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THE R-HEIGHT OF SEMIGROUPS AND THEIR
BI-IDEALS

CRAIG MILLER

ABSTRACT. The R-height of a semigroup S is the height of the poset of R-classes of
S. Given a semigroup S with finite R-height, we establish bounds on the R-height of
bi-ideals, one-sided ideals and two-sided ideals; in particular, these substructures inherit
the property of having finite R-height. We then investigate whether these bounds can
be attained.
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1. INTRODUCTION

Green’s relations, five equivalence relations based on mutual divisibility, are arguably
the most important tools for analysing the structure of semigroups. It is natural to
consider how each of Green’s relations on a semigroup relates to the corresponding relation
on a subsemigroup. In general, they bear little resemblance to each other. However,
Green’s relations R, £ and H on a regular subsemigroup 7' of a semigroup S are the
restrictions of the corresponding relations on S. If 7" is an ideal of S, then the same
is also true for Green’s relations D and J [6, Lemma 2.1]. In [4], East and Higgins
investigated the inheritance of Green’s relations by subsemigroups in the presence of
stability of elements. East also, in [5], characterised Green’s relations on principal one-
sided ideals of an arbitrary semigroup, and then applied this theory to full transformation
monoids and symmetric inverse monoids.

This article is concerned with the poset of R-classes of a semigroup. (Two elements
of a semigroup S are R-related if they generate the same principal right ideal, and the
set of R-classes of S is a poset under the natural partial order associated with R.) The
height of this poset is called the R-height. The term R-height first appeared in [8], in
which the R-height of certain finite transformation semigroups was considered. However,
as alluded to in [8], this parameter plays an implicit role in the (right) Rhodes expansion
of a semigroup, a powerful tool in complexity theory, as well as in similar constructions
such as the cover expansion; see [1] and [7, Chapter XII].

The purpose of this article is to compare the R-height of a semigroup with that of its
bi-ideals, one-sided ideals and two-sided ideals. A bi-ideal of a semigroup S is a subset
B of S such that BS'B C B. This notion generalises that of one-sided (and hence two-
sided) ideals. Bi-ideals were introduced by Good and Hughes in [9], and were then studied
systematically by Lajos in [12, 13].

The paper is structured as follows. In Section 2, we first present the necessary pre-
liminary material, and then provide some basic results regarding chains of R-classes. In
Section 3, given a semigroup S with finite R-height, we establish bounds on the R-height
of arbitrary bi-ideals, one-sided ideals and two-sided ideals of S. We then investigate in
Section 4 whether these bounds can be attained. We conclude with some open questions

and potential directions for future research in Section 5.
1



2. PRELIMINARIES

2.1. Definitions. Throughout this section, S will denote a semigroup. We denote by
St the monoid obtained from S by adjoining an identity if necessary (if S is already a
monoid, then S = S).

A subset A C S is said to be a right ideal of S if AS C A. Left ideals are defined dually,
and an ideal of S is a subset that is both a right ideal and a left ideal.

A right (resp. left) ideal A of S is said to be generated by X C A if A = XS (resp.
A= S1X). A right (resp. left) ideal is said to be finitely generated if it can be generated
by a finite set, and principal if it can be generated by a single element.

Principal (one-sided) ideals lead to the well-known Green’s relations. For this article,
we only require Green’s relation R and its associated pre-order. Green’s preorder <g is
defined by

a<g be aSt CbS
and this yields the relation R:
aRb& a<gband b <y a.

It is easy to see that R is an equivalence relation on S that is compatible with left
multiplication (i.e. it is a left congruence).

When we need to distinguish between Green’s relation R on different semigroups, we
will write the semigroup as a subscript, i.e. Rg for R on S. For convenience, we will write
<g rather than <., and a <g b if a <g b but (a,b) ¢ Rs.

Following standard convention, we write R, (or RY) to denote the R-class of an element
aes.

Green’s pre-order <p induces a partial order on the set of R-classes of S, given by

R, <Ry a<gph.

We note that the poset S/R is isomorphic to the poset of principal right ideals of S
(under C). The R-height of S is the height of the poset S/R; i.e. the supremum of the
lengths of chains of R-classes (where the length of a chain is its cardinality). We denote
the R-height of S by Hz(S).

The semigroup S is said to be right simple if it has no proper right ideals, and S is said
to be simple if it has no proper ideals. Certainly right simple semigroups are simple.

A right ideal A of S is said to be minimal if there is no right ideal of S properly
contained in A. Minimal left ideals are defined dually. Similarly, an ideal A is called
minimal if it does not contain any other ideal of S. It turns out that, considered as
semigroups, minimal right ideals are right simple [3, Theorem 2.4], and minimal ideals
are simple [3, Theorem 1.1]. There is at most one minimal ideal of S; if it exists, we call
it the kernel of S and denote it by K(S). On the other hand, S may possess multiple
minimal right ideals. If S has a minimal right ideal, then K(.S) is equal to the union of
all the minimal right ideals [3, Theorem 2.1]. A completely simple semigroup is a simple
semigroup that possesses both minimal right ideals and minimal left ideals.

