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Abstract: For a subalgebra of a generic CCR algebra, we consider the relative
entropy between a general (not necessarily pure) quasifree state and a coherent excitation
thereof. We give a unified formula for this entropy in terms of single-particle modular
data. Further, we investigate changes of the relative entropy along subalgebras aris-
ing from an increasing family of symplectic subspaces; here convexity of the entropy
(as usually considered for the Quantum Null Energy Condition) is replaced with lower
estimates for the second derivative, composed of “bulk terms” and “boundary terms”. Our
main assumption is that the subspaces are in differential modular position, a
regularity condition that generalizes the usual notion of half-sided modular inclusions.
We illustrate our results in relevant examples, including thermal states for the conformal
U (1)-current.

1. Introduction

Entropy and related correlation measures are of fundamental importance in quantum
physics; not only in information theory, but also in thermodynamics and quantum field
theory.

Mathematically, the most appropriate generalization of the classical notion of (rela-
tive) entropy to quantum systems, or noncommutative probability spaces, is formulated
in terms of normal states on von Neumann algebras [1] (see also [3,26]). However, while
the formalism is quite easy to handle for type I factors, where normal states are described
by positive trace-class operators and the entropy can be computed by means of traces,
applications to the type III; factors occurring generically in quantum field theory [11]
require working with (relative) Tomita—Takesaki modular objects, which are difficult to
decribe explicitly in examples.

Recent work in quantum field theory [22,23] has focussed on entropy measures
for algebras associated with certain subregions of spacetime, and the dependence of the
entropy of a given state depending on the spacetime region. Specifically, one considers the
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relative entropy between a ground state and a coherent excitation in the setting of linear
fields [12,14] or related situations in chiral conformal quantum field theories [19,27,28];
in some geometric situations, specific information about the (relative) modular operator
is available here and allows for explicit results.

Let us illustrate the situation in an example, following [14]. Consider a massive free
field in 3+1-dimensional Minkowski space, given in terms of the well-known symplectic
space (%', o) and real subspaces . (') C % associated with space-time regions &,
and the corresponding Weyl (CCR) algebras <7 (&). Further let w be the vacuum state
on these algebras, and consider a coherent state w, = w(W(g)* - W(g)), where g € %~
and W (g) is the corresponding Weyl operator. Consider the standard left wedge # =
{x :x! <0, x° < |x'|} ¢ R*,and forr € R the shifted region' #; = # +(z,1, 0, 0).
Then the relative entropy between wg and  with respect to the algebra o7 (%;) can be
computed as [14]

Sorom(@gllor =21 [ ax 1 =) 1) (1.1)
xl<t

where Tg” " is the single-particle stress-energy tensor of the wave function g. Conse-
quently, with v = (1, 1, 0, 0),

d

— Sy (wgllw) = 271[ dx v#TOM(t, x) > 0, (1.2)
dt ! xl<t &

d2

PS&,{(W[)(w‘gHw) =2 /);1=t dx vuvaSf“’(t, x) > 0. (1.3)

The second derivative is nonnegative, and hence the relative entropy is a convex func-
tion of ¢; this can be regarded [13] as a variant of the Quantum Null Energy Condition
(QNEC). More generally, the QNEC is understood as a relation between certain expec-
tation value of the energy density and the second derivative of the relative entropy [8],
which is also suggested by Eq. (1.3). In this paper, we will only investigate derivatives of
the entropy along a family of regions or subspaces, but will not comment on the relation
with the energy density.

Apart from convexity, one may observe that the first derivative (1.2) is given by a
“bulk term” (an integral over a Cauchy surface for the wedge region) while the second
deriYativeo(l.S) is given by a “boundary term” (an integral over the edge of the wedge
atx' =x" =1t).

This motivates the question which of these observations are a coincidence of the
specific system chosen, and which of them generalize to a wider context.

In this paper, we ask such questions in a generic setting. We remain within the
context of CCR algebras, i.e., the algebras in question are still generated by the “second
quantization functor” from a symplectic space %" and certain real subspaces .& C %
and our states will be of the quasifree type. However, we abstract from the specifics of
the above example.

As afirst point, we investigate the connection between the symplectic (single-particle)
structure and the relative entropy on the CCR algebras. Essentially, the methods of [14]
apply whenever the symplectic subspace . C # above is standard and factorial, and
the state w is quasifree and pure. (These notions will be recalled in Sect. 2.) However,

' Here and in the following, our conventions are arranged so that larger values of the parameter ¢ correspond
to larger regions (and correspondingly, larger symplectic spaces, algebras, etc.); the literature often chooses
the opposite sign.
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in applications in physics, also non-pure quasifree states are of importance, for example
thermal states [9,32] or Hadamard states in quantum field theory on curved spacetimes
[20,30]. Moreover, while factorial subspaces are usual in quantum field theory, they are
certainly not the most general case (cf. [33]).

We aim to prove a unified formula for the relative entropy between a quasifree state
o and an associated “coherent excitation” w, in the general case. Our approach is as
follows. We start with a generic symplectic space and consider the CCR algebra over
it, equipped with a quasifree state. The state is not assumed to be pure; rather, using the
well-known purification construction [20,36], we extend it to a pure state on a larger
algebra. Now given a closed subspace .Z, we decompose the extended space (and the
corresponding CCR algebra) into factorial, abelian and nonseparating parts, and compute
the relative entropy for these. We give a unified formula for the relative entropy between
coherent states with respect to .7 (.£), where . is a generic subspace, in terms of the
modular data associated with .Z.

Second, we consider a family of subspaces {-Z;}, depending on a real parameter
t, in particular when % increases with ¢; we ask how the relative entropy S;(g) =
Ser (%) (wg||lw) for given g € J# changes with .

To this end, the following technical insight is important. With each subspace .%; one
obtains, as in [14], a projector Q, which projects onto the “.Z;-entropy relevant part”
of J (in the factorial case, onto .Z itself) and annihilates the symplectic complement
£/ However, this projector is unbounded in the usual topology of the symplectic space
J; even more, its domain will usually depend on the parameter s, which makes it
particularly challenging to analyze a change in the parameter. However, let us equip the
space with an (indefinite) scalar product arising from the semipositive quadratic form
S;(g), where t # s in general. With respect to this Hilbert space structure, it turns out
in relevant cases that the projector Qj is orthogonal, in particular bounded. We say in
this case that the spaces .%5, .Z; are in differential modular position, a condition that
underlies our analysis, and resembles the concept of geometric modular action (see [4]).

This structure then allows for the desired analysis of bulk versus boundary terms: For
fixed g € ¢, let us consider the function T, (s, ) = S;(Q,g), which equals the entropy
on the diagonal + = s. A change in s near the diagonal then corresponds to an abstract
“boundary change” while a change in ¢ corresponds to a “bulk change”. Analyzing the
monotonicity properties of T, we establish estimates between the partial derivatives of
T, (ats =t — 0) and the desired derivatives of the entropy.

We note that convexity of S; cannot be expected in such a general setting; it is
already not preserved under a smooth reparametrization of the family of spaces, which
our definition admits. However, we establish lower estimates on the second derivative
(in the sense of distributions) that replace convexity. Also, the observation from above
that the first derivative contains only bulk terms, while the second derivative contains
only boundary terms, does not hold up in general, and is replaced by a more nuanced
picture.

We verify the regularity condition of “differential modular position” in a number
of examples, mainly but not exclusively from quantum field theory. In particular, it
turns out that in half-sided modular inclusions of symplectic subspaces (cf. [4,21]), our
condition is always fulfilled. Also, we treat relative entropies for halfline algebras in the
conformal U (1)-current in thermal states, which to our knowledge have not appeared in
the literature.

The paper is organized as follows: Sect. 2 defines our setting, recalls the purifica-
tion and decomposition construction for symplectic spaces, and establishes the unified
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formula for relative entropies in terms of single-particle objects. In Sect. 3, we investi-
gate the relative positions of several subspaces, in particular one-parameter families of
inclusions; we formulate our main condition (differential modular position) and derive
estimates for the second derivative of the relative entropy. Then we show that all half-
sided modular inclusions fit into our framework (Sect. 4). In Sect. 5 we give examples
from quantum mechanics, quantum field theory and classical probability theory in which
our framework is applicable, illustrating various cases that can occur with respect to the
derivative estimates we established. We end with a conclusion and outlook in Sect. 6.
The appendix recalls definition and fundamental properties of the relative entropy on
C*- and von Neumann algebras.

2. Entropies in Nonpure States

We first introduce our setting of symplectic spaces, purification and the decomposition
of subspaces in Sect. 2.1. Then (Sect. 2.2) we pass to the associated CCR algebras and
their decomposition, and express the relative entropy between coherent states in terms
of the single-particle modular data. Sect. 2.3 establishes some approximation properties
needed in later sections.

2.1. Single-particle structure. The basic object we work with is as follows:

Definition 2.1. Let Z” be a vector space over R and 7, o two bilinear forms on .%#". The
triple (', t, o) is called a symplectic Hilbert space if (¢, T) is a separable Hilbert
space, (£, o) is a symplectic space, and if

Vige X : a(f.g)? <t(f, (g ). (2.1)

Here o is allowed to be degenerate as a symplectic form; we can (and will) assume
without loss of generality that the dimension of its kernel is either even or infinite.
(Otherwise consider the direct sum of #~ with a one-dimensional space, on which o
is set to vanish.) Note that .#" is assumed a priori to be complete with respect to -
convergence; in applications one often starts with a pre-Hilbert space in the first step,
and then takes its completion, but note that e.g. a non-degenerate form o on the non-
completed space might be degenerate on the completion (cf. [33]).

