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on the initial value problem in semiclassical gravity, for which the geometric initial data

corresponds, a priori, to the spatial metric on the surface and up to 3 time derivatives off

the surface, but where it was argued that the fourth derivative can be obtained with aid

of the Ąeld equations on the initial surface.
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1 Introduction

Semiclassical gravity is a useful approximate theory which describes a regime lying between

that where classical general relativity provides a good effective description, and that where

a full quantum gravity theory becomes necessary. In this classical-quantum mixed theory,

matter Ąelds are treated as quantum Ąelds that gravitate via the expectation value of their

stress-energy tensor, sourcing geometry in the semiclassical Einstein Ąeld equations. It is

expected that this theory accurately describes regimes in which gravity and quantum effects

are important, but for which scales of energy densities or curvatures are far removed from

the Planck scale.1

In recent years, substantial mathematical advances have been made in order to understand

the structural properties of semiclassical gravity, especially in symmetry-reduced situations

or by studying simpler semiclassical models [3Ű21]. We highlight [13], in which the authors

1Often one adds the caveat that for semiclassical gravity to be reliable, the quantum uncertainties in the

energy momentum tensor ought to be small [1], however, when trying to make such a statement precise, serious

obstacles are encountered. For instance, the case of the Minkowski vacuum illustrates the fact that requiring

the uncertainties to be small in comparison with the corresponding expectation values, does not seem to be a

universally desirable criterion. We therefore make no further comments in this direction.

Ű 1 Ű
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of this paper have put forth a number of conjectures on the well-posedness of the full (non-

symmetry-reduced problem) in the case that matter is modelled by a scalar Ąeld satisfying

the covariant Klein-Gordon equation.

Central to our conjectures in [13] is the surface Hadamard condition. This condition

characterizes the Hadamard property of a quantum state in terms of its behavior on an

initial surface. It is worth emphasizing here, this condition is a Şsemiclassical gravityŤ notion

and not a Şquantum Ąeld theory in curved spacetimeŤ notion. (The precise deĄnition is

given in [13] and depends on a prior notion of Şpreliminary surface HadamardŤ which is a

quantum Ąeld theory in curved spacetime notion but which will not be particularly relevant

to the developments in this paper.)

But suffice it here to say that a state deĄned on the CCR algebra of a Riemannian

3-manifold, (C, hab) together with three further (classical) symmetric two-tensors on that

manifold will satisfy the surface Hadamard condition if the 3-metric, hab and those three

further symmetric tensors may be regarded as the restrictions to an initial surface of the metric

of a solution to the semiclassical Einstein equations and also of the Ąrst 3 time-derivatives

of the metric off that surface, while the state may be identiĄed with the state in which the

expectation value is taken on the right hand side of those equations.

One of the main conjectures in [13] is then (roughly) that for an initial such state and an

initial such set of classical initial data that together satisfy the surface Hadamard condition,

one can obtain a unique Hadamard solution to semiclassical gravity with that data. Note

that the surface Hadamard condition subsumes the usual constraint equations of semiclassical

gravity, since data that satisĄes it must constitute bona Ąde initial data.

It turns out that this surface Hadamard condition involves a tower of further constraints

on the initial data. A priori, this tower is inĄnite but presumably Ąnite cut-offs of the tower

will yield states (cf. [13], footnote 5) whose 2-point functions differ from those of Hadamard

states by continuous functions with Ąnitely-many continuous derivatives. In any case, the

minimal expectation is that reasonable initial data should be sufficiently close to being

Hadamard, such that the expectation value of the renormalized stress-energy tensor on the

initial value surface can be deĄned. Let us note, in passing, that this is a minimal requirement

in order even for the usual constraint equations to make sense.

The purpose of the present paper is to address the question of how much geometric data
is required on an initial surface in order to renormalize the stress-energy tensor intrinsic to
that initial surface. While the context for the Şsurface HadamardŤ notion and for the initial

value conjectures in [13] is semi-classical gravity and not quantum Ąeld theory in curved

spacetime, this speciĄc question can be analyzed in a Ąxed curved spacetime context and

that is what we aim to do in this paper, taking the initial surface to be a Cauchy surface,

C, in a given Ąxed spacetime. We will discuss where the results of the present paper feed

into those in [13] in section 4 below.

What makes this question especially difficult is that the Hadamard form for the two-point

function involves the (square of the) geodesic distance between two points and even when

both those points are in a given initial surface, this depends, in general, on the geometry

off the surface since the spacetime geodesics connecting two points in the surface will, in

general, leave the surface.

Ű 2 Ű
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This paper analyses this issue in detail and explores a path to deal with it, generating a

recipe that yields the renormalized expectation value of the stress-energy tensor on C in terms

of the intrinsic geometry of C and a choice of initial state on the CCR algebra on C. This

Şsurface-deĄnedŤ stress-energy tensor coincides with the restriction of the covariantly-deĄned

à la Hadamard stress-energy tensor in the spacetime to the surface C. The strategy will be to

obtain asymptotic expansions of the spacetime covariant quantities in the deĄnition of the

Hadamard condition (the spacetime geodesic distance, and the Hadamard coefficients) in terms

of the spatial geodesic distance, the induced metric, hab, extrinsic curvature, Kab = (1/2)£hab,

and derivatives of the extrinsic curvature off the surface, up to a sufficiently high order, so

that the spacetime Hadamard expresion is approximated well enough to yield the correct

value of the stress-energy tensor on the surface.

The paper is organized as follows: section 2 brieĆy reviews the elements of the renor-

malization for the stress-energy tensor of the Klein-Gordon Ąeld in curved spacetimes using

Hadamard subtraction, and also serves the purpose of introducing the notation for the paper.

In section 3 we study how the Hadamard condition can be characterized on a Cauchy surface

in terms of intrinsic geometric quantitites on the surface, namely its induced metric, hab, its

extrinsic curvature, Kab, and the bi-function, σ, which is deĄned to be half the square of the

geodesic distance intrinsic to the surface between pairs of points in the surface, together with

suitable derivatives of all these geometric quantities both in the surface and normal to it.

We study 3-dimensional covariant Taylor expansions in terms of σ and its derivatives in the

surface, of the Hadamard coefficients U and V and of half the squared spacetime geodesic

distance, Σ, between pairs of points in the surface, to a desirable order of approximation that

is sufficiently good so that the expectation value of the renormalized stress-energy tensor

can be deĄned on the surface.

To achieve this, in section 3.1 we deĄne a general notion of order-n approximation for

bi-scalars and show that if the approximation order for Σ, U and V are 6, 4 and 2, respectively,

then the renormalized stress-energy tensor computed using those approximations is exact.

Then, in section 3.2 we present approximations that satisfy the conditions from section 3.1.

Namely, we Ąrst provide covariant Taylor series expansions for U and V in terms of Σ and

its derivatives. Subsequently, we present a Taylor expansion for Σ and its Ąrst two normal

derivatives in terms of σ and its derivatives in the surface, yielding effectively expansions

for U , V (as well as Σ) in terms of σ (and its derivatives). We compute these expansions

in sections 3.3 and 3.4. We remark that the results for the derivatives of Σ presented

here Ąll an important gap in the arguments given in our previous paper [13] which makes

conjectures about the well-posedness of the initial value problem in semiclassical gravity (with

a Klein-Gordon Ąeld) for initial states satisfying the surface Hadamard condition. The results

that we Ąnd conĄrm that the minimal geometric data required to deĄne the expectation

value of the renormalised stress-energy tensor on an initial Cauchy surface are the induced

metric on the surface and its Ąrst four derivatives off the surface as anticipated in [13]. In

section 4 we give more details on how those results feed into the arguments in [13]. In

section 5 we discuss these results and relate them with the general programme of semiclassical

gravity presented in [13]. Some technical details and a brief review of the 3 + 1 formalism

we employ are included in the appendix.

Ű 3 Ű
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We will be limiting our considerations to a globally hyperbolic spacetime (M, gab) foliated

by Cauchy surfaces CT . We use abstract index notation for indices abc..., and follow the

conventions of [22]. We will also make extensive use of SyngeŠs coincidence-limit notation,

whereby the coincidence limit of a bi-scalar A is expressed as

[A](x) = lim
x′→x

A(x, x′). (1.1)

2 The expectation value of the stress-energy tensor

The classical stress-energy tensor, Tab, plays an essential role in General Relativity, repre-

senting the effects of matter on the spacetime metric that characterizes the gravitational
Ąeld. It acts as the source in EinsteinŠs equation,

Rab −
1

2
Rgab − Λgab = 8πGTab. (2.1)

In semiclassical gravity, one replaces the right hand side of eq. (2.1) by the expectation value

of the quantum stress-energy tensor of matter Ąelds evaluated in a suitable quantum state,

ω, which we denote by ω(Tab), and could, e.g., arise, when the quantum Ąeld is represented

on a Hilbert space, H, as ⟨ψ♣T̂abψ⟩ for some vector ψ in H, or as tr(ρ̂T̂ab) for some density

operator, ρ̂, on H. This results in the semiclassical Einstein equation,

Rab −
1

2
Rgab − Λgab = 8πGω(Tab). (2.2)

An important technical aspect one must face is that in order to make sense of ω(Tab)

(and therefore of eq. (2.2)) it is necessary to perform a renormalization procedure, since a

naïve evaluation of the expectation value of a stress-energy observable involves expectation

values of products of operator-valued distributions at the same point and these are inĄnite or

ill-deĄned. In the present paper we shall conĄne our attention to a matter model consisting

of a single real scalar Ąeld obeying the covariant Klein-Gordon equation

(gab∇a∇b −m2 − ξR)ϕ = 0, (2.3)

where m is the Ąeld mass and ξ a curvature coupling constant and, for this, we shall use the

Hadamard renormalization procedure. First we deĄne the notion of a Hadamard state ω.

This is characterized by a local condition on its two-point function G+(x, x′) = ω(ϕ(x)ϕ(x′))

(see [23] for more details). Namely, in a convex normal neighbourhood the two-point function

G+ is the sum of a smooth term, W ∈ C∞(M ×M), and a bi-distribution, Hℓ : C∞
0 (M ×

M) → C, whose singular structure coincides with that of a locally constructed Hadamard

parametrix of the Klein-Gordon operator. More speciĄcally, the Wightman function of a

Hadamard state admits the local representation

ω(ϕ(x)ϕ(x′)) = Hℓ(x, x′) +W (x, x′), (2.4)

where Hℓ(x, x′) has the form

Hℓ(x, x′) = lim
ϵ→0+

1

8π2



U(x, x′)

Σ(x, x′) + 2iϵ(T (x) − T (x′)) + ϵ2

+ V (x, x′) log



Σ(x, x′) + 2iϵ(T (x) − T (x′)) + ϵ2

ℓ2



, (2.5)

Ű 4 Ű
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where T is an arbitrary time function, Σ(x, x′) is half the squared geodesic (spacetime)

distance from x to x′, U and V are smooth, symmetric bi-scalar functions, which are non-

vanishing in the coincidence limit, and ℓ is a constant introduced for dimensional reasons that

can be interpreted as a renormalization parameter. It has been shown that the Hadamard

property ensures that the state satisĄes a generalized positive-energy condition known as

the micro-local spectrum condition [24].

The bi-scalar functions U and V are determined by the so-called Hadamard recursion

relations (see e.g. [25]) as asymptotic series in Σ, and are independent of the details of the

state. It can be shown [27] that U(x, x′) = ∆1/2(x, x′), where

∆(x, x′) = −
det(−∇µ∇ν′Σ(x, x′))
√

−g(x)
√

−g(x′)
, (2.6)

is the van Vleck-Morette determinant, with (un)primed derivative indices in (2.6) acting in

the (Ąrst) argument, and here g is the determinant of the spacetime metric.

Therefore, in the context of quantum Ąeld theory on a Ąxed curved spacetime, the singular

structure for these states is known in terms of the spacetime metric, the mass and curvature-

coupling parameters of the quantum Ąeld, allowing one to construct and directly subtract Hℓ

in order to obtain the renormalized quadratic quantities in the stress-energy tensor.

The expectation value of the renormalized stress-energy tensor is then (here we use the

formalism of [25] which is technically different from the earlier formalism of [28].)

ω(Tab(x)) = lim
x′→x



Tab

[

G+(x, x′) −Hℓ(x, x′)
]

−
1

8π
gabV1(x, x′)



+ Θab(x), (2.7)

where Tab is given by

Tab = (1 − 2ξ)gb
b′

∇a∇b′ +



2ξ −
1

2



gabg
cd′

∇c∇d′ −
1

2
gabm

2

+ 2ξ



− ga
a′

gb
b′

∇a′∇b′ + gabg
cd∇c∇d +

1

2
Gab



, (2.8)

with ga
a′

the parallel-transport propagator [27]. Further, V1 is the second term in the

Hadamard (asymptotic) expansion

V (x, x′) =
∞
∑

n=0

Vn(x, x′)Σn(x, x′), (2.9)

and in the limit equals

lim
x′→x

V1(x, x′) =
1

8
m4 +

1

4



ξ −
1

6



m2R−
1

24



ξ −
1

5



□R

+
1

8



ξ −
1

6

2

R2 −
1

720
RabR

ab +
1

720
RabcdR

abcd. (2.10)

The term Θ is a local ambiguity of the form αm4gab + βm2Gab + γHab with Hab a linear

combination of terms coming from the scalar actions (cf. [2], section 6.2) with quadratic

curvature Lagrangian functions2 L1 = R2 and L2 = RabR
ab. Absorbing the α and β

2A term coming from the Lagrangian L3 = RabcdRabcd is not linearly independent by the Gauss-Bonnet

formula.

Ű 5 Ű
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coefficients by suitable renormalizations of the cosmological and Newton constants, we

can write

Θab = (2α1 + α2)∇a∇bR−
1

2
(4α1 + α2)□Rgab − α2□Rab

+
α2

2
RcdRcdgab +

α1

2
R2gab − 2α1RRab − 2α2R

cdRcadb, (2.11)

where α1 and α2 are dimensionless, arbitrary parameters,which to the best of our knowledge

are not yet Ąxed by experiments. Note that if we chose the values of α1 and α2 to get rid

of the fourth order terms in the semiclassical Einstein equations at a Ąxed renormalisation

scale, ℓ, any change of scale, ℓ → ℓ′, in the Hadamard renormalisation prescription will

yield a term of the general form of Θab.

Let us note that, if the spacetime metric is already given, the only input required from

quantum theory to compute ω(Tab) up to a local, geometric term, is G+(x, x′) and its Ąrst two

derivatives. In particular, if one is restricted to a Cauchy surface C, and Gaussian coordinates

adapted to it such that the normal direction is parallel to the coordinate vector (∂t)
a, this

translates into the need to have been given initial data for the Ąeld in terms of the bi-scalar

functions G+(x, x′), ∂tG
+(x, x′), ∂t′G

+(x, x′) and ∂t∂t′G
+(x, x′), deĄned on C.

3 The Hadamard condition on an initial surface

In this section we construct a sufficiently precise approximation of the Hadamard condition

on an initial Cauchy surface, so that we are able to deĄne the expectation value of the

renormalized stress-energy tensor on the surface in terms of initial data. The strategy is to

obtain suitable approximations of the geodesic distance and the Hadamard coefficients in terms

of intrinsic objects deĄned on the initial surface viewed as a Riemannian manifold, namely in

terms of the initial Riemannian metric tensor on the surface, the surface geodesic distance

(which differs from the spacetime geodesic distance in general), together with the extrinsic

curvature and higher order derivatives of the metric off the surface. This allows one to obtain

a suitable bi-distribution on the initial surface that coincides sufficiently well with the induced

Hadamard bi-distribution on the surface, and that can be used for renormalization purposes.

The main result of the section is stated below in Theorem 2, which provides the sought

after deĄnition of the expectation value of the renormalized stress-energy in terms of certain

bi-scalars Σ̃, Ũ and Ṽ together with bi-scalars corresponding to their derivatives off the

surface. We then proceed to explicitly construct these bi-scalars in terms of the intrinsic

surface quantities in the subsequent subsections. These results put together achieve the

goal of the section.

Furthermore, these results will help us build a bridge between the construction presented

in this paper and the notion of the surface Hadamard condition introduced in our previous

work [13]. See the remarks before conjecture 1 in section 4.

3.1 Estimates for approximate initial data

The Hadamard coefficients and half the squared geodesic distance Σ(x, x′) in a background

spacetime can be computed in a convex normal neighbourhood, in principle, if we are given

the full metric description of that spacetime.

Ű 6 Ű
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However, it is necessary to analyse explicitly how many time derivatives of the metric

given on a Cauchy surface C need to be known in order to compute the two-point function

of the Ąeld and its time-derivatives off the surface to a sufficient degree of accuracy that

the stress-energy tensor on C can be calculated.

Our approach will be to derive a covariant Taylor expansion of the spacetime half squared

geodesic distance, Σ(x, x′), in terms of the half-squared geodesic distance, σ(x, x′), intrinsic

to the surface C (viewed as a 3-dimensional Riemannian manifold in its own right) and its

derivatives in the surface, and then to use this to compute Taylor series for the Hadamard

coefficients, in terms of their complete 3 + 1 projections, so that every object appearing

in the resulting prescription, is given explicitly in terms of the metric and its derivatives

on the initial surface C.

But Ąrst, it is necessary to estimate how good such approximations need to be in order

to compute ω(Tab(x)) at C. That is, we propose that instead of U(x, x′), V (x, x′) and Σ(x, x′),

we construct corresponding approximate bi-scalar functions Ũ(x, x′), Ṽ (x, x′) and Σ̃(x, x′)

to create an approximate Hadamard singular parametrix such that substracting it from

the two point function at the surface yields a bi-scalar function regular enough to compute

a renormalized expectation value of the stress-energy tensor at the initial surface by the

prescription (2.7) with the Hadamard part substituted by its approximation.

Let us Ąrst deĄne the general notion of an approximation for a bi-scalar function:

DeĄnition 1. Let A ∈ Cm(M ×M) a bi-scalar function, where m ∈ N. We say B ∈ Cn(M ×

M) is an order-n split-point approximation (we will often omit the Şsplit-pointŤ conditional

and simply say Şan order-n approximationŤ) of A, with n ≤ m, if and only if for every k ∈ N0,

0 ≤ k ≤ n,

lim
x′→x

∇ak
. . .∇a1

B(x, x′) = lim
x′→x

∇ak
. . .∇a1

A(x, x′). (3.1)

If such order-n approximation can be identiĄed as a truncated covariant Taylor series of

A of the form

B(x, x′) =
0
A(x) +

1
A
b

(x)∇bΣ(x, x′) +
1

2!

2
A
b2b1

(x)∇b2
Σ(x, x′)∇b1

Σ(x, x′) + . . .

+
1

n!

n
A
bn...b1

(x)∇bn
Σ(x, x′) . . .∇b1

Σ(x, x′), (3.2)

we refer to it as an order-n covariant Taylor truncation of A.

As usual, we can obtain expressions for the coefficients of the Taylor expanison by taking

into account the fundamental equation satisĄed by Σ(x, x′) [27],

gab(∇aΣ)(∇bΣ) = 2Σ, (3.3)

which lead to the vanishing of the coincidence limits for Σ, ∇aΣ and ∇a∇b∇cΣ, and the

nonvanishing limit (see appendix A)

lim
x′→x

∇a∇bΣ(x, x′) = gab(x). (3.4)
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Then, the Ąrst coefficients of the Taylor expansion above are

0
A(x) = lim

x′→x
A(x, x′), (3.5a)

1
Aa(x) =



lim
x′→x

∇aA(x, x′)



− ∇a

0
A(x), (3.5b)

2
Aa1a0

(x) =



lim
x′→x

∇a1
∇a0

A



(x) − ∇a1
∇a0

0
A(x) − 2∇(a1

1
Aa0)(x), (3.5c)

3
Aa2a1a0

(x) =



lim
x′→x

∇(a2
∇a1

∇a0)A



(x) − ∇(a2
∇a1

∇a0)

0
A(x) − 3∇(a2

∇a1

1
Aa0)(x)

− 3∇(a2

2
Aa1a0)(x). (3.5d)

To recapitulate our objective in terms of the deĄnitions we have just introduced, we

want to determine the general order of approximation for Σ(x, x′), U(x, x′) and V (x, x′) that

permits to construct an approximate Hadamard parametrix good enough for computing the

exact renormalized stress-energy tensor on the surface by the prescription (2.7).