An element a € S is said to be regular if there exists b € S such that a = aba. We
denote the set of regular elements of S by Reg(S). The semigroup S is said to be regular
if S = Reg(S). It turns that for every regular element a € S there exists b € S such
that a = aba and b = bab; in this case, the element b is said to be an inverse of a, and
vice versa. If S is regular and each of its elements has a unique inverse, then S is called
muverse.

One of the most useful means of constructing semigroups is via a presentation. We

briefly discuss presentations here; we refer the reader to [10] for more information.
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The free semigroup on a non-empty set X, denoted by X, is the set of all words over
X under the operation of concatenation. A presentation is a pair (X | R), where X is a
non-empty set and R is a binary relation on X . We call R a set of defining relations,
and we write u = v for (u,v) € R. A semigroup S is defined by the presentation (X | R)
if it is isomorphic to X*/R*, where R* denotes the congruence generated by R (that is,
the smallest congruence on X containing R).

Adjoining an empty word € to X yields the free monoid on X, denoted by X*. Simi-
larly, one can adjoin a zero to X' to obtain the free semigroup with zero on X, denoted
by X . By replacing X with X* or X in the above definition of a presentation, one
obtains the notion of a monoid presentation or a presentation of a semigroup with zero,
respectively.

A presentation (X | R) can be viewed as a rewriting system, where each defining relation
u = v corresponds to a rewriting rule u — v. We define a binary relation — on X* by
w — w' if and only if w = wyuws, w' = wivw, for some (u,v) € R and wy, wy € X*. We
denote by =+ the reflexive and transitive closure of —. The rewriting system (X | R) is
noetherian if it is well-founded, i.e. if there is no infinite chain w; — wy — --- of words
from X*. The rewriting system is confluent if for any w,w;, ws € X* with w - w; and
w wy, there exists z € X* such that w, S zand wy = 2. If a rewriting system is both
noetherian and confluent, it is said to be complete. For a noetherian rewriting system, to
determine confluence it suffices to consider the critical pairs. A critical pair of (X | R) is
a pair (wy,wy) € X* x X* with w; # we for which there exists w € X* such that w — w;
and w — wq. A critical pair (wq,ws) is said to resolve if there exists z € X* such that
w; = z and wy — z. A noetherian rewriting system is complete if and only if all critical
pairs resolve [11, Lemma 2.4].

A word in X* is called irreducible if it is does not contain a subword that forms the
left-hand side of a rewriting rule. If the rewriting system (X | R) is complete, then for
any word w € X* there is a unique irreducible word z € X* with w = z [2, Theorem
1.1.12]. In this case, the semigroup defined by (X | R) has a normal form consisting of
all the irreducible words over X.

We refer the reader to [2] for more information about rewriting systems.

2.2. Elementary results. We now provide a few basic results that will be useful in the
next section.

Lemma 2.1. Let S be a semigroup with finite R-height. Then S has mazximal and
minimal R-classes. In particular, S has a kernel.

Proof. Consider a chain of R-classes of S of maximal length. Since S has finite R-height,
this chain is finite and hence has both a maximal element and a minimal element. By
the maximality of the length of the chain, it follows that S has a maximal R-class and a
minimal R-class. U

Lemma 2.2. Let S be a semigroup. Then Hr(S) = 1 if and only if S is a union of
minimal right ideals.

Proof. Clearly Hr(S) = 1 if and only if every R-class of S is minimal, which is equivalent
to S being a union of minimal right ideals. U

Lemma 2.3. Let S be a semigroup with finite R-height, and let B be a bi-ideal of S. If
Hg(B) > n, then there exists a chain

b1 <pB bg <B -+ <B bn
where by € K(9).



Proof. Since Hgr(B) > n, there exists a chain
a1 <pag <p - <pB Qp.

Since S has finite R-height, the kernel K = K(S) exists by Lemma 2.1. If a; € K, we
just set b; = a; for alli € {1,...,n}. Suppose then that a; ¢ K. Since BKB C BNK, the
intersection B N K is non-empty. Choose v € BN K and let b; = aju. Since b; € B? and
B is a subsemigroup of S, we have that b; € B. Also, we have that b; € a1 K C K, since
K is an ideal of S. Thus b; € BN K. Clearly b; < a;. In fact, we have that b; <g a,, for
otherwise we would have a; € by B € K. Thus, setting b;;1 = a; for all i € {1,...,n — 1}
yields the desired chain. U

An element a € S is said to have a local right identity (in S) if a € aS (that is, a = ab
for some b € S). If S is a monoid, a regular semigroup or a right simple semigroup, then
every element has a local right identity.

Lemma 2.4. Let S be a semigroup and let B be a bi-ideal of S. If b,c € B have local
right identites in B, then b <p c if and only if b <g ¢, and b <p c if and only if b <g c.

Proof. If b <g c then clearly b <g c. Suppose that b <g c¢. Then b = cs for some s € S*.
Now, by assumption, there exist u,v € B such that b = bu and ¢ = cv. Then we have

b=bu = csu = c(vsu) € cB,

using the fact that B is a bi-ideal of S. Thus b <p c.
Now, using the first part of the lemma, we have

b<pc < [b<pcand c£pb] & [b<scandcLsb] & b<gec,
as required. O

Corollary 2.5. Let S be a semigroup with a completely simple kernel K = K(S), and
let B be a bi-ideal of S. For any b,c € BN K, we have b <p c if and only if b <g ¢, and
b<pcifand only if b <g c.

