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Lorentzian 2D CFT from the pAQFT
Perspective

Sam Crawford, Kasia Rejzner® and Benoit Vicedo

Abstract. We provide a detailed construction of the quantum theory
of the massless scalar field on two-dimensional, globally hyperbolic (in
particular, Lorentzian) manifolds using the framework of perturbative al-
gebraic quantum field theory. From this we obtain subalgebras of observ-
ables isomorphic to the Heisenberg and Virasoro algebras on the Einstein
cylinder. We also show how the conformal version of general covariance, as
first introduced by Pinamonti as an extension of the construction due to
Brunetti, Fredenhagen and Verch, may be applied to natural Lagrangians,
which allow one to specify a theory consistently across multiple space-
times, in order to obtain a simple condition for the conformal covariance
of classical dynamics, which is then shown to quantise in the case of
a quadratic Lagrangian. We then compare the covariance condition for
the stress-energy tensor in the classical and quantum theory in order to
obtain a transformation law involving the Schwarzian derivative of the
new coordinate, in accordance with a well-known result in the Euclidean
literature.
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1. Introduction

One of the most important problems faced by mathematical physicists nowa-
days is the search for mathematically rigorous formulations of quantum field
theory (QFT). Over the span of six decades, several axiomatic frameworks
have been developed (including algebraic quantum field theory [40,41]), but
none of them can yet claim to include an interacting QFT model in 4 space-
time dimensions. On the other hand, a lot is known about lower-dimensional
cases (prominently two-dimensional) and in the presence of symmetries, e.g.
the conformal symmetry. The huge success of conformal field theory (CFT)
and its ubiquity in theoretical physics is evidenced by a vast trove of literature
and impressive number of results obtained throughout the history of the sub-
ject [6,29,38,59]. CFT in two dimensions plays a central role in the world-sheet
description of string theory. More generally, CFTs describe continuous phase
transitions in condensed matter systems and critical points of renormalisation
group flows in quantum field theories and provide duals to gravitational the-
ories in anti-de Sitter spacetimes via the AdS/CFT correspondence. From a
mathematical point of view, the rigorous formulation of two-dimensional Eu-
clidean chiral CFT has led to the important development of vertex operator
algebras (VOA), see, for example, [5,33,45,52], which has been instrumental
in various areas of pure mathematics, including the proof of the monstrous
moonshine conjecture [10,11,34], and in the study of the geometric Langlands
correspondence [4,26,31,32]. CFT has also provided a rich class of models that
satisfy algebraic quantum field theory (AQFT) axioms, as demonstrated for
example in [8,9,37,46-48,53,54]. The main principles of AQFT can also be
applied to describe perturbative QFT. This led to the development of per-
turbative algebraic quantum field theory (pAQFT), which started in the 90s
[15-17,23-25] (see also [22] and [58] for reviews). The advantage of pAQFT is
that it combines the ideas of AQFT with the powerful methods of perturbation
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theory and renormalisation and allows one to construct physically interesting
models in 4-dimensions, also on curved spacetimes. However, the ultimate goal
of pAQFT is to understand how non-perturbative results could be obtained.
To this end, it is useful to construct some known non-perturbative models
using pAQFT methods and see how convergence and non-perturbative effects
arise. An example of such a model has been investigated in [1]. The present
paper is the first step in the research programme aimed at understanding how
CF'T fits into the framework of pAQFT. The advantages of such a combination
are twofold:

o Many of the CFT results are proven only in the Euclidean signature. With
the aid of pAQFT, we want to show how to obtain them in Lorentzian
signature as well.

e Some powerful techniques used in CFT can be applied in pAQFT to
obtain non-perturbative results.

In the present paper we concentrate on setting up the general framework, with
particular focus on local conformal covariance. We improve on existing results
of [57] and apply our methods to define normally ordered covariant quantities,
with Virasoro generators on a cylinder among them. We show that covariant
normal-ordering allows one to reproduce the correct Virasoro algebra relations
on the cylinder and we demonstrate how the usual “Zeta regularisation” trick
can be rigorously understood as a change in the choice of normal ordering.

2. Mathematical Preliminaries

In this section, we provide an account of the constructions of pAQFT rele-
vant to our discussion. For a more thorough exposition, the reader is directed
towards [58]. In particular, whilst we may, from time to time, discuss the pos-
sibility of interactions in the classical theory, all of our quantum constructions
shall be specific to the free scalar field. In light of this, the reader may interpret
the “p” prefixing AQFT in the title as either referring to the particular use
of h as a formal parameter when quantising in Sect. 2.4, or more generally to
the use of techniques and concepts central to the development of pAQFT.

We begin with the kinematics (i.e. states and observables) of our classical
theory. Due to our use of deformation quantisation, this will also establish the
observables of the quantum theory. Next, we address in Sect. 2.2 the matter of
imposing suitable dynamics on the system, using the generalised Lagrangian
formalism. For an appropriately chosen Lagrangian, we are then able to endow
our space of observables with a Poisson structure. At this point, the algebra
is decidedly “off-shell”, as the field configurations we consider include those
which do not satisfy the equations of motion. Therefore, in Sect. 2.3, we make
a detour to examine how, in the case of the free scalar field, our construction
does indeed recover the canonical (i.e. “equal-time”) Poisson bracket on-shell.
Here we also briefly explore the dg perspective of QFT, where the algebra we
assign to each spacetime is a cochain complex such that the usual algebra of
observables is recovered as its cohomology in degree zero.
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This approach is at the heart of the Costello-Gwilliam formalism [20] as
well as descriptions of ‘higher’ QFT as outlined in, for example, [7].

Satisfied with our choice of Poisson structure, we then use it in Sect. 2.4
to deform the pointwise product of functionals into an associative product x,
which is analogous to the operator composition of canonical quantisation. Once
the quantum algebra has been established, we discuss the comparison between
classical and quantum observables. The difficulty in ‘quantising’ classical ob-
servables is traditionally known as the ordering problem. In an attempt to find
the most natural solution to this problem, we then introduce in Sect. 2.5 the
concept of local covariance, where we require our theory to be defined in a co-
herent manner across multiple spacetimes. This is so that we may be sure our
ordering prescription is not dependent on the global geometry of any particular
spacetime (which local algebras should in principle be unaware of).

2.1. Classical Kinematics

Let M be a smooth manifold (we shall specify dimension and topological con-
straints later). For the theory of a real scalar field, we take our configuration
space, E(M), to be the space of smooth real-valued functions on M. More
generally, we might consider the space of smooth sections of some vector bun-
dle E 5 M, to which the following constructions can be readily generalised.
Note that this space is “off-shell” in the sense that it includes field configu-
rations which may not satisfy any equations of motions later imposed by the
dynamics.

Classically, observables are maps F : &(M) — C. Typically, we also as-
sume them to be smooth, with respect to an appropriate notion of smoothness
which we shall introduce shortly. The derivative of a functional at a point
¢ € &(M) and in a direction h € (M) is defined in the obvious way as

<meL@$:MHFW+dﬂ_FML (2.1)

e—0 €

whenever this limit exists. If it exists for all ¢, h € €(M), and the map
FO: (¢,h) = (FD[) h)

is continuous with respect to the product topology on &(M )2 then we say F
is C1.

Higher derivatives of F are defined similarly by

6”’]:[(25 + 61h1 4+ 4 Enhn]
FO [ by & - h>:
< [¢]7 1 & & n 861 . aen |€1:..,:€":07

wherever these limits exist. If Vn € N and ¢ € &(M), FM[¢] € & (M") exists,
and the maps

(2.2)

F ¢(M) x ¢(M™) — C
(¢,h1®"'®hn)'—><f(")[¢],h1®"'®hn>
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are all continuous then we say F is Bastiani smooth as discussed in, for exam-
ple [14, §II]. We shall denote by F(M) the space of Bastiani smooth functionals
of the real scalar field over M.

Various pieces of notation are commonly used when discussing func-
tional derivatives. For clarity, we collect some of them here. A consequence
of the above definition is that, for F a C' functional, F(1)[4] is an element of
¢ (M) [14, §III], using Schwartz’s notation for compactly supported distribu-
tions. Hence, the bracket (-,-) in (2.1) can be seen as denoting the canonical
pairing V' x V' — C, where V is a topological vector space over C and V' is
its continuous dual space. If M is equipped with a preferred volume form !
FMD[¢] may be given an integral kernel, typically written as

6F[9]
M 0p(x)

Finally, we introduce the map, for a C! functional F, % c Fs F,

(FO[g] b = h(z) dVoly;. (23)

Similarly to the n = 1 case, for a Bastiani smooth functional F € §(M),
F()[¢] will in general be a compactly supported distribution of n variables [14,
proposition IT1.4]. We say this distribution is regular if there exists f € D(M™)
such that Vh € €(M™)

<f‘")[¢>]7h> = | @ enh(a,.. )Vl

If F(M[¢] is a regular distribution for every n € N and ¢ € &(M), then we say
that F is a regular functional, and we denote the space of regular functionals
Breg(M).

Regular functionals are particularly convenient to work with, as we shall
see when defining the Poisson bracket and % product later. However, they
exclude many functionals of physical interest, such as components of the stress-
energy tensor in the case of the scalar field. Thus, we next consider the subspace
of F(M) consisting of local functionals.

Following [58], we define a functional F to be local if there exists an open
cover (J,e 4 Ua = €(M) such that, for ¢ € U,

Flol = /M fa (j%¢) dVolyy, (2.4)

where 55 is the k'" jet prolongation of ¢ at = (loosely j¥¢ = (é(z), Vo(z), ...,
V*¢(x))), and f, is some smooth, compactly supported function on the k'
jet bundle of M. We denote by Floc(M) the space of local functionals on M,
and by Fmioc(M) the space of multilocal functionals the algebraic completion
of under Fioc(M) under the pointwise product of functionals.

1 As we are only interested in Lorentzian manifolds, we always have the metric volume
form. Our definitions of various classes of functionals assume a preferred volume form, other
authors opt instead to define 6 F'/d¢ as a distributional density.
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An important property of local functionals [58, Remark 3.2] is that, for
every n € N, ¢ € &(M), the support of F(™[¢] 2 is contained within the thin
diagonal

Ap={(z,...;2) e M"} o
Immediately this implies that, for n > 2, these derivatives must either vanish or

fail to be regular. In other words, the intersection §reg (M) NFioc(M) comprises
only linear functionals of the form

B(f): 6 /M f(2)é(x) dVolar,
for f € D(M).

Whilst it is possible to perform our classical and quantum operations on
local functionals, the result is typically not local. As such, we need a space
of functionals which is algebraically convenient, like Freq (M), but which also
contains the physically important subspace §oc(M). The space of microcausal
functionals accomplishes this. However, unlike the previous classes of func-
tionals, it cannot be defined on an arbitrary manifold. Instead we require the
structure of a spacetime, which we define in accordance with [28, §2.1] as fol-
lows:

Definition 2.1 (Spacetime). A spacetime is a tuple M = (M, g, 0,t) such that
(M,g) is an orientable Lorentzian manifold of some fixed dimension d, o C
Q4(M) is an equivalence class of nowhere-vanishing volume forms, defining an
orientation, and t C X(M) is an equivalence class of timelike vector fields,
where t ~ t' < g, (t,,t,) > 0Vz € M.

We will typically write §(M), Freg(M), and Fioc(M) to refer to the
respective spaces of functionals associated to the underlying manifold of M.

For any point z in a spacetime M, we can define the closed past/future
lightcone of the cotangent space Vi (x) C T} M as comprising covectors k for
which g.(k, k) > 0 and +k(t,) > 0, for any ¢ € t, where §, is the metric
induced on T M by g. We can then define the sub-fibre bundles V1 such that
their fibres at x are V 1 (), respectively.

Using this, we call a functional F € §(M) microcausal if it satisfies the
wavefront set spectral condition

WEFM) N (VIUV) =0, (2.5)

For detailed definitions and properties of the wavefront set of a distribution,
see for example [44, §8], as well as [13]. Briefly put, the wavefront set is a way
of characterising the singularity structure of a distribution 7" € ®'(M), i.e. the
precise manner in which T fails to be a smooth function. It consists of the set
of nonzero covectors (x, k) € T M such that there exists no neighbourhood of
z to which the restriction of T' is smooth, and the Fourier transform—defined
in an arbitrary chart, which turns out to be irrelevant—of T fails to decay

2 In the sense of distributions. See, for example, [44, Definition 2.2.2].
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rapidly in the direction k. The space of microcausal functionals is denoted
T puc(M), and contains all regular and local functionals [18, Proposition 3.3].

The characteristic features of these spaces, as well as the relations be-
tween them, are summarised in the following diagram.

S F)[¢] exists Vn, ¢
Fuc WE (FMg)) n (VEUVE) =0
gloc supp (]:(n)[d)}) Cc An greg WF (‘7:(”)) =0

2.2. Classical Dynamics

There are many ways to specify the dynamics of a classical field theory. In
the present formalism it is achieved through a rigorous implementation of the
principle of critical action. The foundational idea of this approach, due to
Peierls [56], is the formulation of a Poisson structure in terms of the advanced
and retarded responses of a field to perturbation. A construction of the classical
algebra of observables using the Peierls bracket was set forth in [24], and
developed in detail in [18] More recent overviews may be found in, for example,
[58, §4] or [30, §5.1].

This approach has the advantage of being manifestly independent of any
particular reference frame, and hence covariant under isometric embeddings of
spacetimes, as will be explored further in Sect. 2.5, whilst still endowing our
space of observables with a Poisson structure,

The existence of this Poisson bracket is indeed contrary to a common
notion that such a structure requires one to split a spacetime into ‘space’ and
‘time’.

The issue with naively written actions for common field theories, such as
the Klein—Gordon or Yang-Mills functionals, is that their region of integration
must be restricted to a compact subset of spacetime in order to guarantee a
finite value is returned. A convenient way to achieve this is to define a map
L:D(M) = Froc(M), where the functional L(f) is interpreted as the action
functional with an introduced cutoff function f. Not every such map is suitable
however, the necessary criteria are outlined in the following definition (after
[58, §4.1]).

Definition 2.2. A map £ : D(M) — Fioc(M) is called a generalised Lagrangian
if it satisfies the following conditions:
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1. If f,g,h € D(M) such that supp f Nsupp h = @) then
L(f+g+h)=L(~f+g)— L(g)+ L(g+ h). (Additivity)

supp L(f) C supp f. (Support)
3. If 8 is an isometry of (M,g) which preserves orientation and time-
orientation, then for f € D(M) and ¢ € E(M),

L(f)B"¢] = L(B.f)[¢]. (Covariance)

Remark 2.1. The additivity property is a weaker version of linearity, which still
captures the concept that £ depends only locally upon f. We will only make
explicit use of Lagrangians which are linear, but the more general definition
may be necessary, for example, when considering Yang-Mills theories or when
following the Epstein-Glaser renormalisation procedure, where f plays the role
of a coupling constant, as well as cutoff.

Additionally, we note that this definition refers to the spacetime support,
supp F for a functional F. This is the closure of the set of points z € M
such that, for all ¢ € &(M), there exists some perturbation localised to a
neighbourhood of x, say 1) € ©(U) for some U > x, which changes the output
of F,i.e. Flp+ 1] # Fl¢]. For example, if zy € M, the spacetime support of
the evaluation functional (¢ — ¢(x¢)) is just {xo}.

o

The generalised Lagrangian we shall focus on is that of the Klein-Gordon
field on d-dimensional Minkowski space M, which is given by

L= [ £ [0.00"0 — me?] e (26)
d

Heuristically, one may think of the limit of £(f) as f tends to a Dirac
delta §, as describing the Lagrangian density at = and, if f instead tends to
the constant function 1, then £(f) becomes the action functional S. However
one must bear in mind that, in general, these limits may not (and typically
will not) yield well-defined local functionals.

Given a generalised Lagrangian £, we define the Fuler-Lagrange deriva-
tive at a point ¢ € €(M) as the distribution S’[¢] such that

(£(H D] n) = (S16], h) (2.7)

where, h € D(M) and f € D(M) is chosen such that f~'{1} contains a
neighbourhood of supp h 3. One can use the additivity and support properties
to verify that S'[¢] is well-defined (i.e. (2.7) is independent of the choice of
f). A field configuration ¢ € €(M) is called on-shell if it’s Euler-Lagrange
derivative S’[¢] vanishes as a distribution.

