. eprints@whiterose.ac.uk
Whlte Rose https://eprints.whiterose.ac.uk

N
(@) Rresearch onii
N’ esearc niine Universities of Leeds, Sheffield and York

Deposited via The University of York.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/id/eprint/218210/

Version: Published Version

Article:

Kay, Bernard S., Juarez-Aubry, Benito A., Sudarsky, Daniel et al. (2024) The Hadamard
condition on a Cauchy surface and the renormalized stress-energy tensor. Journal of
Cosmology and Astroparticle Physics. ISSN: 1475-7516

https://doi.org/10.1088/1475-7516/2024/10/002

Reuse

This article is distributed under the terms of the Creative Commons Attribution (CC BY) licence. This licence
allows you to distribute, remix, tweak, and build upon the work, even commercially, as long as you credit the
authors for the original work. More information and the full terms of the licence here:
https://creativecommons.org/licenses/

Takedown

If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

ﬁ 32, | University of P UNIVERSITY

UNIVERSITY OF LEEDS %~ Sheffield NS W



mailto:eprints@whiterose.ac.uk
https://doi.org/10.1088/1475-7516/2024/10/002
https://eprints.whiterose.ac.uk/id/eprint/218210/
https://eprints.whiterose.ac.uk/

Journal of Cosmology and
Astroparticle Physics

SISSA

PAPER - OPEN ACCESS

The Hadamard condition on a Cauchy surface
and the renormalized stress-energy tensor

To cite this article: Benito A. Juarez-Aubry et al JCAP10(2024)002

View the article online for updates and enhancements.

You may also like

- Multiscale Simulation for Effects of the Li*

Addition at the Initial Stage of Zn

Electrodeposition Processes
Yusuke Onabuta, Songyi Wang, Masahiro

Kunimoto et al.

- Real Time Nanoscale Cleaning

Phenomenon Observation During
Enforcing MHz Wave By Evanescent Field

Yutaka Terayama, Panart
Khajornrungruang, Keisuke Suzuki et al.

- The Earth radiation balance as driver of

the global hydrological cycle
Martin Wild and Beate Liepert

This content was downloaded from IP address 144.32.241.128 on 10/10/2024 at 10:37


https://doi.org/10.1088/1475-7516/2024/10/002
https://iopscience.iop.org/article/10.1149/MA2020-02181537mtgabs
https://iopscience.iop.org/article/10.1149/MA2020-02181537mtgabs
https://iopscience.iop.org/article/10.1149/MA2020-02181537mtgabs
https://iopscience.iop.org/article/10.1149/MA2022-01281243mtgabs
https://iopscience.iop.org/article/10.1149/MA2022-01281243mtgabs
https://iopscience.iop.org/article/10.1149/MA2022-01281243mtgabs
https://iopscience.iop.org/article/10.1088/1748-9326/5/2/025203
https://iopscience.iop.org/article/10.1088/1748-9326/5/2/025203

ournal of €osmology and Astroparticle Physics

An IOP and SISSA journal

RECEIVED: July 8, 202/
ACCEPTED: August 27, 202/
PUBLISHED: October 1, 2024

The Hadamard condition on a Cauchy surface
and the renormalized stress-energy tensor

Benito A. Juarez-Aubry ©,%" Bernard S. Kay®,’ Tonatiuh Miramontes ¢
and Daniel Sudarsky ®¢

@ Departamento de Gravitacion y Teoria de Campos, Instituto de Ciencias Nucleares,
Universidad Nacional Auténoma de Mézico,

A. Postal 70-5483, Mezico City 045010, Mezxico

bDepartment of Mathematics, University of York,
York YO10 5DD, U.K.

¢Departamento de Ciencias, Instituto Tecnolégico y de Estudios Superiores de Monterrey,
Campus Santa Fe, Av. Carlos Lazo 100, Santa Fe, La Loma,

Alvaro Obregén, Mezico City 01389, Mezico

E-mail: benito. juarezaubry@york.ac.uk, bernard.kay@york.ac.uk,
tonatiuhmiramontes@tec.mx, sudarsky@nucleares.unam.mx

ABSTRACT: Given a Cauchy surface in a curved spacetime and a suitably defined quantum
state on the CCR algebra of the Klein-Gordon quantum field on that surface, we show, by
expanding the squared spacetime geodesic distance and the ‘U’ and ‘V’ Hadamard coefficients
(and suitable derivatives thereof) in sufficiently accurate covariant Taylor expansions on the
surface that the renormalized expectation value of the quantum stress-energy tensor on the
surface is determined by the geometry of the surface and the first 4 time derivatives of the
metric off the surface, in addition to the Cauchy data for the field’s two-point function. This
result has been anticipated in and is motivated by a previous investigation by the authors
on the initial value problem in semiclassical gravity, for which the geometric initial data
corresponds, a priori, to the spatial metric on the surface and up to 3 time derivatives off
the surface, but where it was argued that the fourth derivative can be obtained with aid
of the field equations on the initial surface.
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1 Introduction

Semiclassical gravity is a useful approximate theory which describes a regime lying between
that where classical general relativity provides a good effective description, and that where
a full quantum gravity theory becomes necessary. In this classical-quantum mixed theory,
matter fields are treated as quantum fields that gravitate via the expectation value of their
stress-energy tensor, sourcing geometry in the semiclassical Einstein field equations. It is
expected that this theory accurately describes regimes in which gravity and quantum effects
are important, but for which scales of energy densities or curvatures are far removed from
the Planck scale.!

In recent years, substantial mathematical advances have been made in order to understand
the structural properties of semiclassical gravity, especially in symmetry-reduced situations
or by studying simpler semiclassical models [3-21]. We highlight [13], in which the authors

1Often one adds the caveat that for semiclassical gravity to be reliable, the quantum uncertainties in the
energy momentum tensor ought to be small [1], however, when trying to make such a statement precise, serious
obstacles are encountered. For instance, the case of the Minkowski vacuum illustrates the fact that requiring
the uncertainties to be small in comparison with the corresponding expectation values, does not seem to be a
universally desirable criterion. We therefore make no further comments in this direction.



of this paper have put forth a number of conjectures on the well-posedness of the full (non-
symmetry-reduced problem) in the case that matter is modelled by a scalar field satisfying
the covariant Klein-Gordon equation.

Central to our conjectures in [13] is the surface Hadamard condition. This condition
characterizes the Hadamard property of a quantum state in terms of its behavior on an
initial surface. It is worth emphasizing here, this condition is a “semiclassical gravity” notion
and not a “quantum field theory in curved spacetime” notion. (The precise definition is
given in [13] and depends on a prior notion of “preliminary surface Hadamard” which is a
quantum field theory in curved spacetime notion but which will not be particularly relevant
to the developments in this paper.)

But suffice it here to say that a state defined on the CCR algebra of a Riemannian
3-manifold, (C, hyy) together with three further (classical) symmetric two-tensors on that
manifold will satisfy the surface Hadamard condition if the 3-metric, hy, and those three
further symmetric tensors may be regarded as the restrictions to an initial surface of the metric
of a solution to the semiclassical Einstein equations and also of the first 3 time-derivatives
of the metric off that surface, while the state may be identified with the state in which the
expectation value is taken on the right hand side of those equations.

One of the main conjectures in [13] is then (roughly) that for an initial such state and an
initial such set of classical initial data that together satisfy the surface Hadamard condition,
one can obtain a unique Hadamard solution to semiclassical gravity with that data. Note
that the surface Hadamard condition subsumes the usual constraint equations of semiclassical
gravity, since data that satisfies it must constitute bona fide initial data.

It turns out that this surface Hadamard condition involves a tower of further constraints
on the initial data. A priori, this tower is infinite but presumably finite cut-offs of the tower
will yield states (cf. [13], footnote 5) whose 2-point functions differ from those of Hadamard
states by continuous functions with finitely-many continuous derivatives. In any case, the
minimal expectation is that reasonable initial data should be sufficiently close to being
Hadamard, such that the expectation value of the renormalized stress-energy tensor on the
initial value surface can be defined. Let us note, in passing, that this is a minimal requirement
in order even for the usual constraint equations to make sense.

The purpose of the present paper is to address the question of how much geometric data
is required on an initial surface in order to renormalize the stress-energy tensor intrinsic to
that initial surface. While the context for the “surface Hadamard” notion and for the initial
value conjectures in [13] is semi-classical gravity and not quantum field theory in curved
spacetime, this specific question can be analyzed in a fixed curved spacetime context and
that is what we aim to do in this paper, taking the initial surface to be a Cauchy surface,
C, in a given fixed spacetime. We will discuss where the results of the present paper feed
into those in [13] in section 4 below.

What makes this question especially difficult is that the Hadamard form for the two-point
function involves the (square of the) geodesic distance between two points and even when
both those points are in a given initial surface, this depends, in general, on the geometry
off the surface since the spacetime geodesics connecting two points in the surface will, in
general, leave the surface.



This paper analyses this issue in detail and explores a path to deal with it, generating a
recipe that yields the renormalized expectation value of the stress-energy tensor on C in terms
of the intrinsic geometry of C and a choice of initial state on the CCR algebra on C. This
“surface-defined” stress-energy tensor coincides with the restriction of the covariantly-defined
a la Hadamard stress-energy tensor in the spacetime to the surface C. The strategy will be to
obtain asymptotic expansions of the spacetime covariant quantities in the definition of the
Hadamard condition (the spacetime geodesic distance, and the Hadamard coefficients) in terms
of the spatial geodesic distance, the induced metric, hyyp, extrinsic curvature, Ko, = (1/2)£hgp,
and derivatives of the extrinsic curvature off the surface, up to a sufficiently high order, so
that the spacetime Hadamard expresion is approximated well enough to yield the correct
value of the stress-energy tensor on the surface.

The paper is organized as follows: section 2 briefly reviews the elements of the renor-
malization for the stress-energy tensor of the Klein-Gordon field in curved spacetimes using
Hadamard subtraction, and also serves the purpose of introducing the notation for the paper.
In section 3 we study how the Hadamard condition can be characterized on a Cauchy surface
in terms of intrinsic geometric quantitites on the surface, namely its induced metric, hgp, its
extrinsic curvature, K, and the bi-function, o, which is defined to be half the square of the
geodesic distance intrinsic to the surface between pairs of points in the surface, together with
suitable derivatives of all these geometric quantities both in the surface and normal to it.
We study 3-dimensional covariant Taylor expansions in terms of ¢ and its derivatives in the
surface, of the Hadamard coefficients U and V' and of half the squared spacetime geodesic
distance, 3, between pairs of points in the surface, to a desirable order of approximation that
is sufficiently good so that the expectation value of the renormalized stress-energy tensor
can be defined on the surface.

To achieve this, in section 3.1 we define a general notion of order-n approximation for
bi-scalars and show that if the approximation order for 3, U and V are 6, 4 and 2, respectively,
then the renormalized stress-energy tensor computed using those approximations is exact.
Then, in section 3.2 we present approximations that satisfy the conditions from section 3.1.
Namely, we first provide covariant Taylor series expansions for U and V in terms of ¥ and
its derivatives. Subsequently, we present a Taylor expansion for ¥ and its first two normal
derivatives in terms of o and its derivatives in the surface, yielding effectively expansions
for U, V (as well as ¥) in terms of o (and its derivatives). We compute these expansions
in sections 3.3 and 3.4. We remark that the results for the derivatives of ¥ presented
here fill an important gap in the arguments given in our previous paper [13] which makes
conjectures about the well-posedness of the initial value problem in semiclassical gravity (with
a Klein-Gordon field) for initial states satisfying the surface Hadamard condition. The results
that we find confirm that the minimal geometric data required to define the expectation
value of the renormalised stress-energy tensor on an initial Cauchy surface are the induced
metric on the surface and its first four derivatives off the surface as anticipated in [13]. In
section 4 we give more details on how those results feed into the arguments in [13]. In
section 5 we discuss these results and relate them with the general programme of semiclassical
gravity presented in [13]. Some technical details and a brief review of the 3 + 1 formalism
we employ are included in the appendix.



We will be limiting our considerations to a globally hyperbolic spacetime (M, g43) foliated
by Cauchy surfaces Cr. We use abstract index notation for indices g, and follow the
conventions of [22]. We will also make extensive use of Synge’s coincidence-limit notation,
whereby the coincidence limit of a bi-scalar A is expressed as

[A](x) = Xl/iLnXA(X,X'). (1.1)

2 The expectation value of the stress-energy tensor

The classical stress-energy tensor, Ty, plays an essential role in General Relativity, repre-
senting the effects of matter on the spacetime metric that characterizes the gravitational
field. Tt acts as the source in Einstein’s equation,

1
Ryp — iRg“b — Agap = 87GT . (2.1)

In semiclassical gravity, one replaces the right hand side of eq. (2.1) by the expectation value
of the quantum stress-energy tensor of matter fields evaluated in a suitable quantum state,
w, which we denote by w(T};), and could, e.g., arise, when the quantum field is represented
on a Hilbert space, H, as <¢|Tabw> for some vector 1 in H, or as tr(ﬁfab) for some density
operator, p, on H. This results in the semiclassical Einstein equation,

1
Ry — §Rgab - Agab = SWGW(Tab)' (22)

An important technical aspect one must face is that in order to make sense of w(Ty)
(and therefore of eq. (2.2)) it is necessary to perform a renormalization procedure, since a
naive evaluation of the expectation value of a stress-energy observable involves expectation
values of products of operator-valued distributions at the same point and these are infinite or
ill-defined. In the present paper we shall confine our attention to a matter model consisting
of a single real scalar field obeying the covariant Klein-Gordon equation

("VaVy —m® —£R) = 0, (2.3)

where m is the field mass and £ a curvature coupling constant and, for this, we shall use the
Hadamard renormalization procedure. First we define the notion of a Hadamard state w.
This is characterized by a local condition on its two-point function G*(x,x’) = w(d(x)d(x'))
(see [23] for more details). Namely, in a convex normal neighbourhood the two-point function
G* is the sum of a smooth term, W € C®°(M x M), and a bi-distribution, H® : C$*(M x
M) — C, whose singular structure coincides with that of a locally constructed Hadamard
parametrix of the Klein-Gordon operator. More specifically, the Wightman function of a
Hadamard state admits the local representation

w(d(x)o(x) = H (x,x') + W(x,x'), (2.4)

where H'(x,x’) has the form

1 U(x,x)
H(x,x) = lim — :
(e,x) = Hm o (Z(X,x’)+2i€(T(X) —T(x)) + e

S(x,x') + 2ie(T(x) — T(x')) + 62> ) |

(2.5)

+ V(x,x') log < 7



where T is an arbitrary time function, X (x,x’) is half the squared geodesic (spacetime)
distance from x to x’, U and V are smooth, symmetric bi-scalar functions, which are non-
vanishing in the coincidence limit, and ¢ is a constant introduced for dimensional reasons that
can be interpreted as a renormalization parameter. It has been shown that the Hadamard
property ensures that the state satisfies a generalized positive-energy condition known as
the micro-local spectrum condition [24].

The bi-scalar functions U and V are determined by the so-called Hadamard recursion
relations (see e.g. [25]) as asymptotic series in X, and are independent of the details of the
state. It can be shown [27] that U(x,x’') = AY?(x,x’), where

~ det(—V,VyE(x,X))
—g9(x)v—9(x')

Ax,x) = , (2.6)
is the van Vleck-Morette determinant, with (un)primed derivative indices in (2.6) acting in
the (first) argument, and here g is the determinant of the spacetime metric.

Therefore, in the context of quantum field theory on a fixed curved spacetime, the singular
structure for these states is known in terms of the spacetime metric, the mass and curvature-
coupling parameters of the quantum field, allowing one to construct and directly subtract H*
in order to obtain the renormalized quadratic quantities in the stress-energy tensor.