Consider the result in [25] for the limit of (2.7),

ω(Tab(x)) =
1

2(2π)2



−
2
wab +

1

2
(1 − 2ξ)∇a∇b

0
w + gab



ξ −
1

4



□
0
w + ξ

0
wRab − gab[V1]



+ Θab,

(3.6)

where
0
w and

2
wab are the corresponding terms for the covariant Taylor expansion

W (x, x′) =
0
w(x) +

1
w
a
(x)∇aΣ(x, x′) +

2
w
ab

(x)∇aΣ(x, x′)∇bΣ(x, x′) +O(Σ3/2), (3.7)

with

W (x, x′) ≡ G+
ψ (x, x′) −Hℓ(x, x′). (3.8)

As we have already anticipated, our approach will be to propose approximations for

the coefficients U(x, x′) and V (x, x′) of the Hadamard term (2.5) as well as half the squared

geodesic distance Σ(x, x′), and we will show that there is a sufficient condition on the order

of approximation for each of these objects so that the Hadamard property is approximated

sufficiently well that the renormalization procedure using it will give the exact stress-energy

tensor. We begin by proving the following

Theorem 1. Let x and x′ be points contained in a convex normal neighborhood D ⊂ M ,
where the Hadamard singular part is given by (2.5) and half the square geodesic distance
Σ(x, x′) as well as the Hadamard coefficients U(x, x′), V (x, x′) are well deĄned, and let
Σ̃(x, x′), Ũ(x, x′) and Ṽ (x, x′) be corresponding approximations of order nΣ ≥ 6, nU ≥ 4 and
nV ≥ 2, respectively. Then,

[

∇a∇b



Hℓ − H̃ℓ
]

= 0, (3.9)

with

H̃ℓ(x, x′) ≡
1

2(2π)2



Ũ(x, x′)

Σ̃(x, x′)
+ Ṽ (x, x′) log



Σ̃(x, x′)

ℓ2



. (3.10)
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Proof. Let us consider a coordinate chart ¶xµ♢ on M so that we deal with coordinate

components, i.e.,

Eµν ≡ ∇µ∇ν



Hℓ − H̃ℓ


. (3.11)

DeĄne the following bi-scalars,

Σδ(x, x′) ≡ Σ(x, x′) − Σ̃(x, x′), (3.12a)
Uδ(x, x′) ≡ U(x, x′) − Ũ(x, x′), (3.12b)
V δ(x, x′) ≡ V (x, x′) − Ṽ (x, x′), (3.12c)

that represent a measure of the error corresponding to each approximate function. Then, by

construction, all up to (including) the second derivative of V δ(x, x′), the fourth derivative

of Uδ(x, x′) and the sixth derivative of Σδ(x, x′) will vanish in the coincidence limit. To

explicitly implement these properties, we invert the deĄnitions (3.12) so that we make the

substitutions

Σ̃(x, x′) = Σ(x, x′) − Σδ(x, x′), (3.13a)

Ũ(x, x′) = U(x, x′) − Uδ(x, x′), (3.13b)

Ṽ (x, x′) ≡ V (x, x′) − V δ(x, x′), (3.13c)

in (3.11), obtaining

Eµν = Eµν +



log



Σ − ( Σδ)

l2



− log



Σ

l2





∇µ∇νV − log



Σ − ( Σδ)

l2



∇µ∇ν(
V δ), (3.14)

where

Eµν ≡

{

( Σδ)3


− 2∆1/2∇µΣ∇νΣ − Σ2(∇µ∇ν∆
1/2 + ∇µΣ∇νV + ∇νΣ∇µV + V∇µ∇νΣ)

+ Σ(∇µΣ∇ν∆
1/2 + ∆1/2∇µ∇νΣ + ∇νΣ(∇µ∆1/2 + V∇µΣ))



+ Σ( Σδ)2


Σ2(∇µ∇ν(
Uδ) + ∇ν(

Σδ)(∇µV − ∇µ( V δ)) + ∇µ( Σδ)(∇νV − ∇ν(
V δ))

+ ∇µΣ(∇ν(
V δ) + 2∇νV ) + ∇νΣ(∇µ( V δ) + 2∇µV )

+ (V − ( V δ))∇µ∇ν(
Σδ) + (( V δ) + 2V )∇µ∇νΣ + 2∇µ∇ν∆

1/2)

− 3Σ
(

∇µΣ∇ν∆
1/2 + ∆1/2∇µ∇νΣ + ∇νΣ(∇µ∆1/2 + V∇µΣ)

)

+ 6∆1/2∇µΣ∇νΣ


+ Σ2( Σδ)


− Σ2(2∇ν(
Σδ)(∇µV − ∇µ( V δ)) + 2∇µ( Σδ)(∇νV − ∇ν(

V δ))

+ 2∇µ∇ν(
Uδ) + 2(V − ( V δ))∇µ∇ν(

Σδ)

+ ∇µΣ(2∇ν(
V δ) + ∇νV ) + ∇νΣ(2∇µ( V δ) + ∇µV )

+ (2( V δ) + V )∇µ∇νΣ + ∇µ∇ν∆
1/2)

+ Σ
(

∇µ( Σδ)(∇ν∆
1/2 − ∇ν(

Uδ)) + (∆1/2 − ( Uδ))∇µ∇ν(
Σδ)

+ ∇ν(
Σδ)(−∇µ( Uδ) + (( V δ) − V )(∇µ( Σδ) − ∇µΣ) + ∇µ∆1/2)
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+ ∇νΣ(∇µ( Uδ) + (V − ( V δ))∇µ( Σδ) + (( V δ) + 2V )∇µΣ + 2∇µ∆1/2)

+ ∇µΣ(∇ν(
Uδ) + 2∇ν∆

1/2) + (( Uδ) + 2∆1/2)∇µ∇νΣ
)

− 6∆1/2∇µΣ∇νΣ


+ Σ3


2
(

( Uδ) − ∆1/2)∇µ( Σδ)(∇ν(
Σδ) − ∇νΣ)

+ 2∇µΣ
(

(∆1/2 − ( Uδ))∇ν(
Σδ) + ( Uδ)∇νΣ

)

+ Σ
(

∇µ( Σδ)(∇ν(
Uδ) − ∇ν∆

1/2) + (( Uδ) − ∆1/2)∇µ∇ν(
Σδ)

+ ∇ν(
Σδ)(∇µ( Uδ) − (( V δ) − V )(∇µ( Σδ) − ∇µΣ) − ∇µ∆1/2)

− ∇νΣ(∇µ( Uδ) + (V − ( V δ))∇µ( Σδ) + ( V δ)∇µΣ)

− ∇ν(
Uδ)∇µΣ − ( Uδ)∇µ∇νΣ

)

+ Σ2(∇µ∇ν(
Uδ) + ∇ν(

Σδ)(∇µV − ∇µ( V δ)) + ∇µ( Σδ)(∇νV − ∇ν(
V δ))

+ (V − ( V δ))∇µ∇ν(
Σδ) + ∇ν(

V δ)∇µΣ + ∇µ( V δ)∇νΣ

+ ( V δ)∇µ∇νΣ)


}/

{

Σ3( Σδ − Σ)3
}

. (3.15)

Note that Eµν is already arranged so that both numerator and denominator vanishes in the

coincidence limit. Assume we take this limit to be along a trajectory with tangent vector ξa.

Let us introduce the notation

∇n
ξ f(x) ≡ ξan∇an(ξan−1∇an−1

(. . . ξa1∇a1
f(x) . . . )), (3.16)

for the nth directional derivative along the vector Ąeld ξa. Then we can successively use

LŠHôpital rule with derivatives ∇n
ξ on Eµν to obtain, at the eleventh stage,

[Eµν ] = −
1

90

{

2[∇6
ξ

Σδ](gµν − 6ξµξν) + 24ξ(µ[∇5
ξ∇ν)

Σδ] − 15[∇4
ξ∇µ∇ν

Σδ]

− 15[∇4
ξ
Uδ](gµν − 4ξµξν) − 120ξ(µ[∇3

ξ∇ν)
Uδ] + 90[∇2

ξ∇µ∇ν
Uδ]

+ 90[∇2
ξ
V δ](gµν − 2ξµξν) + 360ξ(µ[∇ξ∇ν)

V δ]
}

, (3.17)

which vanishes in the coincidence limit, given that the numerator comprises terms multiplying

limits of derivatives of δŠs of order nΣ ≥ 6, nU ≥ 4 and nV ≥ 2. Note that this limit is

unique and trajectory-independent given that it vanishes for all ξa thanks to the order of

approximation of Σ̃, Ũ and Ṽ .

Putting together the logarithmic terms in (3.14) that multiply ∇µ∇νV , we have



log



Σ − ( Σδ)

Σ



∇µ∇νV

]

= log



Σ − ( Σδ)

Σ

]

[∇µ∇νV ] = 0, (3.18)

by direct application of LŠHôpital rule to the argument of the logarithm. The remaining

logarithmic term in (3.14) vanishes given that [∇µ∇ν(
V δ)] vanishes for nV ≥ 2. Therefore,

[Eµν ] = 0. (3.19)
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Corollary 1. Let x, x′ ∈ D ⊂ M , Σ̃(x, x′), Ũ(x, x′), V (x, x′) and H̃ℓ as in Theorem 1, and

W̃ (x, x′) ≡ G+
ψ (x, x′) − H̃ℓ(x, x′), (3.20)

then,

0
w(x) = [W̃ ](x), (3.21a)

2
wab(x) = [∇a∇bW̃ ](x), (3.21b)

where
0
w(x) and

2
wab(x) are the zero and second order Taylor coefficients of the regular part of

the Wightman two point function, cf. (3.8) and (3.7).

Proof. Consider the difference

W δ(x, x′) ≡ W (x, x′) − W̃ (x, x′)

= G+
ψ (x, x′) −Hℓ(x, x′) −G+

ψ (x, x′) + H̃ℓ(x, x′)

= H̃ℓ(x, x′) −Hℓ(x, x′).

Putting this in terms of ( Σδ), ( Uδ) and ( V δ) by means of (3.13), we have

W δ =
1

2(2π)



(U − ( Uδ))Σ − U(Σ − ( Σδ))

Σ(Σ − ( Σδ))
+ V log



Σ − ( Σδ)

Σ



− ( V δ) log



Σ − ( Σδ)

ℓ2



.

(3.22)

In the coincidence limit, the logarithmic terms vanish just like in Theorem 1, while the

quotient term requires to apply LŠHôpital rule four times to obtain

[W δ] =
1

2(2π)2



6[∇2
ξ
Uδ] − [∇4

ξ
Σδ]

−6



= 0. (3.23)

Therefore, for x ∈ D,

[W̃ ](x) =
0
w(x). (3.24)

Now consider

∇a∇bW (x, x′) − ∇a∇bW̃ (x, x′) = ∇a∇b



H̃ℓ(x, x′) −Hℓ(x, x′)


.

Then, by Theorem 1, in the coincidence limit for all x′ ∈ D,

2
wab(x) − [∇a∇bW̃ ](x) = 0, (3.25)

where it follows (3.21b).

With these results at hand, it is straightforward to prove the following

Corollary 2. Let x and x′ be points contained in a convex normal neighborhood D ⊂ M , and
Σ̃(x, x′), Ũ(x, x′) and Ṽ (x, x′) be corresponding approximations of order nΣ ≥ 6, nU ≥ 4 and
nV ≥ 2 for half the squared geodesic distance Σ(x, x′) and the Hadamard coefficients U(x, x′)
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and V (x, x′), respectively. Let H̃ℓ(x, x′) and W̃ (x, x′) biscalars given by (3.10) and (3.20),
respectively. Then, the renormalized stress-energy tensor in D is exactly given by

ω(T̃ab(x)) ≡
1

2(2π)2



−
2
w̃ab +

1

2
(1 − 2ξ)∇a∇b

0
w̃ + gab



ξ −
1

4



□
0
w̃ + ξ

0
w̃Rab − gab[V1]



+ Θab,

(3.26)

where

0
w̃(x) ≡ [W̃ ](x), (3.27a)

2
w̃ab(x) ≡ [∇a∇bW̃ ](x). (3.27b)

Proof. By taking the difference in expectation values between the exact and approximate

stress energy tensor, and using the formula (3.6) we have that

ω(Tab(x)) − ω(T̃ab(x)) =
1

2(2π)2



2
w̃ab −

2
wab +

1

2
(1 − 2ξ)∇a∇b(

0
w −

0
w̃)

+ gab



ξ −
1

4



□(
0
w −

0
w̃) + ξRab(

0
w −

0
w̃)



,

where, by Corollary 1, we have

ω(Tab(x)) = ω(T̃ab(x)). (3.28)

Note that by demmanding the approximations Σ̃, Ũ and Ṽ to be of respective orders

nΣ ≥ 6, nU ≥ 4 and nV ≥ 2, we are imposing a condition that ensures that in the most

general case, the exact expectation value for the renormalized stress-energy tensor is obtained,

which might be too stringent. That is because in special situations, for example where

some symmetry is present, lower order approximations for Σ, U and V might still yield a

correct result for the expectation value of the renormalized stress-energy tensor. However,

as we do not wish to restrict consideration to any particular situation, we take this to be

a minimal condition for the general case.

Next we proceed to implement this procedure expressing everything in terms of initial data.

To do so, we need to write these results in terms of data on a given spacelike surface

C so we will employ the 3 + 1 formalism (see appendix B). As initial data for the Ąeld will

be given as two point functions deĄned on C, the following notion is useful,

DeĄnition 2. Let A ∈ Cm(C × C) be a surface bi-scalar function. We say B ∈ Cn(C × C) is

an order-n surface approximation of A, with n ≤ m, if and only if for every k ∈ N, 0 ≤ k ≤ n,

lim
x′→x

Dak
. . . Da1

B(x, x′) = lim
x′→x

Dak
. . . Da1

A(x, x′), (3.29)

where Da is the derivative operator associated to the surface induced metric hab such that

Dahbc = 0, which is given by

DaT
bk...b1

cl...c1
= hbk

dk
. . . hb1

d1
hcl

el . . . hc1

e1ha
f∇fT

dk...d1
el...e1

. (3.30)

Ű 12 Ű



J
C

A
P

1
0

(
2

0
2

4
)

0
0

2

In particular, A might be the restriction to C of some bi-scalar function deĄned on

M ×M , and we will understand this restriction whenever the term Śsurface approximationŠ

is used for a bi-scalar deĄned on spacetime. Note that normal (time) derivatives are not

deĄned for surface approximations as they are deĄned only in terms of points within a

given spatial surface. The following result will help us to connect the notion of (spacetime)

approximation with surface approximations:

Lemma 1. Let A ∈ Cm(M ×M) be a bi-scalar function and B ∈ Cm(M ×M) be an order-k
approximation for A, with k ≤ m. Then, given a time function, t, for which t = t0 deĄnes a
spatial Cauchy surface, C, with future-directed normal na, B and its k covariant derivatives,
restricted to the spatial surface C can be reconstructed in terms of surface-approximations for
A, d̄ A, d̄ 2A, . . . , d̄ kA of order k, k − 1, . . . , 0, respectively, where the operator d̄ is deĄned
in eq. (B.11).

Proof. Consider the 3+1 expansion of the coincidence limits of the Ąrst k covariant derivatives

of A (cf. appendix B):

[∇aA] = [DaA+ nad̄ A] = [DaA] + na[d̄ A], (3.31a)

[∇a1
∇a0

A] = [Da1
Da0

A] +Ka1a0
[d̄ A] + na0



[Da1
d̄ A] +Ka1

b[DbA]


+ na1



[Da0
d̄ A] +Ka0

b[DbA]


+ na1
na0



[d̄ 2A] + ub[DbA]


, (3.31b)

...

[∇ak−1
. . .∇a0

A] = [Dak−1
. . . Da0

A] + · · · + nak−1
. . . na0



[d̄ kA] + . . .


, (3.31c)

where Kab is the extrinsic curvature and ua ≡ −nb∇bna. Let B, 1B, 2B, . . . , kB be the

surface approximations for A, d̄ A, d̄ 2A, . . . , d̄ kA of order k, k − 1, . . . , 0, respectively. Then,

substituting the deĄnition of surface approximation for B, 1B, 2B, . . . , kB, as well as the

deĄnition of order k approximation for B, we have

[∇aB] = [DaB] + na[
1B],

[∇a1
∇a0

B] = [Da1
Da0

B] +Ka1a0
[ 1B] + na0



[Da1

1B] +Ka1

b[DbB]


+ na1



[Da0

1B] +Ka0

b[DbB]


+ na0
na1



[ 2B] + ub[DbB]


,

...

[∇ak−1
. . .∇a0

B] = [Dak−1
. . . Da0

B] + · · · + nak−1
. . . na0



[ kB] + . . .


.

Therefore, the limits that deĄne B are given in terms of the surface approximations for A

and each one of its Ąrst n normal derivatives, of orders n, n− 1, . . . , 0.

In other words, an order-n (spacetime) approximation amounts to the information of

n+ 1 hypersurface approximations. However, in the case of half the squared geodesic distance

Σ, we will not require all this information in order to compute ω(Tab) on C. We can see

this is the case with the help of the following lemma:
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Lemma 2. Let x and x′ be points on a spacelike surface C of the spacetime (M, gab) and
contained in a convex normal neighbourhood. Then, one can choose the unique geodesic
trajectory along C going from x′ to x in order to compute coincidence limits for functions
and tensors, so that spacetime directional derivatives coincide with C-tangent directional
derivatives.

Proof. Let ξa be the unit vector in C tangent to the unique surface-geodesic going from x′ to

x. Proceeding by induction, we verify

∇1
ξf = ξa1∇a1

f

= ξb1hb1

a1∇a1
f

= ξa1Da1
f,

and take the inductive hypothesis to be

∇n
ξ f = ξanξan−1 . . . ξa1DanDan−1

. . . Da1
f. (3.32)

The identity for surface-geodesic vectors,3

ξa∇aξ
b = (Kacξ

aξc)nb, (3.33)

along with the inductive hypothesis, yield

∇n+1
ξ f = ξan+1∇an+1

(ξanξan−1 . . . ξa1DanDan−1
. . . Da1

f)

= (ξan+1∇an+1
ξan)ξan−1 . . . ξa1DanDan−1

. . . Da1
f

+ ξan(ξan+1∇an+1
ξan−1)ξan−2 . . . ξa1DanDan−1

. . . Da1
f + . . .

+ ξanξan−1 . . . ξa1ξan+1∇an+1
DanDan−1

. . . Da1
f

= (ξan+1Kan+1cξ
cnan)ξan−1 . . . ξa1DanDan−1

. . . Da1
f

+ ξan(ξan+1Kan+1cξ
cnan−1)ξan−2 . . . ξa1DanDan−1

. . . Da1
f + . . .

+ ξan+1ξanξan−1 . . . ξa1∇an+1
Dan . . . Da1

f

= ξan+1ξanξan−1 . . . ξa1Dan+1
Dan . . . Da1

f.