Different choices of generalised Lagrangian may yield the same Euler-
Lagrange derivative. If a generalised Lagrangian L, satisfies supp Lo(f) C
supp df, then clearly its Euler-Lagrange derivative vanishes for all ¢ € &(M).
In such a case, we describe Ly as null. One may add a null Lagrangian to an

3 We opt for a slightly stronger condition on f than found in, for example [18, Definition 3.2].
This is ultimately insignificant, but it makes it easier to show that null Lagrangians (defined
below) have vanishing Euler-Lagrange derivative
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arbitrary generalised Lagrangian without changing its Euler-Lagrange deriva-
tive. Given this, we say that two generalised Lagrangians, £ and £’ define the
same action if their difference is null, we denote this fact by [£] = [£] =: S.

In the case where S is a quadratic action, (i.e. it may be represented by a
Lagrangian £ such that £(f) is a quadratic functional for all f) ¢ — (S'[¢], h)
is linear in ¢. We assume that this functional can be expressed in the form
¢ +— (P, h), where P is a normally hyperbolic differential operator, i.e. P
is a second order differential operator of the form V%V ,+ lower order terms.
A more precise definition of normally hyperbolic differential operators can be
found in, for example, [3, §1.5]. As an example, given the free field Lagrangian
(2.6), P is simply the Klein-Gordon operator —([J + m?).

For interacting theories, one must take a further functional derivative,
defining

(L@l heg) = ("0l heg), (2.8)

where f is chosen as before. By the Schwartz kernel theorem, we may then
express this in terms of an operator P, : D(M) — D'(M)), for each ¢ € E(M)

(S"[¢],h @ g) = (Pyg, h). (2.9)

For a broad class of physically relevant actions, Py is a self-adjoint, Green
hyperbolic differential operator. We refer to the equation Pyp = 0 for ¢ €
&(M) as the linearised equations of motion at the configuration ¢ and, if such
an operator exists for every ¢ € €(M), we say that the action satisfies the
linearisation hypothesis. If ¢ is an on-shell configuration, then Ker P4 can be
thought of as the tangent space at ¢ to the manifold of on-shell configurations.
Note that for a free action, P coincides with Py for every ¢ € E(M).

Throughout this paper we assume all spacetimes to be globally hyperbolic.
A Lorentzian manifold M = (M, g) is globally hyperbolic if there exists a
diffeomorphism p : M = X x R, such that, for every t € R, p~}(Z x {t}) is a
Riemannian submanifold (referred to as a Cauchy surface) of M.

The key feature of such spacetimes is the existence of Green hyperbolic
differential operators P, characterised by the property that the Cauchy prob-
lem Py = 0 admits fundamental solutions E®/4 : ®(M) — (M) uniquely
distinguished by the fact that, for any f € D(M)

PER/Af — ERIApF — (2.10)
supp (ER/Af> C 7% (supp(f)). (2.11)

Here /i(K) denotes the causal future/past of K, i.e. the set of all points
connected to some point z € K by a causal future/past directed curve, re-
spectively. We call these maps the retarded/advanced propagator, respectively.
For detailed explanation and proof of the relevant existence and uniqueness
theorems, we refer the reader to [3].
Each propagator is formally adjoint to the other in the sense that, for all
fr9 € DM)
(f,ERg) = (g, Ef). (2.12)
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Their difference E = Ef — EA—known as the Pauli-Jordan function—defines
a map from D (M) to the space of solutions of Py = 0, and is central to our
construction of a covariant Poisson structure on phase space.

Note that here and in the following we are considering a free theory,
governed by the single linear equation Py = 0. However, to generalise to
the interacting case, one need only replace P with the linearised operator Py
defined by (2.9), and note that the fundamental solutions are then defined
relative to this linearised operator.

Recall that the phase space of a free field theory is simply the space
Ker P of solutions to the equations of motion. Traditionally, we identify this
with the space of Cauchy data on some fixed surface, i.e. the field strength and
canonically conjugate momentum at some fixed time. [3, Proposition 3.4.7]
states that all solutions with spacelike-compact support may be expressed as
Ef for some f € ©(M) and also that the kernel of this map is precisely
P(®D(M)). In other words, we can identify our phase space with the quotient
D(M)/P(D(M)). One could then define the algebra of observables on M to
be the space of smooth maps from this space to C, which can be equipped with
a non-degenerate Poisson bracket using E' as a bivector. This is not, however,
the approach that we shall take, which we outline below.

Given two regular functionals F,G € §reg(M), we can use E to define a
new functional

{F.9}1¢] = (FVl6], EGW[g]) (2.13)

called the Peierls bracket of F and G, where we recall that F(M[¢] and GM[¢]
may be identified with smooth test functions when F and G are regular. Local
functionals also possess this property; hence, we can define the Peierls bracket
of local functionals, though Foc(M) is not closed under this operation.

To obtain a closed algebra, we extend the domain of the Pauli-Jordan
function to include a suitable class of distributions. As shown in Sect. 5, the
pairing (f, Eg) is well defined if f and g are compactly supported distributions
satisfying the (n = 1) wavefront set spectral condition (2.5). In particular, this
means (2.13) is well defined for F,G € §,c(M), and one can show (see Sect. 5)
that the result is again a microcausal functional. Once it is established that
{-,-} is also a derivation over the pointwise product of functionals, we may
conclude that (F,.(M),-, {-,-}) is a Poisson algebra [18, Theorem 4.1.4], which
we shall denote P(M). This is our (off-shell) classical algebra of observables,
which we shall seek deformations of in Sect. 2.4.

Note that this Poisson algebra is off-shell, in the sense that the underlying
space, §uc(M), comprises functionals defined for all conceivable field configu-
rations ¢, not only those which minimise the action. This is intentional, and in
the following section we shall see how it is possible from here to both recover
the on-shell algebra in a natural way, and in the same stroke describe any
potential gauge symmetries a theory may possess.
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2.3. Going On-Shell

A well-known result states that, given a manifold X with some closed sub-
manifold Y C X, there is an isomorphism

Co(Y) ~ C=(X)/Z(Y), (2.14)

where Z(Y) C C*°(X) is the ideal of functions vanishing on Y. The construc-
tion of the Poisson algebra of on-shell observables may be regarded as an
infinite-dimensional analogue of this isomorphism, where C*°(X) is replaced
with §uc(M). We define the ideal Jg C §uc(M) to be the set of functionals
which vanish for all on-shell configurations, i.e. VF € Jg, Pp = 0 = F[é] = 0.

Crucially, Jg is an ideal with respect not only to the pointwise product
-, but also with respect to the Peierls bracket {-,-}. This can be proved from
(2.13) because, if ¢ is a solution, F € Jg, and G € (M) then ¢ + eEGM)[¢]
is also a solution for any ¢ > 0, hence

Flp+ eEGV[¢]] = 0, (2.15)

ie. {F,G}g] = (FD[g], EGW[¢]) = 0, indicating that {F,.(M),Ts} C Tg as
desired. Therefore, we may construct the quotient Poisson algebra PB(M)/Ts
with the Poisson bracket given by {[F],[G]} := [{F,G}], which we call the
on-shell Peierls bracket.

Defining the on-shell algebra as a quotient of two functional spaces, em-
phasises the algebraic viewpoint on geometry, where a space of maps on an
algebraic variety or a topological vector space is used to describe the space
itself. The advantage of this viewpoint will become even more apparent after
we present a convenient way of characterising Jg.

We have already seen variations of the form (S’[], k), noting that an on-
shell configuration ¢ is precisely one for which the above functional vanishes,
for any h € ©'(M). We can identify h with a constant section of the tangent
bundle T&(M) ~ E(M) x D(M), which we denote X},. Allowing such sections
to act on functionals via derivation (in the obvious way), we can rewrite the
above functional as Xj, - L(f) for any f € ®(M) which is suitable in the
manner specified after (2.7). To discuss more general variations, we must first
discuss a suitable notion of a vector field.

A complete definition of the space of microcausal vector fields requires a
few subtleties, and may be found in [58, §4.4]. There, it is also noted how such
vector fields are related to the space of microcausal observables on the shifted
cotangent bundle, T*[1]&(M). Let B,.(M) denote the space of microcausal
vector fields. To every functional F € §,.(M) we can associate a one-form
dF,i.e. asmooth map U,.(M) — §uc(M) by dF(X) = X - F. One condition
that elements of ,.(M) satsify is that, for every X € 0,.(M) there exists
a compact subset K C M such that, for every ¢ € (M), the test function
X|[¢] is supported within K. This means we can define a one-form dg(X) =
dL(f)(X), where f = 1 on a neighbourhood of K. We call dg(X) the variation
of the action with respect to X.
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The principle of critical action for ¢ € &(M) can be expressed as the
condition that, dg(X)[¢] = 0,VX € U,.(M). Hence, it is clear that all func-
tionals which arise as a variation of the action under a vector field must vanish
on-shell, in other words, 65(U,.(M)) C Tg(M). If the action satisfies certain
regularity conditions [43, §4.4], it is possible to show that the image of dg is
precisely Js(M).

We can now begin to see aspects of the BV formalism appearing if we
extend dg : V(M) — Fe(M) naturally to form a cochain complex:

5 NUB (M) 25 N D (M) 25 B, (M) 25 F (M) — 0,
(2.16)
where Jg is defined in lower degrees via the graded Leibniz rule: for example,
a homogeneous element X AY € A? 0,,(M) is mapped to dg(X AY) =
ds(X)Y —d5(Y)X. We call this the Koszul complex associated to dg, denoted
R(0g).

One can show that the Peierls bracket also extends to a degree zero
Poisson bracket across the entire complex, and that dg is a derivation over
this bracket (i.e. the pair ((ds), {,-}) is a dg Poisson algebra). In particular,
for a vector field X € U,.(M) and a functional F € §,c(M), this means
that ds {X,F} = {0s X, F} (as 6sF = 0 for any functional F). In turn, this
establishes 05(U,.(M)) is an ideal of the Peierls bracket, and hence, that
the cohomology of this complex in degree 0, namely §F,.c(M)/ds(Dc(M)),
naturally inherits a Poisson structure. Given the fact that 65(0,.(M)) = Jg,
we call H(R(6s)) the on-shell algebra of observables.

It is, at this point, natural to ask whether or not there exists a physi-
cal interpretation of H~*(£(ds)), or the cohomology in yet lower degrees. To
answer the first, note that for a vector field X, ds(X) = 0 implies that the
infinitesimal transformation ¢ — ¢ + eX[¢] leaves the action invariant to first
order in €. As such, the kernel of g in degree —1 comprises infinitesimal gen-
erators of gauge symmetries. The image of dg in degree —1 contains vector
fields of the form ds(X AY) = 0s(X)Y — 0s(Y)X. In the physics literature
these are referred to as trivial gauge symmetries. They are, in a sense, less
insightful because they are defined the same way regardless of the action in
question, and also because they act trivially on shell. As such, we can regard
H~1(R(6s)) as the space of non-trivial gauge symmetries *.

The above discussion motivates us to consider the space \* U, as the
primary kinematical object of a physical theory, with §g representing the choice
of dynamics. This perspective is advantageous both in describing conformally
covariant field theories (where the generalised Lagrangian formalism proves
inconvenient) as well as in the formulation of chiral sectors of a 2D CFT,
where one may require choices of dg which cannot arise from a generalised
Lagrangian.

4 In principle, one can go further [20, Introduction §3.2], interpreting elements of H~2(£(ds))
as “symmetries between symmetries”, however, such notions are tricky to formulate precisely
and are well beyond the scope of this article.
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Finally, as an aside now that we have constructed our on-shell algebra, it
is informative to make a comparison to the ‘canonical’ bracket defined relative
to some choice of Cauchy surface 3.

Definition 2.3 [Canonical Poisson Algebral]. Let ¥ C M be a Cauchy surface,
we define the associated canonical Poisson algebra as follows: The underlying
vector space Fcan(2) consists of functionals F' : C°(X) x C°(2) — C which
are Bastiani smooth, the arguments of this functional represent the initial field
strength and momentum on ¥ of some on-shell field configuration. Given a pair
F, G of such functionals, their canonical bracket is then defined as

_ [ |6Fp, 7] 6Glp, 7] 8G[p, m| 5F[p, 7]
(Gt~ [ | R~ s

It is not immediately obvious why the Peierls bracket should be related
to this canonical bracket, other than because E parametrises the space of
on-shell field configurations. Especially as the canonical bracket requires a
particular Cauchy surface to be specified, a manifestly Lorentz non-covariant
choice. However, by sending the initial data (p,7) € E(X) x &(X), to their
corresponding solution, one can construct a map §,c(M) — Fean(2) which in
turn yields a Poisson algebra homomorphism from the on-shell Peierls bracket
to the canonical [30, §3.2].

dVolg. (2.17)

2.4. Deformation Quantisation

Having established our Poisson structure, the next step is to deform it to
construct our quantum algebra of observables. Here we take an approach that is
analogous to Moyal-Weyl quantisation, though the fact that our configuration
space is infinite-dimensional will present extra difficulties particular to the
quantisation of field theories. In particular, as is common in perturbative QF T,
our deformation shall be formal, meaning that quantised products will be
formal power series in £, allowing us to ignore the issue of proving convergence
of our formulae.

For regular functionals F,G € §req(M) we can define the star product of
F and G directly as

ol - Flogiel + X () & (B 5O 6. a9

n>1
We may write this formula more concisely as
ih/. 5 8
- E77®7
f*g::moe2< 6¢ 6¢>(.7:®Q), (2.19)
where m is the pointwise multiplication map m(F ® G)[¢] := (F®G)[¢p ® ¢] =
Flo] - G[@]. A general result [42, Proposition 4.5] states that this exponen-
tial form guarantees x is associative. As mentioned, this deformation is for-
mal, meaning we have actually defined a map * : Freg(M) @ Freg(M) —

Sreg (M)[[1]]. We can then define the x product on Freq(M)[[A]] by linearity to
obtain a closed algebra.
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Writing the first few terms explicitly, we see FxG = F -G + % {F,G}+
O(h?). Thus, the classical term of x (i.e. the coefficient of h") is simply the
pointwise product. The Dirac quantisation rule also holds modulo terms of
order h?; hence, * is a deformation of the classical product in the sense of [58,
§5.1]. However, if we wished to apply (2.19) to local functionals, divergences
would appear. Consider for example the family of quadratic functionals, for

fedM)
W)= [ fla)oa) avol. (220)
A naive computation of the star product for two such functionals would yield
O*(f) * @%(g) “=" D*(f) - ®*(g) + 5 {2°(f), P*(9)}

772

- — (z)E?(x;y)g(y) dVol, dVol,.
2 e

(2.21)

In general, the O(h?) term of this product is ill-defined if suppf N suppg # 0.
This is because F is a distribution, as opposed to a smooth function, and the
product of two distributions cannot be defined in general.

The solution is to make use of a Hadamard distribution. Physically, a
Hadamard distribution is the 2-point correlator function for some ‘vacuum-
like’ state, i.e. W(x1,x2) = (P(x1) x (22)). More precisely, a complex-valued
distribution W € ©'(M?; C) is Hadamard if it satisfies the following properties
[58]

HO The wavefront set of W satisfies
WE(W) = {(z,y;€,n) € WE(E) | (2:€) € V1 } (2.22)

H1 W= %E + H, where H is a symmetric, real distribution.

H2 W is a weak bisolution to P. ~

H3 W is positive semi-definite in the sense that, Vf € D(M;C) (W, f® f) >
0.

A significant consequence of this property is that W satisfies the Hérmander
criterion [44, Theorem 8.2.10], ensuring that pointwise powers W™ are well-
defined.

A choice of Hadamard distribution yields a corresponding star product
by

) )
Fxn G ;:moe<hw’5¢®5¢> (F&Q). (2.23)

Note that any freedom in the choice of a Hadamard state W lies solely
in the choice of its symmetric part H. As such, we shall denote by Had(M)
the set of bi-distributions H such that %E + H is a Hadamard distribution as
per the above definition.

The product g is well-defined for regular functionals for all HeHad (M),
where it is in fact isomorphic to *: if we define the map ap : Freg(M) —

Freg(M) by ‘
’W>f, (2.24)
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then apy (F*G) = (apF) xg (au§G), for any F,G € Freg(M) and the inverse
of this map is simply a_ . Where these two products differ, however, is that
*p can also be extended to a well-defined product on §,.(M).

