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Abstract

How long does a uniformly accelerated observer need to interact with a quantum
field in order to record thermality in the Unruh temperature? We address this
question for a pointlike Unruh-DeWitt detector, coupled linearly to a real Klein-
Gordon field of mass m > 0 and treated within first order perturbation theory, in
the limit of large detector energy gap Egap. We first show that when the interaction
duration AT is fixed, thermality in the sense of detailed balance cannot hold as
Ey.p, — o0, and this property generalises from the Unruh effect to any Kubo-
Martin-Schwinger state satisfying certain technical conditions. We then specialise
to a massless field in four spacetime dimensions and show that detailed balance does
hold when AT grows as a power-law in Eg,, as Eg., — 00, provided the switch-
on and switch-off intervals are stretched proportionally to AT and the switching
function has sufficiently strong Fourier decay. By contrast, if AT grows by stretching
a plateau in which the interaction remains at constant strength but keeping the
duration of the switch-on and switch-off intervals fixed, detailed balance at Fga, —
oo requires AT to grow faster than any polynomial in Ej,,p,, under mild technical
conditions. These results also hold for a static detector in a Minkowski heat bath.

The results limit the utility of the large E,., regime as a probe of thermality
in time-dependent versions of the Hawking and Unruh effects, such as an observer
falling into a radiating black hole. They may also have implications on the design
of prospective experimental tests of the Unruh effect.

1 Introduction

In the Unruh and Hawking effects in quantum field theory, an observer responds to
a pure state of the quantum field as if the field were in a mixed, thermal state. In
the case of the Unruh effect [1], a uniformly linearly accelerated observer in Minkowski



spacetime measures a temperature that is proportional to the acceleration when the
field is in the Poincaré invariant Minkowski vacuum state. In the case of the Hawking
effect [2], a stationary observer far from a black hole records thermal radiation coming
from the hole when the field is in the quantum state that evolved from an appropriate
no-particle state before the black hole was formed. Reviews of these phenomena and
their interrelations are given in [3, 4].

To characterise the thermality in the Hawking and Unruh effects in terms of local
measurements, we may consider an observer who carries a spatially localised quantum
system that is coupled to the field, a particle detector [1, 5], and we may ask the
observer to count the excitation and de-excitation transitions in the detector. The
detector’s response is considered thermal when the transition probabilities satisfy the
detailed balance form [6, 7] of the Kubo-Martin-Schwinger (KMS) condition [8, 9, 10]:
the ratio of the excitation and de-excitation probabilities of energy gap Egap is e Laan/T
where the positive constant 7" is interpreted as the temperature. In this setting, there is
broad evidence that detailed balance in the Unruh and Hawking effects emerges for an
asymptotically stationary observer when the interaction time is long and the switching
effects are negligible but the back-reaction of the observer on the quantum field still
remains small [1, 3, 4, 11, 12, 13, 14, 15, 16, 17, 18].

The purpose of this paper is to obtain precise asymptotic results about the long
interaction time limit under which a detector records thermality in the Unruh effect,
and specifically to examine how this limit depends on the detector’s energy gap Egap. In
short, how long does a uniformly accelerated observer need to wait for Unruh thermality
to kick in at prescribed Eg,p, especially when Ejg,j, is large?

We focus on the Unruh (rather than Hawking) effect because of technical simplic-
ity [19, 20], but we note that the conceptual issues about the meaning of a “particle”
in a detector-field interaction are present already in the Unruh effect [21, 22, 23]. We
employ a pointlike two-level Unruh-DeWitt detector that is linearly coupled to a scalar
field [1, 5], a system that models the interaction between atoms and the electromagnetic
field when angular momentum interchange is negligible [24, 25]. Crucially, we assume
that the detector-field coupling is proportional to a switching function x € C§°(R), a
real-valued smooth compactly supported function of the detector’s proper time. Finally,
we assume throughout that the magnitude of the detector-field coupling is so small that
first-order perturbation theory in the coupling remains applicable.

In summary, we combine in a novel way the following three pieces of input: (a) we ask
how the observation time required to record detailed balance depends on the energy scale
at which the measurements are made; (b) we formulate this question using switching
functions that are smooth and compactly supported; (c¢) our analysis is mathematically
rigorous, especially regarding the distributional singularity of the Wightman function.

We begin by considering not just the Unruh effect but any quantum state and de-
tector motion in which the field’s Wightman function, pulled back to the detector’s
worldline, satisfies the KMS condition [8, 9, 10] with respect to translations in the de-
tector’s proper time at some positive temperature. We consider two families of switching
functions, each of which involves a scaling parameter A. In the first family, the overall
duration of the interaction is scaled by the factor A, including the switch-on and switch-
off parts of the interaction: we refer to this as the adiabatic scaling. In the second family,
the interaction is constant over an interval whose duration is proportional to A, while the



preceding switch-on interval and the subsequent switch-off interval have A-independent
durations: we refer to this as the plateau scaling. The long interaction limit is hence
obtained as A\ — oo within each family. For fixed energy gap, we verify that the A — oo
limit does recover detailed balance in the KMS temperature, for both families. This
observation is fully within expectations, and it justifies the long time response formulas
that are standard in the literature [1, 3, 4, 5]. However, we also show that when the
switching function is fixed, the detailed balance condition fails to hold at large values
of the detector’s energy gap. Physically, when the total interaction time is fixed, the
detector does not have enough time to thermalise up to arbitrarily high energies.

We may hence ask how fast A needs to increase as a function of Eg,j, if the detector
is to record detailed balance in the limit of large Eg,,. A waiting time that grows
no faster than polynomially in Eg,, would presumably be realisable in experimental
situations, such as prospective experimental tests of the Unruh effect, whereas a waiting
time that needs to grow exponentially in Eg,, would presumably render an experimental
verification of detailed balance at high Ej,, impractical.

Our main result is to answer this question for the Unruh effect in four-dimensional
Minkowski spacetime with a massless scalar field. Specialising to four spacetime dimen-
sions is motivated by prospective applicability to future experiments, while setting the
field mass to zero has the consequence that the only dimensionful parameter in the prob-
lem is the detector’s proper acceleration a. The detector’s response then becomes identi-
cal to that of a static detector in a static Minkowski heat bath of temperature a/(27) [6],
and all of our results will apply also there.

For the adiabatic scaling, we show that detailed balance at large Eg,;, can be achieved
by letting A grow as a power-law in Eg,p,, provided the Fourier transform of the switching
function has sufficiently strong falloff properties. For the plateau scaling, by contrast,
we show that detailed balance at large Eg,p, requires A to grow faster than any strictly
increasing, differentiable and polynomially bounded function of Fgap,.

We conclude that in order to achieve detailed balance in the Unruh effect within an
interaction time that grows as a power-law of Eg,, when Fg,, is large, it is crucial to
stretch not just the overall duration of the interaction but also the intervals in which
the interaction is switched on and off.

We begin by introducing relevant mathematical notation and analytical preliminaries
in Section 2. The detector model is introduced in Section 3. Section 4 establishes
the precise connection between the KMS condition and detailed balance in the long
interaction limit at fixed energy gap, and shows that this connection cannot hold for fixed
interaction duration in the limit of large energy gap. We also give a technical formulation
of what it means for detailed balance to hold at large energy gap in interaction time
that grows as a power-law in the energy gap. The main results about the Unruh effect in
four spacetime dimensions are obtained in Section 5. Section 6 presents a summary and
brief concluding remarks. Proofs of a number of auxiliary technical results are deferred
to three appendices.