Proof. We show that every element of BN K has a local right identity in B, and the result
then follows from Lemma 2.4. Consider b € BN K. Since b € K, we have that b Rg b2, so
b = b?s for some s € S'. Since K is regular, there exists x € K such that b = bxb. Thus

b = b*sxb = b(bswb) € bB,
so b has a local right identity in B. O

3. BOUNDS ON THE R-HEIGHT OF BI-IDEALS

In general, the property of having finite R-height is not inherited by subsemigroups.
For example, the group of integers Z has R-height 1 but its subsemigroup N has infinite
R-height. Perhaps surprisingly, however, bi-ideals do inherit the property of having
finite R-height. In fact, given a semigroup S with finite R-height, the following result
establishes a bound on the R-height of an arbitrary bi-ideal of S.

Theorem 3.1. Let S be a semigroup with finite R-height, and let B be a bi-ideal of S.
Then
Hg(B) < 3n — 1,

where n is the maximum length of a chain of R-classes of S that intersect B.
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Proof. Suppose for a contradiction that Hz(B) > 3n. Then, by Lemma 2.3, there exists
a chain

by <pby <p -+ <pbsy
where by € K(S). For each i € {1,...,3n — 1} we have b; € b; ;1B C b;11.5, s0 b; <g b;41.
Thus we have a chain

b1 <5 by <g -+ <g bzy.
Since each b; belongs to B, by assumption the chain

R, <s Ry <s---<sRj

of Rg-classes has size at most n.
We claim that b; <g b3. Indeed, suppose that b; Rg bs. Since the Rg-classes in K are
minimal and b? <g by, it follows that b; Rgb?. Thus b3 R b?. We then have

by € bsB C (b2S")B C b (BS'B) C b, B,

where for the final containment we use the fact that B is a bi-ideal of S. But then by <p by,
contradicting the fact that b; <g by, so we have established the claim.
It follows from the above claim that n > 1. Since b; <g b3, the chain
R, <s R <g--- Sstin

has size at most n — 1. Since % =3+ ﬁ > 3, by the generalised pigeonhole principle
there exist ¢,7,k,0 € {3,...,3n} with ¢ < j < k < such that b; Rgb; Rs b Rs b;. Since
b; <5 biy1 <g -+ <g by, we deduce that b; Rg b, for all m € {i +1,...,1l}. In particular,
we have b; Rg b; 13, and hence b;, 3 € b;S. Therefore, we have that

bH_Q S bi+3B - bISB - bH_lBSB - bi+1B,

using the fact that B is a bi-ideal of S. But this contradicts the fact that b,11 <p b;io.
This completes the proof. U

Corollary 3.2. Let S be a semigroup with finite R-height, and let B be a bi-ideal of S.
Then Hr(B) < 3Hg(S) — 1.

In the case that the kernel K(S) is completely simple, we obtain a slightly shorter
bound for the R-height of a bi-ideal than that given in Theorem 3.1.

Theorem 3.3. Let S be a semigroup with finite R-height whose kernel is completely
simple, and let B be a bi-ideal of S. Then

Hr(B) <3n-2,
where n is the maximum length of a chain of R-classes of S that intersect B.

Proof. Suppose for a contradiction that Hgr(B) > 3n — 1. Then, by Lemma 2.3, there
exists a chain
b <pby<p- - <p bSn—l
where by € K(S). Then we have a chain
by <5 by <g -+ <gb3p1.
By assumption, the chain
Ry <s Ry <s---<sRp |
has size at most n. We cannot have b; Rg b, since that would imply that b; Rg by by
Corollary 2.5, so by <g by. Therefore, the chain
Ry <sRj <g---<sRj |
5



has size at most n — 1. Since 3” 2 > 3, by the generalised pigeonhole principle we obtain

b; Rg biy3 for some i € {2, .. 3n — 4}. But then the same argument as that of Theorem
3.1 yields a contradiction. U

Corollary 3.4. Let S be a semigroup with finite R-height whose kernel is completely
simple, and let B be a bi-ideal of S. Then Hr(B) < 3Hg(S) — 2.

If B is a bi-ideal in which every element has a local right identity, then it follows from
Lemma 2.4 that there exists a chain of R pg-classes of length ¢ if and only if there exists
a chain of Rg classes that intersect B of length ¢. Thus we deduce:

Proposition 3.5. Let S be a semigroup with finite R-height, and let B be a bi-ideal of
S in which every element has a local right identity in B. Then

H’R(B) =n,
where n is the maximal length of a chain of R-classes of S that intersect B.

The next result provides a bound on the R-height of a right ideal of a semigroup with
finite R-height.

Theorem 3.6. Let S be a semigroup with finite R-height, and let A be a right ideal of
S. Then

Hr(A) < 2n -1,

where n is the maximum length of a chain of R-classes of S contained in A.

