined on the same filtered
probability space (Q,ﬁ,l@,]@’) and the same Wiener process W, then P-a.s.

forallt € Ry, ui(t) = ua(t).

Because from now we will be dealing with the pathwise uniqueness of

solutions let us formulate the following assumption on the stochastic basis.

ASSUMPTION 5.3.  Assume that (Q,f,IF,]P’) is a stochastic basis with a

filtration ¥ = {Fi},5q and W = (W(t))

>0 18 a cylindrical Wiener process

in a separable Hilbert space K defined on this stochastic basis.

We will often consider problem (3.2) with the initial data ug = d,, for
some deterministic ug € H, and hence we explicitly rewrite that problem in
the following way:

(5.3)
du(t) + Au(t) dt + B(u(t), u(t)) dt = f(t)dt + G(u(t)) dW(t), ¢>0,
u(0) = uy,
To avoid any confusion, a martingale solution to problem (5.3) with initial
data ug € H, is a martingale solution to problem (3.2) with py = 0y, -

For the completeness of the exposition let us also recall a notion of a

strong solution.
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DEFINITION 5.4. Assume that wy € H and f : [0,00) — V’. Assume
Assumption 5.3. We say that an F-progressively measurable process u :

[0,00) x 2 — H with P - a.e. paths

u(-,w) € C([0,00), Hy) N L ([0,00); V)

loc
is a strong solution to problem (5.3), i.e.,
du(t) + Au(t) dt + B(u(t), u(t)) dt = f(t)dt + G(u(t)) dW(t), t>0,
u(0) = wup,

if and only if for all £ € [0,00) and all v € V the following identity holds P -

a.s.

(u(t),v)y + /O<Au(3),v> ds+/ (B(u(s),u(s)),v) ds

t t
0 0

0
(uo,V)H—I-/ (f(s),v) ds—|—</ G(u(s))dW(s),v>

and for all T" > 0,
T
(5.4) ]E[ sup |u(t) % —I—/ \Vu(t)]th] < o0.
t€[0,7) 0
Let us recall two basic concepts of uniqueness of the solution, i.e. pathwise
uniqueness and uniqueness in law, see [33], [45]. Please note the following
difference between problems (3.2) and (5.3). In the former, a law of the

initial data is prescribed, while in the latter a initial data is given.

DEFINITION 5.5. We say that solutions of problem (5.3) has pathwise

uniqueness property if and only if for all uyp € H and f : [0,00) — V'
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the following condition holds

(5.5) if ut, i = 1,2, are strong solutions of problem (5.3)
on (Q,F,F,P,W) satisfying Assumption 5.3,

then P-a.s. for allt € [0,00), u'(t) = u*(t).

Assume that up € H and f : [0,00) — V'. A solution u to problem (5.3) on
(Q, F,F, P, W) satisfying Assumption 5.3, is said to be pathwise unique iff

for every solution @ to problem (5.3) on the same (2, F,F, P, W), one has
P-a.s. for all ¢t € [0,00), wu(t) = u(t).

DEFINITION 5.6. We say that problem (3.2) has uniqueness in law
property iff for every Borel measure p on H and every f : [0,00) — V' the

following condition holds

(5.6) if (QF, FLFL P, W ul), i = 1,2, are solutions of problem (3.2)

then Lawp: (u') = Lawps (u?®) on C([0, 00), Hy) N L, ([0, 00); V),

where Lawpi(u'), i = 1,2, are by definition probability measures on

C([0,00), Hy) N LE

loc

([0,00); V).

COROLLARY 5.7.  Assume that conditions (H.1)-(H.3) and (H.5) of
Assumption 3.1 are satisfied and that the map G satisfies inequality (G1) in
part (H.2) of Assumption 3.1 with a constant L smaller than /2. Assume
also that (Q,}",]F,}P’, W) satisfies Assumption 5.3. Then for every ug € H.

1) There exists a pathwise unique strong solution u on (Q,}",IF,IP’, W) of
problem (5.3).
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2) Moreover, if u is a strong solution of problem (5.3) on (0, F,F,P,W),
then for P-almost all w € Q the trajectory u(-,w) is equal almost ev-
erywhere to a continuous H-valued function defined on [0,00).

3) The martingale solution of problem (3.2) with py = dy, s unique in
law. In particular, if (Qi,Fi,IE‘i,IP’i,Wi,ui), 1 = 1,2 t are such solu-
tions to problem (3.2), then for all t > 0, the laws on H of H-valued

random variables u'(t) and u*(t) coincide.

PROOF. The proof of part (3) given in [16] yields the uniqueness in

law in the trajectory the space C([O, oo),Hw) N L?

loc

([0,00); V), hence in
C([0,7],Hy) N L3(0,T; V) for every T > 0. O

Let us emphasize that, by definition, we require a martingale solution of
the Navier-Stokes equation to satisfy inequality (3.5), i.e.
. T
E| sup |u(t)|%1+/ |Vu(t)]2dt] < o0.
t€[0,T 0
In Theorem 4.8, covering both 2D and 3D domains, we proved that there
exists a martingale solution satisfying stronger estimates, i.e. (4.8)-(4.11).
However, in the case when O is a 2D domain, we can prove that every

martingale solution satisfies these inequalities.

LEMMA 5.8. Assume that d = 2 and that conditions (H.1)-(H.3) and
(H.5) from Assumption 3.1 are satisfied. Then the following holds.