2 Conventions and analytical preliminaries

Our metric signature is mostly plus, and we work in in units in which A = ¢ = 1.

Complex conjugation is denoted by an overline. O(z) denotes a quantity such that

r710(x) is bounded as  — 0, and O () denotes a quantity that falls off faster than

any positive power of z as x — 0. Cj°(R) denotes the space of smooth complex-valued

functions on R with compact support, i.e., vanishing identically outside a bounded set.
The Fourier transform of sufficiently regular f : R — C is defined by

oo
flw) = / ds f(s)e «s. (2.1)
—0oQ

As is well known (see e.g., [26, 27]) the transform of a Schwartz test function f € . (R)
(i.e., a smooth function which, together with its derivatives, decays faster than any
inverse power at infinity) is also of the Schwartz class, while the transform of a smooth
compactly supported function extends to a holomorphic function on the whole complex
plane which obeys Paley—Wiener growth estimates and in particular decays faster than
any inverse power at infinity on the real axis.

It will be important in what follows to be more quantitative about exactly how fast
the transform of a smooth compactly supported test function can decay. On one hand,
it is known that there are nontrivial smooth compactly supported g with transforms
obeying bounds of the form |§(w)| < Ke 7*I* for any 0 < ¢ < 1 and positive constants
K and v — see [28, 29| for constructions and examples. However, the transform of a
nontrivial smooth compactly supported function cannot decay exponentially fast: for if

G(w)| < Ke™ ! (2.2)

for some positive constants v and K, then the Fourier inversion formula permits us to
extend g(s) to a holomorphic function in the strip |[Ims| < v and the fact that g is
compactly supported on the real axis then implies that it vanishes identically. This line
of thought can be developed further: describing an open subset Q C R as modest if
every bounded locally integrable function supported in €2 has a Fourier transform that
is holomorphic in an open strip containing the real axis, one has the following.

Lemma 2.1. If g is smooth and compactly supported, and (2.2) holds except on a modest
set ), then g vanishes identically.

Proof. Let ¢ be the characteristic function of Q. Then F' = ¢g has an inverse Fourier
transform that is holomorphic in some open strip S around the real axis. As ‘(1 -
©(€))g(e)| < Ke el for all € € R, (1 —¢)g has an inverse transform that is holomorphic
in some open strip So around the real axis. Thus, g extends from the real axis to a
holomorphic function in the strip S; N .Se. But since g has compact support on the real
axis, g has to vanish everywhere. O

Turning to distributions, the Fourier transform of a tempered distribution U €
#'(R) is defined so that U(f) = U(f) for any test function f € .#(R) (note that f is a
frequency-domain function here), which implies the Plancherel formula U(g) = 27U (g)
for (time-domain) test functions g.



3 The field-detector model

In this section we specify the field-detector model which the rest of the paper will
analyse. The main point is the expression in (3.2) and (3.3) for the detector’s transition
probability in a first-order perturbation theory treatment.

Our detector is a pointlike quantum system that moves in a Lorentz-signature space-
time on the worldline x(7), a smooth timelike curve parametrised by its proper time 7.
We take the detector to be a two-level system, with the Hilbert space Hp ~ C? spanned
by the orthonormal basis {|0), |1)}, such that Hp|0) = 0|0) and Hp|1) = E|1), where Hp
is the detector’s Hamiltonian with respect to 7 and the constant £ € R is the detector’s
energy gap. For E > 0 we may call |0) the detector’s ground state and |1) the excited
state; for £ < 0 the roles of |0) and |1) are reversed.

The quantum field is a real scalar field ®. When there is no coupling to the detector,
we assume that the field is the free minimally coupled Klein—Gordon field of mass m > 0,
and we assume the Hilbert space He contains Hadamard state vectors [30] and admits
a unitary time-evolution generated by a Hamiltonian. This is in particular the case
when the spacetime is globally hyperbolic and stationary and the Hilbert space is the
Fock space induced by the unique (sufficiently regular) ground or KMS states! in the
m > 0 case (see parts (i,ii,iv) of Theorems 5.1 and 6.2 in [31]). Of course it also holds in
the familiar setting of four-dimensional Minkowski spacetime for m > 0 in the vacuum
representation.

The Hilbert space of the total system is He ® Hp, and the Hamiltonian of the total
system is H = Hp @ lp + 1l ® Hp + Hint, where Hp is the Hamiltonian of the detector,
Hg is the Hamiltonian of ®, and Hj, is the interaction Hamiltonian. We take Hj,; to
be

Hing (1) = ex(1)@(x(1)) @ p(1) , (3.1)

where ¢ € R is a coupling constant, p is the detector’s monopole moment operator
and x € Cj°(R) is a real-valued switching function that specifies how the interaction is
turned on and off. We assume throughout that x is nonvanishing somewhere.

Suppose now that before the interaction starts, the detector is in the state |0) and
® is in some Hadamard state |¢;). After the interaction has ceased, the probablity to
find the detector in the state |1), regardless the final state of ®, is given in first order
perturbation theory by [1, 3, 4, 5]

P = [(1|(0)|0)* F(E) (3.2)
where - ~
F(E) = / dr’' / dr" (7 )x(7") e ET =TI w71 | (3.3)

and W € 2'(RxR) is the pull-back of the Wightman function of ® in the state |¢;) to the
detector’s worldline. F is called the response function of the detector, or the (smeared)
power spectrum of the field’s vacuum noise. As |¢;) is by assumption Hadamard, W is
a well-defined distribution [26, 32] and F(E) is hence well defined pointwise for each E.

!The regularity required is minimal, but the states are then automatically quasifree and Hadamard.



Note that F is real-valued since W(7/, 7"") = W(7”,7'). Equation (3.3) is more formally
written as F(E) = W(X&, xg), where xg(7') = ¢ P7 x(/). In this form it is clear that
F is non-negative because of the positivity property W(f, f) > 0 for all test functions f,
which ultimately arises from the positivity condition on states; here we also use the fact
that y is real-valued.

In summary, the response function F (3.3) encodes how the transition probability
depends on the field’s initial state, the detector’s energy gap, the detector’s trajectory
and the detector’s switch-on and swich-off. The internal structure of the detector and
the overall coupling strength enter only via the constant overall factor in (3.2). We shall
from now on refer to the response function as the probability.

4 Stationary detector in a KMS state

In this section we first give two mathematically precise formulations of the observation
that the transition rate of a stationary detector in a KMS state satisfies the detailed
balance condition provided the detector operates for a long time and the switching
effects are negligible. We then show that the approach to detailed balance in the long
time limit cannot be uniform when the detector’s energy gap increases, under a set of
mild technical conditions on the switching. Finally, we formulate mathematically the
question of how long the interaction needs to last in order for for detailed balance to
hold at a given energy gap when the energy gap is large.