If ¢ is a Hilbert space over C with complex scalar product (-, -), then a standard
example for Definition 2.1is T(f, g) = Re(f, g) and o (f, g) = Im(f, g). In fact, this is
exactly the case when the quasifree state induced by 7 on the CCR algebra over (%, o)
(see Sect. 2.2 below) is a pure state [24]; hence we will call (JZ, t, o) pure in this
case. In general, it is always possible to embed (¢, 7, o) into a pure symplectic Hilbert
space (£ @, t®, 09), ie., such that t®, ¢® are extensions of 7, o. This construction
is known as purification, and we will present it here in the form of [29, Ch. 4]; see also
[20, Appendix Al].

Dueto (2.1), we can write 0 = t(-, D -) with an operator D, where || D| < 1. Using
the polar decomposition of D on the orthogonal complement of ker D, and a suitable
choice? on ker D, we obtain two bounded operators C, | D| such that

C|D|=D=|DIC, |[D|>0, cC*=—-1, D'=-D, c'=-Cc. (2

2 At this point, our assumption enters that the dimension of ker D is either even or infinite.
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(We denote the adjoint with respect to T by T, whereas we will denote adjoints on complex
Hilbert spaces by = later on.)

We now define the space #® := % @ ¢, which is a vector space over C with
respect to the complex structure given by the operator

® -D CV1+D? 2.3)
S \cV1+D? D ' ’
In fact, defining the bilinear forms (f, g € % @)
9 .=1 b, (2.4)
o®(f ) =1%(f. —1 %), (2.5)
(f, )% :=1%(f, ) +io®(f. 9), (2.6)

¢ becomes a complex Hilbert space with the scalar product (-, -)®, and a nonde-
generate symplectic space with symplectic form o ®. Identifying .7 with .#" & 0, the
restrictions of ® and 0® to % x ¢ are T and o respectively, as the notation suggests.

Now let . C ¥ be a closed subspace. (Note that closure in . -norm is crucial for
the following.) We decompose .Z in a standard way (cf. [18]) as follows: We set

L2 = (L +1%2)h, 2.7)
L8 =M% =%, (2.8)
S=2LNY, (2.9)
LE = Lo +19%,, (2.10)
L8 = (Lo Lo LD, (2.11)
SG=4n, (2.12)

where ¢’ denotes the symplectic complement of .. The spaces %, Za, and £, are
called the factorial, abelian and nonseparating parts of .Z, respectively, for reasons that
will become clear below. We then have:

Lemma 2.2. 27 is isomorphic to the orthogonal direct sum
H0=sPo L0 L0 L2 (2.13)
and under this isomorphism
ZL=00 L2040 L. (2.14)

Proof. One shows by direct computation that %5 is complex-orthogonal to .Z; also,
%, is real-orthogonal to 1®.%,, hence .2 is closed. The other parts follow directly
from the definitions (2.7)—(2.12). O

All three components of .2 may be present in general: in quantum field theory, one
usually considers purely factorial subspaces, i.e., Z = % (see Examples 5.3 and 5.11);
but in other situations, .Z’ may be purely abelian (£ = %5, Example 5.12), or one may
have ¥ = % (part of Example 5.1), and of course direct sums of these can be formed.
We note some special cases:
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Remark 2.3. 1f (', T, 0) is a pure symplectic Hilbert space, then D = —i, hence 1®
acts by the diagonal matrix ((’) Bi ) In the decomposition of Lemma 2.2, this leads to

0% C £2, and all other spaces %%, Za, L~ etc. being contained in JZ” @ 0. In this
sense, if (£, 7, o) is already pure, we can ignore the purification construction.

Remark 2.4. 1f specifically 2 = % in Remark 2.3, then £ = # @© 0, & = L5 =
{0}, 5 =0@ 7.

Remark 2.5. For a symplectic Hilbert space (.7, 7, 0) (i.e., for o = 0), even- or infinite-
dimensional, we obtain i® = (2§). The map (f, g) — f — iCg then identifies % ®
with the usual complexification of Z". For & C %, we have ¥ = L3, 4t = Loo =
{0}, 92”0@ = £+ +i. 2" where L denotes the orthogonal complement in 7.

In the following, we shall denote the complex-linear orthogonal projectors onto .i”f@
etc. as PfEB etc. We also denote by Py the real-orthogonal projector onto %5, and by P;
the real-linear projector with image .24 and kernel .} Note that P; is not bounded (or
orthogonal) in general, but closed on its domain .%; + .7} [14].

We also consider the subspaces % = Za®.%G, L& = L2 @fo@; here % ¢ £&
is standard in the sense that % N1® % = {0} and % +19.% is dense in £, Hence
[31] we obtain Tomita—Takesaki objects J¢, A ¢ with respect to this subspace. We

set K¢ := —log A ¢, then extend this operator K ¢ by 0 to .,2”0@ and consider it as
undefined on Z$\{0}. We denote the modular group by U (x) = exp(—1®xK o),

again defined on .,2”065 ® 2. It is important in the following that the projector P; can
be written as a function of the modular objects:

Lemma 2.6 ([14, Theorem 2.2]). Leta(A) = (1 — »)~!, b(r) = A12a (). Then
Py = (a(Ap) + J¢b(Ap)~ where Ay = Ay | £2. (2.15)
For use in future sections, we also consider the closed, real-linear projector

Q=001 -P)®F®1

. . (2.16)

with domain dom Q¢ = %P & L ® (4 + L) & L.
Note that img Q » = .Z in the purely factorial case (£ = %), but in general
img Q ¢ # .Z;rather, as will become clear in the next subsection, Q ¢ projects onto the
“entropy-relevant part” of the space. (See Lemma 2.12(v) and Theorem 2.13 in partic-
ular.) However, we always have ker Q ¢ = .%’. In other words, img Q o # (ker Q )’
in general. We also note:

Lemma 2.7. For 0 < € < 1, let Q') be the spectral projector of log A o for the set
(—e~1, —e)U(e, e U0}, extended by 110 £ and L2. Let 70 := Uy 1 Q€ ®.
Then 2O is a core for Q ¢, and 20 N ZLL a common core for A ¢ and log A .

Proof. We can suppose without loss of generality that we are in the factorial case, i.e.,
& = %4, since on £ we have that Ay | ZP = 1,logAy | £& = 0, and
Qg | £ is bounded, while on _2”0@ and Z2 the statement is clearly trivial. That
20 n .Z;B is a common core for A ¢ and log A ¢ is immediate by functional calculus.
That 29 is a core for Q & in the factorial case follows by the expression of Q ¢ in
terms of A ¢ and J ¢ given in Lemma 2.6. O
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2.2. CCR algebras and relative entropy. We now pass to the CCR algebras on the
symplectic space (', 0); see, e.g., the monographs [15,29]. We denote by o7 =
CCR(, o) the C* algebra generated by elements W( f), f € 2, with the relations

W(IW(g) =e “UOW(f+g), W =W(—1). (2.17)

Similarly, for a closed subspace .¥ C ¢, we define &/ := CCR(Z,0) C oy,
dj’; := CCR(#®,0%) D o7, , and write the relevant subalgebras as 27, := CCR
(Lo, o) etc.

On <7 4, the bilinear form 7 induces the quasifree state®> w by

w(W(f)) =e "D (2.18)

we use the same notation for its extension by & to Ay 9 and the restrictions to subalge-
bras, suppressing the dependence on © where no confusmn can arise. Related to w, for
each g € J# we consider the coherent state*

wg =0 (W(g)* - W(g)); (2.19)

note that wg = w.

We are interested in the relative entropy between the w, (for different g) as states on
the C*-algebra &/ ; see Appendix A for a brief review of this concept. As a first step,
we remark that the relative entropy respects the decomposition of .#:

Proposition 2.8. Let (¢, T, o) be a symplectic Hilbert space. For any closed subspace
Z C K, we have

Sety (@gll®) = Sep (0pg llw) + Sep(@pe @) + Sz, (@pg,llw).  (2.20)

Proof. Due to Lemma 2.2, and noting that the pure quasifree states are faithful on the
respective subalgebras, we know that dj’? is isomorphic to the (spatial) tensor product
of C*-algebras

Ay = AP R AR AR AS (2.21)
and under this isomorphism
Ay ZC1Q Ha Q o @ oo (2.22)
and
wg’éwp(?;g®wp§ag®wpf@g®wp£g; (2.23)

 decomposes in the same way. This decomposition holds analogously for the induced
von Neumann algebras in the GNS representation of dj’; associated with w. Thus, due
to additivity of the relative entropy in this situation (see Lemma A.2 in the appendix),
we obtain (2.20). (This includes the obvious observation that the summand with respect
to .,%0@ vanishes.) O

We will now compute the three terms in (2.20) individually. We start with the abelian
part, following standard methods (cf. [34]).

3 also known in the literature as a quasifree state with vanishing one-point function
4 An alternative nomenclature is quasifree state with nonvanishing one-point function.
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Proposition 2.9. For any g € £,
Ser(@gllw) = 2(II(1 — Pa)g||®)? (2.24)
where Py is the (real-linear) projector onto L.

Proof. Since ¢ is separable, the von Neumann envelope of <7y is generated by the
algebras for finite-dimensional subspaces of .. Lemma A.1 in the appendix shows that
Sz, (wg|lw) is determined by the supremum of the entropy for these subalgebras; hence
it suffices to prove the statement for the case of finite-dimensional .£,2. Also, on the
algebra .27, the state w, coincides with wy where g = (1 — P,)g; hence we can assume
without loss that g € (1 — P,). 2% =194,

In this case, after a suitable choice of basis, fa@ with the scalar product (., -)
can be identified with C" and its standard scalar product, with the real subspace R”
corresponding to .%,. The GNS representation 7 for (<7, w) acts on L*(R", dw)
where du = (2m)~"/? exp(—||x||2/2)d”x, with w(W(f)) being multiplication with
expi(f, -), and w(e7,)" = L*(R", du). The states w and w, are vector states with
vectors 2(x) = 1, 2,(x) = exp((1®g, x) — (/lg[®)?). The relative modular group
turns out to act by multiplication with exp(—2it(1®g, x) + 2it(||g||®)2). The relative
entropy can then be computed from the general definition (A.1), which yields the result
(2.24). O

Of course, this relative entropy coincides with the usual Kullback-Leibler divergence
of Gaussian distributions (cf. [26, p. 81]). In the proof, we have used our simplifying
assumption that ¢ is separable, but by methods of the theory of Gaussian fields [34],
we expect that this assumption is actually dispensable.