(1) For every T > 0, Ry > 0 and Ry > 0 there exist constants Cy(p)
and Co(p) depending also on T, Ry and Ry such that if g is a Borel
probability measure on H, f € LP(0,T; V') satisfy [ |x[Ppo(de) < Ry

and | f|pe(o,r;vry < Ra, then every martingale solution of problem (3.2)
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with the initial data po and the external force f, satisfies the following

estimates
(5.7) E( sup |u(s)lf) < Cr(p)
s€[0,T]
and
A T 2
(538) B[ lu(s)lf V(o) ds] < Calp).
0
In particular,
T
(5.9) E[/ [Vu(s)|? ds] < Cy = Cs(2).
0

(2) Moreover, if O is a Poincaré domain and the map G satisfies inequality
(G2) in part (H.2) of Assumption 3.1 with \g = 0 (and with p € [0, c0)
and n € (0,2]), then the process u satisfies additionally the following
inequality for every t >0
(5.10)

Bl i)+ 28] [ Vo as] < B+ 2 [ 15060 ds o

The proof of Lemma 5.8 is similar to the proof of estimates (5.4), (5.5)
and (5.6) from Appendix in [16]. The difference is that the solution process
u to which the Ité formula (in a classical form, see for instance [33]) was
applied was taking values in a finite dimensional Hilbert space H, and u
was a solution in the most classical way. Now, u, is martingale solution to
problem (3.2), see Definition 3.2.

If we assume that d = 2, by Lemma II1.3.4 p. 198 in [54], we infer that

the regularity assumption (3.3) implies that

B(u(,w),u(-,w)) € L ([0, 00); V') for P-a.a. w e Q.
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This however does not imply that

A

T
E/O Blut), u(t)) 2 dt < oo

what is necessary in order to apply the infinite dimensional It6 Lemma from

[47].

Fortunately, we can proceed as in the proof of the uniqueness result, i.e.
Lemma 7.3 from [16], i.e. introduce a family 7, N € N of the stopping

times defined by

(5.11) 7n = inf{t € [0,00) : |u(t)|y > N}, N e N.

and then consider a stopped process u(t A ), t > 0. Note that with this

definition of the stopping time 75, we have

~

TATN R T
E/ Blu(t), u(t) | dt < C’N2E/ (@) dt < .
0 0

Remark. If d = 3, then
B(u(-,w), u(-,w)) € LY30,T; V") for P-a.a. w e Q.

Thus, in this case the above procedure with the stopping time 7 does not

help.

PROOF OF LEMMA 5.8. Let us fix p satisfying condition (3.1). As in the
proof of Lemma A.1, we apply the 1t6 formula from [47] to the function F
defined by

F:H>zw~ |z eR.
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With the above comments in mind and using Remark 3.6, we have, for

t €[0,00),

(5.12)

A o) = 0P = [ [Pl ~Auts) — Bu(s) + 1)
£ 5T [P (u(s) (Gu(s)), Gu(s)))] | ds
+p / v [u(s) [P~ (u(s), G(u(s)) AW (s))
0
:/0 [—p [u(s) P2 lu(s)||” + pluls) P> (u(s), £(5))
TR (u(s) (Gu(s), Glu(s))] ] ds
tATN R
+p / [u(s) P~ (u(s), G(u(s)) AW (s)).
0
Proceeding as in the proof of Lemma A.1, we obtain
tATN
(5.13)u(t ATn)|P + 0 /0 lu(s) P2 Vu(s)|? ds
tATN tATN
<O + Ky p) [ us)Pds+ e e [ s
+p / Ju(s)[P~* (u(s), G(u(s)) AW (s)), t € [0,00),
0

where K,(\o, p) = 25 [Mop + 2+ p(p — 2)].

By the definition of the stopping time 7 we infer that the process
tATN 5 .
(1) 12/0 ()]~ (u(s), G(u(s))dW (s)),  te€[0,00)
is a martingale. Indeed, if we define a map
g:Vourr{K>k— (u,Guk) € H} € To(K,R)

then un(t) = fOtATN lu(s)[P2g(u(s))dW (s) and, since the map G satisfies

inequality (G2) in part (H.2) of Assumption 3.1, we infer that for every
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tATN
(5.14) / I () P2 ()12 oy s
’ tATN
=A ()2 g (3 2 .y
tIATN
sA ()P ()Pl G () 12 iy s
tIATN
SA [u(s)P[(2 = n) [Vu(®)]2 + Aolu(®)]? + p] ds
tATN
<(2- n)Np/O IVu(t)|? dt + tNP(A\N? + p).
Hence by inequality (3.5) we infer that

R tATN B
EA I () P2 g(u(5)) 12y ey ds < 00, £ 0.

and thus we infer, as claimed, that the process py is a martingale. Hence,
E[pun(t)] = 0. Let us now fix T > 0. By taking expectation in inequality
(5.13) we infer that

E [lut ATa)IP] < EfJu(0)[]
+ Kp(/\o,p)/ ™ 1) [|u(s)|P] ds+@(tArN)+s—p/2(t/\TN)|f|p,
0 p

< Eflu(0)]

tATN 2
4 Kp()\o,p)/ & [Ju(s A mn)|7] ds + T(22 + e ?2|f2,), t € [0,T).
0

p
Hence by the Gronwall Lemma there exists a constant

C= CP(T7 , )‘07 P7E[’U(O) ’p]7 |f’LP(0,T;V/)) > 0 such that
(5.15) EllutAmy)P] <C, te[0,T].
Using this bound in (5.13) we also obtain

N

TATN
(5.16) B [ /0 ()2 Vu(s)[2ds| < C
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for a new constant C' = Cy(n, E [u(0)|P, E fOT |f(s)[\ ds) > 0. Finally, tak-
ing the limit N — oo and observing that T' A 7y — T, by the Lebesgue

dominated convergence Theorem we infer that for the same constant C' we

have
(5.17) sup E [|u(t)]’] < C,
te(0,7
N T
(5.18) E U lu(s)|P~2|Vu(s)2ds| < C.
0

This completes the proof of estimates (5.8) and (5.9). The proof of inequality
(5.7) is the same as the proof of inequality (A.2) and thus omitted.

