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Quantum Entanglement Through the Lens of Paraconsistent Logic
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! Department of Philosophy, Tarbiat Modares University, Tehran, Iran
2Department of Mathematics, University of York, Heslington, York, YO10 5DD, United Kingdom

This paper presents an alternative approach to quantum entanglement, one that effectively re-
solves the logical inconsistencies without leading to logical contradictions. By addressing some of
the inconsistencies within quantum mechanics, such as state superposition and non-locality, that
challenge classical causal explanations, our method is constructed on the principles of paraconsistent
logic. Our aim is to develop a para-consistent framework that supports the features of quantum
mechanics while remaining faithful to its fundamental principles. In this pursuit, we scrutinize the
philosophical and mathematical foundations of quantum mechanics in relation to classical logic sys-
tems. This method is designed to untangle theoretical puzzle spaces and promote coherence in the
discussion of quantum theory. Ultimately, our approach offers a potential solution for interpreting

quantum mechanics in a more coherent manner.

I. INTRODUCTION

Quantum mechanics, with its departure from classical
principles, remains one of the most intellectually stim-
ulating and controversial domains in physics. At the
heart of this debate lies the phenomenon of quantum en-
tanglement, a counterintuitive aspect wherein particles
become interlinked, such that the state of one particle
instantaneously influences the state of another, regard-
less of the distance between them. Originating from the
seminal EPR paper by Einstein, Podolsky, and Rosen,
which challenged the completeness of quantum mechanics
[1], entanglement was further scrutinized through Bell’s
theorem [2], empirically supported by experiments con-
ducted by Kocher [3], Freedman and Clauser [4], and later
by Aspect et al. [5]. Interest in quantum entanglement
has grown due to its potential implications for quantum
information processing and computing. These systems
could offer computational and cryptographic capabilities
beyond the scope of classical systems [6]. Moreover, cer-
tain studies suggest the existence of correlations exceed-
ing those anticipated by quantum mechanics, proposing
a revision of its fundamental predictions [7].

Despite its foundational role in quantum theory, en-
tanglement poses a stark contrast to classical intuition,
particularly through its challenge to the principle of local-
ity. This paradox is manifested in the phenomenon where
entangled particles exhibit correlations that, despite for-
bidding faster-than-light information transfer, enable in-
stantaneous mutual information retrieval [8]. Such ob-
servations represent a profound deviation from classical
logic, where measurements on one system (system A) can
predict outcomes on another (system B) with uncanny
precision despite no physical interaction. However, con-
sistency is traditionally a highly important issue in phys-
ical theories. This is because, from a classical logical
perspective, inconsistency leads to a theory’s logical col-
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lapse. Moreover, due to precise predictions and the pres-
ence of mathematics in theories’ structures, it is normal
for us to be sensitive to the existence of inconsistencies
in theories.

The enigma of entanglement has invited various philo-
sophical and logical interpretations. Some approaches,
drawing on metaphysical considerations, view the uni-
verse as fundamentally relational, emphasizing the onto-
logical primacy of interconnections over isolated entities
[9] [10]. Others propose frameworks based on information
theory or discrete mathematical structures, suggesting
entanglement reflects inherent informational principles or
necessitates a hybrid logical system embracing both com-
mutative and noncommutative elements [11] [12].

In contrast, we posit that paraconsistent logic offers
a robust framework for addressing the paradoxes inher-
ent in quantum entanglement. Paraconsistent logic, by
tolerating incomnsistencies without succumbing to logical
collapse, presents a viable means of reconciling quantum
mechanics’ inherent inconsistencies. Pioneered by logi-
cians like Newton da Costa and Graham Priest, this ap-
proach has been applied to various quantum phenomena,
offering novel interpretations of the Bohr atomic model,
the complementarity principle, and quantum superposi-
tion within a paraconsistent framework [13] [14] [15] [16].
Based on this, one can consider the concept of paracon-
sistent from a logical perspective regarding quantum en-
tanglement. If we accept the existence of inconsistency
in quantum entanglement, its underlying logic should be
paraconsistent. Paraconsistent logic can provide a logical
framework for reasoning about inconsistency in quantum
entanglement. Quantum entanglement by managing the
inconsistencies. Considering such an approach, one can
defend the inconsistencies in quantum entanglement with
a new logical framework.

This paper aims to clarify the inconsistency of quan-
tum entanglement through the lens of paraconsistent
logic. We will explore the nature of entanglement, pro-
vide a review of paraconsistent logic, and apply this logic
to demystify entanglement’s paradoxical essence. Thus,
our analysis is structured into three core sections: an
in-depth exploration of quantum entanglement, a critical
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examination of paraconsistent logic, and the application
of paraconsistent principles in resolving the enigmas of
entanglement.

II. QUANTUM ENTANGLEMENT

The discussion of quantum entanglement intersects
fundamentally with the measurement problem in quan-
tum mechanics, posing the question of whether physical
properties exist in a definite state prior to measurement.
Consider the scenario of measuring a particle’s position:
did the particle possess a specific location before its mea-
surement, or is it the act of measurement that defines
its position? This dilemma splits opinions: some argue
the particle’s position is not predetermined, implying the
particle’s state is a result of measurement interactions;
others suggest the particle’s prior existence in a specific
location, challenging quantum mechanics as incomplete
for its reliance on statistical and probabilistic descrip-
tions [17]. This latter viewpoint introduces the concept
of hidden variables to account for information quantum
mechanics seemingly omits.

