
This is a repository copy of Quantum Energy Inequalities along stationary worldlines.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/200272/

Version: Published Version

Article:

Fewster, Chris orcid.org/0000-0001-8915-5321 and Thompson, Jacob (2023) Quantum 
Energy Inequalities along stationary worldlines. Classical and Quantum Gravity. 175008. 
ISSN 1361-6382 

https://doi.org/10.1088/1361-6382/ace233

eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk/

Reuse 

This article is distributed under the terms of the Creative Commons Attribution (CC BY) licence. This licence 
allows you to distribute, remix, tweak, and build upon the work, even commercially, as long as you credit the 
authors for the original work. More information and the full terms of the licence here: 
https://creativecommons.org/licenses/ 

Takedown 

If you consider content in White Rose Research Online to be in breach of UK law, please notify us by 
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request. 



Classical and Quantum Gravity

PAPER • OPEN ACCESS

Quantum energy inequalities along stationary
worldlines
To cite this article: Christopher J Fewster and Jacob Thompson 2023 Class. Quantum Grav. 40
175008

 

View the article online for updates and enhancements.

You may also like

A semiclassical singularity theorem
Christopher J Fewster and Eleni-
Alexandra Kontou

-

Maximal acceleration is non-rotating
Don N Page

-

Evaluating performance of containment
equipment designed for handling
manufactured nanomaterials by use of
nanoparticle tracer
Sébastien Artous, Pierre Bombardier,
Samir Derrough et al.

-

This content was downloaded from IP address 217.155.106.162 on 16/08/2023 at 13:01



Classical and Quantum Gravity

Class. Quantum Grav. 40 (2023) 175008 (32pp) https://doi.org/10.1088/1361-6382/ace233

Quantum energy inequalities along
stationary worldlines

Christopher J Fewster1,∗ and Jacob Thompson1,2

1 Department of Mathematics, University of York, Heslington, York YO10 5DD,
United Kingdom
2 School of Mathematics and Statistics, The University of Sheffield, Hicks Building,
Hounsfield Road, Sheffield S3 7RH, United Kingdom

E-mail: chris.fewster@york.ac.uk

Received 27 January 2023; revised 8 June 2023
Accepted for publication 27 June 2023
Published 28 July 2023

Abstract
Quantum energy inequalities (QEIs) are lower bounds on the averaged energy
density of a quantum field. They have been proved for various field theor-
ies in general curved spacetimes but the explicit lower bound is not easily
calculated in closed form. In this paper we study QEIs for the massless min-
imally coupled scalar field in four-dimensional Minkowski spacetime along
stationary worldlines—curves whose velocity evolves under a 1-parameter
Lorentz subgroup—and find closed expressions for the QEI bound, in terms
of curvature invariants of the worldline. Our general results are illustrated by
specific computations for the six prototypical stationary worldlines. When the
averaging period is taken to infinity, the QEI bound is consistent with a con-
stant energy density along the worldline. For inertial and uniformly linearly
accelerated worldlines, this constant value is attained by the Minkowski and
Rindler vacuums respectively. It is an open question as to whether the bounds
for other stationary worldlines are attained by other states of interest.
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1. Introduction

Even if a classical field theory obeys local energy conditions, such as positivity of energy
density, the corresponding quantum field theory (QFT) will fail to do so, as a result of a general
theorem [10]. In fact, it is typical that the expectation value of energy density at any given
point can be made arbitrarily negative by a suitable choice of the quantum state [12]. This
surprising fact is deeply related to the uncertainty principle. As unrestricted negative energy
densities, or negative energy fluxes, could produce a range of effects, ranging from violations
of the second law of thermodynamics [22] and evasion of the classical singularity theorems of
Penrose [47] and Hawking [31], to the ability to construct warp drives [1] or wormholes [46],
it is important to understand what restrictions might be imposed by QFT itself. In this paper
we will be concerned with quantum energy inequalities (QEIs), which provide lower bounds
on local averages of the expected energy density, independent of the quantum state.

Starting with results of Ford and Roman [22–24] QEIs have been derived for a variety of
quantum fields in flat and curved spacetimes. References and discussion may be found in the
recent reviews [14, 39]. At the simplest level, the QEIs constrain the magnitude and duration
of violations of classical energy conditions, placing stringent constraints on attempts to use
quantum fields to provide the exotic matter required to construct exotic spacetimes [18, 25, 48].
It has also been shown that QEI restrictions are sufficient for modified versions of singularity
theorems to hold [16].

For example, consider the real scalar field of mass m⩾ 0 in any globally hyperbolic space-
time (M, g), recalling that global hyperbolicity demands only that the spacetime possesses a
global Cauchy surface. Let γ(s) be any smooth timelike curve, parameterised by proper time.
It was shown in [11] that the energy density of the quantum field along γ obeys the QEI

ˆ ∞

−∞
ds|g(s)|2〈:Tµν γ̇µγ̇ν :〉ω(γ(s))⩾−

ˆ ∞

0

dα
π
ĝ⊗ gT(−α,α)>−∞, (1.1)

which holds for all real-valued compactly supported smooth test functions g, and all Hadamard
states ω of the field. Here, the hat denotes a Fourier transform, defined according to the con-
vention ĝ(α) =

´∞
−∞ dseiαsg(s), and we employ units where ~= c= 1, which will be in force

throughout this paper. On the left-hand side, the normal ordering is conducted with respect to
an arbitrary Hadamard reference state ω0, whose two-point function is used to construct the
distribution T(s,s ′) that appears on the right-hand side. Recall also that the Hadamard states
form a large class of physically reasonable states, determined by their short-distance struc-
ture [36, 44]. The two most important features of the QEI (1.1) are that the right-hand side
is completely independent of the state ω, and that the bound is finite—which is proved using
the microlocal properties of Hadamard states uncovered by Radzikowski [49]. Discussion of
QEIs for other QFTs, including non-free models, may be found in [14, 39]; see [27] for a very
recent development.

Although the lower bound in (1.1) is explicit and rigorous, it is not easy to compute in
closed form except in special cases. Those examples where explicit calculation is possible
are therefore particularly valuable because they can provide insight into the nature of QEI
bounds in general. To the best of our knowledge this has only been achieved when T exhibits
translational invariance T(s+ r,s ′ + r) = T(s,s ′) which occurs, for instance, when (M, g) is a
stationary spacetime, γ is a timelike Killing orbit and ω0 is stationary. Translational invariance
allows us to write, with an abuse of notation, T(s,s ′) = T(s− s ′), from which one easily finds
that the QEI (1.1) simplifies to

ˆ ∞

−∞
ds|g(s)|2〈:Tµν γ̇µγ̇ν :〉ω(γ(s))⩾−

ˆ ∞

−∞
dα|ĝ(α)|2Q(α), (1.2)
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where

Q(α) =
1

2π2

ˆ α

−∞
du T̂(u); (1.3)

the QEI (1.2) is also valid for complex-valued g. Taking the massless free field as an example,
averaging along an inertial worldline in Minkowski space and using the Minkowski vacuum
as the reference state ω0, this results in Q(α) = α4Θ(α)/(16π3). Using the evenness of |ĝ|2
together with Parseval’s theorem then yields

ˆ ∞

−∞
ds|g(s)|2〈:Tµν γ̇µγ̇ν :〉ω(γ(s))⩾− 1

16π2

ˆ ∞

−∞
ds|g ′ ′(s)|2. (1.4)

Similar expressions are known for massive fields and in Minkowski spacetime of general
dimension [15]; for some curved spacetime examples see [20]. Another explicit example arises
where γ is a uniformly linearly accelerated worldline in four-dimensional Minkowski space-
time with proper acceleration a, in which case the QEI (1.2) becomes [17]
ˆ ∞

−∞
ds|g(s)|2⟨:Tµν γ̇

µ
γ̇
ν :⟩ω(γ(s))⩾−

1
16π2

ˆ ∞

−∞
ds

(

|g ′ ′(s)|2 + 2a2|g ′(s)|2 +
11
30
a4|g(s)|2

)

,

(1.5)

and is again valid for all Hadamard states ω and complex-valued test functions g.
Using such expressions the scaling behaviour of the bound is easily understood and phe-

nomena such as ‘quantum interest’ may be explored [14, 21, 26]. For example, let gλ(s) =
λ−1/2g(s/λ), where g is normalised so that

´∞
−∞ ds|g(s)|2 = 1. Then (1.5) implies

liminf
λ−→∞

ˆ ∞

−∞
ds|gλ(s)|2〈:Tµν γ̇µγ̇ν :〉ω(γ(s))⩾− 11a4

480π2
, (1.6)

reducing to the averaged weak energy condition

liminf
λ−→∞

ˆ ∞

−∞
dτ |gλ(s)|2〈:Tµν γ̇µγ̇ν :〉ω(γ(s))⩾ 0 (1.7)

in the limit a→ 0, which can also be obtained directly from (1.4). An interesting observation
is that the lower bound in (1.6) is exactly the constant energy density of the Rindler vacuum
state along the accelerated worldline, while the lower bound in (1.7) is the energy density of
the Minkowski vacuum.

As closed form expressions for QEI bounds are relatively few in number, it is of interest
to find others. The purpose of this paper is to present a calculation of the QEI bound for a
massless scalar field along any stationary worldline in four-dimensionalMinkowski spacetime.
By a stationary worldline, we mean any timelike curve γ(s), parameterised by proper time s,
whose velocity vector evolves under a 1-parameter subgroup of the Lorentz group: γ̇(s) =
exp(sM)γ̇(0) for some fixed M ∈ so(1,3) and future-pointing unit timelike γ̇(0). The family
of stationary worldlines includes physically important examples including inertial, uniformly
linearly accelerated and uniformly rotating worldlines. We briefly recall their significance.

Stationary worldlines have a long history in relativity and quantum field theory. Kottler [40],
Synge [51] and Letaw [41] (see also [43]) all obtained them as the solutions to four-
dimensional Frenet–Serret equations subject to constancy of the curvature invariants of the
worldline; the name ‘stationary worldlines’ is due to Letaw. The three curvature invariants are
the curvature, which measures the proper acceleration, and the torsion and hypertorsion, which
specify its proper angular velocity. More details are given in section 2. Stationary worldlines
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are equivalently described as the orbits of timelike Killing vector fields in Minkowski space-
time. There are also overlaps with the theory of rigid motions in special relativity that goes
back to Born [3] and Herglotz [32]; in particular, any rotational rigid motion is the flow of a
timelike Killing vector by the Herglotz–Noether theorem, although the same theorem allows
any C2 timelike curve to be a flow line of an irrotational rigid motion. See [28] for discussion
and references. By a Poincaré transformation, any stationary worldline can be reduced to one
of six prototypes: the inertial, uniformly linearly accelerated, and uniformly rotating world-
lines have already been mentioned, while the three remaining ones have spatial projections
corresponding to a semicubical parabola, a catenary or a helix. We will give more detail as we
discuss each case separately later on.

Turning to quantum field theory, the uniformly linearly accelerated trajectory is of course at
the heart of the extensive literature on the Unruh effect [52] describing the thermal excitation
of a detector travelling along the accelerated trajectory [8, 52]. Coordinates adapted to this tra-
jectory naturally cover the Rindler wedge, to which the Minkowski vacuum state restricts as a
thermal state at the Unruh temperature relative to time translation along the accelerated traject-
ory. This has attracted the attention of other theorists to understand what excitations may be
expected for detectors following other stationary worldlines [29, 41] (and references therein)
and whether there are ground states associated to coordinates based on these worldlines differ-
ing from restrictions of the Minkowski vacuum [42]. Proposals to observe the Unruh effect, on
the other hand, focus on circular trajectories because they are confined to a finite volume [2,
30]. In summary, there is good motivation to deepen the understanding of physical effects seen
along stationary worldlines.