With these results at hand, we can prove the following result:

Theorem 2. Let x and x′ points contained on a spacelike surface C of the spacetime (M, gab)

and also contained in a convex normal neighborhood D. Let Ũ(x, x′), d̄ Ũ(x, x′), d̄ d̄ ′Ũ(x, x′)

and d̄ 2Ũ(x, x′) be approximations of order nU ≥ 4, nd̄ U ≥ 3, nd̄ d̄ ′U ≥ 2, nd̄ 2U ≥ 2 respectively,
for the Hadamard coefficient U(x, x′) and its corresponding normal derivatives, as well as
for the Hadamard coefficient V (x, x′) let Ṽ (x, x′), d̄ Ṽ (x, x′), d̄ d̄ ′Ṽ (x, x′) and d̄ 2Ṽ (x, x′) be
its corresponding approximations of order nV ≥ 2, d̄ nV ≥ 1, nd̄ d̄ ′V ≥ 0 and nd̄ 2V ≥ 0, and
let Σ̃, d̄ Σ̃, d̄ d̄ ′Σ̃ and d̄ 2Σ̃ be respectively order nΣ ≥ 6, nd̄Σ ≥ 5, nd̄ d̄ ′Σ ≥ 4 and nd̄ 2Σ ≥ 4

approximations for Σ(x, x′), d̄Σ(x, x′), d̄ d̄ ′Σ(x, x′) and d̄ 2Σ(x, x′). Let ϕ(x) a scalar quantum

3Cf. equation (B.36) in appendix B.
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Ąeld satisfying the Klein-Gordon equation (2.3) in a Hadamard state ψ with initial data
given by G+

ψ (x, x′), d̄ G+
ψ (x, x′) = − 1

N(x)∂tG
+
ψ (x, x′), d̄ ′G+

ψ (x′, x) = − 1
N(x′)∂t′G

+
ψ (x, x′) and

d̄ d̄ ′G+
ψ (x′, x) = 1

N(x)N(x′)∂t∂t′G
+
ψ (x, x′), and let H̃ℓ(x, x′) and W̃ (x, x′) biscalars given by (3.10)

and (3.20), respectively. Then, the corresponding renormalized stress-energy tensor in C is
exactly given by

ω(Tab(x)) ≡
1

2(2π)2



−
2
w̃ab +

1

2
(1 − 2ξ)Wab + gab



ξ −
1

4



gcdWcd + ξ
0
w̃Rab

− gab[V1]


+ Θab, (3.34)

where

0
w̃(x) ≡ [W̃ ](x), (3.35a)

Wab(x) ≡ DaDb[W̃ ](x) + 2Kab[d̄ W̃ ] + 2n(a



2Db)[d̄ W̃ ] +Kb)
cDc[W̃ ]



+ 2nanb


[d̄ d̄ ′W̃ ] + [d̄ 2W̃ ] + ucDc[W̃ ]


, (3.35b)

2
w̃ab(x) ≡ [DaDbW̃ ] +Kab[d̄ W̃ ] + 2n(a



[Db)d̄ W̃ ] +Kb)
c[DcW̃ ]



+ nanb


[d̄ 2W̃ ] + uc[DcW̃ ]


, (3.35c)

and

ua ≡ −nb∇bn
a, (3.35d)

W̃ (x, x′) ≡ G+
ψ (x, x′) − H̃ℓ(x, x′), (3.35e)

d̄ W̃ (x, x′) ≡ d̄ G+
ψ (x, x′) − d̄ H̃ℓ(x, x′), (3.35f)

d̄ d̄ ′W̃ (x, x′) ≡ d̄ d̄ ′G+
ψ (x, x′) − d̄ d̄ ′H̃ℓ(x, x′), (3.35g)

d̄ H̃ℓ(x, x′) ≡
1

2(2π)2



1

Σ̃(x, x′)



d̄ Ũ(x, x′) +


Ṽ (x, x′) − Ũ(x, x′)


d̄ Σ̃(x, x′)


+ d̄ Ṽ (x, x′) log


Σ̃(x, x′)/ℓ




, (3.35h)

d̄ d̄ ′H̃ℓ ≡
1

2(2π)2



−
d̄ ′Σ̃(x, x′)

Σ̃2(x, x′)



d̄ Ũ(x, x′) +


Ṽ (x, x′) − Ũ(x, x′)


d̄ Σ̃(x, x′)


+
1

Σ̃(x, x′)



d̄ d̄ ′Ũ(x, x′) +


Ṽ (x, x′) − Ũ(x, x′)


d̄ d̄ ′Σ̃(x, x′)

+


d̄ ′Ṽ (x, x′) − d̄ ′Ũ(x, x′)


d̄ Σ̃(x, x′) + d̄ V (x, x′)d̄ ′Σ̃


+ d̄ d̄ ′V (x, x′) log


Σ̃(x, x′)/ℓ




, (3.35i)

d̄ 2W̃ (x, x′) ≡ DbDbW̃ (x, x′) +K(x)d̄ W̃ (x, x′) − ub(x)DbW̃ (x, x′)

− (m2 + ξR(x))W̃ (x, x′) + 6V1(x, x′)

+ 2


(DbV1(x, x′))DbΣ(x, x′) − d̄ V1(x, x′)d̄Σ(x, x′)


. (3.35j)
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Proof. Due to the fact both points of all the biscalar functions lie on C, by lemma 2,

equation (3.23) will read

[W δ] =
1

2(2π)2



6[D2
ξ
Uδ] − [D4

ξ
Σδ]

−6



= 0, (3.36)

where we have used the notation, for any f ∈ Cm(C × C), m ≥ n,

Dn
ξ f ≡ ξanξan−1 . . . ξa1DanDan−1

. . . Da1
f. (3.37)

Also, the coincidence limit of

Υa ≡ ∇a(H
ℓ − H̃ℓ), (3.38)

which involve the LŠHôpital rule applied eight times, obtaining

[Υµ] =
1

30



5[∇4
ξ∇µ

Σδ] − 4ξµ[∇5
ξ

Σδ] + 20ξµ[∇3
ξ
Uδ] − 30[∇2

ξ∇µ
Uδ] − 60ξµ[∇ξ

V δ]


, (3.39)

and by lemma 2, and expanding in 3 + 1 form, reads

[Υµ] =
1

30



5[D4
ξDµ

Σδ] − 4ξµ[D5
ξ

Σδ] + 5nµ[D4
ξ d̄

Σδ]

+ 20ξµ[D3
ξ
Uδ] − 30[D2

ξDµ
Uδ] − 30nµ[D2

ξ d̄
Uδ] − 60ξµ[Dξ

V δ]


, (3.40)

Similarly for (3.17), and using the 3 + 1 expansions (3.31a) and (3.31b), we have that

[Eµν ] = −
1

90

{

2[D6
ξ

Σδ](gµν − 6ξµξν) + 24ξ(µ[D5
ξDν)

Σδ] − 15[D4
ξDµDν

Σδ]

+ 24ξ(µnν)[D
5
ξ d̄

Σδ] − 15


Kµν [D
4
ξ d̄

Σδ] + 2n(µ



[D4
ξDν)d̄

Σδ]

+ Kν)
b[D4

ξDb
Σδ]


+ nµnν


[D4
ξ d̄

2 Σδ] + ub[D4
ξDb

Σδ]
 

− 15[D4
ξ
Uδ](gµν − 4ξµξν) − 120ξ(µ[D3

ξDν)
Uδ] + 90[D2

ξ∇µ∇ν
Uδ]

− 120ξ(µnν)[D
3
ξ d̄

Uδ] + 90


Kµν [D
2
ξ d̄

Uδ] + 2n(µ



[D2
ξDν)d̄

Uδ]

+ Kν)
b[D2

ξDb
Uδ]


+ nµnν


[D2
ξ d̄

2 Uδ] + ub[D2
ξDb

Uδ]
 

+ 90[D2
ξ
V δ](gµν − 2ξµξν) + 360ξ(µ



[DξDν)
V δ] + nν)[Dξd̄

V δ]


. (3.41)

By hypothesis we have an order 6 surface approximation for Σ, an order 5 approximation for

d̄Σ, an order 4 approximation for U and a second order apprixmation for V , and therefore

all of the terms in brackets in (3.36), (3.40) and (3.41) vanish identically, so it follows that

for all x ∈ C,

[W̃ ](x) = [W ](x), (3.42a)

[∇aW̃ ](x) = [∇W ](x), (3.42b)

[∇a∇bW̃ ](x) = [∇a∇bW ](x), (3.42c)

with W̃ (x, x′) deĄned by (3.35e), also

∇aW̃ (x, x′) ≡ DaW̃ (x, x′) + nad̄ W̃ (x, x′), (3.43)
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where d̄ W̃ (x, x′) is deĄned by (3.35f), and

∇a∇bW̃ (x, x′) ≡DaDbW̃ (x, x′) +Kab(x)d̄ W̃ (x, x′)

+ 2n(a(x)


Db)d̄ W̃ (x, x′) +Kb)
c(x)DcW̃ (x, x′)



+ na(x)nb(x)


d̄ 2W̃ (x, x′) + uc(x)DcW̃ (x, x′)


, (3.44)

where d̄ 2W̃ is deĄned by (3.35j). Equation (3.42a) implies then that in C,

0
w̃ =

0
w. (3.45)

Comparing (3.43) with the 3 + 1 expansion of ∇aW , and with (3.42b), we have that

[d̄ W̃ ] = [d̄W ]. (3.46)

Similarly, from the 3 + 1 expansion of the Ąeld equation satisĄed by W (cf. [25]),

(gab∇a∇b −m2 − ξR(x))W (x, x′) = −6V1(x, x′) − 2gab(x)(∇bV1(x, x′))(∇aΣ(x, x′)) + O(Σ),

(3.47)

we can solve for d̄ 2W to obtain

d̄ 2W (x, x′) = DbDbW (x, x′) +K(x)d̄W (x, x′) − ub(x)DbW (x, x′)

− (m2 + ξR(x))W (x, x′) + 6V1(x, x′)

+ 2


(DbV1(x, x′))DbΣ(x, x′) − d̄ V1(x, x′)d̄Σ(x, x′)


+ O(Σ), (3.48)

and substracting (3.35j) we obtain in the coincidence limit

[d̄ 2W̃ ] = [d̄ 2W ], (3.49)

which implies that

2
wab −

2
w̃ab =[DaDbW ] − [DaDbW̃ ] +Kab



[d̄W ] − [d̄ W̃ ]


+ 2n(a



[Db)d̄W ] − [Db)d̄ W̃ ] +Kb)
c


[DcW ] − [DcW̃ ]


+ nanb


[d̄ 2W ] − [d̄ 2W̃ ] + uc


[DcW ] − [DcW̃ ]


, (3.50)

vanishes identically in C, i.e.,
2
w̃ab =

2
wab. (3.51)

Next, by (B.26) and (B.27),

∇a∇b
0
w = (Kabd̄

0
w +DaDb

0
w) + 2n(a



Db)d̄
0
w +Kb)

cDc
0
w



+ nanb



d̄ 2 0
w + ucDc

0
w



,

(3.52)

and subtracting (3.35b), we have

∇a∇b
0
w − Wab = DaDb¶

0
w − [W̃ ]♢ +Kab¶d̄

0
w − 2[d̄ W̃ ]♢

+ 2n(a



Db)¶d̄
0
w − 2[d̄ W̃ ]♢ +Kb)

cDc¶
0
w − [W̃ ]♢



+ nanb



d̄ 2 0
w − 2([d̄ d̄ ′W̃ ] + [d̄ 2W̃ ]) − ucDc[W̃ ] + ucDc¶

0
w − [W̃ ]♢



,

(3.53)
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and by (3.42a),

∇a∇b
0
w − Wab =



Kab + 2n(aDb)





d̄
0
w − 2[d̄ W̃ ]



+ nanb



d̄ 2 0
w − 2([d̄ d̄ ′W̃ ] + [d̄ 2W̃ ]) − uc[DcW̃ ]



. (3.54)

According to SyngeŠs rule,

∇a[W ] = [∇a′W ] + [∇aW ], (3.55)

and due to the symmetry of W , [∇a′W ] = [∇aW ], i.e.,

∇a[W ] = 2[∇aW ]. (3.56)

Taking the contraction with −na yield

d̄
0
w = d̄ [W ] = 2[d̄W ], (3.57)

and therefore the Ąrst line in (3.54) vanishes in C due to (3.42b). Note that we can write

[∇a∇b′W ] in terms of
0
w and

2
wab by writing down the Taylor Series expansion for W up to

second order,

W (x, x′) =
0
w(x) +

1
w
c
(x)∇cΣ(x, x′) +

1

2

2
w
cd

(x)∇cΣ(x, x′)∇dΣ(x, x′) + O(Σ3/2), (3.58)

taking a derivative on x′ followed by a derivative on x, and computing the coincidence limit

to obtain

[∇a∇b′W ] = ∇a
1
w
c
[∇c∇b′Σ] +

1
w
c
[∇a∇c∇b′Σ]

+
1

2

2
w
cd

([∇c∇b′Σ][∇a∇dΣ] + [∇a∇cΣ][∇d∇b′Σ]) . (3.59)

Applying SyngeŠs rule on [∇aΣ] = 0 yields

∇b[∇aΣ] = [∇b∇aΣ] + [∇a∇b′Σ]

0 = gba + [∇a∇b′Σ],

i.e.,

[∇a∇b′Σ] = −gab, (3.60)

and proceeding the same on [∇a∇cΣ] yield

∇b[∇a∇cΣ] = [∇b∇a∇cΣ] + [∇a∇c∇b′Σ]

0 = [∇a∇c∇b′Σ]. (3.61)

Substituting these results back in (3.59) we obtain

[∇a∇b′W ] = −∇a
1
wb −

2
wab, (3.62)

and considering that
1
wa = −

1

2
∇a

0
w, (3.63)
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then

[∇a∇b′W ] =
1

2
∇a∇b

0
w −

2
wab. (3.64)

This in turn means that

∇a∇b
0
w = 2



[∇a∇b′W ] +
2
wab



. (3.65)

Then, by contracting twice with na we obtain

d̄ 2 0
w + ucDc

0
w = 2



[d̄ d̄ ′W ] + uc[DcW ] + nanb
2
wab



. (3.66)

Taking into account that [DcW ] = (1/2)Dc
0
w, and that

2
wab has a 3 + 1 expansion analog to

that of
2
w̃ab given by (3.35c), then we have

d̄ 2 0
w = 2



[d̄ d̄ ′W ] + [d̄ 2W ]


+ ucDc
0
w. (3.67)

Substituting back in (3.54), we have

W = ∇a∇b
0
w, (3.68)

for all points in C. Therefore, subtracting (3.34) form (3.6) we have

ω(Tab(x)) − ω(T̃ab(x)) =
1

2(2π)2

 2
w̃ab −

2
wab +

1

2
(1 − 2ξ)



∇a∇b
0
w − Wab



+ gab



ξ −
1

4



gcd


∇c∇d
0
w − Wcd



+ ξ



0
w −

0
w̃



Rab


, (3.69)

which vanishes by (3.45), (3.51) and (3.68).

3.2 Approximations

Covariant Taylor series will be considered for U(x, x′) and V (x, x′), making use of the

coefficients for these expansions that have been previously computed by Decanini & Folacci [25].

For Σ(x, x′), we assume that sufficient geometrical data on the initial surface C is known,

so that we expand Σ(x, x′) as a surface Taylor series. These expansions have the property

that tangent derivatives match the corresponding tangent derivatives of Σ(x, x′) on C up

to the number of terms considered in the expansion. However, we cannot, by construction,

compute normal derivatives on a surface Taylor expansion.

Instead, we will use the coincidence limits for Σ(x, x′), Σa0
(x, x′), . . . , Σa5a4a3a2a1a0

(x, x′),

Σa′

0
(x, x′), . . . , Σa5a4a3a2a1a′

0
(x, x′) to compute the limits of tangent derivatives for d̄Σ(x, x′),

d̄ 2Σ(x, x′), d̄ ′Σ(x, x′), and d̄ d̄ ′Σ(x, x′) to compute the corresponding surface Taylor expansions

d̄ Σ̃(x, x′), d̄ 2Σ̃(x, x′), d̄ ′Σ̃(x, x′), and d̄ d̄ ′Σ̃(x, x′) respectively, which according to (3.35) of

Theorem 2, are required to compute the renormalized stress-energy tensor at C.

Initial data for the metric will be given in terms of the induced metric on C, the extrinsic

curvature Kab, and further time derivatives of the metric. We will therefore begin by writing

down a 3 + 1 expansion of the coefficients of the covariant Taylor series for U(x, x′) and

V (x, x′), and afterwards we will compute the surface Taylor expansions for Σ(x, x′), d̄Σ(x, x′),

d̄ ′Σ(x, x′), d̄ d̄ ′Σ(x, x′) and d̄ 2Σ(x, x′).
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3.2.1 Expansion and surface projections for U(x,xŠ)

The Taylor expansion for U(x, x′), up to order fourth order is given by

Ũ(x, x′) = U0(x) + U1
b(x)∇bΣ̃(x, x′) +

1

2
U2

b1b0(x)∇b1
Σ̃(x, x′)∇b0

Σ̃(x, x′)

+
1

6
U3

b2b1b0(x)∇b2
Σ̃(x, x′)∇b1

Σ̃(x, x′)∇b0
Σ̃(x, x′)

+
1

24
U4

b3b2b1b0(x)∇b3
Σ̃(x, x′)∇b2

Σ̃(x, x′)∇b1
Σ̃(x, x′)∇b0

Σ̃(x, x′), (3.70)

with [25],

U0 = 1, (3.71a)

U1 a = 0, (3.71b)

U2 a1a0
=

1

6
Ra1a0

, (3.71c)

U3 a2a1a0
=

1

4
∇(a2

Ra1a0), (3.71d)

U4 a3a2a1a0
=

3

10
∇(a3

∇a2
Ra1a0) +

1

12
R(a3a2

Ra1a0) +
1

15
Rb1(a3♣b0♣a2

Rb1
a1

b0
a0). (3.71e)

Note that the 3 + 1 expansion of (3.70) reads

Ũ = U0 +
0
U1

b0(Db0
Σ) −

1
U 1(d̄Σ) +

1

2

0
U2

b1b0(Db1
Σ)(Db0

Σ) −
1
U2

b1(Db1
Σ)(d̄Σ) +

1

2

3
U2 (d̄Σ)2

+
1

6

0
U3

b2b1b0(Db2
Σ)(Db1

Σ)(Db0
Σ) −

1

2

1
U3

b2b1(Db2
Σ)(Db1

Σ)(d̄Σ)

+
1

2

3
U3

b2(Db2
Σ)(d̄Σ)2 −

1

6

7
U3(d̄Σ)3

+
1

24

0
U4

b3b2b1b0(Db3
Σ)(Db2

Σ)(Db1
Σ)(Db0

Σ) −
1

6

1
U4

b3b2b1(Db3
Σ)(Db2

Σ)(Db1
Σ)(d̄Σ)

+
1

4

3
U4

b3b2(Db3
Σ)(Db2

Σ)(d̄Σ)2 −
1

6

7
U4

b3(Db3
Σ)(d̄Σ)3 +

1

24

15
U 4(d̄Σ)4, (3.72)

where the superscript represent the 3 + 1 tangent projection label of the corresponding coeffi-

cient for Ũ , according to the convention given in appendix B. These projection components are

0
U1 a0

= 0, (3.73a)

1
U1 = 0, (3.73b)

0
U2 a1a0

=
1

6



(3)
Ra1a0

+KKa1a0
+Da1

ua0
− ua1

ua0
− d̄ Ka1a0



, (3.74a)

1
U2 a1

=
1

6



Da1
K −DbK

b
a1



, (3.74b)

3
U2 =

1

6



d̄ K + u2 −Kb1b0Kb1b0
−Dbu

b


, (3.74c)

0
U3 a2a1a0

=
1

4



−D(a2
d̄ Ka1a0) + 3K(a2a1

Da0)K +KD(a0
Ka2a1) − 2u(a2

Da1
ua0)

+D(a2

(3)
Ra1a0) +D(a2

Da1
ua0) − 2K(a2a1

Db0Ka0)b0



(3.75a)
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1
U3 a2a1

=
1

12



− d̄ 2Ka2a1
+ 3u2Ka2a1

− 2Kb1b0Kb1b0
Ka2a1

+ 2KKb0(a2
Kb0

a1)

+ 4Kb0(a2

(3)
R
b0
a1) − 2Kb1b0

(3)Rb1
(a1

b0
a2) − 3Kb0

(a2
ua1)ub0

+ 3Ka2a1
d̄ K

+Kd̄Ka2a1
− 2Kb0(a2

d̄ Kb0
a1) + d̄ (3)

Ra2a1
− 3u(a2

d̄ ua1) + 2u(a2
Da1)K

+ ub0
D(a2

Kb0
a1) +D(a2

d̄ ua1) + 2D(a2
Da1)K − ub0Db0

Ka2a1

−2u(a2
Db0K♣b0♣a1) +3Kb0

(a2
D♣b0♣ua1)−2Ka2a1

Db0ub0
−2Db0D(a2

Ka1)b0



(3.75b)

3
U3 a2

=
1

12



3Da2
d̄ K − 2Db0

d̄ Kb0
a2

+ 2Kb1
a2
Kb1b0

ub0 + 3 (3)
Rb0a2

ub0 − 2Kb0
a2
Kb1b0

ub1

−DbDbua2
+ 4uDa2

u− 4Kb1b0
Da2

Kb1b0
+ 6Kb0a2

Db0
K

− 4Kb1a2
Db0

Kb1b0
− 2ua2

Db0
ub0



(3.75c)

7
U3 =

1

4



d̄ 2K +Kb1b0
(

ub0
ub1

− 2d̄ Kb1b0

)

−Db0
d̄ ub0 + 3ud̄ u

+ 3ub0
(

Db0
K −Db1

Kb1
b0

)

−Kb1b0
Db1

ub0
−Ku2



(3.75d)

Note that due to Bianchi identity, d̄ (3)Ra3a2a1a0
and normal derivatives of its contractions

are given in terms of Ka1a0
, ua and their tangent derivatives. (Cf. appendix B, eqs. (B.34)).