The Einstein-Podolsky-Rosen (EPR) paradox, formu-
lated to criticize the completeness of quantum mechanics,
illustrates this debate through a thought experiment in-
volving entangled electron and positron pairs, symbolized
by a quantum state equation \%(F} |[+)+|—) [+)). If one
measures the electron’s spin and finds it to be |—), it in-
stantaneously infers the positron’s spin as |+), challeng-
ing the notion of faster-than-light influence as impossible
by classical standards [18].

Einstein, Podolsky, and Rosen did not refute quan-
tum mechanics but argued for its incompleteness, sug-
gesting that the wave function alone does not provide
a full account of physical reality. Efforts to incorpo-
rate hidden variables into quantum theory emerged, but
in 1964, John Bell’s theorem exposed a fundamental in-
compatibility between hidden variables and the intrinsic
non-locality of quantum mechanics. Bell’s theorem, ex-
tending the EPR paradox, highlighted entanglement as a
distinctive quantum feature, absent in classical mechan-
ics, where the measurement of one particle immediately
reveals the state of its entangled counterpart, irrespective
of distance.

Empirical validations of Bell’s theorem and the explo-
ration of entanglement continue, yet interpretations vary,
especially philosophically and logically, due to quantum
mechanics’ interpretive diversity. This paper endorses
the Copenhagen interpretation, one of several, which dis-
misses the pre-measurement existence of particle proper-
ties as inconsequential. It posits that measurement by
an external observer or device triggers wave function col-
lapse, with the wave function serving as a mathematical
construct for calculating event probabilities and not as
a direct physical description [19]. The Copenhagen in-
terpretation, embracing quantum indeterminacy, asserts
nature’s description as inherently probabilistic, under-

pinned by the Heisenberg uncertainty principle, the Bohr
complementarity principle showcasing wave-particle du-
ality, and the correspondence principle, aligning quan-
tum mechanics with classical physics on a macroscopic
scale. The Copenhagen interpretation argues against
counterfactual definiteness and the necessity for hidden
variables, maintaining quantum mechanics’ status as an
epistemic theory rather than offering a definitive descrip-
tion of reality [20].

To reconcile the contrast between quantum entangle-
ment and classical understanding, we must thoroughly
investigate the inherent inconsistencies. In the following
sections, we will delve into this matter, aiming to enhance
the discussion on quantum entanglement by incorporat-
ing mathematical formulations

III. INCONSISTENCY IN QUANTUM
ENTANGLEMENT

The principle of quantum superposition, which allows
a quantum system to exist in multiple states simulta-
neously until measured, presents a fundamental depar-
ture from classical physics and illustrates the first major
inconsistency. In classical physics, the superposition of
waves or fields can be represented mathematically as:

p=a+p (1)

where 1 is the resulting wave or field from the super-
position of a and . In contrast, quantum mechanics
describes the state of an entangled system in superposi-
tion as:

|6) = la)[b) + [a")|V) (2)

This equation denotes that, prior to measurement, the
system simultaneously resides in both states |a)|b) and
|a’}|b). The act of measurement collapses the system into
one of these states, illustrating the probabilistic nature
of quantum mechanics.

The mathematical essence of superposition in quantum
mechanics can be further understood through the linear-
ity of the Schrédinger equation. If x and y are solutions
to the Schrédinger equation, then any linear combina-
tion ax + by will also be a solution, as per the principle
of superposition:

U = ax + by (3)

This principle implies that an object in a quantum
state is not confined to a single state but exists in all pos-
sible states simultaneously until observed. This is starkly
contrasted with classical physics, where the future state
of a system can be determined by its initial conditions.



The concept of non-locality, which allows entangled
particles to influence each other’s states instantaneously
regardless of distance, introduces another layer of incon-
sistency that challenges the classical causality principle
of cause and effect being local and sequential. Quan-
tum entanglement suggests that a change in the state
of one particle instantaneously affects its entangled part-
ner, regardless of the distance between them, which can
be described using Bell’s inequality:

S =1|E(a,b) — E(a,b")| + |E(d’,b) + E(a',b')| <2 (4)

However, quantum experiments have consistently pro-
duced results where S > 2, indicating a violation of Bell’s
inequality and thus confirming the non-local nature of
quantum entanglement.

Quantum mechanics, with its inherent probabilistic
and non-local characteristics, necessitates a departure
from deterministic classical models, demanding a new
logical framework to reconcile these differences.

Following the introduction of Bell’s inequality, it be-
comes evident that quantum mechanics permits scenar-
ios that defy classical expectations. The essence of Bell’s
theorem, through its foundational inequality, challenges
the very fabric of locality and causality — concepts that
are cornerstones of classical physics. The empirical vio-
lations of this inequality not only corroborate the non-
local nature of quantum entanglement but also under-
score the inadequacy of local realism to fully capture the
phenomena inherent in quantum mechanics. To better
understand this inconsistency, let us talk about CHSH
(Clauser-Horne-Shimony-Holt) inequality. The CHSH
game represents a scenario used to test the limits of quan-
tum entanglement and non-locality, contrasting sharply
with classical expectations. The game involves two play-
ers, Alice and Bob, who are separated and cannot com-
municate. They each receive a binary input (0 or 1)
and must produce a binary output (0 or 1) based on the
inputs they receive. The goal is for the sum of their out-
puts, modulo 2, to equal the product of their inputs:

(output A @ output _B) = (input_A - input_B)

Alice and Bob share an entangled pair of qubits in a
quantum setting. The quantum strategy surpasses clas-
sical limits using specific measurement bases depending
on their inputs. The optimal quantum strategy involves
measurements in the following bases:

o If input A = 0, Alice measures in the Z basis.

o If input A =1, Alice measures in the X basis.

e If input B = 0, Bob measures in the Z\J/%X basis.
e If input B =1, Bob measures in the Z:@X basis.