The main result of this paper is that the QEI (1.2) along any stationary worldline in
Minkowski spacetime may be given explicitly as
ˆ

ds|g(s)|2〈:Tµν γ̇µγ̇ν :〉ω(γ(s))⩾− 1
16π2

ˆ ∞

−∞
ds

(

|g ′ ′(s)|2 + 2A|g ′(s)|2 +B|g(s)|2
)

, (1.8)

where A and B are expressed in terms of the curvature κ, torsion τ , and hypertorsion υ as

A= κ2 + τ 2 + υ2 (1.9)

and

B=
1
90

(

3κ4 + 62κ2τ 2 + 30(κ2 + τ 2 + υ2)2
)

, (1.10)

and the inequality (1.8) holds for all Hadamard states ω and all smooth compactly supported
test functions g. Because general stationary worldlines describe a richer range of behaviour
than that of constant linear acceleration, the above formulae provide amore refined understand-
ing than that given by (1.5) of the way QEI bounds along a general worldline are sensitive to
its curvature invariants.

To interpret the QEI (1.8), it is useful to consider its scaling behaviour. As before,
we take a test function gλ which is just a scaled version of the test function g, namely
gλ(s) = λ−1/2g(s/λ), so the support width of gλ is proportional to λ. Observing that g(k)λ (s) =
λ−k−1/2g(k)(s/λ), we find

ˆ

ds|gλ(s)|2〈:Tµν γ̇µγ̇ν :〉ω(γ(s))⩾− ‖g ′ ′‖2
16π2λ4

− A‖g ′‖2
8π2λ2

− Treg(0)‖g‖2, (1.11)

where the norms are those of L2(R), i.e. ‖g‖2 =
´∞
−∞ ds|g(s)|2. Here we have written Treg(0) =

B/(16π2) for reasons that will become clear later—see, for example, equation (1.13) and the
arguments presented in section 3. For sampling times shorter than the curvature scales, i.e.
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λ≪min{κ−1, τ−1,υ−1}, the leading term dominates, reflecting the fact that any worldline is
approximately inertial on short enough timescales. At intermediate and long timescales relative
to curvature scales, the bound will receive corrections from, and eventually be dominated by,
the last two terms in (1.11), showing that the QEI is sensitive to the curvature invariants of
the worldline γ. In the limit λ→+∞, and with g normalised so that ‖g‖= 1, we obtain the
remarkably simple formula

liminf
λ−→∞

ˆ ∞

−∞
ds|gλ(s)|2〈:Tµν γ̇µγ̇ν :〉ω(γ(s))⩾−Treg(0), (1.12)

which bounds the average energy density along the entire trajectory. In particular, the QEI
is consistent with the existence of a constant renormalised energy density −Treg(0) along γ,
and this is the most negative value that any constant energy density could take. An intriguing
question is whether or not this value is attained by some Hadamard state, or a sequence of
Hadamard states in a limiting sense, which we will address in section 6.

The derivation of (1.8) requires a number of innovations. Although the point-split energy
density can be obtained easily enough for any given stationary worldline, its Fourier transform
does not have a closed form—as far as we know—for three of the six prototypes. In section 3,
we develop a newmethod for computing the QEI bound for massless fields in four-dimensions
that avoids the use of Fourier transforms. The result is that the QEI will take the form (1.8)
provided that the point-split energy density takes the form

T(s,s ′) = lim
ϵ→0+

(

3
2π2(s− s ′ − iϵ)4

− A
4π2(s− s ′ − iϵ)2

)

+ Treg(s− s ′), (1.13)

where the regular part T reg must satisfy various conditions, whereupon the coefficient B is
given by B= 16π2Treg(0) as before. In section 4, we apply these ideas to stationary worldlines,
resulting in formulae for the point-split energy density in terms of functions easily computed
from the Lorentzian distance between two points on the curve and a tetrad that is adapted to
it, in a manner we describe. Most of the required conditions on T reg follow directly from this
analysis, and the values A and B are identified in terms of Taylor coefficients of these func-
tions. Appendix A gives more detail on our methods, while in appendix B the relevant Taylor
coefficients are evaluated in terms of curvature invariants thus establishing (1.9) and (1.10). In
section 5, we work through each prototype in turn, providing explicit formulae for the point-
split energy density that allow the remaining technical condition to be verified, and also as a
check on our Taylor series calculations. In three cases, (inertial worldlines, linearly accelerated
worldlines and the semicubical parabola), a closed form may be found for T̂, and we can also
check our calculations by using (1.2) and (1.3). Finally, in section 6, we discuss the physical
significance of our results and some open problems. Two further appendices contain additional
computations: appendix C computes a quantum inequality for theWick square along stationary
worldlines following the same general method of the main text, while appendix D records the
calculation of the minimally coupled stress-energy tensor in the Rindler vacuum and Rindler
thermal states, which is needed for our discussion.

2. Stationary worldlines

Throughout this paper we work on 4-dimensional Minkowski spacetime, with metric η =
dt2 − dx2 − dy2 − dz2, andwe employ the inertial coordinates (t,x,y,z) except where otherwise
specified. A stationary worldline is any smooth curve γ : R→ R4, whose velocity vector γ̇ is

5
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a future-pointing unit timelike vector evolving under a 1-parameter subgroup of the Lorentz
group SO(1,3), i.e.

γ̇µ(s) = exp(sM)µν γ̇
ν(0), (2.1)

whereM is any fixed element of so(1,3) (which requires precisely thatMµν is antisymmetric).
As every component of exp(sM) is analytic in s, it follows that the Cartesian components of
γ̇(s) and, integrating, the Cartesian coordinates of γ(s), are also s-analytic. An equivalent
definition of a stationary worldline is that γ is an orbit of a future-pointing timelike Killing
vector field

ξµ(x) =Mµ
ν(x

ν − γ(0)ν)+ γ̇µ(0), (2.2)

which is necessarily timelike in a neighbourhood of γ and a future-pointing unit vector on γ.
Finally, stationary worldlines can also be described as the solutions to the Frenet–Serret

equations with constant curvatures [40, 41, 51]. Here, the curvature invariants of a general
timelike curve γ(s), parameterised by proper time, are defined as follows. Suppose a right-
handed tetrad eµa has been chosen along γ so that

γ(k+1)(s) ∈ Span{e0(s), . . . ,ek(s)} (0⩽ k⩽ 3), and γ̇(s) = e0(s), (2.3)

in which case we say that eµa is adapted to γ. If the tetrad also satisfies

e1(s)
µγ̈(s)µ ⩽ 0, e2(s)

µ ...γ (s)µ ⩽ 0, (2.4)

then it will be called a Frenet–Serret tetrad. If the tetrad is defined by ea(s) = exp(sM)ea(0),
then it is adapted (respectively, Frenet–Serret) if and only if (2.3) holds at s= 0 (resp., (2.3)
and (2.4) hold at s= 0). Explicit formulae resulting from a Gram–Schmidt procedure are given
in [41]. Expanding the derivatives of the tetrad vectors in terms of the tetrad, one obtains the
generalized Frenet–Serret equations

ėµa = K b
a e

µ
b , (2.5)

where Kab is antisymmetric and tridiagonal (due to (2.3)). Thus it takes the form

K••(s) =









0 −κ(s) 0 0
κ(s) 0 −τ(s) 0
0 τ(s) 0 −υ(s)
0 0 υ(s) 0









, (2.6)

which defines the curvature κ, torsion τ and hypertorsion υ. Here, and elsewhere in this paper,
bullets are used to indicate tensorial type, when displaying tensorial components in vector or
matrix form. Explicitly, one has

κ= e0µė
µ
1 =−e1µėµ0 , τ = e1µė

µ
2 =−e2µėµ1 , υ = e2µė

µ
3 =−e3µėµ2 . (2.7)

The choices made when specifying the Frenet–Serret tetrad ensure that κ and τ are nonnegat-
ive, while υ can take any real value.

As the curvature invariants are constant along stationary worldlines, it is easy to compute
higher derivatives of the tetrad,

dk

dsk
eµa = (Kk) b

a e
µ
b , (Kk) b

a = K c1
a K c2

c1 · · ·Kck−1
b. (2.8)

6
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For example, the first three derivatives of the velocity u= γ̇ may be computed as

u̇µ = ėµ0 = κeµ1 , üµ = κ2eµ0 +κτeµ2 ,
...
uµ = κ(κ2 − τ 2)eµ1 +κτυeµ3 . (2.9)

It is also possible to give a general formula for γ(s) in terms of M, γ(0) and γ̇(0). As M•
•

is antisymmetric with respect to η, there is a unique decomposition

γ̇(0)µ =Mµ
νv

ν + kµ, (2.10)

where Mµ
νk

ν = 0. One then has

γ(s)µ = exp(sM)µνv
ν + skµ + γ(0)µ − vµ. (2.11)

Any stationary worldline γ may be related to one of six basic types by a proper ortho-
chronous Poincaré transformation. Note that γ(s) is determined by the initial position,
γ(0) ∈ R4, the initial four-velocity γ̇(0) and the element M ∈ so(1,3) that fixes the evol-
ution γ̇(s) = exp(sM)γ̇(0). Under a Poincaré transformation x 7→ Λx+w, γ is mapped to
γ̃(s) = Λγ(s)+w, whose velocity evolves according to the 1-parameter Lorentz subgroup
exp(sΛMΛ−1) and which is therefore also a stationary worldline. As the Lorentz transforma-
tion maps a Frenet–Serret tetrad for γ to a Frenet–Serret tetrad for γ̃, it follows from (2.7) that
the curvature invariants of γ̃ are identical to those of γ. Using the classification of conjugacy
classes in so(1,3) [50], we may choose Λ in such a way that M̃= ΛMΛ−1 is one of five pos-
sible types: (a) the zero element, generating the trivial subgroup of SO(1,3), (b) a generator of
boosts in the tx-plane, corresponding to a hyperbolic subgroup of SO(1,3), (c) a generator of
rotations in the yz-plane, corresponding to an elliptic subgroup of SO(1,3), (d) a generator of
a null rotation that fixes the null vector ∂t+ ∂x but acts nontrivially on all other null vectors,
corresponding to a parabolic subgroup of SO(1,3); (e) the sum of a generator of boosts in
the tx-plane and a generator of rotations in the yz plane, corresponding to a loxodromic sub-
group of SO(1,3). In each case, Lorentz transformations that commute with the 1-parameter
subgroup in question can be used to arrange that ˙̃γ(0) takes a convenient form.

Taking these possibilities in turn: in case (a), all Lorentz transformations commute with
the trivial subgroup, so we may without loss assume that γ̃(s) = (s,0,0,0). In case (b), the
subgroup of boosts parallel to the x-axis commutes with itself and the subgroup of rotations in
the yz-plane. Thus, we may arrange that ˙̃γ(0) = coshχ∂t+ sinhχ∂y for some χ ∈ R3, leading
to two subcases: χ= 0, in which case (after possible translation)

γ̃(s) = (a−1 sinhas,a−1 coshas,0,0) (2.12)

is a uniformly linearly accelerated worldline with a 6= 0, or χ 6= 0, in which case (up to
translations)

γ̃(s) = (a−1 coshχ sinhas,a−1 coshχ coshas,−ssinhχ,0) (2.13)

is a catenary. The curvature invariants (in either subcase) are κ= |a|coshχ and τ = |asinhχ|,
while the hypertorsion is υ= 0. For convenience, the curvature invariants for all six prototypes
are tabulated in table 1, in agreement with [43].