On a generic globally hyperbolic spacetime, it is well known [35] that
there exist infinitely many Hadamard distributions; thus, we need never fear
that Had(M) is empty. However, there is usually no natural way of selecting
which H € Had(M) to use. Thus, whilst we can always construct a well-defined
algebra

(Fue(M)IA]], *a) =: AT (M) (2.25)
for an arbitrary globally hyperbolic spacetime M, it would be unnatural to
define the quantum algebra to be any particular such choice. Fortunately,
the algebraic structure of 2 (M) is actually independent of the Hadamard
distribution selected. If H, H' € Had(M), then

ag—pg (Fxp G) = (ag—mpF) xg (ag—mG), (2.26)

where oz g - AT (M) — AT (M) is defined just as in (2.24). As one might
expect, the inverse of this map is ag:_g; hence, all of our candidate alge-
bras are in fact isomorphic to one another. One way in which we can define
the quantum algebra without any undue preference to a particular Hadamard
distribution is as follows:

Definition 2.4. The quantum algebra of the free field theory, denoted A(M), is
a unital, associative x-algebra whose elements are the indexed sets
(FH) gretad(am): Subject to the compatibility criterion

-7:H’ = aH/,H]:H, (2.27)
with a product defined by

(fH)HeHad(M) * (gH)HGHad(M) = (Fu *m gH)HeHad(M) : (2.28)

It is important to bear in mind that, whilst we have deformed the classical
algebra §,.(M) into a quantum algebra (M), we have not yet specified a
quantisation map, embedding classical observables into the quantum algebra.
We will need to establish such a map before computing commutation relations
for the quantum stress energy tensor in Sect. 3.3. However, before considering
what this map may be, it is instructive to study how the construction we have
just outlined varies as we change the underlying spacetime M.

2.5. Local Covariance and Normal Ordering

We have deliberately said little about Poincaré covariance in the construction
above. The reason being that we take the perspective that covariance under any
symmetries a particular spacetime may enjoy is just a special case of a broader
property we wish to implement: namely local covariance. The concept of local
covariance, introduced in [?] and [?], unites the representation of spacetime
symmetries as automorphisms of the algebra of observables with the principle
that an observable localised to a region O C M of a spacetime should be
‘unaware’ of the structure of the spacetime beyond this region.
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The foundational idea is that, if there exists a ‘suitable’ embedding of
a spacetime M into a spacetime AN, then there should be a corresponding
embedding (more precisely, a homomorphism) of observables 2A(M) — A(N).
A spacetime symmetry is just a suitable embedding of M into itself which also
admits an inverse. If the corresponding algebra homomorphism is similarly
invertible, then we would have, in particular, an action of the isometry group
of M on A(M) as desired.

To formulate local covariance more precisely, it is convenient to invoke the
language of category theory. To begin with, by specifying the suitable embed-
dings of spacetimes, we endow the collection of globally hyperbolic spacetimes
with the structure of a category, which is denoted Loc and defined as follows:

e An object of Loc is a spacetime M, as specified in definition 2.1, of a
fixed dimension d.

e For a pair of spacetimes M = (M, g,0,t) and N = (N, ¢’,0’,t), a mor-
phism x : M — N is a smooth embedding x : M — N which is admis-
sible in the sense that x*¢g' =g, 0 = x*0’, and t = x*t".

Given an admissible embedding xy : M — N, there is a natural map
T (M) = Fuc(N) defined by F — x, F := Fox*. We show later in Sect. 4.1.2
that even if y preserves the metric only up to a scale, then F o x* is still
microcausal whenever F is hence in particular x. (§uc(M)) C Fue(N) for all
Loc morphisms x : M — N. In fact, all of the different spaces of functionals
specified in Sect. 2.1 are each preserved under the map x, and thus may be
considered functors from Loc to either Vec or Alg, depending on whether or
not they are closed under pointwise multiplication.

Next, we need to find a way to specify dynamics in a coherent way across
all spacetimes. This involves extending the generalised Lagrangian framework
to the concept of a natural Lagrangian. In categorical language, we can define
a natural Lagrangian as a natural transformation £ : ® = §ioc, such that for
each M € Loc, L is a generalised Lagrangian as per Definition 2.2. Here, ®
is the functor assigning each spacetime its space of compactly supported test
functions, and to each morphism x : M — N the map y. : D(M) — D(N)
defined by

fx M) ify e x(M),

2.29
0 else. ( )

x«f(y) = {

Spelling this out, the naturality condition reduces to the condition that,
for every morphism of spacetimes y : M — N, f € D(M) and ¢ € EN)

Ly (x=HIo] = La(HIX ¢, (2.30)

which is essentially a generalisation of the covariance condition appearing in
Definition 2.2. As an example, this condition is satisfied by the Klein-Gordon
Lagrangian

LDl =3 [ 110(90.99) = ma?] a'a, (231)

where V is the gradient operator associated to the metric g of M.
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From the naturality condition, one can then show that if x : M — N,
then the Euler-Lagrange derivatives of £ and L are related by the equation,
Vo € E(N)

X" Si[¢] = Shulx" ¢l (2.32)
and, in the case of the free scalar field, the causal propagators arising from
L and Ly are related by Eax(x«f, xx9) = Em(f, g). From here, it can be
deduced that x. : Fuc(M) — Fuc(N) is a Poisson algebra homomorphism
where each space is equipped with its respective Peierls bracket; hence, the
assignment P8 : Loc — Poi outlined in the above section is locally covariant.
A similar argument in the case of conformal embeddings is also given later in
this article in Sect. 4.1.2.

We shall use the generic designation Obs to denote the category our
observables (either classical or quantum) belong to. Choices of Obs relevant to
our discussion include

e Vec, whose objects are vector spaces over C, and whose morphisms are
linear maps. This is the most generic space generally considered, and is
appropriate when one wishes to treat classical and quantum theories on
an equal footing.

e Poi the category of Poisson algebras and Poisson algebra homomorphisms.
This is the primary category of observables for classical theories.

e x-Alg, the space of topological *-algebras. We choose this as the target
category of quantum theories, as the perturbative nature of our con-
struction requires us to consider unbounded operators, else we would use
instead the category of C*-algebras.

e In each of the above cases, we may add a dg-structure, i.e. if Obs is any
of the above categories, Ch(Obs) comprises cochain complexes which in
each degree take values in Obs. Such categories are at the heart of the
BV formalism in both the classical and quantum case [39], [20].

A locally covariant field theory (classical or quantum) is then defined
simply as a functor from Loc — Obs. Already this captures a lot of important
features, such as the representation of spacetime symmetries as automorphisms
of the algebra of observables. Whilst one can go further by imposing additional
axioms for such a functor to satisfy, this general definition will suffice for our
purposes.

The BV formalism outlined in the previous section can also be made lo-
cally covariant. Just like §,., we can easily promote U, to a functor Loc —
Vec. A choice of natural Lagrangian then yields a natural transformation be-
tween the two, dg : Ve = Fpue. From this it follows that the construction of
the Koszul complex £(dg) itself defines a functor Loc — Ch(Poi).

We have already sketched an explanation of how our construction of the
classical theory may be made locally covariant. If Hy € Had(\), then one can
show that x* Hy € Had(M); thus, we can define a map 2AX Ho) (A1) — Ao (N)
as just the canonical extension of x. : Fue(M) — Fpuc(N) to formal power
series in A. This map satisfies

X (F *(x= o) G) = X F 510 XG5 (2.33)
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thus, it defines a x-algebra homomorphism. The map 20y : A(M) — A(N) is
then given by

(le (FH)HEHad(M))HO = X*]:(X*HO)7 (2.34)

which can be shown to satisfy the criterion (2.27), making the map well-
defined. With these morphisms, we can then declare 2 : Loc — Obs to be
a locally covariant quantum field theory.

Next, we turn to the topic of normal ordering. On a fixed spacetime
M, normal ordering is the process of mapping (some subset of) classical ob-
servables into the space of quantum observables. In our case, we seek a map
f— it Sloe(M) — A(M), such that the kY coefficient of :F:p is F. Given
our somewhat indirect definition of (M), it is helpful to outline here the
general strategy for defining a normal ordering prescription, before we turn
our attention to any particular maps.

It is easiest to define a normal ordering prescription as a choice of map
Froc(M) — AH (M) for every H € Had(M). Suppose we denote each map by
F — (:F:)pg. Collectively, they define a map Foe(M) — A(M) if, for every
H,H' € Had(M) and F € Fioc(M)

(3]:5)H = OzH_H/(:f:)H/. (235)

By choosing a fixed Hadamard state Hy € Had(M), we can define
a quantisation map which has the physical interpretation of normal order-
ing “with respect to” that state. As indicated above, we first define a map

Sloc(M) — Q[H(M) by
F = ag_pg,F = (8 gHo)H' (2.36)

This clearly satisfies the criterion (2.35) above and hence is a valid normal
ordering prescription. We may also characterise this prescription as the only
consistent choice such that the map Fioc(M) — AHo (M) is simply the inclu-
sion of Floc(M) into F,c(M)[[]], the underlying vector space of A0 (M).

Similar to our definition of a natural Lagrangian, a locally covariant or-
dering prescription is defined to be a natural transformation from Fo. to 2.
( Note that we must assume that the target category of each functor is Vec,
as normal ordering is linear, but not a homomorphism. ) Explicitly, this nat-
urality condition is realised by the equation, for every admissible embedding
X:M—=N,

XaFon = Ax CFipm) - (2.37)

It is tempting to believe that a covariant prescription across all space-
times can be found by making a covariant choice of Hadamard state for each
spacetime. However, it is now a well-established fact that such a choice cannot
be made consistently across all spacetimes. (See the remarks following defini-
tion 3.2 of [?] for a discussion relevant to the scalar field, and [28, §6.3] for a
more general result.)

The solution is to instead define an ordering prescription which depends
upon the Hadamard parametriz of the spacetime in question. Before the char-
acterisation via wavefront sets used in (2.22), Hadamard states were defined
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by the ability to express them locally (i.e. in some neighbourhood of the thin
diagonal A C M?) in what is known as local Hadamard form. A precise de-
scription of the local Hadamard condition for four-dimensional spacetimes may
be found in [51, §3.3]. In dimension 2, a state with 2-point function Wz, y)
is said to be locally Hadamard if, VN € N, I’ve seen a lot of sources with a
prefactor —1/27

1 e
Wizsy) = -~ lim (VN(xa y) log (W) + wN(x;y)) ; (2.38)
where o(x;y) is the world function, defined as half the squared geodesic dis-
tance between x and y, t is some choice of a time function (i.e. level sets of ¢
are Cauchy surfaces), o, is defined by

oz y) = o(x;y) + 2ie (t(z) — t(y)) + €, (2.39)

wy is some 2N + 1 times continuously differentiable function, and Vi is a
smooth function which depends only on the metric of M. We have omitted
some subtleties in the definition regarding geodesic completeness (i.e. the true
domain of o), for which we again refer the readers to the precise definition
given in the above reference.

The series of distributions (Wls\}ng ::W—wN) constitute the
N

Ne
Hadamard parametrix, which is independent of the choice of state. The
parametrix defines a normal ordering prescription, first as a map §ioc(M) —
A (M)
(Fm)y = ]\}E)noo apy_psins (2.40)

where Hjs\i,ng = W]s\;ng — %E This map is defined for any local functional F
because the order N at which we must truncate the series in (2.38) depends
only on the order of the functional F. This corresponds to the highest order
derivative of a field configuration ¢ which enters into the definition of F[¢],
and is guaranteed to be finite [58, §6.2.2]. For instance, if F has order n, then
oy H?\i]ngf = ay_p=meF for all N > n; thus, this series always converges in
finite time. From now on we shall suppress both the truncation of the series,
as well as the limit in (2.40). Instead we shall write (:F: 1)y = oy pgsineF,
where one may interpret H5"8 as H]S\i,ng for a sufficiently large N.
We can then verify that, for H, H' € Had(M)

(:fIM)H = OZH,Hsingf = ag_g’ o aH/,Hsing]: = oag_g’ (:fIM)H, 5 (241)
i.e. the family of functionals ( (:F:pm) )HeHad(M) satisfies the compatibility
criterion (2.27); hence, the map : — 1o : Floc(M) — A(M) is well defined.

Crucially, the Hadamard parametrix is also locally covariant. If Hj\lj’fN
are the (symmetrised) Hadamard parametrices for two spacetimes M, N re-

sing __

lated by a Loc morphism x : M — N, then x*H3"® = Hji/ll]g. 5 Thus, we can

5 This is a direct consequence of the fact that x* : Had(N') — Had(M).
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use the fact that (x.7F)™ [¢] = ()" F™[x*¢], to show

1o () = X (0o, ) (2.42)

On the left-hand side, we have simply (:x+«F:nr), whereas on the right-hand
side, once we note that ax*(Hij\Tg)}' = aX*Hij\iAng]-' = (:f:M)X*H, we see
that this is (Ax:F:a)y as required.

3. The Massless Scalar Field

Now that we have constructed both a classical and quantum algebra of ob-
servables, and introduced several ordering maps between them, we may study
their finer details in an explicit example. As our ultimate goal is to understand
conformal field theory from the perspective of pAQFT, the massless scalar field
is the obvious place to begin. Moreover, owing to its flat geometry and com-
pact Cauchy surfaces, the Einstein cylinder &—defined as the image of 2D
Minkowski space, M, under the identification (¢,2) ~ (¢, + 2m)—provides
a natural and convenient setting in which to explore the chiral aspects of the
massless scalar field within the pAQFT framework.

In this section, we shall see how the quantum algebra of observables for
the massless scalar field contains a pair of Heisenberg algebras and a pair
of Virasoro algebras, one each for the left and right null-derivatives of the
field. In the construction of the Virasoro algebra, we shall also see that the
principle of local covariance outlined in Sect. 2.5 is necessary to recover the
‘radially ordered’ form of the Virasoro algebra. The argument involved in this
re-ordering constitutes a mathematically rigourous form of the known trick of
identifying 1 +2+ 3+ -+ = {(—1).

3.1. Minkowski Space

We begin by finding the causal propagator for the massless scalar field in
Minkowski space. From this we shall later obtain the propagator for the cylin-
der, and hence the Poisson algebra B(&). Moreover, we shall begin to see how
the classical Poisson algebra of the massless scalar field naturally contains two
chiral subalgebras.

The equation of motion for the massless scalar field on Minkowski space
is simply

— (G- ) o=0. (31)

This is easiest to solve if we adopt null coordinates u =t — z, v =t + . The
fundamental solutions E#/4 to (3.1) must then satisfy

483 aEER/A(u’ v, v') = —26(u — u)d(v — v'). (3.2)
u v

By inspection one can then deduce that the distributions

ER*A(u, vy ') = —%G(i(u —u"))8(£(v — ")) (3.3)
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both satisfy (3.2) and have the desired supports. Taking their difference we
find the Pauli-Jordan function to be

E(u,v;u’,v") = —% O(u—u)0(v—v") — 0 —u)(v —v)]. (3.4)
We can rewrite this propagator in the form
E(u,v;u’,v") = —i [sgn(u — u') + sgn(v —v)], (3.5)
where sgn(z) = 6(z)—60(—=z). In other words, we can decouple the u-dependent
terms from the v-dependent, defining the summands
E=E'+E", (3.6)

such that E¢ does not depend on v and vice-versa.

This split is significant for functionals which depend on the field config-
uration ¢ only through its left/right null derivative. If we indicate the action
of the differential operator 9,, on a functional F by (9:F)[¢] := F[0n¢], then
the functional derivative of 9} F is given by

(0:7) V(9] = ~0.FV[0u]. (3.7)
Consequently, the Peierls bracket of two such functionals is
(0,7, 0:6}9) = ((0u © 0)E, FV[0,0) GV (0] ). (38)

This equality motivates the construction of a new Poisson algebra, outlined in
the following proposition:

Proposition 3.1. The space §..(M2), equipped with the pointwise product -,
and the bracket

(F.0} 6] = ((0u @ 0,) B, FV[g] @ GV[4]) (3.9)

is a Poisson algebra, which we denote B¢(Ms). Furthermore, the map 0% :
SueMz) — Fuc(Msz) yields a Poisson algebra homomorphism By(Ms) —
P(My).
Proof. Because WF((9,, ® 0,)E) C WF(E), we see that all the estimates of
WEF ({F, Q}(n)) given in the proof of Proposition B.1 also hold for
WEF ({F, g}g”) ). Thus, the microcausality of {F,G} implies that of {F,G},.
Next, we must show that {-,-}, satisfies the Jacobi identity. This we
can achieve using (3.8) alongside the observation that 9} is injective (which
follows from the fact that 9, is surjective). Let F, G, and H all be microcausal
functionals. Consider

o ({F AGH},}, +--) ={0sF. {0:G, 05 H} } + -+,
where --- includes both remaining even permutations of F,G, and H. The
right-hand side of this vanishes as the Peierls bracket satisfies the Jacobi iden-
tity hence, by injectivity, we see that {F,{G, H}¢}¢ + - -+ also vanishes.
Finally, we note that WF((9:F)™[¢]) = WF((—-1)"9,*"F™[9,4]) C
WF(F™[9,4]), confirming that 9; indeed defines a linear endomorphism on
§ue(Mz) and hence, by (3.8), a Poisson algebra homomorphism. O
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Note that (9, ® 9, ) E" = 0; hence, the integral kernel of the differentiated
propagator is

0u0u E(u, v, v") = 0,0, EX (u, v;u/,v") = 26" (u — o). (3.10)

=32

This form of the commutator can be seen as an example of the mutual locality
of chiral fields, [45, Definition 2.3], a concept central to many theorems in the
VOA framework We shall henceforth refer to {-,-}, as the chiral bracket, and
the analogously defined {-,-}, as the anti-chiral bracket.