4.1 The KMS condition and detailed balance

We consider a pulled-back two-point function WV that depends on its two arguments
only through their difference,

W' "y =w(' -7, (4.1)

and W will from now on denote the distribution on the right-hand side of (4.1). The
detector’s response is then invariant under translations in y, and is now given by
_ W (|xz?
F(E) = W #xi) = D) (42)
This situation arises whenever the detector’s trajectory and the state of the field are
stationary with respect to the same notion of time translations, such as when they
are both invariant under a Killing vector that is timelike in a neighbourhood of the
trajectory. We refer to such trajectories as stationary. The only time dependence in the
detector’s response comes then from the switching function y.
As W arises from a Wightman two-point function of a state, the distribution W €

2'(R) is of positive type, in the sense thatNW(?* f) > 0 for all test functions f €
C3°(R), where x denotes convolution and f(s) = f(—s). By the Bochner—Schwartz
theorem [27], it follows that W is in fact a tempered distribution, W € .”/(R), and that
its distributional Fourier transform W is a polynomially bounded (positive) measure.
For our purposes, it will be convenient (though in most cases not absolutely necessary)

to assume that W is in fact a continuous and polynomially bounded function, which is



necessarily non-negative. This holds, for example, if WW can be written as the sum of an
absolutely integrable function and a distribution with compact support (for the first has
a continuous transform, vanishing at infinity, while the second has a transform that is
analytic and polynomially bounded on the real axis). The latter is a fairly mild condition:
by general properties of Hadamard states, WW can be decomposed (nonuniquely) as a sum
of a smooth function and a distribution of compact support, provided that no distinct
points on the detector’s worldline can be joined by a null geodesic. The condition that
the smooth part falls off sufficiently to be integrable will be satisfied in the concrete
cases that we study. From mow on, therefore, our standing assumption is that W is
a tempered distribution with a continuous, non-negative, polynomially bounded Fourier
transform. In this case, the detector response can be written

FE) =L /_OO des |R(@)2 W(E + ). (4.3)

The Kubo-Martin-Schwinger (KMS) definition of a thermal Wightman function [8,
9, 10, 33] is adapted to W by the following definition.

Definition 4.1 (KMS condition). Suppose there is a positive constant 5 and a holo-
morphic function W in the strip S = {s € C | —f < Ims < 0} such that

(i) W is the distributional boundary value of W¢ on the real axis;?
(ii) Wc has a distributional boundary value on the line Im s = —if;

(iii) The two boundary values of W¢ are linked by
We(s —i0) = We(—s —i8 +10) (4.4)
in ‘kernel notation’ for s € R;

(iv) For any 0 < a < b < [ there is a polynomial P so that [W(s)| < P(| Res|) for all
s€ S with -b<Ims < —a.

Then we say that W obeys the KMS condition at temperature 1/4.

Definition 4.1 is consistent with the KMS property as defined for the full Wightman
function in [8, 9, 10, 33]. In particular, if a state in Minkowski spacetime is KMS in the
sense of [8, 9, 10, 33|, the W of a static detector is KMS in the sense of Definition 4.1.

We recall next what is meant by detailed balance.

Definition 4.2 (Detailed balance). A function G : R — R that satisfies
G(—w) = "G (w) (4.5)
for a constant 8 > 0 is said to satisfy the detailed balance condition at temperature 1/4.

The connection between KMS and detailed balance is that if W is KMS, its Fourier
transform satisfies detailed balance and vice versa.

2That is, for each 17 € (0, 8), there is a tempered distribution defined by W, (f) = JdsWe(s—in)f(s)
and W, (f) = W(f) as n — 0+ for all f € ' (R).



Proposition 4.3. Under the standing assumptions stated above, W satisfies the KMS
condition at temperature 1/ iff W satisfies the detailed balance condition (4.5) at tem-
perature 1/[3.

Proof. The standing assumptions require that W(w) < P(w) some polynomial P. If
detailed balance holds then, in fact, W(w) < e #*P(—w) for w > 0 and

. > dw iws A7
We(s) = — e W(w) (4.6)
oo 2T
defines a holomorphic function in the strip .S, obeying the growth estimates required
in the KMS condition. By direct calculation using detailed balance, one finds that
We(s —ie) = We(—s —if +1ie) for any s € R and 0 < € < 3, and so the KMS condition
(4.4) holds in the sense of distributional boundary values on taking € — 0+.
Conversely, suppose that the KMS condition holds. For any f € C§°(R), and 0 <
d,e < B/2 then F(s) = We(s)f(s + ie) is holomorphic in S and |F(s)| — 0 faster than
any inverse power as |s| = oo in —f + 6 < Ims < —e. It is thus legitimate to deform
an integration contour to obtain

/ ds We(s — ie)f(s) = / dsWe(s —i8 + 10) A(s —if +ie+1i0). (4.7)
Taking the limit ¢ — 0+ and then § — 0+, using the KMS condition, gives /W(f) =
W(f) = W(fs) = W(fs) where f3(w) = e 7 f(w). Detailed balance follows because f
was arbitrary in C§°(R) and W is continuous by the standing assumptions. O

4.2 Long interaction limit

If the interaction lasts for a long time and the switching effects remain small, (4.3) sug-
gests that F(F) should be approximately proportional to W(E), in which case Propo-
sition 4.3 shows that the detector’s response has approximately detailed balance if W
obeys the KMS condition [1, 3, 4, 5, 6]. We shall present two implementations of a long
time limit in which these expectations do hold in the sense of a long time limit with
fixed FE.

4.2.1 Adiabatic scaling

We first consider the one-parameter family of switching functions

Xa(r) = x(7/A) (4.8)

where x is a fixed switching function and X is a positive parameter. We refer to this
family as the adiabatically scaled switching. The effective duration of the interaction is
A times the width of the support of y, and the long time limit is A — oo.

As A — oo, we may expect the response to diverge proportionally to A because of
the growing duration of the interaction. A more useful quantity is hence 1/X times the



response function, which we denote by Fy, and for which (4.3) and (4.8) give the formula
~ 1 [ N _
AE) = o [ do R@IEWE+o/N . (49)

The long time limit is given by the following proposition. We denote by || - || the L2
norm in L?(R, dw).

Proposition 4.4. For each fized E € R, F\(E) — Foo(E) as A — 0o, where

FulB) = _IRIPW(E) (4.10)

Proof. Let E € R be fixed. By the polynomial bound on ‘W(w) , there then exist
constants A > 0, B > 0 and n € Z, such that for A > 1 we have ‘VV\(E +w/A)| <
A+ B(E+w/N)?* < A+ B(|E| + |w|/MN)?" < A+ B(|E| + |w])®™. As X(w) decays at
w — +oo faster than any inverse power of w, the integrand in (4.9) is hence bounded

for A > 1 by a A-independent integrable function, and the A — oo limit in (4.9) may be
taken under the integral by dominated convergence. O

4.2.2 Plateau scaling

We next consider a one-parameter family of switching functions that take a nonvanishing
constant value over an interval of adjustable duration, but the switch-on interval and the
switch-off intervals have fixed duration. We refer to this family as the plateau switching.

To construct the family, we choose a bump function ¢» € C3°(R), a non-negative
smooth function with the support [0, 7], where the positive constant 7, will be the
duration of the switch-on and switch-off periods. Let 7, be another positive constant,
and define

xa(1) = /T dr’ [w(T’) — (7 — 75 — /\Tp)] , (4.11)

—00

where \ is a positive parameter. As v is smooth, it follows from (4.11) that y) is
smooth. As 1 is non-negative and has support [0, 74|, it follows from (4.11) that x, has
support [0, 275 + A7p], consisting of the switch-on interval [0, 73], the plateau [7s, 75 + A7)
of duration A7y, and the switch-off interval [7, + A7, 275 + A7,]. The long time limit is
A — oo. Note that the long time limit scales only the duration of the plateau but leaves
the durations of the switch-on and switch-off periods fixed.

