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ABSTRACT: The functional shape of a sorption isotherm is determined by underlying molecular
interactions. However, doubts have been raised on whether the sorption mechanism can be
understood in principle from analyzing sorption curves via a range of competing models. We have
shown recently that it is possible to translate a sorption isotherm to the underlying molecular
interactions via rigorous statistical thermodynamics. The aim of this paper is to fill the gap between the
statistical thermodynamic theory and analyzing experimental sorption isotherms, especially of microporous and mesoporous
materials. Based on a statistical thermodynamic approach to interfaces, we have derived a cooperative isotherm, as a generalization of
the Hill isotherm and our cooperative solubilization model, without the need for assumptions on adsorption sites, layers, and pore
geometry. Instead, the statistical characterization of sorbates, such as the sorbate-interface distribution function and the sorbate
number distribution, as well as the existence of statistically independent units of the interface, underlies the cooperative sorption
isotherm. Our isotherm can be applied directly to literature data to reveal a few key system attributes that control the isotherm: the
cooperative number of sorbates and the free energy of transferring sorbates from the saturated vapor to the interface. The sorbate−
sorbate interaction is quantified also via the Kirkwood−Buff integral and the excess numbers.

■ INTRODUCTION

Microporous and mesoporous materials,1,2 such as activated
carbons,3−5 porous silica,6 and metal−organic frameworks,7−9

are powerful adsorbents. They are important not only because
of their many industrial applications but also because of the
challenges they pose to understanding their sorption capacities
from a molecular basis.1−9

One approach is to understand the functional shape of an
isotherm based on the underlying molecular interactions
influenced by interfacial geometry and pore sizes.1−9 Here,
we first clarify why understanding cooperative sorption
isotherms has been particularly challenging despite, or because
of, the many isotherm models that have been proposed.4,10,11

Thereafter, we will show how these difficulties can be
overcome via statistical thermodynamics.
Sorption Isotherm Models. There are, broadly speaking,

three classes of isotherm models: empirical, semi-empirical,
and physical.12,13 The empirical models can fit experimental
data; yet, since they are not based on a physical basis, they
cannot be used to understand sorption mechanisms. Examples
include the Sips model14 used for gate-opening adsorption.7−9

The semi-empirical models start from some plausible physical
principles, such as those based on Polanyi’s adsorption
potential,15−17 leading to the Frenkel−Halsey−Hill
(FHH)18−21 as well as the Dubinin−Astakhov22 and
Dubinin−Radushkevich22−26 models used for microporous
carbons. However, as admitted by Dubinin, ″it became more
and more obvious that the initial principles of the potential
theory have no physical meaning for adsorption in micro-
pores″.25 Since our goal is to gain insights into molecular
mechanism through the analysis of sorption isotherms, we shall

focus on the physical isotherm models. Historically, under-
standing sorption based on physical models fitted to
experimental data has been limited by the fact that multiple
isotherm models, with different assumptions on sorption
mechanisms,27−32 can fit an experimental isotherm equally
well.33 The goodness of the fit alone cannot be used to
conclude the superior realism of one model over the rest.33

Multilayer Adsorption Models and Their Limitations.
Many of the approaches to adsorption based on a physical
model have their roots in the monolayer adsorption model by
Langmuir,34 which was generalized later to multilayer
adsorption as the Brunauer−Emmett−Teller (BET)
model1,35 and extended further into the Guggenheim−

Anderson−de Boer (GAB) model,36−38 to incorporate the
difference between the second layer and outer layers. These
models presuppose adsorption on planar surfaces or at least
one single binding constant for each different class of layers
(e.g., first, second, and outer layers). BET and GAB models
assumed an infinite number of layers.12,13 Assuming a finite
number of layers instead of infinity has led to the recent ζ-
isotherm,39 which captures the cooperative sorption behav-
ior,10,39 based on a generalization of (T.L.) Hill’s re-derivation
of BET and GAB isotherm from a grand canonical ensemble.40

The basic assumption was the binding of clusters on multiple,
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independent adsorption sites on a surface.40 However, whether
there are well-defined and independent binding sites on a
surface is still an assumption, just like the number of layers
assumed in the original derivation.
Binding Models and Their Limitations. Cooperativity in