The expectation value of the renormalized stress-energy tensor is then (here we use the
formalism of [25] which is technically different from the earlier formalism of [28].)

w(Tup()) = lim (%b (G (x,x) = HY (x,%)] = 1gabV1(x,X/)> +Ou(x),  (27)

—X 81

where Z,;, is given by
, 1 ’ 1
Tap = (1=26)9y" VoV + (25 -~ 2) Gabg™* VeVar = S gaym”
I / ].
+ 2&[ — Ya “ 9b b va’vb’ + gabQCdvcvd + 2Gab:| y (28)

with ga“/ the parallel-transport propagator [27]. Further, V; is the second term in the
Hadamard (asymptotic) expansion

Vi(x,x') = Z Vi (x,x") 2" (%, %), (2.9)
n=0

and in the limit equals

1 1 1 1 1
: n _ -4 - _ 2p & _ =
)}}_mh(vl(x,x)_gm —|—4<£ 6>mR 54 <§ 5> OR

1 1\? 1 1
~(¢—=) R*— o= RapR™ + - Rapea R™. 2.10
T3 (5 6) 720" b T gg tabed (2.10)

The term O is a local ambiguity of the form am*gq, + fm?Gep + YHy, with Hgy, a linear
combination of terms coming from the scalar actions (cf. [2], section 6.2) with quadratic
curvature Lagrangian functions? L; = R? and Ly = R4, R™. Absorbing the o and 3

2A term coming from the Lagrangian Lz = RapcaR*? is not linearly independent by the Gauss-Bonnet
formula.



coefficients by suitable renormalizations of the cosmological and Newton constants, we
can write

1
O = (2(11 + OéQ)VQVbR — § (40[1 + ag) ORgep — a2ldR g
(6% (6%
+ = R Redgap + = R*gab — 201 RRap, — 200R™ Reaa, (2.11)

where a1 and as are dimensionless, arbitrary parameters,which to the best of our knowledge
are not yet fixed by experiments. Note that if we chose the values of a; and g to get rid
of the fourth order terms in the semiclassical Einstein equations at a fixed renormalisation
scale, £, any change of scale, / — /¢, in the Hadamard renormalisation prescription will
yield a term of the general form of .

Let us note that, if the spacetime metric is already given, the only input required from
quantum theory to compute w(T,) up to a local, geometric term, is G (x,x’) and its first two
derivatives. In particular, if one is restricted to a Cauchy surface C, and Gaussian coordinates
adapted to it such that the normal direction is parallel to the coordinate vector (9;)%, this
translates into the need to have been given initial data for the field in terms of the bi-scalar
functions G*(x,x’), 9:G*(x,x'), Oy GT(x,x') and 9,0y G (x,x’), defined on C.

3 The Hadamard condition on an initial surface

In this section we construct a sufficiently precise approximation of the Hadamard condition
on an initial Cauchy surface, so that we are able to define the expectation value of the
renormalized stress-energy tensor on the surface in terms of initial data. The strategy is to
obtain suitable approximations of the geodesic distance and the Hadamard coefficients in terms
of intrinsic objects defined on the initial surface viewed as a Riemannian manifold, namely in
terms of the initial Riemannian metric tensor on the surface, the surface geodesic distance
(which differs from the spacetime geodesic distance in general), together with the extrinsic
curvature and higher order derivatives of the metric off the surface. This allows one to obtain
a suitable bi-distribution on the initial surface that coincides sufficiently well with the induced
Hadamard bi-distribution on the surface, and that can be used for renormalization purposes.

The main result of the section is stated below in Theorem 2, which provides the sought
after definition of the expectation value of the renormalized stress-energy in terms of certain
bi-scalars 3, U and V together with bi-scalars corresponding to their derivatives off the
surface. We then proceed to explicitly construct these bi-scalars in terms of the intrinsic
surface quantities in the subsequent subsections. These results put together achieve the
goal of the section.

Furthermore, these results will help us build a bridge between the construction presented
in this paper and the notion of the surface Hadamard condition introduced in our previous
work [13]. See the remarks before conjecture 1 in section 4.

3.1 Estimates for approximate initial data

The Hadamard coefficients and half the squared geodesic distance X(x,x’) in a background
spacetime can be computed in a convex normal neighbourhood, in principle, if we are given
the full metric description of that spacetime.



However, it is necessary to analyse explicitly how many time derivatives of the metric
given on a Cauchy surface C need to be known in order to compute the two-point function
of the field and its time-derivatives off the surface to a sufficient degree of accuracy that
the stress-energy tensor on C can be calculated.

Our approach will be to derive a covariant Taylor expansion of the spacetime half squared
geodesic distance, 3(x,x’), in terms of the half-squared geodesic distance, o(x,x’), intrinsic
to the surface C (viewed as a 3-dimensional Riemannian manifold in its own right) and its
derivatives in the surface, and then to use this to compute Taylor series for the Hadamard
coefficients, in terms of their complete 3 + 1 projections, so that every object appearing
in the resulting prescription, is given explicitly in terms of the metric and its derivatives
on the initial surface C.

But first, it is necessary to estimate how good such approximations need to be in order
to compute w(Ty(x)) at C. That is, we propose that instead of U(x,x’), V(x,x') and 3(x,x’),
we construct corresponding approzimate bi-scalar functions U(x,x’), V(x,x') and %(x,x’)
to create an approximate Hadamard singular parametrix such that substracting it from
the two point function at the surface yields a bi-scalar function regular enough to compute
a renormalized expectation value of the stress-energy tensor at the initial surface by the
prescription (2.7) with the Hadamard part substituted by its approximation.

Let us first define the general notion of an approximation for a bi-scalar function:

Definition 1. Let A € C™(M x M) a bi-scalar function, where m € N. We say B € C™(M x
M) is an order-n split-point approximation (we will often omit the “split-point” conditional
and simply say “an order-n approximation”) of A, with n < m, if and only if for every k € Ny,
0<k<n,

lim Vg, ...V B(x,x') = lim V,, ... V4 A(x,X). (3.1)

x/—x x/—x

If such order-n approximation can be identified as a truncated covariant Taylor series of
A of the form

b 1 202k

0
B(x,x') = Ax) + A (x)VpX(x,¥) + QA (xX)Vp, 2(x,x" )V, 2(x, %) + . ..
br.b1

1n
+ EA (x)Vp, B(x,%x) ... Vi, B(x, %), (3.2)
we refer to it as an order-n covariant Taylor truncation of A.

As usual, we can obtain expressions for the coefficients of the Taylor expanison by taking
into account the fundamental equation satisfied by 3(x,x’) [27],

g (Vo) (V) = 2%, (3.3)

which lead to the vanishing of the coincidence limits for ¥, V,¥ and V,V,V. X, and the
nonvanishing limit (see appendix A)

lim V,VpX(x, %) = gap(x). (3.4)
x/'—=x



Then, the first coefficients of the Taylor expansion above are

ASI(X) = lim A(x,x), (3.5a)

x/—x

1 0
A(x) = (lim vaA(x,x’)) VL A(), (3.5b)

x/—x

2 0 1
Ay (x) = (1;m Vo va0A> (%) = Var Vag A(x) — 2V 4, Auy) (). (3.5¢)

X' —X
3 0 1
Adgzayag(x) = (Xl/iinx v(Cb2valvao)A> (x) — v(leval vao)A(X) - 3V(a2va1Aao)(X)

2
— 3V (ay Agyag) (). (3.5d)

To recapitulate our objective in terms of the definitions we have just introduced, we
want to determine the general order of approximation for (x,x’), U(x,x’) and V(x,x’) that
permits to construct an approximate Hadamard parametrix good enough for computing the
exact renormalized stress-energy tensor on the surface by the prescription (2.7).

Consider the result in [25] for the limit of (2.7),

(T(5)) = gz (= o+ 51 = 200V Vil + 0 (€ = ) O+ €0 — 0111 + O
(3.6)

0 2 . . .
where w and wgy, are the corresponding terms for the covariant Taylor expansion

W(x,x) = 9(x) + 1 (Va0 x) + 0 (VX X)VeS(x,5) + O(¥2),  (3.7)

with
W(x,x') = G$(X,X/) — H'(x,x'). (3.8)

As we have already anticipated, our approach will be to propose approximations for
the coefficients U(x,x’) and V(x,x’) of the Hadamard term (2.5) as well as half the squared
geodesic distance X(x,x’), and we will show that there is a sufficient condition on the order
of approximation for each of these objects so that the Hadamard property is approximated
sufficiently well that the renormalization procedure using it will give the exact stress-energy
tensor. We begin by proving the following

Theorem 1. Let x and x' be points contained in a convexr normal neighborhood D C M,
where the Hadamard singular part is given by (2.5) and half the square geodesic distance
Y(x,x') as well as the Hadamard coefficients U(x,x"), V(x,x') are well defined, and let
Y(x,x'), U(x,x') and V(x,x') be corresponding approzimations of order ny, > 6, ny > 4 and
ny > 2, respectively. Then,

Vv, (H — 8Y)] =0, (3.9)
with ~ ~



Proof. Let us consider a coordinate chart {z#} on M so that we deal with coordinate

components, i.e.,

By = V,V, (H — #).

Define the following bi-scalars,

(3.11)

(3.12a)
(3.12b)
(3.12¢)

that represent a measure of the error corresponding to each approximate function. Then, by

construction, all up to (including) the second derivative of V(x,x’), the fourth derivative

of Y§(x,x') and the sixth derivative of *§(x,x’) will vanish in the coincidence limit. To

explicitly implement these properties, we invert the definitions (3.12) so that we make the

substitutions

in (3.11), obtaining

(3.13a)
(3.13b)
(3.13¢)

Eu = Eu + <log (W) —log (ﬁ)) V.V, V —log (W) V.V, (V4), (3.14)

where

Ew = {(25)3( —2AY2y,3V,% - ¥3(V,V,AY2 £V, 5V, V + V,2V,V + VV,V, %)

+ 2V, IV, AV 4 AV, 9,5 4 V,5(V,AY2 4 VY,E)))

+3(%0)* (Z(Vu Vo (V0) + Vo (B0 (ViV = Vu(V8)) + Vu(P8)(VoV = V(V8)

+ V2V (V) +2V, V) + V,2(V,u(V6) + 2V, V)

+ (V= (YONVuVu(E8) + (V) +2V)V,V, 2 + 2V, V,Al/2)
—3%(V, 2V, AY2 L AY2Y V% + V,5(V,AY2 1 VV,5))

+6A2V,3V,%)

+22(%6) (= 222V, (P0)(VuV = Vu(V9) + 29,(%6)(V, V = V,(V9)

+2V,.V,(Y8) +2(V — (V6))V,.V,(¥9)
+ V22V, (V) + V, V) + V, 22V, (V) + V. V)
+(2(V0) + V)V, V.2 + V.V, A2

+ 2(Vu(F6)(V,AY2 =V, (Y8)) + (AY2 — (Y8))V,V,(F6)
+ Vo (Z0)(=Vu(Y8) + (V) = V)(Vu(P6) = V,uE) + V,A2)



+ VL E(Vu(Y8) 4+ (V= (Yo)Vu(F0) + (V) +2V)V,. 2 + 2V,AL/2)
+V,.2(V,(Y6) +2V,AY2) + ((Y5) + 2AY%)V,V, %)
- 6A27,3V,%)
+33(2((V8) = AV, (F0)(V.(¥5) - V., 3)
+2V, (A2 = (Y8)) V. (%8) + (Y6) V., %)
S(Vu(P0)(Vo (V) =V, AY2) + ((Y6) - AW)VV( 9)
+VV( ) (Vu(Y8) = ((V6) = V)(Vu(P0) = V,,5) — v, A1)
— VB (Vu(Y8) + (V= (Vo) V(™ )+(V5)V %)
-V, (Y)V,E— (Y§V,V,5)
+ 22V, V(Y8 + Vo (Z8) (V. V =V (V) + V(2 (V. V =V, (V)
+ (V= (VO)VuVu(¥0) + Vo (V)V,E + Vu(V6)V,E

+ (Va)vuvyz))}/ {23(25 - 2)3}. (3.15)

Note that &, is already arranged so that both numerator and denominator vanishes in the
coincidence limit. Assume we take this limit to be along a trajectory with tangent vector £%.
Let us introduce the notation

£f(x) =€V, (" Va, (.. £V, f(x)...)), (3.16)

for the n' directional derivative along the vector field €. Then we can successively use
L’Hopital rule with derivatives V¢ on &, to obtain, at the eleventh stage,

1
Ew] = — 90{ (VS 28)(g — 66,8) + 24€(,[V2V,) Z6] — 15[VEV,,V, ¥4
—15[V¢ V6](gu — 4€4&0) — 1206, [VEV,) Y] + 90[VEV V), V4]

+90[VZ Vo)(gu — 26u80) + 3608, VeV, ¥ ol}, (3.17)

which vanishes in the coincidence limit, given that the numerator comprises terms multiplying
limits of derivatives of d’s of order ny > 6, ny > 4 and ny > 2. Note that this limit is
unique and trajectory-independent given that it vanishes for all £€* thanks to the order of
approximation of ¥, U and V.

Putting together the logarithmic terms in (3.14) that multiply V,V,V, we have

llog (E_E(Z‘S)> vuvyv] = log QE_E(E(S)D V,.V,V]=0, (3.18)

by direct application of L’Ho6pital rule to the argument of the logarithm. The remaining
logarithmic term in (3.14) vanishes given that [V, V, (" §)] vanishes for ny > 2. Therefore,

[Ew] = 0. (3.19)

O]
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Corollary 1. Let x,x' € D C M, X(x,X), U(x,x’), V(x,x') and H' as in Theorem 1, and

Wi(x,x) = G;Z(X,X/) — ﬁé(x,xl), (3.20)

then,
W(x) = [W](x), (3.21a)
Dap(x) = [V VW] (x), (3.21b)

where t%(X) and i%ab(x) are the zero and second order Taylor coefficients of the reqular part of
the Wightman two point function, cf. (3.8) and (3.7).

Proof. Consider the difference

W(x x') =

=
“><\
T i

(x,x’) — Gl (x,x) + ﬁe(x, x')

Putting this in terms of (*§), (Y4) and (V§) by means of (3.13), we have

_ 1 (U= (Y9))E-UE- (%)) 2 - (%) 2 - (¥9)
W6_2(27r)< S5 = (%) +V10g< 5 >_(V5)10g< 72 ()))
3.22

In the coincidence limit, the logarithmic terms vanish just like in Theorem 1, while the

quotient term requires to apply L’Hopital rule four times to obtain

1 (6[V§U5] - [vg25]>

)= 2(27)? —6

=0. (3.23)
Therefore, for x € D,
[W](x) = w(x). (3.24)
Now consider

Vo VW (x,x') — VaVbW(X,x/) =V.Vyp (FIE(X,X/) — H£<X,X,>) .

Then, by Theorem 1, in the coincidence limit for all x’ € D,

thap(x) — [Va Ve W](x) = 0, (3.25)

where it follows (3.21b). O
With these results at hand, it is straightforward to prove the following

Corollary 2. Let x and x' be points contained in a conver normal neighborhood D C M, and
Y(x,x'), U(x,x') and V(x,x') be corresponding approzimations of order ny, > 6, ny > 4 and
ny > 2 for half the squared geodesic distance X(x,x’) and the Hadamard coefficients U(x,x’)

— 11 -



and V (x,x), respectively. Let H!(x,x") and W (x,x') biscalars given by (3.10) and (3.20),
respectively. Then, the renormalized stress-energy tensor in D is exactly given by

~ 1 2 1 0 1 0 0
w(Tew(x)) = (— Wap + = (1 = 2§) VoV + gup (f — 4> Ow + EWRyp — gab[Vl]) + Ou,

2(27)2 2
(3.26)
where
B(x) = [W](x), (3.27a)
Bap (%) = [Va Vs ] (). (3.27h)

Proof. By taking the difference in expectation values between the exact and approximate
stress energy tensor, and using the formula (3.6) we have that

o Tp () — w(Top () = —— <5~)ab — iy + %(1 26V V() — 1b)

ow (6= 7) O - @) + Rl - 1)),

where, by Corollary 1, we have

w(Tap(x)) = w(Tap(x))- (3.28)
O

Note that by demmanding the approximations ¥, U and V to be of respective orders
ny > 6, ny > 4 and ny > 2, we are imposing a condition that ensures that in the most
general case, the exact expectation value for the renormalized stress-energy tensor is obtained,
which might be too stringent. That is because in special situations, for example where
some symmetry is present, lower order approximations for X, U and V might still yield a
correct result for the expectation value of the renormalized stress-energy tensor. However,
as we do not wish to restrict consideration to any particular situation, we take this to be
a minimal condition for the general case.

Next we proceed to implement this procedure expressing everything in terms of initial data.