Using these settings and sharing an entangled state such
as the Bell state %(|00> + |11>), they can achieve a

success probability exceeding classical limits, specifically
up to approximately 85.4% (or cos®(7/8)), compared to
75% for the best classical strategy.

The CHSH inequality is a quantitative measure of the
degree to which quantum mechanical experiments dis-
agree with local hidden variable theories. It is expressed
as |E(a,b) — E(a,b') + E(a’,b) + E(a’,V)| < 2. Here,
E(a,b) represents the expectation value of the product
of outcomes on settings a and b. Using the measurement
above settings and the entangled Bell state, the quantum
version of this expectation can reach up to: 2v/2, known
as Tsirelson’s bound, a value that surpasses the classi-
cal limit of 2. This starkly demonstrates a fundamental
departure from classical expectations, thereby expressing
non-locality [21] [22] [23]

The violation of the CHSH inequality highlights a type
of logical conflict that traditional binary logic cannot re-
solve, yet it naturally manifests in quantum contexts.
In these scenarios, paraconsistent logic, which accommo-
dates inconsistencies, proves helpful. It provides a coher-
ent approach to managing situations that would other-
wise lead to unacceptable inconsistencies in classical logic
frameworks, such as those observed in quantum entangle-
ment scenarios exemplified by the CHSH game.

When dealing with entangled systems, we encounter
two types of inconsistency: the inconsistency arising from
the "Non-locality problem" and the "superposition prob-
lem". This revelation prompts a deeper examination of
the principles underpinning quantum theory, revealing a
realm where particles maintain a connection that tran-
scends spatial separation and conventional causality. It’s
this aspect of quantum mechanics that necessitates a
reevaluation of our classical intuitions, inviting us into
a nuanced understanding of reality where distance be-
comes irrelevant to the instantaneous relational dynamics
between entangled particles.

IV. PARACONSISTENT LOGIC

Paraconsistent logic challenges the traditional Princi-
ple of Explosion, or Ex Contradictione Quodlibet (ECQ),
which holds that from a contradiction, any statement can
be derived, denoted as «, ~a - (3, (— is a negation opera-
tor and I is a logical consequence). Paraconsistent logic
sets aside this principle («, ~a ¥ ), allowing for the co-
existence of inconsistencies without leading to the trivi-
alization of the system [24]. This logic is instrumental in
situations where inconsistent information arises, yet rea-
soning must continue sensibly. Paraconsistency serves as
a foundational condition for logical systems to accom-
modate inconsistencies without succumbing to triviality
[25]. The primary motivation behind paraconsistent logic
is the recognition that in certain scenarios, we encounter
information or theories that are inconsistent, yet it re-
mains crucial to continue reasoning in a sensible manner.
This perspective challenges Popper’s assertion about the
detrimental impact of accepting inconsistency on scien-



tific theories, suggesting instead that paraconsistent logic
can effectively manage inconsistencies within a system
[26]. The existence of consistency in a theory’s founda-
tional logic implies that no theory can be proven to entail
every sentence. In that case, we would be faced with a
theory that entails everything, leading to its triviality.
Therefore, consistency is important in this regard, but
the logical basis of this triviality lies in the principle of
explosion, and this issue is not raised in paraconsistent
systems.

Graham Priest believes that throughout the history of
Western philosophy, numerous individuals have empha-
sized paraconsistent views [27]. He considers the old-
est of these individuals to be pre-Socratic philosophers
such as Heraclitus. Some medieval Neoplatonic philoso-
phers like Nicholas of Cusa have had inconsistent the-
ories. Priest also refers to Hegel, among later philoso-
phers. However, Jan Y.ukasiewicz and Nicolai Vasiliev in-
dependently made efforts in 1910 and 1911, respectively,
and Stanistaw Jaskowski in 1948. This approach was fur-
ther developed by Florencio Gonzalez Asenjo in 1954 and
Newton da Costa in Brazil in 1963. Asenjo proposed the
first multi-valued inconsistent logic, and da Costa pre-
sented the principle-based systems for a specific family
of paraconsistent logics and formulated the first para-
consistent logic.