0
U4 a3a2a1a0

=
1

60



− 18K(a3a2
d̄ 2Ka1a0) + 54K(a3a2

Ka1a0)d̄ K + d̄ K(a3a2

(

8KKa1a0)

− 8Kb0
a1
Ka0)b0

− 10 (3)
Ra1a0) + 18ua1

ua0) + 9d̄ Ka1a0)

)

− 18
(

2Kb0(a3
d̄ Kb0

a2
Ka1a0) − d̄ (3)

R(a3a2
Ka1a0) + 3d̄ u(a3

ua2
Ka1a0)

+ (D(a3
ua2

)d̄ Ka1a0)

)

+ 18
(

K(a3a2
Da1

d̄ ua0) −D(a3
Da2

d̄ Ka1a0)

)



+ 0Ua3a2a1a0
(3.76a)

1
U4 a3a2a1

=
1

60



9(−D(a3
d̄ 2Ka2a1) +KD(a3

d̄ Ka2a1)) − 27u(a3
Da2

d̄ ua1) + 18d̄ KD(a3
Ka2a1)

+ 9
(

− 3d̄ u(a3)Da2
ua1) +D(a3

d̄ (3)
Ra2a1) +D(a3

Da2
d̄ ua1)

)

+
(

− 22D(a3
Kb0a2

+ 13Db0
K(a3a2

)

d̄ Kb0
a1)

+
(

13D(a3
K − 4Db0Kb0(a3

)

d̄ Ka2a1) − 9Kb0(a3

(

2Da2
d̄ Kb0a1) +Db0

d̄ Ka2a1)

)

+ 27K(a3a2

(

2Da1)d̄ K −Db0
d̄ Kb0a1)

)



+ 1Ua3a2a1
, (3.76b)

3
U4 a3a2

=
1

180



9
(

− d̄ 3Ka3a2
+ 6Ka3a2

d̄ 2K +Kd̄ 2Ka3a2

− 4
(

Kb0
(a3
d̄ 2Ka2)b0

+ u(a3
d̄ 2ua2)

)

+D(a3
d̄ 2ua2)

)

−
(

22Kb0
(a3
Ka2)

b1 + 86Ka3a2
Kb1b0 + 32 (3)Rb1

(a3

b0
a2)

)

d̄ Kb1b0

+ 9d̄ 2 (3)
Ra3a2

+ 54Kb0
(a3
d̄ (3)

Ra2)b0
+ 18Kb1b0 d̄ (3)Rb1(a3a2)b0

+
(

72Kb0(a3
Ka2)b0

+ 5
(

KKa3a2
+ (3)

Ra3a2
− ua3

ua2

)

− 13D(a3
ua2)

)

d̄ K

+ 9
(

− 7Kb0(a3
ua2) + 2

(

9Ka3a2
ub0

+D(a3
Ka2)b0

−Db0
Ka3a2

))

d̄ ub0

+ 9
(

− 3
(

3ub0Kb0(a3
+ d̄ u(a3

)

+ 2
(

D(a3
K −Db0

Kb0
(a3

))

d̄ ua2)

+
(

− 10Kb1
(a3
Kb1b0

+ 54
(

KKb0(a3
+ (3)

Rb0(a3

)

− 22
(

2ub0
u(a3

+ d̄ Kb0(a3

)

+ 53Db0
u(a3

)

d̄ Ka2)
b0 +

(

31
(

u2 + d̄ K
)

− 13
(

Kb1b0Kb1b0
+Db0

ub0
))

d̄ Ka3a2
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+ 18
(

2u(a3
Da2)d̄ K − ub0Db0

d̄ Ka3a2

)

+ 9
(

Kb0
(a3
Da2)d̄ ub0

+ 5Da3
Da2

d̄ K

+ ub0D(a3
d̄ Ka2)b0) + 5Kb0

(a3
Db0

d̄ ua2) − 5Ka3a2
Db0

d̄ ub0

− 4
(

u(a3
Db0

d̄ Kb0
a2) +Db0

D(a3
d̄ Kb0

a2)

))



+ 3Ua3a2
, (3.76c)

7
U4 a3

= + 7Ua3
, (3.76d)

15
U 4 = + 15U, (3.76e)

where 0Ua3a2a1a0
, 1Ua3a2a1

, 3Ua3a2
, 7Ua3

and 15U are symmetric tensors that do not in-

volve normal derivatives. With (3.72) we can compute up to four tangent derivatives of

Ũ(x, x′) which match in the coincidence limits with those of U(x, x′). However, according

to Theorem 2, we also require a third order surface approximation for d̄ U(x, x′) and second

order surface approximations for d̄ d̄ ′U(x, x′) and d̄ 2U(x, x′). This is achieved by computing

the corresponding normal derivatives on (3.72), where we will require, in addition to the

aforementioned expansions for d̄Σ, d̄ d̄ ′Σ and d̄ 2Σ, up to two normal derivatives of all

the tangent projection components of U2 a1a0
, and one normal derivative of all the tangent

projection components of U3 a2a1a0
. We require no further normal derivatives of U4 a3a2a1a0

because they appear only when computing derivatives of order higher than 4, which is already

above the order or our approximation.

Note that in any case, the higher order of normal derivatives is three normal derivatives

of the extrinsic curvature, or in other words, four time derivatives of the induced metric,

see (B.48).

3.2.2 Expansion and surface projections for V(x,xŠ)

We recall that the biscalar V (x, x′) admits the Hadamard expansion (2.9). We deĄne an

analogue approximation for Ṽ (x, x′) of the form,

Ṽ (x, x′) = Ṽ0(x, x′) + Ṽ1(x, x′)Σ̃(x, x′). (3.77)

We only deĄne the covariant Taylor expansion for Ṽ0, as V1 is only required up to

zeroth order,

Ṽ0(x, x′) = V0(x) + V1
a(x)∇aΣ̃(x, x′) +

1

2
V2

a1a0(x)∇a1
Σ̃(x, x′)∇a0

Σ̃(x, x′). (3.78)

In this way, Ṽ given by (3.77) is a second order approximation for V (x, x′), as required

by Theorem 1. The required coefficients have been computed in [25],

V0 =
1

2
m2 +

1

2



ξ −
1

6



R, (3.79a)

V1 a =
1

4



ξ −
1

6



∇aR, (3.79b)

V2 a1a0
=

1

6



ξ −
3

20



∇a1
∇a2

R−
1

120
□Ra1a0

−
1

180
Rb2b1b0

a1
Rb2b1b0a0

−
1

180
Rb1b0Rb1a1b0a0

+
1

90
Rb a1

Rba0
+

1

12



ξ −
1

6



RRa1a0
+

1

12
m2Ra1a0

, (3.79c)
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Ṽ1 = −
1

24



ξ −
1

5



□R+
1

720
Rb3b2b1b0Rb3b2b1b0

−
1

720
Rb1b0Rb1b0

+
1

8



ξ −
1

6

2

R2

+
1

4



ξ −
1

6



m2R+
1

8
m4. (3.79d)

and their corresponding 3 + 1 tangent projections are

V0 =
1

12



6m2 + (6ξ − 1)
(

K2 − 2u2 +Kb1b0Kb1b0
+ (3)

R
)

+ (2 − 12ξ)d̄ K + 2(6ξ − 1)Db0
ub0



, (3.80)

0
V1 a0

= −
1

24
(6ξ − 1)



2 (3)
R
b0
a0
ub0

− 2Db0Db0
ua0

− 2KDa0
K −Da0

(3)
R + 4uDa0

u

− 2Kb1b0Da0
Kb1b0

+ 2Da0
d̄ K



(3.81a)

1
V1 =

1

24
(6ξ − 1)



2Kd̄K + d̄ (3)
R + 2

(

Ku2 − 3ud̄ u− d̄ 2K − ub0Db0
K + ub1Db0

Kb1

b0

+Db0
d̄ ub0

)

+ 2Kb1b0
(

− ub0
ub1

+ d̄ Kb1b0
+Db1

ub0

)



(3.81b)

0
V2 a1a0

=
1

360



− 3d̄ 3Ka1a0
+ 6Kd̄ 2Ka1a0

+ 3(7 − 40ξ)Ka1a0
d̄ 2K

+ 3
(

D(a1
d̄ 2ua0) − 4u(a1

d̄ 2ua0)

)

+ 3Db0Db0
d̄ Ka1a0

+ 6(3 − 20ξ)D(a1
Da0)d̄ K − 6ub0

Db0
d̄ Ka1a0

+ 3ub0D(a1
d̄ Ka0)b0

− 12u(a1
Db0

d̄ Kb0a0) + 12u(a1
Da0)d̄ K − 3KD(a1

d̄ ua0) + 6Kb0(a1
Db0

d̄ ua0)

+ 6(−3 + 20ξ)Ka1a0
Db0

d̄ ub0
+
(

5 (3)
R − 6u2 − 30M2 +K2(2 − 30ξ)

+ 7
(

Kb1b0Kb1b0

)

− 30ξ
( (3)

R − 2u2 +Kb1b0Kb1b0

)

+ (−6 + 60ξ)d̄ K

+ 12(1 − 5ξ)Db0
ub0

)

d̄ Ka1a0
+
(

14Kb1
b0
Kb1(a1

− 8
(

KKb0(a1
+ (3)

Rb0(a1

)

+ 3Db0
u(a1

)

d̄ Kb0
a0) + 2

(

−Kb1(a1
Ka0)b0

+ 4(15ξ − 2)Ka1a0
Kb1b0

− (3)Rb1(a1a0)b0

)

d̄ Kb1b0 +
(

(60ξ − 11)KKa1a0
− 4Kb0

(a1
Ka0)b0

+ 10(1 − 6ξ) (3)
Ra1a0

+ 6(−3 + 10ξ)u(a1
ua0) + 12(1 − 5ξ)D(a1

ua0)

)

d̄ K

+
(

9Ku(a1
− 6ub0Kb0(a1

− 9d̄ u(a1
+ 6D(a1

K − 6Db0
Kb0

(a1

)

d̄ ua0)

− 6
(

Kb0(a1
ua0) −D(a1

Ka0)b0
+Db0

Ka1a0

)

d̄ ub0 + 9(7 − 40ξ)Ka1a0
ud̄ u

+ 3
(

d̄ 2 (3)
Ra1a0

−Kd̄ (3)
Ra1a0

+ (20ξ − 3)Ka1a0
d̄ (3)

R
)



+ 0Va1a0
(3.82a)

1
V2 a1

=
1

360



3(7 − 40ξ)Da1
d̄ 2K − 3Db0

d̄ 2Kb0
a1

− 6Kb0a1
ub1

d̄ Kb1b0 − 360ξd̄ uDa1
u

− 18d̄ Kb1b0Da1
Kb1b0

+ 120ξd̄Kb1b0Da1
Kb1b0

+ 120KξDa1
d̄ K + 60ξDa1

d̄ (3)
R

− 360uξDa1
d̄ u+ 3ub0

(

2d̄ (3)
Rb0a1

+Da1
d̄ ub0

)

+ 60ξd̄KDb0
Kb0

a1

− 4d̄ Kb1b0Db0
Kb1a1

+ 21Kb0
a1
Db0

d̄ K − 120ξKb0
a1
Db0

d̄ K + 3KDb0
d̄ Kb0

a1

+Kb1
a1

(

6ub0 d̄ Kb1b0
− 3Db0

d̄ Kb1
b0

)

+ 120ξDb0
Da1

d̄ ub0 + d̄ Kb1b0Db1
Kb0a1
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− 3
(

(−7 + 40ξ) (3)
Rb0a1

d̄ ub0 − d̄ u
(

uua1
+ 19Da1

u
)

+ 7KDa1
d̄ K + 3Da1

d̄ (3)
R

− 19uDa1
d̄ u+ d̄ K

(

(4 − 20ξ)Da1
K + 3Db0

Kb0
a1

)

+ d̄ ua1

(

u2 +Db0
ub0
)

+ 2ua1
Db0

d̄ ub0 + 6Db0
Da1

d̄ ub0 − d̄ Kb0
a1

(

Db0
K +Db1

Kb1
b0

))

+ 3Kb1b0
(

− 2ub1
d̄ Kb0a1

+ 2ub0
d̄ Kb1a1

+Kb1a1
d̄ ub0

−Kb0a1
d̄ ub1

+ (−7 + 40ξ)Da1
d̄ Kb1b0

+Db1
d̄ Kb0a1

)



+ 1Va1
, (3.82b)

3
V2 =

1

360



3(7 − 40ξ)d̄ 3K + 3K(−7 + 40ξ)d̄ 2K + 24(−1 + 5ξ)Kb1b0 d̄ 2Kb1b0

+ 60ξ
(

d̄ 2 (3)
R − 2

(

3ud̄ 2u+ ub0 d̄ 2ub0
−Db0

d̄ 2ub0
))

+ 21
(

3ud̄ 2u+ ub0 d̄ 2ub0

−Db0
d̄ 2ub0

)

− 3DbDbd̄ K + 12(−1 + 5ξ)d̄ K2 − 72Kud̄ u− 9d̄ 2 (3)
R

+ 360Kuξd̄ u+ 63d̄ u2 − 360ξd̄ u2 + 6Kb2b0Kb2

b1 d̄ Kb1b0
− 2 (3)

R
b1b0 d̄ Kb1b0

+ 60ub0ub1 d̄ Kb1b0
− 240ξub0ub1 d̄ Kb1b0

− 18d̄ Kb1b0 d̄ Kb1b0
+ 120ξd̄Kb1b0 d̄ Kb1b0

+ 48d̄ ub0Db0
K − 240ξd̄ ub0Db0

K − 48d̄ ub1
Db0

Kb1b0 + 240ξd̄ ub1
Db0

Kb1b0

+ d̄ K
(

− 5 (3)
R − 36u2 + 30M2 + 5K2(−1 + 6ξ) − 13

(

Kb1b0Kb1b0

)

+ 30ξ
( (3)

R + 4u2 + 3
(

Kb1b0Kb1b0

))

+ 12(−1 + 10ξ)Db0
ub0
)

+ 54ub0Db0
d̄ K

− 240ξub0Db0
d̄ K − 33ub1

Db0
d̄ Kb1b0 + 120ξub1

Db0
d̄ Kb1b0 + 3KDb0

d̄ ub0

+ 3(−11 + 40ξ)d̄ Kb1b0Db1
ub0

+ 2Kb1b0
(

2Kd̄Kb1b0
− 5Kb2

b0
d̄ Kb2b1

− 3(−7 + 40ξ)
(

ub1
d̄ ub0

+ ub0
d̄ ub1

−Db1
d̄ ub0

))



+ 3V, (3.82c)

Ṽ1 =
1

720



6(−1 + 5ξ)
(

− 2d̄ 3K+ 4Kd̄ 2K+ d̄ 2 (3)
R + 2Kb1b0 d̄ 2Kb1b0

− 2
(

3ud̄ 2u+ ub0 d̄ 2ub0

−Db0
d̄ 2ub0

))

+ 60ξDbDbd̄ K + (−3 + 60ξ(−1 + 6ξ))(d̄ K)2 − 30Kξd̄ (3)
R

− 72Kud̄ u+ 360Kuξd̄ u+ 36(d̄ u)2 − 180ξ(d̄ u)2 + 2 (3)
R
b1b0 d̄ Kb1b0

+ 30ub0ub1 d̄ Kb1b0

− 120ξub0ub1 d̄ Kb1b0
− 9d̄ Kb1b0 d̄ Kb1b0

+ 60ξd̄Kb1b0 d̄ Kb1b0
− 120ξd̄ ub0Db0

K

+ 120ξd̄ ub1
Db0

Kb1b0 + 6
(

− 2DbDbd̄ K +Kd̄ (3)
R + 4d̄ ub0Db0

K

− 4d̄ ub1
Db0

Kb1b0
)

+ 2d̄ K
(

K2 − 5 (3)
R − 3u2 − 4Kb1b0Kb1b0

+ 30
(

M2(1 − 6ξ) + ξ
(

K2(1 − 6ξ) + 2u2(−1 + 6ξ)

− 2(−1 + 3ξ)
( (3)

R +Kb1b0Kb1b0

)))

− 3(3 + 40ξ(−1 + 3ξ))Db0
ub0
)

+ 24ub0Db0
d̄ K − 120ξub0Db0

d̄ K − 12ub1
Db0

d̄ Kb1b0 + 60ξub1
Db0

d̄ Kb1b0

+ 12KDb0
d̄ ub0 − 60KξDb0

d̄ ub0 + 6(−3 + 10ξ)d̄ Kb1b0Db1
ub0

− 2Kb1b0
(

K(−7 + 30ξ)d̄ Kb1b0
+ 4Kb2

b0
d̄ Kb2b1

+ 12(−1 + 5ξ)
(

ub1
d̄ ub0

+ ub0
d̄ ub1

−Db1
d̄ ub0

))



+ V, (3.83)

where 0Va1a0
, 1Va1

, 3V and V are symmetric tensors that do not involve normal derivatives.

This illustrates the fact that four time derivatives of the induced metric on C are required

as initial data to deĄne the second order approximation Ṽ (x, x′).

Ű 24 Ű



J
C

A
P

1
0

(
2

0
2

4
)

0
0

2

3.3 Surface approximation for Σ(x,xŠ)

The surface Taylor expansion for Σ(x, x′) on C is

Σ̃(x, x′) =

0
S(x) +

1
S
a

(x)Daσ(x, x′) +
1

2

2
S
a1a0

(x)Da1
σ(x, x′)Da0

σ(x, x′)

+
1

6

3
S
a2a1a0

(x)Da2
σ(x, x′)Da1

σ(x, x′)Da0
σ(x, x′) (3.84)

+
1

24

4
S
a3a2a1a0

(x)Da3
σ(x, x′)Da2

σ(x, x′)Da1
σ(x, x′)Da0

σ(x, x′)

+
1

5!

5
S
a4a3a2a1a0

(x)Da4
σ(x, x′)Da3

σ(x, x′)Da2
σ(x, x′)Da1

σ(x, x′)Da0
σ(x, x′)

+
1

6!

6
S
a5a4a3a2a1a0

(x)Da5
σ(x, x′)Da4

σ(x, x′)Da3
σ(x, x′)Da2

σ(x, x′)Da1
σ(x, x′)Da0

σ(x, x′),

where σ(x, x′) is half the squared surface geodesic distance on C from x to x′.

The elements required to construct a covariant Taylor series (3.2) for a bi-scalar A(x, x′),

particularly its expansion coefficients (3.5), are the coincidence limits of covariant derivatives

acting on both Σ(x, x′) and A(x, x′). We followed [27] to compute the required coincidence

limits for Σ(x, x′), and included them in appendix A. In the following, we will simply quote

the results for better readability.

When considering surface Taylor series like (3.84), most of the results from covariant

Taylor series translate directly in terms of its surface counterparts, i.e., we have analog

expressions for the coefficients in (3.5) by taking limits of surface-tangent derivatives Da

instead of spacetime covariant derivatives ∇a. These are computed in appendix B.2, where

coincidence limits of successive derivatives of Σ(x, x′) in 3 + 1 form are set equal to the 3 + 1

expansions of the corresponding limits for the covariant derivatives of Σ(x, x′) computed in A.