The useful quantity to consider is again 1/ times the response function, which we
now denote by Fy, and for which (4.3) and (4.11) give the formula

FA(E) = % /OO o L7087y + 7)) |(w)> W(E +w) , (4.12)

2
oo w

using the relation f’(w) = iwf(w) that holds for any f € C§°(R). The long time limit is
given by the following proposition.



Proposition 4.5. For each fized E € R, F\(E) — Foo(E) as A\ — oo, where

v

o~ 2 —_
Foo(E) = 1|1(0)]” W(E) . (4.13)
Remark. As 12(0) # 0 by the assumptions on ¥, Fac (4.13) is not identically vanishing.

Proof. Let E € R be fixed. Writing gr(w) = W(w)!zw\(w + F) and changing the
integration variable in (4.12) by (A7, 4+ 75)w = u, we have

AE = [Can e (2 e () - G

Since ¥ € C§°(R) and ‘W(w)} is polynomially bounded, |gg(w)| is bounded. For A > 1,
the integrand in (4.14) is hence bounded in absolute value by a multiple of the integrable
function (1 — cosu)/u?, and the limit A\ — 0o may be taken under the integral by
dominated convergence, yielding (4.13). d

4.2.3 Detailed balance in the long interaction limit

We may collect the observations in Propositions 4.3, 4.4 and 4.5 into the following
theorem, which establishes the equivalence of detailed balance and the KMS condition
in the long interaction time limit within our switching functions.

Theorem 4.6. Under the standing assumptions on W:

(i) For each fized E € R, ]FOO(E) = limy— o ]?A(E) and Foo(E) = limy_e0 Fa(E)
exist and are proportional to W(E) as given in (4.10) and (4.13);

(ii) Foo and Foo satisfy the detailed balance condition (4.5) iff W satisfies the KMS
condition of Definition 4.1.

4.3 Non-uniformity in E of the long interaction limit

Theorem 4.6 shows that in a KMS state the long time limits of the response functions
Fr(E) and Fy(E) exist and satisfy the detailed balance condition (4.5). The sense of
the long time limit in Theorem 4.6 is A\ — oo with fixed E. We now show that the sense
in which F)(E) and F» approach the detailed balance condition as A increases cannot
be uniform in E.

It is helpful to rewrite the detailed balance condition (4.5) as

8= :)In(Gé(_(:;)> : (4.15)

at w = 0 (4.15) is understood in the limiting sense. This shows that if G is positive
and G(w) is bounded above by a polynomial in w, G(w) can satisfy the detailed balance
condition at |w| — oo only if G(w) is bounded by an exponentially decreasing function
of w at w — 00. The following proposition shows that F (4.3) cannot decrease this fast
under mild technical conditions on W. As Fy (4.9) and Fy (4.12) are obtained from
(4.3) with a specific choice for y, the same holds for Fy and Fy with with any fixed A.
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Proposition 4.7. Suppose that, in addition to the standing assumptions on W, there
exist positive constants b and C such that W(w) > C for —b <w <b. Then F(FE) (4.3)
cannot fall off exponentially fast as E — oo.

Proof. We use proof by contradiction, showing that an exponential falloff of F(E) at
E — oo implies that x is identically vanishing.

As W(w) is positive and polynomially bounded from above, F(E) is well defined for
all E. By the bound on W(w) from below, we have

FB) = 5 [ v |jo - B W)

—00

b —
> oo [ dv R - B)E W)

2 )y

c [t 9
> — dv |x(v — F 4.1
> 50 | @ R=B)F (4.16)

where we have first changed the integration variable by w = v — E, then restricted the
integration range to —b < v < b, and finally used the strictly positive bound below
on W(v).

Suppose now that E > 0, and suppose there are positive constants A and 7 such
that F(E) < Ae "F. From (4.16) we then have

b
/ dv |[X(v — E)|? < A'e™E | (4.17)
—b
where A’ = 2rAC~! > 0. Inserting the factor ¢?¥~%)/2 under the integral in (4.17)
gives
b
/ dv e F0/2 |30 — E)? < A2 e 7B/ (4.18)
—b
Setting in (4.18) E = (2k + 1)b, k = 0,1,..., and summing over k, we obtain
0
/ dwe 2 QW) < oo , (4.19)

and since |X(w)]| is even in w, it follows that

oo
/ dw "2 |1 F(W)|? < o0 . (4.20)
—0o
This implies that ¢"“l/4¥(w) is in L*(R, dw).
Let now
=) = 3w (1 n e’W‘/‘*) , (4.21a)
eizw
P, (w) = e (4.21Db)
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where —v/4 < Imz < 7/4. Both = and ®, are in L?(R, dw). We may hence define in
the strip —v/4 < Im z < /4 the function

x(z) = (2m)"HE, ®,) , (4.22)

where (-,-) denotes the inner product in L?(R,dw). A straightforward computation
shows that x(z) is holomorphic in the strip.

Formulas (4.21) and (4.22) show that x(7) = x(7) for 7 € R. Since x is by as-
sumption compactly supported on R, the holomorphicity of x implies that x vanishes
everywhere. As x is by assumption nonvanishing somewhere, this provides the sought
contradiction. O

4.4 Asymptotic thermality with power-law waiting time

We have seen that while the response of a stationary detector in a KMS state satisfies
detailed balance in the long detection time limit, both with the adiabatic scaling and
the plateau scaling of the detection time, detailed balance with any fixed detection time
will not be satisfied when the detector’s energy gap is sufficiently large. This leads to
the main question of the paper: if we wish detailed balance to hold as the energy gap
increases, how fast does the interaction time need to grow?

This question is motivated by experimental considerations. If the required waiting
time increases (say) exponentially in the energy gap, we may expect experimental testing
of detailed balance to become rapidly impractical at large energies. A waiting time that
increases only as a power of the energy gap is however experimentally more promising
even at large energies.

We formalise a waiting time that increases as a power-law in the following definition.

Definition 4.8. For a stationary detector, let A be a positive parameter that is propor-
tional to the effective duration of the interaction time, and let F) be the corresponding
response function. Suppose there exists a positive function A(F) such that \(E) — oo
as |E| — oo, A(F) is bounded from above by a polynomial, and for all sufficiently large
|E| one has

EB— B (E,\(E)) < ln<];/_\_(/\i;§(_EE))> < EB + B*(E,A(E)) , (4.23)

where J is a positive constant and B* (E, A(E))/E — 0 as a power-law in E as |E| — occ.
We then say that the response is asymptotically thermal at temperature 1/5 with power-
law waiting time.

In Section 5 we shall examine whether asymptotic thermality with power-law wait-
ing time holds for the Unruh effect with our adiabatic scaling (4.8) and plateau scal-
ing (4.11).

5 Unruh effect

In this section we specialise to the Unruh effect for a massless scalar field in four space-
time dimensions. We first show that detailed balance in the long interaction time
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limit holds for fixed energy gap both with our adiabatic scaling (4.8) and plateau scal-
ing (4.11), but detailed balance cannot hold for any fixed interaction time in the limit
of large energy gap. We then show that asymptotic thermality with power-law waiting
time holds for the adiabatic scaling but does not hold for the plateau scaling.