Proof. Suppose first that n = 1. Then A is a union of minimal right ideals of S. Minimal
right ideals are right simple subsemigroups by [3, Theorem 2.4]. It follows that A is a
union of minimal right ideals of itself, and hence Hg(A) = 1 by Lemma 2.2.

Now assume that n > 1. Suppose for a contradiction that Hz(A) > 2n. Then, by
Lemma, 2.3, there exists a chain

ayp <p Gz <p - <pd2p
where a; € K(S). Then we have a chain
a1 <sag <g -+ <g Qgp.

By assumption, the chain
R <s R <g--<s R}

a2n,
has size at most n. Since a; € K, we have a; Rgsa?, so that a; € a2S* € a; A, using the
fact that A is a right ideal of S. We must then have a; <g as, for otherwise we would
have as € 415 C a; AS C a; A. It follows that the chain

RS <S RS <S <S RS

a2n

has size at most n — 1. Since 2” 1 = 2+ — > 2, by the generalised pigeonhole principle
we deduce that there exists ¢ G {1 2n — 2} such that a; Rs a;;2. We then have

a;12 € aiS g a/iJrlAS Q a/i+1A’
using the fact that A is a right ideal of S. But this contradicts that a;1 1 <4 a;12. Il

Corollary 3.7. Let S be a semigroup with finite R-height, and let A be a right ideal of

We now turn our attention to left ideals.
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Theorem 3.8. Let S be a semigroup with finite R-height, and let A be a left ideal of S.
Then

Hr(A) < 20,
where n is the maximal length of a chain of R-classes of S that intersect A.
Proof. Suppose for a contradiction that there exists a chain

a1 <4 G2 <p -+ <4 Q2p41-
Then we have a chain

ap <g az <g -+ <g Aony1-
By assumption, the chain

RS <s RS <g---<gR®

2n+1

a2n+41

has size at most n. Since =2 + > 2, by the generalised pigeonhole principle we
obtain i € {1,...,2n — 1} such that a; RS air2. Thus a; 2 € a;S. We then have

Q41 € a/i+2A Q alsA Q CLiA,
using the fact that A is a left ideal of S. But this contradicts that a; <4 a;11. O

Corollary 3.9. Let S be a semigroup with finite R-height, and let A be a left ideal of S.

Again, we obtain a slightly shorter bound in the case that K(S) is completely simple.

Theorem 3.10. Let S be a semigroup with finite R-height whose kernel is completely
simple, and let A be a left ideal of S. Then

where n is the maximal length of a chain of R-classes of S that intersect A.

Proof. Suppose for a contradiction that Hr(A) > 2n. Then, by Lemma 2.3, there exists
a chain

a1 <a Gz <p - <A Q2p,
where a; € K(S). Then we have a chain

a1 <g ap <g -+ <g Q.

By assumption, the chain
R <sRS <s--<s R
has size at most n. We cannot have a; Rg as, since that would imply that a; R4 as by

Corollary 2.5, so a; <g ag. Therefore, the chain
R} <sRS <g--<g R

has size at most n — 1. Since 2" 1 > 2, by the generalised pigeonhole principle we obtain

i€{2,...,2n—2} such that q; RS a;,o. But then the same argument as that of Theorem
3.8 yields a contradiction. O

Corollary 3.11. Let S be a semigroup with finite R-height whose kernel is completely
simple, and let A be a left ideal of S. Then Hr(A) < 2Hg(S) — 1.

If a left ideal A of S is contained in the set Reg(S) of regular elements, then for any
a € S we have a € aSa € aA, using the fact that a is regular and A is a left ideal, so

every element of A has a local right identity in A. Thus, by Proposition 3.5, we have:
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Proposition 3.12. Let S be a semigroup with finite R-height, and let A be a left ideal
of S such that A C Reg(S). Then

HR(A) =n,
where n is the maximal length of a chain of R-classes of S that intersect A.

Proposition 3.12 does not hold if we replace ‘left ideal” by ‘right ideal’; as the following

example demonstrates.

Example 3.13. Let S be the semigroup with universe {(1, 1), (1,2),(2,1),(2,2),0} and
multiplication given by

(0,0) ifj=k

0 otherwise,

(i,7)(k, 1) = {

and 0(7,j) = (¢,7)0 = 00 = 0. Then S is a completely 0-simple inverse semigroup, where
the inverse of each (i, 7) is (4,7). Consider the right ideal

A= (1,1)S"' ={(1,1),(1,2),0}.

Certainly A C Reg(S) = S. It is straightforward to verify that the posets of R-classes of
S and A are as presented in Figure 1 below, and hence Hg(S) = 2 and Hz(A) = 3.

{(L 1)}
|
{(1L,D,(1,2)} {(21),(2,2)} {(1,2)}
N7 |
{0} {0}

FIGURE 1. The poset of Rg-classes (left) and the poset of R 4-classes (right).

We now provide a bound on the R-height of an ideal.

Theorem 3.14. Let S be a semigroup with finite R-height, and let A be an ideal of S.
Then
where n is the mazimum length of a chain of R-classes of S contained in A.