In case (c), the 1-parameter parabolic subgroup takes the form

P•
•(s) =









1+(as)2/2 −(as)2/2 0 as
(as)2/2 1− (as)2/2 0 as

0 0 1 0
as −as 0 1









= exp









0 0 0 as
0 0 0 as
0 0 0 0
as −as 0 0









(2.14)

3 We could even arrange that χ ⩾ 0, but it is convenient not to insist on this.

7



Class. Quantum Grav. 40 (2023) 175008 C J Fewster and J Thompson

Table 1. Curvature invariants for the stationary worldlines.

Linear Acc. Catenary Parabolic Elliptic Loxodromic
Inertial κ> 0 κ > τ > 0 κ= τ > 0 τ > κ > 0 κ,τ > 0

κ= τ = υ = 0 τ = υ = 0 υ= 0 υ= 0 υ= 0 υ ̸= 0

κ 0 |a| |a|coshχ |a| rω2
√
C2a2 +V 2ω2

τ 0 0 |asinhχ| |a| |ω|
√

1+(rω)2 (a2 +ω2)C|V|/κ
υ 0 0 0 0 0 aω/κ

for some constant nonzero a ∈ R, and commutes with Lorentz transformations of the form

Λ•
• =









1+ r2/2 −r2/2 rcosθ rsinθ
r2/2 1− r2/2 rcosθ rsinθ
rcosθ −rcosθ 1 0
rsinθ −rsinθ 0 1









(2.15)

which can be used to bring the initial velocity into the form ˙̃γ(0) = coshχ∂t+ sinhχ∂x for
some χ ∈ R. Conjugating P•

•(s)with a boost in the tx-plane results in P•
•(λs) for some λ> 0;

in other words effectively rescaling a. Therefore there is no loss of generality in assuming that
the initial four-velocity is ˙̃γ(0) = ∂t, in which case the worldline (up to translation) is the
semicubical parabola,

γ̃(s) =

(

s+
1
6
a2s3,

1
6
a2s3,0,

1
2
as2

)

. (2.16)

Next, the elliptic subgroup in case (d) commutes with boosts in the tx-plane and rotations in
the yz-plane. Accordingly, wemay arrange the initial velocity to be ˙̃γ(0) = coshχ∂t+ sinhχ∂z
for some χ ∈ R; the special case χ= 0 corresponds to inertial motion and may be discarded.
Up to a translation, this results in the uniformly rotating worldline

γ̃•(s) = (scoshχ,0,rcosωs,rsinωs) , (2.17)

where the radius r> 0 and proper angular velocity ω 6= 0 are related to the initial rapidity by
rω = sinhχ. The proper acceleration is κ= rω2, while the torsion is τ = |ω|

√

1+(rω)2 and
the hypertorsion vanishes.

Lastly, in case (e), the loxodromic subgroup is generated by a linear combination of a tx-
boost generator and a yz-rotation generator. As it commutes with tx-boosts and yz-rotations, we
may assumewithout loss that the initial velocity is ˙̃γ(0) = coshχ∂t+ sinhχ∂z forχ ∈ R \ {0};
the possibility χ= 0 corresponds to a hyperbolic worldline and is rejected. Up to a translation,
this results in the worldline

γ•(s) = (Ca−1 sinh(as),Ca−1 cosh(as),Vω−1 cos(ωs),Vω−1 sin(ωs)), (2.18)

where C= coshχ and V= sinhχ, which undergoes both rotation in the yz-plane at constant
proper angular velocity ω 6= 0 and constant distance |V/ω| from the x-axis, while undergoing
uniform acceleration in the x-direction controlled by a 6= 0 (the cases where one or both of a or
ω vanish are already covered under (a), (b) and (d)). The curvature invariants for this worldline
are

κ=
√

C2a2 +V 2ω2, τ = (a2 +ω2)C|V|/κ, υ = aω/κ. (2.19)

8
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3. Reformulation of the QEI bound

We study the massless minimally coupled scalar field in 4-dimensional Minkowski spacetime,
with field equation □ϕ = ηµν∇µ∇νϕ = 0 and classical stress-energy tensor

Tµν = (∇µϕ)∇νϕ − 1
2ηµνη

αβ(∇αϕ)∇βϕ. (3.1)

Consider an observer following a timelike curve γ, parameterised by proper time, with
4-velocity uµ = γ̇µ. This observer sees energy density

Tµνu
µuν =

1
2

3
∑

a=0

(eµa∇µϕ)
2, (3.2)

where eµa (0⩽ a⩽ 3) is a tetrad defined around γ with eµ0 |γ = uµ.
In quantum field theory, the stress-energy tensor requires renormalisation. Let

G(x,x ′) = 〈ϕ(x)ϕ(x ′)〉ω (3.3)

be the Wightman function of the field in a state ω. The Wick square has expectation value

〈:ϕ2(x):〉ω = (G−G0)(x,x), (3.4)

where

G0(x,x
′) = lim

ϵ→0+

−1
4π2((t− t ′ − iϵ)2 −‖x− x ′‖2) (3.5)

is the Wightman function of the Poincaré invariant vacuum ω0. This expression makes sense
if (like ω0) ω is a Hadamard state [36, 44], because the difference G−G0 is then a smooth
function. Similarly, the renormalised stress-energy tensor has expectation value

〈:Tµν(x):〉ω = Dµν(x)− 1
2ηµνη

αβDαβ(x), (3.6)

where

Dµν(x) = [[(∇⊗∇)(G−G0)]]µν (x) (3.7)

and the double square brackets denote a coincidence limit.
Although the classical energy density (3.2) is everywhere nonnegative, the quantised energy

density may assume negative expectation values. The QEIs provide lower bounds on averaged
expectation values, for which a prototype is a lower bound on the following expression

ˆ

ds|g(s)|2〈:(Qϕ)2:〉ω(γ(s)), (3.8)

where Q is a partial differential operator with smooth real coefficients and g ∈ C∞
0 (R) is a

smooth real-valued test function. In the case whereQ is the identity, (3.8) is an averaged Wick
square, while by considering a sum of similar terms for Qa = 2−1/2eµa∇µ for 0⩽ a⩽ 3, we
can bound averages of the energy density along γ.

A lower bound on (3.8) was established in [11]—in fact the bound applies to general time-
like curves in arbitrary globally hyperbolic spacetimes for massive as well as massless fields.
In our case it asserts that

ˆ ∞

−∞
ds|g(s)|2〈:(Qϕ)2:〉ω(γ(s))⩾−

ˆ ∞

0

dα
π
ĝ⊗ gT(−α,α)>−∞ (3.9)

holds for all real-valued compactly supported smooth test functions g, and all Hadamard states
ω, where

T(s,s ′) = 〈Qϕ(γ(s))Qϕ(γ(s ′))〉ω0 = ((Q⊗Q)G0)(γ(s),γ(s
′)). (3.10)

9
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Here, the vacuum two-point function enters because normal ordering is performed relative to
the vacuum; the general results of [11] also allow for any Hadamard state to be used as the
reference state for this purpose. At a more formal level, T is the pull-back of the distribution
(Q⊗Q)G0 by the map (s,s ′) 7→ (γ(s),γ(s ′)), and its existence is owed to the special prop-
erties of the Hadamard condition and the fact that γ is timelike—see [11] for full details and
rigorous proofs.

As already mentioned, a QEI for the energy density involves a sum of such bounds, leading
to (1.1) with

T(s,s ′) =
1
2

3
∑

a=0

((∇ea ⊗∇ea)G0)(γ(s),γ(s
′)). (3.11)

While it is usually not hard to obtain the distribution T for a given timelike curve inMinkowski
spacetime, assuming that G0 is given, it is not usually possible to find the Fourier transform
required to compute the QEI bound (3.9) in closed form.

The situation is somewhat simplified if T(s,s ′) is translationally invariant, in which case
one has the bound given by (1.2) and (1.3). This can be taken a little further, on observing that
|ĝ(α)|2 is even, so only the even part Qeven(α) =

1
2 (Q(α)+Q(−α)) of Q contributes to (1.2),

resulting in the bound
ˆ

ds|g(s)|2〈:(Qϕ)2:〉ω(γ(s))⩾−
ˆ ∞

−∞
dα|ĝ(α)|2Qeven(α), (3.12)

which is the final form of our prototypical quantum inequality.
A convenient expression for Qeven may be found by manipulating equation (1.3) in the

following way:

Qeven(α) =
1

4π2

[
ˆ α

−∞
T̂(u)du+

ˆ −α

−∞
T̂(u)du

]

=
1

4π2

[

2
ˆ 0

−∞
T̂(u)du+

ˆ α

0
T̂(u)du−

ˆ α

0
T̂(−u)du

]

=
1

2π2

[

ˆ 0

−∞
T̂(u)du+

ˆ α

0
T̂odd(u)du

]

, (3.13)

where T̂odd(u) = 1
2 (T̂(u)− T̂(−u)). In the above calculation, T̂ is assumed to be continuous,

as is the case for the examples we will study.
Evaluating Qeven from (3.13) requires several steps. Computing T is a tedious but straight-

forward calculation best handled using computer algebra. In the simplest cases, the transform
may be evaluated in closed form, which (as will be seen later) is the case for the inertial, uni-
formly accelerated and semicubical parabola worldlines, but is not possible (to our knowledge)
in the case of the other stationary worldlines. However, this obstacle can be circumvented, as
we now describe.

Using the Minkowski vacuum as the reference state, we will show in section 4 that the
point-split energy density along a stationary worldline may be written in the form

T(s,s ′) = Tsing(s− s ′)+ Treg(s− s ′), (3.14)

where Tsing is given by the distributional limit

Tsing(s) = lim
ϵ→0+

(

3
2π2(s− iϵ)4

− A
4π2(s− iϵ)2

)

(3.15)

10
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for some constant A (the sign is chosen for later convenience) and T reg is smooth, real and even,
and decaying asO(s−2) as |s| →∞. In particular, T reg is absolutely integrable and has a well-
defined Fourier transform that is continuous, real and even. Therefore it does not contribute
to T̂odd. Turning to Tsing, its leading singularity is universal, essentially because all stationary
worldlines resemble inertial worldlines on sufficiently short timescales. The specific coeffi-
cient is fixed by the Hadamard form and the definition of the energy density along the curve.
Meanwhile the coefficient A carries information about the specific curve at hand. The Fourier
transform of Tsing, in our convention, is

T̂sing(u) =
1
2π

(u3 +Au)Θ(u), (3.16)

where Θ is the Heaviside distribution. Evidently Tsing does not contribute to the first term
in (3.13), while the odd part of T̂ is

T̂odd(u) =
1
4π

(u3 +Au), (3.17)

recalling that T̂reg is even. We now have Qeven in the form

Qeven(α) =
1

2π2

[

ˆ 0

−∞
duT̂reg(u)+

1
4π

ˆ α

0
du(u3 +Au)

]

=
1

32π3
(α4 + 2Aα2)+

Treg(0)
2π

, (3.18)

where we have again used the evenness of T̂reg and the Fourier inversion formula.
Inserting (3.18) into (3.12) and using Parseval’s theorem gives the QEI bound
ˆ

ds|g(s)|2〈:Tµν γ̇µγ̇ν :〉ω(γ(s))⩾− 1
16π2

ˆ ∞

−∞
ds

(

|g ′ ′(s)|2 + 2A|g ′(s)|2 +B|g(s)|2
)

,

(3.19)

where B= 16π2Treg(0).
The upshot of this analysis is a direct route to the QEI once the point-split expression T is

obtained; all that is needed is to isolate the appropriate values of A and Treg(0), avoiding the
need to compute T̂ explicitly. This apparent royal road is made possible because of the special
structure of the Minkowski vacuum two-point function for the massless scalar field in four
dimensions—closely related to Huygens’ principle. A similar analysis for a QI on the Wick
square can be found in appendix C.