In an upcoming paper, we shall examine these chiral algebraic structures
in detail, in particular, we shall demonstrate how they can be placed on a
one-dimensional space, close to the notion that chiral fields “live” on a single
light-ray.

3.2. The Heisenberg Algebra on the Cylinder

Maybe Split this into two sections? We shall now find the advanced and re-
tarded propagators for the Einstein cylinder &. If (u,v) denotes the null co-
ordinates of a point in My, then we define an equivalence relation on My by
(u,v) ~ (u+ 2m,v — 2m). The Einstein cylinder is then defined as the quo-
tient space & = My/ ~, with the unique metric such that the covering map
m: My — & is a local isometry. We will write points in & as equivalence classes
[u,v] C My, where [u,v] = [u+ 27, v — 27].

The causal propagator for the cylinder may be obtained from the ad-
vanced and retarded propagators of Minkowski spacetime using the method
of images. Firstly, note there is an isomorphism between &(My)%2 = {f €
EMs)|foT, = f,¥n € Z} and &(&). Going from & to My, this map is
simply the corestriction of 7* to the space of Z invariants. If we denote the
inverse of this isomorphism by 7, then we claim the retarded and advanced
propagators on the cylinder are given by

EMA = n, ER/Ar, (3.11)
For this map to be well defined, amongst other details, we must show that
the domain of Ef/4 can be extended to the image 7*(D(&)), and that the
output of Ef/A7r* contains only Z invariants. Proof of which can be found in
Appendix. 5.

That these maps are then the desired propagators follows from the rela-
tionship between the equations of motion on the cylinder and Minkowski. Let
U C My be a sub-spacetime of My and let ¢y : U < My be its inclusion into
M. If U is small enough that m oy : U — & is an embedding, then we can
show from (2.32) that

(mow)*Pe = Py(mouw)”. (3.12)
Furthermore, ¢y is itself an isometric embedding, hence
tirPu, = Pyt (3.13)
Combining these equations, we find

T Pe = 1y Py, (3.14)
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One can then show that My is covered by open sets U for which (3.14) holds,
and hence, that 7* Py = Py, 7*. By acting on the left-hand side of (3.11) with
7% Pg and the right-hand side with Py, 7*, we are then able to see why these
maps are fundamental solutions to Pg.

Throughout this section we shall use the following coordinates for &. Let
U = (0,27) x R C R?, then

p:U— &,
(u,v) — [u,v]. (3.15)

And, by a standard abuse of notation, for ¢ € (&), we shall write (¢pop)(u,v)
as simply ¢(u,v). As the (u, v) coordinates parametrise & up to a set of measure
zero, they are sufficient to define integration on &. In turn, this allows us to
define an integral kernel for E.,1 by

(Eey19) (u,v) =: / Eeyi(u, v;u/,0")p(u/,v") du’ do’, (3.16)
U
which we may then write in terms of the integral kernel of E as

Eei(u,v;u',0") = ZE(u,U;u’ + 21k, v’ — 27k),
k€EZ

_ _% Q“Q_ﬂ“/J n V;WUIJ + 1) . (3.17)

Once again, we see the characteristic splitting of the u-dependent and v-
dependent terms of Eey1, which we write Ecyy = Ef) + El ), just as before.
Just as with Proposition 3.1, we can define a chiral bracket {-,-}, on
Fuc(&) using (9, ® 0,,) Egy1 instead of Egy, yielding the chiral Poisson algebra
PBe(&). The proof that P,(&) is a Poisson algebra and that 9 : §,c(8) —
Suc(&) is a Poisson algebra homomorphism carries over essentially unchanged
from M. For our choice of chart, we always have that —27 < u — v’ < 2m;

thus, the integral kernel for the chiral bracket can be written

1
(04 ® Oy) Eegi(u, v;u',0") = (04 ® 0,) B (u,v;u',v') = 5(5’(11 —u'). (3.18)

We shall perform our next set of calculations using {-,-},. In an effort
to avoid confusion, when we are working in B,(&’), we shall denote the field
configuration input to the functional by 1. We think of ¢ as 0,¢ which is
realised when we apply the algebra homomorphism (9} F)[¢] = F[0u¢] = F[].

We first define the family of functionals {A, }nez C F(&) by

1 2

ApY] = 7 e™ap(u, —u) du. (3.19)
Their derivatives are given by
1 2 )
<A£11)[77[1], h> = N "™ h(u, —u) du, (3.20)
u=0

for h € ©(&).
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For ¢ € &(&), An[tb] is simply the n't Fourier mode of v restricted
to the ¢ = 0 Cauchy surface ¥y if we wind around the surface clockwise.
These functionals are neither microcausal nor local because, by [44, Theorem
8.2.5], one can show the wavefront set of A [¢] is the conormal bundle to Y.
However, we shall see that they still possess a well-defined chiral bracket, and
generate a closed algebra with respect to it.

A direct computation of the chiral bracket yields

1 2 27 ) ,
{An,Am}Z[w] = /_0 //—o el(nutmu )(8u6u/Efyl)(u, —w; ', —u') dudu’

1 27 2m ) ,
_ / el(n1L+mu )5/(U _ u/) du’du’
27 u=0 Ju'=0
= —inGpym.0; (3.21)

hence
{An, A}, = —inbnimo, (3.22)

where we suppress the constant functional for convenience.

This demonstrates that the Lie algebra generated by the A, with the
Lie bracket {-,-}¢ is isomorphic to the Heisenberg algebra. Moreover, as 9
is a Poisson algebra homomorphism, we see that the algebra generated by
A, = 0} A, with the Peierls bracket is also isomorphic to the Heisenberg
algebra.

Quantising this family of functionals is relatively simple. Let H € Had(&)
be some Hadamard distribution. As the functionals A,, are linear, the definition
of the xg product implies the familiar Dirac quantisation rule is valid:

[An, A, = ih{An, A} = inépym.o- (3.23)

Furthermore, ag:_ g acts by identity on linear functionals; hence, this result
is independent of our choice of a Hadamard state H.

Of course, there is nothing particularly special about the choice of ¥y as
the Cauchy surface. From the covariance of the Peierls bracket we already know
that, for any isometry x € Aut(&), the family of functionals {x..A4, }nen has
the same commutation relations as {A,},en. Moreover, we can see in these
functionals the beginnings of conformal covariance, which will be explored
further in Sect. 4. In null coordinates, we can define a conformal transformation
of the cylinder as x[u,v] = [u(u),v(v)] where the pair of functions p,v €
Diff | (R) satisty p(u + 27) = p(u) 4+ 27 and v(v + 27) = v(v) + 27. One can
then show that the family {x..A, }nen still has the same commutation relations
as before.

we can define a family of functionals akin to A,:

AT[] = /Sl emTy* <gidu> ) (3.24)

where « : S! — & is any spacelike loop around &. The original A,, correspond
to the choice of loop o(7) = [, —7], and one can show that, if v = x o7 for
some conformal transformation x, then x..4, = A).

*H
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In fact, for any other Cauchy surface % of &, it is possible to find a
conformal transformation x such that v = x o vy is a parametrisation of X;
hence, A} is a copy of the Heisenberg algebra associated with the surface X.
As a sketch: y is obtained by taking a right-moving null ray passing through
a point [u, —u] € ¥y and finding the unique point [u,v] € X lying on the
same ray. This defines the map v such that v(—u) = v, which one can show
is an element of Diff ; (S'), then any choice of u € Diff { (S!) completes the
definition of y, for example just the identity function.

These A will not be needed in this paper. However, functionals of this
form prove vital for defining truly chiral (i.e. one-dimensional) algebras as
emerging from locally covariant field theory. We shall explore this further in a
future paper.

3.3. The Virasoro Algebra

As the Virasoro algebra arises from quadratic functionals, the ordering ambi-
guities we could previously disregard become relevant, and we cannot so easily
carry computations from Minkowski space over to the cylinder. To start, the
classical functionals are defined analogously to the A,, functionals. Again, we
begin by defining a family {B, }nez C §(&), by

2m
B[] := / e )? (u, —u) du.

=0
As before, we shall compute the chiral bracket of B, with B, in order to
obtain the Peierls bracket for the functionals B,, := 0, B
For future reference, the functional derivatives of B,, are
2m

<B,(11) [¢],g> = 2/u:0 ey (u, —u)g(u, —u) du, (3.25a)
<B,(l2) Y], g ® h> =2 /1:; e g(u, —u)h(u, —u) du. (3.25b)

Here again, the wavefront set of B,Sl)[@[}] is contained within the conormal
bundle of Y, and hence, B,, is not microcausal. Moreover, we see that, like
A, these functionals are additive, which means that the support of B,(?), and
hence that of 87(? ), is contained within the thin diagonal Ay C &2. This will
be vital when we later apply the locally covariant Wick ordering prescription
outlined in Sect. 2.5 to these functionals.

The chiral bracket of B,, with B,, is given by

{Bn, Bm}e[Y] = 2/ / (u — )™ e (u, —u) - e —u') dudu’

_ m U, —Uu u. —U U. —u ei(n m)u u
Z/MZO[UJ(, ) + (8ut) (1, —w) | (u, —u)e "+ du,

2w
= —i(n —m) / et MUy 2 (4 ) du

=0

— —i(n— m) By V)], (3.26)
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where the move from the second to the third line can be made by exploiting
the skew-symmetry of the equation under the interchange of n with m. Hence,
we can already see that the B,, under the chiral bracket generate a copy of the
Witt algebra.

Next, we shall quantise the B,, observables. Using (3.26), we can im-
mediately note that the O(f) term of [:B,:,:B,,:] must be A(n —m):Bpim:,
regardless of the quantisation map used. In order to determine the O(A?) term
though, we must decide on a particular choice of prescription.

As explained in Sect. 2.4, it is inconvenient to work directly with (&).
Instead, we perform our computations in 27 (&) for some suitable choice of
Hadamard distribution H. The simplest choice is to take H = Wy — %Ecyl,
where Wy is the ultrastatic vacuum for the cylinder, uniquely distinguished
by the fact that it is invariant under time-translations. The integral kernel of
Wey1 may be written

Wyt (u, v;u/,0v") = % Z % (e*’k(“*“/) + e*m(”*”/)) : (3.27)

kez*

Unlike for the massive scalar field, time-translation is not enough to fix the
kernel of Wy uniquely, owing to the presence of zero mode solutions to the
massless Klein-Gordon equation. However, this is no issue in the algebraic
approach to QFT, as the construction of our algebra of observables is inde-
pendent of any choice of ground state and, hence, of any way in which we may
choose to handle the problem of zero modes.

Moreover, we are concerned with the x products of functionals which
depend on the field configuration ¢ only through one of its null derivatives. In
effect, this means we only depend on Wcy to define the 2-point function for
the derivative field

(au X au)chl(X§ Y) = <(8u¢) (X) (8u¢) (Y)>w' (3'28)

Taking this derivative annihilates any zero-modes, thus there is no ambiguity

in defining the integral kernel of (9, ® 0y)Wey.
If we consider the xz product of two functionals of the form 9 F, we find

* * - hn n
(O F) % (0,9) [¢] =Y — (100 ® 02) Wey)®" , F[9,6] © G [90] )
n=0
(3.29)
Analogously to Proposition 3.1, we can hence define a chiral subalgebra of xg
via the following:

Proposition 3.2. The space §,.c(&)[[h]], equipped with the associative product
*m,e defined by
hn n n n
(Frne Qo) = = (0w ® 0)We*", FM 6] 0 G[6]),  (3:30)

neN

18 a *-algebra, which we denote by Q(f(é’) Moreover, the linear extension of
0y —defined in Proposition 3.1—to §,.c.(&)[[h]] yields a x-algebra homomor-
phism A (&) — A (&).



Lorentzian 2D CFT from the pAQFT Perspective

Proof. Just as in the classical case, because WF((9,, ® 9,,) W) C WF(W), the
closure of §,.(&)[[h]] under xg  is proved in exactly the same way as for %z,
as spelled out in Proposition B.2. That 0] intertwines xp ¢ with xg is verified
by (3.29). And associativity follows from injectivity of 93.

We may now compute the product By, *p,, ¢ Brm. In the abstract algebra,
this amounts to computing 8B, 8., * 8 By 8 1,,, - Later, we shall compare this
to the product of the covariantly ordered B,,.

As the B,, functionals are quadratic, the power series for their star prod-
uct truncates at O(h?). Thus, it may be written in full as

B, *Hey1,0 By, =By - B + h<[(5 ® Ou) Wey] B( )W’] ® Br(rp[w]>

+ {1009 0 Wel 2 BO[) 0 BOW]).

(3.31)

First, let us consider the O(h) term

(100 ® 8) Weyl), BV [0] @ B [])

1 27 2 ) , . . ,
= Z f/ / ke*lk(ufu ). eznuw(u, _u) . gimu ’l/)(u/, _u/) dudu’.

™ — _
kEN =0 Ju'=0

(3.32)

We can simplify this slightly by reintroducing the A,, functionals. Upon doing
so, we find

([0 @ 0) W], BOW @ BPW]) = > kAn 4[] Amsilv].  (333)

(Note that for any function % the above series is absolutely convergent as the
smoothness of ¢ guarantees |A,[¢]| decays rapidly in n.)

For the commutator, we need only the anti-symmetric part of (3.33),
which is markedly simpler. For now, however, we proceed to compute the
O(h?) term. To do this, we need the following form of the squared propagator:

c© k
1 . /
([0 © 0) Wesl* . ) =12 2221 —z/ e =) £y v, 0 o) dVOL?.
™
k=0 l=
(3.34)
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This can be obtained naively by just squaring (3.27) and applying the Cauchy
product formula. For a proof that this indeed converges to the correct distri-
bution, see Sect. 5. We then find

L ([(0w ® 0) W)™, B[] @ BR[])

87T2 Z Z 71 /7; /u 72k (u—u' eznueimu' dudu’,

keN 1=0 (3.35)
1
=52 Z 1(k = 1)6n—1,00m 5.0,
keN 1=0
nn? -1
= %Q(n)&ﬁm’o

Hence, altogether we have

2

(Bu) = By Bt h> KAy A+ o

(Bn *H. 2 12

n?(n — 1)0(n)6nrm.0-

(3.36)
, Taking the anti-symmetric

eyl

Next, we compute the commutator [B,,, Bp], .
cyl

part of the O(h?) term is straightforward: simply drop the 6(n). For (3.33),
note that we can write

1
Z kAnkaka = 5 (Z k‘An,kAerk + Z k|An}€Am+k> . (3.37)

k=1 kEZ kEZ

The first series is anti-symmetric under an interchange of n and m, whereas
the latter is symmetric and can thus be disregarded. Next, we take two copies
of the anti-symmetric series, for the first copy we make the change of variables
k — (n— k), and for the second we choose k — (k —m). Recombining these
two copies we find

1
> kAn g Apik = (0 m) > AgAnim_k. (3.38)
kEZ keZ

By the second convolution theorem, this final series converges (up to a constant
factor) to the (n + m)'™ Fourier mode of 2. Thus, (3.38) is equal to (n —
m)B,,1m, agreeing with our earlier calculation using the chiral bracket {-,-},.
Combining this with the O(h?) term (3.35), we arrive at the Virasoro relations

2

h
[Bru B"L]*Hcylvz = h(n - m)B7L+7n + E

Using the *-algebra homomorphism 0 from Proposition 3.2, we can then
conclude that

n(n® —1)8n1m.0- (3.39)

2

[an Bm}*Hcyl = h(n — m)Bner + h—

12n(n2 — 1)ntm.0- (3.40)
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Finally, applying ag g, and using the identity (2.26) we obtain the commu-
tation relation

2
12
in A(&), recalling that (8 By, 85,,, )H =ag_H.,Bn-

It is curious that at this stage we have commutators recognisable as what
one might call the ‘planar’ Virasoro relations (for example [45, (2.6.6)]) for a
central charge ¢ = 1, despite the fact that all the functionals in question
belong on the cylinder. We will now compute the correction to these relations
which occurs when adopting the locally covariant Wick ordering prescription.
In doing so, we shall see the result is the ‘radially ordered’ Virasoro relations.