To do so, we need to write these results in terms of data on a given spacelike surface
C so we will employ the 3 + 1 formalism (see appendix B). As initial data for the field will
be given as two point functions defined on C, the following notion is useful,

Definition 2. Let A € C™(C x C) be a surface bi-scalar function. We say B € C"(C x C) is
an order-n surface approximation of A, with n < m, if and only if for every k € N, 0 < k < n,

lim Dy, ...Dg B(x,x") = lim D,, ...Dy A(x,%), (3.29)
x'—x x/—x

where D, is the derivative operator associated to the surface induced metric h, such that
Dghy. = 0, which is given by

DT = h% g B g he L hey S T T (3.30)

— 12 —



In particular, A might be the restriction to C of some bi-scalar function defined on
M x M, and we will understand this restriction whenever the term ‘surface approximation’
is used for a bi-scalar defined on spacetime. Note that normal (time) derivatives are not
defined for surface approximations as they are defined only in terms of points within a
given spatial surface. The following result will help us to connect the notion of (spacetime)
approximation with surface approximations:

Lemma 1. Let A € C"™(M x M) be a bi-scalar function and B € C"™(M x M) be an order-k
approzimation for A, with k < m. Then, given a time function, t, for which t =ty defines a
spatial Cauchy surface, C, with future-directed normal n®, B and its k covariant derivatives,
restricted to the spatial surface C can be reconstructed in terms of surface-approzimations for
A, dA, d?A, ..., d*A of order k,k —1,...,0, respectively, where the operator d is defined
in eq. (B.11).

Proof. Consider the 341 expansion of the coincidence limits of the first k£ covariant derivatives
of A (cf. appendix B):

[VaA] = [DoA + nod A = [DyA] 4+ na[d A], (3.31a)
[Vay Vg Al = [Day Dag Al + Kayao [ A] + 1y ([Dayd A] + Ko, *[DyA])
+ iy ([Dag@ Al + Kag "[DyA]) + naynag (102A] + u’[DyA]), (3.31b)

Var - VaoAl = [Day_, - DagAl 4+ 1oy, -1 ([454] + ), (3.31¢)
where K, is the extrinsic curvature and u, = —n’Vyn,. Let B, 'B, 2B, ..., *B be the
surface approximations for A, d A, d?A, ..., d*A of order k,k —1,...,0, respectively. Then,
substituting the definition of surface approximation for B, 'B, 2B, ..., *B, as well as the

definition of order k approximation for B, we have
[VoB] = [D.B] + na[18]7
Ve Vao B = [Day DagB] + Kayao['B] + 1y ([Day "Bl + Ko, "[DsB))
+ 10y ([Dag "Bl + Kag "IDuB]) + nagna, ([2B] + v’ [D,B]) ,

Var s VagBl = [Day_y -+ DBl + -+ + 1, - .m0 ([FB] + ... ).

Therefore, the limits that define B are given in terms of the surface approximations for A
and each one of its first n normal derivatives, of orders n,n —1,...,0. [

In other words, an order-n (spacetime) approximation amounts to the information of
n+ 1 hypersurface approximations. However, in the case of half the squared geodesic distance
¥, we will not require all this information in order to compute w(7,;) on C. We can see
this is the case with the help of the following lemma:

,13,



Lemma 2. Let x and x' be points on a spacelike surface C of the spacetime (M, gqp) and
contained in a convex normal neighbourhood. Then, one can choose the unique geodesic
trajectory along C going from x' to x in order to compute coincidence limits for functions
and tensors, so that spacetime directional derivatives coincide with C-tangent directional
derivatives.

Proof. Let £ be the unit vector in C tangent to the unique surface-geodesic going from x’ to
x. Proceeding by induction, we verify

Vif =€V, f
= &y, MV, f
= falef,

and take the inductive hypothesis to be
Vef =&t " Do, Da, - Do, f- (3.32)
The identity for surface-geodesic vectors,?
€'VaE" = (Kacl"E)n", (3.33)
along with the inductive hypothesis, yield

Vet f =€V 0, (€€ .M Dy, Do, - Doy f)

= ("H1V g, £)E € Dy, Dy, - Doy f
+ £ (f“"*lva,L+1£“"*1)£“”*2 ikDg. Dy, ... Do f+ ...
+ &0t L M"YV 1 DayDay_y - Day f

= (€ Ky £ )1 €% Dy, Do,y - Doy f
+ (M K, )62 6 Do, Dy, oo Doy f + ...
+ omrgngin=t Va1 Da, - Day f

= o trgingint "Dy, 1 Da, ... Dy, f.

With these results at hand, we can prove the following result:

Theorem 2. Let x and X" points contained on a spacelike surface C of the spacetime (M, gap)
and also contained in a convexr normal neighborhood D. Let U(x,x'), dU(x,x"), dd'U(x,x’)
and dQU(X, x') be approximations of order ny > 4, ngy > 3, ngqgu > 2, ng2y > 2 respectively,
for the Hadamard coefficient U(x,x") and its corresponding normal derivatives, as well as
for the Hadamard coefficient V (x,x') let V(x,x'), dV (x,x'), dd'V(x,x') and d%V (x,x’) be
its corresponding approximations of order ny > 2, dny > 1, nggry > 0 and ng2y > 0, and
let S, dY, dd'S and d2X be respectively order ny, > 6, ngy, > 5, ngg's > 4 and ngexy. > 4
approzimations for L(x,x"), dB(x,x’), dd'S(x,x') and d*%(x,x). Let ¢(x) a scalar quantum

3Cf. equation (B.36) in appendix B.
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field satisfying the Klein-Gordon equation (2.3) in a Hadamard state v with initial data
given by G;Z(X,X/), dG;Z(X,X/) = —ﬁ@tGi(i{,x’), leZ<X~I,X) = —ﬁx,)ﬁt/G:ﬂr(x,x’) and
dd'G:Z (x',x) = m@@t/Gig(x,x’), and let H*(x,x") and W (x,x') biscalars given by (3.10)
and (3.20), respectively. Then, the corresponding renormalized stress-energy tensor in C is
exactly given by

W(Tab(x)) = 2(217_‘_)2 ( — Wqp + %(1 - 2£)Wab + Gab <§ - 1) ngch + gl%Rab
- gab[Vl]) + Oup, (3.34)
where
B(x) = [W](x), (3.35a)
Wan(x) = DaDy[W]() + 2K [d W] + 2n (o (2Dy) [ W] + Ky *De[IW])
+ 2namy ([dd'W] + [d2W] + u*D[IW]) (3.35b)
%ab(x> = [DanW] + Kab[dW] + QTL(a ([Db)dW] + Kb) C[DCW])
+ nany ([42W] + u* (D)), (3.35¢)
and
u® = —nbVyn?, (3.35d)
Wi(x,x') = G;Z(x,x’) — HY(x,x)), (3.35¢)
aw(x,x') = (ZG;Z(X, x) —dH(x,X), (3.35f)
da'W(x,x') = dd'Gy(x,x") —dd' H (x,x), (3.35g)
r7 n 1 1 F7 / > / > / S /
dH (x,x) = 32 <2(X,X/) (dU(X,X )+ (V(X,x ) —U(x,x )) d¥(x,x ))
a7 (x,x) log (5(x,x)/¢) ) (3.35h)
I 7 1 d,i(Xﬂ(,) > / ¥ / > / & /
da'fm’ = T ( ~ o (20, x) + (V(x,¥) = U(x,x) ) d5(x, %) )

+ i(xl, X,) (dd"[j(x,x’) 4 V(X,X/) _ U(X,XI)) dd/i(x,xl)

(
+ ((IIV(X,X/) — d/U(X,X/)> d

)
+dd'V (x,x) log (S(x, X)) ) (3.351)

a*W(x,x') = D’D,W (x,x") + K(x)dW (x,x') — ub(x) Dy W (x, x')
— (m? + ER(x))W (x,x) 4+ 6Vi(x, %)
+2 ((val (x, X)) DpX(x,x') — dvl(X,X/)dz(X,X,)) . (3.35))
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Proof. Due to the fact both points of all the biscalar functions lie on C, by lemma 2,
equation (3.23) will read

L - (6[D§U5]_[Dgz5]>:o, (3.36)

2(2m)? —6
where we have used the notation, for any f € C"(C x C), m > n,
Dgf=&mEt ... 6" Dy, Dy, _, ... Da, f. (3.37)

Also, the coincidence limit of
Y, = V. (H' — HY, (3.38)

which involve the L’Hopital rule applied eight times, obtaining

[T,] = % (5[v§v“ 6] — 46, [V2 0] + 206, [VE U] — 30[VEV, V6] — 606,[Ve Va]), (3.39)

and by lemma 2, and expanding in 3 4+ 1 form, reads
1
[Tl = 5 (5[D§DM 6] — 4¢,[DE >8] + 5n,[Did ¥o)
+208,[DEV6] — 30[DED,, V5] — 30m,,[DEd V5] - 60¢u[De V3]),  (3.40)

Similarly for (3.17), and using the 3 + 1 expansions (3.31a) and (3.31b), we have that

1
Eu) = 55 {2108 8]0 — 66,6 + 246, DD, %8] ~ 15[DLD, D, %5

+ 24(,m,)[DEd 26] = 15( K [DEd 5] + 2n,, ([DED,)d Z]

+ K, "[D{D,26]) + nyum,, ([DEd? 0] + u’[DED, %)) )

—15[D¢ Y8)(guw — 4€,&0) — 120€(,[DED,) V6] + 90[DEV V., V5]

— 1208 (,m,)[DEd V8] + 90( K, [DEd V6] + 2ny,, ([DED,d Vo]

+ K,)"[DED,V8]) + nym,, ([DEd2Vs] +u*[DED, V4]) )

+ 90D V0)(gr — 264€0) + 3608, ([DeDy Vo] +m,[Ded Vo)) . (3.41)
By hypothesis we have an order 6 surface approximation for ¥, an order 5 approximation for
d?, an order 4 approximation for U and a second order apprixmation for V', and therefore

all of the terms in brackets in (3.36), (3.40) and (3.41) vanish identically, so it follows that
for all x € C,

(Wx) = W](x), (3.42a)
[VoW](x) = [VW](x), (3.42b)
(Vo VeW](x) = [V VW] (x), (3.42¢)
with W (x,x’) defined by (3.35¢), also
VoW (x,x") = DaW (x,x") + ngd W (x,x'), (3.43)
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where d W (x,x’) is defined by (3.35f), and
VaVbW(X, x') EDanW(X, x') + Kab(x)dW(x, x')
+ 20 (x) (Dyyd W (x, %) + Ky () D (x,¥'))

+ na () () (@2W (3, %) + u () DI (x, %)) , (3.44)
where d2W is defined by (3.35j). Equation (3.42a) implies then that in C,
0 o
W= w. (3.45)

Comparing (3.43) with the 3 + 1 expansion of V, W, and with (3.42b), we have that
[AW] = [dW]. (3.46)
Similarly, from the 3 + 1 expansion of the field equation satisfied by W (cf. [25]),
(9%°VaVy = m® — ER())W (x,x) = ~6V1(x,x) = 20°°(x) (V3 Vi (x, X)) (Va2(x, X)) + O(%),

(3.47)
we can solve for d?W to obtain
a*W(x,x') = DPDyW (x,x") + K (x)dW (x,x') — u®(x) DyW (x, x')
— (m® + ER()W (x,%') + 6Vi (x, %)
+2 (D"Vi(x, X)) Dy (x,¥') = d Vi (x,X) A (x, X)) + O(2), (3.48)
and substracting (3.35j) we obtain in the coincidence limit
[@2W] = [d*W], (3.49)
which implies that
b — Db =[DeDyW] = [Do DyW] + Kop ([CZW] - [JW])
+ 2, ([Dyd W] = [Dyd W] + Ky ([DW] = [DW]))
+ nany ([d2W] = [@2W] + e ([DW] - [DW])) , (3.50)
vanishes identically in C, i.e.,
Db = B (3.51)

Next, by (B.26) and (B.27),
0 0 0 0 e 0 20 e 0
V.Vyw = (Kgpdw + Dy Dyw) + 2n(, <Db)dw + Ky) Dcw> + ngnyp <d w+u Dcw> ,
(3.52)
and subtracting (3.35b), we have
VoViytd — Way = DoDy{t0 — [W]} + Kop{dw — 2[d W]}
+ 20, (Db){d‘z% _2aWT} + Ky DA — [W]})

+ ngny (d%% —2([dd'W] + [A2W]) — u°D[W] + u¢ Dt — [W] }) :
(3.53)

,17,



and by (3.42a),
0 0 ~
VaVitb = Wap = (Kap + 20, Dy) ) (dw - 2[d‘W]>
+ nans <d23) _o(|dd" W) + [d2W]) — uC[DCW]> . (3.54)
According to Synge’s rule,

Vo [W] = [Va W]+ [V V], (3.55)
and due to the symmetry of W, [V, W] = [V, W], i.e.,

Va W] = 2]V, W]. (3.56)

Taking the contraction with —n® yield

dw =d[W] = 2[aw], (3.57)

and therefore the first line in (3.54) vanishes in C due to (3.42b). Note that we can write

[VoVy W] in terms of W and z%ab by writing down the Taylor Series expansion for W up to
second order,
c 1 ocd
W(x,x) = w(x) + 0 (x)VS(x,x') + 5{‘2 (X)VeE(x, X)VaS(x, %) + O(Z32),  (3.58)

taking a derivative on x’ followed by a derivative on x, and computing the coincidence limit
to obtain

VoV W] = Vot [VoVy ] + @ [VaVeVy ]

+ %Efd (VeVyZ|[VaViZ] + [VaVeE]| [VaViE]) . (3.59)

Applying Synge’s rule on [V,3] = 0 yields
Vu[VeZ] = [V VX + [V, Vi X
0= gba + [VaVy ],

ie.,
[Vavb/E] = —Ydab; (3.60)
and proceeding the same on [V,V, Y] yield
V[ VaVeE] = [VyVaVeE] + [VaVeVy 3]
0= [VoVeVy3). (3.61)

Substituting these results back in (3.59) we obtain

VoV W] = ~Vawy — Wab, (3.62)

and considering that

1
Wo = —ivaﬂ;, (3.63)
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then

1
[VoVy W] = §vav,ﬂ% . (3.64)
This in turn means that
Vo Vpth = 2 ([vavb,W] + 120ab) . (3.65)
Then, by contracting twice with n® we obtain
a2 + u Db = 2 <[dd"W] + u’[DW] + n“nbﬁ;ab> . (3.66)

Taking into account that [D.W] = (1/ 2)D019), and that 120ab has a 3 + 1 expansion analog to
2
that of wg, given by (3.35¢), then we have

a*w =2 ([ad'w)+ [@*W]) +uDav. (3.67)
Substituting back in (3.54), we have
W = V.V, (3.68)

for all points in C. Therefore, subtracting (3.34) form (3.6) we have

(To(5)) = (Ton(3)) = gy (i = B+ 50— 26) (Tt = Wi

1 0
+ Gab (5 _ 4> gcd (chdl% — ch> + & <'L(I)J — u?) Rab); (3.69)
which vanishes by (3.45), (3.51) and (3.68). O

3.2 Approximations

Covariant Taylor series will be considered for U(x,x’) and V(x,x’), making use of the
coefficients for these expansions that have been previously computed by Decanini & Folacci [25].
For ¥(x,x’), we assume that sufficient geometrical data on the initial surface C is known,
so that we expand Y(x,x’) as a surface Taylor series. These expansions have the property
that tangent derivatives match the corresponding tangent derivatives of ¥(x,x’) on C up
to the number of terms considered in the expansion. However, we cannot, by construction,
compute normal derivatives on a surface Taylor expansion.