4. Computation of the point-split energy density

In this section we establish that the point-split energy density along stationary worldlines obeys
equations (3.14) and (3.15), and also that Tsing and T reg have the properties mentioned above,
with one exception that will be treated by examining the six prototypical cases in section 5.

Let γ be any stationary worldline with γ̇(s) = exp(sM)γ̇(0) and γ̇(0) a future-pointing unit
timelike vector. Suppose that

ea(s) = exp(sM)ea(0) (0⩽ a⩽ 3) (4.1)

is an adapted frame on γ satisfying (2.3). In general theremay bemany possible adapted tetrads
of this type. However, if ẽa(s) is any other then it is related to ea(s) by a rigid rotation, i.e.

11
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ẽ0(s) = e0(0) and ẽi(0) = R j
i ej(0) (summing j over 1,2,3), where δimR j

i R
n

m = δmn, detR= 1.
This must be true for some R at s= 0, and extends to all s as both tetrads evolve under exp(sM).

Next, recall that the vacuum two-point function may be given as a distributional limit

G0(x,x
′) = lim

ϵ→0+
F(σϵ(x,x

′)) (4.2)

where F(z) = 1/(4π2z) and

σϵ(x,x
′) =−ηµν(x− x ′ − iϵ∂t)

µ(x− x ′ − iϵ∂t)
ν (4.3)

is the regulated signed squared geodesic separation of x and x
′

. As usual, we have identified
Minkowski spacetime with its tangent spaces at all points.

Distributional derivatives may be taken under the limit in (4.2), giving
1
2 (∇µ ⊗ 1)G0(x,x

′) =− lim
ϵ→0+

F ′(σϵ(x,x
′))(x− x ′ − iϵ∂t)µ (4.4)

and
1
2 (∇µ ⊗∇ν)G0(x,x

′) = lim
ϵ→0+

(F ′(σϵ(x,x
′))ηµν

−2F ′ ′(σϵ(x,x
′))(x− x ′ − iϵ∂t)µ(x− x ′ − iϵ∂t)ν) . (4.5)

Contracting with ea(x)µea(x ′)ν (without summing on a) and pulling back to the worldline,
we find
1
2 ((∇ea ⊗∇ea)G0)(γ(s),γ(s

′)) = lim
ϵ→0+

F ′(σϵ(γ(s),γ(s
′)))Ca(s,s

′)

+ lim
ϵ→0+

2F ′ ′(σϵ(γ(s),γ(s
′)))Da(s,s

′)Da(s
′,s). (4.6)

(note the order of variables in the last two factors in the second term) where

Ca(s,s
′) = ηµνe

µ
a (s)e

ν
a (s

′), Da(s,s
′) = (γ(s)− γ(s ′))µe

µ
a (s). (4.7)

Under a change of frame from ea to ẽa as described above, one has C̃0 = C0, D̃0 = D0,
while D̃i = R j

i Dj and C̃i(s,s ′) = R j
i R

k
i ηµνe

µ
j (s)e

ν
k (s

′). By orthogonality, this implies that
∑3

i=1 C̃i(s,s
′) =

∑3
i=1Ci(s,s

′) and
∑3

i=1 D̃a(s,s ′)D̃a(s ′,s) =
∑3

i=1Da(s,s ′)Da(s ′,s).
In appendix A, we give some further details to justify the above distributional manipulations

and prove the following result, where κ, τ and υ are the curvature invariants of γ as described
in section 2.

Lemma. (a) With the choice of tetrad just described, Ca(s,s ′) and Da(s,s ′) are translationally
invariant, depending only on s− s ′. There are entire analytic functions Ga and Ha such that

Ca(s,s
′) = Ga(κ

2(s− s ′)2), Da(s,s
′)Da(s

′,s) =−(s− s ′)2Ha(κ
2(s− s ′)2), (4.8)

where, in the limit z→ 0,
3

∑

a=0

Ga(z) =−2+
τ 2 + υ2

κ2
z+

(κτ)2 − (τ 2 + υ2)2

κ4
z2 +O(z3), (4.9)

and
3

∑

a=0

Ha(z) = 1+
z
12

+
κ2 + 19τ 2

360κ2
z2 +O(z3). (4.10)

(b) The signed square geodesic separation of points along γ obeys

σ0(γ(s),γ(s
′)) =−(s− s ′)2Υ(κ2(s− s ′)2), (4.11)

12
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where Υ is entire analytic with

Υ(z) = 1+
1
12
z+

κ2 − τ 2

360κ2
z2 +O(z3) (4.12)

as z→ 0. Furthermore, for z ∈ [0,∞), Υ(z) is real with Υ(z)⩾ 1.

The lemma now allows us to compute the point-split energy density by evaluating the right-
hand side of (4.6) and summing over a. We use the fact (explained in appendix A) that

lim
ϵ→0+

(s− s ′)2j

σϵ(γ(s),γ(s ′))k
=

(−1)k

Υ(κ2(s− s ′)2)k
lim

ϵ→0+

1
(s− s ′ − iϵ)2(k−j)

, (4.13)

where the limits are taken in the sense of distributions, as is the multiplication by a smooth
prefactor on the right-hand side. If j= k, the distributional limit on the right-hand side may
be replaced by unity. In particular, when calculating T(s,s ′) from (4.6), the factor (s− s ′)2 in
Da(s,s ′)Da(s ′,s) cancels a factor of (s− s ′ − iϵ)2 in the denominator, as ϵ→ 0+. The upshot
is that

T(s,s ′) =− 1
4π2

lim
ϵ→0+

K(κ2(s− s ′)2)
(s− s ′ − iϵ)4

, where K(z) =
3

∑

a=0

(

Ga(z)
Υ(z)2

− 4
Ha(z)
Υ(z)3

)

(4.14)

is a meromorphic function that is analytic in a neighbourhood of the positive real axis (on
which Υ is bounded away from zero).

The singular part is easily isolated by splitting off the first two terms of the Taylor series for
K from the remainder, which carries a leading factor of (s− s ′)4 that cancels the denominator
in the limit ϵ→ 0+. Similarly, theO(z) part of the Taylor series partly cancels the denominator.
Thus, T(s,s ′) = Tsing(s− s ′)+ Treg(s− s ′) with

Tsing(s) =− 1
4π2

lim
ϵ→0+

K(0)
(s− iϵ)4

− 1
4π2

lim
ϵ→0+

κ2K ′(0)
(s− iϵ)2

, (4.15)

and

Treg(s) =− κ4

4π2
J((κs)2), where J(z) =

K(z)−K(0)−K ′(0)z
z2

(4.16)

is analytic on a neighbourhood of the positive real axis, so J((κs)2) is smooth for s ∈ R.
Using the lemma, we may read off that K(0) =−6, thus establishing (3.15), with A=

κ2K ′(0). Meanwhile, Treg(s) is smooth, even, and real-valued for s ∈ R. Provided that K(z) =
O(z) as z→∞ on the real axis, we find that Treg(s) =O(s−2) as s→∞, which completes the
properties needed in section 3. Furthermore,

Treg(0) =−J(0)κ4

4π2
=−K ′ ′(0)κ4

8π2
. (4.17)

Note that if we had used the tetrad ẽ instead, the function K would be unchanged, owing to the
remarks before the lemma. Thus the QEIs obtained from ẽa and ea are identical.

These results now provide a calculational method to determine the QEI along stationary
worldlines. Starting from the generator M ∈ so(1,3) and the initial 4-velocity u(0), choose
a tetrad as described at the start of this section, and compute the proper acceleration κ=
√

−η(Mu(0),Mu(0)). The translational invariance of Ca and Da means that they can be cal-
culated conveniently as

Ca(s,s
′) = ηµνe

µ
a (s− s ′)eνa (0), Da(s,s

′) =−(γ(s ′ − s)− γ(0))µe
µ
a (0), (4.18)

13
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from which Ga and Ha are easily obtained. The function Υ is computed directly from the
Lorentz interval between γ(0) and γ(s). Then construct K(z) according to (4.14) and check
that K(z) =O(z) as z→∞. Then the QEI along γ is given by (3.19), with constants

A= κ2K ′(0), B=−2κ4K ′ ′(0). (4.19)

The constants A and B can be computed from the first few terms of the Taylor expansions
of

∑

aGa,
∑

aHa andΥ, given in (4.9), (4.10) and (4.12) respectively. After a calculation, one
finds

K(z) =−6+ z
κ2 + τ 2 + υ2

κ2
− z2

1
360κ4

(

3κ4 + 62κ2τ 2 + 30(κ2 + τ 2 + υ2)2
)

+O(z3),

(4.20)

from which the formulae (1.9) and (1.10) follow immediately. Nonetheless, this is perhaps
not the most illuminating calculation and also does not provide a check that K(z) = O(z) for
large real z, which was assumed above. For these reasons, and their own intrinsic interest, we
will also provide explicit calculations in section 5 that together cover all possible stationary
worldlines.

5. QEIs for the prototypical stationary worldlines

We have now established the general QEI for stationary worldlines in Minkowski spacetime,
assuming a technical condition on the growth of K. In this section, we reduce the problem of
computing the QEI for a general stationary worldline to six prototypical cases, which will be
treated in turn. These calculations follow themethod of section 4 and result in explicit formulae
for K. In this way it is seen that the growth condition holds in all cases and we also obtain a
check on the Taylor series calculations in appendix B.

We have already discussed the fact that any stationary worldline may be brought into one of
the six standard forms by a Poincaré transformation, without changing the curvature invariants.
Owing to Poincaré invariance of the vacuum state, and because Poincaré invariance maps an
adapted tetrad of the form ea(s) = exp(sM)ea(0) along the original curve to a tetrad with the
same properties on the new one, the point-split energy density obtained by the method of
section 4 is exactly the same for the two worldlines, which accordingly share the same QEI
bound.

The QEIs for the prototypical stationary worldlines are now given in turn. Most of the
computations that follow were conducted using the computer algebra system Maple.

5.1. Trivial subgroup: inertial motion

For the inertial worldline γ(s) = (s,0,0,0), we employ the adapted tetrad ∂t,∂x,∂y,∂z, which
is constant along γ, leading immediately to the relations C0(s,s ′) = 1, Ci(s,s ′) =−1 for i =
1,2,3, while D0(s,s ′) = s− s ′, Di(s,s ′) = 0 for all s,s ′. It follows that G0 = H0 ≡ 1, Gi ≡
−1, Hi ≡ 0. Furthermore, Υ≡ 1 because σ0(γ(s),γ(s ′)) =−(s− s ′)2. Hence K≡−6 and
one finds T(s,s ′) = Tsing(s− s ′) where

Tsing(s) = lim
ϵ→0+

3
2π2(s− iϵ)4

. (5.1)

Consequently T reg vanishes identically, and we may read off immediately that A= B= 0,
reproducing QEI (1.4) by substituting into (3.19), and in agreement with (1.9) and (1.10).
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Of course these results are easily obtained by direct differentiation of the two-point function;
our purpose here is to show how they follow from formulae in section 4.

Alternatively, we may proceed by taking the Fourier transform

T̂sing(u) = u3Θ(u)/(2π), (5.2)

from which we obtain Q(α) = α4Θ(α)/(16π3) by (1.3), leading to (1.4) as discussed in the
introduction.