Recall from Sect. 2.5 that, heuristically, locally covariant Wick ordering is
normal ordering with respect to the Hadamard parametrix. In the case of the
Minkowski cylinder, the Hadamard parametrix (2.38) is particularly simple.
Locally the cylinder is isometric to Minkowski space, hence the parametrix of
the cylinder coincides with that of Minkowski. For an arbitrary choice of length
scale A, the singular part of a Hadamard distribution for the undifferentiated
field ¢ is

n(n?

(8818 Hys 8Bm 8., ] = h(n —m) 8 Buym 85, + —1)dpymo (3.41)

)\2

Here it is clear that the parametrix exists only locally, as Wiy, is not spacelike
periodic. Passing over to the differentiated field 1, the singular term becomes

1 1

Wieing (u, v;u’,v") = —ﬁ log (M(U_”/)) ) (3.42)

. co! —_
8uau’VVsmg(uy U ) Ar (U — ’U,’)Q . (343)
For the cylindrical vacuum, we have
D0l Wey (us ') Zk: —ik(u—u’ (3.44)

keN

We can think of the above series formally as the derivative of a geometric
series. Replacing v — v’ with z. = u — v/ — ie makes this series absolutely
convergent for € > 0; thus, we can write the 2-point function as

eiz6

OO Wep (s w') = - i 15—

(3.45)
Performing an asymptotic expansion of this function near the coincidence limit
u—u =0, we find

1 1 11

el 2
auau/chl(u,U)N*EW*EE*FO((U*U) ), (346)
which provides an explicit verification that the vacuum state differs from the
parametrix only by the addition of a smooth, symmetric function. Moreover,

this allows us to calculate :B,,:s. As we are working in A=1(&), we need only
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compute the functional (:B,:s) Hop which is given by
(:B’ﬂ:éa)Hcyl = chyl*Hsinan

=B, + g <Hcy1 - HsingaB7(12)>

h
= Bu+ 5 (04 0u) (Hey — Hang)), B
27
= Bn + h/ einu [(8u8u’Hcyl) - (auau’Hsing)} (U, —u;u, —U) du
u=0
h

For a generic Hadamard state H € Had(&'), we then have

(Buie) g = OH—HuneBr = Ot —Hepy (OH ey~ Hoiny Br)

h h
24 24
In other words, the quantum observables :B,,:¢ and 885,85, in A(&) defined,
respectively, as the locally covariant Wick ordering and the normal ordering
with respect to the vacuum H,y of the classical functionals B,,, are related by
a shift

= AH—H.,Bn n0 = (8 Bn 8m., )H On,0- (3.48)

I
el 7ﬂ5n70. (3.49)

With this shift we find, as expected, that the commutation relations of :B,,:¢
are

Brie =8B, 8y

2

I3
[Bh:g,:Bmie] = B(in —m):Bpim:e + ﬁn35n+m,0~ (3.50)

Recall that 8 —8p,,, can be interpreted as normal ordering with respect to
the vacuum Hcy1. Moreover, we established the Hadamard parametrix Hging
of the cylinder is effectively the 2-point function of the Minkowski vacuum,
embedded into some suitable neighbourhood of A C &2. Accordingly, (3.39)
computes the commutation relations for Fourier modes of the stress-energy
tensor normally ordered with respect to Hcyi, and (3.50) the same but ordered
with respect to the Minkowski vacuum.

We note here that the procedure we have just outlined is in effect the
derivation of the Casimir effect given by Kay in [49]. There, Wald’s axiomatic
approach to renormalising the expectation value of the stress-energy tensor [60]
is applied to the Klein-Gordon model on the Einstein cylinder, which then
produces the normal ordering formula (2.40), specifically for the components
of T),,.

In the standard approach to CFT in two dimensions, one typically im-
poses (3.39) as the standard commutation relations for Laurent modes of the
stress energy tensor, here understood as a field over the complex plane in a par-
ticular sense. Then, mapping the plane to the ‘cylinder’ via the map z — €2,
one may obtain the radially ordered commutation relations, concordant with
(3.50). However, in our framework, it does not make much sense to speak of a
Virasoro algebra for the plane, as there is no suitable notion of mode expansion
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for the stress-energy tensor when considering the constraint that each mode
must be compactly supported (see the remark preceding Sect. 4.3). In fact,
arguably the most significant differences between our approach and the VOA
framework is that the latter relies on mode decomposition in order to analyse
the singularity structure of quantum fields, whereas we instead use tools from
microlocal analysis.

3.4. Connection to Zeta Regularisation

There is a well-known trick in the physicists’ literature to explain (3.49).
Firstly, recall that we can write a given B, functional as an infinite series
over A, functionals (which is point-wise convergent) as:

1
Bn =3 > Ag- Ank (3.51)

kEZ

The xg. , product of two such functionals is

cyl

A *xg. Ak = Ak - Ap_i + ﬁk@(k)csmo. (3.52)

cyl
In particular, for n # 0 this means that Ay - A, = Ag*g,,, An—r. Hence, we
can define a family of observables {(L,,) }nez+ C A(&) by replacing the classical
pointwise product - in (3.51) with *. This family would then coincide with
{888 5., }nez-. For n = 0, we may still replace the pointwise product with
*H,,,, but the ordering of the functionals is now significant. Naively replacing
the classical pointwise product - in (3.51) for n = 0 by the * product yields
the quantum observable

e’} 0
1 1
Bo=3 > A, Ak + 3 S Alkxm,, A (3.53)

k=1 k=—o0

Casting rigour aside, we could then ‘reorder’ By by moving every Ay in the
second series to the left-hand side of the product, which would produce the
infamous divergent series

1 = h
Bo = 5 Ao 1,0 Ao + S A, Ar + 3 > k. (3.54)

k=1 keN

The rigourous and covariant way of reordering By, as we saw in the
previous section, is to apply the map ap_,—m,,,. If we define wey(u) =
(0w ® Ou)[Heyi(u;0) — Hying(u;0)], where we exploit translation invariance
to write wey1 as a function of a single variable, then we can write the normally
ordered form of By as

ho.
g Hans Bo = Bo + 5 lim, weyi(u). (3.55)
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By approximating both Hcy and Hging by smooth functions, we can write

Wey1(u) = lim Z ne”MueTME / pe” Ple P dp] (3.56)
N0 "0 p=0
d[ 1 1
= i — — 3.97
0 dz _lez+z} (3:57)
: d [ & Br 1 -1
=l PR (3:58)
4SS ER)
Jm | (3.59)

where here By, denotes the k' Bernoulli number. This explains the appearance
of ((—1) in the normal ordering of By without any recourse to intermediate
divergent series.

To close out this section, we make a brief remark about how our notion of
normal ordering corresponds to the procedure of shuffling creation operators
past annihilators, or similarly the normally ordered products of chiral fields
[45, (2.3.5)].

Considering the classical product of a collection of A,,,, the functional
derivative of this may be written (A, - Am, )P = Zle(Aml o A

.Amk).AS,llz, where = indicates omission. From this we may compute that

k
(A, == Amy) * oy An = Ay = Ay - An + B Y (A, - A, -

i
i=1

. Amk)
mie(fmi)(;mi+n’0. (360)

Note that the " term in the sum vanishes if n < m;. If we have n < m; for
every i € {1,...k}, then we are only left with the h° term on the right-hand
side. Moving to the abstract algebra (&) by applying the formal map a;{zyl,
we then have

8 Am, - Ay, - An8H = 8Am, - Amy 8Hoy *x An, (3.61)

where we make use of the fact that we can canonically identify linear classical
observables with their quantum counterparts. Applying this procedure itera-
tively, if we assume that the sequence i +— m; is monotonically decreasing,
then we can write

SAml ...Amkchyl :Aml *"'*Amk7 m; < M1 (362)

Given that [A,,, A,,] = 0 whenever m and n are either both negative or both
positive, we have recovered the familiar result that normal ordering moves A,,
“to the right” if m < 0 and “to the left” if m > 0.
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4. Conformal Covariance

So far, our classical and quantum algebras of observables are insensitive to
any conformal symmetries a given theory may possess. This is because the
morphisms in Loc are isometric embeddings, required to preserve the metric
exactly. To study the conditions for and consequences of conformal covariance,
we must relax this condition to allow conformally admissible embeddings.

Definition 4.1 (Conformally admissible embedding). Let M = (M, g, 0,t) and
N = (N,q',0',t) be a pair of spacetimes (i.e. objects of Loc). A smooth
embedding x : M — N is conformally admissible if x*o' = o, x*t' = t, and
X*g' = Q2g, where Q € (M) is some nowhere-vanishing function known as
the conformal factor.

The category CLoc—first introduced by Pinamonti in [57]—is the natural
setting for the study of conformal field theories. It comprises the same objects
as Loc, but enlarges the collection of morphisms to conformally admissible
embeddings. As one might expect, we upgrade the concept of locally covariant
field theory to locally conformally covariant field theory simply by replacing
the category Loc with CLoc. In the next section, we show explicitly how this
may be done for a large class of classical theories, and for the conformally
coupled scalar field in the quantum case.

It is worth noting that although in this paper we focus primarily on the
1+1-dimensional case, the discussion which follows in §4.1 is applicable to
spacetimes of arbitrary dimension.

4.1. Conformally Covariant Field Theory

4.1.1. Conformal Lagrangians. In this section we shall outline the language
necessary to identify a particular Lagrangian (more precisely, its corresponding
action) as being conformally covariant. In order to do so we must first introduce
some notation.

Definition 4.2 (Weighted Pushforward/Pullback). Let x : M < N be a con-
formally admissible embedding with conformal factor Q2. Given A € R, the
weighted pushforward with respect to A is defined by

XgA) :D(M) = DWN),

frx-(272F), (4.1)
where x. denotes the standard pushforward of test functions (2.29). Similarly,
we define the weighted pullback with respect to A by

X{a) : €N) — €M),
b — QP x*o. (4.2)

In the following proposition, we collect some useful properties of these
maps.

Proposition 4.1. Let x € Homcpoc(M;N), and p € Homcpoc(N;O). Then,

A A
1. o o Xt = (po )
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2. X{a) © Play = (PO X))
3. For ¢ € €N), f € D(M)
o () aVole = [ (xia-my9) FaVolas
N M
where d = Dim(M) = Dim(N).
Proof. The first of these results is easiest to see as a consequence of the other
two; thus, we defer its proof until the end.
Result 4.1 can be obtained by a direct computation. Firstly, note that if
X gy = QigM, and p*go = ngj\/, then the conformal factor for pox is given
by (pox)*90 = (- X*Q,)%gr. If we select some arbitrary ¢ € €(O), then
X(a) (ff(kA)(b) = X{a) (2'079)
* A * %
= (2 - (X" Q))” X7P79)
= (poxX)(a)¢-
To prove 4.1, first note that, because supp (XgA)f) C x(M), we may
restrict the first integral to x(M), where we may consider y to be a diffeo-

morphism. Next, recall that a standard result for conformal transformations
states x*(dVoly) = Q?dVol . From this we find

X (00 (V) - dVoly ) = (x"9) - (72f) - (2'dVoln)
- (X’{d_ A)gb) FdVolu.
Finally, to prove 4.1, let f € ©(M) and take some arbitrary test function

h € ©(0O). Then, consider [, h (piA)XﬁA)f) dVolp. Using the two results we
have just established, we see that

/O h (PN F) dVolo = /M (Xa—apla—ayh) f dVola
= [ (0o 0iuayh) ravolu
:/ b (o)) £) dVolo.
(@]

Thus, as this holds for every choice of h € D(0), we can conclude that
A) (A A
PN = (po) i . O

Using these definitions, we can then state the condition required for the
theory arising from a natural Lagrangian £ to be conformally covariant.

Definition 4.3 (Conformal Natural Lagrangian). Let £ : © = §)oc be a natural
Lagrangian as per Sect. 2.5. Suppose there exists A € R such that, for every
conformally admissible embedding x € Homc o (M;N), every ¢ € E(N), and
every f € D(M)

(Shalxiayd) 1) = (Silel 7). (43)
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where S’ is the Euler-Lagrange derivative of L as defined in (2.7). In this
case, we call L a conformal natural Lagrangian.

We can state this condition more elegantly by once again taking the BV
perspective where, instead of focussing on the natural Lagrangian £, we use
its associated differential dg : U ,e = Fpe-

Firstly, we can use the weighted pullback to define a modification of
the functor assigning a spacetime its classical observables, §,.. For A € R,
let &(ﬁ) be a functor CLoc — Vec which assigns to each spacetime M its
microcausal observables §,.(M) as usual, but assigns to x € Homc|oc(M;N)
the morphism

B2 xF)[8] == Flxia)ol- (4.4)

Proposition 4.1 assures us these morphisms compose as they should. Moreover,
by using

(50xF) ™ 16 = () 7" Fliay ol (4.5)

we can see that the wavefront sets of functional derivatives are independent
of the choice of A. Then, by noting that the joint future/past lightcones V;L
are preserved under pullback by y, and are both preserved under pushforward
by a conformal embedding, the wavefront set spectral condition (2.5) is also
preserved. Hence, &'L%)X tFpe(M) = Fuc(N) as desired.

Similarly to § ¢, for any choice of weight A, we can define an extension
‘BL%) : CLoc — Vec by

(BuexX) [¢] = XV (X [xia) 0)),

where XiA) is again the weighted pushforward of test functions. Recall that

we defined local covariance in the BV formalism as the condition that dg is
a natural transformation %,. = §.c, where each is a functor Loc — Vec.
Similarly, (4.3) simply states that such a theory is conformally covariant if the
same collection of maps comprising ds also define a natural transformation
ds: ‘E,&%) = 8’&%), where each is now a functor CLoc — Vec.

4.1.2. Conformally Covariant Classical Field Theory. We can now see how
the criterion for conformal covariance that has just been outlined gives rise to
classical dynamical structures which vary as one would expect under conformal
transformations. The first result compares the linearised equations of motion
on two spacetimes related by a conformally admissible embedding.

Proposition 4.2. Let L be a conformal natural Lagrangian which satisfies the
linearisation hypothesis (2.9). If x € Homcpoc(M;N) and ¢ € E(N), then

XY Prlxiaydl = Prloh™, (4.6)

where each differential operator has been implicitly restricted to the space of
test functions of the appropriate spacetime.
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Proof. The proof is effectively a direct computation. Let g € D(M) and h €
D(N). Recall from the definition of Py that

(Pulel™g,n) = (8ol (x\¥g) @h) . (4.7)

This then allows us to employ (4.3) as
(silel, (Vg) @ h) = @ {Si o+ ehl )

= % <SM |:X(A ¢+ ex(a) }

= (Pr (i) 9 X<A>h>M

= (Y Pulxiadlah) - (4.8)

Note the first equality is not immediately obvious: rather, it follows from the
locality of Lxr. In the following line we use (4.3) and, for the final equality, we
(4=2) i5 the adjoint of X?A)' As the choice of h is arbitrary, we may
then conclude that the two operators coincide. O

N le=0

note that .

Remark 4.1. As Py[¢] and Py [XE‘A)QS] are both self-adjoint, we can write an
equivalent form of (4.6) for linear maps (A), namely

PumlX(a)?IX(a) = X(a—n)PN[P]- (4.9)

Using this equation, we can immediately see that the solution spaces for these
two operators are closely related: if ¢ is a solution to Ppr[¢], then XZ‘ A)w is a
solution to Par[x{a)¢]-

Moreover if, for A > 0, we take N' = (M, A2gaq, 001, taq), i.e. just M with
the metric scaled by some factor A2 and x = Id,s, then X’{A)zp = \2¢. This

indicates that A is what is typically referred to in the literature as the scaling
dimension of the field ¢.

When a pair of normally hyperbolic differential operators are related in
the above manner, we can similarly relate their fundamental solutions. The
following proposition, which reduces to [57, Lemma 2.2] in the particular case
of the conformally coupled Klein-Gordon field in 4D, establishes the confor-
mal covariance of the Pauli-Jordan function arising from a suitable conformal
natural Lagrangian. To simplify notation, we shall refer only to a single dif-
ferential operator on each spacetime, i.e. we suppress the dependence on an
initial field configuration ¢ or xZ‘A)q’), though this does not mean that the scope
of the result is limited to free theories.

Proposition 4.3. Let x € Homc oc(M;N), and let Py, Py be a pair of sym-
metric, normally hyperbolic differential operators on M and N, respectively,
such that
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IfE N denotes the advanced/retarded propagator for Py n as appropriate,
then R/A _ R/A (d-a)

E ( aENT XA (4.11)
Proof. Recall that the advanced and retarded propagators of Py are uniquely
determined by their composition with Pys and their support properties. As
such, we simply need to establish that the operator on the right-hand side of
(4.11) satisfies the relevant criteria (2.10) and (2.11).