Instead, we will use the coincidence limits for X(x,x’), Xay (%, %), .., Lasasasasarao (X X'),
Zaé(x,x’), DY
d?%(x,x'), d"S(x,x’), and dd'¥(x,x’) to compute the corresponding surface Taylor expansions
ad¥(x,x), d?%(x,x'), d'S(x,x'), and dd'S(x,x') respectively, which according to (3.35) of
Theorem 2, are required to compute the renormalized stress-energy tensor at C.

asasazazaral, (X, X) to compute the limits of tangent derivatives for d%(x, x'),

Initial data for the metric will be given in terms of the induced metric on C, the extrinsic
curvature K, and further time derivatives of the metric. We will therefore begin by writing
down a 3 + 1 expansion of the coefficients of the covariant Taylor series for U(x,x’) and
V(x,x), and afterwards we will compute the surface Taylor expansions for 3(x,x’), d X(x, x'),
d'Y(x,x'), dd"S(x,x') and d2%(x,x").
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3.2.1 Expansion and surface projections for U(x,x’)

The Taylor expansion for U(x,x’), up to order fourth order is given by
. 1 . -
U(x,x') = Up(x) + U "(x) V3 E(x,¥) + SU P19 (x) Vi, B (x, X') Vi £2(x, X)

+ ~Us P2brbo (X)Vb2§~l(x, }(')Vb1 f)(x, X’)Vbofl(x, x')

6
1 . _ 3 By
+ ﬂuz; bsbabibo (3 )77, $(x, x) Vi, B(x, X ) Vi, 2(x, X') Vi, 2 (x, X),
with [25],
U =1,
Ui, =0,
1
UQ arag — gRalaoa
1
Us azaiag — Zv(agRalaoﬁ

3 bo

1 1
Uy azazaiag — TOV(%V@R(M@O) + ER(agagRalao) + ERbl(a3|bo\a2Rbl a1 ag)*

Note that the 3 + 1 expansion of (3.70) reads

(3.70)

(3.71a)
(3.71b)

(3.71¢)
(3.71d)

(3.71e)

. 0, 1 10 ., L, 13 )
U=Uy+U; O(DbOE)—Ul(dZ)+§U2 10(Db12)(DbOE)—Z/{2 1(Db12)(d2)+§UQ ((IZ)

10 b2b1b0 1 ! b2b1
+ -Us3 (Dp, 2) (D, 2) (D X2) — JUs (Dp, 2)(Dp, 2)(d %)

6
13 17
+ 5Us " (Dy, D) (AT)? = Us(d%)?
1 0 b3b2b1bo 1 ! b3b2bl
+ ﬂuzl (Db32)(Db2E)(Db1 E)(Dboz) - 6”4 (Db32)(Db2E)(Db1E)(dz)

13 17 115
+ U b3b2( Dy, %) (D, X) (A X)? — U b (Dy, B)(d %) + ﬂ1/14(62‘2)4,

(3.72)

where the superscript represent the 3 4+ 1 tangent projection label of the corresponding coeffi-
cient for U, according to the convention given in appendix B. These projection components are

0 1 3
Z/{Qalao = 6 ( Ra1a0 + KKa1ao + Daluao — Uqgy Uqy deao) 5
1 1
Usa, = 5 (DK — DK a,).
3 1
Us = (dK +u?— Ko, — Dbub) ,

0 1
u3a2a1ao = Z( - D(agdKalao) + 3K(a2a1Dao)K =+ KD(aOKagal) - 2u(a2Da1ua0)

+ D(ag ®) Ralao) + D(agDmuao) - 2K(a2a1 DbOKao)bo)
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(3.73a)

(3.73D)

(3.74a)
(3.74b)

(3.74c¢)

(3.75a)



1 1
u3 asal — E

+ 4Kbo(a2 (B)Rbo ai) — 2K, b, () R (a1 bo az) — 3K ™ (agWay)Uby + 3Kaya, d K
+ Kd Koyay — 2K (ayd K 41y + d @ Ragay — 3u(aydtay) + 2y Doy K
+ by Do, K o) + D(aydttay) + 2D(4, Doy K — 1™ Dy Koaya,

( o d2K‘12a1 + 3u2Ka2a1 - 2Kblb0Kb1boKa2a1 + QKKbo(aszo a1)

*2u(a2DboKlbo\a1) +3Kb (azDIbolual) —2Ka5a, Dboubo —2DbOD(a2Ka1)b0> (3.75D)

513 0 = % (3Da2d‘K — 2Dy, d K" o, + 2K 4, Ky ot + 3 O Ry a,u’ — 2K o Ky o u
— DPDytiay + 4uDgyu — 4Ky, 40 Day Kby by + 6Kpyan Dy K
— 4K, a5 Dy Ky by — 2Ua2Db0Ubo) (3.75¢)
Uy = %(d‘QK + K00 (wy up, — 24 Kpy) — Dpgd i + 3udu
+ 302 (Dyy K = Dy K™ 4) = Ky Dy, — Ku?) (3.75)
Note that due to Bianchi identity, d ) Raza0a1a0 @nd normal derivatives of its contractions

are given in terms of Ky 4,, tq and their tangent derivatives. (Cf. appendix B, egs. (B.34)).

0 1
Z/{4 azasaiag — %

— 8K 4 Kooypy — 10 PRy, 00) + 18Uay gy + 94 Koy )
- 18(2Kb0(a3deO a2Ka1a0) - d (S)R(agagKalao) + 3du(a3ua2Ka1ao)
+ (D(ayttas)d Koyag)) + 18(K (a0, D dg) = Diay Dayd Koyay))

(= 18K g0 8 K aya0) + 54K (030, Kyag) A K + A K (4,0, 3K Koy a0)

+ *Ylazazaran (3.76a)
1 1
Usagasar = 55 (9(Diaad*Kagar) + K D(ayd Kagar) = 2Tt(ag Dyl tay) + 188 K Dy K oga)

+9( = 3dU(ug)Dastiar) + Diagd PRapar) + Diug Daydtia,))

+ (= 22D (43 Kyay + 13Dpy K (030, A K™ o)

+ (13D K — 4D K (45)d Koyay) — 9K (0 (2Dayd Kpoay) + Dogd Koay))

+ 27K (4,0, (2Day) A K — Diyd Kpga) ) + *Hhagaas, (3.76b)

3 1
Z/{4 aszas — @

— 4K (g0 Koy + U@ *Uay)) + Diayd *Uay))

— (22K (K ) " + 86K gy0, KPP0 + 323 R0 (b0 YV Ky,

+9d2 ORyyq, + 54K (1 d OR,,yp + 18Kd O Ry (00

+ (72K (05 Kapypo + 5(K Kagay + @ Ragay — Uagtiay) — 13D (a5ay) ) d K

+ 9( = TKpy (a5 Uay) + 2(9Kazastby + Doy Kanyoy — DooKasas))d u

+9( = 3(3uM Ky 4y + dtiay) + 2(Diag K — Dy K (45))d gy

+ (= 10K (o Kpypy + 54 (K Ky (0 + D Ryg(az) — 22(2ub0U(as + d Kpy(as)
+ 53DpyU(ay)d Kyp) ™ + (31 (u® + d K) — 13(K" Ky 4 + Dpou™))d Ky,

(90— @ Kagar + 6Kagapd*K + Kd*Koga,
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+ 18(2u(gy Doy d K — u” Dy d Kayay) + 9K (43 Doyydun, + 5Dy Dayd K
+ ubOD(adeaz)bo) + 5K (angoduag) — 5Ka3a2Dbodub0

- 4(U(a3DdeKb0 az) T DboD(adebO a2)))> + 3ua3a27 (3.76¢)
7
Usay =+ 8oy, (3.76d)
15
Uy =+ 14, (3.76¢)

where “Uspsararans Masazar, “Hagass thas and 124 are symmetric tensors that do not in-
volve normal derivatives. With (3.72) we can compute up to four tangent derivatives of
U(x,x') which match in the coincidence limits with those of U(x,x’). However, according
to Theorem 2, we also require a third order surface approximation for d U (x,x’) and second
order surface approximations for dd’U(x,x’) and d2U(x,x’). This is achieved by computing
the corresponding normal derivatives on (3.72), where we will require, in addition to the
aforementioned expansions for d¥, dd’S and d?%, up to two normal derivatives of all
the tangent projection components of Us 4, 4., and one normal derivative of all the tangent
projection components of U3 gy4,4,- We require no further normal derivatives of Us 43494140
because they appear only when computing derivatives of order higher than 4, which is already
above the order or our approximation.

Note that in any case, the higher order of normal derivatives is three normal derivatives
of the extrinsic curvature, or in other words, four time derivatives of the induced metric,
see (B.48).

3.2.2 Expansion and surface projections for V(x,x’)

We recall that the biscalar V(x,x’) admits the Hadamard expansion (2.9). We define an
analogue approximation for V(x,x’) of the form,

V(x,x') = Vo(x,x) + Vi(x,x')8(x, x'). (3.77)

We only define the covariant Taylor expansion for Vp, as V; is only required up to
zeroth order,

5 1 _ _
Vo(x,x") = Vo(x) + V1 “(x) Vo2 (x, X') + 5]/2 M0 (x)V o, 2(x, X ) Vg B(x, X). (3.78)

In this way, V given by (3.77) is a second order approximation for V(x,x’), as required
by Theorem 1. The required coefficients have been computed in [25],

Vo = %m2 41 (5 _ ) (3.79)
(e s

Vamao = 5 (6= 55 ) Vor Veu P = 1350 Rusas = 56 R™™ o Rt — 155 7" Rovasias
+ 9—10Rb a1 Rpag + (5 — ) RR4,q, + %mz’Ralao, (3.79¢)
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- 1 1 1 1 1 1)\2
Vii= —gp (6 5) D+ g B o, — 23 R R + 5 (- 5 ) 1
1 1N o 1
+4(£—6)mR—|—8m. (3.79d)

and their corresponding 3 + 1 tangent projections are

1
Vo= (6m2 + (6¢ — 1) (K2 — 2u? + K" Ky, + D)

+ (2= 126)d K +2(6¢ — 1) Dy, ), (3.80)
0 1
Viay == 5, (66 1) (2 BGIRY , wp, — 2D% Dytigy — 2K Dy K — Doy B % + 4uDgyu
— 2K Dy Ky, + 2Dy 1K) (3.81a)
L
Vi = 5;(66 - 1) (2Kd K +a @2 + 2(Ku? — 3udu — d*K — u" Dy, K + u Dy, K,
+ Dbodubo) + 2Kb1b0( — UpyUp;, T de1b0 + Db1ubo)) (3.81b)
0 1 3 2 2
Vaaja = %( — 33 K a9 + 6K A% K,y + 3(7 — 408) K,y d 2K

+ 3(D(ay @ Ugy) — 41, d*Ugy)) + 3D Dyod Koy g

+6(3 = 206) D (g, Dyyd K — 6uupy Dyyd Kayag + 30 Dy, d Kooy,

— 1204, Doy d Kipyag) + 120 (ay Dagyd K — 3K D g, dtgg) + 6 K4y (0 Dy d 11y
+ 6(—3 + 208) Kaya Dy dup, + (5P % — 6u? — 30M? + K%(2 — 30¢)

+ 7(KM Ky ) — 306( B2 — 2u® + KO Ky 40) 4 (=6 4 606)d K
+12(1 — 5€) Dy )d Kayay + (14K 40 K (ay — 8(K Kpo(ar + @ Reg(a)
+ 3Dy u(a, )A K™ 40y + 2( = Ky (a1 Kagypo + 4156 — 2) Kaya Kb

— O Ry, (a1a0)bo) A K + (606 — 11) K Kqyay — 4K (4, K)o

+10(1 — 6¢) ®Raya0 + 6(—3 + 10€)u(a, Uag) + 12(1 — 5) Dy, gy A K

+ (9K u(g, — 6u™ Ky (0, — 9du(, + 6D, K — 6Dy K™ (4))d Uy

— 6 (K (a1 Uag) — Doas Kag)bo + Doy Karao)du® + 9(7 — 40) Ko, qoud u
+3(d? ORyy00 — Kd ORyy0 + (206 = 3)Kayagd V%)) + "DViyay (3.82a)

1
Ve = 550 (3(7 — 406) Dy, d2K — 3Dy, d2 K™ o, — 6540, up, d K™ — 36060 uDy,u

—18d K" Dy, Ky, + 12064 K*1%0 Dy, Ky o + 120K€Dg, d K + 606Dy, d ¥ 72
— 360ué Dy, du + 3u* (24 B Ry, + Dayduy,) + 606d K Dy K™ 4,

— 4d K" Dy Ky o) + 21K 4, Dy d K — 1206 K%, Dy d K + 3K Dy d K™ o,
+ K%, (6ud Ky py — 3Dpyd K 4,) + 120€ Dyy Doy du® 4 d K% Dy, Ky o,

— 23 —



— 3((=7 + 406) O Ry g, dub® — du(u g, +19D4,u) + TK Doy d K + 3Dgyd P %
—19uDg, du+ d K ((4 — 206) Doy K + 3Dy K 4,) + d g, (u* + Dyyu™)

+ 2ug, Dy du® 4 6Dy Doy du” — A K™ o, (Dyy K + Dy, K™ )

+ 3K (— 2wy, d Ky, + 2upd Kpyay + Kpyay Ay — Kpgay d i,

+ (=7 +408) Doy d Kpypy + Dy, d Kiay) ) + Dy, (3.82b)

1
Va= oo (3(7 — 406)d° K + 3K (7 + 40€)d 2K + 24(=1 + 5) K" ™d? Ky,

+606(d2 PR — 2(3ud®u + u°duy, — Dyyd*ut)) + 21 (3ud *u + u®d *up,
— Dy, d%ub) —3D°Dyd K +12(—1 + 5¢)d K2 — 72Kudu — 94% ® %
+ 360K ufdu + 63du® — 360¢du® + 6K Ky, " d Ky, — 2 DR T K 4,
+ 60u0ul d Ky, p, — 240&u0u d Ky, — 184 KM% Ky, 5, + 1206d K0 Ky,
+ 48du™ Dy, K — 240€du® Dy, K — 48d uy, Dy, K210 + 240€d up, Dy, K 1%
+dK(—5®% —36u® + 30M? + 5K%(—1 4 6¢) — 13(K" 0 Ky, )

+306(OZ + 4u® + 3(KP™ Ky 5,)) 4+ 12(—1 + 10€) Dy u®) + 54u” Dy d K
— 240¢u® Dy, d K — 33up, Dyyd K% + 1206wy, Dy, d K% + 3K Dy, d u®
+ 3(—11 + 40€)d K% Dy up, + 2K"% (2K d Ky, — 5K°2 p,d Ky,

— 3(=T + 408) (up, d s, + upgdus, — Dy, duny))) + *, (3.82¢)

V= 0 (6(—1 +56)( = 203K+ 4Kd K+ d*®% + 2K 42Ky, — 2(3ud ®u 4 u®d *uy,

— Dy, d?ut)) + 606D Dyd K + (—3 + 606(—1 + 6€))(d K)? — 30K¢d Oz

— 72K udu + 360K uédu + 36(du)? — 180&(du)? + 2 ORI K, ) + 30ubou’ d Ky,

—1206u™u" d Ky, p, — 94 K20 Ky 4+ 606d K0 Ky, — 120€d " Dy, K

+ 120&d up, Dpy K21 4 6( — 2D Dyd K + Kd ¥ % + 4du® Dy, K

— 4dup, Dy KM%) +2d K (K? — 532 — 3u? — 4K"™ K} 4,

+30(M?(1 — 6€) + (K2 (1 — 68) + 2u*(—1 + 6¢)

—2(=1438) (P2 + K"™ Ky 1,))) — 3(3 + 40€(—1 + 3¢)) Dy,u™)

+ 24u” Dy, d K — 120€u” Dy, d K — 12up, Dy d K1%0 + 60&uy, Dy, d K%

+ 12K Dy, du®® — 60K €Dy, du® + 6(—3 + 10€)d K% Dy, uy,

— 2K (K (=7 + 308)d Ky, p, + 4K 4o d Kpyp, + 12(—1 + 56) (up, dup, + wpyd up,

— Dy, duy,))) + 0, (3.83)
where °Uy, 00, 1Va,, >V and Y are symmetric tensors that do not involve normal derivatives.

This illustrates the fact that four time derivatives of the induced metric on C are required

as initial data to define the second order approximation V(x,x’).
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3.3 Surface approximation for X(x,x’)

The surface Taylor expansion for X(x,x’) on C is

Y(x,x) =
1@ 2&1(10

g(x) + S (x)Dgo(x,x") + 55 (x)Dg,0(x,X")Dyyo(x,x)

3a2a1a0

+ 65 (x)Dyy0(x,%X') Do, 0 (x,x")Dyyo(x,x) (3.84)

4 @3a2a1a0

+ =S (x)Dyy0(x,%X') Doy (x,x") Dy, 0(x,x") Dy, (x, %)

S

agazaza1ag

5
+ 59 (x) Dy, 0(x,x") Doy (x,x' ) Dyyo(x,x") Do, o(x,x' ) Dy, o (x, %)

Cﬂ‘|_\

asa4a3a2a1a9

6
Gl S (x)Dys0(x,x") Do, 0 (%, %X ) Dy (x,x") Doy (%, %X ) Dy, 0 (%, X" ) Doy o (%, %),

where o(x,x’) is half the squared surface geodesic distance on C from x to x’.

| —

_l’_

The elements required to construct a covariant Taylor series (3.2) for a bi-scalar A(x,x’),
particularly its expansion coefficients (3.5), are the coincidence limits of covariant derivatives
acting on both (x,x’) and A(x,x’). We followed [27] to compute the required coincidence
limits for X(x,x’), and included them in appendix A. In the following, we will simply quote
the results for better readability.