Proof. Suppose for a contradiction that there exists a chain
a1 <A Gy <g - <A Gpit-
Then we have a chain
a; <g az <g -+ <g Qpy1.
By assumption, the chain
R <sR; <s---<sRj

An+1
has size at most n. By the pigeonhole principle there exists i € {1,...,n} such that
a; Rs a;y+1. Then we have
;41 € a;S C ai+1AS C aq;SAS C aiA,
using the fact A is an ideal of S. But this contradicts that a; <4 a;y1. O

Corollary 3.15. Let S be a semigroup with finite R-height, and let A be an ideal of S.
8



We conclude this section by demonstrating that the R-height of an ideal can be sub-
stantially lower than the bound provided in Theorem 3.14.

Example 3.16. For any n € N, let 7" be a semigroup such that Hz(7T) = n. Let
N = {z, : a € T} U {0} be a set disjoint from 7. We turn N into a null semigroup
by defining zy = 0 for all x,y € N. Let S = T U N, and define a multiplication on S,
extending those on T and N, as follows:

ary = b = x4 and a0 = 0a =0

for all a,b € T. Then N is an ideal of S. It is straightforward to show that for any a,b € T,
we have a <7 b if and only if z, <g x3; and clearly 0 <g x,. It follows that the maximum

length of a chain of R-classes of S contained in NV is n 4+ 1. On the other hand, it is easy
to see that Hg(N) = 2.

4. ATTAINING THE BOUNDS

Given Theorems 3.1-3.14, an immediate question arises: Can the bounds established in
these results be attained? In fact, one can ask a stronger question: Can these bounds be
attained for every natural number n and in such a way that Hr(S) = n? More precisely,
we have the following problems.

(1) For each n € N, does there exist a semigroup S with a bi-ideal B such that Hg (S) = n
and Hg(B) = 3n — 17

(2) For each n € N, does there exist a semigroup S with a completely simple kernel and
a bi-ideal B such that Hz(S) =n and Hg(B) = 3n — 27

(3) For each n € N, does there exist a semigroup S with a right ideal A such that
Hz(S) =n and Hgr(A) =2n — 17

(4) For each n € N, does there exist a semigroup S with a left ideal A such that Hz(S) =
n and Hgr(A) = 2n?

(5) For each n € N, does there exist a semigroup S with a completely simple kernel and
a left ideal A such that Hg(S) =n and Hgr(A) =2n — 17

(6) For each n € N, does there exist a semigroup S with an ideal A such that Hg(S) =

Unfortunately, we have not been able to answer question (1).

Open Problem 4.1. For each n € N, does there exist a semigroup S with a bi-ideal B
such that Hg(S) =n and Hg(B) = 3n — 17

We shall answer questions (2)-(6) in the positive. Question (6) is easily dealt with:
take S to be any semigroup with Hz(S) =n and set A = S.

We now consider question (2). The case n = 1 is trivial: we can just take S to be the
trivial semigroup and B = S; then Hz(S) = Hr(B) = 1 = 3(1) — 2. For n > 2, the
following result provides the desired semigroups.

Theorem 4.2. Let n > 2. Let S be the finite semigroup defined by the presentation
(x,y,z,t|xyzt = x, yzty =y, 2tyz = z, tyzt =t,w =0
(w € {a", y?, 22, 2, xz, ot, yx, yt, zx, 2y, tz, ta"'})).

Let X = {z,y,z,tx} C S and let B = X U XS'X (B is the smallest bi-ideal of S
containing X ). Then Hgr(S) =n and Hgr(B) = 3n — 2.

Proof. We begin by finding a normal form for S. It is straightforward to show that the

associated rewriting system of the presentation for S is complete. That it is noetherian
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follows from the fact that all the rewriting rules are length-reducing. For confluence, it
suffices to check that all the critical pairs resolve. For instance, (Otyz,zz) is a critical
pair, since zztyz — Otyz and xztyz — xz, and clearly both sides of this pair reduce to 0.
This rewriting system, therefore, yields the following normal form for S, consisting of all
words over {x,y, z,t} that do not contain as a subword the left-hand side of any of the
rewriting rules, along with 0:

{2', o'y, 2'yz : 1 <i<n—1YU{y, yz, yzt, z, 2t, zty, t, ty, tyz} UU U {0},
where
U= {yzta:i, yzta:iy, yzt:ciyz, ztat, ztxiy, zta:iyz, ta', txiy, txiyz 1 <i<n-—2}.

We note that U = ) if n = 2. It is easy to calculate that |S| = 12(n — 1) + 1. Using
the above normal form and the relations of the presentation, it is easy to show that
t,zt, ty,yzt, tyz ¢ B. All other elements in the normal form have the form u or uwv where
u,v € X and w € {z,y, z,t}*, so they belong to B. Thus B = S\{t, zt, ty, yzt, tyz}.

From the relations of the presentation, it follows that for each generator u € {x,y, z,t},
the principal right ideal uS! consists of precisely the words in the normal form whose
first letter is u, along with 0. Thus, for any two generators u,v € {x,y, z,t},u # v, there
are no elements of the form ww and vw’ in S such that vw Rgvw’.