To prove inequality (5.10) in the case O is a Poincaré domain we use the
same arguments as the proof of inequality (A.5). This time however, the
solution to the Galerkin approximating equation is replaced by the stopped
process u(t A 7n), t > 0. Let us recall that in the space V we consider the
inner product ((-,-)) given by (2.2).

By identity (5.12) with p = 2, we have

u T, 2 u 2 = o — uls 2 u\s
uenm)l = o) = [ {2 lu)l + 2 (s).)
+ %Tr [F" (u(s))(Glu(s)), Glu(s)))] } ds

b2 / ™ tuls), Glu(s) AW (s)), ¢ > 0.
0
Since E(fJATN (G(u(s)),u(s)dW(s))) = 0, we infer that
BlutArlfi < BlROF]+B [ {2l + 27().u(e)) }ds

R tATN 9
B [ G By de
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Taking next the N — oo limit, since the map G satisfies inequality (G2) in
part (H.2) of Assumption 3.1 with A\g = 0, i.e.

Gu(s) Ty < (2= m)lluls)]” + o, we get
(5.19)

Blu(t)} < —nE /0 lu(s)[? ds + B[ ju(0) ] + 28 /0 (F(5),u(s)) ds + ot.

Since 2(f,u(s)) < Z|Vu(s)|* + %\fﬁ,, we infer that
(5.20)
Bt < ~28 [ )P ds BB+ [ 150k + et t20

The proof of inequality (5.10) is thus complete. This completes the proof of
Lemma 5.8. O

Note that if f : [0,00) — V' is constant, then f € LP(0,T;V’) for every
T > 0 and p satisfying condition (H.3) of Assumption 3.1. In this case we

will write f € V.

By Theorem 4.11 Corollary 5.7 and Lemma 5.8 we obtain the following
result about the continuous dependence of the solutions to 2D SNSEs with

respect to the initial data and the external forces.

THEOREM 5.9. Let d = 2. Let parts (H.1)-(H.2), (H.5) and (G1)
with a constant L smaller than /2, of Assumption 3.1, be satisfied. Assume

that ug € H, f € V' and that an H-valued sequence (uoﬂ)oo

ey s weakly

convergent in H to ug, and that an V'-valued sequence (f”)n:1 is weakly

convergent in V' to f. Let

(Qm Fny Eny P, Wh, Un)
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be a martingale solution of problem (5.3) on [0, 00) with the initial data ug

and the external force f,. Then for every T > 0 there exist

e a subsequence (ny)y,

e q stochastic basis (Q,f,fﬁ',]f”), where F = {ft}tzo,

e a cylindrical Wiener process W = W(t), t € [0,00) defined on this
basts,

e and F-progressively measurable processes a(t), (in,(t)),, t € [0,T]

(defined on this basis) with laws supported in Zp such that

(5.21) 1y, has the same law as u,, on Zr and Uy, — G in Zr, P - a.s.

and the system

(5.22) (Q, F,F,P,W,q)

is a martingale solution to problem (5.3) on the interval [0, T| with the initial

law 6y,. In particular, for all t € [0,T] and v € V

t t
(@(t)v), — (a(0),v), + / (Adi(s),v) ds + / (B(a(s)),v) ds
0 0
t t ~
_ /O (Fov) ds + </0 G ((s)) WV (s).v).
Moreover, the process u satisfies the following inequality for every p satisfy-

ing condition (3.1) and q € [1,p]

T
" ~ |4 = <2
(5.23) E [S:[%PT] ja(s)[4 ] + E [/0 la(s)| ds] < .

PROOF. Let p be any exponent satisfying condition (3.1). Since the se-
quences (UO,n)Zozl C Hand (fy),2; C V' convergent weakly in H and V,

respectively, we infer that there exist R; > 0 and Re > 0 such that

sup [uguly < Ri and  sup || fullys < Ro.
neN neN
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By Lemma 5.8 we infer that the processes u,, n € N, satisfy inequalities
(4.8)-(4.10). Thus the first part of the assertion follows directly from The-
orem 4.11. Inequality (5.23) follows again from Lemma 5.8. The proof of

theorem is thus complete. O

REMARK 5.10.  Although this has not been studied in the present paper,
we believe that methods developed here can be used to study the continuous
dependence of the solutions on other parameters entering our equations, for

instance the linear operator A, the nonlinearity B and the diffusion operator

G.

6. Existence of an invariant measure for Stochastic NSEs on 2-
dimensional domains. In this section we assume that d = 2. Since we are
interested in the existence of invariant measures we assume that the domain
O satisfies the Poincaré condition see (2.4). * However, our results are true
for general domains for the stochastic damped Navier-Stokes equations, see
for instance [22].

Since we assume that O is a Poincaré domain, by the Poincaré inequality,

see (2.4), the functional given by the formula
(6.1) Jul| = |Vulp,  weV,

is a norm in the space V equivalent to the norm given by (2.3).

In the sequel, in the space V we consider the norm given by (6.1).

We aim in this section to prove that, under some natural assumptions,

problem (3.2) has an invariant measure. Let us fix, as in Assumptions 5.3,

31t is well known that this condition holds if the domain O is bounded in some direction,

i.e. there exists a vector h € R? such that O N (h + O) = 0.