The general procedure is the following: suppose we have an expression for the limits of up to

two derivatives of a biscalar A(x, x′). Let us omit the explicit indication of the arguments

in the functions involved as these can be inferred from the context. According to the 3 + 1

formalism, the coincidence limit of a Ąrst derivative for A is expressed as

[∇aA] = [DaA] + na[d̄ A], (3.85)

where we have used the notation introduced in appendix B for normal derivatives,

d̄ Aak...a0
≡ −hak

a′

k . . . ha0

a′

0nb∇bAa′

k
...a′

0
. (3.86)

Given the limit Aa ≡ [∇aA], we can compute the derivatives [DaA] and [d̄ A] by writing

the full 3 + 1 decomposition of Aa,

Aa =
0
Aa + na

1
A, (3.87)

where

0
Aa ≡ ha

a′

Aa′ , (3.88a)

1
A ≡ −nan

a′

Aa′ , (3.88b)
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and identifying the terms in (3.85) with those in (3.87) to obtain

[DaA] =
0
Aa, (3.89a)

[d̄ A] =
1
A. (3.89b)

However, this result is deceptively simple. In fact at the next order of derivatives, we

have from (B.26),

∇a1
∇a0

A = (Ka1a0
d̄ A+Da1

Da0
A) + na0



Da1
d̄ A+Ka1

bDbA


+ na1



Da0
d̄ A+Ka0

bDbA


+ na0
na1



d̄ 2A+ ubDbA


, (3.90)

where ua ≡ d̄ na. Then, upon taking the limit and considering all the 3 + 1 projections of

Ba1a0
≡ [∇a1

∇a0
A], we get the following system of equations,

0
Ba1a0

= Ka1a0
[d̄ A] + [Da1

Da0
A], (3.91a)

1
Ba0

= [Da1
d̄ A] +Ka1

b[DbA] (3.91b)

2
Ba1

= [Da0
d̄ A] +Ka0

b[DbA] (3.91c)

3
B = [d̄ 2A] + ub[DbA], (3.91d)

where we have used the notation deĄned in B for the 3 + 1 projection components of Ba1a0
.

Therefore, for each projection component of Ba1a0
in (3.91) we have to solve for the

unknown limit of derivatives within each projection. For example, in (3.91a), the unknown

limit is [Da1
Da0

A], as we already know [d̄ A] from (3.89), and
0
Ba1a0

is the tangent projection

of the known limit Ba1a0
. Thus, we obtain,

[Da1
Da0

A] =
0
Ba1a0

−Ka1a0

1
A, (3.92a)

and from the remaining 3+1 projection components, the corresponding limits of derivatives are

[Dad̄ A] =
1
Ba −Ka

b
0
Ab, (3.92b)

[d̄ 2A] =
3
B − ub

0
Ab. (3.92c)

We now recall the results for the limits of the covariant derivatives of Σ computed in

appendix A. There we have shown that [∇aΣ] = 0 (A.5), so that (3.89) yield

[DaΣ] = 0, (3.93a)

[d̄Σ] = 0. (3.93b)

We also have [∇a1
∇a0

Σ] = ga1a0
(A.10). The complete 3 + 1 expansion of gab is given

by (B.4), and therefore

[∇a1
∇a0

Σ] = ha1a0
− na1

na0
, (3.94)
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so that (3.92) yield

[Da1
Da0

Σ] = ha1a0
, (3.95a)

[Da1
d̄Σ] = 0, (3.95b)

[d̄ 2Σ] = −1. (3.95c)

In appendix B.2 we compute all the required projections and solve for the limits of all the

tangent, normal and mixed derivatives included in the 3 + 1 expansions of the coincidence

limits [∇ak
. . .∇a0

Σ].

With these results at hand, it follows that the Ąrst coefficients in (3.84) are

0
S = 0, (3.96a)

1
Sa = 0, (3.96b)

2
Sa1a0

= ha1a0
, (3.96c)

and then we can rewrite (3.84) as

Σ̃ = σ +
1

6

3
S
a2a1a0

(Da2
σ)(Da1

σ)(Da0
σ) +

1

24

4
S
a3a2a1a0

(Da3
σ)(Da2

σ)(Da1
σ)(Da0

σ)

+
1

5!

5
S
a4a3a2a1a0

(Da4
σ)(Da3

σ)(Da2
σ)(Da1

σ)(Da0
σ)

+
1

6!

6
S
a5a4a3a2a1a0

(Da5
σ)(Da4

σ)(Da3
σ)(Da2

σ)(Da1
σ)(Da0

σ), (3.97)

where we have used the differential equation satisĄed by σ on C, analog to (3.3),

hab(Daσ)(Dbσ) = 2σ. (3.98)

Taking the coincidence limits of three tangent derivatives of (3.97) yields

[Da2
Da1

Da0
Σ] = [Da2

Da1
Da0

σ] +
3
Sa2a1a0

, (3.99)

Where, by analogy with (A.13), [Da2
Da1

Da0
σ] = 0 and by (B.53a) we Ąnd

3
Sa2a1a0

= 0. (3.100)

At the fourth order limit we arrive to

[Da3
Da2

Da1
Da0

Σ] = [Da3
Da2

Da1
Da0

σ] +
4
Sa3a2a1a0

, (3.101)

and with aid of (B.54a) and the surface version of (A.15), we obtain

4
Sa3a2a1a0

= K(a3a2
Ka1a0). (3.102)

At the Ąfth order, we have

5
Sa4a3a2a1a0

= [Da4
Da3

Da2
Da1

Da0
Σ] − [Da4

Da3
Da2

Da1
Da0

σ] − 5D(a4

4
Sa3a2a1a0), (3.103)
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where, by means of (B.55) and the surface version of (A.16), we Ąnd

[Da4
Da3

Da2
Da1

Da0
Σ] − [Da4

Da3
Da2

Da1
Da0

σ] = 5D(a4
Ka3a2

Ka1a0), (3.104)

which means that

5
Sa4a3a2a1a0

= −5(D(a4
Ka3a2

)(Ka1a0)). (3.105)

At the sixth order, we have

6
S(a5a4a3a2a1a0) = [Da5

Da4
Da3

Da2
Da1

Da0
Σ] − [Da5

Da4
Da3

Da2
Da1

Da0
σ]

− 15D(a5
Da4

4
Sa3a2a1a0) − 6D(a5

5
Sa4a3a2a1a0), (3.106)

where substituting (3.102), (3.105), the surface version of (A.17) and the limit (B.58),

we obtain

6
S(a5a4a3a2a1a0) = − 3K(a5a4

Ka3a2
d̄ Ka1a0) + 9K(a5a4

Da3
Da2

Ka1a0)

+ 8


D(a5
Ka4a3

 

Da2
Ka1a0)



+ 3K(a5a4
Ka3a2

Da1
ua0)

+ 4K(a5a4
Ka3a2

Ka1

bKba0) − 3K(a5a4
Ka3a2

ua1
ua0). (3.107)

This means that the required approximation for Σ̃ includes at most second order time
derivatives of the intrinsic metric hab (cf. appendix B.1).

3.4 Surface expansion for normal derivatives of Σ

As previously discussed, the biscalars d̄Σ and d̄ 2Σ cannot be computed as formal normal
derivatives of (3.97) because σ is not deĄned for points in different hypersurfaces. How-

ever, both d̄Σ and d̄ 2Σ are biscalar functions that, if evaluated at points within the same

hypersurface, admit a surface Taylor expansion just like Σ. In this section we compute

such approximations.

We propose that the approximation for d̄Σ be given by the following surface Taylor

expansion,

d̄ Σ̃ =
0
A +

1
A

a

Daσ +
1

2!

2
A

a1a0

(Da1
σ)(Da0

σ) +
1

3!

3
A

a2a1a0

(Da2
σ)(Da1

σ)(Da0
σ)

+
1

4!

4
A

a3a2a1a0

(Da3
σ)(Da2

σ)(Da1
σ)(Da0

σ) +
1

5!

5
A

a4a3a2a1a0

(Da3
σ)(Da2

σ)(Da1
σ)(Da0

σ).

(3.108)

Following a procedure completely analog to the one we used to compute the approximation

Σ̃, we Ąnd

0
A = 0, (3.109)

due to (B.50b). Similarly, due to (B.52b),

1
Aa = 0. (3.110)
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The Ąrst nonvanishing term is

2
Aa1a0

= −Ka1a0
, (3.111)

due to (B.53b).

From the surface analogue of (3.5d) and (B.54b) we have

3
Aa2a1a0

= D(a2
Ka1a0). (3.112)

For the fourth order term we have

4
Aa3a2a1a0

= [Da3
Da2

Da1
Da0

d̄Σ] − 6D(a3
Da2

2
Aa1a0) − 4D(a3

3
Aa2a1a0). (3.113)

Substituting (3.111), (3.112) and (B.56) on (3.113) we obtain

4
Aa3a2a1a0

=K(a3a2
d̄ Ka1a0) −D(a3

Da2
Ka1a0) −K(a3a2

Da1
ua0)

− 2Kb(a3
Kb

a2
Ka1a0) +K(a3a2

ua1
ua0). (3.114)

For the Ąfth coefficient, we have

5
Aa4a3a2a1a0

= [Da4
Da3

Da2
Da1

Da0
d̄Σ] − 10D(a4

Da3
Da2

2
Aa1a0) − 10D(a4

Da3

3
Aa2a1a0)

− 5D(a4

4
Aa3a2a1a0), (3.115)

where substituting (3.111), (3.112) and (3.114) yields

5
Aa4a3a2a1a0

= −2K(a4a3
Da2

d̄ Ka1a0) −
7

3
d̄ K(a4a3

Da2
Ka1a0) +D(a4

Da3
Da2

Ka1a0)

+ 2K(a4a3
Da2

Da1
ua0) +

16

3
K(a4

bK♣b♣a3
Da2

Ka1a0) −
5

3
K(a4a3

Ka2

bD♣b♣Ka1a0)

+
26

3
K(a4a3

Ka2

bDa1
Ka0)b +

7

3
(D(a4

ua3
)(Da2

Ka1a0)) −
7

3
u(a4

ua3
Da2

Ka1a0)

− 4K(a4a3
ua2

Da1
ua0). (3.116)

Now we propose as a fourth-order approximation for d̄ 2Σ the following surface expansion,

d̄ 2Σ̃ =
0
B +

1
B

a

Daσ +
1

2!

2
B

a1a0

(Da1
σ)(Da0

σ) +
1

3!

3
B

a2a1a0

(Da2
σ)(Da1

σ)(Da0
σ)

+
1

4!

4
B

a3a2a1a0

(Da3
σ)(Da2

σ)(Da1
σ)(Da0

σ). (3.117)

The Ąrst term is

0
B = −1, (3.118)

due to (B.52c). The next term involves the coincidence limit (B.53d),

1
Ba = −ua. (3.119)
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The second order Taylor coefficient comes from (B.54d),

2
Ba1a0

=
2

3



−d̄ Ka1a0
+Ka1

bKba0
− ua1

ua0
+Da1

ua0



. (3.120)

By taking the coincidence limit of the third derivative of (3.117) we get from (the surface

analog of) (3.5d), (3.119), and (B.57),

3
Ba2a1a0

= [Da2
Da1

Da0
d̄ 2Σ] − 3D(a2

Da1

1
Ba0) − 3D(a2

2
Ba1a0), (3.121)

Substituting our previous results,

3
Ba2a1a0

=
1

2
D(a2

d̄ Ka1a0) −
1

2
D(a2

Da1
ua0) + u(a2

Da1
ua0) + (DbK(a2a1

)Kb
a0)

− 2Kb
(a2
Da1

Ka0)b −K(a2a1
Kb

a0)ub. (3.122)

At fourth order we have

4
Ba3a2a1a0

=

17

5
K(a3a2

d̄ 2Ka1a0) +
12

5
D(a3

Da2
d̄ Ka1a0) −

17

5
K(a3a2

Da1
d̄ ua0) +

24

5
Kb(a3

Kb
a2
d̄ Ka1a0)

−
214

15
K(a3a2

Ka1

bd̄ Ka0)b +
51

5
K(a3a2

ua1
d̄ ua0) + 28K(a3

b1Ka2

b2R
(3)
a1♣b1♣a0)b0

−
72

5
K(a3

bDa2
Da1

Ka0)b +
48

5
Kb(a3

DbDa2
Ka1a0) −

48

5
(D(a3

Ka2

b)(Da1Ka0)b)

+
24

5
(D(a3

Ka2

b)(D♣b♣Ka1a0)) +
46

5
K(a3a2

ubD♣b♣Ka1a0) −
41

5
K(a3a2

ubDa1
Ka0)b

+ 2Kb(a3
ubDa2

Ka1a0) −
12

5
D(a3

Da2
Da1

ua0) +
24

5
u(a3

Da2
Da1

ua0)

+
24

5
(D(a3

ua2
)(Da1

ua0)) −
24

5
Kb(a3

Kb
a2
Da1

ua0) +
61

15
Kb

a3
ka2a1

D♣b♣ua0)

− 4Kb
(a3
Ka2♣b♣R

(3)
a1a0) +

24

5
Kb

(a3
Ka2♣b♣ua1

ua0) −
61

15
Kb

(a3
Ka2a1

ua0)ub

−
17

5
u2K(a3a2

Ka1a0) +
28

5
Kb1

b0
Kb1(a3

Kb0
a2
Ka1a0) −

48

5
Kb1

(a3
K♣b1♣a2

Kb0
a1
K♣b0♣a0)

+
20

3
KKb

(a3
Ka2a1

Ka0)b. (3.123)

Following Theorem 2, we also need approximations for d̄ ′Σ and d̄ d̄ ′Σ up to orders 5 and

4, respectively. In order to build these, we follow the same procedure used in the case of d̄Σ

and d̄ 2Σ, just considering the coincidence limits for tangent derivatives of d̄ ′Σ and d̄ d̄ ′Σ

up to Ąfth and fourth order. In order to get these limits, it is necessary to compute Ąrst

the coincidence limits for up to Ąve covariant derivatives of ∇c′Σ at x. This computation is

subtle, and is carried on in appendix A.1. Afterwards, these limits need to be expanded in

3 + 1 form to Ąnally obtain the required derivatives, which is done in appendix B.3.

Let us denote by ζ the surface approximation for d̄ ′Σ to be given by

ζ =
1

2!

2
z

a1a0

(Da1
σ)(Da0

σ) +
1

3!

3
z

a2a1a0

(Da2
σ)(Da1

σ)(Da0
σ)

+
1

4!

4
z

a3a2a1a0

(Da3
σ)(Da2

σ)(Da1
σ)(Da0

σ) +
1

5!

5
z

a4a3a2a1a0

(Da3
σ)(Da2

σ)(Da1
σ)(Da0

σ).

(3.124)
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By taking the coincidence limits [ζ] = 0 and [Da1
ζ] = 0 we verify they match those of

[d̄ ′Σ] = 0 and [Da1
d̄ ′Σ] = 0 (cf. (B.63) and (B.65)). The coefficients then are,

2
za1a0

= −Ka1a0
, (3.125a)

3
za2a1a0

= 2D(a2
Ka1a0), (3.125b)

4
za3a2a1a0

=
1

2
K(a3a2



−3Kb0
a1
K♣b0♣a0) + ua1

ua0) + d̄ Ka1a0) −Da1
ua0)



− 3D(a3
Da2

Ka1a0),

(3.125c)

5
za4a3a2a1a0

= −
4

3
d̄ K(a4a3

Da2
Ka1a0) + Za4a3a2a1a0

, (3.125d)

where Za4a3a2a1a0
is a symmetric tensor that does not include normal derivatives.

For d̄ d̄ ′Σ, let us consider the surface approximation

χ =
0
C +

1
C

a0

Da0
σ +

1

2!

2
C

a1a0

(Da1
σ)(Da0

σ) +
1

3!

3
C

a2a1a0

(Da2
σ)(Da1

σ)(Da0
σ)

+
1

4!

4
C

a3a2a1a0

(Da3
σ)(Da2

σ)(Da1
σ)(Da0

σ). (3.126)

The coefficents in this case are

0
C = 1, (3.127a)

1
Ca0

= 0, (3.127b)

2
Ca1a0

=
1

6



7Kb0(a1
Kb0

a0) − ua1
ua0

− d̄ Ka1a0
+Da1

ua0



, (3.127c)

3
Ca2a1a0

=
1

6



4D(a2
d̄ Ka1a0) − 31Kb0(a2

Da1
Kb0

a0) + 8u(a2
Da1

ua0)

−4D(a2
Da1

ua0) + 5Db0
K(a2a1

Kb0
a0)



, (3.127d)

4
Ca3a2a1a0

= −
1

15



K(a3a2
d̄ 2Ka1a0) + 22Kb0(a3

Kb0
a2
d̄ Ka1a0) +K(a3a2

Kb0
a1
d̄ Ka0)b0

+ 3K(a3a2
ua1

d̄ ua0)



+ Ca3a2a1a0
(3.127e)

where Ca3a2a1a0
is a symmetric tensor that does not include normal derivatives.

Therefore, according to Theorem 2, we have provided all the pieces necessary to compute

the exact expectation value of the renormalized stress-energy tensor at the initial surface C.

4 Connection to the initial value problem in semiclassical gravity

We now turn to discuss the relation between the present work and Conjecture 3.7 of [13]

on the well-posedness of the initial value problem for semiclassical gravity. We begin by

providing the following reĄned version of Theorem 2.

Theorem 3. Let x and x′ be points contained on a spacelike surface C of the spacetime (M, gab)

and also contained in a convex normal neighborhood D. One can construct approximations
(a) Ũ(x, x′), d̄ Ũ(x, x′), d̄ d̄ ′Ũ(x, x′) and d̄ 2Ũ(x, x′) for the Hadamard coefficient U(x, x′) and
its corresponding normal derivatives, (b) Ṽ (x, x′), d̄ Ṽ (x, x′), d̄ d̄ ′Ṽ (x, x′) and d̄ 2Ṽ (x, x′)
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for the Hadamard coefficient V (x, x′) and its corresponding normal derivatives, and (c) Σ̃,
d̄ Σ̃, d̄ d̄ ′Σ̃ and d̄ 2Σ̃ for Σ(x, x′), d̄Σ(x, x′), d̄ d̄ ′Σ(x, x′) and d̄ 2Σ(x, x′), using the intrinsic
metric on C and up to four Ştime derivativesŤ of the metric off the surface, such that the
surface-deĄned approximate H̃ℓ deĄnes correctly the expectation value of the renormalized
stress-energy tensor on C by eq. (3.34).

Theorem 3 is a precise statement of the Şsecond issueŤ discussed for the initial value

problem of semiclassical gravity in [13] (on p. 31 of the published version). Following

Conjecture 3.7 in that paper, the point for the initial value problem of semiclassical gravity is

that the ŞmissingŤ piece of initial data, i.e. the fourth ŞtimeŤ derivative off the initial surface,

ought to be obtained by imposing the semiclassical Einstein equations on the initial surface.

Indeed, obtaining this piece of data is precisely the Şzeroth stageŤ alluded to in Conjecture 3.7

in [13], and yields the ŞcrudestŤ approximation to the surface Hadamard condition, Def. 3.5

in [13], which is in turn deĄned by all stages (n = 0, 1, . . .) of that conjecture being satisĄed.4

In terms of the developments in the present paper, Conjecture 3.7 in [13] can be recast

in the following way:

Conjecture 1. Self-consistent initial data for the fourth order time derivatives of the metric
can be obtained out of the classical initial data hab, Kab, d̄ Kab and d̄ 2Kab on C (Equivalently
in terms of time derivatives of the metric, gab♣C, ġab♣C, g(2)

ab ♣C, g(3)
ab ♣C), by constructing the

approximations for Σ, d̄Σ, d̄ 2Σ, U and V , solving the fourth order terms (ie, ∇3
nKa′b′ ∼ g

(4)
ab ♣C)

using the semiclassical Einstein equation (2.2). Furthermore, higher order time derivatives of
the induced metric can be obtained by formal derivation of the semiclassical Einstein equation
by the same procedure.

5 Discussion

The initial value problem for semiclassical gravity is substantially more complicated than

its classical counterpart due to the fact that renormalization is required for deĄning the

expectation value of the stress-energy tensor, as one simultaneously solves for the semiclassical

Einstein equations. In the Hadamard subtraction scheme Ů suitable in curved spacetimes

Ů the renormalization procedure relies on removing the singular structure of the two-point

function, which is typically characterized covariantly in terms of the spacetime geometry (and

Ąeld parameters). This renders the initial-value formulation of semiclassical gravity highly

non-trivial, since one only has a priori Ąnitely many pieces of functional components of the

initial data on a spacelike surface, rather than the full spacetime geometry.