When considering surface Taylor series like (3.84), most of the results from covariant
Taylor series translate directly in terms of its surface counterparts, i.e., we have analog
expressions for the coefficients in (3.5) by taking limits of surface-tangent derivatives D,
instead of spacetime covariant derivatives V,. These are computed in appendix B.2, where
coincidence limits of successive derivatives of X(x,x’) in 3 4 1 form are set equal to the 3 + 1
expansions of the corresponding limits for the covariant derivatives of Y(x,x’) computed in A.
The general procedure is the following: suppose we have an expression for the limits of up to
two derivatives of a biscalar A(x,x’). Let us omit the explicit indication of the arguments
in the functions involved as these can be inferred from the context. According to the 3 + 1
formalism, the coincidence limit of a first derivative for A is expressed as

VoAl = [DaA] + nald A), (3.85)
where we have used the notation introduced in appendix B for normal derivatives,
d Aay a9 = —hay 5 - hay 0"V Ay . (3.86)

Given the limit A, = [V,4], we can compute the derivatives [D,A] and [d A] by writing
the full 3 + 1 decomposition of A,

Ay = Au + 1o, (3.87)

where
Ao = ha Ay, (3.88a)
A= —nan® Ay, (3.88D)
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and identifying the terms in (3.85) with those in (3.87) to obtain

(DyA] = A, (3.89)
[dA] = A. (3.89b)

However, this result is deceptively simple. In fact at the next order of derivatives, we
have from (B.26),

Vi VayA = (Kayagd A + Doy DagA) + 1y (Dayd A + Ko, "DyA)
+ 14y (Dayd A+ Kag "DyA) + ngyna, (42A +u'DyA) (3.90)

where u, = dn,. Then, upon taking the limit and considering all the 3 + 1 projections of
Baiay = [Va, VaA], we get the following system of equations,

0

Balao = Kaulo [JA] + [Da1Da0A]a (3.91&)
1
Buy = [Dayd Al + Ko, "[DyA] (3.91b)
2
Ba, = [Dagd A] + Kq, "[DyA] (3.91c)

3
B = [d*A] + u’[DyA], (3.91d)

where we have used the notation defined in B for the 3 + 1 projection components of By, q,-
Therefore, for each projection component of Bg,q, in (3.91) we have to solve for the
unknown limit of derivatives within each projection. For example, in (3.91a), the unknown

0
limit is [Dg, Dg, Al, as we already know [d A] from (3.89), and By, 4, is the tangent projection
of the known limit B,,4,. Thus, we obtain,

0 1
[Da, DagA] = Bayay = Kayap A (3.92a)

and from the remaining 3+ 1 projection components, the corresponding limits of derivatives are
1 b0
[DadA] = Ba - Ka Ab7 (392b)
2 3 b9
[d“A] = B —u’Ay. (3.92¢)

We now recall the results for the limits of the covariant derivatives of ¥ computed in
appendix A. There we have shown that [V,X] = 0 (A.5), so that (3.89) yield

[Do¥] =0, (3.93a)
[d¥] =0. (3.93D)

We also have [V4, Voo X] = gaja, (A.10). The complete 3 + 1 expansion of g, is given
by (B.4), and therefore

[valvaoz] = ha1ao — NayNayg, (3.94)
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so that (3.92) yield

[Dal DaOZ] = h’a1a05 (3953)
[Da, dX] =0, (3.95b)
[@?%] = 1. (3.95¢)

In appendix B.2 we compute all the required projections and solve for the limits of all the
tangent, normal and mixed derivatives included in the 3 + 1 expansions of the coincidence
limits [V, ... V4 X].

With these results at hand, it follows that the first coefficients in (3.84) are

0
S =0, (3.96a)
1
S, =0, (3.96D)
2
Salao = ha1a07 (396(3)
and then we can rewrite (3.84) as
~ 1 3420140 1 403020100
Y=o+ ES (DGZU)(DGIU)(DGOG) + ﬂs (Da3‘7)(Daza)(Da1U)(DaoU)
1 5 44a3a201a0
=+ ES (Da40)(Da3U)(Da2a)(Da1a)(Daoa>
1 6050443020100
+ @S (Das0)(Day0)(Da30)(Day0)(Day0)(Day o), (3.97)

where we have used the differential equation satisfied by ¢ on C, analog to (3.3),
h®(D,0)(Dyo) = 20. (3.98)

Taking the coincidence limits of three tangent derivatives of (3.97) yields

3
[Da2DalDa02] - [DGQDalDtIoU] + Sa2a1¢l0ﬂ (3'99)

Where, by analogy with (A.13), [Dg,Da, Dayo] = 0 and by (B.53a) we find

3
Seaarag = 0. (3.100)

At the fourth order limit we arrive to

4
[DGSDGQDCHDGOE] = [DagDCLQDalDGOJ] + SasaQaleov (3'101)

and with aid of (B.54a) and the surface version of (A.15), we obtain
4
Sasazarao = K(azas Kaya)- (3.102)
At the fifth order, we have
5 4
Sasasazaras = [DPasDasDayDay DagX] — [DayDas Day Day Dayo| — 5D(aySazazarao)s (3.103)

a4
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where, by means of (B.55) and the surface version of (A.16), we find
[Das Doy Day Doy DagX) = [Day Dy Day Dy D) = 5D(a, Kagar Kayao)» (3.104)
which means that

5
Sa4a3a2a1a0 = _5(D(a4Ka3a2)(Ka1ao))' (3'105)

At the sixth order, we have

6
S(a5a4a3a2a1a0) = [DasDa4Da3Da2Da1Da02] - [Da5Da4Da3Da2Da1Daoa]
4 5
- 15D(a5Da4Sa3a2a1ao) - 6D(a55a4a3a2a1a0)7 (3106)

where substituting (3.102), (3.105), the surface version of (A.17) and the limit (B.58),
we obtain

6
S = 3K(a5a4Ka3a2dK

aiap)

+ 9K( Da3 DazKalao)
+38 (D(a5K¢14a3) (Da2Ka1ao)) + 3K(a5a4Kaga2Da1uao)
+ 4K (450, Kasar Ka, beao) — 3K (450, Kazaz ta; Ugg)- (3.107)

(asasazazaiag) asaq

This means that the required approximation for ¥ includes at most second order time
derivatives of the intrinsic metric hgp, (cf. appendix B.1).

3.4 Surface expansion for normal derivatives of X

As previously discussed, the biscalars d¥ and d2% cannot be computed as formal normal
derivatives of (3.97) because o is not defined for points in different hypersurfaces. How-
ever, both d¥ and d?3 are biscalar functions that, if evaluated at points within the same
hypersurface, admit a surface Taylor expansion just like 3. In this section we compute
such approximations.

We propose that the approximation for d¥ be given by the following surface Taylor

expansion,
. 0 1@ 1 29190 1 3920100
d¥=A+A D,o+ QA (Dg,0)(Dgy0) + gA (Day0)(Dg,0)(Dgy0)
1 4a3a2a1a0 5 0403020100
+ EA (DQSJ)(DGQU)(DGIU)(DQOJ) + EA (Dago')(Da20)(Da10')(DaOO').

(3.108)

Following a procedure completely analog to the one we used to compute the approximation
¥, we find

0
A=0, (3.109)

due to (B.50b). Similarly, due to (B.52b),

1
A, = 0. (3.110)
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The first nonvanishing term is

2
Adarao = —Kayag (3.111)

due to (B.53b).
From the surface analogue of (3.5d) and (B.54b) we have

3
Aa2alao = D(agKalao)' (3112)
For the fourth order term we have
4 2 3
Assazarap = [D%D@DalDaod‘E] — 6D(a3Da2Aa1a0) — 4D(a3Aa2a1a0). (3.113)
Substituting (3.111), (3.112) and (B.56) on (3.113) we obtain
4
Aa3a2a1ao :K(a3a2dKa1a0) - D(agD(lQKalao) - K(agagDaluao)
B ZKb(%Kb a2Ka1ao) + K(a3agua1 Uqg)- (3.114)
For the fifth coefficient, we have
5 2 3
Adsazazarap = [Da4Da3Da2Da1DaodE] - 10D(a4Da3Da2Aa1ao) - 1OD(a4DaaAazalao)
4
- 5D(a4Aa3a2a1a0)a (3115)
where substituting (3.111), (3.112) and (3.114) yields
5 7
Aa4a3a2a1ao = *2K(a4a3Da2dKa1a0) - gdK(a4a3Da2Ka1a0) + D(a4Da3Da2Ka1a0)
16 5
+ 2K(a4a3Da2Da1uao) + §K(a4 bK\b|a3Da2Ka1ao) - gK(a4a3Ka2 bD|b|Ka1a0)
26 7 7
+ ?K(angaz bDalKao)b + g(D(tmuag)(DazKalao)) - gu(a4ua3DazKa1ao)
- 4K(a4a3ua2Da1ua0)~ (3116)

Now we propose as a fourth-order approximation for d 2% the following surface expansion,

1(1 2(110{]

B D,o + EB (Dg,0)(Dgy0) +

~ 0 1 3@20100
a*sS =B+ 5B (Dgy0)(Dyg,0)(Dygy0)
1 493a2a100 '
+ @B (D30)(Dyy0)(Day0)(Dayo). (3.117)
The first term is
0
B=-1, (3.118)
due to (B.52c). The next term involves the coincidence limit (B.53d),

1
By = —Ug. (3.119)
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The second order Taylor coefficient comes from (B.54d),

2 2 X

Basao = 5 (@ Karay + Koy "Kiay — ttaytag + Doyt ) - (3.120)
By taking the coincidence limit of the third derivative of (3.117) we get from (the surface
analog of) (3.5d), (3.119), and (B.57),

3 1 2
Ba2a1a0 = [Da2Da1Daod22] - 3l)(an)al Bao) - 3D(a2 Ba1ao)7 (3-121)

Substituting our previous results,

3 1 1
Bagalao = §D(a2dKa1ag) - §D(a2Da1uao) + u(agDmuao) + (DbK(agal)Kb ao)

- sz (GQDGI Kao)b - K(a2a1Kb ao)ub- (3122)

At fourth order we have
4

Basasaiap =
%K(%GQJQKGWO) + %D(%DQQJKWZO) - gK(%@Dalduao) + %Kb(%Kb a2 K gy a)
- %K(%@Kal PAK oy, + %K(as(mualduuo) + 28K 0y " Ky R oyt
P Ky DD Ko Koty D Do Koy — (D Ky ) (D Koy )
+ %(D(agKaz ) (D Katag)) + %K(aSQQUbD\b\KalaO) - %K(agagumeKao)b
) 12 24
+ 2K(ay1" Das Kaya0) ~ 7 Dlas Das Doy ) + 50z D D )
+ %(D(%uaz,)(Daluao)) - %Kb(a3Kb asDay Uag) + %K” a3 Kazay Djp|Uqg)
AR (0 Koo B g0y + K Kot thag) — 2 K (0 Ko gyt
- %U2K(a3a2Ka1ao) + %Kbl b0 Kb (a5 K™ a3 Kayag) — %Kbl (a5 K b1 1as K™ a1 K pgao)
+ %OKK” (a3 Kasar Kag)p- (3.123)

Following Theorem 2, we also need approximations for d’% and dd’Y up to orders 5 and
4, respectively. In order to build these, we follow the same procedure used in the case of %
and d2%, just considering the coincidence limits for tangent derivatives of ¢’ and dd’%
up to fifth and fourth order. In order to get these limits, it is necessary to compute first
the coincidence limits for up to five covariant derivatives of VX at x. This computation is
subtle, and is carried on in appendix A.l. Afterwards, these limits need to be expanded in
3+ 1 form to finally obtain the required derivatives, which is done in appendix B.3.

Let us denote by ¢ the surface approximation for d’Y to be given by

1 2@1a0 1 gazaiao

¢= az (Dala)(Daog) + 52 (Da20)(Da10)(Daoa)

1 4@3a2a1a0 1 5@4a3az2a1a9

+ EZ (Da30)(Da20)(Dala)(Da00) + EZ (Daso-)(DtmO-)(Da10)(Daoa)'
(3.124)
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By taking the coincidence limits [(] = 0 and [D,, (] = 0 we verify they match those of
[d'%Y] = 0 and [D,,d'%E] = 0 (cf. (B.63) and (B.65)). The coefficients then are,

2

Zayao — _Ka1a07 (3.125&)
3
Zasarag — 2D(a2Ka1a0)7 (3125b)
4 1
Za3a20«10«0 = §K(a3¢l2 (73Kb0 a1K|b0|a0) + ualuao) + dKalao) - Daluao)) - 3D(a3Da2Ka1ao)v
(3.125c¢)
5 4
Zasazazarag — _gd‘K(a4a3Da2Ka1a0) + 3a4a3a2a1a07 (3'125d)
where 34,a3a2a100 15 @ symmetric tensor that does not include normal derivatives.
For dd', let us consider the surface approximation
0 140 2a1ao 1 3a2a1a0
=C+C Daoa"i_gc (Da10)<Da00> 3*(: (Da20)(Dala)(Daoa)
1 403020100
+ 4 (Da30)(Day0)(Da,0)(Day 0)- (3.126)
The coefficents in this case are
0
Cc=1, (3.127a)
1
Cyoo =0, (3.127b)
2 1
Carar = & (7K (0 K™ ay) = tas oy — d Kayay + Daytag ) » (3.127¢)
3 1
Cazarap = 6 (4D(a2dKa1a0) - 31Kb0(a2Da1Kb0 ao) T Su(azDaluao)
~4D (4, Dayiag) + 5D K (a0, K ) ) (3.1274)

4 1
Ca3a2a1ao = _T5 (K(a3a2d2Ka1a0) + 22Kb0(a3Kb0 aszalao) + K(agaszo a1dKa0)bo

+ SK(agagum duao)) + Q:agazalao (31276)

where €y 040,00 15 @ symmetric tensor that does not include normal derivatives.
Therefore, according to Theorem 2, we have provided all the pieces necessary to compute
the exact expectation value of the renormalized stress-energy tensor at the initial surface C.

4 Connection to the initial value problem in semiclassical gravity

We now turn to discuss the relation between the present work and Conjecture 3.7 of [13]
on the well-posedness of the initial value problem for semiclassical gravity. We begin by
providing the following refined version of Theorem 2.

Theorem 3. Let x and x' be points contained on a spacelike surface C of the spacetime (M, gap)
and also contained in a convexr normal neighborhood D. One can construct approrimations
(a) U(x,x'), dU(x,x'), dd'U(x,x') and d2U(x,x') for the Hadamard coefficient U(x,x') and
its corresponding normal derivatives, (b) V(x,x'), dV(x,x'), dd'V(x,x') and d*V (x,x')
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for the Hadamard coefficient V(x,x’) and its corresponding normal derivatives, and (c) X,
ay, da's and d?% for ¥(x,x'), dX(x,x'), dd'S(x,x') and d*L(x,x’), using the intrinsic
metric on C and up to four “time derivatives” of the metric off the surface, such that the
surface-defined approzimate H® defines correctly the expectation value of the renormalized
stress-energy tensor on C by eq. (3.34).

Theorem 3 is a precise statement of the “second issue” discussed for the initial value
problem of semiclassical gravity in [13] (on p. 31 of the published version). Following
Conjecture 3.7 in that paper, the point for the initial value problem of semiclassical gravity is
that the “missing” piece of initial data, i.e. the fourth “time” derivative off the initial surface,
ought to be obtained by imposing the semiclassical Einstein equations on the initial surface.
Indeed, obtaining this piece of data is precisely the “zeroth stage” alluded to in Conjecture 3.7
in [13], and yields the “crudest” approximation to the surface Hadamard condition, Def. 3.5
in [13], which is in turn defined by all stages (n = 0,1,...) of that conjecture being satisfied.*

In terms of the developments in the present paper, Conjecture 3.7 in [13] can be recast
in the following way:

Conjecture 1. Self-consistent initial data for the fourth order time derivatives of the metric
can be obtained out of the classical initial data hap, Kap, d Koy and d2Kg, on C (Equivalently
in terms of time derivatives of the metric, galc, Javlc, g((li)|c, 95(3;)|C)f by constructing the
approzimations for ¥, A%, d%%, U and V', solving the fourth order terms (ie, V3 Ky ~ gc(é)|c)
using the semiclassical Einstein equation (2.2). Furthermore, higher order time derivatives of
the induced metric can be obtained by formal derivation of the semiclassical Finstein equation
by the same procedure.