Next, we consider the factorial part, for which the relative entropy is known from
[14].

Proposition 2.10. For any g € .,iﬂf@ Ndom K ¢, one has 1°K ¢ g € dom P; and

@

Sop(wgllw) = 0®(g, P1®K »g). (2.25)

Proof. We sketch the relevant techniques from [14]. Since (.Z; ® ® 59)is pure, the

GNS representation 7 of (%%, w) acts on the Fock space over .Z, and in that repre-
sentation both @ and w, are vector states: w corresponds to the Fock vacuum vector
£2, and w, to the vector 2, := w(W(g))§2. The vector §2 is cyclic and separating

for (2%)”, and the associated Tomita—Takesaki modular group is Ai_(’z =T (Af_ff), the
“second quantization” of the unitary Agf i ,?}@.

Now first let g € %5 Ndom K ¢. Using that W(g) € <%, one finds Ai.rtz,(zg = AlL,
and consequently

. d it o d * ALl
Sep(@gllw) =i-{Qg. &G o 2e)| =i (2. 7(W (@) AGm(W(E)D)|

_: 4 2, 1(W(@)* AL m1(W(g) AT R
_ZE< ,T(W(g) Agn(W(g)A," $2) i
(2.26)
With the Weyl relations (2.17) and A%, = I"(AY),
T(W(Q)* AL (W (g) Ag! = m(W () m(W(AL g)) = m(W(AL g — g))el” ©A% &),
(2.27)
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Therefore the relative entropy is

187 g—g190/2,i0® (5,41 ) ®(p ,®

S (wg||@) =lEe 7878 e'? 828 0 =° (g, 1K »g). (2.28)
=

Hence (2.25) holds for g € £y N dom K . It also holds for ¢ € % N dom K ¢, since
in that case both sides of the equation vanish. The result for general g € i”fB Ndom K ¢
follows by a density argument that employs Lemma 2.6; see [14, Sect. 4.4]. O

On the nonseparating part, one finds the relative entropy as follows:

Proposition 2.11. For any g € £,

0 ifg=0,

o0 otherwise.

Ser, (g llw) = { (2.29)

Proof. Since (Lo, @, 0®) is pure, the GNS representation 7w of (%, @) is irreducible
[29, Ch. 4] and w and wy are given by vector states §2 and ¥ := (W (g))s2 there. The
support projections of these states are hence the projectors P and Py respectively; and
P < Py if and only if they are equal, i.e., for g = 0. The statement then follows from
the definition of the relative entropy, see the appendix. O

Our goal is now to establish a unified formula that applies to all these cases, linking
the relative entropy on the CCR algebras to a quadratic form at single-particle level. To
that end:

Lemma 2.12 (cf. [14, Prop. 2.5]). Consider the real-linear operator on 20 n fs@,

Ry :=c(Ky)(1 — Jp)c(Kp), wherec(X) = (2.30)

1 —e "’
extended by zero to ,,?0@ and undefined on LE\{0}. (The function c is extended by
continuity to . = 0.) Then:

(i) There is a unique closed real-linear quadratic form S ¢ associated with R o, which
is positive;
(ii) one has |R ¢ — c(K ¢)*|| < 1 as operators on Dfo@ AR
(iii) dom S ¢ = fo@ ® LL @ dom(E,|K »|'/?) @ {0}, where E, denotes the spectral
projector of K o for the interval (0, 00);
(iv)ker S = .&/;
W) SgQezf, Qe f)=Sz(f f)forall f € domQ e NdomSe.

Proof. Since (1 — J¢)/2 is a real-orthogonal projector, it is clear that R ¢ is positive.
Thus R ¢ has a unique positive closed quadratic form associated with it, showing (i).
Further, one computes on .ZS@,

Ry —c(Kg)* = —Jzc(Kg)e(—K 2), (231)
and since A — c(A)c(—A) is bounded by 1, (ii) follows, also on 92”0@. Consequently,
the form domain of S ¢ is the same as the operator domain of ¢(K ¢); since c(A) — 0
as A — —oo and ¢(A) ~ A1/2 as L — o0, it can be written as in (iii). We prove (iv)
separately for the restrictions to .25 and .,Eﬂf@; it is trivial on $0®~ Now on .Z2, the
statement follows from ¢(0) = 1, while on .Z®, one computes ker S = ker P; by
Lemma 2.6, and ker P; = &’ 0.2}@. Finally for (v), let f € dom Q . Then f = g+¢’
with ¢ € img Q¢ and g’ € ker Q ¢ = ¥’ = ker S . If additionally f € dom S &,
then also g €e dom S, and S (f, f) =S¢ (g,8) =S¢ (Q ¢ f, Q¢ f) follows. 0O



H. Bostelmann, D. Cadamuro, and S. Del Vecchio

We will sometimes write S ¢ (f) as shorthand for S ¢ (f, f). We are now ready to
state the main result of the section:

Theorem 2.13. For any f, g € # ', we have
Sy (gllwp) =Sz — )i (2.32)
in particular, the left-hand side is finite if and only if g — f € dom S ¢.

Proof. The automorphism o = ad W(—f) of &/ fulfills wf oo = w and wg o ¢ =
wg_ y; hence we can assume f = 0 without loss of generality.

Firstlet g € ,Z#EB N 2. From Lemma 2.6, spectral calculus shows P;® log A o =
—19R4 on 20 N ,ffee, thus

0®(g, Pu®log Ay g) =Im(g, Pu®log Ay g)® =Re(g, Ryg)® = (g, Ryg)®,
(2.33)

and (2.32) follows for all g € ,,Sff@ N 2 from Proposition 2.10. Using approximation
techniques [14, Theorem 4.5], the relation can be extended to all g € % eB, including
the case where the two sides of (2.32) are infinite.

Now consider g € .Z<. We note that £ = kerlog A ¢ and c¢(0) = 1, hence R ¢
actsas 1 — J o = 2(1 — Py) on %2 Thus the proposed result (2.32) holds for g € Z5°,
see Proposition 2.9.

Likewise, Proposition 2.11 shows that (2.32) holds for g € fﬁg, with both sides
being infinite unless g = 0. Applying Proposition 2.8 now concludes the proof. O

2.3. Approximation properties. For the following, we establish some approximation
properties for the entropy form and the modular group. Apart from the Hilbert space
norm given by T on .# (and extended to | - ||® on .#®), we consider the following
norms on % ® or subsets of it:

— the K g-graph norm, || flix ¢ := IK2 fI1® + 1 f1I®,
— the S.z-graph norm, || f1I5 o = Sz (/) +T2(f, /),
— the seminorm || - || ¢ defined by ||f||222, =Se(f).

It is clear that the K ¢-graph norm is stronger than the S ¢o-graph norm, which is in turn
stronger than the seminorm || - || . We denote the closure of dom S ¢ in || - || &, modulo
the kernel .’ of the seminorm, as 2 ¢; for formal reasons we explicitly denote the
isometric inclusion of (dom S ¢, S ) into Z'¢ as ¢ . Then 2 ¢ becomes a Hilbert
space with the (continuous extension of) the scalar product (¢ » f, . »g) » = S (f, g).

Lemma 2.14. The modular group U ¢ maps dom S o into dom S ¢, and this action is
strongly continuous in the S ¢-graph norm.

Proof. From Lemma 2.12(iii), it is clear that U ¢ = exp(—1® K &) preserves dom S .
Further, for f € dom S¢ and f; := U »(s) f, we have

So(fs—f fs = ) < {fs = LK) (fs — T+ fs = £I)?
=2Re(c(Ko) f, 1= Ugp(s) c(Ke) f)T + (1 fs — FID),

where Lemma 2.12(ii) was used. This vanishes as s — 0 due to strong continuity of
U o in the 27 ®-norm. |

(2.34)
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The following lemmas for a fixed closed subspace .2 C % will allow us to identify
Z o with a “concrete” Hilbert space in examples.

Lemma 2.15. ¢ #(img Q » N dom K o) is dense in 2 ¢ with respect to || - ||.o. In
particular, if & = %, then ¢ (£ Ndom K ) is dense in & ¢ with respect to || - || .

Proof. Lete > 0and Q® be asin Lemma2.7. Thenforany v € .#®, by Lemma 2.7 we
have Q®v € dom Q ¢. Also, for any v € dom(S &), by the expression for the relative
entropy in Theorem 2.13, we have Qv — vin S o-graph normas ¢ — 0. Furthermore
for v € dom(S &), by functional calculus, Q » Qv € img Q » N dom(K &). Thus

lpg(—0r0®vV)gy < Sz(v—0%v)+S2(0¥v— 0xr0%)
=Sy —0%v) >0 (2.35)

as ¢ —> 0.— If here £ = %4, one has img Q ¢ = .Z and the second statement
follows. 0

Lemma 2.16. Let & C £ be a core for the generator of the strongly continuous (with
respect to the norm of ') one-parameter group s — Ug(s) | &, ie, 1°K o | Z.
Then 2 is dense in £ Ndom K ¢ in the S o-graph norm.