INVARIANT MEASURE FOR THE STOCHASTIC NSES 59

a stochastic basis (Q,f,IE',IP’) with a filtration F = {]:t}tzm a canonical
cylindrical Wiener process W = W (t) in a separable Hilbert space K defined
on the stochastic basis (Q, F,F, IP’). We also fix a function G : H — T5(K, V')
satisfying condition (H.2) in Assumption 3.1 and, in addition, the Lipschitz
condition (G1) with a constant L smaller than v/2, and inequality (G2)
with A\g = 0. The last assumption on Ag corresponds to the fact that in
O we consider the norm given by (6.1). In what follows the initial data
up will be an element of the space H. By u(t,up), t > 0, we denote the
unique solution to the problem (5.3) (defined on the above stochastic basis
satisfying Assumptions 5.3).

For any bounded Borel function ¢ € B,(H) and ¢ > 0 we define

(6.2) (Prp)(uo) = E[p(u(t,up))], wup € H.

Since by Lemma 5.1 the trajectories u(-,ug) are continuous, (P;)i>o is a
stochastically continuous semigroup on the Banach space C,(H). This means

that for every ¢ € Cp(H) and ug € H
lim P, = uyg.
o) (o) = uo
As a consequence of Corollary 5.7 we have the following result.

PROPOSITION 6.1. The family u(t,up), t > 0, ug € H is Markov. In

particular, Pys = P,Ps fort,s > 0.

The proof of Proposition 6.1 is standard and thus omitted, see e.g. [1],
[26, Section 9.2], [50, Section 9.7].

PROPOSITION 6.2. The semigroup P; is bw-Feller, i.e. if ¢ :H— R is a

bounded sequentially weakly continuous function andt > 0 then P,¢ : H - R
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s also a bounded sequentially weakly continuous function. In particular, if

Ugn, — ug weakly in H then
Pip(uon) — Prg(uo).

PROOF OF PROPOSITION 6.2. Let us choose and fix ¢ > 0, ug € H and
an H-valued sequence (ug,) that is weakly convergent to ug in H. Let also
¢ : H — R be a bounded sequentially weakly continuous function. Let us
choose an auxiliary time T' € (¢, 00).

Since obviously the function P;¢ : H — R is bounded, we only need to
prove that it is sequentially weakly continuous.

Let un(-) = u(:,uon), respectively u(-) = u(-,ug), be a strong solution
of problem (5.3) on [0,00) with the initial data ug,, resp. ug. We assume
that these processes are defined on the stochastic basis (2, F,F,P, ). By

Theorem 5.9 there exist (depending on T')

e a subsequence (ng),,

e a stochastic basis (Q, ]-N",INF,IF’), where F = {]}S}SE[O,T]v

e a cylindrical Wiener process W = W (s), s € [0,T] defined on this
basis,

e and an F-progressively measurable processes (s), (in,(s)) po10S €

[0,T] (defined on this basis) with laws supported in Zp such that

(6.3) Uy, has the same law as u,, on Zr and Uy, — @ in Zr, P - a.s.

and the system

(6.4) (Q, F,F,P,W,q)
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is a martingale solution to problem (5.3) on the interval [0, 7] with the initial

data ug. In particular, by (6.3), P-almost surely
Up, (t) = u(t) weakly in H.

Since the function ¢ : H — R is sequentially weakly continuous, we infer

that P-a.s.,
Oiin, (1)) — S(a(t)) in R.
Therefore, since the function ¢ : H — R is also bounded, by the Lebesgue

Dominated Convergence Theorem we infer that

(6.5) lim E[¢(n, (1))] = Elg(a(t))].

k—o0

From the equality of laws of @, and u,,, kK € N, on the space Z7 we infer

that

(6.6) El¢(tn, (1)] = E[p(un, (t))] = Frd(uon,)-

Since by assumptions (2, F,F,P, W, u) is a martingale solution of equation
(5.3) with the initial data wy and (Q,]:",fF,Jf”, W,ﬂ) is also a martingale
solution with the initial of equation (5.3) with the initial data uo and since

the solution of (5.3) is unique in law, we infer that

the processes u and « have the same law on the space Z;.
Hence
(6.7) El¢(a(t))] = Elp(u(t))] = Fig(uo)-

Thus by (6.5), (6.6) and (6.7), we infer that

Jim Pip(uon,) = Pig(uo)-
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Using the sub-subsequence argument, we infer that the whole sequence

(Ps¢(uon))pen is convergent and

lim Pt(b(u()n) = Pﬂﬁ(ﬂo),
n—oo
which completes the proof of Proposition 6.2. O

REMARK 6.3. From inequality (5.10) and the Poincaré inequality (2.4),
it follows that the following inequality holds for the strong solution u of
problem (5.3) defined on the stochastic basis (Q, F,F,P, W)

t 2 2 /2
6.8 /Eu32d5§u02+<f2,+9>t, t>0.
©8) | B < ol + g (CIrk

PROOF OF INEQUALITY (6.8). Let us fix ¢ > 0. By the Poincaré inequal-

ity (2.4) for almost all s € [0, ¢],
2 1 2
lu(s)ly < a‘vu(s)‘ﬂ'
By (5.10), in particular, we obtain
n ! 2 2 2 02
28 [ 1Vu(e)Pds < uofy + (IR + o)t
0 n
Hence we infer that
/tE]u( 2 ds < IE/ IVu(s)|? ds < yu| 2 (2\f|2 +Q>t t>0
0 ~ \= 4 ) - Yy
0 " Cn\n v
i.e. inequality (6.8) holds. O
Using inequality (6.8) we deduce the following result.

COROLLARY 6.4. Let up € H and let u(t), t > 0, be the unique solution

to the problem (5.3) starting from ug. Then there exists Ty > 0 such that for
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every € > 0 there exists R > 0 such that
T

1 _
(6.9) sup — (P oy,)H\Bgr)ds < e,
r>1, T Jo

where Br = {v € H: |v|y < R}.