5.2. Hyperbolic subgroups: linear acceleration

We consider a uniformly linearly accelerated worldline

γ(s) = (a−1 sinhas, a−1 coshas, 0, 0), (5.3)

whose velocity evolves under the 1-parameter group of tx-boosts γ̇µ(s) = Hµ
ν(s)γ̇

ν(0), where

H•
•(s) =









coshas sinhas 0 0
sinhas coshas 0 0

0 0 1 0
0 0 0 1









= exp









0 as 0 0
as 0 0 0
0 0 0 0
0 0 0 0









(5.4)

and 0 6= a ∈ R is fixed. Noting that the initial velocity and its first two derivatives are γ̇(0) = ∂t,
γ̈(0) = a∂x, γ̈(0) = a2∂t, we obtain an adapted tetrad by choosing the tetrad ∂t,∂x,∂y,∂z at
s= 0, and applying the prescription eµa (s) = Hµ

ν(s)e
ν
a (0) to find

e0(s) = coshas∂t+ sinhas∂x, e1(s) = sinhas∂t+ coshas∂x, e2(s) = ∂y, e3(s) = ∂z.

(5.5)

Straightforward calculation, following the method of section 4, gives

K(a2s2) =− 3(as)4

8sinh4(as/2)
(5.6)

and hence

T(s,s ′) = lim
ϵ→0+

3a4(s− s ′)4cosech4(a(s− s ′)/2)
32π2(s− s ′ − iϵ)4

, (5.7)

which may be simplified to

T(s,s ′) = lim
ϵ→0+

3a4

32π2
cosech4 (a(s− s ′ − iϵ)/2) . (5.8)

Here, we have used the general fact that limϵ→0+ g(x)f(x− iϵ) = limϵ→0+ g(x− iϵ)f(x− iϵ) in
the sense of distributions, when f is analytic in a strip Z= {x− iy : x ∈ R, 0< y< y0} ⊂ C

with supz∈Z |f(z)(ℑz)N|<∞ for some N> 0 and g is analytic on Z and continuous on Z∪R.
As the function K(z) evidently decays rapidly as z→∞ on the real axis, the method of

section 4 allows us to read off the QEI from the derivatives of K(z) at z= 0 according to (4.19).
Using

K(z) =
3z2

8sinh4(
√
z/2)

=−6+ z− 11
120

z2 +O(z3), (5.9)
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we find A= a2 and B= 11a4/30, in agreement with (1.9) and (1.10) using the invariants from
table 1 and reproducing the result (1.5) from [17]. In that reference, the point-split energy dens-
ity (5.8) was found by a direct calculation. Writing T(s,s ′) = T(s− s ′), the Fourier transform
yields

T̂(u) =
u3 − a2u

2π(1− e−2π u/a)
(5.10)

and by using the last expression in (3.13), a calculation gives

Qeven(α) =
1

32π3

(

α4 + 2a2α2 +
11
30
a4
)

, (5.11)

from which (1.5) follows on inserting the above expression into (3.12) and using Parseval’s
theorem.

5.3. Hyperbolic subgroups: the catenary

Now consider the catenary

γ(s) = (a−1 coshχ sinhas,a−1 coshχ coshas,−ssinhχ,0), (5.12)

for constant a 6= 0, with initial velocity

γ̇•(0) = (coshχ,0,−sinhχ,0), (5.13)

and second and third derivatives

γ̈•(0) = (0,acoshχ,0,0),
...
γ •(0) = (a2 coshχ,0,0,0). (5.14)

The velocity evolves under the hyperbolic subgroup (5.4). Writing C= coshχ and V= sinhχ,
the tetrad

e•0(s) = (Ccoshas,Csinhas,−V,0), e•1(s) = (sinhas,coshas,0,0),

e•2(s) = (−Vcoshas,−Vsinhas,C,0), e•3(s) = (0,0,0,1) (5.15)

is adapted to γ with eµa (s) = Hµ
ν(s)e

ν
a (0). A calculation results in the formula

K(z) =−
4V2(sinhc2(r)+ v2)sinh2(r)+ 2(4C2 − 1)sinhc2(r)− 16V2sinhc(2r)+ 2v2(4C2 − 3)

C4(sinhc2(r)− v2)3

(5.16)

where v= tanhχ, r=
√
z/(2coshχ) and sinhc(x) = sinh(x)/x is the hyperbolic version of the

sinc function. Note that we need not specify a branch for the square root as it always appears
in the argument of an even entire function, and also that K(z)→ 0 as z→∞ in R. The series
expansion is

K(z) =−6+
2C2 − 1
C2

z− 185C4 − 182C2 + 30
360C4

z2 +O(z3) (5.17)

and as κ= aC we may read off A= a2(2C2 − 1) = a2 cosh2χ and B= (185C4 − 182C2 +
30)a4/90. It is straightforward that these values agree with (1.9) and (1.10) using the curvature
invariants for this case. In particular, the resulting QEI is compatible with a constant negative
energy density of

−Treg(0) =− (185cosh4χ− 182cosh2χ+ 30)a4

1440π2
(5.18)
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along the worldline (5.12). As would be expected, the QEI for linear acceleration is obtained
in the limit χ→ 0, but for χ 6= 0, we have −Treg(0)<−11a4/480π2, and the QEI bound is
consistent with a strictly more negative constant energy density than is the case for the linearly
accelerated worldline with the same value of a.

5.4. Parabolic subgroups: the semicubical parabola

We now consider the semicubical parabola

γ(s) =

(

s+
1
6
a2s3,

1
6
a2s3,0,

1
2
as2

)

, (5.19)

for constant a 6= 0, whose velocity evolves as γ̇µ(s) = Pµ
ν(s)γ̇(0) with γ̇(0) = ∂t, where Pµ

ν

was defined in (2.14). From the initial derivatives γ̇(0) = ∂t, γ̈(0) = a∂z,
...
γ (0) = a2(∂t+ ∂x)

one sees that the initial tetrad e0(0) = ∂t, e1(0) = ∂z, e2(0) = ∂x, e3(0) = ∂y determines an
adapted tetrad

e•0(s) =
(

1+ 1
2 (as)

2, 12 (as)
2,0,as

)

, e•1(s) = (as,as,0,1) ,

e•2(s) =
(

− 1
2 (as)

2,1− 1
2 (as)

2,0,−as
)

, e•3(s) = (0,0,1,0), (5.20)

at general proper time s obeying eµa (s) = Pµ
ν(s)e

ν
a (0).

Straightforward calculation now gives

K(z) =−6− z/2+ 5z2/36
(1+ z/12)3

, (5.21)

with

K(z) =−6+ 2z− 37
72
z2 +O(z3) (5.22)

as z→ 0 and K(z) = O(z−1) for z→∞. Thus, the point-split energy density is

T(s,s ′) = lim
ϵ→0+

3− a2(s− s ′)2/4+ 5a4(s− s ′)4/72
π2(s− s ′ − iϵ)4(1+ a2(s− s ′)2/12)3

(5.23)

and (4.19) gives A= 2a2 and B= 37a4/18, in agreement with (1.9) and (1.10). Thus the QEI
along a semicubical parabola is
ˆ

ds|g(s)|2〈:Tµν γ̇µγ̇ν :〉ω(γ(s))⩾ − 1
16π2

ˆ ∞

−∞
ds

(

|g ′ ′(s)|2 + 4a2|g ′(s)|2 + 37
18
a4|g(s)|2

)

,

(5.24)

for any Hadamard state ω. The long-time scaling limit of the above QEI is then

liminf
λ−→∞

ˆ ∞

−∞
ds|gλ(s)|2〈:Tµν γ̇µγ̇ν :〉ω(γ(s))⩾− 37

288π2
a4, (5.25)

where as usual we choose gwith unit L2-norm. The QEI is therefore compatible with a constant
negative energy density−37a4/(288π2) along the semicubical parabola. As one would expect,
the QEI reduces to the inertial case as a→ 0.

In fact the QEI (5.24) can also be obtained by a different method. Writing
T(s,s ′) = T(s− s ′), the Fourier transform may be computed by contour methods as

T̂(u) =
1
2π

[(

2u2√
12

+
7|u|
8
a+

15

8
√
12
a2
)

ae−|u|
√

12/a+
(

u3 + 2ua2
)

Θ(u)

]

. (5.26)
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The calculation is considerably simplified if one first replaces powers of s− s ′ in (5.23) by
powers of s− s ′ − iϵ. To findQeven(α), we note that T̂odd(u) = (u3 + 2ua2)/(4π), and also that
the integral of T̂ over (−∞,0] may be evaluated in terms of Γ-functions. After manipulation,
the formula (3.13) gives

Qeven(α) =
1

4π3

ˆ 0

−∞

(

2u2√
12

+
7|u|
8
a+

15

8
√
12
a2
)

ae−|u|
√

12/a du+
1

8π3

ˆ α

0

(

u3 + 2ua2
)

du

=
1

32π3
α4 +

a2

8π3
α2 +

37a4

576π3
. (5.27)

Inserting this expression in (3.12) and using Parseval’s theorem we reproduce (5.24).

5.5. Elliptic subgroups: uniform rotation

Next, consider the uniformly rotating worldline

γ(s) = (scoshχ,0,rcosωs,rsinωs) , (5.28)

where the radius r> 0 and proper angular velocity ω 6= 0 together fix the rapidity χ =
sinh−1(rω). In this case, the velocity evolves under rotations in the yz-plane as γ̇µ(s) =
Rµ

ν(s)γ̇
ν(0), where

R•
•(s) =









1 0 0 0
0 1 0 0
0 0 cosωs −sinωs
0 0 sinωs cosωs









= exp









0 0 0 0
0 0 0 0
0 0 0 −ωs
0 0 ωs 0









. (5.29)

Meanwhile, the initial velocity and its first two derivatives are

γ̇•(0) = (C,0,0,V)

γ̈•(0) = (0,0,−Vω,0)
...
γ •(0) =

(

0,0,0,−Vω2
)

,

where we have written C= coshχ and V= rω = sinhχ. Then e•0(0) = (C,0,0,V), e•1(0) =
(0,0,−1,0), e•2(0) = (−V,0,0,−C), e•3(0) = (0,1,0,0), defines an adapted tetrad at s= 0,
which can be extended along γ by eµa (s) = Rµ

ν(ωs)e
ν
a (0) to give

e•0(s) = (C,0,−Vsinωs,Vcosωs), e•1(s) = (0,0,−cosωs,−sinωs),

e•2(s) = (−V,0,Csinωs,−Ccosωs), e•3(s) = (0,1,0,0). (5.30)

A calculation gives

K(z) =
4C2 sin2(θ)(1+ v2sinc2(θ))− 2(4C2 − 3)v2sinc2(θ)+ 16V2sinc(2θ)+ 2(4C2 − 1)

C4(1− v2sinc2(θ))3
,

(5.31)

where θ =
√
z/(2sinh(χ)), with series expansion

K(z) =−6+
2cosh2χ− 1

sinh2χ
z− 185cosh4χ − 188cosh2χ + 33

360sinh4χ
z2 +O(z3). (5.32)
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As κ= rω2 = ω sinhχ we read off A= ω2 cosh(2χ) = (2(rω)2 + 1)ω2 and

B=
ω4(185cosh4χ − 188cosh2χ + 33)

90
=

ω4(30+ 182(rω)2 + 185(rω)4)
90

, (5.33)

which may be substituted into (1.8) to obtain the QEI in this case. In particular, the QEI is
compatible with a constant negative energy density of

−Treg(0) =−ω4(30+ 182(rω)2 + 185(rω)4)
1440π2

(5.34)

along the worldline. While the point-split energy density may be written down in terms of K,
we do not know of any closed-form expression for its transform. Thus the method of sections 3
and 4 is the only available way to compute this QEI.

Note that the QEI reduces to the inertial case if ω→ 0 with r fixed—indeed, even if r=
o(ω−2). One might initially be surprised that it does not reduce in the same way when r→ 0+
with ω fixed. The explanation is that the torsion of the curve does not vanish in this limit, even
though the curvature κ does. This neatly illustrates the influence of higher curvature invariants
on the QEI bound.