Proof. In this proof, we drop the index . on K ¢. Note that by functional calculus, the
norm induced by the positive self-adjoint operator c¢(K )2 +c(—K)?%, where . — c())
is as in Lemma 2.12, is equivalent to the norm induced by 1 + |K|, while the graph
norm of 19K | .# is induced by 1 + K2 and thus stronger. Hence since & is a core for
19K | &, itis also dense in . N dom K in the norm induced by c(K)? +c¢(—=K)?% and
consequently, by Lemma 2.12(i)—(ii), dense in the S ¢-graph norm. O

3. Entropies for Subspaces

We will now consider several subspaces .%; C %, and relations between the entropies
related to them. To simplify notation, we will usually denote the related objects as S;,
Ay, etc. rather than S, A ¢ etc.

3.1. Two subspaces. We begin with the relation between two subspaces, say, % and
2, and their associated entropy forms. Let us first mention:

Lemma 3.1. If £y C 4, then So(f, f) < S1(f, f) forany [ € ¥ .

Proof. This follows from Theorem 2.13, since the relative entropy is known to increase
with the algebra considered (Lemma A.3). |

We now investigate the relation between the projector Qq (on the “entropy relevant
part” for Sp) and the entropy S;. Heuristically, we expect in relevant cases that

S1(Qof. &) = Si1(f, Qog), (3.1

in other words, that the projector Qg is “orthogonal” with respect to the bilinear form
S1. However, the relation (3.1) needs to be read with care, as in general neither domain
nor image of Q¢ will consist only of vectors of finite entropy S;. The precise version of
our condition is given as:
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Definition 3.2. Let % and .£] be closed subspaces of a symplectic Hilbert space (7,
7, 0). Define

Dy, =img Qo Ndom S1, Z, :=ker Qo Ndom S1, Zo1 := I, + Zy;- (3.2)
We say that the pair (%, -£)) is in differential modular position if

(i) ¢1 % is dense in 27;
(ii) For all f* € Z;;, one has Si(f*, f7) = 0.

This condition may seem restrictive, but it is in fact fulfilled in many relevant ex-
amples: in the conformal U (1)-current for half-line algebras, both in the vacuum (Ex-
ample 5.3) and in KMS states (Example 5.11), for lightlike translated wedge algebras
in the free massive field as in [14], as well as in certain abelian (Example 5.12) and
finite-dimensional (Example 5.1) situations. Nevertheless, it is a nonempty condition
(Example 5.2). It may be seen as reminiscent of geometric modular action, as we shall
see in Lemma 3.3 below. _

If (%, -21) is in differential modular position, then we can define a projector Qg on
(a dense set of) 27 by

(o1 £, Qop1gh = Si1(f. Qog), f.g € Zor. (3.3)

Because of item (ii) in the definition, this projector is actually real-orthogonal, and hence
extends uniquely to a bounded operator on all of Z7.

The spaces .@gﬁ are somewhat difficult to explicitly describe in examples, we therefore
give more directly applicable sufficient criteria for Def. 3.2.

Lemma 3.3. Suppose that g1 9 is dense in 2. Further suppose either

(@) L C L, and the closure i® Ry of i® Ry restricts to an Si-graph-densely defined
operator from 95, to Ly, or

(b) L C A, both £y and £, are purely factorial, and i® K restricts to an S;-graph-
densely defined operator from 9, to £y, or

(©) L C &, both £y and £ are purely factorial, and Uy (x) Ly C £ forall x > 0
[orall x <0]; or

(d) A C A, and both £y and £ are purely abelian; or

(&) % D 4.

Then the pair (£, “21) is in differential modular position. In case (e), the associated
projector Qo is the identity.

Part (b) motivates the wording “differential modular”, since it refers to the generator
of the modular group only.

Proof. For (a), it suffices to show (by the assumed S;-graph density) that S1(f~, f*) =
0 forall f* € dom Ry N Z§; and all f~ € ;. But for these, we can write

SiF =18 R =0®(f %R ) =0, (3.4)

since 1P R f+ € % by assumption, and f~ € ker Q¢ = 2.

Items (b) and (d) are special cases of (a): If %y and .| are purely factorial, then
for f* € dom K| N 75 C (L)t C (L1)s we have 18R f* = PLu®K, f*. By
assumption, 19K f* € % N (L)t and hence Py 1t ®K | f* = 19K, f* € L.

Likewise, if % and . are purely abelian, then for f* € img Qy = 1®(%)a C
19(A)awehave 1PR) f+ =1®(1 — P o) fT =19 € L.
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For (c), we consider the case x > 0, the other case being analogous; that is, U is a
strongly continous semigroup on img Qo = (%) with respect to the .# -norm, and on
2, with respect to the Sy-graph norm.

Now for f* € 7, and € > 0, consider

fr=et /0 U0 £ dx € (3.5)

then f+ — f*in S;-graph norm as € — 0 (Lemma 2.14). But also f € dom K| [16,
Ch.II Lemma 1.3] and i® K f& e %. Since vectors of the form (3.5) are a core for the
generator on Z;;, we can apply part (b).

For (e), we use monotonicity of the entropy (Lemma 3.1) to show for f~ € Z;, C
z
0

OSSl(fiv fi)SSO(fi’ fi)z(); (36)

hence by the Cauchy-Schwarz inequality for S;, we have Si(f~, f*) = 0 for all
f*e 901 Thus (%, -£)) is in differential modular position, but also 1-0p=0,ie.,

Qo=1 O

3.2. Families of subspaces. Closer to the applications we have in mind, we now proceed
to a family of subspaces, labelled by a real parameter ¢; in particular, we are interested
in the situation where the subspaces increase with the parameter.

Definition 3.4. A family of differential modular inclusions is a family (%} )< of closed
subspaces of .#~ which is increasing’ (i.e., %, C %, for each s < t) and where each
pair (%, -£) (s, t € R) is in differential modular position (Definition 3.2).

We will show later (Sect. 4) that the usual notion of (single-particle) half-sided mod-
ular inclusions [4,21] is a special case of Def. 3.4. However, the notion of differential
modular inclusions is more general: It also applies to other situations where the modular
group acts geometrically (Example 5.11) or where the space .Z; takes discrete steps (Ex-
ample 5.1). Also, notice that Def. 3.4 is invariant under monotonous reparametrizations
of the parameter ¢, whereas half-sided modular inclusions are not.

We note that for 7 < 7, Lemma 3.1 gives us a canonical map p,; : 2; — 2; which
fulfills ¢; = p,; o @7, and ||p,;|| < 1. With respect to this inclusion map, we can now
formulate some compatibility properties for the projectors Qg on ;.

Lemma 3.5. If ((£))er is a family of differential modular inclusions, then:

(a) Fors < § and anyt the projectors O and Q; on Z; fulfil QS < 0;.
(b) Forany s and t < 1, let Q; be the extension of Qs to Z; and Q s the corresponding
extension to Z;. We have Q; o Pif = Py © 0.

(Because of the last property, we will not indicate the dependence of Q; on the extension
space Z; beyond the proof of this lemma.)

5 We do not demand that it is strictly increasing.
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Proof. For (a), note first that ker Q; = %/ and similarly for §. Since .%; C .%;, this
yields

@{JC“@;,,, and (1 — Q5)f~ = f~ forall f~ € 7. (3.7)
Now forany f = f*+ f~ € %;,, compute

(- Q.?)%f =o(1-0f=of =(1-0)f =(1~- Qs)(ptf_

= (1= 00¢(1 = Q9 f = (1= (1 = Q)u f. oy
By density of ¢; Z;; in Z;, we obtain (using orthogonality of the projectors),
1-001-09)=0-0;) = 0s=0s (3.9)
Regarding (b): For f € %; C %, we compute
0spii0if = Osou f =0 Qs f = pigi Qs f = i Os; f- (3.10)
By density of ¢;Z,; in Z;, we conclude Qs o Pit = Py © Qs. |

3.3. Derivatives of the entropy. For a family of differential modular inclusions, we now
investigate how the entropy S;(f, f) of a given vector f depends on the parameter
t; here we take f € 2 := N,cr dom S;. Actually, in order to study the “bulk” versus
“boundary” terms mentioned in the introduction, we consider the function 7' : RZ >R
given by

Ty(s.1) = (@i f. Ospi )i = 105 f I (.11

we have T¢(t, 1) = S;(f), and we aim at estimates for dzs, /dt2 in terms of the partial
derivatives of Ty, which will in general exist only in the sense of distributions.

Crucial to this analysis are certain monotonicity properties of 7', in particular on the
cones €y := {(s, 1) e R : (s — 1) > 0}.
Lemma 3.6. For any f € 9, the function Ty enjoys the following properties:

(a) It is increasing in t everywhere;

(b) It is increasing in s everywhere, and constant in s on 6y,

(c) Along the diagonal, it is increasing, i.e., Ty (t,t) is increasing in t.
(d) One has the “mixed monotonicity” estimate

Vs <8, t<t: TpG,8)=Tr@S, 1) = Tr(s, D) +Tr(s, 1) >0.  (3.12)
Proof. For item (a), observe for t < 7 that
Tr(s,0) = 1050 f 17 = i Os @i f 17 < N Qs I < Ty(s. D), (3.13)

where Lemma 3.5(b) and ||p,;]l < 1 have been used. Item (b) follows similarly from
Lemma 3.5(a), along with QS = Qt = 1fors > t (Lemma 3.3 (e)). Item (c) is a
consequence of (a) and (b). For item (d), one rewrites using Lemma 3.5,

Tr@ ) = Tr@ ) = T(s. D) + Tr(s,0) = (05 — Q)i f 17 — 10,705 — O)ei £ 117
(3.14)

which is nonnegative since ||p,;]| < 1. |
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Item (c) above implies dS;(f)/dt > 0, at least in the sense of distributions. For
d?S;(f)/dt*, we will derive estimates stemming from item (d). For simplicity, let us
first assume that 7'y is smooth outside the diagonal s = ¢, and at least C Iat the diagonal.
(Smoothness overall does not even occur in otherwise well-behaved examples, such as
Example 5.3).