ligand binding to proteins was modeled by (A.V.) Hill as early
as 1910.41 Its generalization by Adair,42 Klotz,43,44 Koshland,
and Wyman45−47 led to the concept of cooperative binding,
expressed via the binding polynomial.40,44,47−50 The binding
polynomial is founded on the grand canonical partition
function. Yet, in practice, it was interpreted as the successive
and stepwise binding of multiple ligands on the binding
sites.40,44,47−50 Such an assumption reflects the reality for
protein−ligand binding with well-defined binding sites.
However, the application of the binding polynomial to protein
denaturants and stabilizers (that work through competitive or
″preferential″ solvation of water and denaturant or water and
stabilizer)51−53 caused difficulties, confusions, and controver-
sies54−56 because the ″binding sites″ and ″binding constants″
for denaturants and stabilizers on proteins cannot be defined
with clarity.51−53 The resolution came by abandoning the
binding-based view of solvation altogether, replacing it with the
fluctuation theory, to capture the weak, nonspecific, and
nonstoichiometric interaction between cosolvents and pro-
teins.57−60 In addition, borrowing the concepts from
adsorption to apply directly to solvation (and vice versa)
while neglecting the difference in the thermodynamic degrees
of freedom caused further confusion.59,61,62

Sorption on Nonplanar and Porous Surfaces. Two
major difficulties face the approaches based on simple physical
models that assume binding/adsorption sites and layers. Even
in the simpler sorbents that obey the BET model, the ″BET
surface area″1,12,13 is dependent on the sorbate gases.63

Moreover, capillary condensation has been considered to be
the driving force of the large gradient of isotherms for porous
systems.13 The key, according to the Kelvin equation, is the
condensation of sorbate vapor in the pore at a lower critical
pressure than in the bulk.13 This explanation was refined using
the thermodynamic stability theory for nano- and mesoscale
systems,64 according to which the sharp change of sorption
isotherms has been attributed to the sorbate number
fluctuation reaching the size scale of the pore.65 Such a
cooperative phenomenon may not be captured sufficiently by
binding sites and layers even under the cooperative binding,
especially in the systems that contain a very small amount of
surface functional groups.66 Such considerations necessitate an
approach to sorption that does not depend on model
assumptions. The most general foundation for adsorption is
the Gibbs isotherm,67−69 which was derived from a triad of the
Gibbs−Duhem equations. However, the application of the
Gibbs isotherm was limited by the implementation of the
dividing surface that employs the concentration profile.65,70 To
define the concentration profile, an axis representing a distance
from the interface is necessary.65,70 However, such a
coordinate is hard to implement for porous and inhomoge-
neous surfaces.
The Generalized Gibbs Isotherm. The difficulties of the

multilayer and binding models, as summarized above, can be
overcome by the following strategies: (i) generalizing the
Gibbs adsorption isotherm based only on the basic principles
of statistical thermodynamics;65 (ii) generalizing the Gibbs
dividing surface condition to be free of concentration profiles,
making it applicable to any surface geometry even in the

presence of cavities and crevices;65 and (iii) introducing the
interfacial local subsystem based on the finite-ranged nature of
the interfacial effect, thereby enabling to approach sorption
from the statistical thermodynamically defined interactions,
such as the distribution of sorbates and the sorbate−sorbent
and sorbate−sorbate correlations, instead of assuming binding
constants and sites.65

Cooperativity from the Fluctuation Theory. Based on
the generalized Gibbs isotherm, a theory of sorption was
formulated in a manner analogous to the fluctuation theory for
solvation. We have shown that sorbate−sorbate interaction,
which has been considered to play an important role in the
functional shape of an isotherm,4,5,71−73 can be quantified
directly from an isotherm’s derivative.65 (We emphasize that
the sorbate−sorbate interaction, which takes place at the
interface, is mediated by the interface.) From the experimental
data on water vapor adsorption on microporous and
mesoporous carbons,3,4,66,74 the underlying sorbate−sorbate
interaction has been quantified. (This is analogous to the
cosolvent−cosolvent interaction, when enhanced by the solute,
which leads to the cooperative onset of solubilization.61,75−77)

Need for a Cooperative Isotherm Equation from the
Fluctuation Theory. In contrast to some previous physical
isotherm models based on different assumptions,10,78−80 our
statistical thermodynamic theory, despite its rigorous nature,
was unable to reproduce the isotherm curve for cooperative
sorption. Its success was limited to analyzing the gradient of an
isotherm only at its cooperative onset.65 However, our recent
progress provides the tools for constructing a cooperative
isotherm curve based on statistical thermodynamics. First, the
general isotherm, encompassing the classical models such as
Langmuir,34 BET,1,35 and GAB,36−38 can be constructed
statistical thermodynamically based on multiple body
correlations between sorbates at the interface.70 Second, the
sigmoidal increase of solubilization in the presence of
hydrotropes can be modeled statistical thermodynamically,81

which can describe the sigmoidal shape of solubilization
curves.82,83 In this paper, these two theories will be extended
further for a cooperative sorption theory.
Thus, the goal of this paper is to construct a function for