PRrROOF. Using the Chebyshev inequality and inequality (6.8) we infer

that for every "> 0 and R > 0

T T
7 | s Eas = L [ Rl > R) ds

1
= TR? ),
L r2, 5 272,

— = (IR + o) 7]
7 Lo ol + e (1R + )
12 s 12 2, )

T
Elu(s)[3 ds

Thus the assertion follows. O

By Proposition 6.2, Corollary 6.4 and the Maslowski-Seidler Theorem [42,

Proposition 3.1] we deduce the following main result of our paper.

THEOREM 6.5. Let O C R? be a Poincaré domain. Let assumptions
(H.1)-(H.2) and (H.5) be satisfied. In addition we assume that the func-
tion G satisfies condition (G1) with L < /2 and inequality (G2) with
Ao = 0. Then there exists an invariant measure of the semigroup (),

defined by (6.2), i.e. a probability measure p on H such that
Pip = p.

REMARK 6.6. In this section we have used strong solutions. In particu-
lar, in order to show a global inequality (6.8) which was a basis for Corol-

lary 6.4. However, we could have easily avoided this. For instance, instead
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of the global inequality (6.8) we could prove that every martingale solution
(Q, F,F,P,W,u) of equation (5.3) with the initial data ug on the time inter-
val [0, T satisfies inequality (6.8) for only t € [0,T] but with constants C, n

and p independent of T.

APPENDIX A: UNIFORM ESTIMATES OF THE SOLUTIONS
GALERKIN APPROXIMATIN EQUATIONS

Let us recall that the proof of existence of a martingale solution of the
Navier-Stokes equations, given in [16], is based on the Faedo-Galerkin ap-
proximation in the space Hy,, see (5.2) in the cited paper. In order to continue
we need to choose and fix a stochastic basis and thus we assume that As-
sumption 5.3 holds. We also fix an Fy-measurable H-valued random variable.

Then the n-th equation is the following one in the space H,,.

,

dug (t) = — [PaAun (t) 4+ Bn(un(t)) — Pof(t)] dt

(A1) + PG (un(t)) dW(t), >0,

un(0) = Pyug.

Recall that H,, is a finite dimensional subspace spanned by the n first eigen-
vectors of the operator L given by (2.19) in [16], P, is defined by [16, (2.25)]
and B, is defined on p. 1636 in [16]. For details see [16, Lemmas 2.3 and 2.4].
In particular, P, restricted to H is the orthogonal projection. The existence
of a solution of equation (A.1) is guaranteed by Lemma 5.2 in [16].

The following result corresponds to Lemma 5.3 from [16]. The proof of
estimates (A.2), (A.3) and (A.5), is similar to the proof of estimates (5.4),
(5.5) and (5.6) from Appendix A in [16]. However, we provide the details

to indicate the dependence of appropriate constants on the data, which
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will be important in the proof of continuous dependence of the solutions of
the Navier-Stokes equations on the initial state ug and the external forces
f. Moreover, if O is the Poincaré domain, we prove a new estimate, see
(A.5). This estimate is of crucial importance in the proof of the existence of

invariant measure. Recall that we have put ﬁ = oo when 1 = 2.

Lemma A.l. Let Assumption 5.3 and parts (H.2),(H.3) and (H.5) of
Assumption 3.1 be satisfied. In particular, we assume that p satisfies (3.1),
i.€.

n
€ 2,2+ ——),
pe[22+57)

where 1 € (0,2] is given in (H.2).

(1) Then for every T > 0, v, Ry and Ry there exist constants Cy(p),
Ca(p), Ca(p), such that if ug € LP(Q, Fo,H), f € LP([0,00); V') sat-
isfy El|luolfy] < Ri and |fleeo, vy < Ra, then every solution u, of
Galerkin equation (A.1) with the initial data uy and the external force

f satisfies the following estimates

(A.2) supE( sup |un(s)[f) < Ci(p)
neN  s€[0,T]
and
T ) 3
(A.3) sup | /O i (8) P2 Vun ()2 ds] < Calp),
ne
and
T
(A4) supE[/ [Vun(s)|*ds] < Ca(p).
neN 0

(2) Moreover, if O is a Poincaré domain and inequality (G2) holds with
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Ao = 0, then for everyt >0

o (Ellunteris] + 12| /0 (Vo) ds] )
< Blluolil+ 2 [ 17 ds+
0

PROOF OF LEMMA A.1. Let us fix p satisfying condition (3.1). We apply

the It6 formula from [47] to the function F' defined by
F:Hozw |z €eR.
In the sequel we will omit the subscript H and write | - | := | - |;;. Note that
F(a) = doF = p- ol -2, @)l = || < plp—1)- o, z€H.
With the above comments in mind, we have, for ¢ € [0, 00),
(A6 fun()P ~ [un(O)P
= [ a2 ). ~Aua(s) = Bulunls) + Puf )
+ T [P0 (9) (PuGlun(5)), PuGlun(s)) ]| ds
+p /Ot [n () P2 (un(5), PaGl(un(5)) AW (s))
= [ [l 2+ plan o)), P 5)
b T a(5)) (PG (), PaGlun(5))]] s
# 0 [ TP (5) PaGlua () W (5
Since
T [P () (PaGlu), PaG(w))] < plp — 1) [l - [G0) ey € V)
and by (G2)

G W) < (2= [Vul® + Xolul> + p, ueV,
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and since by (2.3) and the Young inequality with exponents 2, 2P and D,

p—2
forueVand f eV
1
P2 (fou) < PP lully [flye = [l (ul? + [Val?)? | fly
£, 12 o o 11 e~P/?
< = p - _ = p P,
< Slul™ + Vel [ulP + (5 p)IUI +— £
€ 91 peo  L4e 1 e~P/?
< IVl luf? +(T*§)IUIP+ ’ biler
we infer that
e 1 t 3
wOF + [p=rg5 = 5o =D =] [l Tu(s) s