Motivated by the former, in this paper we have studied in the context of a Ąxed

background curved spacetime how the Hadamard property restricts to a (Cauchy) spacelike

surface in terms of intrinsic geometric properties of the surface. While it is clear that the

Hadamard property on an initial surface depends on the induced geometry and all possible

normal derivatives of the induced metric off the surface, here we have provided a sufficiently

4One could stop at the crudest zeroth (or any later Ąnite) stage at the cost of obtaining semiclassical

gravity solutions with lower differentiability, see Footnote 5 in [13]. One would expect that the spacetimes in

these solutions would be C4 in the crudest approximation, and the states would be adiabatic states of Ąnite

order, in the sense of [26], with adiabatic order k = 2 in the crudest approximation.
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accurate approximation to the Hadamard property that depends only on Ąnitely many normal

derivatives, such that a surface-renormalization prescription yields the exact expectation value

of the stress-energy tensor in the surface (for states satisfying this approximate property).

In order to achieve this, we introduced a notion of order-n approximation for biscalars,

and determined a sufficient order of approximation for the Hadamard coefficients, half the

squared geodesic distance and suitable normal derivatives thereof in the initial surface in

terms of the intrinsic surface geometry and only Ąnitely many normal derivatives of the

induced metric off the surface. This analysis relies crucially on obtaining a surface Taylor

series for the spacetime geodesic distance between two points on the spacelike surface in

terms of the geodesic distance, within the surface, between those same points.

The sufficient approximations computed in this work were expansions of order 4 and

2, respectively, for the regular biscalars U(x, x′) and V (x, x′) appearing on the Hadamard

singular structure, and surface Taylor expansions for half the squared geodesic distance

Σ(x, x′) and its normal derivatives, (see eq. (B.11)) d̄Σ(x, x′), d̄ ′Σ(x, x′), d̄ d̄ ′Σ(x, x′) and

d̄ 2Σ(x, x′), of orders 6, 5, 5, 4 and 4, respectively. The higher order terms of these expansions

are fourth order normal derivatives of the metric. This can be troublesome given that

semiclassical gravity, seen as an initial value problem, would seem to require initial data

of the same derivative orders than the semiclassical Einstein equation, which is a fourth

order system. In order to deal with this potential issue, we made contact with the surface
Hadamard condition given in [13], which implies not only a property for data of the quantum

Ąeld in the initial surface, but also the requirement that, if we are given data for a fourth

order problem (i.e., up to third order time derivatives), the missing data for the metric

normal derivatives can be obtained implicitly from the semiclassical Einstein equation. This

sets a preliminary but necessary foundation for the study of the initial value problem of

semiclassical gravity. Nevertheless, the initial value problem for semiclassical gravity remains

unsolved, and it must be noted that our proposals to sort some of the immediate difficulties

rely on (yet) unproven conjectures at this point.

In [13], we have discussed other topics in semiclassical gravity, such as the possibility to

implement a perturbative expansion in ℏ satisfying a classical correspondence limit criteria

that might enable to compute solutions and corrections, order by order, out of classical
initial data hab and Kab. There we also incorporate a scheme to model quantum collapse

in semiclassical gravity, as a possible path to address some conceptual issues of the theory,

and even established some continuity conditions at order ℏ
0 for such setting, i.e., if quantum

matter has jumps, what jumps in the gravitational sector?

Further research is required in order to establish the general conditions for which

semiclassical gravity represent a valid approach to describe the interaction between quantum

matter and spacetime geometry.
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A Half the squared geodesic distance

In this section we reproduce a brief version of the procedure by DeWitt & Brehme in [27].

Readers familiar with these techniques may jump straight to our results (A.16) and (A.17).

Consider a globally hyperbolic spacetime (M, gab), and let D ⊂ M be an open convex

normal neighborhood, i.e., for every pair of points x, x′ ∈ D, there is a unique geodesic from

x to x′ contained in D. We denote by s(x, x′) the geodesic distance for points x, x′ ∈ D.

Fixing x′ = x0 ∈ D, a Ąeld sx0
(x) ≡ s(x, x0) can be deĄned on D. Except for the lightcone of

x0, the vector Ąeld gab∇bsx0
is normalized, given that sx0

is the affine parameter for every

geodesic emanating from x0, i.e.,

gab∇asx0
∇bsx0

= ±1, (A.1)

where the positive sign is for spacelike geodesics, and the negative sign is for timelike geodesics.

We deĄne half the squared geodesic distance by

Σ(x, x′) ≡ ±
1

2
s2(x, x′), (A.2)

where the plus sign is used for spacelike related x, x′, and the minus sign is used for timelike

related x, x′. Σ vanishes when the geodesic distance vanishes, in particular

lim
x′→x

Σ(x, x′) = 0. (A.3)

By Ąxing x′ = x0, a scalar Ąeld Σx0
(x) ≡ Σ(x, x0) in D is deĄned. In the following we will

omit the explicit reference to x and x′ = x0. Derivation on x yields

∇aΣ = ±s∇as. (A.4)

It then follows

lim
x→x0

∇aΣ = 0. (A.5)

From (A.4), (A.2) and (A.1) one can readily obtain the following differential equation for Σ,

gab(∇aΣ)(∇bΣ) = 2Σ, (A.6)

which we recall as (3.3). This equation allows to extract information on the derivatives of Σ.

Using the abbreviated notation5 Σa = ∇aΣ, Σab = ∇a∇bΣ, etc, one obtains

Σa = ΣbΣab, (A.7)

Σba = Σb
c Σac + Σc Σbac, (A.8)

5Note that this notation is similar to the semicolon notation for derivatives, although in an inverse order:

∇a∇bϕ = ϕab = ϕ;ba .
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so that eq. (A.8) in the coincidence limit reads

lim
x→x0

Σba = lim
x→x0

Σb
c Σac, (A.9)

where it is inferred

lim
x→x0

Σab = gab. (A.10)

In the following we compute the coincidence limits of up to six derivatives of Σ with help of

eq. (A.6) and the limits (A.3), (A.5) and (A.10), following DeWitt & Brehme method devised

in [27]. From now on, we will use square brackets [ ] to indicate the coincidence limit x → x0.

The coincidence limit of the covariant derivative of (A.8) yield

[Σcba] = [Σcba] + [Σcab] + [Σbac]. (A.11)

Substituting in (A.11) the no-torsion condition [Σcba] = [Σcab] and the limit [Σbca] = [Σcba]

of the identity (cf. (B.28))

Σbca = Rbca
dΣd + Σcba, (A.12)

yield

[Σcba] = 0. (A.13)

In general, computing m derivatives of (A.6), and taking the coincidence limit yields

an equation containing a combination of terms [Σam...a0
] with switched indexes. Let us call

this the master equation of order m. In order to exchange those indices, it is necessary to

use the general rule in terms of the Riemann tensor,

∇an∇an−1
ωan−2...a1

− ∇an−1
∇anωan−2...a1

=
n−2
∑

k=1

Ranan−1ak

b ωan−2...ak+1b ak−1...a1
, (A.14)

at every order 2 < n ≤ m, and take m − n more derivatives, resulting in m − 2 index

exchange equations (exchange of the Ąrst two indexes is free given there is no torsion). Then,

take the coincidence limit for every index exchange equation, obtaining a set of rules for

the exchange of every two adjacent indexes for the terms [Σam...a0
]. These index exchange

rules are then used to solve the limit [Σam...a0
] from the master equation of order m. This

summarize the method devised by DeWitt & Brehme in [27]. They have already computed

this limits up to the fourth derivative, obtaining

[Σdbca] =
2

3
Rd(ca)b. (A.15)

Following their procedure, we get the following limits,

[Σedcba] =
1

2
(∇eRbcda + ∇dRbeca + ∇cRbdea)

=
3

2
∇(eR♣b♣dc)a (A.16)

[Σa5a4a3a2a1a0
] = −

12

5
∇(a5

∇a4
Ra3♣a1♣a2)a0

+
1

45
Fa5a4a3a2a1a0

, (A.17)
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where

Fa5a4a3a2a1a0
= 20



2Rb (a1a0)(a5
Ra4)(a3a2)b +Rb (a1a0)a3

Ra5(a2a4)b +Rb (a1a0)a2
Ra5(a3a4)b



+



Ra5a4a0

b


16Rba1a3a2
+ 17Rba3a2a1



+Ra4a0a5

b


17Rba1a3a2
+ 4Rba3a2a1



+Ra5a3a0

b


16Rba1a4a2
+ 17Rba4a2a1



+Ra3a0a5

b


17Rba1a4a2
+ 4Rba4a2a1



+Ra5a2a0

b


16Rba1a4a3
+ 17Rba4a3a1



+Ra2a0a5

b


17Rba1a4a3
+ 4Rba4a3a1



+Ra3a0a4

b


17Rba1a5a2
+ 4Rba5a2a1



+Ra4a3a0

b


16Rba1a5a2
+ 17Rba5a2a1



+Ra2a0a4

b


17Rba1a5a3
+ 4Rba5a3a1



+Ra4a2a0

b


16Rba1a5a3
+ 17Rba5a3a1



+Ra2a0a3

b


17Rba1a5a4
+ 4Rba5a4a1



+Ra3a2a0

b


16Rba1a5a4
+ 17Rba5a4a1





.

(A.18)

A.1 Limits of mixed derivatives

Since Σ(x, x′) is a two-point function (deĄned within a convex normal neighborhood), it is

possible to compute derivatives on either points, which yield hybrid tensors deĄned by sums of

products of tensors deĄned at different points, like, for example, ∇a∇c′Σ(x, x′) = Σac′(x, x′).

We shall compute the coincidence limits of this hybrid derivatives using a procedure analog

to that employed when analysing the derivatives of Σ at a single point. Before that one must

establish the order of coincidence limits that are required. As Σ(x, x′) is symmetric under

the exchange of x and x′, we have at hand the coincidence limits of the Ąrst six derivatives

of Σ at one point, regardless of whether it is at x or x′. This allow us to set

[Σc′ ] = 0. (A.19a)

Application of SyngeŠs rule for ∇a[∇cΣ] yields,

[Σac′ ] = −gac. (A.19b)

We note that commutation of derivatives at x and x′ is trivial, as the respective tensor

components are deĄned in their own tangent spaces: relative to the tangent space at x, Σc′

can be regarded as a scalar, and only in the coincidence limit it becomes a vector at that

space. This also means that the Ąrst two derivatives of Σc′ at x commute, i.e.

Σa1a2c′ = Σa2a1c′ . (A.20)

With this idea in mind, the relevant differential equation for Σc′ is obtained by taking a

derivative of (A.6) at x′,

Σc′ = Σbc′Σb. (A.21)

While the direct computation of the limit of (A.21) and its Ąrst derivative is consistent

with (3.89), at the second derivative we get

[Σa2a1c′ ] = [Σa2a1c′ ] + [Σa1a2c′ ]. (A.22)
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With (A.20) we get

[Σa2a1a′

0
] = 0. (A.23)

Following the usual procedure of taking derivatives of (A.21), and substituting the com-

mutation rules (obtained from (A.20)), as well as the limits for derivatives of Σ at a single

point, we get the following limits,

[Σa3a2a1a′

0
] = −

2

3
Ra3(a2a1)a0

, (A.24a)

[Σa4a3a2a1a′

0
] = −

1

6



∇a2
Ra4a0a3a1

+ ∇a3
Ra4a0a2a1

+ 3∇a3
Ra4a2a1a0

+ ∇a4
Ra3a0a2a1

+ 2∇a4
Ra3a2a1a0



(A.24b)

[Σa5a4a3a2a1a′

0
] =

1

90



2Rb0
a0a5a2

Rb0a1a4a3
+ 11Rb0

a0a4a3
Rb0a1a5a2

+ 11Rb0
a0a4a2

Rb0a1a5a3

+ 11Rb0
a0a3a2

Rb0a1a5a4
+ 11Rb0

a0a5a1
Rb0a2a4a3

+ 11Rb0
a0a4a1

Rb0a2a5a3

+ 11Rb0
a0a3a1

Rb0a2a5a4
− 14Rb0

a2a5a4
Rb0a3a1a0

− 14Rb0
a1a5a4

Rb0a3a2a0

+Rb0
a0a5a4

(2Rb0a1a3a2
+Rb0a3a2a1

) + 11Rb0
a0a2a1

Rb0a3a5a4

+ 22Rb0
a2a1a0

Rb0a3a5a4
− 14Rb0

a2a5a3
Rb0a4a1a0

− 14Rb0
a1a5a3

Rb0a4a2a0

+Rb0
a0a5a3

(2Rb0a1a4a2
+Rb0a4a2a1

) − 14Rb0
a1a5a2

Rb0a4a3a0

+Rb0
a0a5a2

Rb0a4a3a1
+Rb0

a0a5a1
Rb0a4a3a2

− 5Rb0
a2a4a3

Rb0a5a1a0

− 7Rb0
a4a3a2

Rb0a5a1a0
− 14Rb0

a1a4a3
Rb0a5a2a0

− 7Rb0
a4a3a1

Rb0a5a2a0

+Rb0
a0a4a3

Rb0a5a2a1
− 7Rb0

a4a3a0
Rb0a5a2a1

− 14Rb0
a1a4a2

Rb0a5a3a0

− 7Rb0
a4a2a1

Rb0a5a3a0
+Rb0

a0a4a2
Rb0a5a3a1

− 7Rb0
a4a2a0

Rb0a5a3a1

+Rb0
a0a4a1

Rb0a5a3a2
− 7Rb0

a4a1a0
Rb0a5a3a2

− 14Rb0
a1a3a2

Rb0a5a4a0

− 7Rb0
a3a2a1

Rb0a5a4a0
+Rb0

a0a3a2
Rb0a5a4a1

− 7Rb0
a3a2a0

Rb0a5a4a1

+Rb0
a0a3a1

Rb0a5a4a2
− 7Rb0

a3a1a0
Rb0a5a4a2

+Rb0
a0a2a1

Rb0a5a4a3

− 7Rb0
a2a1a0

Rb0a5a4a3
− 9∇a3

∇a2
Ra5a0a4a1

− 9∇a4
∇a2

Ra5a0a3a1

− 9∇a4
∇a3

Ra5a0a2a1
− 36∇a4

∇a3
Ra5a2a1a0

− 9∇a5
∇a2

Ra4a0a3a1

− 9∇a5
∇a3

Ra4a0a2a1
− 27∇a5

∇a3
Ra4a2a1a0

− 9∇a5
∇a4

Ra3a0a2a1

− 18∇a5
∇a4

Ra3a2a1a0



(A.24c)

B 3+1 formalism

We use the 3 + 1 formulation introduced by Wald in [22] and extended in [29], which we

brieĆy resume here.

Let t : M → R a time function for the globally hyperbolic spacetime (M, gab), i.e., a

function such that

gab∇at∇bt < 0, (B.1)

everywhere, and such that Cτ = ¶p ∈ M : t(p) = τ♢ are Cauchy surfaces for (M, gab).
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A foliation F of (M, gab) is deĄned by the set of Cauchy surfaces Ct for all t ∈ R, so

that the whole spacetime is covered by F , identifying every p ∈ M with a single surface

Ct(p) that contains p. The vector Ąeld na given by

na ≡ −
gab∇bt

√

−gcd(∇ct)(∇dt)
, (B.2)

is normalized and normal to every Ct ∈ F . This can be directly veriĄed given that in

any tangent direction to Ct the derivative of t vanishes. Let ta be a timelike vector Ąeld

on M such that

ta∇at = 1. (B.3)

Every point on each surface Ct can then be mapped to exactly one point at another surface

Ct′ by means of the one-parameter group of diffeomorphisms generated by ta. This shows that

all the surfaces of the foliation are diffeomorphic, and therefore M is diffeomorphic to Ct × R.

Let hab be a symmetric rank (0, 2) tensor on M deĄned by

hab ≡ gab + nanb. (B.4)

It can be seen that hab satisĄes the properties of an euclidean 3-metric on Ct for every t.

The tensor hab is called the induced metric by gab on Ct. Note that for every t, hab admits a

representation as a 3-dimensional symmetric matrix with entries hij corresponding to the

coordinate components hµν , with µ > 0 in Gaussian coordinates xµ adapted to Ct such that

x0 = t. These coordinates can be carried to every other surface Ct by the one-parameter

group of diffeomorphisms generated by ta. In the following we avoid such representation and

we will not use any properties of the aforementioned coordinates.

The projectors of vectors in the tangent and normal directions relative to Ct are re-

spectively,

ha a′ ≡ δa a′ + nana′ , (B.5)

P a⊥ a′ ≡ −nana′ . (B.6)

These objects allow to split the space of tangent vectors in M in surface-tangent and normal

subspaces, which can be generalized directly to tensors of arbitrary rank. For example, the

normal projection of the vector Ąeld ta

N ≡ −nat
a, (B.7)

is called lapse, and the surface-tangent projection,

βa ≡ ha a′ta
′

, (B.8)

is called shift vector. Due to (B.3), it follows that

N ≡
1

na∇at
=

1
√

−gab(∇at)(∇bt)
. (B.9)
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The derivative operator associated with the intrinsic metric hab will be denoted by Da

and is given by [22] (lemma 10.2.1),

DaT
b1...bk

c1...cl
= hb1

b′

1
. . . hb1

b′

1
ha

a′

hc1

c′

1 . . . hcl

c′

l∇a′T b
′

1
...b′

k c′

1
...c′

l
. (B.10)

It is useful to deĄne the surface-tangent projection of the normal derivative of a tensor by

d̄ T b1...bk
c1...cl

≡ hb1
b′

1
. . . hb1

b′

1
hc1

c′

1 . . . hcl

c′

l(−na∇a)T
b′

1
...b′

k c′

1
...c′

l
. (B.11)

We will show that the covariant derivative of any tensor Ąeld T b1...bk
c1...cl

can be expressed

in terms of surface-tangent (DaT
b1...bk

c1...cl
), normal (d̄ T b1...bk

c1...cl
) and hybrid projections

of derivatives, along with surface-tangent tensors to be deĄned bellow. In the following we

omit the preĄx surface regarding the tangent projections.

For the normal vector itself we have

∇anb = Kab + naub, (B.12)

where

Kab ≡ Danb (B.13)

and

ua ≡ d̄ na. (B.14)

The tensor Kab is tangent by construction and symmetric, and can be identiĄed as the

extrinsic curvature of Ct. In terms of the induced metric, it will be seen in the following

subsection to be half the Lie derivative along na of hab, i.e.,

£nhab = 2Kab. (B.15)

It can also be seen that ua is related to N by

ua = −Da lnN. (B.16)

From (B.16) it follows that

Danb = Dbna. (B.17)

We say a tensor has been expanded in 3 + 1 form when it is expressed in the form

T a1...ak
b1...bl

= ha1
a′

1
. . . hak

a′

k
hb1

b′

1 . . . hbl

b′

lT a
′

1
...a′

k b′

1
...b′

l

+ ha1
a′

1
. . . hak−1

a′

k−1
hb1

b′

1 . . . hbl

b′

lnak(−na′

k
)T a

′

1
...a′

k b′

1
...b′

l

+ . . .

+ na1 . . . naknb1
. . . nbl

(−na′

1
) · · · (−na′

k
)(−nb

′

1) · · · (−nb
′

l)T a
′

1
...a′

k b′

1
...b′

l
. (B.18)

We now introduce a key aspect of our formulation of the 3 + 1 formalism: the systematic

labeling of the terms that constitute the complete 3 + 1 expansion of tensors.
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The 3 + 1 expansion of a (k, l) tensor T a1...ak
b1...bl

has 2k+l terms. Each term contains

products of the following types of elements: a) normal vectors na and dual vectors nb adding

up a total of m free normal elements ie,

naqmnaqm−1 . . . nbq2
nbq1

, (B.19)

and b) a tensor with only tangent free indexes,

m
T
aQk+l−m

aQk+l−m−1
...

...bQ2
bQ1

. (B.20)

We will call these tensors tangent projection elements. Note that these various terms are

linearly independent as the complete 3 + 1 expansion for every tensor in M , given a foliation,

is unique.