5.6. Loxodromic subgroups

Finally, we study the loxodromic worldline

γ•(s) = (Ca−1 sinh(as),Ca−1 cosh(as),Vω−1 cos(ωs),Vω−1 sin(ωs)), (5.35)

where C= coshχ, V= sinhχ for fixed χ 6= 0, a 6= 0 and ω 6= 0. This worldline undergoes both
rotation in the yz-plane at constant proper angular velocity ω and constant distance |V/ω| from
the x-axis, while undergoing uniform acceleration in the x-direction. The velocity evolves as
γ̇µ(s) = La,ωµ

ν(s)γ̇
ν(0), where

La,ω
•
•(s) =









coshas sinhas 0 0
sinhas coshas 0 0

0 0 cosωs −sinωs
0 0 sinωs cosωs









= exp









0 as 0 0
as 0 0 0
0 0 0 −ωs
0 0 ωs 0









. (5.36)

It can be checked that

e•0(s) = (Ccoshas,Csinhas,−Vsinωs,Vcosωs),

e•1(s) = (Caκ−1 sinhas,Caκ−1 coshas,−Vωκ−1 cosωs,−Vωκ−1 sinωs),

e•2(s) = (−Vcoshas,−Vsinhas,Csinωs,−Ccosωs),

e•3(s) = (Vωκ−1 sinhas,Vωκ−1 coshas,Caκ−1 cosωs,Caκ−1 sinωs) (5.37)

defines an adapted tetrad for γ, obeying eµa (s) = La,ωµ
ν(s)e

ν
a (0), while the calculation of K by

computer algebra produces

K(z) =
1

(C2sinhc2(ar)−V 2sinc2(ωr))3
(

16C2V 2sinc(2ωr)sinhc(2ar)

+4(C2 sin2(ωr)−V 2 sinh2(ar))(V 2sinc2(ωr)+C2sinhc2(ar))

−2V2(C2 + 3V2)sinc2(ωr)− 2C2(3C2 +V 2)sinhc2(ar)
)

, (5.38)

where r=
√
z/(2

√
C2a2 +V 2ω2). For large real z, it is easily seen that

K(z)∼−4V2(ar)2/(C4sinhc2(ar))→ 0 (5.39)
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as z→∞ in R. Meanwhile, the Taylor expansion about z= 0 reads

K(z) =−6+
(a2 +ω2)(C2 +V 2)

C2a2 +V 2ω2
z− z2

360(C2a2 +V 2ω2)2
(

(33a4 + 60a2ω2 + 30ω4)C4

+ (122a4 + 250a2ω2 + 122ω4)(CV)2 +(33ω4 + 60a2ω2 + 30a4)V4
)

+O(z3)

so A= (C2 +V 2)(a2 +ω2), while B is given by

90B= (3a4 + 30(a2 +ω
2)2)C4 +(3ω4 +(30(a2 +ω

2)2)V4 +(122(a2 +ω
2)2 + 6a2ω2)C2V2

= 3(C2a2 +V2
ω
2)2 + 62(a2 +ω

2)2(CV)2 + 30(a2 +ω
2)2(C2 +V2)2, (5.40)

in which the last term is 30A2. These values are easily expressed in terms of curvature invari-
ants. Using (2.19) and C2 −V 2 = 1 one has

κ2(τ 2 + υ2) = (a2 +ω2)2(CV)2 +(aω)2 = (V2a2 +C2ω2)(C2a2 +V 2ω2)

= κ2(V2a2 +C2ω2), (5.41)

from which the identity

κ2 + τ 2 + υ2 = (a2 +ω2)(C2 +V 2) = A (5.42)

follows directly, in agreement with (1.9). Using this in (5.40) together with (2.19) we see that
B takes the form (1.10). We see that the QEI is compatible with a constant negative energy
density of −Treg(0) along the worldline (2.18), where

Treg(0) =
185(a2 +ω2)2C4 − (182a4 + 370a2ω2 + 188ω4)C2 + 33ω4 + 60a2ω2 + 30a4

1440π2

(5.43)

and we have used V 2 = C2 − 1. Note that the QEI does not reduce to the hyperbolic QEI
in the limit χ→ 0 with a and ω fixed. This is because the hypertorsion has a nonzero limit
υ → sgn(a)ω, even though the torsion vanishes and the curvature tends to a. Nonetheless, it
is easily seen from (5.40) that 90B⩾ 33a4 and hence that−Treg(0)<−11a4/(480π2), so that
the QEI for loxodromic worldlines can be consistent with a more negative constant value of
the energy density than the linearly accelerated worldline with the same value of a.

6. Summary and discussion

In this paper we have succeeded in giving an exact closed form expression (1.8)–(1.10) for the
QEI for the massless scalar field on any stationary worldline in four-dimensional Minkowski
spacetime. This was achieved by a novel method that circumvented the need to take Fourier
transforms of the point-split energy density along the worldline, and which reduced the prob-
lem to the computation of certain Taylor coefficients of functions determined by a tetrad adap-
ted to the worldline. In addition, we have given explicit calculations for the six prototypical
classes of stationary trajectory, obtaining agreement with our general result (and also verify-
ing a technical condition needed for the general analysis). The resulting QEI bound depends
only on the curvature, torsion and hypertorsion of the worldline. We have also conducted—in
appendix C—a parallel exercise for a quantum inequality on the Wick square. A scaling ana-
lysis (see (1.11)) shows how these bounds take a universal form on timescales short in relation
to the curvature scales, from which they then deviate at longer timescales. In the infinite time
limit, they would all allow the field to exhibit a constant negative energy density (or zero in
the inertial case).
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Our results complement those of Kontou and Olum [37, 38], who computed an absolute
QEI [19] in an approximation of spacetimes where the curvature was weak. There, the world-
line was taken to be a geodesic. Our present results indicate the corrections that should enter
at leading order when that assumption is dropped. (We reemphasise that our results are exact
for massless fields in Minkowski spacetime on stationary trajectories.)

To conclude, we first mention various potential extensions of our work and then return to the
question of whether the long-time limits of the QEI are saturated by physical states of the field.
Starting with extensions, we expect that our general method would extend fairly directly to sta-
tionary worldlines in any even-dimensionalMinkowski spacetimes, leading to closed form res-
ults in terms of the appropriate curvature invariants. In odd dimensions, the vacuum two-point
function involves noninteger powers of the geodesic separation, which adds an extra complic-
ation. It would be interesting to investigate this case in more detail. (For higher-dimensional
treatment of the Unruh detector response in higher dimensions, which would be related to the
Wick QI in these cases, see [33], and for specific calculations relating to the detailed balance
definition of Unruh temperature along stationary worldlines in four-dimensions, see [29].)
Next, massive fields typically have QEI bounds that are exponentially suppressed relative to
the massless ones. Here, we do not expect that our method would easily produce closed-form
results, but again, it would be worth investigating, as would the situation for higher spin fields.

Finally, we consider the extent to which the long term average bounds can be attained. In
the case of inertial worldlines this is obvious: the long-term average value of zero is attained
in the Minkowski vacuum state. For uniformly accelerated curves it was noted in [17] that
the bound (1.6) is attained by the Rindler vacuum for the right wedge x> |t| in Minkowski
spacetime. It is useful to put this in a broader context. Adopting coordinates t= ξ sinhχ, x=
ξ coshχ, the Rindler wedge x> |t| of Minkowski spacetime has metric ξ2 dχ2 − dξ2 − dy2 −
dz2, and any curve χ 7→ (aχ,1/a,y0,z0)with a> 0 is a curve of proper acceleration a in proper
time parameterisation. Moreover, the energy density measured by an observer moving on a
curve of constant ξ, in the thermal state of temperature β−1 with respect to the coordinate χ, is

〈:Tµνuµuν :〉β =
(4π2 −β2)(33β2 + 12π2)

1440π2β4ξ4
, (6.1)

reducing to

〈:Tµνuµuν :〉∞ =− 11
480π2ξ4

(6.2)

for the Rindler ground state. At β = 2π, the thermal state on Rindler spacetime is precisely
the restriction of the Minkowski vacuum to the right wedge, which is why the energy dens-
ity vanishes. Because most references (e.g. [4, 7, 9]) only discuss the conformally coupled
stress-energy tensor (the ‘new improved’ stress tensor) and [17] only considered the ground
state without giving details, the relevant calculations are briefly reviewed in appendix D. On
restriction to the curve ξ = 1/a we see that all these states have constant energy density con-
sistent with (1.6) (see figure 1) and that this bound is attained by the Rindler ground state.

One should note that the Rindler ground state (and indeed all the β-KMS states other than
the special case β = 2π) is not defined on all of Minkowski, but just on the wedge x> |t|.
The obvious divergence of the stress-energy tensor as ξ → 0+ shows that the state cannot
be extended as a Hadamard state beyond the wedge. The reason they satisfy the Minkowski
QEI is because this QEI is local and covariant—see [17] for a discussion and many similar
calculations, and [13] for a more abstract viewpoint inspired by [5]. Nonetheless, it remains
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Figure 1. Plot of ρ= (480π2ξ4)⟨:Tµνuµuν :⟩β on a curve of constant ξ, against β. The
dotted line corresponds to the QEI bound (1.6), which is attained as β →∞, corres-
ponding to the Rindler ground state.

open as to whether equality in (1.6) can be attained by a Hadamard state defined on all of
Minkowski; our conjecture is that one can find global Hadamard states that approximate the
Rindler ground state sufficiently well that the bound (1.6) is satisfied in a limiting sense. These
issues will be addressed elsewhere.

Turning to the remaining stationary worldlines, the QEI is again consistent with a constant
strictly negative energy density and we can again ask whether the bound is attained in any
sense. Letaw and Pfautsch [42] considered the problem of quantising the field in coordin-
ates associated with the various stationary worldlines and seeking an appropriate ground
state. For the inertial, uniformly rotating, and semicubical parabolic worldlines, they con-
cluded that the resulting state was precisely the Minkowski vacuum state. This means that
we have no obvious candidate state associated with the uniformly rotating and semicubical
parabolic worldlines with negative energy density. On the other hand, the catenary (5.12)
and loxodromic worldlines (2.18) both result in a Rindler vacuum state on the x> |t| wedge,
which is the causal hull of the worldline in question. One may compute the energy density
along these curves in the Rindler vacuum, using the renormalised stress energy tensor given
in appendix D, yielding constant energy densities −(14cosh2χ+ 19)a4/(1440π2 cosh4χ) in
each case. This value is strictly greater than −11a4/(480π2) for χ 6= 0, which is greater than
the most negative constant energy density consistent with the QEIs in these cases (see the
remarks at the end of sections 5.3 and 5.6). Thus they are are consistent with the QEIs but do
not saturate them.

It therefore remains an open and intriguing question, whether there are (sequences of)
Hadamard states that attain these QEI bounds (in a limiting sense). Resolving this question, and
its analogues in 2+1 dimensions, may have relevance to proposed experiments to detect the
Unruh effect using a laser beam whose intersection with a Bose–Einstein condensate follows
a uniformly rotating worldline [30].
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Appendix A. Details on the method

We give further details on the method described in section 4 and prove the lemma stated there.
Some aspects are treated using techniques of microlocal analysis—we will be rather brief on
those details, referring the reader to appropriate literature, while indicating the structure of the
argument.