5 Discussion

The initial value problem for semiclassical gravity is substantially more complicated than
its classical counterpart due to the fact that renormalization is required for defining the
expectation value of the stress-energy tensor, as one simultaneously solves for the semiclassical
Finstein equations. In the Hadamard subtraction scheme — suitable in curved spacetimes
— the renormalization procedure relies on removing the singular structure of the two-point
function, which is typically characterized covariantly in terms of the spacetime geometry (and
field parameters). This renders the initial-value formulation of semiclassical gravity highly
non-trivial, since one only has a priori finitely many pieces of functional components of the
initial data on a spacelike surface, rather than the full spacetime geometry.

Motivated by the former, in this paper we have studied in the context of a fixed
background curved spacetime how the Hadamard property restricts to a (Cauchy) spacelike
surface in terms of intrinsic geometric properties of the surface. While it is clear that the
Hadamard property on an initial surface depends on the induced geometry and all possible
normal derivatives of the induced metric off the surface, here we have provided a sufficiently

4One could stop at the crudest zeroth (or any later finite) stage at the cost of obtaining semiclassical
gravity solutions with lower differentiability, see Footnote 5 in [13]. One would expect that the spacetimes in
these solutions would be C* in the crudest approximation, and the states would be adiabatic states of finite
order, in the sense of [26], with adiabatic order kK = 2 in the crudest approximation.
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accurate approximation to the Hadamard property that depends only on finitely many normal
derivatives, such that a surface-renormalization prescription yields the exact expectation value
of the stress-energy tensor in the surface (for states satisfying this approximate property).

In order to achieve this, we introduced a notion of order-n approximation for biscalars,
and determined a sufficient order of approximation for the Hadamard coefficients, half the
squared geodesic distance and suitable normal derivatives thereof in the initial surface in
terms of the intrinsic surface geometry and only finitely many normal derivatives of the
induced metric off the surface. This analysis relies crucially on obtaining a surface Taylor
series for the spacetime geodesic distance between two points on the spacelike surface in
terms of the geodesic distance, within the surface, between those same points.

The sufficient approximations computed in this work were expansions of order 4 and
2, respectively, for the regular biscalars U(x,x’) and V(x,x’) appearing on the Hadamard
singular structure, and surface Taylor expansions for half the squared geodesic distance
Y (x,x') and its normal derivatives, (see eq. (B.11)) dX(x,x’), d'X(x,x), dd'¥(x,x') and
d?%(x,x'), of orders 6, 5, 5, 4 and 4, respectively. The higher order terms of these expansions
are fourth order normal derivatives of the metric. This can be troublesome given that
semiclassical gravity, seen as an initial value problem, would seem to require initial data
of the same derivative orders than the semiclassical Einstein equation, which is a fourth
order system. In order to deal with this potential issue, we made contact with the surface
Hadamard condition given in [13], which implies not only a property for data of the quantum
field in the initial surface, but also the requirement that, if we are given data for a fourth
order problem (i.e., up to third order time derivatives), the missing data for the metric
normal derivatives can be obtained implicitly from the semiclassical Einstein equation. This
sets a preliminary but necessary foundation for the study of the initial value problem of
semiclassical gravity. Nevertheless, the initial value problem for semiclassical gravity remains
unsolved, and it must be noted that our proposals to sort some of the immediate difficulties
rely on (yet) unproven conjectures at this point.

In [13], we have discussed other topics in semiclassical gravity, such as the possibility to
implement a perturbative expansion in h satisfying a classical correspondence limit criteria
that might enable to compute solutions and corrections, order by order, out of classical
initial data h,, and K,,. There we also incorporate a scheme to model quantum collapse
in semiclassical gravity, as a possible path to address some conceptual issues of the theory,
and even established some continuity conditions at order h° for such setting, i.e., if quantum
matter has jumps, what jumps in the gravitational sector?

Further research is required in order to establish the general conditions for which
semiclassical gravity represent a valid approach to describe the interaction between quantum
matter and spacetime geometry.
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A Half the squared geodesic distance

In this section we reproduce a brief version of the procedure by DeWitt & Brehme in [27].
Readers familiar with these techniques may jump straight to our results (A.16) and (A.17).

Consider a globally hyperbolic spacetime (M, gq), and let D C M be an open convex
normal neighborhood, i.e., for every pair of points x,x’ € D, there is a unique geodesic from
x to x’ contained in D. We denote by s(x,x’) the geodesic distance for points x,x’ € D.
Fixing x' = x¢ € D, a field sy, (x) = s(x,x0) can be defined on D. Except for the lightcone of
Xg, the vector field g“bvbsxo is normalized, given that sy, is the affine parameter for every
geodesic emanating from xg, i.e.,

gabVaSXOVbSXO = +1, (A1)

where the positive sign is for spacelike geodesics, and the negative sign is for timelike geodesics.
We define half the squared geodesic distance by

S(x,x) = %52(x,x'), (A.2)

where the plus sign is used for spacelike related x,x’, and the minus sign is used for timelike
related x,x’. ¥ vanishes when the geodesic distance vanishes, in particular
lim ¥(x,x") = 0. (A.3)
X' —x
By fixing x’ = x¢, a scalar field Xy, (x) = X(x,X¢) in D is defined. In the following we will
omit the explicit reference to x and x’ = xg. Derivation on x yields

V.2 = £5V,s. (A.4)
It then follows
lim VX =0. (A.5)
X—X0

From (A.4), (A.2) and (A.1) one can readily obtain the following differential equation for ¥,
9" (VaZ) (Vo) = 23, (A.6)

which we recall as (3.3). This equation allows to extract information on the derivatives of X.
Using the abbreviated notation® ¥, = V%, 4 = V.V,X, etc, one obtains

Yo = Ebzaba (A7)
Eba = 2b ¢ Yac+ e 2bac: (A8)

5Note that this notation is similar to the semicolon notation for derivatives, although in an inverse order:

vavbd) = d)ab = d);ba .
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so that eq. (A.8) in the coincidence limit reads

. . c
Xll}ﬂ)go Eba = XILHQO Eb Zac; (Ag)

where it is inferred
Xl;n)go Sab = Gab- (A.10)

In the following we compute the coincidence limits of up to six derivatives of ¥ with help of

eq. (A.6) and the limits (A.3), (A.5) and (A.10), following DeWitt & Brehme method devised

in [27]. From now on, we will use square brackets [ ] to indicate the coincidence limit x — xq.
The coincidence limit of the covariant derivative of (A.8) yield

[Ecba] - [Ecba] + [anb] + [Ebac]- (All)

Substituting in (A.11) the no-torsion condition [X.,] = [Xcap] and the limit [Xpes] = [Ecpal
of the identity (cf. (B.28))

Ebca = Rbca dzd + 2cbm (A12)

yield
[Zcba] =0. (A.13)

In general, computing m derivatives of (A.6), and taking the coincidence limit yields
an equation containing a combination of terms [, 4,] With switched indexes. Let us call
this the master equation of order m. In order to exchange those indices, it is necessary to
use the general rule in terms of the Riemann tensor,

n—2

VanVan1Wan_sa1 — Van1 VanWan_sar = 9 Ranan_rap " Wan_sapsibap 1oars  (A14)
k=1
at every order 2 < n < m, and take m — n more derivatives, resulting in m — 2 index
exchange equations (exchange of the first two indexes is free given there is no torsion). Then,
take the coincidence limit for every index exchange equation, obtaining a set of rules for
the exchange of every two adjacent indexes for the terms [X,,, 4,]- These index exchange
rules are then used to solve the limit [, 4,] from the master equation of order m. This
summarize the method devised by DeWitt & Brehme in [27]. They have already computed
this limits up to the fourth derivative, obtaining

2
[Edbca] = ng(ca)b' (A15)

Following their procedure, we get the following limits,

1
[Eedcba] - 5 (VeRbcda + Vdeeca + chbdea)
3
= 5 V(eRjpldea (A.16)
12 1
[Zasawsawmo] = _EV(G5VG4RG3‘G1‘CL2)CL0 + 4753‘15&4&3&2&1&0’ (A'17)
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where
ga5a4a3a2a1ao =20 (2Rb (a1a0)(a5Ra4)(a3a2)b + Rb (alao)agRa5(a2a4)b + Rb (alao)agRa5(a3a4)b)
b b
+ (Ra5a4ao (16Rba1a3a2 + 17Rba3a2a1) + Ra4aoa5 (17Rba1a3a2 + 4Rba3a2a1)

+ Ra5a3ao b 16Rba1a4a2 + 17Rba4a2a1) + Ragaoas b(17Rba1a4a2 + 4Rba4a2a1)

+ Ra5a2a0 b 16Rba1a4a3 + 17Rba4a3a1> + Razaoas b (17Rba1a4a3 + 4Rba4a3a1>

+ Ra3a0a4 b(17Rba1a5a2 + 4Rba5a2a1) + Ra4a3ao b(16Rba1a5a2 + 17Rba5a2a1)
+ Ra2a0a4 b(17Rba1a5a3 + 4Rba5a3a1) + Ra4a2ao b(16Rba1a5a3 + 17Rba5a3a1>

+ Ragagag b 17Rba1a5a4 + 4Rba5a4a1) + Ragazao b(16Rba1a5a4 + 17Rba5a4a1>) .
(A.18)

A.1 Limits of mixed derivatives

Since X(x,x’) is a two-point function (defined within a convex normal neighborhood), it is
possible to compute derivatives on either points, which yield hybrid tensors defined by sums of
products of tensors defined at different points, like, for example, V,VX(x,x) = X0 (x,X).
We shall compute the coincidence limits of this hybrid derivatives using a procedure analog
to that employed when analysing the derivatives of ¥ at a single point. Before that one must
establish the order of coincidence limits that are required. As 3(x,x’) is symmetric under
the exchange of x and x’, we have at hand the coincidence limits of the first six derivatives
of ¥ at one point, regardless of whether it is at x or x’. This allow us to set

[$o] = 0. (A.192)
Application of Synge’s rule for V,[V. 3] yields,
Eaet] = —Gae. (A.19D)

We note that commutation of derivatives at x and x’ is trivial, as the respective tensor
components are defined in their own tangent spaces: relative to the tangent space at x, 3
can be regarded as a scalar, and only in the coincidence limit it becomes a vector at that
space. This also means that the first two derivatives of ¥ at x commute, i.e.

Zalagc’ = Zagalc’- (AQO)

With this idea in mind, the relevant differential equation for ¥. is obtained by taking a
derivative of (A.6) at x/,

Yo = Yy 20 (A.21)

While the direct computation of the limit of (A.21) and its first derivative is consistent
with (3.89), at the second derivative we get

[Eazaw’] = [2(120410,} + [Eamzd]- (A~22)
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With (A.20) we get

= = 0. (A.23)

a2a1a6]

Following the usual procedure of taking derivatives of (A.21), and substituting the com-
mutation rules (obtained from (A.20)), as well as the limits for derivatives of ¥ at a single
point, we get the following limits,

2

[Eagagam{)] = - gRag(aQal)a07 (A24a)
1
[2a4a3a2a1a6] = 6 (vaz Ra4a0a3a1 + Vag Ra4a0a2a1 + 3Va3 Ra4a2a1a0
+ v0«4‘Ra3a0a2a1 + 2va4Ra3a2a1ao) (A24b)
1 bo bo bo
[Za5a4a3a2a1a6] = %( R a0a5a2Rboa1a4a3 +11R a0a4a3Rboa1a5a2 +11R a0a4a2Rb0a1a5a3

+ 11Rb0 GOGSGQRb0a1a5a4 + 11Rb0 a0a5a1Rboa2a4a3 + 11Rb0 Cboa4a1Rboa2a5a3
+ 11Rb0 apaszai Rboa2a5a4 - 14Rb0 a2a5a4Rboa3a1ao - 14Rb0 a1a5a4Rb0a3a2a0
+ Rbo aoasa4 (2Rb0ala302 + Rboa3a2a1) + 11Rb0 aoa2a1Rboa3a5a4

+ 22k azarao Bbgazasas — 14R" azasas Fbgasarag — 14R% arasas Bboasasao
+ Rbo apasas (2Rboa1a4a2 + Rb0a4a2a1) - 14Rb0 a1a5a2Rboa4a3a0

+ Rbo apasaz Rboa4a3a1 + Rbo apasal Rboa4a3a2 - 5Rb0 aza4as3 Rboa5a1a0

- 7Rb0 asazaz Rboa5a1ao - 14Rb0 aiagas Rb0a5a2a0 - 7Rb0 agazal Rb0a5a2ag
+ Rbo apasas Rb0a5a2a1 - 7Rb0 a4a3aoRboa5a2a1 - 14Rb0 ajasaz Rboa5a3a0

- 7Rb0 a4a2a1 Rboa5asao + Rbo apa4a2 Rboa5a3a1 - 7Rb0 agazag Rboa5a3a1

+ Rbo apasal Rb0a5a3a2 - 7Rb0 a4a1aoRb0a5a3a2 - 14Rb0 ajasaz Rboa5a4a0

- 7Rb0 aza2a1 Rb0a5a4ao + Rbo apasaz Rboa5a4a1 - 7Rb0 azazag Rboa5a4a1

+ Rbo apazal Rb0a5a4az - 7Rbo a3a1aoRboa5a4a2 + Rbo apazal Rboa5a4a3

- 7Rb0 aza1ag Rboa5a4a3 - gvag vag Ra5a0a4a1 - 9va4va2 Ra5a0a3a1

- 9V¢l4 V113 Ra5a0a2a1 - 36v&4 vdsRa5a2a1ao - 9Va5 szg Ra4aga3a1

— 9V s Vas Ragagazar — 27Vas VasRasazarao — Vas Vas Rasagazas

- 18va5 va4Ra3a2a1ao) <A24C>

B 341 formalism

We use the 3 4+ 1 formulation introduced by Wald in [22] and extended in [29], which we
briefly resume here.

Let t : M — R a time function for the globally hyperbolic spacetime (M, gq), i.e., a
function such that

gVt <0, (B.1)

everywhere, and such that C. = {p € M : t(p) = 7} are Cauchy surfaces for (M, gap)-
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A foliation .Z of (M, gq) is defined by the set of Cauchy surfaces C; for all ¢t € R, so
that the whole spacetime is covered by .%, identifying every p € M with a single surface
Cy(p) that contains p. The vector field n® given by

" B gabet (B 2)
V=9V )(Vat)

is normalized and normal to every C; € .#. This can be directly verified given that in

S
M1l

any tangent direction to C; the derivative of ¢ vanishes. Let t* be a timelike vector field
on M such that

9Vt = 1. (B.3)

Every point on each surface C; can then be mapped to exactly one point at another surface

Cy by means of the one-parameter group of diffeomorphisms generated by t*. This shows that

all the surfaces of the foliation are diffeomorphic, and therefore M is diffeomorphic to C; x R.
Let hgy be a symmetric rank (0,2) tensor on M defined by

hap = gab + nanp. (B.4)

It can be seen that hg, satisfies the properties of an euclidean 3-metric on C; for every t.
The tensor hgp is called the induced metric by gup on Cp. Note that for every ¢, hy, admits a
representation as a 3-dimensional symmetric matrix with entries h;; corresponding to the
coordinate components h,,, with ¢ > 0 in Gaussian coordinates z* adapted to C; such that
2% = t. These coordinates can be carried to every other surface C; by the one-parameter
group of diffeomorphisms generated by t*. In the following we avoid such representation and
we will not use any properties of the aforementioned coordinates.