Now let R; = {z', 2y, z'yz} (1 < i < n—1), S; = {y,yz,yzt}, T1 = {z,z2t,2ty}
and Uy = {t,ty,tyz}. It is easy to see from the presentation that each of the sets is an
Rs-class. For i € {2,...,n— 1}, let

Sy = yztRiy = {yzta™ ! yzta'ly, yata' Hyz},

T, = 2tR;_1 and U; = tR;_1. Since R is a left congruence on S, and R;_; is an Rg-class,
each S;, T; and Uj is also an Rg-class. Of course, {0} is both an Rg-class and an R g-class.

Consider i € {1,...,n —2}. Clearly R; > R;;;. Also, we have yztz' lyz(tx) = yztz' €
Sit1, so S; > Siy1. Similarly, T; > T;.q and U; > U;y;. It is easy to see from the
presentation that for any v € S and s € S with vs # 0, we have |v|, < |vs|,, where |w|,
denotes the number of appearances of x in w. Thus 2 ¢ 'S, so R; > R;;;. Similarly,
we have S; > S;y1, T; > T;41 and U; > U, 1. We conclude that the poset of Rg-classes is
as displayed in Figure 2 below, so that Hg(S) = n.

Turning our attention to B, we have

7' >p a'y >p 2'yz >p 2'yz(tr) = 2"

We certainly have z'yz >p 2/ since x'yz >g 2°7!. Also, it is easy to calculate that
r'yB = {2'y, v'yz, 27, o'y, Pyz, 0:i+1<j<n—1}
and
vyzB = {2’ 27y, 2yz, 0:i+1<j<n—1},
so (2, 2'y), (z'y, v'yz) ¢ Rp. Thus we have a chain

n—1

T >p Ty >prYzr >p xS iy > riyzr >p - >pa Sty >p 2" lyz >50,

so Hgr(B) > 3n—2. By Theorem 3.3, we have Hz(B) < 3n—2. Thus Hg(B) = 3n—2. O
10



0

F1GURE 2. The poset of R-classes of the semigroup S given in the state-
ment of Theorem 4.2.

1

{z}
|
{ry} {y} {2ty}

{z, vy, vyz} {y,yz,yzt} {2 2t 2ty}  {t,ty,tyz} {wyz} {yz} {2}

— N
0

{0}

FI1GURE 3. Let S and B be as given in Theorem 4.2 in the case n = 2. The
poset of Rg-classes is displayed on the left, and the poset of R p-classes is
displayed on the right.

We now move on to problem (3). To solve this, we utilise the following construction.

Definition 4.3. Let S be a semigroup and let I be a non-empty set. The Brandt
extension of S by I, denoted by B(S, I), is the semigroup with universe (I x .S x I)U{0}
and multiplication given by

(i,st,1) ifj=k
0 otherwise,

(,8,7)(k,t,1) = {

and 0z =20 =0 for all z € (I x S x I) U {0}.

Remark 4.4. Brandt extensions of groups, known as Brandt semigroups, are precisely
the completely O-simple inverse semigroups [10, Theorem 5.1.8]. The semigroup S from
Example 3.13 is (isomorphic to) the 5-element Brandt semigroup over the trivial group.
We note also that the subsemigroup (y, z,t) of the semigroup S from Theorem 4.2 is the
10-element Brandt semigroup over the trivial group.

Theorem 4.5. Let S be a semigroup with finite R-height, and let A = aS* be a principal
right ideal of S. Let I be any set with |I| > 2, and let T = B(S,I). Fix 1 € I, and
consider the principal right ideal B = (1,a,1)T" of T. Then Hr(T) = Hr(S) + 1 and
Hr(B) = Hg(A) + 2.

11



Proof. Tt can be easily proved that for any s,t € S and 4, 7, k,l € I, we have
(1) (1,8,7) <r (k,t,]) < i=Fkand s <g t.
Let Hz(S) = n. Then there exists a chain

S1 <g S2 <g -+ <g Sp-
Letting t; = (1, s;,1), by (1) we have a chain

0<rty <pta<p---<gptp,
so Hr(T) > n + 1. Now suppose for a contradiction that Hg(T') > n + 1. Then there
exists a chain
O<prai <X <p---<p Tpt1-

By (1) there exists ¢ € I such that each zj has the form (i, yy, jr) for some y; € S and
Jr € 1. But then, by (1), we have a chain

Y1 <s Y2 <s - <s Yn+1,
contradicting the fact that Hg(S) = n. Thus Hgr(T) =n + 1.

Now let Hz(A) = m. Then there exists a chain
A1 <pgA Q9 <g - <4 Q.