Firstly, if we act on this operator with Py, we see
ER/A (A=A ERIA (d-A
PrmxiaEx /A = X(a-a) PN EN M),

By definition, Py oEN/ = 1o (n), and clearly X“("d_A)Xﬁd_A) = lo(m), hence

Py (X(A)ER/A ( ‘A)) =Tom) (4.12)

If we denote by Pf, the restriction of Py to ®(M), and likewise Pg;, by
the symmetry of these operators, we have that

d—A) pe A
TV = P
Thus, acting on P§, with our candidate propagator yields
R/A _(d—A ER/A A
X(A)E / 5< )PM X(A) / Prrxs ( )v

which is again simply 1ga4)-

Finally, we must determine the supports of these functions. Let f €
D (M). Note that supp (X*d A‘)f) X(supp f), hence, using the support prop-
erty of Ef/A

supp (ER/A - A)f) C 75 (x (supp f)).
Pulling this back to M, we have

supp ( Xy BN X A)f) Cx ' (5 (x(supp /) -
Conformally admissible embeddmgs preserve causal structure. In particular,
if v : [0,1] — M is a causal, future/past-directed curve, then x o is also causal
and future/past-directed. This means that y (_Z35(supp f)) = 7 (x(supp/f)).
Hence, our candidate propagators also meet the desired support criteria, and
must genuinely be the advanced and retarded propagators for Py as
required. g

One can show that conformal invariance as defined in appendix D of [61]
implies (4.10), so long as it is also assumed that Paq and Pps are symmetric
in the sense that (f, Ppmo) vy = (Pmf, ¢) o for all f € D(M), ¢ € EM).

Similar to the case of (isometric) local covariance, the consequence of
proposition 4.3 is that we can define a symplectomorphism from the solution
space of Ppq to that of Pyr. Recall that we can identify the space of solutions
to Py with D(M) /P (D(M)). If f,g € D(M), then

(f,Emg) = <x§d*A)f, Ey (kad*mg» : (4.13)
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Moreover, from (4.6), it follows that ) (P (D(M))) C Py (DWN)),

hence XiA) yields a well-defined map between the quotient spaces

D(M)/Prm (D(M)) = DN)/Px (D).

As was the case in Sect. 2.5, this symplectomorphism of solution spaces in
turn gives rise to a Poisson algebra homomorphism relating the Peierls brackets
for each spacetime. A quick calculation shows that the map Sﬁ%) x defined in
(4.4) is a Poisson algebra homomorphism: for F,G € §,c(M), ¢ € EWN) we
have that

{r s}, o= ((537) " o) o) (52109) " ol)
= (TVFO G 9l Ex VG d])
= (FO a9} Barx(a) )9V iy 91)
= (BENAF. ) 9]

We may summarise the above results as ensuring that the following is
well-defined:

Definition 4.4 (Locally Conformally Covariant Classical Field Theory). For
some A € R, let £ be a conformal natural Lagrangian of weight A. The
locally conformally covariant classical field theory associated to L is a functor
P : CLoc — Poi, which assigns

o To every spacetime M & Cloc, the algebra §,.(M) equipped with the
Peierls bracket {-,-} \, associated to the generalised Lagrangian £ .
e To every morphism x € Homcpoc(M;N), the Poisson algebra homomor-

phism Sﬁ%)x.

Ezample 4.1. (The Conformally Coupled Scalar Field) The simplest example
of a conformal natural Lagrangian is that of the conformally coupled scalar
field. For spacetimes of dimension d, this is given by, for M € Cloc, f € D(M),
¢ € EM)

LDl = 5 /M / lom (Y6, V) + EaRad?] dVolas, (4.14)
where Ra4 is the scalar curvature function for the spacetime M and &; =
ﬁ is the conformal coupling constant.

In this case, we can see that the Euler-Lagrange derivative satisfies the
desired covariance property with A = @.
Even in this example we see the necessity of phrasing (4.3) in terms of

variations of the action. Naively, we may have assumed conformal covariance to
be given by L (f)[x’(*A)qﬁ] = E,\/(X&A)f)[qé]. However, the presence of the test
function f in the above Lagrangian prevents the integration by parts necessary
for this equation to hold.
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4.1.3. Conformally Covariant Quantum Field Theory. In order to discuss quan-
tisation, we must return our attention to free field theories. In doing so we can
once again refer unambiguously to a single operator Py, producing the equa-
tions of motion on M.

We saw in Sect. 2.4 that quantisation of a free field theory is achieved
through the use of arbitrarily selected Hadamard distributions for each Pjy.
The covariance of the quantum algebras was thus dependent on the fact that,
given an admissible embedding x : M — N, the pullback of a Hadamard
distribution on N by x is again a Hadamard distribution on N. We have
already seen that the weighted pullback of the causal propagator on N is the
causal propagator on M. The following proof, again adapted from [57], gives
the corresponding result for Hadamard distributions.

Proposition 4.4. Let x € Homcpoc(M;N) be a conformally admissible embed-
ding with conformal factor Q, and let Pnq, Py be a pair of normally hyperbolic
differential operators satisfying

PMX?A) = X?de)P/\ﬂ
If Wy : O(N) — E(N) is a Hadamard distribution for Py, then
Wt = xiay Ward ™ (4.15)

is a Hadamard distribution for Ppy.

Proof. Firstly, (4.13) ensures that the anti-symmetric part of Wy is %EM.
Secondly, by a direct computation, we can see that PyWxq = 0, hence Wy is
a distributional solution to Pp. Thirdly, upon complexification of ®(M) and

D(N), we clearly have that xgde)? = (Xgﬂd*A)f); hence, positivity of Wy

follows directly from that of Wy.

Thus, all that remains to be shown is that Wy, has the appropriate
wavefront set:

As a distribution in ®’(M?), as opposed to a continuous map D(M) —
E(M), Wy is defined on the dense subspace D(M)®? C D(M?) by

(Wan, f @ g) = (War ™ @ xi2g). (4.16)
This differs from the usual pullback x*Wys only in the multiplication by the
smooth function Q92 @ Q94 hence, WF(Wr) = WF ((x*)®?Wy).

At this point it is convenient to regard x(M) as a spacetime in its own
right, with all the relevant data being that inherited from N by restriction.
We then observe that x factorises as ¢ o £, where the inclusion ¢ : x(M) — N
is an isometric embedding, and £ : M — x (M) is a conformal diffeornorphism.
With this, we write x*Wxr = £* (*Wyr). As € is a diffeomorphism, we know
that WF (&* (*Wyr)) = &WEF(*Wyr), and, since ¢ is an isometric admissible
embedding WF(¢* W) = I'y(a), where I'yy = WEF(W) for any (and hence
every) Hadamard distribution W on M.

It is only left for us to show that £*I'y(n) = Faq. Let (y1,y2;m1,1m2) €
[y (), and let v : (—¢, 1+4¢) be a null geodesic satisfying v(0) = y1, v(1) = 2,
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4°(0) = 1, 4°(1) = ny. It is then readily verified that €~ o~ is a null geodesic
segment which demonstrates (z1, zo; k1, ko) € T'aq, where y; = £(z;), and k; =
1; © d€|s,. Thus, we see that £*I'y(aq) € I'pq. Similarly, if 7 is a null geodesic
segment demonstrating that (x1,z9;k1,ke) € Ty, then v := € o5 shows
that (y1,y2;m,m2) € T'ym). From this we can conclude that WF(Wy) =
WF(x*Wxr) = T' aq; hence, W is indeed a Hadamard distribution for Pa.
O

If we, by a slight abuse of notation, write W, = XZ‘A)WN, then the above
proposition can be expressed as X(,) Had(N) — Had(M). This map, to-
gether with the map {s"&%)x defined in the previous section, creates the algebra
homomorphism required to make the quantum theory conformally covariant.

Firstly we observe that, if Ha is the symmetric part of W, etc, then a
quick computation confirms that

(&Sﬁ)xf) *Hyr (Sfﬁ)xg) =F X (Frp G)-

In other words, for a Hadamard distribution Hx € Had(N), 5,%))( defines a *-
algebra homomorphism A7M (M) — AH~ (N), using the notation introduced
in (2.25).

To see that these maps define a homomorphism 21(M) — 2A(N), note
that, if Hy, € Had(\) and H), := X{ayH) then, using (4.5), one can show
that

amy—ry 08X =T x 0o —my (4.17)
hence, our homomorphisms are compatible with the isomorphisms between

different concrete realisations of 2A(A) as required.
Thus, we have shown that the following definition makes sense.

Definition 4.5 (The Quantum Massless Scalar Field). Let £ : © = Fioc be
the conformal natural Lagrangian of the massless scalar field in spacetime
dimension d, given by (4.14). The locally conformally covariant quantum field
theory associated to L is a functor 2 : CLoc — *-Alg, which assigns

e To every spacetime M € Cloc, the algebra (M) defined in Sect. 2.4.
e To every morphism x € Homcpoc(M;N), the x-algebra homomorphism
defined, for F = (Fu ) metaam) € A(M) and Hy € Had(N), by

(IXF) g = SL%)X (fx?mHN) ’

where A = %.

4.2. Primary and Homogeneously Scaling Fields

Now that we have constructed the quantum theory of the massless scalar field,
we can begin comparing our formalism to the standard CFT literature. In
formulations of CFT descended from the Osterwalder-Schrader axioms, one
defines a field ¢(z, 2), to be primary with conformal weights (h, h) € R? if, for
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a holomorphic function z — w(z)

ot (22 (?f)ﬁqs(w(z),w(z)). (119

In order to reach an analogous definition of a primary field within the
AQFT framework, we must equip our spacetimes with frames. As a motivating
example, Minkowski space is naturally equipped with the frame (in null coor-
dinates) (du, dv). The Minkowski metric is then simply ds? = du®dv, where ©
denotes the symmetrised tensor product. A general conformal automorphism,
X, of Minkowski space can be written in the form

X3 (u,0) = (p(w), v(v)), (4.19)
where either u, v € Diff  (R) or Diff _ (IR). This is readily shown to be conformal
as, for any (u,v) € My

X (du © dv) 0y = 1 () (0) ([ © dv) . (4.20)

Hence, the conformal factor is the product Q2(u,v) = u’(u)/(v). To generalise
this splitting of the conformal factor to arbitrary globally hyperbolic space-
times, we introduce a new category, which combines the conformal covariance
we have just described with the idea of augmenting each spacetime with a
frame, as may be found in, for example, [27].

Definition 4.6. The category CFLoc consists of objects that are tuples .# =
(M, (e, e")), where M is a 2-manifold, and e’,e” are a pair of 1-forms such
that, Vp € M, {e‘,,e",} spans Ty M, subject to the condition that the map

(M, (e,e")) — (M, et e, [ef e, [ef +e)) (4.21)

sends objects in CFLoc to objects in Loc.

A morphism x : (M, (ef,e")) — (N, (¢ é"))) is a smooth embedding
X : M — N such that if M and N are the spacetimes obtained in the
above manner from (M, (ef,e")) and (N, (&% é"))), respectively, then y €
Homcoc (M;N). In other words, x is a conformally admissible embedding
of M into N with respect to the metrics and orientations induced by their
coframes.

As every 2D globally hyperbolic spacetime is parallelisable, each may be
expressed as the spacetime induced by some object of CFLoc, i.e. the map (4.21)
is surjective. Furthermore, from the definition of the morphisms in CFLoc, it
is evident that this map extends to a fully faithful functor p : CFLoc — Cloc;
hence, we have an equivalence between the two in the sense of category theory.

Rather than relying solely on this equivalence, however, the following
proposition provides a test of whether an embedding x : M <— N is con-
formally admissible with respect to the spacetime structure induced by the
frames (e, e”) and (&, é&").

Proposition 4.5. Let .# = (M, (e’,e™)), A = (N, (€% &"))) be two objects in
CFLoc, a smooth embedding x : M — N s then a CFLoc morphism between
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M and N if and only if there exists a pair of smooth, everywhere-positive
functions wy, w, € Eso(M) such that

XY = wyyet/T. (4.22)
Proof. Suppose first that the embedding y satisfies (4.22), then it is clearly
conformal, as

X(Etoe) =% e, (4.23)

where the conformal factor is Q% = wyw,. To show it is admissible, consider
first

X [EEAET] =[x (€8 A ET)] = [wew, (e Nem)] = [ef AeT], (4.24)

where the final equality comes from the fact that the product wyw, is every-
where positive. Hence, wyw, (e A e”) defines the same orientation as e’ A e”,
establishing that x is orientation preserving.

Next, to show x preserves time orientation, consider

X (884 ") = we’ +wpe” (4.25)

For this 1-form to define the same time orientation as e’ + e”, first we need to
prove it is timelike. Let g = ¢ ® e”, then

g(wgee +wpe”, wee’ + wre") = 2wpwy > 0; (4.26)

hence, it is everywhere timelike. Next, we need to show it is compatible with
the original orientation:

g(wee® + wre”, e + e’) =wr 4w, > 0. (4.27)

Thus, (4.22) is a sufficient condition for x to be a conformally admissible
embedding.

Conversely, let us now assume that x is conformally admissible. Let
ée/T\X(M) denote the restriction of é/” to the image of M under . As y
is conformal, the pullback of each of these 1-forms must be a null 1-form on
M with respect to the induced metric. At every point p € M, this tells us
that x*&|,(ar)(p) must be colinear with either e®(p) or e”(p). That it must
be colinear with ef(p) in particular is due to the fact that y preserves ori-
entation; a similar argument can then be made for €". Thus, we have two
functions wy /. € E5o(M) such that X*é€|X(M)(p) = wg/reé/r. Their product is
the conformal factor of x and hence must be positive. Finally, for x to preserve
time orientation, w, and w, must satisfy (4.27); thus, each function must be
everywhere-positive. O

Using these frames, we can define a modified pushforward, similar to
(4.1), except now with a pair of weights (A, A\) € R? specified. The weighted
pushforward of a test function f € ©(M) under a morphism x : A4 — N
with left/right conformal factors wy/, is given by

AV = (w2 ). (4.28)
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We then construct the functor ®(%) : CFLoc — Ve, for (h, E) € R? as follows:

for an object .# € CFLoc, define ’D(h’ﬁ)(.///) = D(M), and for a morphism
X:M— N B

DI (f) = (4.29)

With this functor, we can finally define a primary field of weight (h,ﬁ)

to be a natural transformation ® : ®h) = A, where 2 : CFLoE — Vec is a

locally covariant QFT, which may or may not be the ‘pullback’ 2 o p of some

theory 2 : CLoc — Vec. Explicitly, this means that, if M is the spacetime

constructed from .# € CFLoc according to (4.21), and likewise A arises from

A € CFloc, then we have a pair of linear maps ® 4, 4 such that, for any
X € Homcpoc(#; ), the following diagram commutes

(h,h)

DM) X D(N)
|oe |os (4.30)

AM) —2 AN)

Heuristically, we can see how this definition relates to (4.18) by taking the
limit’ of ® 4 (f) as f — 0., the Dirac delta distribution localised at = € M.
Whilst there is no guarantee that ® 4 (f) converges in this limit, (4.29) does
converge in the weak-* topology to wg(x)hwr(x)hdx(w). If we imagine for a
moment that ® 4 (z) :=lims_5, O 4 (f) is well-defined, the statement that @

is primary with weights (h, k) implies
Ay (2) = Jim @y (DPxS) = wr(@)wr (@) Oy (x(@)).  (431)

Recalling that, if x : My — My is expressed in null coordinates as x(u,v) =
((u),v(v)), then wy = du/du and w, = dv/dv, we see that we have recovered
a Lorentzian signature analogue of (4.18) as desired.

We can also recover the physical interpretations of the sum and differ-
ence of h and h, referred to as the scaling dimension A and spin s of the
field, respectively. For the scalar field, we have already encountered the scaling
dimension as the number A appearing in, for example, Definition 4.4. If we
consider a field with spin s = 0, the action of the corresponding ® functor is

DB/28/2 2R p (4.32)

The right-hand side of which is precisely the action of the functor D) as
defined in [57]. Hence, any primary field ¢ la Pinamonti’s definition ® : ®(A) =
2 defines a primary field of spin 0 in our description: ® : ®(A/24/2) = 9o p
where <T>/// = Dy

Conversely, a choice of spin 0 primary field d : DA/2A/2) o 9o p
unambiguously defines a natural transformation ® : ©(®) = . To see this,
note that if .# and .4 represent different frames for the same spacetime

M =p(M) = p(M), then the identity morphism of the underlying manifold

constitutes a CFLoc morphism .# — .#; hence, we can deduce from (4.30)
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that <I>/// = (ID ~ In other words, the spin of a primary field measures how
it behaves under a change of frame on a fixed spacetime. Thus, if the spin
vanishes, the primary field does not depend on the frame, and can be defined
in the same way as in [57].