We will number the indexes from right to left beginning at 0, taking the original tensor

as reference. We donŠt distinguish raised or lowered indexes in this labeling. For a given

projection term of the 3 + 1 expansion of a tensor we take all the numeric labels qi of every

free normal index so that summing all the terms of the form 2qi yield a unique label for each

projection term. That is, if the normal dual vectors of some projection are naq1
, naq2

. . . , naqm
,

the numeric label we assing to the projection term is

m ≡
m
∑

i=1

2qi . (B.21)

This is a natural way to span all the possible projection terms based on an intuitive reasoning:

the projection terms are labeled according to the binary positional representation of the

indexes of their normal vectors (or dual vectors). For example, given a (0, 2) tensor Tab we have

Ta1a0
=

0
T a1a0

+ na0

1
T a1

+ na1

2
T a0

+ na1
na0

3
T , (B.22)

where the tangent projection elements are

0
T a1a0

≡ ha1

a′

1ha0

a′

0Ta′

1
a′

0
,

∑

q∈∅

2q = 0, (B.23a)

1
T a1

≡ ha1

a′

1(−na
′

0)Ta′

1
a′

0
,

∑

q∈¶0♢

2q = 1, (B.23b)

2
T a0

≡ (−na
′

1)ha0

a′

0Ta′

1
a′

0
,

∑

q∈¶1♢

2q = 2, (B.23c)

3
T ≡ (−na

′

1)(−na
′

0)Ta′

1
a′

0
,

∑

q∈¶0,1♢

2q = 3. (B.23d)

Consider a scalar function ϕ : M → R. The covariant derivative of ϕ expanded in

3 + 1 form is

∇a0
ϕ = ϕa0

= Da0
ϕ+ na0

d̄ ϕ. (B.24)
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If we consider a dual vector va, the 3 + 1 expansion of its covariant derivative yield

∇a1
va0

=Ka1a0

1v +Da1

0va0
+


Ka1

b 0vb +Da1

1v


na0

+


d̄ 0va0
+ ua0

1v


na1
+


ub 0vb


na1
na0

. (B.25)

By putting va ≡ ∇aϕ in this expression we get the 3+1 expansion for the second covariant

derivative of ϕ (using the abbreviated notation for derivatives introduced in appendix A),

ϕa1a0
= (Ka1a0

d̄ ϕ+Da1
Da0

ϕ) + na0



Da1
d̄ ϕ+Ka1

bDbϕ


+ na1
(ua0

d̄ ϕ+ d̄ Da0
ϕ) + na0

na1



d̄ 2ϕ+ ubDbϕ


. (B.26)

Note that the tangent component of ϕa1a0
differs from the tangent derivative Da1

Da0
ϕ by

a normal derivative of ϕ times the extrinsic curvature. We will Ąnd the analogous feature

occurring at any arbitrary order k of derivatives, which will include normal derivatives of

ϕ up to order k − 1.

The no-torsion condition (ϕab = ϕba) yields the identity

d̄ Daϕ−Dad̄ ϕ = Ka
bDbϕ− uad̄ ϕ. (B.27)

Recall that for any dual vector ωa, the Riemann tensor is deĄned by

Rabc
dωd = ∇a∇bωc − ∇b∇aωc. (B.28)

Substituting the 3 + 1 expansion of the second derivative of a dual vector va in (B.28),

and taking into account all its symmetries, we get that the nonvanishing tensor projection

elements of the Riemann tensor are

0Ra3a2a1a0
= (3)Ra3a2a1a0

+Ka3a1
Ka2a0

−Ka2a1
Ka3a0

, (B.29a)
1Ra3a2a1

= 2Ra2a3a1
= 4Ra1a2a2

= 8Ra1a2a3
= Da2

Ka3a1
−Da3

Ka2a1
, (B.29b)

5Ra3a1
= − 6Ra3a1

= − 9Ra3a1
= 10Ra3a1

= ua3
ua1

+ d̄ Ka3a1
−Ka3

bKba1
−Da3

ua1
.

(B.29c)

where (3)Ra3a2a1a0
is the Riemann tensor deĄned by the induced metric hab on Ct. We will

call it the intrinsic Riemann tensor.

Implementing (B.28) for any tangent dual vector ωb, we get

d̄ Daωb −Dad̄ ωb = Ka
cDcωb − uad̄ ωb + (Kabu

c −Ka
cub +DbKa

c −DcKab)ωc, (B.30a)

and for any tangent tensor Aa1a0
,

d̄ Da2
Aa1a0

−Da2
d̄ Aa1a0

= Ka2

bDbAa1a0
− ua2

d̄ Aa1a0

+


Ka2a1
ub −Ka2

bua1
+Da1

Ka2

b −DbKa2a1



Aba0

+


Ka2a0
ub −Ka2

bua0
+Da0

Ka2

b −DbKa2a0



Aa1b, (B.30b)

and so on for higher order tensors.
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From (B.29) it is possible to compute the projection components for the Ricci tensor

Rab in terms of their intrinsic counterparts, the extrinsic curvature, the vector ua and their

derivatives:

0
Ra1a0

= (3)
Ra1a0

+KKa1a0
+Da1

ua0
− ua1

ua0
− d̄ Ka1a0

, (B.31a)
1
Ra1

= 2
Ra1

= Da1
K −DbK

b
a1
, (B.31b)

3
R = d̄ K + u2 −Kb1b0Kb1b0

−Dbu
b. (B.31c)

as well as the Ricci scalar R,

R = (3)
R +K2 +Kb1b0Kb1b0

+ 2


Dbu
b − u2 − d̄ K



, (B.32)

where

K ≡ Kb
b, (B.33a)

u2 ≡ ubub. (B.33b)

Equations (B.29a) and (B.31b) are known as the Gauss-Codazzi relations.

This formalism allows to systematically express derivatives of arbitrary tensors. Gen-

eral formulas for covariant derivatives, products, contractions, symmetrization and anti-

symmetrization of indexes can be given and programmed within a computer algebra system.

However, those expressions require further deĄnitions that are out of the scope of this

exposition. An exposition of these formulas is available in [29].

This 3 + 1 formalism is a complete representation of 4−dimensional tensors in terms of

tangent tensor components on each of the surfaces Ct of a given foliation of spacetime.

In this formalism, Bianchi identity allows to solve d̄ (3)Ra3a2a1a0
in terms of Ka1a0

, ua0

and their tangent derivatives:

d̄ (3)Ra3a2a1a0
= 2



Kb0[a3

(3)Rb0
a2]a1a0

+Da3
D[a1

Ka0]a2
−Da2

D[a1
Ka0]a3

−Ka1[a3
Da2]ua0

+Ka0[a3
Da2]ua1

+ 2
(

(D[a3
Ka2][a1

)ua0]

+ (D[a1
Ka0][a3

)ua2] − u[a3
Ka2][a1

ua0]

)



. (B.34a)

Upon contraction, this also yield relations for the intrinsic Ricci tensor and scalar,

d̄ (3)
Ra1a0

= 2
(

Kb0(a1

(3)
R
b0
a0) −Db0

D(a1
Ka0)

b0
)

+Da1
Da0

K +DbDbKa1a0

+ 2


ub0
(

D(a1
Ka0)b0

−Db0
Ka1a0

−Kb0(a1
ua0)

)

+ u(a1

(

Db0Ka0)b0
−Da0)K

)



−KDa1
ua0

+ 2(Db0
u(a1

)Ka0)
b0 −Ka1a0

Db0
ub0 + u2Ka1a0

+Kua0
ua1

. (B.34b)

d̄ (3)
R = 2



Kb1b0 (3)
Rb1b0

+Db0
(

Db0
K −Db1

Kb1
b0

)

+ 2ub0
(

Db1
Kb1

b0
−Db0

K
)

−KDb0
ub0 +Kb1b0Db1

ub0
+Ku2 −Kb1b0ub1

ub0



. (B.34c)

As an example, we can compute the failure of a geodesic on Ct, deĄned by the tangent

derivative operator Da, to be a geodesic vector on M . From (B.25) we have that for a

surface-tangent vector ξa which is tangent to an affine geodesic in Ct such that

ξbDbξ
a = 0, (B.35)
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then

ξb∇bξ
a = naKb1b0ξb1

ξb0
. (B.36)

This justiĄes the statement made in section 3.3 that, generically, geodesics intrinsically deĄned

on C, which connect two points contained within a convex normal neighborhood D ⊂ C will

not coincide with the spacetime geodesics connecting the same points. It also proves that

they will coincide if the extrinsic curvature vanishes in D .

B.1 Lie derivatives and time derivatives

The Lie derivative £vT
bl−1...b0
ak−1...a0 represent the rate of change of the tensor T bl−1...b0

ak−1...a0

along the uniparametric group of diffeomorphisms generated by the vector Ąeld va. In terms

of the covariant derivative of the spacetime it can be seen [22] that

£vT
bl−1...b0

ak−1...a0
= vc∇cT

bl−1...b0
ak−1...a0

−
l−1
∑

i=0

T bl−1...c...b0
ak−1...a0

∇cv
bi

+
k−1
∑

j=0

T bl−1...b0
ak−1...c...a0

∇aj
vc. (B.37)

For a scalar Ąeld ϕ this reduces to

£vϕ = vb∇bϕ, (B.38)

which in 3+1 form is given by the contraction of (B.24) with v expressed in 3+1 form, that is,

£vϕ = 0vb0Db0
ϕ− 1vd̄ ϕ. (B.39)

Similarly, for a dual vector ωa we have

£vωa0
= vb∇bωa0

+ ωb∇a0
vb, (B.40)

which in 3 + 1 form reads

£vωa0
= −

1
vd̄

0
ωa0

+
1
vKa0

b 0
ωb −

1
v

1
ωua0

+
0
ωbDa0

0
v b −

1
ωDa0

1
v +

0
v bDb

0
ωa0

+ na0



−
1
vd̄

1
ω +

0
ωbd̄

0
v b +Kb1b0

0
vb1

0
ωb0

−
1
ωd̄

1
v −

1
ωub

0
v b +

0
v bDb

1
ω



. (B.41)

We use the vector ta deĄned in (B.3) in order to represent time derivatives by taking ta to

be the generator of time Ćow in this formalism. The 3 + 1 expansion of ta is given in terms

of the lapse function N and the shift tangent vector βa,

ta0 = βa0 + na0N. (B.42)

The time derivative of a tensor T bl−1...b0
ak−1...a0

is then taken as the tangent projection of

its Lie derivative along ta, that is,

Ṫ bk−1...bk
ak−1...ak

≡ hbl−1
dl−1

. . . hb0
d0
hak−1

ck−1 . . . ha0

c0£tT
dk−1...dk

ck−1...ck
. (B.43)
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Expanding this deĄnition with aid of formula (B.37), we get

Ṫ bl−1...b0
ak−1...ak

= −Nd̄T bl−1...b0
ak−1...ak

+ βcDcT
bl−1...b0

ak−1...ak

−
l−1
∑

i=0

T bl−1...c...b0
ak−1...a0



NKc
bi +Dcβ

bi



+
k−1
∑

j=0

T bl−1...b0
ak−1...c...a0



NKaj

c +Daj
βc


. (B.44)

For example, we can compute the time derivative of the induced metric,

ḣa1a0
= 2



NKa1a0
+D(a1

βa0)



. (B.45)

Consider the case where βa = 0 and N = 1, then na = ta and (B.45) reduces to (B.15). This

lies behind the intuitive notion that the extrinsic curvature is essentially (half) the time
derivative of the induced metric, even if such relationship is formally given by (B.45). We

note that in this expression, the operator d̄ does not appear given that d̄ hab = 0, however,

for tensors other than hab, in general the order of time derivatives of those tensors that

will occur in the corresponding expressions will coincide with the order of d̄ derivatives

appearing in the result.

We can make the substitution

d̄ T bl−1...b0
ak−1...ak

= −
1

N
Ṫ bl−1...b0

ak−1...ak
+

1

N
βcDcT

bl−1...b0
ak−1...ak

−
l−1
∑

i=0

T bl−1...c...b0
ak−1...a0



Kc
bi +

1

N
Dcβ

bi



+
k−1
∑

j=0

T bl−1...b0
ak−1...c...a0



Kaj

c +
1

N
Daj

βc


, (B.46)

and for the case of hab, we can write Ąrst

Ka1a0
=

1

N



1

2
ḣa1a0

−D(a1
βa0)



, (B.47)

and then use (B.46) to translate normal derivatives of Kab in terms of time derivatives of

hab. That results in an expression of the form

d̄ nKa1a0
=

1

2N(−N)n
(∂t)

n+1ha1a0
+ . . . (B.48)

where (∂t)
nha1a0

represent the n-th time derivative of ha1a0
. Therefore, the number of

normal derivatives of the extrinsic curvature equals the number of time derivatives of the

induced metric, plus one.

B.2 3+1 expansion of [Σak...a0
]

We are interested in the explicit expression for the coincidence limits of every tangent, normal

and hybrid derivatives of Σ in terms of the 3 + 1 expansion of data on any surface Ct.
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For the Ąrst derivative, we have from (A.5),

[Σa0
] = 0, (B.49)

and given (B.24), we readily verify that

[DaΣ] = 0, (B.50a)

[d̄Σ] = 0. (B.50b)

For the second order derivatives we have from (B.26), (B.50a), (B.50b), (A.10) and (B.4),

[Σa1a0
] = ha0a1

− na0
na1

, (B.51)

which implies

[DaDbΣ] = hab, (B.52a)

[Dad̄Σ] = [d̄ DaΣ] = 0, (B.52b)

[d̄ 2Σ] = −1. (B.52c)

In general, the procedure for computing a derivative order k > 2 is the following:

1. Compute the 3 + 1 expansion for the covariant derivative of Σak−1...a0
.

2. Take the limit of the expansion and replace the previously found limits of all the deriva-

tives of order k−1, i.e., [Dak−1
. . . Da0

Σ], [Dak−1
. . . Da1

d̄Σ], [Dak−1
. . . Da2

d̄ Da0
Σ], . . . ,

[d̄ k−1Σ].

3. Identify every projection element of the expansion of the derivative with the corre-

sponding projection element of the 3 + 1 expansion of the limit [Σak...a0
] computed in

appendix A.

4. Solve for the limits [Dak
. . . Da0

Σ], [Dak
. . . Da1

d̄Σ], . . . , [d̄ kΣ] in the equation for the

tangent projection component 0, 1, . . . , 2k − 1, respectively.

We will denote this algorithm as ⋆. For k = 3, the relevant coincidence limit is trivially

[Σabc] = 0, and following ⋆ we get

[Da2
Da1

Da0
Σ] = 0, (B.53a)

[Da2
Da1

d̄Σ] = −Ka2a1
, (B.53b)

[Da2
d̄ Da0

] = 0, (B.53c)

[Da2
d̄ 2Σ] = −ua2

, (B.53d)

[d̄ Da1
Da0

Σ] = Ka1a0
, (B.53e)

[d̄ Da1
d̄Σ] = 0, (B.53f)

[d̄ 2Da0
Σ] = ua0

, (B.53g)

[d̄ 3Σ] = 0. (B.53h)
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For k = 4 we have a nontrivial coincidence limit, a combination of Riemann tensors with

various index orderings, cf. eq. (A.15). The Riemann tensor has already been completely

expressed in 3 + 1 form in the previous section and in [29], which also describes the techniques

required for dealing with the exchange of indexes. Following the algorithm ⋆ we get

[Da3
Da2

Da1
Da0

Σ] =
1

3



(3)Ra3a1a0a2
+ (3)Ra3a0a1a2

+Ka3a0
Ka2a1

+Ka3a1
Ka2a0

+Ka3a2
Ka1a0



(B.54a)

[Da3
Da2

Da1
d̄Σ] = −

2

3
(Da1

Ka3a2
+Da2

Ka3a1
+Da3

Ka2a1
) (B.54b)

[Da3
Da2

d̄ Da0
Σ] =

1

3
(3Ka3a2

ua0
− 2Da0

Ka3a2
+Da2

Ka3a0
+Da3

Ka2a0
) (B.54c)

[Da3
Da2

d̄ 2Σ] =
1

3



2Ka3

bKba2
− 2ua3

ua2
− 2d̄ Ka3a2

− 4Da3
ua2



(B.54d)

[Da3
d̄ Da1

Da0
Σ] =

1

3
(3ua3

Ka1a0
+Da0

Ka3a1
+Da1

Ka3a0
+Da3

Ka1a0
) (B.54e)

[Da3
d̄ Da1

d̄Σ] =
1

3



ua3
ua1

−Ka3

bKba1
− 2d̄ Ka3a1

−Da3
ua1



(B.54f)

[Da3
d̄ 2Da0

Σ] =
1

3



4ua3
ua0

−Ka3

bKba0
+ d̄ Ka3a0

+ 2Da3
ua0



(B.54g)

[Da3
d̄ 3Σ] = −d̄ ua3

(B.54h)

[d̄ Da2
Da1

Da0
Σ] =

1

3
(Da2

Ka1a0
+Da1

Ka2a0
+Da0

Ka2a1
) (B.54i)

[d̄ Da2
Da1

d̄Σ] =
1

3



ua2
ua1

− 4Ka2

bKba1
− 2d̄ Ka2a1

−Da1
ua2



(B.54j)

[d̄ Da2
d̄ Da0

Σ] =
1

3



ua2
ua0

−Ka2

bKba0
+ 2Da2

ua0



(B.54k)

[d̄ Da2
d̄ 2Σ] = −Ka2

bub − d̄ ua2
(B.54l)

[d̄ 2Da1
Da0

Σ] =
1

3



2Ka1

bKba0
− 2ua1

ua0
+ 4d̄ Ka1a0

+ 2Da1
ua0



(B.54m)

[d̄ 2Da1
d̄Σ] = −Ka1

bub (B.54n)

[d̄ 3Da0
Σ] = 2d̄ ua0

(B.54o)

[d̄ 4Σ] = −ubub (B.54p)

We recall that (3)Ra3a2a1

a0 is the Riemann tensor deĄned by the induced metric hab on

the surface.