We have that B = {(1,a,1)} U{(1,as,i) : s € S,i € I} U{0}. Let b; = (1,a;,1). Then
b; € B. For each i € {1,...,m}, there exists ¢; € A such that a; = a;;1¢;. Therefore, we
have that bZ = bi+1(1, Ci, ].) € bz‘_HB, SO bz SB bi—l—l- Clearly, if bz RB bz‘+1 then a; RA Ai4+1,
contradicting that a; <a a;11, s0 b; <p bi11. Now choose s € S and j € I'\{1}, and let
bo = (1,a1(as), ). Then by = bi(1,as,j) € by B. Since j # 1, we have that byB = {0}, so
by <p b1. Clearly 0 <pg bg. In conclusion, we have a sequence

0<pby<pbi <pby<p- - <pbp,

so Hr(B) > m + 2. Now suppose for a contradiction that Hz(B) > m + 2. Then there
exists a chain
O0<pdi<pds <p---<pdpio.
Let d; = (1,¢;,7;). Then we have a chain
€1 <4 CrSA <A Cpga
Since Hr(A) = m, it follows that there exist k,l € {1,...,m + 1} with k < [ such that

¢k R cryp1 and ¢; R4 ¢4 In particular, we have ¢ € AL Since d; <p dj,1, we must
have that ¢; € ¢;.1 A, and hence

Cl+1 € CZAI - Cl+1AA1 - CZAIAAI = gA.

So, there exists u € A such that ¢, 11 = ¢qu. We cannot have j; = 1, for then d;; =
di(1,u, jiv1) € d;B, contradicting that d; <p d;11. But then ¢;B = {0}, contradicting
that dj, € d;B. We conclude that Hg(B) = m + 2. O

Corollary 4.6. For any n € N, there exists a finite semigroup S with a principal right
ideal A such that Hr(S) =n and Hr(A) = 2n — 1.

Proof. We prove the result by induction. For n = 1, take S to be the trivial semigroup
and A = 5. Now let n > 1, and assume that there exists a finite semigroup S with a
principal right ideal A = aS' such that Hz(S) = n and Hr(A) = 2n — 1. Let T and
B be as given in the statement of Theorem 4.5. Then, by Theorem 4.5, we have that
Hir(T)=n+1and Hgr(B) = (2n—1)4+2 =2(n+ 1) — 1. This completes the proof. [

We now turn our attention to question (4), beginning with the case n = 1.
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Proposition 4.7. Let S be a right simple semigroup with no idempotent (e.g. a Baer-Levi
semigroup). (Then Hgr(S) = 1.) Let a € S be arbitrary, and consider the principal left
ideal A = S'a. Then the Ra-classes are {a} and A\{a} = Sa, and hence Hr(A) = 2.

Proof. Let s,t € S. Since S is right simple, there exists x € S! such that s = (ta)z.
Thus sa = (ta)(za) € (ta)A. Similarly, we have ta € (sa)A, so sa R4 ta. Now suppose for
a contradiction that a’R 4 ua for some u € S. Then, together with the fact just proved
that ua R4 a?, we have a R4 a® by transitivity. Therefore, there exists y € S! such
that a = a?(ya). But then a?y is an idempotent, so we have a contradiction. Thus the
R a-classes are {a} and Sa. Clearly a* <4 a, so we conclude that Hg(A) = 2. O

Theorem 4.8. Let S be a semigroup with finite R-height, and let A be a left ideal of
S. Let T be any right simple semigroup with no idempotent, and let U be the semigroup
defined by the presentation

(SUT|ab=a-b,cd=c-d, ac=c (a,b € S,c,d eT)).

Fiz c € T, and let B denote the left ideal T*(A U {c}) of U. Then Hr(U) = Hr(S) + 1
and Hgr(B) = Hr(A) + 2.

Proof. The semigroup U has a normal form SUTUT'S. Let K =T UTS. It is easy to see
that K is an ideal of U. All elements of T" are Ry-related since T is right simple, and for
any a € S and t € T' we have that ta = t-a and (ta)T = tT = T. Thus K is an R-class of
U. It follows that K is the minimal ideal of U. Now, since U\S = K is an ideal, it follows
that the restriction of <y to S is <g. Thus the poset of Ry-classes can be viewed as
the poset of Rg-classes along with the minimum element K. This is depicted in Figure 4
below. It follows that Hr(U) = Hr(S) + 1.

We now consider the left ideal B of U. We have BN S = A. Since B\ A is an ideal, the
restriction of <p to A is <4. We claim that the sets {c¢} and TA U Tc are R-classes of
B. First, let t,t’ € T and a,a’ € A. Since T is right simple, there exist x,y,z € T such
that

t=tz, t' =ty, t = (t'c)z.

(We can assume that z,y,z € T even if t = ' or t = t/c, since every element of T has a
local right identity.) Using the defining relations ¢’z = = and ay = y, we deduce that

ta = (t'd’)(za), t'd’ = (ta)(ya) and ta = (f'c)(za), t'c = (ta)(yc);

sotaRpt'a and taRpt'c. Since t,t', a,a’ were chosen arbitrarily, it follows by transitivity
that all elements in TAUT ¢ are R g-related. Now suppose for a contradiction that ¢ Rz .
Then there exists b € B such that ¢ = ¢?b. We cannot have b € T A, for this would imply
that ¢ € T'NTS, contradicting the fact that S UT UTS is a normal form for U. Thus
b = wc for some w € T, and hence ¢ = c?we. But then c?w is an idempotent of T', so we
have a contradiction. This proves the claim.