Proposition 3.7. Let f € 9. Suppose that Ty is of class C ! and that there are functions
f"i € C2(R?) such that Tr | ¢x = 7A"i [ €x. Then

3Ty d>S,(f) 32Ty
li t—e ) < =1
el\% at? (t—en= dt? EI{% at2

(t+¢€,1). (3.15)

Proof. Since Ty is C ! Lemma 3.6(b) implies 9 Ty/0s|s= = 0, and we can differentiate
this relation along the diagonal to yield

92T 327
= (3.16)
9s2 ls=t 0350t ls=t
On the other hand, S; = fi(t, t), which yields together with (3.16),
d*s, 9T 32T 32T 32Ty
A A ST Litenn+ —Li+en) 3.17)
dt? 12 ls=t  9s0t ls=t 0\ 012 350t

Now 82Tf /dsdt vanishes on %} by Lemma 3.6(b), and is nonnegative on 4_ by
Lemma 3.6(d); hence the result follows. |

In other words, d>$ r/d 12 is bounded above und below by a “bulk term” (determined
by the change of modular data in R;), but the lower bound may allow for a positive
“boundary term” (involving also a change in Q).

It is instructive to look at estimate (3.15) in specific examples. In certain situations,
in particular in the conformal U (1)-current in the vacuum (Example 5.3), one has
82Tf /31> = 0 on €_, and the only contribution to d>S/dt? is the “boundary term”
82Tf/8s8t > 0. Thus (3.15) implies convexity of the entropy in 7 in this case. However,
in other situation, such as thermal states on the conformal U (1)-current (Example 5.11),
or even when just reparametrizing a half-sided modular inclusion (Example 5.4), the
“bulk term” 82Tf /812 need not vanish, and indeed can take any sign. Thus S, (f) need
not be convex in 7, while the estimate (3.15) still holds.

We now want to establish a generalization of Prop. 3.7 without smoothness assump-
tions on 7'y. In preparation, we first prove:

Lemma 3.8. For almost every t € R, the function Ty is continuous at the point (t, t).

Proof. The map t — Ty(t, t) is monotonic, hence continuous almost everywhere; we
fix a point ¢ of continuity. Consider a sequence (s,, f,) which converges to (¢, ¢), and
set u, := min{sy, f}, v, := max{sy,, t,}. Since Ty is increasing in both variables by
Lemma 3.6(a),(b), we have

rf(um Up) < Tf(sna ) < Tf(vm Vp). (3.18)

As n — 00, both sides of this inequality tend to 7'¢ (¢, t), showing that Ty is continuous
(in two variables) at (z, t). |
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Further, we note that S; and T’ are locally integrable (due to their monotonicity prop-
erties) and hence can be understood as distributions in C2°(R)’ and C2° (R2Y respec-
tively. Regarding test functions, we fix—for all what follows—a nonnegative function
h € C®°(R,) with [ h = 1,and forany g € C2°(R) and € > 0, we define g= € C2°(R?)
by

g (s.1) = lg(t)h( + E) (3.19)
€ €

which has support in the interior of 4’+. The dual pairing between distributions and test
functions will be denoted as (-, - ). With this notation, our generalisation of Prop. 3.7
to the non-smooth case is:

Theorem 3.9. Let f € 9. For any nonnegative g € C °(R), one has

3Ty 3Ty d*S(f) 3Ty
li L0 )< ,g)=lim(—2L, gF). 3.20
l?\sélp< FTERRE P g€>_< ar g> 1{%< a2 g€> (3:20)

Proof. Due to local boundedness of Ty, we have

/dt g (Tt 1) = gi{%/du dt g”(t)éh(i E)Tf(zm,z) (3.21)

by dominated convergence together with Lemma 3.8. After a change of coordinates
(s =t +u), this equality reads

d*Si(f) 3?7y Ty Ty
,g)=1 + +2 , . 3.22
< dr? > el\n%< s T a2 T asor g6> (3:22)

Now by Lemma 3.6, the partial derivatives by s vanish in the interior of %}, and
0T¢/dsdt > 0 in the interior of ¢_, yielding the proposed result. O

Note the extra boundary term 82Tf /ds? on the left-hand side of (3.20), which may
have any sign. This term indeed occurs in Examples 5.1 and 5.13 and saturates the
inequality there, hence cannot be omitted.

Thus convexity (d2S/dt> > 0) can fail or a number of reasons. This is already appar-
ent from our definitions: our notion of a “family of differential modular inclusions” in
Definition 3.4 is invariant under monotonous reparametrizations of the parameter #, while
convexity of S; is clearly not preserved under such reparametrizations in general. In fact,
under mild conditions (e.g., if S; is strictly monotonous and at least continuous, but with-
out restrictions on the second derivative), there exists a monotonous reparametrization
of the family such that the resulting entropy function is convex (in fact, linear).

4. Half-Sided Modular Inclusions

In this section, we show that the usual notion of half-sided modular inclusions of algebras
[4], viaits analogue on the level of symplectic Hilbert spaces [21], fits into the framework
of this paper; more specifically, every half-sided modular inclusion yields a family of
differential modular inclusions in the sense of Def. 3.4.

To that end, we first analyze an explicit example of half-sided modular inclusions
(in a sense, the smallest nontrivial one), namely, the symplectic spaces of the conformal
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U (1)-current in the vacuum state (Sect. 4.1). For this model, convexity of the entropy was
shown to hold in [22]; we show that it fits within our framework of family of differential
modular inclusions. Then, we decompose a general half-sided modular inclusion of
symplectic Hilbert spaces into direct summands equivalent to the U (1)-current or to a
trivial inclusion, thus lifting our results to the general case.

However, let us first note that our structures are indeed preserved under taking direct
sums.

Lemma 4.1. Let .% C Z,. For everyn € ., let (%, T,, 0,) be a symplectic Hilbert

space (Def. 2.1).

@) (J,1,0) ;= (BpesrHn, PresTn, Pne.yon) is a symplectic Hilbert space.

(b) If £, C &, are closed subspaces, and L = @, c.g-Ly, then we have for f =
Zne] fn € A,

Se(fi )= Sz, (fur fa)- (4.1)
ne s

(c) Suppose that, for eachn € I, { L' }ier, with L' C J, is a family of differential
modular inclusions for (&, t,, o,). Then
{z}teR = {@neﬂ%n}teR

is a family of differential modular inclusions for (J , T, o); andfor f =), 7 fn €
N; dom S, we have

Tr(s,t)= Y T} (s.0), 4.2)
nes
where T}’?n is the function (3.11) associated with the family {£]"}.
Proof. (a) is immediate, and (b) follows from the expression for the relative entropy
S (f, f) in Theorem 2.13. For (¢), note that condition (ii) of Definition 3.2 is implied
by Eq. (4.1), noting that also the projectors Q,; decompose along the direct sum. To show
that, for every s, ¢ € R, condition (i) of Definition 3.2 holds for the pair of subspaces

(L, Z5), let P}, be the subspace defined in (3.2) corresponding to the pair of subspaces
(£, . Consider

Dy = {f € A f, # 0 for finitely many n € .2, f, € Dy} S Dt

where Z; is the subspace defined in (3.2) relative to the pair of subspaces (.%, -%;)
in JZ . Since the family of subspaces {_Z}"};cRr is by hypothesis a differential modular

inclusion, we can find for every f € dom(S¢) a sequence {gi}kez, C Dy, defined as
(gx)n ;= 0if n > k, and such that

11
S_S,’j”((gk)n = Jus @Dn — fu) < ko
for n < k. We thus have by (4.1)
S, @@= Frgk—F) =Y Sen((@n — fur @K)n — fi)

ne.y
= > Ser(@n — fur @ — f) + D Szn (fur fi)
0<n<k n>k
1 1
<2 2o+ 2 Sz (s f), (4.3)

n>0 n>k
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which converges to 0 as k — oo since f has finite entropy.—Finally, one verifies that
also the projectors Q; and dom S ¢, decompose along the direct sum, hence Eq. (4.2)
follows from (4.1). O

4.1. The U (1)-current in the vacuum. We consider the symplectic space for the U (1)-
current, namely (in “configuration space” representation) C2°(R) equipped with the
symplectic form

o(f. g =/f(x)g'(x)dX- (4.4)

for f, g € CR).
The vacuum state is the pure quasifree state induced by the bilinear form

w(ho)=Re [ dpp i) 45)
where f denotes the Fourier transform
~ 1 .
f(p) = 2—/ e P f(x)dx. (4.6)
T JrR

The closure of C2°(R) in the topology induced by 7 is % = L%(Rh pdp). Thisis a
complex Hilbert space with complex scalar product (-, -) and indeed,

<f,g>=/0 dpp f(pE(p) = t(f.g) +io(f.g). f.geCPMR). (47)

Thus, (U7, t, 0) is a pure symplectic Hilbert space (see Remark 2.3).

Let .# be the set of open, proper (bounded or unbounded) intervals of R. For an
interval I € ., let Y1 (I) be the closure of C°(1) in #". The net {ZY NV (1)}, »
is a local net of standard and factorial® subspaces of ., the well known U (1)-current
net at single-particle level (restricted to the real line R). Its extension to the circle S' is
covariant with respect to the action of the lowest weight 1 positive energy irreducible
representation of the Mobius group, V. The latter, restricted to the subgroup P generated
by translations and dilations (denoted by ¢ + ¢}(¢) and s — §(s) respectively), is given
explicitly on .7 = L*(Ry, pdp) by

(V@) ) (p) =" f(p), (4.8)
(VG () = e 2™ f(e > p). (4.9)

This yields the unique irreducible, strictly positive energy representation of the group
P; see, e.g., [17, Section 6.7].