5.1 Long interaction limit at fixed F

We consider four-dimensional Minkowski spacetime, a massless scalar field in the
Minkowski vacuum state, and a detector on the Rindler trajectory of uniform linear
acceleration. In global Minkowski coordinates (t,x,y, z), the trajectory reads

-1

t=a 'sinh(ar), z=a"tcosh(ar), y=wo, z2=20, (5.1)

where the positive constant a is the proper acceleration and gy and zy are constants.
We then have [1, 3, 4, 5]

a2
Wis) = 51—1>I()n+ <_ 1672 sinh? (a(s —i€)/2) > ’ (5.2)

where the limit indicates the boundary value in the sense of Definition 4.1. As is well
known, W (5.2) coincides with what is obtained by starting with the Wightman function
of the quasifree thermal state of temperature a/(27) and pulling it back to a worldline
that is static in the corresponding inertial frame [6].

W (5.2) satisfies the KMS condition of Definition 4.1 with 8 = 27/a. The Fourier
transform of W is given by [1, 3, 5]

= w
W(w) = or(le _1) (5.3)
understood at w = 0 in the limiting sense. It is clear from (5.3) that W satisfies the
detailed balance condition (4.5) with 5 = 27 /a: this had to happen by Proposition 4.3
since W satisfies the standing assumptions introduced in Section 4.

The response of a detector in the long interaction time limit with the adiabatic
scaling (4.8) and the plateau scaling (4.11) is obtained from Theorem 4.6. Faoo(E) and
Foo(E) are hence multiples of W(E), and they satisfy the detailed balance condition in
the Unruh temperature Ty = a/(2m). This is the Unruh effect [1].

However, Fy(E) and Fy(E) cannot satisfy detailed balance at large |E| for any
fixed A. This follows from Proposition 4.7 and the observation that F(E) (4.3) is
bounded from above by a polynomial in E, which we verify in Appendix A.

We shall now examine whether F \(E) and Py (E) approach detailed balance at large
|E| in waiting time that grows as a power-law in E, in the sense of Definition 4.8.
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5.2 Waiting for Unruh with adiabatic scaling
For the switching functions (4.8) with adiabatic scaling, (4.9) and (5.3) give

BB = o | P (e ) - (5.4)

= I[P E
FoolE) = .
n? (@)

(5.5)

Can F A\(E) approach detailed balance at large |E| in waiting time that grows as a
power-law in E?
As a first step, we note that (5.5) and Lemma B.2 in Appendix B give the inequalities

E Fr(—E) E
where
Y [ g Y
B(E,\) =1 (1 + R GaEe | (5.7)

These estimates are not sufficient to establish asymptotic thermality in power-law wait-
ing time: from (5.7) we see that a power-law A(E) implies B(E,A(E))/E — 0 as
E — —o0, but achieving B(E,\(E))/E — 0 as E — oo would require A(E) to grow
exponentially in E. However, in the following definition and theorem we show that there
exists a class of switching functions for which the estimate in (5.7) can be improved and
asymptotic thermality in power-law waiting time achieved.

Definition 5.1. If ¢ € C§°(R) satisfies
[h(w)] < C(B + |w])" exp(—Alw]?) (5.8)

for some constant ¢ € (0,1) and some some positive constants A, B and C, we say that
1) has strong Fourier decay.

Remark. For any g € (0,1), Cg°(R) contains non-negative functions that are not iden-
tically vanishing and have strong Fourier decay with (5.8) [28, 29].

Theorem 5.2. Suppose the switching function x has strong Fourier decay, satisfying
X(@)| < Cx™H(B + |w/k|)" exp(—Alw/r[?) (5.9)

for positive constants A, B, C, r and k and a constant ¢ € (0,1). Then Fa (5.4)
is asymptotically thermal with power-law waiting time, and we may choose A(E) =
(27|E|/a)' TP where p > ¢~ — 1.
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Remark. The constant x has been included in (5.9) for dimensional convenience: x has
the physical dimension of inverse length whereas the other constants are dimensionless.

Proof. By the remarks below (5.7), it suffices to find B~ (E, A(E)) for (4.23) as E — oc.
Let A(E) be as stated in the Theorem, let E > 0, and let

-1
. 2a||>?|’2 or B\ ~(Hp—a)/2
et (B) = . 5.10
g t( ) (271_)3 a ( )
We show in Lemma B.4 in Appendix B that
~ ~ 2k
Fap)(B) < Fol(E) + exp(—27E/a)Gest (E) (5.11)

holds for sufficiently large E. Combining this with the inequality Foo(—E) < F \E) (—F)
from Lemma B.2, and using Foo(E) = eF/T0F (—E), we find that for sufficiently
large FE,

]?)\(E)(_E) E _
Inf =———- — — B (F), 5.12
(FA(E)(E) ) > T (E) (5.12)

where
s — e 2mE/a)G
Buw:m@+@>%1aé£>%wm>
—(1+p—q~1)/

_9 (27;E> v 2 + O((E/a)_(lﬂ’_‘fl)) . (5.13)

Since B~ (F)/E has a power-law falloff at £ — oo, (5.12) provides the sought lower
bound in (4.23). ]

5.3 Waiting for Unruh with plateau scaling
For the switching functions (4.11) with plateau scaling, (4.12) and (5.3) give

o 1 © 1 —cos[()\Tp+Ts)w] ~ 9 E+w
AE) = oy [ a2 ) L G
while (4.13) and (5.3) give
o T 1~ 2 E
(F) = P —_— . 1
Fl) = 2100 (i (5.15)

In the following theorem we provide a sense in which F \(E) cannot approach detailed
balance at large |E| in waiting time that grows as a power-law in E.

Theorem 5.3. Let P : RT — RT be differentiable, strictly increasing and polynomially
bounded, and let P(E) — oo as £ — oo. Then Fp(g))(E) is not asymptotically thermal
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with power-law waiting time in the sense of Definition 4.8.

Proof. Adapting the proof of Lemma B.2, we see that ]:"p(|ED (E) > fm(E) > 0 for all F.
We shall show that Eil]j"p(‘ED(—E) is bounded as E — oo but Eilez’rE/“ﬁpaED(E) is
not bounded as E — oo. From this it follows that eQ’TE/afPUED(E)/fpﬂED(—E) is not

bounded as £ — oo, and ]-v"p(|E|)(E) hence does not have the property of Definition 4.8.
As preparation, we define the function g € C§°(R) by

o(r) = /OO dt (T — 1)b(—1) . (5.16)

—0o0

By the convolution theorem, g(w) = @/D\(w)zz(—w) = |1Z(w)‘2

negative and even and has rapid decrease.
Suppose now E > 0. From (5.14) we have

It follows that g is non-

Fpipy(—E a .
];(fg(/a : - (227r)3 (Tp+ P(E)) H(2rE/a) , (5.17a)
Wﬁ pe)(E) = (22:)3 <7p+ PEE)> I(2rE/a) , (5.17b)
where
o1 [ 1—cosu . au u/(A(é’))—g
H(E) = g/mdu u2 9(27TA(8)> (eu/(A(g))_g _ 1) ’ (5.18a)
. o 1—cos(AE)Q) _[af QL&
1= g [ () (@ ty) - e
and
A(E) = a(2m) [P((a&/(2m))Tp + 7] - (5.19)

In (5.18a) we have changed the integration variable by w = au/(2rA(€)) and in (5.18b)
by w = aQ/(27). Note that A : R™ — R* is differentiable, strictly increasing and
polynomially bounded, and A(€) — oo as € — oo.