Within the framework of paraconsistent logic, various
logical systems have been proposed that share the com-
mon feature of abandoning the principle of explosion,
which states that any statement can be derived from a
contradiction. In this article, we will focus on "Logics of
Formal Inconsistency" (LFIs) or C,, logics introduced by
da Costa (we need the first order of this logical system,
C1). C, logics are a family of paraconsistent logics that
incorporate certain parts of classical logic while rejecting
the principle of explosion where inconsistencies occur. In
this approach, we can explicitly separate inconsistency
from triviality and study inconsistent theories without
assuming they are necessarily trivial. This demonstrates
that the existence of a substantive Inconsistency is dis-
tinct from the trivial nature of inconsistent theories. da
Costa proposes several constraints to elucidate a para-
consistent logic. One of them is that paraconsistent logic
should not include the principle of explosion, represented
by the formula —(a A —«), as a logical truth. Graham
Priest argues that the idea behind this is that if someone
has a theory containing propositions a and —«, they do
not want a logical truth that connects these two propo-
sitions [27]. Looking at da Costa’s later works, one can
agree with Priest’s opinion. Another constraint proposed
by da Costa is that logic must include classical logic or
at least intuitionistic logic. That is, he says that classical
logic should limit paraconsistent logic to a certain extent.
Priest considers this condition overly stringent. How-
ever, we believe that paraconsistent logic leading to clas-
sical logic under specific conditions strongly resembles
the classical limit in quantum mechanics, which would
be suitable for advancing our work. Now, we discuss the

syntactic and semantic structure of logic C [28].

Syntactic Structure

Vocabulary of Cy: .
Propositional variables: An uncountable (infinite)
set of variables.
Logical operators: =, V, A, — and <.
Punctuation symbols: Open and close parentheses.

Construction Rules of Cy: .
Every propositional variable is a formula.
If @ and B are formulas, then -, =8, aV 3, a A S,
a — B and « +> (§ are also formulas.
For every formula in Cj, the principle of non-
contradiction must generally hold, and no proposi-
tion can be inferred from two contradictory propo-
sitions.

Definitions of Cy: .
a e B=(a— BV (B a)
ap = ~(a A -a)
—*a=-aAaqg

Postulates of Cy: .
a— (f—a)
(@—=B) = ((a—=(B—=7)—=(a—=7)
a,a — B/ .8 (Modus Ponens (MP))
alhp =«
alANp—p
a— (B—=aAnpb)
a— (aVp)
8 (aVB)
(@a=7) = ((B—=7) = (aVB—=1))
fo—= (= B) = (@ = =B) = —a)
ao A Bo = (@A B)oA(aVB)oA(a— B
aV o
QO — A

Semantic Structure

Interpretation of Language C;: :
We consider two-valued semantics, with truth 1 and
falsehood 0 for .
The interpretation function V.= F — {0,1} as-
signs values to formulas.

Validity in an Interpretation: .
E «: The interpretation function V' assigns the
value 1 to the formula «, making it valid.
K~ «: The interpretation function V' assigns the
value 0 to the formula a, making it invalid.

Semantic Rules: .
V(ie) =0 = V(-a)=1.
V(i0—a)=1= V(a) = 1.
Vgo)=V(ia—=p)=V(a—-0)=1=V(a) =
0.



Vie—=p0)=1<=V(a)=00r V() =1

VienB)=1<=V(a)=V(p) =1

Vievp)=1l<=V(a)=1lorV(p) =1

Viao) = V(80) = 1 = V((aV B)y) = V((a A
1

After reviewing this logical system’s syntactic and se-
mantic structure, we can move on to its metatheory. Re-
garding the relationship between the syntactic and se-
mantic structure of C7, both the soundness metatheo-
rem (I' =T = «) and the completeness metatheorem
(T =T F «) hold true. Additionally, propositional
logic C1 is a decidable logic.

Here, attention must be paid to the Law of Non-
Contradiction (LNC), i.e., - =(a A —a) (E —(a A —a)).
The syntactic and semantic structure of C1 is such that
despite abandoning ECQ), it still adheres to LNC and
does not accept the existence of contradictions in the sys-
tem. That is, the existence of inconsistency in the system
does not mean accepting contradictory propositions. So,
in this logical system, if we have T F c and T + — «
(T is a theory), it does not necessarily mean that we can
derive T+ = o A [29]. Accordingly, if « is a proposition
in the language of theory T' (for example, quantum the-
ory), in general, « ,— a F a A -« does not hold. Also,
considering eliminating the explosion principle, we will
have ¥ (a A —a)) — 1.

This means we cannot have the adjunction of two in-
consistent propositions simply because they exist. Even
if there is an adjunction of two incompatible proposi-
tions, we cannot conclude an arbitrary proposition, which
means that we have prevented the principle of explosion.
So, In da Costa’s paraconsistent logic C,,, the presence
of a proposition « and its negation —a does not lead to
the automatic derivation of any conclusion § , formally
{a, —a} ¥ B. This principle is crucial for maintaining the
coherency of logical systems in the face of inconsistencies.
Paraconsistent logic, therefore, provides a foundation for
reasoning within systems containing inconsistent infor-
mation without succumbing to the logical extremism of
the Principle of Explosion.

V. PARACONSISTENT ANALYSIS OF
QUANTUM ENTANGLEMENT

As mentioned earlier, one of the inconsistencies ob-
served in quantum entanglement is the issue of quan-
tum superposition. The application of paraconsistent
logic extends to the interpretation of quantum entangle-
ment, particularly in addressing the paradox of quan-
tum superposition. Da Costa and De Ronde’s approach
to quantum superposition within a paraconsistent frame-
work suggests a reevaluation of quantum mechanics [16].
Assuming a system including an electron and a positron
in the state %(\—> |[+)+]-=)|+)), the Copenhagen inter-
pretation posits that before measurement, particles exist
in simultaneous inconsistent states.