IN

0]+ [ [P P + 272 )

b 00— D (P ol + )] s

+p/0 [un ()P~ (un(s), PaG (un(s)) AW (s))

= /Ot[</\20p(p— 1)+ p(12+5) — 1) |up (s)[P

+ 2pp = Dlun(s)P + 72 |f(5)[R, | ds

+p/0 [n(8)P~* (un(s), PG (un(s)) AW (s))

Let us choose € € (0, 1) such that § = d(p,n) := p—p5 —%p(p—l)(2—77) >0,
or equivalently,

e < 1AZ-(p-1)E -
Notice that under condition (3.1) such ¢ exists. Denote also

p—1 p-—1

Ao 2
= pp—1)+p—1+pp(1—=
Kp(do,p) = Zrplp= 1) +p=14pp(1 =) 5

[Aop+2+p(p—2)].

Thus, since by Young inequality 2P~2 < (1 — I%)Ilfp + %11’/ 2 for x > 0, we
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obtain
@7+ 8 [ i)V (5 s

< WO+ KyOo.p) [ ()P ds + plp -
(A7) . 0
+ sp/Z/O 1F(s)[, ds
+p /Ot [ ()"~ (un(s), PaG(un(s)) AW (s)), ¢ € [0,00).
Since u,, is the solutions of the Galerkin equation, we infer that the process

i ®) = [ o) (5), BiGlual) AW (s)), 1€ 0,09

is a square integrable martingale. Indeed, if we define a map

g:Vou—{K>k~ (u, P,G(u)k) € H} € T2(K,R)

then u,(t) = fot |tn (5)[P"2g(un(s))dW (s) and hence, by assumption (G2)
and the fact that P, is the orthogonal projection in H we infer that for

every t > 0,

t
/0 | 2n ()20t (3)) |25 . b

t
= /0 [ ()P~ 9 (1 ()) 175 ) A5
t

IN

/0Iun(S)!p_zlun(S)lzlanG(un(S))H%(K,mdS
¢
< [ TP [2 =0 [Fua + dolua () + ] ds.
Hence by the fact that u, is a Galerkin solution we infer that
t
B o) 2000 (9) [ s < o0 20,

and thus we infer, as claimed, that the process u, is a square integrable

martingale. Hence, E[u,, (t)] = 0. Let us now fix T' > 0. By taking expectation
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in inequality (A.7) we infer that
t
B fun(0)F] < E[juol’] + K. p) [ E [Jun(s)F] ds
t
+ plp— 1)t+6_p/2E/ |/ (s) K ds
0
t
< E[Jwl’] + Ky0.p) [ E[lun(9)]ds + plp - VT
0
T
+ sp/ZE/O |f(s)\rds, tel0,T].

Hence by the Gronwall Lemma there exists a constant

C'P = C'p(T7777 A07paIE’HU’0|p]7 Hf”LP(O,T;V’)) = ép(Tvna Aos Ps RlvRQ) > 0 such

that

E [|un(t)["] < Cp, te0,T], neN,
ie.
(A.9) sup sup E[|u,(t)["] < Cp.

neN ¢€[0,T]
Using this bound in (A.7) we also obtain
T
w10)  swE| [ v ePas) < o)
neN 0

for a new constant Ca(p) = Ca(p, T, 1, Ao, p, E[|ug|?], HfHLp(O’T;V,))
= C’g(p, T,n, o, p, R1, R2). This completes the proof of estimates (A.3).
Since E[|uo|?] < (EHUOV’])% < Ri/p, we infer that (A.4) holds with another
constant Ca(p).

Let us move to the proof of estimate (A.2). By the Burkholder-Davis-

Gundy inequality, see [27], the Schwarz inequality and inequality (G2), there
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exists a constant ¢, such that for any ¢ > 0,

(A.11)
| sup | [ 9 lun )P (0). PG o)) i )|

<o B[ ([ o0l 1P Glunlo) g o) |

<ecp-E [ sup |un(0)|? </t |t (0)[P~2 - |G (un (o ))‘T (K,H) da) %]

0<o<t

1 2
< SE [ sup [un(s) / [un (@)% |G (un(0)) 17 i,y do
0<s<t

1
< §IE [ sup |un(s)|p]
0<s<t

5% / [ ()P [(2 = 0)un(0) 2 + o [un(0)* + p] do
0

1 1,52
< JE[sup fun(o)") + 56120+ 32— B | [ lun(o)Plunto)|?do
2 Yo<s<t 27

L1 2 !
il _Zz . p
+ 56 <)\o +p(1 p)) E UO iy ()] da].
Using (A.11) in (A.7), by inequalities (A.9) and (A.10) we infer that

E[ sup [un(s)[’] < E[luol”]
0<s<t

+ [®wn 4 320 0(1-2))] [ B (o)) s
+ (2;+c§g>t+s—fj/2 /Ot|f(s){’,/d8

t
+ SELsup funF] + 32— 0E | [ (o) lun(o) P o]

0<s<t

E[uol”] + {Kp(Ao,p) + %cﬁ </\0 + p(l - ;))] Cpt

IN

t
+ Z(2+c§)t+s—P/2/ 1f(s)[2, ds
0
1
- p > 0.
* 3Rl (P + 35—, 120
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Thus for a fixed T > 0