The projectors of vectors in the tangent and normal directions relative to C; are re-
spectively,

h® o = 0%y +nnyr, (B.5)

Pﬁ o = —n“na/. (BG)

These objects allow to split the space of tangent vectors in M in surface-tangent and normal
subspaces, which can be generalized directly to tensors of arbitrary rank. For example, the
normal projection of the vector field ¢

N = _nataa (B7)
is called lapse, and the surface-tangent projection,
B = he 1t (B.8)

is called shift vector. Due to (B.3), it follows that

1 1

NEa = .
Vel [ geh(Vt) (V)

(B.9)
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The derivative operator associated with the intrinsic metric hy, will be denoted by D,
and is given by [22] (lemma 10.2.1),

by..b b b ’ ! / by
D, T™ Fera =h 1b’1 .. h 1b’1haah01 Cl'-'hcl AV TH kc’l...c;' (BlO)
It is useful to define the surface-tangent projection of the normal derivative of a tensor by
AT % oy o = B0y Py ey e (-0 )T (B.11)

We will show that the covariant derivative of any tensor field T’ by...bk c1...; can be expressed
in terms of surface-tangent (D 1% c1..¢;), normal (@Tr-bx c1..¢;) and hybrid projections
of derivatives, along with surface-tangent tensors to be defined bellow. In the following we
omit the prefix surface regarding the tangent projections.

For the normal vector itself we have

Vaony = Kgp + ngup, (B.12)
where
Kab = Danb (B13)
and
Uy = dng. (B.14)

The tensor K, is tangent by construction and symmetric, and can be identified as the
extrinsic curvature of C;. In terms of the induced metric, it will be seen in the following
subsection to be half the Lie derivative along n® of hyp, i.e.,

Enhay = 2K p. (B.15)
It can also be seen that u, is related to N by
Uqg = —DgIn N. (B.16)
From (B.16) it follows that
D,ny = Dyng,. (B.17)
We say a tensor has been expanded in 3 + 1 form when it is expressed in the form

b’ byaj...a;
Ttk bi..by — ht aj - hok a;hln b hbl e by
/ / 4 4
+ p2 @ hok—1 aﬁc_lhbl by . hbl blnak(—naﬁc)Talmak bl ...b)
—+ ...

+n® oy, g (=g ) - (g ) (=) - (=nP) Ty (BUS)

We now introduce a key aspect of our formulation of the 3 4+ 1 formalism: the systematic
labeling of the terms that constitute the complete 3 4+ 1 expansion of tensors.
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The 3 4 1 expansion of a (k,[) tensor T % 4 has 2k+l terms. Each term contains
products of the following types of elements: a) normal vectors n® and dual vectors n; adding
up a total of m free normal elements ie,

nlamptam-1 Mg, Mg, » (B.19)

and b) a tensor with only tangent free indexes,

%an-!—l—man-H—m—l

by bo, - (B.20)

We will call these tensors tangent projection elements. Note that these various terms are
linearly independent as the complete 3 + 1 expansion for every tensor in M, given a foliation,
is unique.

We will number the indexes from right to left beginning at 0, taking the original tensor
as reference. We don’t distinguish raised or lowered indexes in this labeling. For a given
projection term of the 3 4+ 1 expansion of a tensor we take all the numeric labels g; of every
free normal index so that summing all the terms of the form 2% yield a unique label for each
projection term. That is, if the normal dual vectors of some projection are nq,, , Na,, - - - Na,, »
the numeric label we assing to the projection term is

m
m=) 2% (B.21)
=1

This is a natural way to span all the possible projection terms based on an intuitive reasoning:
the projection terms are labeled according to the binary positional representation of the
indexes of their normal vectors (or dual vectors). For example, given a (0, 2) tensor T}, we have

0 1 2 3
Torao = Tayag + "agTay + MayLag + NayNag T (B.22)

where the tangent projection elements are

Turens = hay by T, 27 =0 B.23
arap — ltay ao ayaf» Z =Y ( . a‘)
qeD
1 ! !
T4, = ha, al(_nao)Ta’la{y Z 21=1, (B'23b)
q€{0}
2 / /
Tao = (_nal)hao aOTa’la6> Z 29 =12, (BQ?’C)
qe{1}
3 ! !
T = (—n")(—=n") Ty a1, d o 20=3. (B.234d)
q€{0,1}

Consider a scalar function ¢ : M — R. The covariant derivative of ¢ expanded in
3+ 1 form is

v(10¢ = (bao = Dao¢ + naod(ﬁ- (B24)
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If we consider a dual vector v,, the 3 + 1 expansion of its covariant derivative yield

1 0 b0 1
valvao :Kalao v+ Da1 Vg T (Kal vp + Dal U) Nagy

+ (d Oag + Uag 11)) Na, + (ub Ovb> Nay Nag - (B.25)

By putting v, = V,¢ in this expression we get the 3+ 1 expansion for the second covariant
derivative of ¢ (using the abbreviated notation for derivatives introduced in appendix A),

¢a1ao = (Ka1aod¢ + Dtl1 Dao¢> + Ng, (Da1d¢ + Ka1 bDb¢)

+ Ny (ag@$ + d Day®) + nagnia; (426 + 1’ Dyg) . (B.26)
Note that the tangent component of ¢, 4, differs from the tangent derivative D,, Dy ¢ by
a normal derivative of ¢ times the extrinsic curvature. We will find the analogous feature
occurring at any arbitrary order k of derivatives, which will include normal derivatives of

¢ up to order k£ — 1.
The no-torsion condition (¢4 = ¢pe) yields the identity

dDyd — Dod p = K, "Dy — uad . (B.27)
Recall that for any dual vector w,, the Riemann tensor is defined by
Rabc dwd = V,wac — vaawc. (B.28)

Substituting the 3 + 1 expansion of the second derivative of a dual vector v, in (B.28),
and taking into account all its symmetries, we get that the nonvanishing tensor projection

elements of the Riemann tensor are

ORa3a2a1a0 = (S)Ra3a2a1a0 + Ka3a1 Ka2a0 - KQQGIKGBG/O? (B293‘)
lRasazm = 2R&2a3a1 = 4R0L10L20L2 = SRa1a2a3 = DazKasal - DOLSKGNM (B'29b)

5Ra3a1 = _GRagal = _gRa3a1 = 10Ra3a1 = UggUay + dKagal - Ka3 beal - Da3ua1‘
(B.29C)

where ) R,,404100 is the Riemann tensor defined by the induced metric hy, on C;. We will
call it the intrinsic Riemann tensor.
Implementing (B.28) for any tangent dual vector wy, we get

dDywy — Dadwy = Kq “Dewp — ugdwy, + (Kgpu® — Kq ‘up + Dy Ky ¢ — DK gp) we,  (B.30a)
and for any tangent tensor Ag, aq,

dDazAalao - DagdAalao = KCLQ bDbAa1a0 - uagdAalao
+ (Kazalub - Ka2 bual + D(l1Ka2 b - DbKagal) Abao
+ (Kazaot = Kay "y + DagKay " = D" Kagay ) Aayp,  (B.30b)

and so on for higher order tensors.
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From (B.29) it is possible to compute the projection components for the Ricci tensor
Rap in terms of their intrinsic counterparts, the extrinsic curvature, the vector u® and their

derivatives:
"Rarao = PRayay + K Kayag + Daytiag — tay ey — @ Kayag (B.31a)
'Ryy = ?Roy = Dy, K — DyK® (B.31b)
SR=dK +u? — K"™ K, — Dyul. (B.31c)

as well as the Ricci scalar Z,

B — (3)% + K2 + KblbOKblbo +9 (Dbub _ ’LL2 _ d‘K) , (B32)

where
K =K', (B.33a)
u? = ubuy, (B.33b)

Equations (B.29a) and (B.31b) are known as the Gauss-Codazzi relations.

This formalism allows to systematically express derivatives of arbitrary tensors. Gen-
eral formulas for covariant derivatives, products, contractions, symmetrization and anti-
symmetrization of indexes can be given and programmed within a computer algebra system.
However, those expressions require further definitions that are out of the scope of this
exposition. An exposition of these formulas is available in [29].

This 3 + 1 formalism is a complete representation of 4—dimensional tensors in terms of
tangent tensor components on each of the surfaces C; of a given foliation of spacetime.

In this formalism, Bianchi identity allows to solve d (3)Ra3a2ala0 in terms of Kg, 44, U,
and their tangent derivatives:

d (3)Ra3a2a1ao = 2(Kb0[a3 (3)Rb0 az]aiag + DagD[(zl KCLQ]CL2 - DazD[alKao}ag - Kal[agDag]uao
+ Kaglag Das)tay + 2<(D[a3Kaz][a1)uao]
+ (D[athlo][a3)ua2] - u[ll:;KaQ][aluao]))' (B.34a)

Upon contraction, this also yield relations for the intrinsic Ricci tensor and scalar,
d DRa10 = 2(Kpy(a PR 1) = Dby D(ay Kag) ™) + Day Dag K + D’ Dy Koy,
+2(u (Do, Kagyy = Do Karao = Ki(artag)) + t(ar (D" Kooy = Dag) K))
— K DgyUaq + 2(Digti(ay) Kog) * — Kayao Do t” + 4> Kayag + Ktagtia, . (B.34b)
ad®z = Q(Kblbo G Rpypy + D (Dyy K — Dy K ) + 2u® (Dy, K™ 4y — Dy K)
— K Dyyu™® + K" Dy gy + Ku? = K"up, up, ). (B.34c)

As an example, we can compute the failure of a geodesic on Cy, defined by the tangent
derivative operator D,, to be a geodesic vector on M. From (B.25) we have that for a
surface-tangent vector £€* which is tangent to an affine geodesic in C; such that

"Dy = 0, (B.35)
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then
OV, = ntKhbog, ¢ (B.36)

This justifies the statement made in section 3.3 that, generically, geodesics intrinsically defined
on C, which connect two points contained within a convex normal neighborhood 2 C C will
not coincide with the spacetime geodesics connecting the same points. It also proves that
they will coincide if the extrinsic curvature vanishes in Z.

B.1 Lie derivatives and time derivatives

The Lie derivative £UT£,ijll',',',lZ{)0 represent the rate of change of the tensor Tbi-1--bo Al GO

along the uniparametric group of diffeomorphisms generated by the vector field v*. In terms
of the covariant derivative of the spacetime it can be seen [22] that

-1
£UTbl,1...b0 oy = vcchbzfy..bo o 1oa0 — Z Tbi-1---c..-bo ak,l...aovcvbi
i=0
k—1
+ ) Tt g Va v (B.37)
§=0
For a scalar field ¢ this reduces to
£ = 0"V, (B.38)

which in 3+ 1 form is given by the contraction of (B.24) with v expressed in 3+ 1 form, that is,
£,0 = "9 Dy ¢ — tud . (B.39)

Similarly, for a dual vector w, we have

£owag = V"Viway + wpVag0?, (B.40)
which in 3 + 1 form reads
1.0 1 0 11 0 0 1 1 0 0
Loway = — vdwg, + VK, bwb — VWUgy + wWpDgy b_ wDg,v +v bwaao
+ Ny (—éddj A0t + KPPy O — wdv — wupd + 8bDb&1> . (BA1)

We use the vector t* defined in (B.3) in order to represent time derivatives by taking t* to
be the generator of time flow in this formalism. The 3 4+ 1 expansion of t* is given in terms
of the lapse function N and the shift tangent vector 3¢,

$00 = g9 4 poo | (B.42)

The time derivative of a tensor 7t—1--bo ap_1..ao 1s then taken as the tangent projection of
its Lie derivative along t%, that is,

by —1..:b — pbio b e ¢ dj—1...d
e i M | A A s (B.43)
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Expanding this definition with aid of formula (B.37), we get

rby_1...b by_1...b c by_1...b
Tbi-1---bo gy = — N Tbi-1-bo o + B¢D, Tb-1-bo o

-1
_ ZTbl_l...c...bo 1.0 (NKC b; + Dcﬁbi>
=0

k=1
T O L I (NKaj c4 Da]ﬂc) . (B.44)
=0

For example, we can compute the time derivative of the induced metric,

ha1a0 = 2 (NKa1a0 + D(alﬂao)) * (B45)

Consider the case where % =0 and N = 1, then n® = ¢* and (B.45) reduces to (B.15). This
lies behind the intuitive notion that the extrinsic curvature is essentially (half) the time
derivative of the induced metric, even if such relationship is formally given by (B.45). We
note that in this expression, the operator d does not appear given that d hy = 0, however,
for tensors other than hgp, in general the order of time derivatives of those tensors that
will occur in the corresponding expressions will coincide with the order of d derivatives
appearing in the result.
We can make the substitution

1. 1
thblfl‘..bO oy = — Nszﬂ...bo o + N/BcDCszfl...bo R
_ ZTbl*lmcmbO a1 (Kc b; + Dcﬁbi)
i=0 N
+ Z Tblilmbo Qp_—1-...C...a0 (Kaj ¢ + NDCL]'BC> ) (B46)
§=0
and for the case of hg, we can write first
1 /1.
Ka1a0 = N ihmao - D(alﬂao) ) (B'47)

and then use (B.46) to translate normal derivatives of Ky, in terms of time derivatives of
hgp. That results in an expression of the form

1

d"Kajao =
1a0 QN(_N)n(

)" M hayay + .. (B.48)

where (0¢)"ha,a, represent the n-th time derivative of hg,q,. Therefore, the number of
normal derivatives of the extrinsic curvature equals the number of time derivatives of the
induced metric, plus one.

B.2 3+1 expansion of [, . .q,]

We are interested in the explicit expression for the coincidence limits of every tangent, normal
and hybrid derivatives of ¥ in terms of the 3 + 1 expansion of data on any surface C;.
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For the first derivative, we have from (A.5),
[an] =0, (B.49)
and given (B.24), we readily verify that

[Daz] - 07 (B50a)
[d%] = 0. (B.50b)

For the second order derivatives we have from (B.26), (B.50a), (B.50b), (A.10) and (B.4),

[Ealao] = h(loal — NggNay (B51)
which implies
[DanE] = haba (B.52a)
[D,d¥] =[dD,X] =0, (B.52b)
[d%%] = —1. (B.52c)

In general, the procedure for computing a derivative order k > 2 is the following;:
1. Compute the 3 4+ 1 expansion for the covariant derivative of ¥,, | 4.

2. Take the limit of the expansion and replace the previously found limits of all the deriva-
tives of order k—1, i.e., [D .Dy,X], [D Do, d%), [Dqy,_, ... DaydDg,Xl, ...,
[dF=1%].

ap_1°° ap_1**

3. Identify every projection element of the expansion of the derivative with the corre-
sponding projection element of the 3 + 1 expansion of the limit [£,,  4,] computed in

appendix A.
4. Solve for the limits [Dg, ... D%, [Day - - - Dayd Y], ..., [@¥Y] in the equation for the
tangent projection component 0,1,...,2% — 1, respectively.

We will denote this algorithm as x. For k = 3, the relevant coincidence limit is trivially
[Yape] = 0, and following * we get

[Day Doy Doy X = (B.53a)
[Da2 Daldz] a2a1 ) (B 53b)
[Dayd Day| = (B.53c)
[Dayd*%] = —tay, (B.53d)

[d Da, Doy Y] = Kayay, (B.53e)
[d D, dX] = (B.53f)

(a2 DaOZ] uao, (B.53g)
[@3%] = (B.53h)

,45,



For k = 4 we have a nontrivial coincidence limit, a combination of Riemann tensors with
various index orderings, cf. eq. (A.15). The Riemann tensor has already been completely
expressed in 3+ 1 form in the previous section and in [29], which also describes the techniques
required for dealing with the exchange of indexes. Following the algorithm x we get

1
[Da3Da2Da1Da02} - §(<3)Ra3a1aoa2 + (3)Ra3a0a1a2 + KasaoKa2a1
+ Kaga, Kagag + Ka3a2Ka1ao) (B.54a)
2
[DasDa2Da1dE} = _g (Da1Ka3a2 + Da2Ka3a1 + DasKa2a1) (B'54b)
1
[DasDtmd‘DaoE} = g (3K¢13a2ua0 - 2Da0Ka3a2 + DazKasao + DasKa2ao) (B'54C)
1
[Da; Dayd %] = 5 (2K 0y " Koy — 2ttagta, — 2d Kogay — 4Dagta) (B.54d)
1
[Dayd Dgy Doy X] = 3 (3tas Kayag + DagKagay + Day Kagag + Daz Karao) (B.54e)
1
[Dayd Do, @3] = 5 (ttasttar = Kas Koo, — 2d Kogay — Dayta, ) (B.54f)
1
[Dayd*Day %) = 5 (4tayttay — Koy "Koag +d Kayay +2Dayttay) (B.54g)
[Dasd>%] = —d g, (B.54h)
1 :
[d‘DGQDalDaoE} - g (DQQKalao + Da1Ka2a0 + DaoKazal) (B'541)
1 :
[ Doy D, d5] = 5 (ttaztta, — 4K, " Koy — 24 Kayay — Dayta) (B.54j)
1
[d Dayd Doy ¥] = 5 (ttazttay — Kay "Krag + 2Dayttay ) (B.54k)
[dDayd?Y] = — Ko, "uy — d g, (B.541)
1
[ Da, Day¥] = 5 (2K, " Kray — 2ttay 1y + 4d Kayag + 2D e ) (B.54m)
[d°Dg,d Y] = —Kq, Puy (B.54n)
(@3 Dy %] = 2d g, (B.540)
[d4%] = —ubuy, (B.54p)

We recall that (3)Ra3a2a1 % js the Riemann tensor defined by the induced metric hq, on
the surface.