However, the mathematics used in quantum mechan-
ics and formulating entanglement is based on classical
logic. Therefore, considering that we aim to transition
the foundational logic from classical to paraconsistent,
the desired mathematics should also be consistent with
paraconsistency. If we denote classical mathematics as
CM and paraconsistent mathematics as PM, we call the
developed quantum mechanics in CM and PM as QM
and PQM, respectively. Here, we intend to refrain from
rewriting the mathematics of quantum mechanics, as this
is a vast project beyond this article’s scope. The sole pur-
pose of stating this matter is to understand that if we in-
tend to use paraconsistent logic as the logical foundation
of quantum mechanics, we must also pay attention to its
mathematics. Now, considering that paraconsistent logic
encompasses classical logic, all statements proven in CM
will also be provable in PM. Consequently, all QM for-
mulas will also be provable in PQM. In fact, by changing
the paraconsistent logical framework and subsequently
changing the mathematics, we do not lose anything from
quantum mechanics. In other words,

CLC PL=>CM C PM = QM C PQM (5

Now, considering « as a proposition representing the
state of an entangled system composed of an electron and
positron, according to the principle of superposition, the
entangled system within the framework of PM will be as
follows:

e o;: The entangled system is in the state |—) [+).

: The entangled system is not in the state
=) 14)-
e ay: The entangled system is in the state |+) |—).

e —ay: The entangled system is not in the state
+) [+)-

Therefore, the concept of superposition can be writ-
ten as a conjunction of states -y A ag A —ae A ag [16].
However, considering ¥ (a A =) — 7 in paraconsistent
logic, it can be said that despite the existence of inconsis-
tency, the system will still be logically acceptable because
this theorem prevents the collapse of the system and the
transformation of quantum mechanics into a trivial the-
ory.

So far, the inconsistent aspects of superposition have
been addressed in entanglement. Now, we need to focus
on the inconsistency between locality and non-locality.
To address the apparent inconsistency between instan-
taneity in quantum entanglement and the principle of
locality, we consider two propositions:

e 31 (Proposition 1): According to the principle of
locality, any physical system (e.g., an electron) is
influenced by its immediate surroundings (e.g., a
positron) at the speed of light



e (35 (Proposition 2): In an entangled system com-
prising an electron and a positron, information
transfer between the particles occurs instanta-
neously, i.e., at a speed surpassing that of light.

This scenario presents a complementarity in quantum en-
tanglement, indicating that if a theory 7' incorporates
both descriptions 7 and (2, which belong to the same
language but neither can singly account for the phenom-
ena, their combined description leads to a logical incon-
sistency [30]. Specifically, if T' contains both true for-
mulas 81 and (2, and their conjunction from a classi-
cal logic standpoint results in inconsistency. Using da
Costa’s method, we denote the quantum mechanics the-
ory as T, with 8, and [2; as theorems within 7', thus:
Tl_ﬁl aHdTl_ﬁg.

Now, we want to interpret this inconsistency using da
Costa’s method [15]. For this purpose, we designate the
quantum mechanics theory as T and consider its propo-
sitions 7 and By as T F B and T + (3, respectively.
That is:

T?/Bl '7'7 and T7BQ F_\,-y

In general, v indicates that locality is established, while
—y signifies that locality is not established (we have non-
locality). Adopting paraconsistent logic in lieu of clas-
sical logic for T', despite the presence of inconsistency,
allows T to retain logical coherence. In this system, from
T,61 F ~vand T, B2 F —, it does not necessarily follow
that T+ v A —y. Paraconsistent logic includes the the-
orem F py A =y — 1, suggesting that even with v A —,
T avoids collapse into triviality, maintaining its logical
coherence. Here, we will face two complementary propo-
sitions leading us to the complementarity of locality and
non-locality. Similar to the complementarity of particle
and wave, in entangled systems, we encounter the com-
plementarity of locality and nonlocality in this context.

Paraconsistent logic enables a unique interpretation in
entanglement scenarios, where measurement outcomes on
one particle instantaneously affect another regardless of
distance. It allows outcomes to be considered isolated
and connected simultaneously, avoiding the classical log-
ical impasse that would typically result in a breakdown of
logical consistency. This logic also supports the notion of
superposition, where particles exist in multiple states at
once. Paraconsistent logic allows these states to coexist
without forcing a collapse into a single state upon mea-
surement, thus maintaining the integrity of quantum de-
scriptions and aligning well with behaviours observed in
particles like electrons and photons, which exhibit char-
acteristics of both particles and waves.

Classical logic, which strictly adheres to the Princi-
ple of explosion, can only accommodate these by falling
into logical absurdity. In contrast, paraconsistent logic,
which tolerates inconsistencies and rejects the Principle
of explosion, offers a fresh perspective on these quantum

phenomena. The adaptability of paraconsistent logic to
quantum mechanics is incredibly beneficial. It allows the-
orists to explore the implications of quantum phenom-
ena freely without being restricted by classical logical
paradigms that would necessitate discarding valid obser-
vational data due to perceived inconsistencies. Paracon-
sistent logic acknowledges the coexistence of inconsisten-
cies truths, a fundamental characteristic of quantum me-
chanics, and is crucial for interpreting entangled states.
These states exhibit dependent behaviours suggesting a
pre-existing connection despite properties like spin, posi-
tion, or momentum not being definitively assigned until
measurement. The application of paraconsistent logic to
quantum mechanics extends beyond theoretical novelty.
It offers practical implications for understanding informa-
tion sharing and preservation within a quantum system.
For instance, in quantum computing, the manipulation of
entangled qubits relies on their non-classical correlation,
which classical logic cannot adequately describe without
encountering paradoxes.