By (5.17) and (5.18), it suffices to show that H(E) is bounded as £ — oo and (&)
is unbounded as £ — oo.

Consider H(E) for £ > 0. Symmetrising the integrand in (5.18a), we find

cosuA( au

H(&) = % /_Oodu ! _uz Y 27TA(€)) f(—&u/(A(g)))

1 &0 1—cosu au
d q .2
T e / R g<27rA(€)> ’ (5:20)

—0Q0

where the function f is given by (B.1) in Appendix B. Since the function (1 — cosu)/u>
is integrable, each term in (5.20) is bounded as £ — oo: in the second term this follows
observing that g(w) is bounded, and in the first term this follows using Lemma B.1 and
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observing that w?g(w) is bounded. Hence H (&) is bounded as & — oc.

Consider then I(€) for € > 0. The strategy is to show that if I(£) were bounded
as & — oo, this would imply for g a stronger falloff than the compact support of g
allows [28]. A technical subtlety is that the factor [1 — cos(A(£)2)]/Q? in (5.18b) has
zeroes, and the contributions to I(£) from neighbourhoods of these zeroes will need a
careful estimate from below.

Suppose hence that Inax and Enin are positive constants such that I(€) < Ijax for
all £ > Enin. We shall show that this leads to a contradiction.

To begin, let Je = [—8 —e €2 —5]. Restricting the integral in (5.18b) to the
interval Jg gives the estimate

e ey [ I (o

2e512Q(€) [ af
T EME)(E+eEr2)? ngJgg(zn) ’ (5.21)

where )
Q&) = fnf SmQ((g)Q) 7 (5.22)

and we have used the fact that y/(e? —1) > 1 for y < 0.

Next, let T = {€ € [Emin,0) : Q(E) > e7¢/4}. T is clearly non-empty and un-
bounded from above. For £ € T', (5.21) implies
2m

inf g(“Q> < R(E)e /1, (5.23)

where R(E) = $ImaxA(E)E(E +1)%. For € € T we hence have

g (Eig) < R(E)e/ + 0o < (R(E) + O) e /", (5.24)

where C' = a(27) ! supg+ ‘ﬁ" is a positive constant. Recalling that g is even, we deduce
that for any v € (0,1/4), there exists a positive constant K such that g(af/(27)) <
Ke V€l for |€] € T.

If T comprised all of [Epin, oo), the exponential falloff of g in 7" would now provide a
contradiction with the compact support of g [26, 27]. We shall show that the complement
of T in [Emin,oo), T¢ = {8 € [Emin, ) : Q(E) < e_5/4}, is sufficiently sparse for a
contradiction with the compact support of ¢ still to ensue by Lemma 2.1.

As a first step, we note that Q(€) has the lower bound

>n 2 i 2 .
QE) > Qléli min IA(E)Q + 27k| (5.25)

using (5.22), recalling that 2 < 0 for © € Jg, and using the inequality |sin(6)| > 2|6|/m,
valid for |f] < 7/2. Since |[A(E)(Q+ E)| < A(E) e ¢/2 for Q € Jg, it follows using the
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reverse triangle inequality that

TQ(E)V? > min [A(£)€ — 2mk| — A(€) e €2 (5.26)
€No
From (5.26) and the definition of T" it then follows that if £ € T, there exists a k € Ny
such that |A(£)€ — 27k| < A(E) e €/2 + me=€/8 and hence further that for this &

IANE)E — 27k| < C'e™E/8 | (5.27)

where C = 7 + supg~ o A(E) e 3¢/8 is a positive constant.

We extend the domain of A to include the origin by setting A(0) = limg_04 A(E).
Note that A(0) > 0 by (5.19). Let = : [0,00) — [0,00) be defined by Z(&) = EA(E).
For each k € Ny, let & be the unique solution to Z(&;) = 2wk. (& exists and is unique
because E is strictly increasing, Z(0) = 0, and Z(£) — o0 as € — o0.) If £ € T, we
hence see from (5.27) that there exists a k € Ny such that |2(£) — Z(&)| < C'e ¢/8.
Since Z'(v) > A(0) for v > 0, this implies

c
€ - &l < g5 £, (5.28)
from which we see that £ > & — C’/A(0), and using this in the exponential in (5.28)
gives
(C"/(BA()

1€ — & < We*‘fk/g . (5.29)

Collecting, we see that

T°c | {Se [0,00) : |€— & < (5.30)

CreC /N0 /8} |
keNp

A(0)

This provides for T¢ the sparseness that we need.

Let S consist of the union on the right-hand side of (5.30), together with its re-
flection about the origin, and the interval (—&min, Emin). Lemma C.1 of Appendix C
can now be applied to show that S is a modest set in the sense of Lemma 2.1,
the parameters in Lemma C.1 being chosen so that « = 1/8, g € (0,1/8), and
C = §p = 2C"eC/BMO) /A (0). Since A(E) < D(E +1)N for some D > 0 and N > 0, we
have & + 1 > (2rk/D)Y V41 and the sequence (Ek)pen satisfies the condition (C.1)
in Lemma C.1. The function g then satisfies the conditions of Lemma 2.1, by which g
must be identically vanishing. This contradicts the construction of g.

Hence the pair of constants (Imax,Emin) does not exist: I(€) is not bounded as
E — oo. O

6 Summary and discussion

We have asked how long one needs to wait for the thermality of the Unruh effect to
become manifest in the response of an Unruh-DeWitt particle detector that is coupled
linearly to a scalar field, assuming that the interaction is sufficiently weak for linear
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perturbation theory to be applicable.

We considered two implementations of the long interaction limit: an adiabatic scal-
ing, which stretches the whole profile of the interaction, including the initial switch-on
interval and the final switch-off interval, and a plateau scaling, which leaves the dura-
tions of the switch-on and switch-off intervals unchanged but stretches an intermediate
interval during which the interaction has constant strength.

We first showed that the long interaction limit with either scaling leads to the well-
known thermality results, in the sense of the detailed balance condition, when the de-
tector’s energy gap Egap is fixed. However, we also showed that when the interaction
duration is fixed, detailed balance cannot hold in the limit of large Eg,,. This raised
the question of how long one needs to wait for detailed balance to hold at a given Fg,,
when FEg,;, is large. Our main results addressed this question for a massless scalar field
in four spacetime dimensions, in which case the detector’s response is identical to that
of a static detector in a static heat bath. We showed that detailed balance at large Fgap
can be achieved in interaction time that grows as a power-law of Eg,,, with the adiabatic
scaling but, under mild technical conditions, not with the plateau scaling. The upshot is
that to achieve detailed balance in power-law interaction time, one needs to stretch not
just the overall duration of the interaction but also the intervals in which the interaction
is switched on and off.