The order k = 5 involves the coincidence limit of a combination of derivatives of the

Riemann tensor, eq. (A.16), where we obtain 25 = 32 limits of derivatives. It serves no

practical purpose to write all these limits down here, so we only reproduce the limit of

derivatives that will be used later,

[Da4
Da3

Da2
Da1

Da0
Σ] =

1

2



Da4

(3)Ra1a2a3a0
+Da3

(3)Ra1a4a2a0
+Da2

(3)Ra1a3a4a0



+ 5K(a4a3
Da2

Ka1a0), (B.55)
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[Da4
Da3

Da2
Da1

d̄Σ] = K(a4a3
d̄ Ka2a1) − 3D(a4

Da3
Ka2a1) −K(a4a3

Da2
ua1)

− 2Kb(a4
Kb

a3
Ka2a1) +K(a4a3

ua2
ua1)

+
1

6



−Ka4

b[2 (3)Ra3ba2a1
+ (3)Ra3a2a1b]

+Ka3

b[5 (3)Ra4ba2a1
+ 4 (3)Ra4a2a1b]

+Ka2

b[ (3)Ra4ba3a1
− 4 (3)Ra4a3a1b]

− 2Ka1

b[ (3)Ra4ba3a2
+ 2 (3)Ra4a3a2b]



, (B.56)

[Da4
Da3

Da2
d̄ 2Σ] = −

3

2
D(a4

d̄ Ka3a2) − 3u(a4
Da3

ua2) −
3

2
Da4

Da3
ua2

+
1

6



(3)Ra3a2a4

b + 2 (3)Ra4a3a2

b


ub +Kb(a4
DbKa3a2)

+ 2K(a4

bDa3
Ka2)b −K(a4a3

Ka2)
bub. (B.57)

The coincidence limit for the order 6 covariant derivative of Σ is given by (A.17). The

all-tangent derivative limit is given by:

[Da5
Da4

Da3
Da2

Da1
Da0

Σ] =

1

15



11Ka2a3
Ka4a5

d̄ Ka0a1
−Ka3a4

Ka1a5
d̄ Ka0a2

−Ka1a4
Ka3a5

d̄ Ka0a2

−Ka1a3
Ka4a5

d̄ Ka0a2
−Ka3a4

Ka0a5
d̄ Ka1a2

−Ka0a4
Ka3a5

d̄ Ka1a2

−Ka0a3
Ka4a5

d̄ Ka1a2
−Ka1a2

Ka4a5
d̄ Ka0a3

−Ka0a2
Ka4a5

d̄ Ka1a3

−Ka1a4
Ka0a5

d̄ Ka2a3
−Ka0a4

Ka1a5
d̄ Ka2a3

−Ka0a1
Ka4a5

d̄ Ka2a3

− 7Ka2a3
Ka1a5

d̄ Ka0a4
− 7Ka1a2

Ka3a5
d̄ Ka0a4

− 7Ka2a3
Ka0a5

d̄ Ka1a4

− 7Ka0a2
Ka3a5

d̄ Ka1a4
−Ka1a3

Ka0a5
d̄ Ka2a4

−Ka0a3
Ka1a5

d̄ Ka2a4

−Ka0a1
Ka3a5

d̄ Ka2a4
−Ka1a2

Ka0a5
d̄ Ka3a4

−Ka0a2
Ka1a5

d̄ Ka3a4

− 7Ka2a3
Ka1a4

d̄ Ka0a5
− 7Ka1a2

Ka3a4
d̄ Ka0a5

− 7Ka2a3
Ka0a4

d̄ Ka1a5

− 7Ka0a2
Ka3a4

d̄ Ka1a5
−Ka1a3

Ka0a4
d̄ Ka2a5

−Ka0a3
Ka1a4

d̄ Ka2a5

−Ka0a1
Ka3a4

d̄ Ka2a5
−Ka1a2

Ka0a4
d̄ Ka3a5

−Ka0a2
Ka1a4

d̄ Ka3a5

+ 11Ka1a2
Ka0a3

d̄ Ka4a5
+ 11Ka0a2

Ka1a3
d̄ Ka4a5

+Ka2a5

[

11Ka3a4
d̄ Ka0a1

−Ka1a4
d̄ Ka0a3

−Ka0a4
d̄ Ka1a3

− 7Ka1a3
d̄ Ka0a4

− 7Ka0a3
d̄ Ka1a4

−Ka0a1
d̄ Ka3a4

]

+Ka2a4

[

11Ka3a5
d̄ Ka0a1

−Ka1a5
d̄ Ka0a3

−Ka0a5
d̄ Ka1a3

− 7Ka1a3
d̄ Ka0a5

− 7Ka0a3
d̄ Ka1a5

−Ka0a1
d̄ Ka3a5

]

+ 11Ka0a1
Ka2a3

d̄ Ka4a5



+ 0Fa5a4a3a2a1a0
(B.58)

where 0Fa5a4a3a2a1a0
is a tangent tensor which does not involve normal derivatives of the

extrinsic curvature.
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At least two other projections are of explicit interest,

[Da5
Da4

Da3
Da2

Da1
d̄Σ] =

1

5
(d̄ Ka5a1

)Da2
Ka4a3

−
16

45
(d̄ Ka4a1

)Da2
Ka5a3

+ (d̄ Ka4a2
)Da3

Ka5a1

+
19

15
(d̄ Ka5a4

)Da3
Ka2a1

−
2

5
(d̄ Ka5a2

)Da3
Ka4a1

−
2

9
(d̄ Ka5a1

)Da3
Ka4a2

+
4

9
(d̄ Ka4a1

)Da3
Ka5a2

−
41

45
(d̄ Ka2a1

)Da3
Ka5a4

+
2

3
(d̄ Ka5a3

)Da4
Ka2a1

+
2

3
(d̄ Ka5a2

)Da4
Ka3a1

−
14

45
(d̄ Ka5a1

)Da4
Ka3a2

+
4

45
(d̄ Ka3a1

)Da4
Ka5a2

+
22

45
(d̄ Ka2a1

)Da4
Ka5a3

+
2

3
(d̄ Ka4a3

)Da5
Ka2a1

+
5

3
(d̄ Ka4a2

)Da5
Ka3a1

+
46

15
(d̄ Ka3a2

)Da5
Ka4a1

−
28

45
(d̄ Ka4a1

)Da5
Ka3a2

−
20

9
(d̄ Ka3a1

)Da5
Ka4a2

−
113

45
(d̄ Ka2a1

)Da5
Ka4a3

+ 1Fa5a4a3a2a1
(B.59)

[Da5
Da4

Da3
Da2

d̄ 2Σ] =

29

10
Ka5a4

d̄ 2Ka3a2
+

5

2
Ka5a3

d̄ 2Ka4a2
+

1

10
Ka4a3

d̄ 2Ka5a2

+
1

2
Ka5a2

d̄ 2Ka4a3
+

1

2
Ka4a2

d̄ 2Ka5a3
+

11

10
Ka3a2

d̄ 2Ka5a4

+
8

45
(3)Ra4a3a5

bd̄ Kba2
+

52

45
(3)Ra5a4a3

bd̄ Kba2
−

1

5
(3)Ra3a2a5

bd̄ Kba4

+
3

5
Ś(3)Ra5a3a2

bd̄ Kba4
+Ka4

bKba3
d̄ Ka5a2

+Ka5

bKba2
d̄ Ka4a3

+Ka4

bKba2
d̄ Ka5a3

+ 3Ka5

bKba3
d̄ Ka4a2

−
509

90
Ka5

bKa4a3
d̄ Kba2

−
167

99
Ka4

bKa5a3
d̄ Kba2

−
329

90
Ka3

bKa5a4
d̄ Kba2

−
39

10
Ka5

bKa4a2
d̄ Kba3

−
5

6
Ka4

bKa4a2
d̄ Kba3

−
97

30
Ka5

bKa5a4
d̄ Kba3

−
37

10
Ka5

bKa3a2
d̄ Kba4

−
49

30
Ka3

bKa5a2
d̄ Kba4

−
91

30
Ka2

bKa5a3
d̄ Kba4

−
21

10
Ka4

bKa3a2
d̄ Kba5

−
31

30
Ka3

bKa4a2
Kba5

−
13

30
Ka2

bKa4a3
d̄ Kba5

+
29

5
Ka5

bKba4
d̄ Ka3a2

−
1

3
Ka4

bKba5
d̄ Ka3a2

+
5

3
Ka5

bKba3
d̄ Ka4a2

−
17

15
Ka4

bKba3
d̄ Ka5a2

−
1

3
Ka5

bKba2
d̄ Ka4a3

−
1

3
Ka4

bKba2
d̄ Ka5a3

+
11

5
Ka3

bKba2
d̄ Ka5a4

−
1

3
Ka3

bKba2
d̄ Ka5a4

+ 3Fa5a4a3a2
(B.60)

where 1Fa5a4a3a2a1
and 3Fa5a4a3a2

are tangent tensors which do not involve normal derivatives

of the extrinsic curvature. Note that both the sixth order tangent derivative of Σ and the Ąfth

order tangent derivative of d̄Σ involve normal derivatives of the extrinsic curvature Kab of

Ąrst order, i.e., second order normal Lie derivatives of the intrinsic metric hab, but the fourth

order derivative of d̄ 2Σ already includes second order derivatives of Kab, implying third order

normal Lie derivatives of the intrinsic metric hab. This fact represents a complication in
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treating the initial value formulation of semiclassical gravity, a subject that was extensively

discussed in [13].

B.3 Projection of hybrid derivatives of Σ

Just as explained in appendix A.1, for many purposes ∇a′

0
Σ can be regarded as a scalar. We

can assume this literally in the case of the 3 + 1 decomposition of its derivatives, working

with the scalar ζ = ∇c′Σ within our 3 + 1 formalism, and only when limits are taken, does

the vector nature of ζc′ emerge, shifting the labeling of the components by one bit left. For

example, we will represent ζ by the scalar

ζ = D + N , (B.61)

where D is identiĄed with Dc′Σ and N is identiĄed with na′ d̄ ′Σ = −nc′nb
′

∇b′Σ. In the

coincidence limit, ζ → [Σa′

0
], which is a vector, so in the representation of the zeroth-order

tensor (i.e., scalar) ζ, the 3 + 1 projections go from 20 to 21, that is,

lim
x′→x

ζ 7→ 0[ζ]a0
+ na0

1[ζ], (B.62)

with

0[ζ]a0
= [Da′

0
Σ] = 0, (B.63a)

1[ζ] = [d̄ ′Σ] = 0. (B.63b)

The one-bit left-shift multiplies the components by 2, so for each component labeled m, there

will be two components, 2m and 2m+ 1. Component 2m will result from the substitutions

D → Da′

0
Σ and N → 0 followed by taking the coincidence limit, while the component 2m+ 1

will result from the substitution of N → d̄ ′Σ and D → 0, followed by taking the coincidence

limit. Then, for the derivative of ζ we have

∇a0
ζ = Da0

ζ + na0
d̄ ζ, (B.64)

that is, tangent projection component m = 0 is Da0
ζ and the tangent projection component

m = 1 is d̄ ζ. When we compute the coincidence limit we will have:

m = 0, [Da1
Da′

0
Σ] = −ha1a0

, (B.65a)

m = 1, [Da1
d̄ ′Σ] = 0, (B.65b)

m = 2, [d̄ Da′

0
Σ] = 0, (B.65c)

m = 3, [d̄ d̄ ′Σ] = 1, (B.65d)

where the right hand comes from the 3 + 1 projection of (A.19b). Note that the label of each

index increased one unit to Ąt the new index a0 at the right. By following this procedure,

and considering the 3 + 1 projections of the limits obtained in appendix A.1, we obtain the

following limits for hybrid derivatives in 3 + 1 form, for the second derivative of ζ,

[Da2
Da1

Da0
] = 0, (B.66a)

[Da2
Da1

d̄ ′Σ] = −Ka2a1
, (B.66b)

[Da2
d̄ Da0

Σ] = Ka2a0
, (B.66c)
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[Da2
d̄ d̄ ′Σ] = 0, (B.66d)

[Da1
d̄ Da0

Σ] = 0, (B.66e)

[Da1
d̄ d̄ ′Σ] = −ua1

, (B.66f)

[d̄ 2Da0
Σ] = ua0

, (B.66g)

[d̄ 2d̄ ′Σ] = 0, (B.66h)

for the third derivative of ζ,

[Da3
Da2

Da1
Da′

0
Σ] = −

2

3
Ka2a1

Ka3a0
−

1

6
Ka2a0

Ka3a1
−

1

6
Ka1a0

Ka3a2

−
1

6
(3)Ra3a0a2a1

−
1

3
(3)Ra3a2a1a0

, (B.67a)

[Da3
Da2

Da1
d̄ ′Σ] = −

1

6
Da1

Ka3a2
−

1

6
Da2

Ka3a1
−

2

3
Da3

Ka2a1
, (B.67b)

[Da3
Da2

d̄ Da′

0
Σ] = −

1

6
Da0

Ka3a2
+

1

3
Da2

Ka3a0
+

5

6
Da3

Ka2a0
, (B.67c)

[Da3
Da2

d̄ d̄ ′Σ] =
7

6
Kb0

a2
Kb0a3

−
1

6
ua2

ua3
−

1

6
d̄ Ka3a2

+
1

6
Da3

ua2
, (B.67d)

[Da3
Da1

d̄ Da′

0
Σ] = −Ka3a0

ua1
−

1

6
Da0

Ka3a1
+

1

3
Da1

Ka3a0
−

1

6
Da3

Ka1a0
, (B.67e)

[Da3
Da1

d̄ d̄ ′Σ] =
1

6
Kb0

a1
Kb0a3

−
1

6
ua1

ua3
−

1

6
d̄ Ka3a1

−
5

6
Da3

ua1
, (B.67f)

[Da3
d̄ 2Da′

0
Σ] = −

1

3
Kb0

a0
Kb0a3

+
1

3
ua0

ua3
+

1

3
d̄ Ka3a0

+
2

3
Da3

ua0
, (B.67g)

[Da3
d̄ 2d̄ ′Σ] = Kb0

a3
ub0

(B.67h)

[Da2
Da1

d̄ Da′

0
Σ] = −Ka2a1

ua0
+

1

3
Da0

Ka2a1
−

1

6
Da1

Ka2a0
−

1

6
Da2

Ka1a0
, (B.67i)

[Da2
Da1

d̄ d̄ ′Σ] = −
1

3
Kb0

a1
Kb0a2

+
1

3
ua1

ua2
−

2

3
d̄ Ka2a1

−
1

3
Da2

ua1
, (B.67j)

[Da2
d̄ 2Da′

0
Σ] =

1

6
Kb0

a0
Kb0a2

−
1

6
ua0

ua2
+

5

6
d̄ Ka2a0

+
1

6
Da2

ua0
, (B.67k)

[Da2
d̄ 2d̄ ′Σ] = Kb0

a2
ub0

(B.67l)

[d̄ 2Da1
Da′

0
Σ] =

1

6
Kb0

a0
Kb0a1

−
7

6
ua0

ua1
−

1

6
d̄ Ka1a0

+
1

6
Da1

ua0
, (B.67m)

[d̄ 2Da1
d̄ ′Σ] = −d̄ ua1

, (B.67n)

[d̄ 3Da′

0
Σ] = d̄ ua0

, (B.67o)

[d̄ 3d̄ ′Σ] = u2, (B.67p)

for the fourth derivatives of ζ, we will only write the terms relevant for the construction

of the surface Taylor series of d̄ ′Σ and d̄ d̄ ′Σ:

[Da4
Da3

Da2
Da1

d̄ ′Σ] =

−
1

3
Ka4a3

Kb0
a1
Kb0a2

+
1

6
Ka4a2

Kb0
a1
Kb0a3

−
5

6
Ka4a1

Kb0
a2
Kb0a3

+
1

2
Ka3a2

Kb0
a1
Kb0a4

−
1

2
Ka3a1

Kb0
a2
Kb0a4

−
1

2
Ka2a1

Kb0
a3
Kb0a4

+
1

6
Kb0a4

(3)Rb0
a1a3a2

+
1

2
Kb0a3

(3)Rb0
a1a4a2

+
1

2
Kb0a2

(3)Rb0
a1a4a3
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+
1

2
Kb0a1

(3)Rb0
a2a4a3

−
1

6
Kb0a4

(3)Rb0
a3a2a1

+
1

3
Ka4a3

ua1
ua2

−
1

6
Ka4a2

ua1
ua3

+
1

3
Ka4a1

ua2
ua3

−
1

3
Ka3a2

ua1
ua4

+
1

6
Ka3a1

ua2
ua4

+
1

6
Ka2a1

ua3
ua4

+
1

3
Ka4a3

d̄ Ka2a1
−

1

6
Ka4a2

d̄ Ka3a1
+

1

3
Ka4a1

d̄ Ka3a2
−

1

3
Ka3a2

d̄ Ka4a1

+
1

6
Ka3a1

d̄ Ka4a2
+

1

6
Ka2a1

d̄ Ka4a3
−

1

3
Ka4a3

Da2
ua1

+
1

6
Ka4a2

Da3
ua1

−
1

3
Ka4a1

Da3
ua2

−
1

2
Da3

Da2
Ka4a1

+
1

3
Ka3a2

Da4
ua1

−
1

6
Ka3a1

Da4
ua2

−
1

6
Ka2a1

Da4
ua3

+
1

6
Da4

Da1
Ka3a2

−
1

3
Da4

Da2
Ka3a1

−
1

3
Da4

Da3
Ka2a1

, (B.68a)

[Da4
Da3

Da2
d̄ d̄ ′Σ] =

1

6
Kb0

a3
Da2

Kb0a4
+

1

2
Kb0

a4
Da3

Kb0a2
+

1

6
Kb0

a2
Da3

Kb0a4
+

1

2
Kb0

a3
Da4

Kb0a2

+
1

2
Kb0

a2
Da4

Kb0a3
+

1

6
ua3

Da4
ua2

+
1

6
ua2

Da4
ua3

+
1

6
Da4

d̄ Ka3a2

−
1

6
Da4

Da3
ua2

+
1

2
Kb0

a4
Db0

Ka3a2
+

1

6
Kb0

a3
Db0

Ka4a2
+

1

6
Kb0

a2
Db0

Ka4a3
. (B.68b)

For the Ąfth derivatives of ζ, we will only write the leading order terms in normal derivatives

relevant for the construction of the surface Taylor series of d̄ ′Σ and d̄ d̄ ′Σ:

[Da5
Da4

Da3
Da2

Da1
d̄ ′Σ] =

−
1

6
d̄ Ka5a1

Da2
Ka4a3

−
11

90
d̄ Ka4a1

Da2
Ka5a3

+
1

6
d̄ Ka5a4

Da3
Ka2a1

+
2

9
d̄ Ka5a2

Da3
Ka4a1

+
2

9
d̄ Ka5a1

Da3
Ka4a2

−
1

10
d̄ Ka4a2

Da3
Ka5a1

−
2

5
d̄ Ka4a1

Da3
Ka5a2

+
11

18
d̄ Ka2a1

Da3
Ka5a4

+
1

6
d̄ Ka5a3

Da4
Ka2a1

+
2

45
d̄ Ka5a2

Da4
Ka3a1

+
1

9
d̄ Ka5a1

Da4
Ka3a2

+
1

90
d̄ Ka3a2

Da4
Ka5a1

−
4

45
d̄ Ka2a1

Da4
Ka5a3

+
1

6
d̄ Ka4a3

Da5
Ka2a1

+
1

6
d̄ Ka4a2

Da5
Ka3a1

−
1

90
d̄ Ka4a1

Da5
Ka3a2

+
23

90
d̄ Ka3a2

Da5
Ka4a1

−
1

30
d̄ Ka3a1

Da5
Ka4a2

−
1

18
d̄ Ka2a1

Da5
Ka4a3

+ 1Qa5a4a3a2a1
, (B.69a)

[Da5
Da4

Da3
Da2

d̄ d̄ ′Σ] =

−
1

15
Ka5a4

d̄ 2Ka3a2
−

1

10
Ka5a3

d̄ 2Ka4a2
+

1

10
Ka4a3

d̄ 2Ka5a2

−
3

10
Kb0

a4
Kb0a5

d̄ Ka3a2
−

8

15
Kb0

a3
Kb0a5

d̄ Ka4a2
−

1

3
Kb0

a2
Kb0a5

d̄ Ka4a3

+
1

30
Kb0

a3
Kb0a4

d̄ Ka5a2
−

1

6
Kb0

a2
Kb0a4

d̄ Ka5a3
−

1

6
Kb0

a2
Kb0a3

d̄ Ka5a4

−
17

45
Ka5a4

Kb0a3
d̄ Kb0

a2
−

11

45
Ka5a3

Kb0a4
d̄ Kb0

a2
−

26

45
Ka4a3

Kb0a5
d̄ Kb0

a2

+
1

45
(3)Rb0

a3a5a4
d̄ Kb0

a2
+

1

9
(3)Rb0

a5a4a3
d̄ Kb0a2

−
4

15
Ka5a4

Kb0
a2
d̄ Kb0a3
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+
1

6
Ka5a2

Kb0
a4
d̄ Kb0a3

−
1

10
Ka4a2

Kb0
a5
d̄ Kb0a3

+
4

15
Ka5a3

Kb0
a2
d̄ Kb0a4

+
4

15
Ka5a2

Kb0
a3
d̄ Kb0a4

+
1

6
Ka3a2

Kb0
a5
d̄ Kb0a4

−
1

10
(3)Rb0

a2a5a3
d̄ Kb0a4

+
7

30
Ka4a3

Kb0
a2
d̄ Kb0a5

+
7

30
Ka4a2

Kb0
a3
d̄ Kb0a5

+
1

6
Ka3a2

Kb0
a4
d̄ Kb0a5

+
1

10
(3)Rb0

a2a4a3
d̄ Kb0a5

−
1

10
Kb0a3

d̄ (3)Rb0
a2a5a4

−
2

15
Ka5a4

ua3
d̄ ua2

−
1

5
Ka5a3

ua4
d̄ ua2

+
1

5
Ka4a3

ua5
d̄ ua2

−
1

15
Ka5a4

ua2
d̄ ua3

−
1

10
Ka5a3

ua2
d̄ ua4

+
1

10
Ka4a3

ua2
d̄ ua5

+ 2Qa5a4a3a2
(B.69b)

where 1Qa5a4a3a2a1
and 2Qa5a4a3a2

are tangent tensors which do not involve normal deriva-

tives.
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