VI. PARACONSISTENT FRIENDLY CHSH
GAME

Aforementioned, entanglement between two particles,
A and B, can be mathematically represented by the state
vector |¢) = «|00) + B|11) where |00) and |11) repre-
sent the states where both particles are simultaneously
in states 0 and 1 respectively, and o« and [ are com-
plex coefficients that satisfy the normalization condition
|a|? + |B8]? = 1. This state vector describes a maximally
entangled system where measurements on one particle
instantaneously affect the state of the other, irrespective
of the distance between them.

The propositions p ” A is in state |0)” and ¢
” A is in state |1)” traditionally cannot both be true
in classical logic as they represent mutually exclusive
states. However, within a paraconsistent framework,
these propositions are assigned truth values that reflect
the quantum mechanical reality of superposition. The
paraconsistent truth table could be structured as follows:

Proposition ‘ Truth Value
P B
q B

Here, B symbolizes the unique status of quantum su-
perpositions where a quantum state can indeed embody
inconsistent properties without leading to logical absur-
dity, embodying paraconsistency where inconsistencies
are both recognized and sustained.

Logical connectives need redefinition to accommodate
inconsistencies inherent in quantum mechanics:

e The conjunction p A ¢ in paraconsistent terms does
not reduce to false despite p and ¢ being classically
contradictory. Instead, it is represented as B, ac-
knowledging the dual truth of p and ¢ reflective of



the entangled or superposed state.

e The disjunction pV q is treated similarly, where the
presence of either state being true in any context is
sufficient, marked as T or B.

The observable operators A and E, associated with
measurements on particles A and B, determine the out-
comes through:

E(A,B) = (|A® Bly) (6)

This expectation value, calculated through standard
quantum mechanics, can exceed the limits set by classi-
cal physics, such as those outlined by Bell’s inequality.
Within the paraconsistent framework, these exceeding
values (E(A, B)) are not anomalies but are indicative
of the non-classical, interconnected reality of entangled
states, supporting the idea that both particles can exist
in inconsistent states simultaneously.

In the CHSH game, Alice and Bob use specific rota-
tional angles for their measurements. These angles can
be seen as degrees of “truth” and “falsity” in propositions
that can be both true and false at the same time. The
CHSH value, derived from these angles, serves as a mea-
sure of the “degree of inconsistency” in this logic system.
A higher CHSH value signifies a greater degree of incon-
sistency, which mirrors the inherently inconsistent na-
ture of quantum superposition and entanglement. In the
game, Alice and Bob receive random bits and must return
new bits so that a certain formula holds true. Their best
strategy is to measure in the basis they’re challenged with
and respond with the outcome. When Bob measures, the
desired outcome vector is at an angle of 22.5° from his
state. Let’s relate this to paraconsistent logic. We can
use propositions (p) and (q) to denote the states of Alice
and Bob’s qubits. In quantum superposition, both qubits
are in a mixed state, meaning that both (p) and (q) are
simultaneously true and false, i.e., (p = B) and (q = B),
where (B) stands for both true and false. The rotational
angles in the CHSH game can be viewed as representing
the degree of “truth” and “falsity” in these paraconsistent
propositions. For instance, a rotation of 0° might repre-
sent “completely true”, a rotation of 180° might represent
“completely false”, and a rotation of 22.5° (as in Bob’s
optimal strategy) might represent a state that is both
somewhat true and somewhat false. The CHSH value,
which can be computed from the measurement outcomes
and hence indirectly from the rotational angles, can be
interpreted as a measure of the “degree of inconsistency”
in the paraconsistent logic system. A higher CHSH value
would indicate a greater degree of inconsistency.

Building on the previously described theoretical frame-
work, Figure 1 illustrates the degree of inconsistency in
the CHSH game. This figure maps the measurement an-
gles of Alice and Bob to degrees of "truth" and "falsity"
within a paraconsistent logic system using the IBM quan-
tum computer. The measurement angles are normalized:
Alice’s are plotted along the x-axis and Bob’s along the

y-axis, each ranging from 0 to 1. The z-axis measures the
degree of inconsistency, computed as the absolute differ-
ence between the CHSH value and the classical limit of 2,
and rescaled to range from 0 to 100. This graphical rep-
resentation allows for a clear visual interpretation of the
quantum paradoxes expressed in terms of paraconsistent
logic.

The surface in Figure 1’s colour gradient visually signi-
fies the degree of inconsistency. This design aids in com-
prehending how the inconsistency levels fluctuate with
varying measurement angles, offering a visual interpreta-
tion of the paradoxical nature of quantum superposition
and entanglement.

The data in Figure 1 not only supports our theoretical
analysis but also has profound practical implications. It
reveals that the degree of inconsistency can surpass the
classical boundary under specific measurement configura-
tions. This evidence underscores the immediate and tan-
gible utility of paraconsistent logic in analyzing quantum
mechanical systems, capturing the inherent inconsisten-
cies presented by quantum entanglement and superposi-
tion.