For brevity, for ¢t € R, we denote by .,S,’ju(l) = LVD((—00,1)), A = A v,
t

K; := —log(A4;) and with mild abuse of notation we omit the identification between
the configuration space representation and L% (R4, pdp). By the Bisognano-Wichmann

6 That is, 2V (1) = LV D (1);; see, e.g., [21, Section 4.2].
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theorem for Mobius covariant local nets of standard subspaces [21, Theorem 3.3.1] we
have that

Ay = V(8(=27s)), (4.10)

and A; for other # is then determined by translation covariance; in particular we get (“in
configuration space”)

K; = —logA; =2mi(x —t)0x. “4.11)

Let Q; denote the projection (2.16) relative to the subspace .,ZU(D; since the space is
factorial, it acts by

0, :ZU(I)_'_DZU(I)/ N xum’

4.12)
h+h' v+ h.

Proposition 4.2. For f € C°(R) C % we have
OiK: f(x) = Ot —x)K; f(x)

for almost all x € R, where ® denotes the Heaviside function.

Proof. Let g1 1= @ (%(t — -))K; f. Since g+ are continuous and piecewise differen-
tiable functions, they are elements of 7. Also, g4 € G%U(l), since clearly o (g4, ¢) =0

for all ¢ € fU(l)/, and similarly g_ € R (4.12), we now have O, K, f =
' y t y
0/(g+ +g-) = g+ as claimed. 0

One then immediately finds for the relative entropy by applying formula (2.25):
Proposition 4.3. Let f € C°(R) C . We have

t

S g (f. ) :27r/ (t — x) f'(x)2dx. (4.13)

—0o0

Further, the spaces fit into our framework of differential modular inclusions (Defini-
tion 3.4):

Proposition 4.4. {ZU(I)},ER is a family of differential modular inclusions.

Proof. We must prove that, for every s, t € R, conditions (i) and (ii) in Definition 3.2

hold for the pair of subspaces (,,ZYUU), ,,%U(l)). In fact, once (i) is shown, (ii) is obtained
immediately from points (c) and (e) of Lemma 3.3, which apply since the modular group
acts geometrically by Eq. (4.10).

Now for condition (i) in Definition 3.2, note that C2°((—o00, t)) C .Z;
for the generator 1® K, | .ZZU(I) of the .# -strongly continuous one-parameter group

s — Aﬁs [ ,,iﬂ,U(l), asitisadenseinvariant subsetof dom 1P K; | .,ZU(I) [16, Proposition
1.7, Chapter 2]. Using Lemmas 2.15 and 2.16, we find that (ij(l)(CSo((—OO, 1)) is
t

dense in 2~ ‘v Thus to conclude the proof we only have to show that vectors in

v .
1S a core

CX((—o0,1)) C DZU(I) can be approximated by vectors in ,ZU(I) N D in || - ||;, where
Dy, is defined in (3.2). Suppose s < t; the proof for s > ¢ is very similar.
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Note that
Dy = {f € CZM) : supp(f) C (—o0, )\ {s}} € Zu LD (4.14)
and 925, C C2°((—00, t)). Consider the map

@ : CP((—00, 1)) = L*((—00, 1), (t — x)dx),

/ (4.15)
f=r,

which, by (4.13), is an isometry if C2°((—00, t)) is equipped with the norm || - ||;. To get
the claim we show that the closure ofw(@n) is the whole space L%((—00, 1), (t —x)dx).

To that end, we check that the orthogonal complement of (p(.@s,) in L2((—o00, 1), (t —
x)dx) is trivial:

t
0=/ t —x) f (x)g(x)dx (4.16)

forall f e 92” implies that g(x) = ;= for Lebesgue-almost all —oo < x < s with

some constant ¢. But such g is not in L2((—oo, s), (t — x)dx) unless ¢ = 0. Thus g
must vanish almost everywhere in (—oo, s), and by a similar argument, also in (s, 7). O

As a byproduct of the proof above, we see that the space Z; can be identifed with
L?((—00, 1), (t — x)dx) via the map (4.15), with the projectors Qs being multiplication
with the characteristic function of (—o0, ).

Note that the inclusion

2V, 00)) ¢ LYD (0, x0)) 4.17)

is a +half-sided modular inclusion (see Definition 4.5 below). It is indeed the unique non-
trivial irreducible +half-sided modular inclusion up to unitary equivalence [21, Corollary
4.3.2]. Similarly

2% c 7'M (4.18)

is the unique nontrivial irreducible —half-sided modular inclusion up to unitary equiva-
lence.

4.2. Decomposition. In this section we show that the family of standard subspaces in-
duced by a half-sided modular inclusion yields a family of differential modular inclusions
(Definition 3.4). We start by recalling the notion of (single-particle) half-sided modular
inclusion and some of its relevant consequences following [21].

Definition 4.5. Let K C H be real standard subspaces of a complex Hilbert space .77.
If

A;i’K C K forevery =1 >0,

the inclusion K C H is called a £half-sided modular inclusion of standard subspaces.
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In our context, we will work with —half-sided modular inclusions only.

As above, let P denote the group generated by translations and dilations on the real line
R, which we denote respectively with @ and §, i.e. ¥ (f)(x) = x +¢, §(s)(x) = €°x for
t,s,x € R. We denote by §; the one-parameter subgroup of P of dilations of the interval
(1, 00),1.e. 81(s) = D (—1)(s)D(1).

A unitary representation V of the group P is said to have positive energy if the
generator of the subgroup of translations, t — V (¢(¢)), is a positive operator. It is said
to be nonsingular if the kernel of the generator of translations is trivial.

The following is the single-particle version of Wiesbrock’s theorem for half-sided
modular inclusions [35], see [21, Theorem 2.4.1].

Theorem 4.6. Let K C H be a —half-sided modular inclusion of standard subspaces
in a Hilbert space 7. There exists a positive energy unitary representation V of P on
I determined by

V(8Q2rs)) = A, V(812ns) = Ju A Ty
The translation unitaries V (¥ (t)) are defined by
V(@ = 1) = AR I A Ty

and satisfy V(0 (s))H C H,s <0,and K = V(¥ (—1))H.

Definition 4.7. Let K C H be a —half-sided modular inclusion and V be its induced
representation of P from Theorem 4.6. K C H is said to be

(i) irreducible if V is irreducible;
(ii) nondegenerate if V is nonsingular;
(iii) trivial if K = H.

The following statement is the content of [21, Corollary 4.3.2] which is obtained by
decomposing the representation V into irreducibles.

Proposition 4.8. Let K C H be a —half-sided modular inclusion. Then it is canonically
a direct sum of a nondegenerate —half-sided modular inclusion and a trivial —half-sided
modular inclusion. If K C H is anondegenerate —half-sided modular inclusion then it is
a countable direct sum of irreducible —half-sided modular inclusions unitary equivalent

o 2%V c 2V in (4.18).
From the latter decomposition, we easily derive our desired result.

Proposition 4.9. Let K C H be a —half-sided modular inclusion of standard subspaces
inaHilbert space 7. Then {V (9 (1)) H };cRr is a family of differential modular inclusions.

Proof. Combining Propositions 4.8 and 4.4 we have that {V (9 (t)) H};cr decomposes
into a direct sum of families of differential modular inclusions, thus the conclusion
follows by Lemma 4.1. O

Of course a similar statement can be obtained starting from a +half-sided modular
inclusion.
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5. Examples

5.1. Quantum mechanics. As the simplest, but instructive example, let us consider a
finite-dimensional symplectic Hilbert space; for concreteness, 2" = C" witho (f, g) =
Im(f, g), where (f, g) denotes the standard scalar product on C", and t(f,g) =
Re(f, Mg) with some matrix M > 1. (If M has no eigenvalue of 1, this may be in-
terpreted as a thermal state on n independent harmonic oscillators, cf. [25], and M = 1
corresponds to the ground state of the oscillators.)

Example 5.1. Let E be a (-, -)-orthogonal projector that commutes with M, and set
& = E . Then

S (f) = 2(f, E arcoth(M) f) (5.1)

where we read arcoth(M) as co on eigenspaces of M for eigenvalue 1.
If E; :== E(—00,1t) is the spectral family of M, then .4, = E, ¢ is a family of
differential modular inclusions with

Ty(s,t) = 2(f, EsE; arcoth(M) f). 5.2)

Proof. For the first statement, by choosing a basis in which both M and E are diagonal
and applying Lemma 4.1, it is sufficient to prove the statement for n = 1. In this case,
either £ = 0 (in which case the statement is trivial) or £ = 1 (assumed in the following).
Hence .¥ = % and M = m1 with some m > 1. Assume first m = 1. In that case,
(A, t,0) is pure, and as in Remark 2.4, one has % = % @ 0, £ = 0® ¢ . From
Proposition 2.11, one sees that both sides of (5.1) are infinite (unless f = 0, in which
case both are 0).

Now let m > 1. In that case, one has D = —im~! and
& _ im™' i1 —m2 (5.3)
S \iVi-m?2 —im™t ) ‘
One then computes the modular operator A & of the spaces . = # @ 0 and 1®.Z to
be
B 1 —2(m*—1)"1/2
4= (—2(m2 — D72 m*+3)/(m* 1) )" G4

so that log A ¢ has the eigenvalues %2 arcoth(m), and the projector Q ¢ is obtained (for

example by Lemma 2.6) as
1 v/m2—1
Qg = (0 " ) : (5.5)

From Proposition 2.10, one then obtains (5.1).

For the differential modular inclusion, again by Lemma 4.1 it suffices to consider only
the case n = 1. If E; = 0, then S; = 0 and (%, %) is trivially in differential modular
position; both sides of (5.2) vanish. If instead E; = E; = 1, i.e., & = %}, differential
modular position is clearand 77 (s, t) = S;(f) in agreement wih (5.2). Hence let E; = 1
and E; = 0.If m = 1, then f € dom §; = {0} must vanish, and (5.2) holds trivially. If
m > 1, then Oy = 0, 7/, = {0}, Z,;, = #, one has Qg = 0, and both sides of (5.2)
vanish. O
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Of course, the same results for the entropy are obtained in the usual formalism repre-
senting thermal states of the harmonic oscillator as density matrices. It is interesting to
note how our inequalities for 42, /dt> work out in this example. Writing M = _ imjE;j
in spectral decomposition, the terms in Theorem 3.9 are (in suggestive notation)

3T d>S;(f) 82T
852f (t—0,1) = d;zf =2 Z(S/(t —mj)arcoth(m;) (f, E; f), 8t2f
j

(t—0,t) =0,
(5.6)

so that the inequality (3.20) turns into an equality; note that the distribution 8" does not
have a definite sign, hence finding nontrivial lower estimates would not be possible.