Example 4.2. The null derivative of the scalar field defines a map 09, :
DM) = Fpue(M)

094 (/)4] = /M F(@)(ead)et Ae,

where e, is the vector field dual to e”. To see that this is a primary field
consider the upper-right path through the diagram (4.30):

0. (DX (f)) 6] = /(M) (Y (Tl ) - @) e
X
= /M (w?_lwzl_lf) X" (Ee9) (we wret A e".)

Next, using x*(é,0) = (x*&)(x*¢) = w; '(erx*¢) we have
0.4 (9() 6] = [ @)@ f@) el o)’ AT

To compare this with the lower-left path, we first observe that the algebra
isomorphisms «,«g/—p all act by identity on linear functionals; thus, if F is
linear, 2Ax (F)[¢] = Fx*¢]. Hence, the observable we obtain in this way is

Ax (0.4 (1))[0] = /M F@) (el @)l A

By fixing (h,i;) such that the diagram commutes, we can therefore conclude
that 0® is a primary field of weight (1,0). Similarly, if we consider the field
0®, obtained by acting with e, instead of e;, we would obtain a primary field
of weight (0, 1).

We can also consider the wide subcategory CFLocy comprising all the
same spacetimes, but only those embeddings for which the conformal factors

we, wy- are constant. If we denote the restrictions of D01 and A to this subcat-
egory CD(()h"h) and 20, respectively, then a quasi-primary field may be defined
as a natural transformation i)éh’h) = 2y, for some pair of weights (h,ﬁ) € R2.
This category contains all the morphisms of FLoc, which correspond to

wy = w, = 1. The additional morphisms are generated by the boosts and
dilations, defined, for A € R by

ba: (M, (e e")) — (M, (A 1eb, Ae™)),

dp : (M, (e, e")) — (M, (Ae’, Ae™)),
where in each case, the smooth embedding inducing the morphism is simply
Idar. A homogeneously scaling field of weight (h, h) is then a natural transfor-

mation P : Q(h’h)|cp|_oc0 = A|cFLoc,- In other words, ® responds to boosts and
dilations in the same way a primary field would.
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Given the underlying manifold is unchanged, both ®"") (by(.#)) and
DR (), are simply D(M). Upon making this identification, we have that
DMpy ~ A= =M1 5 ) and DPPI @y ~ AMFR=21 5. Similarly, Aby ~
Adp =~ Ty, where M is the spacetime corresponding to .#. This reduces
the test for a field ® to scale homogeneously to the equations

Oy A =B 4 (), Bayy N2 =4 (f). (4.33)

This concept is very similar to the concept of a quasi-primary field.
However, one should note that the group of CFLocy automorphisms of M?
comprises only the proper, orthochronous Poincaré transformations and di-
lations. This is strictly less than the full group of M&bius transformations,
PSL(2,R) x PSL(2,R) under which quasi-primary fields transform nicely.

In order to describe the action of these M6bius transformations, note that
the conformal compactification M2 — S! x S! is described in our framework
by a conformally admissible embedding M? — &, where the coordinate % on
the cylinder is the complex argument of 152%, the image of the corresponding
coordinate on Minkowski under the Cayley map. Once this identification is
made, Mobius transformations defined on the projective line R U {oco} by

au+b a b
L, 2T
cu+d’ d

)esuzmy

then yield well-defined CLoc automorphisms of &. However, even a transfor-
mation as simple as u — wu 4 ¢ for ¢ € R becomes highly non-trivial as an
automorphism of the cylinder.

As such, our concept of a homogeneously scaling field is strictly weaker
than that of a quasi-primary field. The concept still has some utility in its
ability to specify the spin and scaling dimension of field. The former, amongst
other things, can quantify the frame-dependence of a field, whilst the latter,
with additional assumptions, can be used to impose constraints on the Poisson
brackets/commutators of pairs of fields. It is likely that, one may be able
to by identifying a subcategory of CLoc or CFLoc such that the restricted
automorphism group of & is the full group of Mdbius transformations one
would expect. However, we shall not explore the issue further.

For the massless scalar field, we identify several notable examples of pri-
mary and homogeneously scaling fields below:

1. As demonstrated in the above example, the derivative fields 9® and 0®
are both primary. Taking higher derivatives will produce homogeneously
scaling fields of increasing weight, which we note is not typically the case
when inversions are included. In general 9" 9™ ® is homogeneously scaling
with weight (n,m), though note that if both n and m are nonzero, this
field vanishes on-shell.

2. Higher powers of primary fields are again primary classically, but in the
quantum case, they may fail to be even homogeneously scaling in general.
The stress-energy tensor is a special case, which we discuss in the remark
below.
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3. The (smeared) vertex operator e’ (f) defined, for f € D(M), a € R by

et (f)le] = /M f(x)e'**@ qvol,

classically is neither primary nor homogeneously scaling. However, the

covariantly normal-ordered field :e?*®: is a quantum primary with spin 0

. . . 2
and scaling dimension —’Z“
s

To see this, consider the lower-left path of (4.30). For f € ©®(M),
¢ € EWN), H € Had(M), and H' € Had(N'), we have

(e a0 = S (5) 5 (err - )

n=0

XN al) (4.34)

The functional derivatives of e{%? can be calculated straightforwardly,

and yield, for any n € N
. ®dn .
(e = m) ™ (@ ncal)
= (e [ e )t (wi) — H i) ol
M y—x

= /M X f(z) (— a’x*h (z; ) + g log(Q(x)))n dVol. (4.35)

Here, b’ is the smooth part of H’, and the log(2(z)) term arises from
the difference in the local Hadamard form (2.38) of x*H’ and H/S\ijlg (see
the following remark for details). We can then express the action of the
morphism Ay as

Ay (:eiwb(f):M)H/ [¢] _ ef,‘/g/t@ (fe(—ha;(LAOX)*h/) ani> [X*¢]7 (436)

where (a(z) = (z,), and we are using the linearity of e’® in the test

function to extend it  to a map D(M)[[A]] — Fuc(M)[[A]].

We can compare this to :ej\’}q):, where we have, for g € D(N)

@i =3 (5) & (Ko ).

n=0
a2 .
= (75 el(g) )

g (g% ) o]

6 In doing so, we avoid any necessity to prove summation and integration may be inter-
changed, or that Exp(fi(A + Blog C)) = Exp(AA)C"B. If one is not comfortable with such
manipulations of formal series, reassurance may be found in the fact that, if the field con-
figuration ¢ is held fixed, and # is chosen to be any positive number, then the series (4.34)
converges absolutely, as a series of complex numbers, to the right-hand side of (4.36).
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As e® is a classical primary field of scaling dimension 0, we have
i (Nl = eff® (- Q~f) 9], hence

W (gt (7)) 10 = et (205 (1)) s
as required.

Remark 4.2. The prefactor V in (2.38) is a little tricky.
In order to analyse it effectively, we can use “special double null coordi-
nates” [12,50] u/,v" such that

ds® = (1 + Au? + Bu/'v' + Cv'"? + O(3))du'dv’, (4.37)

where O(3) denotes terms of order at least 3 in «’ and v’. In this system, one
can then express Vy for N > 3 and mass m as
li ! li ! m ! / !/ /

Vi (uy, viug,v5) =1 — 7(“2 —uy)(vy —v1) + O(3). (4.38)
In any case we clearly see that the coincidence limit of V appearing when
testing the naturality of :e?*®: is 1. Moreover, we can use this form to prove
that the normally ordered stress-energy tensor :7T": is homogeneously scaling.
We already know the necessary weights from the fact that T is a classical
primary of weight (2,0); hence, for a dilation d,, we must show that

Tran ) NP2 ) = T4 (). (4.39)

We already know the classical terms agree; thus, we need only check the O(h)
term, which reduces to the condition that

<H;Tgﬂ) — Hre T, (f)<2)> =0. (4.40)

Using the Hadamard recurrence relations [21], one can deduce that Vy is
invariant under constant scalings, hence

H;;nfﬂ) — H}ng = Vn(z,y) 1og(A2). (4.41)
Given that e; = e (u/,v")0y for some e, € (M), we can then use the

above form for Vi to show that lim,_,,(e; ® )V (2, y) = 0, and hence, that
(4.40) holds Vf € ©(M).

4.3. The Stress-Energy Tensor of the Massless Scalar Field

A well-known feature of chiral CFTs is the transformation law for the stress-
energy tensor, constrained by the famous Liischer-Mack theorem [55] Here we
shall show explicitly that, for the free scalar field in 2D Minkowski space, the
stress-energy tensor satisfies precisely this transformation law. And, moreover,
that there exist analogous transformation laws on arbitrary globally hyperbolic
spacetimes.
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The uwu component of the stress-energy tensor 7 on a framed spacetime

M = (M, (e*,e")) € CFloc, is a distribution valued in Fioc(M) defined, for
feD(M), ¢ € €M) by

Ty (F)d] = % /M £ (eed)2el AT (4.42)

Note that we can replace the test function f with a compactly supported dis-
tribution, so long as its singularity structure is compatible with the constraint
that T 4 (f) is a microcausal distribution. In particular, the generators of the
Virasoro algebra B, from Sect. 3.3 can be expressed as T (f,), where the
integral kernel of f,, is ¢™“§(u + v) in the null-coordinates for the cylinder.

Classically, T' is a primary field with conformal weight (2,0), i.e. T :
D20 = Pop, where P is the classical theory for the massless scalar field, as
given in definition 4.4.

However, when quantised, :T": picks up obstructions which prevent the
necessary diagram from commuting in general.

Before we study the transformation properties of the stress-energy tensor
restricted to Minkowski space, we are now in a position to address a comment
made earlier about finding generators of the Virasoro algebra on Minkowski
space. On Minkowski space, one is often able to consider a broader class of
test functions with which to smear quantum fields. For instance, in Wightman
field theory, it is required that the test functions converge to 0 as x — oo
faster than any polynomial. (In other words, a Wightman field is considered a
tempered distribution.)

In particular, if one is able to extend the domain of Ty : D(M?) —
F1oc(M?) to include functions of the form (1 + iu)" (1 —iu)~""! for n € Z,
then one would expect [36, §2.3] the resulting observables to commute accord-
ing to the Virasoro relations (after quantisation). However, if we focus on the
classical algebra, we can quickly see that such observables are in fact simply
the generators of the Einstein cylinder, pulled back to M2, adding further
justification to our claim that the Einstein cylinder is the natural choice of
spacetime to focus on in our framework.

Consider the Cayley map R — S! C C defined by u (Z_T_;) Taking

the complex argument of this number, and applying the same map to v, we
define a conformal embedding M? — &

(u, ) N 14 u N 14w
u,v) = I I .
XA S\1—w /) M\ 1w

The image of this map is a maximal simply connected causal diamond, con-
taining all but a singular point of the t = 0 Cauchy surface in &. Its conformal

factors are wy(u, v) = w,.(v,u) = Oy (arctan (1:22_“1)) = 2

(1+wu)(I—tu)

7 We may also refer to Ty, as the chiral component of T, in which case Ty, would be
the anti-chiral component. For ease of notation, we consider only the chiral component,
dropping the subscript.
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We shall discuss how precisely to place T' “on a null-ray” in our following
paper. For now, it shall suffice to say that we may identify T'(f) with T'(g) if
[7 flu,v)dv = [ g(u,v)dv. In particular, we define a family f, € &(M?)
by

4
flw) =27

This is equivalent in this new sense to the modes given above, and if we take
its weighted pushforward, we see that

D0y £, (u,v) = e, (4.44)

(14 du)™ (1 —du) "L (4.43)

If we assume that T is still natural under this expanded set of test functions,
we may then conclude that, up to equivalence Px Ty (f,) coincides with B,,.

In order to make our analysis more concrete, we restrict our attention to
the subcategory of CFLoc containing the single object M. Here, the locally
covariant normal ordering prescription : — iy, is simply 8 — 8z,,, where Hy
is the symmetric part of the Minkowski vacuum. Hence, if we work in the
concrete algebra A7 (M) we can identify Ty, (f) directly with its quantum
counterpart with no modification.

Given a CFLoc morphism x : My — Moy, if the covariantly ordered
field :T: was primary, we would expect in particular that 20x (:T:m,(f)) —

‘T, (D20 f) would vanish. Upon making the
identification A(My) ~ A (My) this term becomes
-ty e (T () = Ths, (D3OS ) (4.45)

We already know that this vanishes in the classical limit 7z — 0; hence,
we only need to compute the O(h) term. Recall that in null coordinates we can
express a CFLoc morphism My — M using a pair of functions p, v € Diff  (R)
by x(u,v) = (u(u),v(v)). Upon doing so we see

<(X*HM2 - HMZ)»TMQ(f)(2)>

= | OuOur [Has, (1) p(w')) — Hugy (us )] f ()0 (u — u') dudu’,

(4.46)

where we have integrated out v and v’ and defined f(u) := [; f(u,v)dv. It
only remains to determine

Jim [ () ! () (Huy o (p(w); p(0")) = (vt Y (050
() p(u’) 1 ] (4.47)

= {(M(U) —p(@))? (u—u')?

By Taylor expanding p(u') around u, one eventually finds that the limit exists

and is equal to
1 NW(U) _§ ,u”(u) 2 _ 1 .
6 (u’(u) 2 (N’(U)) > : GS(M)( ), (4.48)
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where S(u) denotes the Schwarzian derivative of the function p. From this it
is clear that :T": is not primary, as

A (T, (1)) = T, (DCONN)) ~ foig (S, Sy (4.49)

Thus, we recover the well-known result that, on Minkowski spacetime,
the quantum stress-energy tensor transforms almost as a primary of weight
(2,0), but is obstructed by an O(#) correction proportional to the Schwarzian
derivative of the transformation. We can now use our framework to gener-
alise this result to any globally hyperbolic spacetime. The failure for (4.30) to
commute for y € Homcpoc(A; A) is

(800:F) = W (Tru () = Ten (DON(D) . (450)

Whilst the right-hand side of this equation requires an arbitrary choice of
H' € Had(N) and ¢ € €(N), S is actually independent of both of these
choices. As in Minkowski space, the classical term cancels and we are left to
compute

<§(X)af> = g [<X*Hl — Hj\j‘{fl/ (f)(2)> _ <Hl B j\ifng7j—z/y (9(2’0>X(f)>(2)>} 7

where the choice of configuration ¢ has been suppressed as no remaining
terms depend on it. If we define b’ = H' — H}/*®, then one can show that

(W, Ty (9(2’0)X(f))(2) )= (X*W,T4(f)?), which cancels with the smooth
part of x*H’, and hence

S(x) = gLZ ((ez ® eq) (X*Hj}“g - HM“g)) : (4.51)

where we are again using the embedding ta : 2 — (z,2) € M?. If we take
X : My — M to be as above, we then see that g(x) = S(u); hence, the original
Schwarzian derivative is recovered.

Note that the right-hand side of (4.50) can be defined for any conformally
covariant QFT. A Lischer-Mack theorem for pAQFT would then imply that,
as a distribution, this is equal to (4.51) up to multiplication by some constant,
which we could then interpret as the central charge of the theory. We stress
that such a result has not yet been found, however we intend to return to this
issue in future work.

5. Conclusion and Outlook

In this paper we have shown how CFT fits into the framework of pAQFT.
As an example application, we have proposed a fully Lorentzian treatment of
the 141-dimensional massless scalar field on the Minkowski cylinder and we
have shown how the covariant choice of normal ordering of observables leads
to correct commutation relations for Virasoro generators. We have also shown
that a change of normal ordering leads to the appearance of an extra term
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¢(—1), which is usually explained using the zeta regularisation trick. Here we
derive this result completely rigorously, using the pAQFT framework.

In our future work we aim to study further how chiral algebras emerge
naturally in our framework and how our approach relates to the standard
AQFT treatment (local conformal nets) and the factorisation algebras ap-
proach [20]. We also plan to study OPEs and interacting theories.
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Appendix A: Method of Images

It is well known that if a space Y can be expressed as the quotient of some
other space X under the action of some group (satisfying certain properties),
then we can use this relation in order to build Green’s functions on Y out
of Green’s functions. Here we give a coordinate-free account of some of the
necessary results, then explain how this method may be used to construct the
retarded /advanced propagators of the cylinder from those of Minkowski space.