VII. A DISCUSSION ON PARACONSISTENT
APPROACHES TO QUANTUM
ENTANGLEMENT

This study aimed to present a logical interpretation of
quantum entanglement and clarify the inconsistencies in
an entangled system. Along this path, we showed that
quantum entanglement can be interpreted within a logi-
cal framework using paraconsistent logic developed by da
Costa. This logical interpretation agrees with the Copen-
hagen interpretation of quantum mechanics. Firstly, a
logical paraconsistent system is reduced to classical logic,
similar to the Correspondence Principle in the Copen-
hagen interpretation, where classical limits are somehow
respected in logic. In other words, if we consider suit-
able logic for quantum mechanics as paraconsistent logic
and classical mechanics’ logical foundation as classical
logic, then, according to the Correspondence Principle,
paraconsistent logic should reduce to classical logic at
the classical limit. Paraconsistent logic C1 has this prop-
erty and can be reduced to classical logic. On the other
hand, paraconsistent logic provides the possibility of log-
ical support for the principle of complementarity con-
cerning locality and non-locality in the issue of entangle-
ment. Accepting complementarity propositions for quan-
tum mechanics is logically possible with greater precision.

Certainly, there may be disagreements regarding
whether the claimed inconsistencies exist. However, what
is clear is that observations and theories to date indi-
cate that, at least in some cases, such as quantum en-
tanglement, we are faced with the propositions of both «a
and —«. However, generally, when confronted with the-
oretical inconsistencies, two approaches can be adopted:
"consistency preservation" or "inconsistency toleration"
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Figure 1. 3D representation of the degree of inconsistency in the CHSH game as a function of measurement angles for Alice
and Bob. The x-axis and y-axis represent the normalized measurement angles for Alice and Bob, respectively, scaled to lie
between 0 and 1. The z-axis represents the degree of inconsistency, calculated as the absolute difference between the CHSH
value and the classical limit of 2, and rescaled to lie between 0 and 100. This visualization demonstrates how the degree of
inconsistency varies with the measurement angles, providing a graphical interpretation of the inherently inconsistent nature of

quantum superposition and entanglement.

[31].

In the first approach, emphasis is placed on preserv-
ing the consistency of the theory, and when faced with
inconsistencies, it can involve compartmentalization and
information restriction. In this approach, the theory (in
this case, quantum mechanics) should never involve any
inconsistencies, and a theory’s content and empirical suc-
cess should be based on logical consistency. Essentially,
the necessary condition for any theory is the absence of
inconsistencies, as inconsistent theories cannot provide

valid descriptions of scientific phenomena. The logical
reason behind this is that, according to classical logic,
from a A —a, we can derive o and =, and consequently
a V B, ultimately leading to any arbitrary proposition .
Therefore, inconsistency leads to any proposition’s im-
plication, necessitating the theory’s triviality. Since this
perspective interprets scientific theories within the frame-
work of classical logic, any inconsistency inevitably leads
to such consequences. It is observed that what renders
a theory useless and trivial is not the presence of incon-
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Figure 2. The principle of correspondence in physics and logic
for the classical limit.

sistency but rather the explosion principle, which allows
us to infer any proposition from inconsistency. There-
fore, if we speak of the existence of inconsistency in the
issue of quantum entanglement, it does not mean that
our theory is insignificant. Instead, we aim to find a
way to accept inconsistency in the theory without logical
collapse to enhance its conformity with empirical obser-
vations. This leads us to the second approach, namely
inconsistency tolerance.

In the second approach, based on a logic-driven
method [32], logical support for the existing inconsistency
in the theory can be provided, facilitating the peaceful
coexistence of inconsistencies in the theory’s structure.
That is, when faced with inconsistency, by changing the
theory’s underlying logic, we prevent the logical collapse
of the theory. In other words, this approach aims to pre-
serve theories logical coherence and implications. This is
precisely the method we employed in examining the issue
of quantum entanglement. Instead of rejecting the the-
ory when faced with inconsistency, we modify its logical
framework. However, this does not imply that quantum
mechanics is contradictory. Because in the logical system
we utilized, two inconsistent propositions cannot gener-
ally lead to a contradiction, i.e., ¥ aA—«. Paraconsistent
logic provides the possibility for the issue of entanglement
to maintain a logical foundation despite the existence of
inconsistent propositions, guiding us to provide a logical
framework for the issue of locality complementarity.

Of course, regarding the issue of locality complemen-
tarity, it is necessary to pay attention to an important
point. The principle of locality can be viewed in two
ways. Either we consider it a consequence of Einstein’s
theory of relativity, which has no connection to quan-
tum mechanics, or we consider it a principle belonging
to quantum mechanics (or physics as a whole). If we
consider the second case, we are faced with a physical
principle called locality, which belongs to the language
of quantum mechanics. However, empirical observations
and theoretical results indicate that particles exhibit lo-
cal and non-local behaviors. Similar to the complemen-
tarity principle regarding wave-particle duality, we can
consider "locality complementarity" for this issue. That
is, logically, we are faced with two propositions: ~ (lo-
cality governs a physical system) and —v (locality does
not govern a physical system). This inconsistency might