Our analysis was motivated in part by experimental considerations: a waiting time
that grows no faster than a power-law in Eg,, would presumably be a physically sensible
requirement in prospective experimental tests of the Unruh effect. However, a deeper
motivation was to develop mathematical insight into what one might mean by thermality
in the detector’s response when the Wightman function is not invariant under time
translations along the detector’s worldline. In such situations the time dependence in the
detector’s response comes not just from the switching function that is specified by hand
but from the genuine time dependence in the quantum field’s state or in the detector’s
motion. Examples are a detector in the spacetime of a collapsing star during the onset
of Hawking radiation [18], a detector that falls into a black hole [18, 34], and a detector
in an expanding cosmology [35]. Our results show that to characterise the response as
approximately thermal over some limited interval of time, perhaps in a time-dependent
local temperature, considering the large energy gap limit will not help. In particular, a
time-dependent temperature defined in an adiabatic regime [36, 37, 38, 39, 40, 41] cannot
remain valid to arbitrarily high energies when the finite duration of the interaction is
accounted for.
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A Polynomial boundedness of Unruh F(F)

In this appendix we verify that F(E) (3.3) is polynomially bounded for the Unruh effect
in the setting of Section 5. This follows by applying to the Unruh effect Wightman
function (5.2) the following proposition.

Proposition A.1. In four spacetime dimensions, suppose

W(s) = lim <_4772(12> +f(s) (A1)

e—0+ s — IE)

where the limit indicates the boundary value in the sense of Definition 4.1 and f is a
smooth function. Then F(E) (3.3) satisfies

F(E) = - 2OCE) / " dr [X(7)]2 + 0°(1/E) (A2)

2m oo
as |E| — oo, where © is the Heaviside step function.

Proof. Starting from equation (3.10) in [16] and proceeding as in Section 2 and Appendix
A of [18], we can write F(E) (3.3) as

52

#(5) = -0 [ ar P+ g [ as ) [ arxon) - xr - o)
+2 /_dex(f) /Ooods x(7 — s) Re [e—iES <W(T, T —5)+ 41771232” . (A3)

In the last term of (A.3), we first use the stationarity condition (4.1) and (A.1) to replace
the parentheses by f(s), and we then interchange the integrals over s and 7. We note
that W(—s) = W(s) implies f(—s) = f(s), the function s — [~ d7 x(7)x(7 — s) is an
even smooth function of compact support, and the function s — 572 f_OOOOdT x(T)[x(1) —
x(T — s)] is an even smooth function with falloff O(s~2) at s — 4co. This allows us to

write

F(B) = -2 [P+ o [ s [ o)) e )

— 00 —00 —0o0

o0 o0

+/ dse 1Es f(s)/ dr x(T)x(t —s) . (A4)
—0o0 —0o0

The third term in (A.4) is the Fourier transform of a smooth compactly supported

function, and hence O*(1/FE) as |E| — oo [26, 27]. The second term is the real part of

the Fourier transform of a smooth function that is a multiple of s~2 outside a compact

interval, and may be shown to be O®(1/E) as |E| — oo by repeated integration by
parts [42]. O
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B Auxiliary results for Theorem 5.2

Lemma B.1. Let f : R?> = R be defined by

. U+t U —v 2u
f(U,U) = cutv _ cu—v _ | - ot _ 1 (Bl)
where the formula is understood in the limiting sense at u = v and uw = —v. Then

0 < f(u,v) <v?%/6.

Proof. A direct computation shows that f is even in each of its arguments. Since
f(u,0) = 0 for all u, it suffices to consider the case v > 0 and v > 0. We then have
f(0,v) = 2[(v/2) coth(v/2) — 1] > 0 and limy o0 f(u,v) = 0, and it may be shown
by an elementary analysis that 9, f(u,v) < 0 for v > 0. This implies 0 < f(u,v) <
f(0,v). Finally, f(0,v) < v?/6 may be verified by an elementary analysis of the sign of
(2 + 3)sinhx — 3z cosh z. O

Lemma B.2. The Unruh effect response function Fr(E) (5.4) and its X — oo limit
Foo(E) (5.5) satisfy Foo(E) < FA(E) < Fool E) + (24ma) A2 wX] 2.

Proof. Since |Y(w)| is even in w, symmetrising the integrands in (5.4) and (5.5) gives

o0

FA(E) — Foo(B) = 2(26;)3 /_ dwo R f(2nEfa, 210/ (M) . (B2)

where f is given by (B.1). By Lemma B.1, 0 < f(2rE/a, 21w/(Aa)) < % (%)2(,‘12, and

a

inserting this in (B.2) completes the proof. O

Lemma B.3. Let h : RT x RT — R be defined by h(u,v) = (u — v)/(coshu — coshv),
where the formula is understood in the limiting sense at uw = v. h is strictly positive,
and it is strictly decreasing in each of its arguments.

Proof. Tt is immediate that h is strictly positive, and h(u,v) = h(v,u). An elementary
analysis shows that d,h(u,v) < 0. O

Lemma B.4. Under the assumptions of Theorem 5.2, with A\(E) = (2rE/a)**P and
Gest (E) given by (5.10), the inequality (5.11) holds for sufficiently large E.

Proof. Let E > 0 and let

6() = "B (F () - Ful)) (B3)

We need to show that G(F) < Gest(E) for sufficiently large E.
Let g : R? = R be defined by

g(u,v) = " f(u,v)

_ u—+v n u—v 2u (B.4)

el —e U eV _eg U ] _—gegu’
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where f was defined in (B.1), and the last formula in (B.4) is understood in the limiting
sense at u = v and w = —v. Symmetrising the integrands in (5.4) and (5.5) as in the
proof of Lemma B.2, we may decompose (B.3) as

G(E)=Gi+Go+Gs (B-5)
where
g1 = (27T)4E/a)/0 dw \)?(w)|2g(27rE/a,27rw/()\a)) , (B.6a)
. a EX ~ 2
Gy = (27r)4E/a)/,{ dw |X(w)] g(27TE/a727rw/()\a)) , (B.6b)
;L = ) Aw 2 T a, 2TwW a C
o= it é o [R@)* 9(27E a,2m0/ (Aa) (B.6c)

and we have denoted \(E) = (2nE/a)'™? by just \. We may assume E to be so large
that EA > k. From Lemma B.1 we then see that Gy, Go and G35 are strictly positive. We
need to bound Gi, G2 and Gz from above.

Gi

Consider G; (B.6a). We write u = 27E/a and v = 27w /a, and note that v < 27k/a and
u > v/u'P since by assumption 0 < w < k and EX > k. In the integrand in (B.6a), we
then have, using (B.4),

u+ v/ultP u—v/ultP 2u

1+p —
g(u,v/u'*?) < 1 —ov Voo —gu [_ou

_ v 1 1

- <u B ul-i-p) e—v/ultP _ o—u o 1—eu
< 1 1

Su e—(2nx/a)/ultP _ o—u o 1 —eu

_ (27mK/a —2(14p)
_u<u1+1’ —l—O(u p)

2rk/a
ub

) (u*@”w) . (B.7)

Using this in (B.6a), and using the evenness of |x(w)|, we find

2(2m)?