In the above example, our condition of differential modular position was satisfied
because M leaves each subspace .%; invariant. Clearly, this will not be true for more
general subspaces. We provide an explicit counterexample:

Example 5.2. In the above setting, let n = 2, M = diag(2, 3), let % C # be the
subspace spanned over R by the vectors (1, 1) and (i, 0), and let .} = #". Then
(L, L) is not in differential modular position.

Proof. By explicit matrix computation, one can find the modular operators related to
% and 7}, and hence an explicit formula for Q¢ and . For f € J¢, consider

§:=S81(f, /) — S1(Qof, Qo f); (5.7)
one finds that if f = (a, b) with a, b € R, then
§ = (b* — a*)log2. (5.8)

This is in general not positive, hence Q¢ cannot be orthogonal with respectto S;. O

In the same situation, one finds that S1(f, f) — S1(f, Qof) = b(b — a)log?2; hence
Tr(s, t) defined as in (3.11) may be decreasing in s, and the conclusion of Lemma 3.6
fails.

5.2. Conformal U (1)-current, vacuum state. As an example from quantum field theory,
we can take the conformal U (1)-current in the vacuum state, as already treated in
Sect. 4.1. We briefly summarize the results here, and comment how the estimates on
derivatives of the entropy work out in this case.

Example 5.3. Let (', T, o) be the pure symplectic Hilbert space defined in Sect. 4.1

andlet .4 = ZU(I) C . Then (£})eRr is a family of differential modular inclusions,
the space Z; is isomorphic to L2((—o0, 1), (t — x)dx) via ¢, : f + f’, and we have
for f e CX(R) C X,

min{s,?}

t
=002y, S(f f) =27 / (1 — ) f' () dx.
o (5.9)

Tyr(s,t) =2m /

—00
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We note here that Ty is C 1 as well as the restriction of smooth functions to the cones
% ; one has

@ S, (f) 0 T 27f(1)? >0 ” T 0 (5.10)
_— = = LTl s _— = s .
dr2™’ dsat ' ls=i—o - 912 le=i—0

so that the second derivative of S; is positive and given by a boundary term only.

By the results of Sect. 4, a similar behaviour is exhibited by general half-sided modular
inclusions. Namely, in the notation of Sect. 4.2, let K C H be a —half-sided modular
inclusion in the complex Hilbert space J¢, K, := V(9(t))H and f € JZ. By using
Lemma4.1, we have that S; (f, f) and T¢ (s, t) decompose along the direct sum provided
by Proposition 4.8. Precisely, if f =) _, fu + fo is the corresponding decomposition
of f, with fy being the component relative to the trivial modular inclusion,

Sif ) =Y S S Tpls, 1) =) Tp,(s, ),

n>0 n>0

where S;(fy, fu) and Ty, (s, t) with n > 0 are given by (5.9). The behaviour of the
derivatives of S;(f, f), at least when taking the f;, to have suitably fast decay, is analo-
gous to (5.10), noticing also that S;( fo, fo), i.e., the contribution to the relative entropy
given by the trivial half-sided inclusion component, is constant in . As a particular ex-
ample, this applies to the subspaces associated with lightlike shifted wedges in the real
scalar free field, as in [14].

The above situation is compatible with Proposition 3.7; however, the vanishing

2 . . . . .
of %Tf is clearly a special feature of this particular family of subspaces. Even a
reparametrization will remove it:

Example 5.4. In Example 5.3, consider instead .4, = fhlft()l) where £ is a smooth, strictly
increasing function. Then ((%})er is still a family of differential modular inclusions,
but

2 t
d—ZSt(f) =27h' ()% f(1)? +2nh”(r)/ ()% dx . (5.11)
dl —_— — 00

P o)
asar U7 Ty
-2 (=0,0)

Of course, this is still compatible with Proposition 3.7, but while the first term (the
“boundary term”) is still positive, the second derivative of S; will not be positive in
general.

5.3. Conformal U (1)-current, thermal states. Letusnow consider thermal (KMS) states
on the conformal U (1)-current, as described in [5]. This examples illustrates, in partic-
ular, that different scalar products 7 can be chosen with respect to the same symplectic
form o, and that this leads to different relative entropies.

Specifically, fixing § > 0, we choose on the non-completed space C2° (R) the bilinear
form

® f(=p&p)

- (5.12)

15(f, g) :=Re A
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The associated quasifree state fulfills the KMS condition with respect to translations [5].
The completion of the symplectic space C2°(R) with respect to 7g is g 1= L%C(RJH
W[Z—ﬁp) dp) as a real vector space; as before, we do not always denote the Forier

transform explicitly. We apply the purification procedure described in Section 2.1: it is
easy to see that

o(f,g) =1t5(f, Dg), f. g€ A3, (5.13)

where D is the multiplication operator by i (1—e~#7) on g In the polar decomposition
D = C|D|, the operators |D| and C act by multiplication with (1 — e PPy and i,
respectively. This induces a complex structure ¥ on Ji?fB = Jpg @ g by (2.3); let us
denote the complex scalar product as (-, -)g.

Fort € R, we define Zﬁ = CX((—00,1))) C #p where the bar indicates norm
closure in #3. The bilinear form 7z is translation invariant, thus we have the following
immediate proposition.

Proposition 5.5. The symplectic action of translations (9 (t)*f)(x) = f(x — 1), f €
C2°(R), extends to a unitary representation of the group of translations v on Ji%@ by

VOO0 +:®@a0)=00)"f®0+:@1)*'¢ga0), (5.14)
f. g € C(R). Furthermore it acts covariantly on the subspaces .iﬂtﬁ , hamely

vomLt = 25, (5.15)
foreverys,t € R.

Regarding the decomposion of Ji%@ with respect to zﬂ , we find:

Proposition 5.6. For each t, the subspace .,?;ﬂ @0 C %/ﬁ@ is standard and factorial,
i.e., in the notation of Section 2.1 we have .,Zjﬁ = (,iﬂtﬂ)f and %69 = (Zﬁ)?.

Proof. We first show (Zﬁ Voo = ,%ﬂ N z@,f,ﬂ = {0}. A generic element in this inter-
section is of the form f & 0 = 19(g @ 0) for some f, g € .Z”. Since 1®(g & 0) =
—Dg ® Cv1+ D%g, we have Cv1+ D?g = 0, which implies that g = 0, since

C~/1 + D? has trivial kernel.
For establishing (Zﬁ )o = 92”[’3 L= {0}, where _L indicates the orthogonal comple-

mentin ,%73@, we use a modified Reeh—Schlieder argument as follows. Let f € .,Sﬁﬁ L, and
letp = @, ®0+1® (¢, ® 0) with arbitrary @a,p € C°(R). Denoting ¢, = V(9 (5))(¢)
(see Proposition 5.5), we notice that (f, ¢;)g is analytic in s € R + iR, (indeed, we
can differentiate under the integral sign by use of dominated convergence). But for large

negative s, we have ¢; € Zﬁ + 1@,§ﬁﬁ , and hence (f, ¢;)g = 0. Due to analyticity, the
same then holds for all s, in particular { f, ¢)g = 0. Therefore, writing f = f1 @ f>,

0 =Re(f, ¢)p = 18(f1. ¥a) — 0 (f1, 9p) — To(CV 1+ D? fr, @p). (5.16)

In particular, choosing ¢, = 0 and varying ¢, € C°(R) yields f; = 0;thenalso f> =0
since C+/1 + D? has trivial kernel. Hence f = 0.



H. Bostelmann, D. Cadamuro, and S. Del Vecchio

Finally, we show (Z%)a = £° 0 2P = {0}. Any f € £F is of the form f =
78 -lim,,— o ¢ for some @, € C°((—00, t)). Since the tg-norm is stronger than the

L2-norm, this implies f € LZ(R) and supp f C (—oo, t]. If now also f € 3’9/, one has
o(f,¢) =0forall p € C°((—00, t)). This means f f(x)¢’'(x) dx = 0 for all these ¢,
which by standard argument implies that f is constant on (—o00,¢). Hence f =0. 0O

Following [5], one can determine the modular group associated with foﬂ :
Proposition 5.7. The modular group Uy(u) := A«igﬂoﬂ of .i”oﬂ as a standard subspace
W.LL. %@ is given by

Uo)(¥ @ 0+1%(p ©0)) =8,¥ ®0+:%(3,0 & 0) (5.17)
foru S Ra @, W S C?O((_oo’ 0))r and

Suf(x) = f( - glog(l + 2T (72X 1))) (5.18)

for [ e C((—00,0)).
Proof. §, fulfils the following properties [5, p. 620]:

(i) It preserves the subspace C2°((—o00, 0));
(i) it satisfies the group property, i.e., 8, o 8,y = Syu’;
(iii) there holds tg(8, f, 64g) = t8(f, &) and 0 (8, f, 8ug) = o (f, 8);
(iv) settingwa(f, g) := t8(f, g)+io (f, g),forevery f, g € CZ°((—00, 0)) the function
u — wy(f, 6,8) has an analytic continuation into the strip S(—1, 0) and

w2(f, 8u—ig) = w2(8ug, f)- (5.19)

Thus item (i) and item (iii) show that (5.17) is a well-defined and unitary mapping, and

by item (ii) Up is a unitary group. Using complex linearity of the scalar product (-, -) g,
item (iv) implies the KMS property in the form

(f. Uo(u —)g)p = (Uo(w)g. f)p forall f.ge 2y, (5.20)

which characterizes Uy as the modular group of foﬂ . O

We can thus compute — log Ay, the generator of the modular group action of ﬁoﬁ :

for f € C2((0, 00)) C ZF we have

d d
(—log Ag) f @0 :=1®—Upu)(f ®0)| -0 =19—s8,f®0| _
du u= du u=0

d ﬂ Tu —LZTT -
=1$5f(_ﬂlog(l+ez (e? /’3—1)))‘u20®0
= —1®(f/(OBUA -y 0). (5.21)

As an immediate consequence of Proposition 2.10, we now obtain:

Proposition 5.8. For f € (C°((—00,1)) ®0) C P we have

t
Sypth= [ (eRpa - ax, (5.22)
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Further, analogous to the vacuum case in Sect. 4.1, we can show:

Proposition 5.9. {.i”tﬂ }teRr is a family of modular differential inclusions (Definition 3.4).