seem more important and challenging due to its entrap-
ment with causality. We believe that the roots of such
challenges lie in our intuitions and classical logic. There-
fore, if we deal with the issue based on classical logic,
the existence of inconsistency would lead to the collapse
of the theory, and logically, we would have to discard it
and turn to another theory. However, at least so far, the
physics community has yet to be willing to do so. This is
because empirical observations show that a physical sys-
tem violates the principle of locality under certain condi-
tions. We believe nothing transcends experience and ex-
perimentation, even if it leads to abandoning our deepest
classical intuitions. For this reason, we suggest consider-
ing the term "strong inconsistency" for the inconsistency
between locality and non-locality for the issue of entan-
glement. However, using the perspective of paraconsis-
tency, if the theory’s underlying logic is paraconsistent,
this inconsistency, even if it arises in the context of lo-
cality and causality, does not lead to the collapse of the
theory. However, this does not mean we should discard
the concept of causality because of this issue. Here, we
are faced with a duality regarding the principle of local-
ity, and just as the wave-particle duality does not imply
giving up one for the other, it is not reasonable to draw
such a conclusion here either.

Another necessary point is that we do not want to say
that under any circumstances, even in the presence of in-
consistency, we must defend quantum mechanics. Firstly,
it must be emphasized that the existence of two incon-
sistent propositions in a theory does not mean its in-
consistency. Secondly, we do not believe that quantum
mechanics is the ultimate theory describing the micro-
scopic world. We do not want to say that the final word
belongs to quantum mechanics, and we should not con-
sider alternative theories. With various advancements in
physics, mathematics, philosophy, and logic, we may wit-
ness quantum mechanics giving way to a more complete,
precise, or revolutionary theory. Just as classical mechan-
ics once gave way to quantum mechanics, we may witness
another revolution in science and abandon quantum me-
chanics. Our main point is that we should not discard
quantum mechanics due to inconsistency. If we establish
the logical foundations of quantum mechanics on para-
consistent logic, we should no longer be concerned about
inconsistency. This means that even in the presence of
inconsistency in quantum mechanics, reasoning and anal-
ysis will still proceed meaningfully and logically. Just as
this theory has been successful in empirical observations,
it has also found a proper logical path. Such an approach
enables precise and deep analysis in situations where the
theory is inconsistent with classical intuition and logic,
making it easier to understand complex phenomena.



VIII. OBJECTIONS IN QUANTUM
MECHANICS AND PARACONSISTENT LOGIC

The formal structures of quantum mechanics and para-
consistent logic exhibit fundamental differences:

1. Formal Structure: Quantum mechanics and para-
consistent logic are underpinned by fundamentally
different formal structures. Quantum mechanics is
typically articulated using the mathematical lan-
guage of linear algebra and complex numbers. In
contrast, paraconsistent logic is a variant of sym-
bolic logic governed by a unique set of rules. This
divergence in formal structure necessitates substan-
tial reinterpretation when one attempts to map one
onto the other, potentially engendering inconsisten-
cies.

2. Predictive Power: The predictive power inherent
in quantum mechanics and paraconsistent logic ex-
hibits substantial disparity. Quantum mechanics
has demonstrated remarkable success in accurately
predicting physical phenomena. Conversely, para-
consistent logic, serving as a tool for reasoning,
does not proffer empirical predictions. This dis-
crepancy in predictive power could be construed as
a conflict between the two.

3. Empirical Validation: Quantum mechanics and
paraconsistent logic have markedly different empir-
ical groundings. Quantum mechanics is firmly an-
chored in empirical evidence and experimental val-
idation. Paraconsistent logic, however, possesses
a different kind of empirical grounding. While it
can facilitate reasoning about empirical phenom-
ena, it lacks empirical content in itself. This dif-
ference in empirical validation further accentuates
the potential conflicts between paraconsistent logic
and quantum entanglement.

IX. CONCLUSION

This study demonstrates how paraconsistent logic can
effectively address the inherent inconsistencies within
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quantum mechanics, mainly through the lens of quantum
entanglement. By incorporating paraconsistent logic, the
paper provides a structured approach to understanding
phenomena such as superposition and non-locality, which
in the context of quantum mechanics refers to the instan-
taneous correlation between particles separated by large
distances. These phenomena traditionally challenge the
constraints of classical logic. The detailed exploration
of entanglement through this non-classical logical frame-
work clarifies the theoretical descriptions of these quan-
tum phenomena and enhances our understanding of their
foundational implications. This approach underscores
the utility of paraconsistent logic in providing a coherent
interpretation where classical logic may lead to paradoxes
or inconsistencies, such as those illustrated by the EPR
paradox and violations of Bell’s inequalities.

The conclusions drawn from this research not only in-
vite further scrutiny and development within the field
but also call for a collective effort to explore the poten-
tial of paraconsistent logic in quantum theory. While
the study effectively bridges some gaps between quan-
tum mechanics and logical consistency, it also opens up
avenues for further research on the practical implications
of these findings, particularly in how we might harness
such insights in quantum computing or other technolo-
gies. However, it remains clear that while paraconsistent
logic offers a novel perspective, adapting this logic into
broader quantum mechanics practice and its potential to
fundamentally alter quantum theory or technology still
requires more profound exploration and empirical vali-
dation. This work lays a foundational step towards a
more nuanced logical approach to quantum mechanics,
encouraging ongoing dialogue and investigation into how
inconsistencies are handled within the quantum domain,
and inviting your valuable contributions to this exciting
journey.
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