For any a € A we have ac = ¢, so ¢ <p a. Also, we have ¢* <g c. Thus the poset
of Rp-classes can be viewed as the poset of R 4-classes along with the elements {c} and
TAUTC, where {c} is below all the R 4-classes and TA U TC is the minimum element;

see Figure 4 for an illustration. It follows that Hz(B) = Hr(A) + 2. O
13
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{c}

K TAUTc

FIGURE 4. Let S, A, U and B be as given in Theorem 4.8. The poset of
Ry-classes is displayed on the left, where P denotes the poset of Rg-classes.
The poset of the R g-classes is displayed on the right, where () denotes the
poset of R 4-classes.

Corollary 4.9. For any n € N, there exists a semigroup S with a left ideal A such that
Hz(S) =n and Hr(A) = 2n.

Proof. We prove the result by induction. Proposition 4.7 deals with the base case. Now
let n > 1, and assume that there exists a semigroup S with a left ideal A such that
Hz(S) =n and Hg(A) = 2n. Let U and B be as given in the statement of Theorem 4.8.
Then, by Theorem 4.8, we have Hg(U) = n+ 1 and Hg(B) = 2n+ 2 = 2(n + 1). This
completes the proof. Il

Finally, we solve problem (5) with the following result, the case n = 1 being trivial.

Theorem 4.10. Let n > 2. Let S be the finite semigroup defined by the presentation
(x,y,2|zyz =2, yzy =y, zyz = z, w =0 (w € {a", *, 2%, 2z, yx, 22" '})),

and let A = SYz,y}. Then Hr(S) =n and Hr(A) = 2n — 1.
Proof. The proof of this result is similar to that of Theorem 4.2, so we will not go into
as much detail.

The associated rewriting system of the presentation for S is complete, yielding the
following normal form for S:

{2 2'y: 1 <i<n—1}U{yza?, yza'y, za?, za7y : 0 < j <n -2} U {0},

It is straightforward to calculate that |S| = 6(n — 1) + 1. It can also be easily shown that
A= S\{Zayz}( .

Let R; = {z", 2"y} for i € {1,...,n —1}. Let S; = {y,yz} and 71 = {z, zy}, and for
i€{2,...,n—1}1et S; = yzR;_1 and T; = zR;_;. Then each R;, S; and T; is an Rg-class.
The poset of Rg-classes is as displayed in Figure 5 below, so that Hz(S) = n. Turning
our attention to A, we have

x> q a'y >4 a'y(zr) = 2"
We certainly have x'y >4 2! since 'y >g 271, Also, we have
riyA = {2'y, 27, 29y, 0:i+1<j<n—1},
so #' >4 x'y. Thus we have a chain

E>ATY >A 22 >a0%y >a- >0 >0 2"y > 40,
14



so Hr(A) > 2n — 1. By Theorem 3.10, we have Hg(A) < 2n — 1. We conclude that

Rl Sl T1
| | |
R2 Sg T2
| | |
| | |
Rn—l Sn—l Tn—l

{0}

FIGURE 5. The poset of R-classes of the semigroup S given in the state-
ment of Theorem 4.10.

{z}
|
{z,zy} {y.yz} {z 2y} {vy} {y} {2y}

N7 NS
{0} {0}

FIGURE 6. Let S and A be as given in Theorem 4.10 in the case n = 2.
The poset of Rg-classes is displayed on the left, and the poset of R 4-classes
is displayed on the right.

5. OPEN PROBLEMS AND FUTURE RESEARCH

As with the R-height, one can of course define the £-height, H-height and [J-height
of a semigroup S, which we denote by H;(5), Hy(S) and H7(5), respectively. It would
potentially be interesting to consider the relationship between these heights. We note
that for stable semigroups S, since any two R-classes within the same J (= D)-class are
incomparable, we have Hr(S) < H7(S). It is easy to find stable semigroups for which
Hz(S) = H7(S). Indeed, for any finite full transformation semigroup S = 7, we have
HRr(S) = H.(S) = Hy(S) = H7(S) = n. On the other hand, if S is the semigroup from
Theorem 4.10 (which is stable since it is finite), then Hz(S) = n by that theorem, but it
turns out that H7(S) = 2n — 1; indeed, the J-classes of S form a chain

J1>K1>"‘>Jn71>Kn,1>{0},

where J; = {yza' ! yza'ly, 22t 22y} and K; = {2%, 2%y} for 1 < i < n— 1.
However, it is not the case that Hg(S) < H7(S) for every semigroup S. For example,
for the bicyclic monoid B we have H7(B) = 1 and Hgz(B) = co. We raise the following
question.

Open Problem 5.1. Is there a general upper bound for H7(S) in terms of Hg(S)?
15



It is perhaps also worth considering the relationship between the 7-height of a semi-
group and that of its bi-ideals, one-sided ideals, etc. In particular, we ask:

Open Problem 5.2. Is the property of having finite [J-height inherited by bi-ideals?

Another possible direction for future research would be to study the R-height more
systematically. In particular, one could consider the R-height of semigroups lying in cer-
tain special classes, such as regular semigroups. We note that for an inverse semigroup
S, we have Hg (S)(= H(S) = Hyu(S)) is equal to the height of the semilattice E(S) of
idempotents of S. Moreoever, one could investigate the behaviour of the R-height un-
der various semigroup-theoretic constructions, such as quotients, ideal extensions, direct
products, free products, etc.
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