Proof. The proof of condition (i) is very similar to Proposition 4.4. Condition (ii) follows
immediately by Lemma 3.3(c). O

The entropy for general f € C2°(R) is less directly accessible, since the action of
the modular group on f € C2°((¢, 00)) is not explicitly known. Nevertheless, we can
show:

Proposition 5.10. For f € C°(R) & 0,

sp0h= [

t

dx(f'(x)2B(1 — ¥ &=0/By gx. (5.23)

Proof. Similarly to the proof of Proposition 4.4, given f € C2°(R) and chosent < s €
R such that supp(f) C (—o0, 5), we have a sequence { f },>0 in
Dhs =18 € CX°(R) : supp(g) C (=00, ) \ {t}} C Zis (5.24)

such that || f — fulls — 0 and thus || f — f,lls — 0 since s > ¢. If Q; denotes the
projection (2.16) of the subspace 92’;’3, we further have that || f — O full: < | f — full: +

Ifn = Qifulle = ILf = falle — O, thus S o6 (f, f) = I£1I7 = lim, [|Q; full?. If g is
the extension to Z of the isometric mapping
@5 : C((=00,5)) = L*((=00,5), B(1 — &7 /F) dx)
fef,
(where C2°((—00, s)) is equipped with norm || - [|5), then ¢5(Q; fi) = O (t — ) (fr)-

Multiplication by @ (¢ — -) is continuous in L%((—o0, 5), B(1 — 2TC=9/B) dx), thus
O — Hos(fu) = O — -)es(f). This implies that

Ot — ) f, =0t = Hps(fu) > Ot = () =00 — ) f  (526)

in L2((—o0,1), B(1 — e**@=D/Bydx), which yields the statement using
Proposition 5.8. O

(5.25)

Let us summarize the results:

Example 5.11. In the symplectic Hilbert space (%3, 18, o) of the conformal U(1)-
current with KMS state induced by 75, consider .Ztﬂ = C°(—o00, ). Then {.,2’@’3 }rer is
a family of differential modular inclusions, and for f € C°(R),

min{s,7}

Tr(s, 1) = |Qsp f1I? = f dx(f'(x)?B(1 — 2" D/Byax.  (5.27)

—00

Computing the second derivative of the relative entropy, we have

d*S s (f) 22 [t
—gtz = 2n(f' ) —ﬂ/ dx (f'(x)?e 7" =0/B - (528)
dt ——— B oo
S -0.0)20 o,

—(1-0,0)=0

Thus in the present case, the estimate in Proposition 3.7 bounds the second derivative
of the entropy from below by its negative bulk term, i.e., the second term in (5.28).
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5.4. Commutative algebras. 1t is instructive to consider also the case of abelian CCR
algebras, i.e., subspaces .¥ with & C .&¥’.

Example 5.12. Let (X, ., 1) be a measure space such that 7" := LHZR(X, dp) is sepa-
rable. For measurable subsets Y C X, set %y = LIZR(Y) C . For (%, t,0) with t

the L? scalar product, identify .#® with L%C(X ,dp) as in Remark 2.5. Then 2y can
be identified with L%R(Y, du)yviagy : f+—Im f [ Y, and

Sy(f. f)=2 /Y (Im f)2dp. (529)

For any two such subsets Y, Z, the pair (&7, %y) is in differential modular position,
and Q7 acts on 2y by multiplication with the characteristic function of ¥ N Z.

Proof. By Remark 2.5, we have > = LA(Y®, dw), La = Ly, 4 = Lo = 0.
The formula (5.29), and with it the proposed form of ¢y, then follows directly from
Proposition 2.9; note that Sy is bounded and defined on all of % @ Also, noting that
the projector Q7 (which acts by Qz f = xzIm f) is already orthogonal, we have
D5y = iL%R(Z nNY), 9,, ={f € % :Imf | Z = 0}, and one sees that Q7
multiplies with xzny in Zy. O

As a special case, let us consider:

Example 5.13. Let % = L3(R), #® = LL(R) with subspaces .4 = L2 (—o00,1).
Then % is a family of differential modular inclusions, and we have S;(f, f) = 2 fi 0
(Im f(x))2dx and Ty (s, 1) = 2 /™D (Im f(x))2dx.

We note that in this example, the function 7' is not C I, Clearly

dzs,
dr?

_,4 2
=2 (Im f (1))". (5.30)

thus S; will not be convex in general. Note that 82Tf/82s = 2%(Im f(s))2 and
82Tf / 912 = 0 for s < ¢, so that the estimate in Theorem 3.9 is saturated.

6. Conclusions

In this paper, we have analyzed the relative entropy between coherent excitations of a
general quasifree state on a CCR algebra, with respect to the algebra generated by a
generic closed subspace. We gave an explicit description of the relative entropy in terms
of single-particle modular data.

Also, we analyzed the change of the relative entropy along an increasing one-
parameter family of subspaces, establishing an abstract notion of bulk and boundary
changes. Convexity of the entropy (or the QNEC) is in general replaced by certain lower
estimates of the second derivative, where both bulk and boundary terms can contribute.

Aninstrumental part of this analysis was the notion of differential modular position of
two subspaces, meaning that the projector onto one subspace is orthogonal with respect
to the scalar product induced by the entropy form of the other. While this is a nontrivial
condition, we showed that it is fulfilled in a number of relevant examples; in particular
it includes, but generalizes, the well-known notion of half-sided modular inclusions.
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As the condition of differential modular position seems a fruitful tool, it would cer-
tainly be of interest to investigate whether it holds, possibly in a generalization, in a
wider context than discussed here, both in other models of (linear) quantum fields and
with respect to more general positions of subalgebras than treated in examples here. In
particular, one would expect that it can be formulated employing notions of category
theory, akin to the “locally covariant” setting of quantum field theory [10]. We hope to
report on this issue elsewhere.

Also, it would be of interest to generalize our framework beyond CCR algebras to
general inclusions of von Neumann algebras; in the context of quantum field theory,
this would correspond to models beyond linear fields. Clearly, a challenge is the limited
availability of concrete examples beyond CCR algebras, in particular with sufficiently
explicit descriptions of the relative modular operator. Possibly integrable models in
low space-time dimensions, which are (fully or partially) known to fulfill quantum
inequalities [6,7], can provide some test cases in this respect.
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A. Relative entropy on C* and von Neumann algebras

The notion of relative entropy for states on general von Neumann algebras was first
introduced by Araki [1,2]. We recall its definition and relevant properties, following
[26].

Let .# be a von Neumann algebra on a Hilbert space 77, let w = (&, - &) a vector state
(with some & € %), and ¢ another state on .. The relative entropy between w and ¢
(with respect to .#) is defined as

— (&, log A(p/w})§) if§ € suppg,

Al
otherwise. (A1)

S (wle) =

Here wé is the state (&, - &) restricted to .#’, and A(p/ wé) denotes the spatial derivative.
In the case where both @ and ¢ are given by cyclic and separating vectors &, ¥, the
relative modular Ay ¢ is defined and we have (see [26, Theorem 5.7], [14, Proposition
4.1])

_ -d it
Sa@le) =iZ- (& AY )| . (A2)
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If o/ is a C*-algebra and w, ¢ are positive linear functionals on <7, then S (w|@) is
defined as

S (@llg) = S (@]l@),

where the right-hand-side denotes the relative entropy with respect to the universal
enveloping von Neumann algebra «7** of o7 and @, ¢ are the normal extensions of w,
@ to o/ **,

Suppose there is a representation 7 of <7, & : o/ — B(J), where w is a vector state,
i.e., there is & € 77 with

o(m(a) = (¢, (@) =wla), aecd,
and for which there is a normal state ¢ on 7 (/)" such that

p(a) = ¢(m(a)), acd.

Then by applying Kosaki’s formula for the relative entropy [26, Theorem 5.11], we have

S (@|9) = Sz (ary (@]1@). (A.3)
We recall the following properties of the relative entropy:

Lemma A.1 [26, Corollary 5.12, iv]. Let .#; be an increasing net of von Neumann
subalgebras of . with the property (U; ;)" = M. Then Sy, (w1 | M, w2 | M)
converges to S (w1, wp), where w1, wy are two positive normal linear functionals on

M.

Lemma A.2 [26, follows from Corollary 5.20]. Let .#\ and .# be von Neumann al-
gebras, let w1, @1 be normal states on .#\ and let wy, 3 be normal states on M.
Then

S 1041 @ w201 ® ©2) = Sz (w1ll@1) + S (2| 92). (A.4)

Lemma A.3 [26, follows from Theorem 5.3]. Let w and ¢ be two normal states on a
von Neumann algebra ./, and denote by w| and @) the restrictions of w and ¢ to a von
Neumann subalgebra ./ C M respectively. Then S_z, (w1 llo1) < Sz (w]l@).
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