E[ sup |un(s)[F] < Ci(p),
0<s<T

where

Cl(p) = Cl(p7T>777)\07,0a RlaRQ)
1 2 ~
= 2R, +2 [Kp()\g,p) + 5 ()\0 +p(1- p)ﬂ C,T
2
+2 <; - c§§> T + 25772 Ry + ¢2(2 — 1) Ca(p).
This completes the proof of estimate (A.2).
To prove inequality (A.5) let us assume that O is a Poincaré domain
and inequality (G2) holds with A\g = 0. Recall that now in the space V we

consider the inner product ((, )) given by (2.2). By identity (A.6) from the

previous proof with p = 2, we have
u 2— u 2: t — Un(S 2 Un(S S
O = [ = [ {2 +2 (was). £5)
+ %Tr[F”(un(s))(G(un(s)),G(un(s)))]}ds
+ 2/ (i (5), PaG(tn(s)) dW(s)), t> 0.
0
Since E( [ (PaG(un(5)), un(s) dW (s))) = 0, we infer that
Elu,()[f < E[IuaIQH]JrE/O{—2llun(s)ll2+2<f(s),un(s)>}ds

t
L E /0 (PG (10 (5)) 2 )

Using assumption (G2) with A\g = 0, i.e ]G(un(s))]%(K’H) < (2=n)[Jun(s)]]?+

0, we get,
t
B} < —nE /0 lun(s) 12 ds + E Juol%]

(A12) + 2E/0 (F(s), uls)) ds + ot.
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Since 2(f,u) < ¥|Vun|* + %|f|%,,, for w € V,f € V' we infer that

t
Blu®f < ~J8 [ (o) ds + Eljuo)
2 [t 5
(A.13) + 1F(s)[3 + ot, t>0.
0

The proof of inequality (A.5) is thus complete. O

APPENDIX B: PROOF OF THEOREM 4.8

Similarly to the proof of Theorem 5.1 in [16] the present proof is based
on the Galerkin method. We will use the fact the the laws of the Galerkin
solutions form a tight set of probability measures on Zr. We will use the
Jakubowski’s version of the Skorokhod theorem 4.6, as well. However, some
details are different.

Let us fix positive numbers T, Ry and Rs. Let us assume that p is a Borel
probability measure on H, f € LP([0,00); V') which satisfy [ [z[Pu(dz) <
Ry and [f[rr(o vy < Re. Similarly to the previous section we choose and
fix a stochastic basis and thus we assume that Assumption 5.3 holds. We
also fix an Fy-measurable H-valued random variable whose law is equal to
73

As in the proof of [16, Theorem 5.1] let (un),cy be a sequence of the
solutions of the Galerkin equations. Then the set of laws {L(up,n € N} is
tight on the space (Zr,0(7r)), where o(77) denotes the topological o-field.
By theorem 4.6 there exists a subsequence (ng), a probability space (€, F,P)

and, on this space Z7-valued random variables u, iy, , & € N, and a sequence
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of K-valued Wiener processes W, Wnk, k € N such that

the variables (uy,, W) and (i, Wy, ) have the same laws

(B.1)
on the Borel o-algebra B(Zr x C([0,T],K))
and

(B.2)

(i, Wh,,) converges to (u, W) in Zp x C([0,T]; K) almost surely on €.
In particular,

(B.3) {l,,,, converges to u in Z7 almost surely on Q.

We will denote the subsequence (@i, , Wy, ) again by (i, Wi, ). Define a cor-

responding sequence of filtrations by
(B.4) F, = (j—n,t)tzo, where fn,t = o{(tn(s), Wn(s)), s<t}, tel0,T].

To obtain (4.8), we modify the proof from [16] at pages 1650-51. Namely,

using Lemma A.1, we infer that the processes u,, n € N, satisfy the following

inequalities
(B.5) supE( sup |in(s)lf) < Cilp)
neN  s€[0,T]
and
_ T
(B.6) supE[/ Viin(s)|32ds] < Ca(p).
neN 0

Let us emphasize that the constants C7(p) and Cy(p), being the same as
in Lemma A.1, depend on T, Ry and Rs. Using inequality (B.5) we choose
a subsequence, still denoted by (4,), convergent weak star in the space

LP(€; L=(0,T; H)) and infer that

(B.7) E[ sup |u(s)[] < Cip)
s€[0,T]
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and that the limit process u satisfies (B.7), as well. This completes the proof
of inequality (4.9). To prove (4.8) let us fix ¢ € [1,p). Notice that for every
te[0,7)

u®)|? = (Ju()P)?? suup(I/p.
O = (u@)”” < (s @)

IN

/p
Thus, supyepo,r) [u(t)|? (SUPte[o,T] ]u(t)\p>q , and so by the Holder in-

equality

=g 0] < 5[ o)

< (E[ sup !u(t>lqu/p < (G)™",

t€[0,7
which means that inequality (4.8) holds with the constant
Ci(p,q) == (C1(p)"".
By inequality (B.6) we infer that the sequence (@) contains further sub-
sequence, denoted again by (), convergent weakly in the space L?([0, 7] x

Q; V) to u. Moreover, it is clear that

5 T
(B.8) o] /0 Vu(s)2ads] < Calp)

and the process u satisfies (4.10).

To prove the second part of the theorem we assume that O is a Poincaré
domain and inequality (G2) holds with Ay = 0. In this case, by Lemma A.1,
instead of inequality (B.6) we can use the following one corresponding to
the uniform estimates (A.5),

7 T 9 [T
©9) Do [ Vi) ds| < Elluolh]+ 2 [ 176 E s+ o1,
neN 0 nJo
choose a subseqence convergent weakly in the space L2([0,T] x Q; V) to u

and infer that the limit process satisfies the same estimate, which proves
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estimate (4.11). We will prove that the system (Q, F,F, P, u) is a martingale

solution of problem (3.2).