G < |(2B/a)"®) 1+ O((B/a) > %11 . (B.8)
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G

Consider Gy (B.6b). Writing again v = 27rE/a and v = 27w/a, we now have 27k/a <
v < u?™P. In the integrand in (B.6b), we have

14py) — v 1 !
g(u, ’U/(U p)) = (U - u1+p> (ev/u1+p — e U B ev/u1+p _ 6”)

1 1
+2u <ev/u1+p o 1o e“>
v e“sinh (v/u'*?)
(u B u“'p) coshu — cosh(v/ul+P)
ue" sinh (v/u'*7)

coshu —1

IN

: (B.9)

where the first inequality comes by observing that the last term preceding the “<” sign
is negative, and the second inequality follows from Lemma B.3. From (B.6b) we hence
have

ae2rE/a

P = 9n) [cosh(2nE/a) — 1

EX
/ dw |X(w)|* sinh (27w /(\a)) (B.10)

Note that the factor in front of the integral in (B.10) is (2a)(27) "> (14 O(e"2mE/a)].
Let wo = (a/2m)(2rE /a)1+P+4 /2 Since p > ¢~ —1 by assumption, it follows that
K < wp < EX for sufficiently large F/, and we now assume F to be this large. We shall
bound separately the contributions to (B.10) from £ < w < wp and from wy < w < EA.
In the contribution from k& < w < wp, we have sinh(2rw/(Xa)) < sinh(27wy/(Aa)),
and hence

/:Odw W(w)’%inh(%w/(}‘a)) < %H)?HzSinh(%wo/()\a))

IR sinh (27 B /a) 1770772
IX|12(2r B Ja)~(OFp=a"1)/2

S A

1
2
1
2

using the evennes of |x(w)|.
In the contribution from wy < w < EX, we use sinh(27w/(Aa)) < 3 exp(27w/(Aa))
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and the strong Fourier decay property (5.9), obtaining

2. 2mw C? w\ 2r [ w\q 27w
< = _ nd
IX(@w)l smh< Aa ) T 2R? <B+ Ii‘,) P I 24 (Fi) + a
C? w\ 2r [ wo\ 9 21 E
< = ot _ =
_2H2<B+/€> exp_ 2A(H) * a }
C? w\zr | a \a (2rE\HR)/2 orp
=_—— (B —2A — -
22 ( + f<;> xp <27m) < a ) + a
(B.12)

Since ¢(1 + p) > 1 by assumption, the exponential factor in (B.12) falls off as E — oo
faster than any power of E, while the integral f‘f)’\ dw [B 4 (w/k)]*" has only power-law
growth in ' as E — oo. Hence the contribution to (B.10) from wy < w < EX falls off
faster than any power as F — oo.

Collecting these estimates, we have

G < Cz!fi‘; <27TE>_(1+p—ql)/2 {1 .\ O((E/a)—(l-i-p—q*l))] | B.13)

o

Consider Gz (B.6c). Writing again v = 27 F/a and v = 27w/a, we now have u?*? < v.
Using the penultimate expression in (B.9) to bound the integrand in (B.6¢), we obtain

e2rk/a o 9 w sinh (27w/(aX))
Gearco) < (2m)3(E/a) / du [X(w) <E B X> cosh(2mE/a) — cosh(27w/(aX))
(B.14)
Since ¢(p + 1) > 1 by assumption, we have 1+ p < ¢(2 + p) + p, and we may choose
s such that 1+ p < s < q(2+ p) +p. Let w1 = E(2nE/a)®. Assuming 27E/a > 1,
we then have FA < w;. In (B.14), we denote the contributions from FA < w < w; and
w1 < w < o by respectively H; and Ho. We shall show that both H; and Ho fall off
faster than any power of F as E — oo.
For H, Lemma B.3 gives

EX

= e "t [ (w) P sinh A B
= on)i(E/a) sinh(2n E/a) /EA w |X(w)|” sinh (27w /(a))) | (B.15)

and for the integrand in (B.15) we may proceed as in (B.12) to obtain

2 . 27w C? wH 2r w\q 27w
< dl _ i
IX(@)] smh( a\ ) — 2k? <B+ /@) exp| —24 (/ﬁ}) * a
C? w\ 2r EXN\? 27w
< = hd _
— 2kr2 <B+/<;) exp[ 2A<I€) + aX ]

_ Cc? (B—|— %)%exp —2A<2ZH)q <27;E><I(2+p) . <27;E>5_p

» @ (B.16)
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Since 1 < s —p < q(2+p), the exponential factor in (B.16) shows that H; falls off faster
than any power of F as E — oo.
For Ho, we have

(E —w/A)sinh(27w/(aX))
cosh(2rE/a) — cosh(2mw/(a)))

/N

w 2w cosh(2mE/a) -
1 E) tanh <a/\> (1 N cosh(27rw/(a)‘)))

w cosh(2rE/a) -
= 2 <1 B cosh(27rw1/(a)\))>
B w L cosh(2nE/a) '\
- (27E/a)ltp cosh((2wE/a)™?)

2w

< @rEja) (B.17)

where the last inequality holds for sufficiently large E because s — p > 1. For E this
large, we hence have

2y, < 2 / " dww %) (B.18)
2= Gm2@nE a2 [, @I '

Since ¢(s + 1) > 1, for sufficiently large E we have A(wi/k)? > 2wE/a. For E
this large, the strong Fourier decay property (5.9) gives for the integrand in (B.18) the
estimate

w|x(W)]? < 0—2 (B + %>2rwexp [—QA (%)q]

K2
< (30 ) wen[-a (2) - a()]
<80 (51 9) wesp[-4(%)'] . (B.19)

From (B.18) and (B.19) we see that # falls off faster than any power of E as E — oc.

Collect

Collecting the power-law estimates (B.8) and (B.13) for G; and Ga, and the faster than
power-law falloff of Gs, we see that the weakest estimate for G(E) is (B.13). Hence

2all¥112 /O E —(1+p—q~1)/2
< 2alXl <7r ) (B.20)

G(E) < @n® \ a

for sufficiently large F.
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C Auxiliary result for Theorem 5.3

Lemma C.1. Let (e}),cy be a strictly positive sequence such that

Z:e_ﬁqC < 00 (C1)
k=1

with 8 > 0 and let 6, = Ce %% for some C > 0 and o > B. Define e_, = —e¢, and
O0p =0_g for k € N, and let

S= J {e:le— el <k} U (=00, d0). (C.2)
keZ\O

If F : R — C is a locally integrable polynomially bounded function with supp(F) C S
then the inverse Fourier transform of F,

FUF(2) = — / T dee = P (o) | (C.3)

~ o 50

is analytic in the strip |Im(2)| < a — B. In particular, S is a modest set in the sense
introduced in Section 2.

Proof. Since F' is polynomially bounded, there exist D > 0 and N > 0 such that
|F(e)] < D(1 + |e|Y). We therefore have the estimates

QW‘fil[F](Z” S/ de |eiEZF(6)‘ < 2D/ d€e|1m(z)||6| (1+ |6|N)
0o 0

< 2D (205)el MMENETR) (1 4 (e + 65) )
k=1

< 4CDZ (1+ (ex + 5I<:)N) ol Im(2)[(ex+0) —aex (C.4)
k=1

From (C.1) it follows that ey — oo as k — oo, and hence 0 — 0 as k — oo. If
|Im(z)| < a — B, for sufficiently large k£ we may hence estimate the terms in (C.4) by
(1 + (Ek + 5k)N) e|1m(z)|(€k+5k)*a€k
— ol M) (1 + (e + 1)N) e~ (a=B—|Im(2)|)ex ,—Bek
< e Pe Pk (C.5)

This shows that F~1[F](2) exists in the strip |Im(2)| < a — 8.
To show that F~![F](z) is analytic in the strip |Im(z)| < a — 3, we may use the
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inequality

ize

i(z+h)e _ e

i( .
c - —iee”| < %]e|e(|Im(Z”th)6 , (C.6)

valid for h € C\ {0}, together with estimates similar to those above, to provide a
dominated convergence argument that justifies differentiating (C.3) under the integral
sign, with the outcome

LFR) = / dece™F(o). (C7)

:% .

O]
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