To start, we observe that, for ϵ> 0, F(σϵ(x,0)) can be written

F(σϵ(x,0)) =
ˆ

d3k
(2π)3

e−∥k∥ϵ−ik·x

2‖k‖ , (A.1)

where k• = (‖k‖,k), x• = (t,x). Thus for any φ ∈ C∞
0 (R4), the distribution uϵ(x) =

φ(x)F(σϵ(x,0)) has Fourier transform

ûϵ(k
′) =
ˆ

d3k
(2π)3

e−ϵ∥k∥

2‖k‖ φ̂(k ′ − k). (A.2)

As φ̂ decays faster than inverse polynomials and k ∈N+, where N+/− is the bundle of
future/past-pointing null covectors, it may be shown that F(σϵ(x,0)) converges in D ′

N+(R4)
with respect to the Hörmander pseudo-topology [35]. It follows from this that the vacuum 2-
point function G0(x,x ′) is the limit of F(σϵ(x,x ′)) = F(σϵ(x− x ′,0)) in D ′

N+×N−(R4 ×R4)

and has wavefront set WF(G0)⊂N+ ×N−, as is also known on general grounds because the
state is Hadamard [49].

These facts have various consequences. First, the pull-back of (any derivative operator act-
ing on) G0 by φ : (s,s ′) 7→ (γ(s),γ(s ′)) is well-defined because the set of normals to φ does
not intersect WF(G0), essentially because timelike and null vectors cannot be orthogonal—
see [11] for details. Consequently the pull-back is well-defined by standard results explained
in chapter 8 of [35] and has wavefront set contained in φ∗WF(G0)⊂ φ∗(N+ ×N−) =
Γ× (−Γ), where Γ = R× (0,∞)⊂ T∗R. Moreover, φ∗G0 is the limit in D ′

Γ×(−Γ)(R×R)
of φ∗F ◦σϵ as ϵ→ 0+, which justifies taking the pull-back under the ϵ→ 0+ limits in (4.6).
Similar arguments apply to the convergence of F ′(σϵ(x,x ′)) and F ′ ′(σϵ(x,x ′)) as ϵ→ 0+.

Next, recall that the stationary worldline γ has velocity u= γ̇ evolving according to
u(s) = exp(sM)u(0), for M ∈ so(1,3) with dimensions of inverse time, and that the right-
handed tetrad ea(s) obeys ea(s) = exp(sM)ea(0), with u(s) = e0(s), u̇(s) ∈ Span{e1(s)}, and
ü(s) ∈ Span{e0(s),e1(s),e2(s)}. The Cartesian coordinates of γ(s), and components of ea(s)
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are evidently real analytic in s. We extend ea to a smooth tetrad in a neighbourhood of γ in an
arbitrary fashion. Recall that the functions Ca and Da are defined, in index-free notation, by

Ca(s,s
′) = η(ea(s),ea(s

′)), Da(s,s
′) = η(γ(s)− γ(s ′),ea(s)). (A.3)

We now prove the lemma needed in section 4, which we restate for convenience.

Lemma. (a) With the choice of tetrad just described, Ca(s,s ′) and Da(s,s ′) are translationally
invariant, depending only on s− s ′. There are entire analytic functions Ga and Ha such that

Ca(s,s
′) = Ga(κ

2(s− s ′)2), Da(s,s
′)Da(s

′,s) =−(s− s ′)2Ha(κ
2(s− s ′)2), (A.4)

where in the limit z→ 0,
3

∑

a=0

Ga(z) =−2+
τ 2 + υ2

κ2
z+

(κτ)2 − (τ 2 + υ2)2

κ4
z2 +O(z3), (A.5)

and
3

∑

a=0

Ha(z) = 1+
z
12

+
κ2 + 19τ 2

360κ2
z2 +O(z3). (A.6)

(b) The signed square geodesic separation of points along γ obeys

σ0(γ(s),γ(s
′)) =−(s− s ′)2Υ(κ2(s− s ′)2), (A.7)

where Υ is entire analytic with Υ(z) = 1+ 1
12 z+

1
360 (1− τ 2/κ2)z2 +O(z3) as z→ 0.

Furthermore, for z ∈ [0,∞), Υ(z) is real with Υ(z)⩾ 1.

Proof. (a) For inertial worldlines, ea(s) is constant and the result holds trivially with G0(z)≡
1, Gi(z)≡ 1, H0(z)≡−1, Hi(z)≡ 0. From now on we may assume that κ is nonzero.

It follows from (4.1) that

Ca(s,s
′) = η(exp(s ′M)ea(0),exp(sM)ea(0)) = η(ea(0),exp((s− s ′)M)ea(0)), (A.8)

so Ca depends only on s− s ′. As every component of the matrix exp(sM) is analytic, and
because Ca(s,s ′) = Ca(s ′,s), we deduce that Ca(s,s ′) = Ga(κ

2(s− s ′)2) for dimensionless
entire analytic functions Ga.

Next, observe that

∂

∂s ′
Da(s,s

′) =−η(e0(s
′),ea(s)) =−η(e0(0),exp((s− s ′)M)ea(0)). (A.9)

Integrating with respect to s
′

and usingDa(s,s) = 0 we may deduce that κDa(s,s ′) is a dimen-
sionless entire analytic function of (s− s ′)κ. Again usingDa(s,s) = 0 and because (A.9) gives
∂D0/∂s ′|s ′=s =−1 and ∂Di/∂s ′|s ′=s = 0 for i = 1,2,3, we have

D0(s,s
′) = (s− s ′)

(

1+O((κ(s− s ′))2)
)

, Di(s,s
′) = κ−1O((κ(s− s ′))2), (A.10)

where we have also used the fact that D0(s,s ′) =−D0(s ′,s) as a consequence of (A.9).
Because Da(s,s ′)Da(s ′,s) is invariant under interchange of s and s

′

, we now have

Da(s,s
′)Da(s

′,s) =−(s− s ′)2Ha(κ
2(s− s ′)2) (A.11)

for dimensionless entire analytic functions Ha. The Taylor series of Ga, Ha and their sums, are
computed up to second order in appendix B.

(b) Next, we study the geodesic separation between γ(s) and γ(s ′). We note that

∂

∂s
σ0(γ(s),γ(s

′)) =−2D0(s,s
′) (A.12)
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depends only on s− s ′, so σ0(γ(s),γ(s ′)) = Σ(s− s ′)+ f(s ′) and on considering s= s ′ we
find that f is constant and may be absorbed into Σ, which is also seen to be even. The first
terms in its Taylor expansion are easily found: Σ(0) = 0, while

Σ ′ ′(s− s ′) =−2η(u(s),u(s ′)), Σ(4)(s− s ′) = 2η(u̇(s), u̇(s ′)),

Σ(6)(s− s ′) =−2η(ü(s), ü(s ′)) (A.13)

giving

Σ ′ ′(0) =−2, Σ(4)(0) =−2κ2, Σ(6)(0) =−2κ2(κ2 − τ 2) (A.14)

using (2.9). Accordingly, we have established (A.7), the analyticity of Υ, and also the
expansion

Υ(z) = 1+
z
12

+
κ2 − τ 2

360κ2
z2 +O(z3) (A.15)

as z→ 0. Finally, as γ(0) and γ(s) are connected by a smooth timelike curve, the timelike
geodesic that connects them maximises proper time. Thus −σ0(γ(s),γ(0))⩾ s2 for all s ∈ R

and consequently, Υ(z)⩾ 1 for z ∈ [0,∞), which concludes the proof.

Finally, we explain how the identity (4.13) may be proved. First note that

σϵ(γ(s),γ(s
′)) = σ0(γ(s),γ(s

′))+ 2iϵ(γ0(s)− γ0(s′))+ ϵ2

=−(s− s′)2Υ(κ2(s− s′)2)+ 2iϵ(γ0(s)− γ0(s′))+ ϵ2

=−(s− s′ − iϵ)2Υ(κ2(s− s′)2)+ ϵΨ(s,s′)+ ϵ2Ξ(s,s′)

for smooth (indeed analytic) functionsΨ andΞ. Let S be the difference between the distribution
on the left-hand side of (4.13) and the distribution on the right-hand side. Then, using the fact
that Υ is nonvanishing on the real axis, S takes the form

S(s,s ′) = lim
ϵ→0+

2k
∑

r=1

ϵrSr(s,s ′)
σϵ(γ(s),γ(s ′))k(s− s ′ − iϵ)2k

(A.16)

for smooth functions Sr ∈ C∞(R2) (1⩽ r⩽ 2k). All that is needed now is to show that the
distributional limit

lim
ϵ→0+

1
σϵ(γ(s),γ(s ′))k(s− s ′ − iϵ)2k

(A.17)

exists, whereupon S must vanish due to the strictly positive powers of ϵ in (A.16). The
required result now follows from the sequential continuity of the distributional product with
respect to the Hörmander pseudo-topology (theorem 2.5.10 in [34]), and the fact that both
1/σϵ(γ(s),γ(s ′)) and

1
s− s ′ − iϵ

= i
ˆ ∞

0
dke−ik(s−s ′−iϵ) (A.18)

have limits as ϵ→ 0+ in D ′
Γ×(−Γ)(R

2), where, as before, Γ = R× (0,∞)⊂ Ṫ∗R.
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Appendix B. Taylor series calculation

We compute the Taylor series of bothGa andHa up to second order, using equations (4.7), (4.8)
and (4.18). Recalling that Ca(s,s ′) = Ga(κ

2(s− s ′)2), one can expand the right hand side into
a Taylor series in s− s ′ about the point s− s ′ = 0 and then differentiate to yield

− 1
2κ2

∂2Ca
∂s∂s ′

= G ′
a(0)+ 3κ2(s− s ′)2G ′ ′

a (0)+O((s− s ′)4) (B.1)

1
12κ4

∂4Ca
∂2s∂2s ′

= G ′ ′
a (0)+O((s− s ′)2) (B.2)

as s− s ′ → 0. Differentiating equation (4.7) and setting s= s ′ = 0, one easily finds

G ′
a(0) =−η(ėa(0), ėa(0))

2κ2
, G ′ ′

a (0) =
η(ëa(0), ëa(0))

12κ4
(B.3)

by equating powers of s− s ′. The derivatives of the ea can be read off from the generalized
Frenet–Serret equation (2.5) and its derivatives (2.8), allowing us to express G ′

a(0) and G
′ ′
a (0)

in terms of curvature invariants.
An easy computation shows that

G ′
a(0) =

1
2
η0a+

κ2 − τ 2

2κ2
η1a−

τ 2 + υ2

2κ2
η2a−

υ2

2κ2
η3a (B.4)

and

G ′ ′
a (0) =

κ2 − τ 2

12κ2
η0a+

τ 2υ2 +(κ2 − τ 2)2

12κ4
η1a−

κ2τ 2 − (τ 2 + υ2)2

12κ4
η2a+ υ2 τ

2 + υ2

12κ4
η3a,

(B.5)

where η(ea(0),eb(0)) = ηab by orthogonality of the tetrad field. Reconstructing Ga using a
Taylor series therefore yields

Ga(z) = ηaa+
1

2κ2
z
(

η0aκ
2 − η1a(τ

2 −κ2)− η2a(υ
2 + τ 2)− η3aυ

2
)

+
z2

24κ4

(

η0aκ
2(κ2 − τ 2)+ η1a(τ

2υ2 +(κ2 − τ 2)2)− η2a(κ
2τ 2 − (τ 2 + υ2)2)

+η3aυ
2(τ 2 + υ2)

)

+O(z3). (B.6)

Summing, we obtain

3
∑

a=0

Ga(z) =−2+
τ 2 + υ2

κ2
z+

(κτ)2 − (τ 2 + υ2)2

κ4
z2 +O(z3) (B.7)

as z→ 0.
Applying exactly the same methodology to Ha, one writes Ea(s,s ′) = Da(s,s ′)Da(s ′,s) so

that

Ea(s,s
′) =−(s− s ′)2Ha(κ

2(s− s ′)2)