The order k£ = 5 involves the coincidence limit of a combination of derivatives of the
Riemann tensor, eq. (A.16), where we obtain 2° = 32 limits of derivatives. It serves no
practical purpose to write all these limits down here, so we only reproduce the limit of
derivatives that will be used later,

1
[Da4Da3Da2DalDa02] = 5 (D“4 (S)RalaWSaO + DULS (3)Ra1a4azao =+ Da2 (S)RGIGS‘M“O)

+ 5K (asa3 Dz Kayag) (B.55)
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[Day Doy Doy Do, d 3] = K (0059 Kayay) — 3D(ay DasKazay) — K(agaz Dastay)

_ 2Kb(a4Kb a3Ka2a1) + K(a4a3ua2ua1)

1
* 6( o Ka4 b[2 (3)Ra3ba2a1 + (S)Rasazalb]
+ Kas b[5 ®) Ra4ba2a1 +4 ®) Ra4a2a1b]

+ Kaz b[ (3)Ra4ba3a1 - 4 (3)Ra4a3alb]

asas

— 2K, "l Ragbagar + 2 Rayagant] ) (B.56)
3 3
[Da4Da3Da2d2E] = _ED(a4dKa3a2) - 3u(a4Da3ua2) - §Da4Da3Ua2
1
+ 6 ((3)Ra3“2“4 ’ +2 (3)Ra4a3a2 b) Uup + Kb(a4DbKa3a2)
+ 2K(a4 bDa3Ka2)b — K(G4G3Ka2) bub. (B,57)

The coincidence limit for the order 6 covariant derivative of ¥ is given by (A.17). The

all-tangent derivative limit is given by:

[DasDa4Da3Da2Da1DaoE] =

1
TS (11Ka2a3Ka4a5dKaoa1 - Ka3a4Ka1a5dKaoa2 - Ka1a4Ka3a5dKaoa2

— Kaja3 Kagasd Kagay — Kagas Kagasd Karar — Kagag Kazasd Kayas

— Kagaz Kayas A Kayay — Kayay Kasasd Kagas — Kagas Kayasd Kayay

— Kayay Kagasd Kazas — Kagas Kayasd Kazas — Kagar Kagasd Kasas

— TKayas Karasd Kagay — TKayas Kagas @ Kagay — TKazaz Kagasd Kayay
— TKapay Kazasd Kayay = Kayaz Kagasd Kazas — Kagaz Kayasd Kazas

— Kaga1 Kazasd Kazay — Kayay Kagasd Kazay — Kagaz Karasd Kazay

— TKaa3 Kayayd Kagas — TKajas Kazasd Kagas — TR azas Kagayd Kayas
— TKagaz Kazasd Kayas — Kayaz Kagasd Kazas — Kagaz Karasd Kayas

— Kagas Kaza,d Kazas — Kajas Kagasd Kagas — Kagas Kayasd Kagas

+ 11K 0, Kagas d Kayas + 11K g0, Kagasd Kayas

+ Koyas [11 Kagayd Kagay — Kayasd Kagas — Kagasd Kayag

— TKay05d Kagas — TRagasd Kayas — Kagar d Kagas)

+ Koyas [11 Kagasd Kagay — Kayasd Kagas — Kagasd Kayag

— TKay05d Kagas — TRagasd Kayas — Kagar d Kagas)

+ 11K¢10¢11Ka2a3dKa4a5) + OFa5a4a3a2a1ao (B.58)

where OFa5a4a3a2a1ao is a tangent tensor which does not involve normal derivatives of the
extrinsic curvature.
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At least two other projections are of explicit interest,

[Da5Da4Da3Da2Da1d2] =

1 16
7(d‘Kasal)Da2Ka4a3 - 7(dKa4a1)Da2Ka5t13 + (dKa4a2)Da3Ka5a1

19

2 2
15 (thlstM)DasKazm - 7(dKa5a2)Da3Ka4a1 - §(dKa5a1>Da3Ka4a2

(0K s0,) Dy Ko — i,) (@ Kasa) D Kasas + 2 (0 Kaga) Do Ko,
2 (0 Kages) D Kagar, — 12 (@ Kagar) DasKasas + 150 Kagar) Da Ko
4 (@ Kasa) Da Ky + 2 (0 Kasa) Doy Ko, + (@ Kasay) Do Ko,
. 12 (@ Kagay) Day Koo, 28<d‘Ka4a1)Da5Ka3a2 20 K o) Da K
- 14153@1«@2@1)0%&4% T . (B.59)
[Das Doy Day Doy d?Y] =
o KagayKagas + 5Ka5a3d Kasas + 16 Kasasd* Kasas
4 3 Fasas Koy + 5 Kasasd*Kuay + 30 Kagasd* Kuga,
¥ i O Rugagas " Koy + 2 O Ragara 0Ky — £ @ Ragasas " K,
+ % '(3) Rasasas " Kray + Koy "Krayd Kasay + Kas " Kiay @ Kayag
b K, Ry Koy + 3Ky "oy Koy — 50 Koy "y Ko,
T K, gy Ky — o Ko Ko Kooy — o0 Koy "l Ko
2 Ky Kasas K — 0 Ko "Kagasd Koy — o0 Koy "oy i,
S Koy Ky Ko, — 55 Koy gy Koy — o5 Ky Ky Ko
31 13, 29
BOK“S Kasar Koy — o Koy Byl Koy & 2 K, K, d K,
Ky Ko Kagay + - Ko Koy Ko — 14 Kay "oy Koy
K K Ko — 5 Koy Koy Kaga + 5 Koy 'Ky Ko,
Ky Ky Kagay + *Fagasonas (B.60)

where 1Fa5a4a3am1 and 3’F%M%a2 are tangent tensors which do not involve normal derivatives
of the extrinsic curvature. Note that both the sixth order tangent derivative of % and the fifth
order tangent derivative of d3 involve normal derivatives of the extrinsic curvature K, of
first order, i.e., second order normal Lie derivatives of the intrinsic metric hyp, but the fourth
order derivative of d2¥% already includes second order derivatives of K, implying third order
normal Lie derivatives of the intrinsic metric hyp,. This fact represents a complication in
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treating the initial value formulation of semiclassical gravity, a subject that was extensively
discussed in [13].

B.3 Projection of hybrid derivatives of X

Just as explained in appendix A.1, for many purposes V%E can be regarded as a scalar. We
can assume this literally in the case of the 3 + 1 decomposition of its derivatives, working
with the scalar ( = V% within our 3 4+ 1 formalism, and only when limits are taken, does
the vector nature of (» emerge, shifting the labeling of the components by one bit left. For
example, we will represent ¢ by the scalar

(=9+N, (B.61)

where 9 is identified with Dy¥ and .4 is identified with nyd’S = —nen?VyE. In the
coincidence limit, ( — [Eaé], which is a vector, so in the representation of the zeroth-order
tensor (i.e., scalar) ¢, the 3 + 1 projections go from 2° to 2!, that is,

Jim ¢ O[clag + 1, '[¢], (B.62)

with
*[clay = [Day %] =0, (B.63a)
Hg=1M1's=o. (B.63b)

The one-bit left-shift multiplies the components by 2, so for each component labeled m, there
will be two components, 2m and 2m + 1. Component 2m will result from the substitutions
2 — D%Z and .4~ — 0 followed by taking the coincidence limit, while the component 2m + 1
will result from the substitution of .4~ — d’Y and 2 — 0, followed by taking the coincidence
limit. Then, for the derivative of { we have

vaog = DCLOC + naodgu (B64)

that is, tangent projection component m = 0 is D,,¢ and the tangent projection component
m = 11is d¢. When we compute the coincidence limit we will have:

m =0, [Day Dy B = —hayao (B.65a)
m=1, [Dg,d'S)] = (B.65b)
m=2, [ D, %] = (B.65¢)
m =3, [dd's) = (B.65d)

where the right hand comes from the 3 + 1 projection of (A.19b). Note that the label of each
index increased one unit to fit the new index ag at the right. By following this procedure,
and considering the 3 + 1 projections of the limits obtained in appendix A.1, we obtain the
following limits for hybrid derivatives in 3 + 1 form, for the second derivative of (,

[DGQD(llD(IO] = Oa (B66a)
[Daszd,E] = *Kazap (B.66b)
[DanbDaoE} = K(Ian; (B.GGC)
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[Da,dd'S) =
[Da,d Doy X] =
[Dg,dd'Y] = —ug,,
[d D, Y] = uao,
[@?a'y] =
for the third derivative of (,
2 1 1
[DasDathhDa{)E] = _gKazalKasao - éKazaoKawl - EKamoKa:’,aQ
1 1
6 (3)Ra3a0(l2(l1 - 3 (B)Ragagalaoa
1 1 2
[DasD@Dald/E] = _6D01Ka3a2 - 6Da2Kasa1 - gD(lSKG«QG«l?
1 1 5
[Da3Da2dDaéz] = _éDaoKazaz + 3Da2Ka3ao + 6Da3Ka2aov
7 1
[Day Daydd'S] = 6Kbo as Kpoas — g laztlay gd‘KagaQ + 6Dagan,
1 1 1
[Da:sDaldDaéZ] = _Ka:saoum - 6DCL0KG3G1 + gDalKa:sao - 6Da3Ka1ao’
1 1 1 5
[Day Doy dd'S)] = 61{”0 a1 Kbgas = Gttayta = 50 Kagar = ¢ Dagtlas
1 1 1 2
[Dayd? Dy ¥] = —gKbO a0 Kboas + 3ttagtlas + 38 Kagag + 3 Dagtag;
(Do, d?d'Y] = K% g up,
1 1 1
[DGQDaldDaf)E] = 7Ka2a1ua0 + gDaOKU«QU«l - gDalKazao - 6Da2Ka1ao,
1 1 2 1
[Day Do, dd'S] = —gKbO a1 Koz + Sttayta; = 50 Kazar = 3 Dayta
1 1 5 1
[Dayd? Dy X) = G K o Kpoay — Glaotias + 50 Kazag + 2 Daytiay,
[Da,d?d'S] = K% o up,
1 7 1 1
[@% Doy Dy ] = G K o Kpay — Glaottay — 5@ Kayay + ¢ Daylay,
[d%Dg,d'Y] = —dug,,
[@° Dy %] = d iy,
[@3d's] = u?,

(B.67m

(B.67a)
(B.67D)
(B.67c)
(B.67d)
(B.67¢)
(B.67f)

(B.67g)
(B.67h)
(B.67i)

(B.67j)

(B.67k
(B.671

(B.67n
(B.670

)
)
)
)
)
(B.67p)

for the fourth derivatives of ¢, we will only write the terms relevant for the construction
of the surface Taylor series of d’% and dd’X:

[Da,DayDayDa,d'Y] =

1
- gKa4a3Kb0 al Kboag

T3

1
* gKboazx ) R aragas +

1
b
*KagagK 0 ale0a4 -

1 )

+ gKa4a2Kb0 aleoag - gKa4a1Kb0 aszoag
1 bo 1 bo
§Ka3a1K agKb0a4 - §Ka2a1K agKb0a4

2

,50,

1 1
7Kb0a3 (3)Rb0 arasaz T §Kboa2 (S)Rbo aiasas



3) pbo 1
Kboa4 ( )R azasal + = asazWar Uay — *Ka4a2ualua3

3 6

1 1
* §Kb0a1 () pho azasas ~ @

1
+ gKa4alua2ua3 - gKagazualum; + 6 agaluazua4 + 6 agaluagua4
1 1 1 1
+ gKa4a3dKa2a1 - gKa4a2dKa3a1 + gKa4a1dKa3a2 - gKa3a2dKa4a1
1 1 1 1
+ gKa3a1dKa4a2 + gKagaldKa4a3 - g a4a3Da2ua1 + 6 a4a2Da3Ua1
1 1 1 1
- gKa4a1Da3ua2 - §Da3Da2Ka4a1 + gKagazD(Mual - éKagalD(Muag
1
6

1 1 1
- *KazalDaztua:s + gDa4Da1Ka3a2 - gDCMDGZKaZiU«l - gDaz;DagKazau (B.68a)

[DayDayDa,dd's] =
1

1 1 1
6Kb0 a3Da2Kb0a4 + iKbO a4Da3Kboa2 + éKbO a2Da3Kboa4 + §Kb0 agDa4Kb0a2

1 1 1 1
+ §Kb0 agDa4Kb0a3 + guagDa4ua2 + éuazDa4ua3 + 6

1 1 1 1
— 5D Dagtia; + 5Kbo a3 Doy Kazar + 6Kbo a3 Doy Kayar + 6K”O a3 Dby Kayas.  (B.6Sb)

D, d K ya,

For the fifth derivatives of {, we will only write the leading order terms in normal derivatives
relevant for the construction of the surface Taylor series of d’Y and dd’X:

[Day Doy Day Day Doy d'S] =
1 11 1
- gdKa5a1Da2Ka4a3 - %dKazlalDachmag + édKa5a4Da3Ka2a1
2 2 1
+ §dKa5a2Da3Ka4a1 + §dKa5a1Da3Ka4a2 - TodKa4a2Da3Ka5a1
2 11 1
- gdKa4a1Da3Ka5a2 + EdKagalDagKag,mL + édKa5a3Da4Ka2a1
2 1 1
+ Z5dKa5a2Da4Ka3a1 + §dKa5a1Da4Kasaz + %JKGSMD‘MK%M
4 1 1
- Z55KG2G1DG4KG5G3 + gdKa4a3Da5Ka2a1 + 6d‘Ka4a2Da5Ka3a1
1 23 1
- %d’KazlalDQE,KagaQ + %dKagagDasK(Mm - %d’KagalDa5Ka4a2
1
- ngKaszasKawg + 1D~a5a4a3a2a17 (B.69a)
[D%DMD%D@QJJ'E} =
1 1 1
- BKa5a4d2Ka3a2 - TOKa5a3d2Ka4a2 + TOKa4a3d2Ka5a2
3 8 1
- TOKbO a4Kb0a5dKa3a2 - EKbO agKbga5dKa4a2 - gKbO aQKboa5dKa4a3
1 1 1
+ %Kbo a3Kb0a4dKa5a2 - 6Kb0 aszoa4dKa5a3 - gKbO a2Kb0a3dKa5a4
17 11 26
- gKaszboaad‘Kbo az — EKasastodebo az — EKaz;astoadebo a2
1 b b L (3) b 4 b
+ E (3)R 0 a3a5a4dK 0 a2z + § (3)R 0 a5a4a3de0a2 - EKa5a4K 0 a2de0a3

,51,



1 1 4
+ 7Ka5a2Kb0 a4deoa3 - 7Ka4a2Kb0 adeboag, + — a5a3Kb0 aszboa4

6 10 15
4 1 1
+ T5 a5a2Kb0 agde0a4 + éKagaszO a5d‘Kb0a4 - TO (3)Rb0 a2a5a3de0a4
7 7 1
+ %Kaz;a:gKbo agde0a5 + % a4a2Kb0 (Lgdeoag) + éKag,aszo [14de0(15
1 1 2
+ TO (3)Rb0 a2a4a3de0a5 - EKboagd (3)Rb0 azasa4 BKa5a4uagdua2
1 1 1
- gKasaauazxduaz + gKa4a3“asd“a2 - BKa5a4uagdua3 - ﬁKasaauazduaz;
1
+ TOKawsuazduas + QQasawaaz (B.69b)
where 'Qu.asa5a20; a0d 2Quzasa3a, are tangent tensors which do not involve normal deriva-
tives.
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