Step 1. Let us fix ¢ € U. Analogously to [10] and [43], let us denote

A, Wia @)(8) = (@n(0), ), — /0 (P, Aiin(5), ) ds

B10) - / (Bu(iin(s)), 0)ds + /0 (fuls). @) ds
/PG )) dW(s), > t € [0, 7],

and

(B.11)

AW @)1) = (u0).9)y, — / (u(s). s = [ (Bu(s)).p)ds

/< o) ds + { /G Ws).o). tel0.T]

Using Lemma 2.4(c) from [16], see also [43, Lemma 5.4], we can prove the

following lemma analogous to Lemma 4.12.

Lemma B.1. Forall p € U

(@) limy oo B[ | (@n(t) — u(t), ) 4> dt] =

(6) 1imp-so0 B[] (i1 (0) — u(0), )HF] =0,

(c) lim, o [f UO (P At (s) — Au(s), @) ds| dt] =0,

(d) lim, o B[] (B, —B(u(s ) ds| dt] =

(e) lim, oo E [f \f()( P fn(s —f(s), ) ds|dt] =0,

(F) Timp oo B[fy |(fo[PaG(iin(s)) — G(u(s))] dW (s), )| dt] = 0.

Directly from Lemma 1 we get the following corollary

Corollary B.2. For every p € U,

(B.12) lim | (tn(-), )y — (u(‘)790)H|L2([0,T]x§2) =0

n—oo
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and

(B.13) lim |Ap (i, Wn, @) — A(u, W, ) =0.

n—00 " |L1([01T]XQ)

PROOF. Assertion (B.12) follows from the equality

~ ~ 2 = T ~ ~ 2
(@) 0)y = (@) )y 220770y = E| /0 [(n(t) = (), )y ]

and Lemma 4.12 (a). To prove (B.13) let us note that by the Fubini theorem,

we have

\An(ﬁm Wn’ 80) - A(u, W7 90)‘L1([07T]XQ)

T
- /0 E[|An (i Wi, ) (£) — A, W, 0)(0)] ] .

To complete the proof of (B.13) it is sufficient to note that by Lemma 1
(b)-(f), each term on the right hand side of (B.10) tends at least in L'([0, 7]

x2) to the corresponding term in (B.11). O

Step 2. Since u, is a solution of the Galerkin equation, for all ¢ € [0, 7] and

pelU

In particular,

T
/O E“(un(t)?@)H_An(un7W790)(t)” dt = 0.

Since L(uy, W) = L(ty, Wy,), using (B.12) and (B.13) we infer that

T
| BN 00y - Aw W01 dt = 0.
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Hence for l-almost all ¢ € [0, 7] and P-almost all w € Q

(B.14) (u(t), gp)H — A(u, W, ©)(t) =0,

Since u is Zp-valued random variable, in particular u € C([0,T]; Hy,), i.e. u
is weakly continuous, we infer that equality (B.14) holds for all ¢ € [0, 7]
and all ¢ € U. Since U is dense in V, equality (B.14) holds for all ¢ € V,
as well. Putting 2 := (Q, F,P,F), by (B.14) and (B.11) we infer that the
system (2, W,u) is a martingale solution of equation (3.2). The proof of

Theorem 4.8 is thus complete.

APPENDIX C: KURATOWSKI THEOREM
The following is the classical form of the celebrated Kuratowski Theorem.

Theorem C.1. Assume that X1, Xo are two Polish spaces with their Borel
o-fields denoted respectively by B(X1), B(X2). If ¢ : X1 — Xo is an injec-
tive Borel measurable map, then for any E1 € B(X1), E2 := ¢(E1) € B(X2).

Let us formulate a simple corollary to the above result.

Proposition C.2. Suppose that X1, Xo are two topological spaces with their
Borel o-fields denoted respectively by B(X1), B(X2). Suppose that ¢ : X1 —
Xo is an ingective Borel measurable map such that for any E1 € B(X1),
Ey = ¢(E1) € B(X2). Then if g : X1 — R is a Borel measurable map then
a function f: Xo — R defined by

9(¢o7 (z2)), if 22 € $(X1),

0, if 7o € Xo \ ¢(X1),

(C.1) flx2) =

is also Borel measurable.
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PROOF. Note that g = f o ¢.
FHA) =glg ' (4)], ACR.

Thus, if A € B(R), then by assumptions g~'(A) € B(X;). Hence by Theorem
C.1 we infer that ¢[g~1(A)] € B(X2) and thus by the equality above, we infer
that f~1(A) € B(X2). The proof is complete. O

One may wonder if the following a generalization of the above result to

non Polish spaces is valid.

Theorem C.3. Let X1 and Xso be a topological spaces such that for each
i = 1,2 there exists a sequence {fim} of continuous functions f; m : X; = R
that separate points of X;. Let us denote by .&; the o-algebra generated by
the maps {fim}- If ¢ : X1 — Xo is an injective measurable map, then for

any By € A, Ey = ¢(E) € S.

The following Counterexample shows that the answer to the above ques-

tion is No.

Counterexample C.4. 1) Define fi(x) = €™ x € [0,1), for every
integer k (trigonometric functions).

2) Let X1 be a non-Borel subset of [0,1) equipped with the euclidean metric.

3) Let Xo denote [0,1) with the Euclidean metric.

4) Denote by f,% the restriction of fi to X;.

5) Then f,% are continuous and separate points in Xi.

6) Then fi are continuous and separate points in Xo.

7) o(fx) = Borel(X2) by Stone-Weierstrass.

8) o(ff)={ANX1:Aco(fr)} ={ANX;: A€ Borel(X2)} = Borel(Xy).
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9) Let ¢ : X1 — Xo be the identity mapping.

10) ¢ is a continuous injection.

11) ¢[X4] is not Borel in Xa.
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