Lemma A.1. Let P be a differential operator on a smooth manifold M and let
G : D (M) = E(M) be a fundamental solution to P, i.e. PGf = GPf = f for
all f € D(M). For U C M open, define

M\ suppy; G = | J{V € M open|supp f C V = (Gf)|v = 0}. (1)

Let ¢ € €(M), if there exists an open cover |J,c 4 Ua = M such that supp ¢ N
suppy, G is compact, then one can define a function Go € €(M) such that
PGp =GPop = ¢.
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Proof. We claim that the local definitions

Golu, = G(pad)|v.

where p, € D(M) such that p, = 1 on supp ¢pNsuppy; G can be glued together
to form the desired map. Suppose «, § € A such that U, = U, NUg # 0. One
can quickly verify that suppy; 5 G C suppy, G Nsuppy 5 G; hence, padlu,; =
ppdlu.s- In particular this means that supp ((pa — pg)¢) C M \ suppy,_, G,
and hence, G(pa®)|v., = G(psd)|v,,; thus, G¢ is a well-defined function.

Next, to show that PG¢ = GP¢ = ¢, note that for every x € M there
must be a neighbourhood U’ 3 z such that U’ C suppy G, otherwise we
could not have that PGf = GPf = f even for f € D(M). As such, we may
assume that the cover {U,}, 4 satisfies U, C suppy, G for every a. We then
use the locality of differential operators, namely that (Py)lv = Plew)¥lu
for any ¢ € (M), to see that (PGo)|u, = (pat)|v,. As we have assumed
U, C suppy, G, for any x € U, we must either have x € supp ¢Nsuppy;_ G, in
which case p,(x) = 1 or ¢(z) = 0. In both cases, we have p,(x)d(z) = ¢(x);
hence, (PG¢)|y., = ¢|u,, . For the same reasons, we have that (po(P¢))|v, =
(P(pa®))|u, and hence (GP¢)|u., = ¢|u, concluding the proof.

Theorem A.1 (The Method of Images). Let 7 : M— Mbea reqular covering
of M by M. Further, let P and P be a pair of differential operators for M
and /K/lv, respectively, such that m* P = Pr*. Further, let G be a fundamental
solution to P such that

1. There exists a covering |J,c 4 Ua = M such that, VK C M compact,

Y K)N suppy, G is compact,

2. Vp € Aut(n), p*G = Gp*.

Then there exists a fundamental solution G for P such that 7*G = Gr*

Proof. Because suppn*f = 7~ (supp f), condition A.1 tells us that éw*f is
well defined and satisfies ﬁéw*f = éﬁﬂ'*f =7*f
Next, A.1 ensures that for any p € Aut(n)
p*Grf = Gp'n™ f = G(mo p)* f = Gn* . (2)
ie. C~777r*f, is a Aut(r) invariant and hence can be expressed as 7*F for some
F € &(M). As our choice of f was arbitrary, this defines a map f — F', which
is clearly linear. As such we denote it G : D(M) — E(M).
To show that G is then a fundamental solution for P is a fairly mechanical
process: N L
™ PGf = Prn*Gf = PGrn*f =x"f. (.3)
From the injectivity of 7*, we may then conclude PGf = f. Next, using the
same trick _ s
m™GPf =Gn*Pf=GPr*f =x"f, (.4)
which again shows GPf = f.

The following lemma shows how this applies to the equations of motion
of a locally covariant (classical) field theory.
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Lemma A.2. Let L : ® = Foc be a natural Lagrangian such that, for any
M € Loc, ¢ € €M), (S [o],h®g) = (Pmdlh,g) where Ppa[¢] is some
differential operator. If M,M € Loc and 7 : M — M is such that for every
S Mv, there exists a subspacetime® N' > x such that 7| is an admissible
embedding, then

T P9 = Piglnglm™. (-5)

Proof. Recall that the naturality of £ implies that, for every admissible embed-
ding x : M — N, x*Pyn[¢] = Pm[x*¢]x*. Applying this to and the composed
map 7|p = wo¢ and then to the inclusion ¢ : N <— M, we have, for ¢ € (M)
and g € D(M)

(" (Pmlolg)) v = Pa[(m @) Il (7 g) |
= (Pl ol 7 g)|n-

Given that M is covered by N C M for which this holds, we may conclude
T (Ppmpl g) = Pzl ¢]n*g as desired.

Given that the equations of motion are related in this way, we can now
show that the propagators are as well: For any f € ©(&), supp* f is clearly
timelike compact, i.e. there exists a pair of Cauchy surfaces . € My such
that supp7*f C ZH(X_)N _# (X4). From this it follows that supp7* f is
both past-compact and future-compact. The support properties (2.11) of ER/A
imply that suppy E*/4 = J¥(U), where U is the closure of U.

Next, as the symmetries of the covering map (z,t) — (z + 27n,t) are
translations, and E®/4 are both equivariant under translations, we have also
satisfied condition A.1. Applying Theorem A.1, we thus have a pair of propa-
gators Eg,{A : (&) — E(&) which satisfy

*ES{A — pR/A (.6)
It is straightforward to verify that these satisfy the support criteria (2.11);
hence, they are the retarded/advanced propagators for the cylinder.

Appendix B: Closure Proofs for Microcausal Functionals

Proposition B.1. Let M be a globally hyperbolic spacetime, let S be a quadratic
action on M, then {-,-}s : Fue(M) X Fpue(M) — Fpc(M).

Proof. We shall only prove this fact for M C R, but it is possible to ‘patch to-
gether’ the results over an atlas for a more general M. We begin by rephrasing
Theorem 8.2.13 of [44]:

Suppose that X CR™ and Y CR™. Let K € ®(X xY) and u € &(Y).
Theorem 8.2.13 allows us to define a new distribution K o u, with integral
kernel

(K ou)( / K(z,y)u(y) dy, (.7)

8 i.e. the inclusion A’ < M is an admissible embedding of spacetimes.
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and estimate its wavefront set. Namely, K o u exists whenever WF'(K)y N
WF(u) = 0, where
WF'(K)y = {(y;n) € T*Y \ 0y |3 € X, (2,4;0,—n) € WF(K)},
is the wavefront set of K twisted w.r.t. Y (and 0, denotes the zero section of
T*Y).
Moreover, whenever K o u does exist, we have
WE(K ou) C {(z,&) € T"X |3(y,n) € WF(u) U Dy, (z,y;§,n) € WF(K)}
(-8)
Let F,G € §uc(M), the mt? functional derivative of their Peierls bracket

can be written, omitting the dependence on a field configuration ¢ € &(M),
as follows:

(F.G)™ = Y [(FI e gt 0Bl sy, (9)
{J1,J2}€Pp,

where the sum runs over partitions J; U Jo = {1,...,m}, o is the operation
described above, and sy, j, : D(M™) — D(M™) is an operation permuting
the variables of a given test function according to a permutation o, j, € S,
such that i € J; = 07, 7,(i) < |Ji]. (As F(™) is permutation invariant as a
distribution, this is a sufficient characterisation of o, s,.) In fact, as we are
only testing for microcausality, the only property we need of these distributions
is that, for 0 < k < m, the wavefront set of (]-"(7”1) ® g<m*k+1>) o E is disjoint

from the cones V' , defined by
Vi={(@n. . 2mi&, . bn) €ETM|&G €V (w)¥i<m},  (.10)

where V, (x) denotes the closed future/past lightcone in T M, and similar for
V"

We set X = M"Y = M2, K = F+1) @ gim=k+1) "and u = E. Using
[44, Theorem 8.2.9], we can estimate WF(F*+1) @ gim=Fk+1)) by

WF (FOHD @ gon=r) ¢ (WR(FEH) U0 )
X (WF(g<m—k+1>) U oMm_M) . (11)

where Opy = M x {0} C T*M denotes the zero section of T*M etc. Let

(yF,yginF,ng) € T*Y \ Oy.
The wavefront set of the causal propagator, as may be found in [58,
§4.4.1], can be written as

WF(E) = {(x7y;£a77) eT*M? ‘ ('7;75) € V-‘r UV—7 (x7£) ~ (y7 _77)} ’ (12)

where the relation (z, &) ~ (y,n) means there exists a null geodesic v : [0,1] —
M connecting x to y and such that the parallel transport of £ along ~ is 7.
However, for our purposes, we can use the much simpler estimate

WE(E) C (Vy x Vo) U (Vo x V), (.13)

ie. if (x,y;&,n) € WF(E) then either (z,£) € Vi and (y,n) € V_, or (z,§) €
V_ and (y,7n) € V.
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Suppose there exists z - € M* and zg € M™% such that

(£f7yf7£ga yg,oa -nr, 0) _77@) € WF/ (]:(k-‘rl) 02y g(m—k-‘rl))y ;

then this estimate indicates that either nz = 0, or (yr;nr) ¢ V1. The same is
also true of (yg;ng), though at least one of nx and ng must be nonzero. Thus,
we see that the intersection of WF(F*+1) @ Gim=k+1) with WF(FE) must be
trivial, as (yr,yg; nr,ng) € WF(E) = (yr;n5), (yging) € (V4 UV_)\ Oum.
Thus, we can apply theorem 8.2.13 and conclude not only that (F (k+1) @
Gm=k+1)) o F is well defined, but also that its wavefront set has trivial inter-
section with both VT and V"' To see this, let (g]_-,gg;éf,ég) € VT. Any
(y7,yg;nF,ng) € WF(E) U0y necessarily belongs also to either V. x V_ or
V_xV . Suppose it is the former, then, by microcausality, (zg, yg; 3 o —ng) ¢
WEF(Gm=F+1)) Recalling (.11), this means there is only a chance that
(@r,yr, 26,6 € 2 liF: g i) € WE(FFFD @GR if € and 1g are both
zero. However, this still fails, as ng = 0 = nz = 0, which in turn implies that
(27, yri € —nF) & WEF(F*+1). The wavefront set estimate from 8.2.13 then
allows us to conclude that (gf,gg;éf,ég) ¢ WF ((]-'(k+1) ® gm—k+D) o E) .
Applying the corresponding argument to I'™, we see that all derivatives of
{F,G}g satisfy the requisite wavefront set condition to be declared micro-
causal. g

Proposition B.2. Let M be a globally hyperbolic spacetime, P a normally hy-
perbolic operator on M, and W = $E + H a Hadamard distribution for P,
then Fc(M)[[A]] is closed under xgr.

Proof. Let F,G € Fuc(M), the m*™ derivative of the O(h™) term of Fxp G is,

(i (F Q)|h:o)(m) = > [(}"('J”Jr") ® Q(‘JQH")) ° W®n] $J1,J2
{J1,J2}€P,,
(.14)
where all notation is the same as in the previous proof, and the contraction o
is computed in the expected way, namely

(#0719 0 gUt0) 0 W] (ay, .. ) = /
i

[}'(‘J”M)(ﬂﬂh Ty YL - yn)g(“]ZH")(u’quHL Ty Yn 1y - - - Y2n)
W (Y1, Ynt1) - - W(yn7y2n)} dy: - -+ dyzn.

In order to apply theorem 8.2.13 to (Fk+™) @ Gm=k+n)) o (xy W)@ for 0 <
k < m, we must show that

WE’ (]_-(k+n) ® g(m—k+n))y NWE((xyW)®") = 0,

where Y = M?" comprises the g; variables in the above integral. The jus-
tification of this proceeds similarly to before. Firstly, we note the following
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estimate, obtained by repeated application of 8.2.9 from [44]
WF(W®™) C (WF(W)UO0pe)" \ Opgen.
Hence, if (y1,...,Y2n; M1, - - - ,ngn)EWF((XW)®”),jhen for each i € {1,...,n},

either n; and 7,4, are both zero, or (y;;m;) € V4 and (Ynyi;nti) € V-,
moreover, 7; must be nonzero for at least one i. Denote y = (yi)f—, and

) eV,
and (Qg; ﬂg) € V" : hence, neither can (zr, Y30, —Q}_) belong to WF(FF+n)),

Yo = (yi)anH, and similarly Ny and Ng- Then we have that (gf;g]__
for any 2 € MF, nor (gg7yg;07 _ﬂg) belong to WF(G™=#+)) for any
Tr c Mm—k' 9

Now we must show that 8.2.13 precludes VIL from WF
((}‘(k—s—n) ® g(m—k+n)) o (XW)®™). Let (g-}-,gg;g}_,ég) € V, and
(g}_,gg;gf,gg) e (WF((xyWw)e™)u 03;) . Then, just as before (Q}-’Qg9ﬂf’ﬂg) €
—n —n —m—k+n
V+><V_é(gg,yg;§g,fgg)€v+ .

Similarly to the final part of the proof of Proposition B.1, one can then
show & # cannot be zero, hence

(Zr Y26, Ygi &0 N pr€gr —Ng) & WE(FF+n) g glm=k+n)y

whence (.8) allows us to conclude
@}‘»Eg?é}-vég) ¢ WF ((]:(k+n) ® gm=k+m) o (XW)®n) ]

To carry out the analogous argument for V"™, one instead starts with the
observation that

(Zr 26185 65) € V" and Yy Yginpng) € (WE((XW)®") U Oy)
—k+n
= (25 Y8 —n,) €V
and proceeds accordingly.
This proves

WE (5 (F #1 G lnmo) ™) N VT = 0

thus, each coefficient of F xg G is a microcausal functional. O

Appendix C: Squaring the Propagator

In this section, we explain in detail why the expression (3.34) for [(J, ®
Ou)Weyt]? is valid. To simplify notation, we shall write (9, ® 0,)Wey1 =: w,
and denote by wy the truncation of the series defining w to the first N terms.

Theorem 8.2.4 of [44] gives the necessary conditions for the square of a
distribution to exist. However, it does not provide a convenient integral kernel

9 Note that here we required the tighter restriction on WF(W) relative to E: if we had
covectors (y;;7;) € V4 and (y;;nm;) € V—, for 4,5 € {1,...,n}, then it might be possible
to find (g}-,gf; 0, _Qf) € WF(T(k+")); hence, the above intersection would in general be

non-empty, preventing us from proceeding any further.
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with which to evaluate such products on test functions. A good starting point
to this end may be found on page 526 of [19], where it is stated that for
any pair of cones 'y, 'y, C T*M such that I'; N —I', = 0, the multiplication of
distributions, considered as a map 1 (M) xDp, (M) — D’(M) is continuous
in each of its arguments. In other words, if we take some fixed u € D (M),
and a sequence v, converging to v in the sense of D (M), then u - v,, weakly
converges to u - v, and wice versa for a sequence in Dp (M).

Let T C T*&2 be a cone which both contains WF(w) and satisfies T' N
—I" = (). We can show that the smooth distributions wy obtained by truncating
the sum appearing in (3.27) converge to w in Df..

Firstly, we shall pick an open subset U C &2 which can be identified with
an open subset of R*. We shall only prove convergence for the restriction of
wy to U, though the full result follows from this with little trouble. Following
[44, Definition 8.2.2] for sequential convergence, we must show that, for all
X € D(U) and conic V C R* such that suppx x VNT =0,

sup | (1+ ¢ (T(€) — Xon ()] — 0 as N — oc.
Eev

If we choose our coordinates for U appropriately, we can express this
Fourier transform as

ToE) - xaw© = 3 n /U (@)e @R i€ 4z (15)

n=N+1

where v = (1,0,—1,0) is a constant vector. If we set F(x) := —(u,z), then
each integral appearing in (.15) can be expressed as Ty (n, £) using the notation
in [2, §4.3.2]. One can then show that the conditions are met for the stronger
estimate of corollary 2 from the same source to apply, i.e. for any k € N

T (n, )| < Crve(L+n+ €))7 < Oy (L +n) * (1 +[€) 7",

for some appropriate choice of positive constants. This allows us to uniformly
bound the original expression in & as

sup [(1+ [§)* (xw(€) — Xun(©)| < Clvie Y, (1+n)'7F
Eev n=N+1

For k£ > 3, this establishes the convergence desired. For k = 1,2, we simply
pick a stronger bound for T},.

Thus, we can write, for f € D(&?)

(w?, f) = Jim_ (wn - w, f),

which allows us to bring all summation outside of the integrals arising from
the duality pairing. Noting that wy is a smooth function for all finite N, we
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can hence evaluate this pairing directly as

00 N
(w?, f)y = lim Z m/g2 e~ im(u—u’) lz ne” ™) £y v, 4’ v')| dVol?
m=0

N—o0
n=0
o0 o0
= E E nm [ e =) £y 0! v') dVol?,
n=0m=0 &2

where, a priori, the sum over m must be performed first.

As f is smooth, the integral is rapidly decaying as a function of n + m;
hence, the sum is absolutely convergent. Rearranging the double sum accord-
ingly, it is then clear that the sequence of partial sums

N k
wi (v, 0) =YY 1k = De R (.16)

k=0 1=0

converges to w? in the weak topology of D’(&2).
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