=−(s− s ′)2Ha(0)−κ2(s− s ′)4H ′
a(0)− 1

2κ
4(s− s ′)6H ′ ′

a (0)+O((s− s ′)8). (B.8)

Differentiation yields

∂2Ea
∂s∂s ′

= 2Ha(0)+ 12κ2(s− s ′)2H ′
a(0)+ 15κ4(s− s ′)4H ′ ′

a (0)+O((s− s ′)6) (B.9)

∂4Ea
∂2s∂2s ′

=−24κ2H ′
a(0)− 180κ4(s− s ′)2H ′ ′

a (0)+O((s− s ′)4) (B.10)
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∂6Ea
∂3s∂3s ′

= 360κ4H ′ ′
a (0)+O((s− s ′)4), (B.11)

from which Ha(0), H ′
a(0) and H ′ ′

a (0) can be obtained differentiating equation (4.18) using
Leibniz’ rule and subsequently setting s= s ′ = 0. It is easily verifiable that this yields

Ha(0) = [η(γ̇(0),ea(0))]
2
= [η(e0(0),ea(0))]

2
, (B.12)

H ′
a(0) =− 1

4κ2
[η(γ̈(0),ea(0))]

2 +
1

3κ2
η(γ̇(0),ea(0))η(

...
γ (0),ea(0)), (B.13)

H ′ ′
a (0) =

1
18κ4

[η(
...
γ (0),ea(0))]

2 − 1
12κ4

η(γ̈(0),ea(0))η(γ
(4)(0),ea(0))

+
1

30κ4
η(γ̇(0),ea(0))η(γ

(5)(0),ea(0)), (B.14)

and after some straightforward computation,

Ha(0) = η0a (B.15)

H ′
a(0) =

1
3
η0a+

1
4
η1a (B.16)

H ′ ′
a (0) = (η0a)

2

(

1
18

+
κ2 − τ 2

30κ2

)

− κ2 − τ 2

12κ2
(η1a)

2 +
τ 2

18κ2
(η2a)

2

= η0a

(

1
18

+
κ2 − τ 2

30κ2

)

+
κ2 − τ 2

12κ2
η1a−

τ 2

18κ2
η2a (B.17)

using the fact that (η0a)2 = η0a and (ηia)
2 =−ηia for i = 1,2,3, as can be explicitly seen in

the calculation of H ′ ′
a (0). Reconstructing Ha using a Taylor series, one obtains

Ha(z) = η0a +
1
12
z(4η0a + 3η1a)+

1
360κ2

z2
(

η0a(10κ2 + 6(κ2 − τ 2))

+15η1a(κ2 − τ 2)− 10η2aτ 2
)

+O(z3), (B.18)

and summing,

3
∑

a=0

Ha(z) = 1+
z
12

+
κ2 + 19τ 2

360κ2
z2 +O(z3). (B.19)

Appendix C. Wick square

In this appendix we show how a quantum inequality for theWick square can be obtained along
stationary trajectories. This is a simpler calculation than the one used for the energy density
and we shall be relatively brief.

Recall that the general QEI involves a (sum of) pull-backs of a suitable differential operator
acting on the two-point function,

T(s,s ′) = 〈Qϕ(γ(s))Qϕ(γ(s ′))〉ω0 = ((Q⊗Q)G0)(γ(s),γ(s
′)). (C.1)

For a quantum inequality on the Wick square, the operator Q can be simply identified as the
identity, so T(s,s ′) can be written in this case as

T(s,s ′) = G0(γ(s),γ(s
′)). (C.2)

27



Class. Quantum Grav. 40 (2023) 175008 C J Fewster and J Thompson

Using the results of section 4 and in particular, equation (4.13), the two-point function can be
neatly expressed as

T(s,s ′) = lim
ϵ→0+

1
4π2σϵ(γ(s),γ(s ′))

=− lim
ϵ→0+

1
4π2(s− s ′ − iϵ)2

[

Υ
(

κ2(s− s ′)2
)]−1

. (C.3)

AsΥ(κ2s2)⩾ 1 for s ∈ R by the lemma, the entire functionΥ(z) is nonvanishing on the real
axis, andΥ(z)−1 is therefore analytic in a neighbourhood of the real axis. Using (4.12) we may
write Υ(z)−1 = 1+ zJ(z), where J is also analytic in a neighbourhood of the real axis, with
J(0) =−1/12. Because 0< 1+ zJ(z)≤ 1 for z⩾ 0, we may deduce that 0⩽−J(z)< 1/z for
z> 0.

We can now split the pulled back two-point function into its singular and regular parts as
T(s,s ′) = Tsing(s− s ′)+ Treg(s− s ′), where

Tsing(s) =− 1
4π2

lim
ϵ→0+

1
(s− iϵ)2

, (C.4)

and

Treg(s) =−J(κ2s2)
4π2

lim
ϵ→0+

κ2s2

(s− iϵ)2
=−κ2J(κ2s2)

4π2
, (C.5)

with Treg(0) = κ2/(48π2). Here we used the identity limϵ→0+ x2/(x− iϵ)2 = limϵ→0+(x−
iϵ)2/(x− iϵ)2 = 1 of distributional limits, because g(z) = z2 is entire, while f(z) = z−2 is ana-
lytic in the open lower half-plane Z⊂ C and obeys supz∈Z|f(z)(ℑz)2|= 1 (see the argument
below equation (5.8)).

Observing that the two-point function given above is translationally invariant, we can use
the bound given by (1.2) and (1.3) and thus write

ˆ

ds|g(s)|2〈:(Qϕ)2:〉ω(γ(s))⩾−
ˆ ∞

−∞
dα|ĝ(α)|2Qeven(α) (C.6)

where

Qeven(α) =
1

2π2

[

ˆ 0

−∞
T̂(u)du+

ˆ α

0
T̂odd(u)du

]

. (C.7)

The Fourier transform of Tsing is easily shown to be T̂sing(u) = u
2πΘ(u). Again, T reg is smooth,

real and even onR, decaying likeO(s−2) as |s| →∞ because of the decay of J. Evidently T reg

does not contribute to T̂odd as T reg is absolutely integrable and has a well defined, continuous,
real and even Fourier transform. In this case, Tsing is actually universal; the information relating
to the specific worldline is encoded in T reg, as can also be seen below in equation (C.10).
Clearly, T̂sing does not contribute to the first term in (C.7) and, recalling that T reg is even, the
odd part of T̂ is

T̂odd(u) =
u
4π

, (C.8)

and so Qeven is given in the form

Qeven(α) =
1

2π2

[

ˆ 0

−∞
duT̂reg(u)+

1
4π

ˆ α

0
du u

]

=
1

16π3
α2 +

Treg(0)
2π

. (C.9)
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In direct analogy to the analysis of the energy density, the evenness of T reg and the Fourier
inversion formula have been used. Inserting this into (C.6) gives the QI bound

ˆ

ds|g(s)|2〈:ϕ2:〉ω(γ(s))⩾− 1
8π2

ˆ ∞

−∞
ds

(

|g ′(s)|2 +C|g(s)|2
)

. (C.10)

where C= 8π2Treg(0) = κ2/6.
Considering the scaling behaviour, using the same test function gλ(s) = λ−1/2g(λ/s) as in

the case for the QEI (1.11), one can easily verify that

ˆ

ds|gλ(s)|2〈:ϕ2:〉ω(γ(s))⩾− ‖g ′‖2
8π2λ2

− κ2‖g‖2
48π2

, (C.11)

where again ‖g‖2 denotes the L2-norm of the function g. Taking the limit λ→∞ yields the
following formula,

liminf
λ−→∞

ˆ ∞

−∞
ds|gλ(s)|2〈:ϕ2:〉ω(γ(s))⩾− κ2

48π2
(C.12)

when considering the functions g such that ‖g‖2 = 1. Physically, since one can interpret
12〈:ϕ2:〉 as the square of a local temperature [6], states with negative expected Wick square
are regarded as being locally out of equilibrium. The above bound therefore quantifies the
extent to which the thermal interpretation may fail uniformly along these worldlines, in terms
of their proper acceleration. This raises an intriguing question as to whether there are states
that would saturate this bound—something quite relevant to the Unruh experiments discussed
in section 6.

In relation to the Unruh effect, a study of the detailed balance temperature obtained from
the excitation of an Unruh–DeWitt detector carried along stationary worldlines can be found
in [29]. Here the quantum field is assumed to be in the vacuum state, and the temperat-
ure depends not only on the curvature invariants but also on the energy gap of the detector.
Although this is a different focus from our results, which concern averages of the Wick square
in arbitrary Hadamard states, there are technical similarities, because the pulled back vacuum
Wightman function plays a key role in both. It would be interesting to understand whether
some of the methods described here can be used to corroborate the numerical results of [29].

Appendix D. Computation of the renormalised stress-tensor for thermal and
ground states on Rindler spacetime

The Feynman propagator for a thermal state at inverse temperature β of the massless scalar
field in Minkowski spacetime was given by Dowker [9] and the Wightman functions (includ-
ing for higher spin) can be found in [45]. Adopting coordinates t= ξ sinhχ, x= ξ coshχ, the
Rindler wedge x> |t| of Minkowski spacetime has metric ξ2 dχ2 − dξ2 − dy2 − dz2, and any
curve χ 7→ (aχ,1/a,y0,z0) with a> 0 is a curve of proper acceleration a in proper time para-
meterisation. Given two points x= (χ,ξ,y,z) and x ′ = (χ ′, ξ ′,y ′,z ′), write

α(x,x ′) = cosh−1
(

ξ2 +(ξ ′)2 +(y− y ′)2 +(z− z ′)2

2ξξ ′

)

, (D.1)
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whereupon the Wightman function Gβ(x,x ′) = 〈ϕ(x)ϕ(x ′)〉β for the temperature β−1 KMS
state with respect to the coordinate χ is

Gβ(x,x
′) =

1
4πβξξ ′ sinhα(x,x ′)

(

sinh(2πα(x,x ′)/β)
cosh(2πα(x,x ′)/β)− cosh(2π(χ−χ ′ − iϵ)/β)

)

. (D.2)

The β = 2π case coincides with the restriction of theMinkowski vacuum state to the wedge,
while the zero temperature limit has Wightman function

G∞(x,x ′) =− α(x,x ′)
4π2ξξ ′ sinhα(x,x ′)(α(x,x ′)2 − (χ−χ ′ − iϵ)2)

. (D.3)

To obtain the renormalised (minimally coupled) stress-energy tensor, we first apply suitable
derivatives to Gβ −G2π and take the limit x ′ → x, obtaining

⟨:(∇µφ)(x)(∇νφ)(x):⟩β =
4π2 −β2

1440π2β4ξ4

(

(16π2 + 14β2)ûµûν + 30β2âµâν − (4π2 + 11β2)ηµν

)

,

(D.4)

where, at spacetime position x, ûµ = ξ−1(∂χ)
µ is the four-velocity of the curve through x with

constant ξ, y and z, and âµ = (∂ξ)
µ is the unit spacelike vector parallel to the 4-acceleration

of this curve. Consequently,

〈:Tµν :〉β =
4π2 −β2

1440π2β4ξ4
(

(16π2 + 14β2)ûµûν + 30β2âµâν − (4π2 − 19β2)ηµν
)

(D.5)

and the result for Rindler ground state is obtained by taking β →∞, giving

〈:Tµν :〉∞ =− 1
1440π2ξ4

(14ûµûν + 30âµâν + 19ηµν) . (D.6)

Computing the energy density on curves of constant ξ yields (6.1).
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