cooperative sorption isotherm. Instead of the binding
polynomials, our theoretical foundation is the statistical
thermodynamic generalization of the Gibbs isotherm. The
resultant cooperative isotherm is mathematically analogous to
the (A.V.) Hill model of cooperative binding. However, the
underlying molecular mechanisms are different. While the
cooperative binding model assumes the binding of sorbates on
the well-defined binding sites modeled by the binding
constants,40,44,47−50 our cooperative sorption theory is founded
on a statistical nature of interactions: the local−bulk division of
the interface from the sorbate−interface distribution function
(″Theory″ section), implementation of statistically independ-
ent units of the interface, and the sorbate number distribution
in those interfacial units as the basis of cooperativity (″Results
and Discussion″). Unlike the binding model, our theory is
applicable to both specific and nonspecific interactions
between sorbate and interface that have been incorporated in
a fully statistical manner. The cooperative isotherm will be
applied to fit the water sorption isotherms on porous carbons.

■ THEORY

Statistical Thermodynamics of Sorption. The Gener-
alized Gibbs Isotherm. Our goal is to derive a sorption
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isotherm that can fit the experimental isotherm of porous
surfaces directly from the principles of statistical thermody-
namics. Let us consider the interface between the phases I and
II. Phase I is composed of the sorbent (molecular species 1),
and phase II is composed of the sorbate (molecular species 2).
The interface does not need to be planar, which is the
advantage of our generalized statistical thermodynamic
approach.65 The entire system, denoted by *, contains I and
II, as well as the interface between them.12,67,69 The
thermodynamic effect of the interface is the difference between
the entire system (*, with the interface) and the reference
systems (I + II, without the interface).12,65,67,69

The conventional derivation of the Gibbs isotherm via the
Gibbs−Duhem equations employs the concentration pro-
file.12,13,67,69 Because of the need for a (clearly defined)
coordinate for the concentration profile to introduce the Gibbs
dividing surface, this approach introduces an unnecessary
restriction to planar interfaces.65 Instead, we start from the
following general thermodynamic relationship without any
assumptions, applicable to any surface geometry and
porosity:62,65

F I II= Ω* − Ω − Ω (1)

in terms of the difference in the thermodynamic function (Ω =
−PV) between the entire system (*) and the two reference
systems (I + II) under the conservation of volume.62,65 Here,
instead of the product of γ (surface free energy) and A (surface
area), we use the total interfacial free energy, F, because of the
difficulty in defining the surface area with accuracy when the
interface is not planar, e.g., for microporous and mesoporous
systems. The three systems are open to both species.
Now, we incorporate the Gibbs dividing surface without the

restriction of concentration profiles. This can be achieved via
the Legendre transformation, converting the thermodynamic
function Ω (open to species 1 and 2) to Y = Ω + μ1N1 (open
to species 2 but closed to 1), as

F Y Y Y N N N( )I II I II
1 1 1 1μ= * − − − * − − (2)

where μ1 is the chemical potential of species 1.65 Imposing the
condition N1* − N1

I
− N1

II = 0 on eq 2 is equivalent to
introducing the Gibbs dividing surface but without the
concentration profile. Equation 2 now becomes

F Y Y YI II= * − − (3a)

Equation 3a applies to any surface geometry and porosity.
Using the corresponding partition functions for the semi-open
systems, Γ*, ΓI, and Γ

II, eq 3a can be rewritten as

F kT ln
I II

= −
Γ*

Γ Γ (3b)

Equation 3b is our fundamental relationship. Differentiating eq
3b with respect to lna2 (a2 is the activity of sorbate), through
elementary statistical thermodynamic calculus, yields the
generalized Gibbs adsorption isotherm65ikjjjjj y{zzzzzF

a
N N N

ln
T

I II

2
2 2 2β−

∂
∂

= ⟨ *⟩ − ⟨ ⟩ − ⟨ ⟩
(4)

where ⟨ ⟩ denotes ensemble average. Equation 4 is applicable
to any surface geometry even in the presence of cavities and
crevices.65

The Interfacial Subsystem. The effect of an interface is
confined within a finite distance from the surface, which is our

basic postulate.65 Let v* be the volume contained within this
finite distance, which we call the interfacial local subsystem.
This distinction has a statistical thermodynamic basis.
Consider the interface−sorbate distribution function.84 The
local subsystem contains the maxima and minima of the
distribution function, whereas the bulk region is characterized
by its convergence. Under this postulate, we have shown
previously that the Gibbs adsorption isotherm can be
expressed as65,81ikjjjjj y{zzzzzF

a
n n n

ln
T

I II

2
2 2 2β−

∂
∂

= ⟨ *⟩ − ⟨ ⟩ − ⟨ ⟩
(5)

in terms of the difference in number between the interfacial
subsystem, ⟨n2*⟩, and the reference subsystems I and II, ⟨n2

I⟩
and ⟨n2

II⟩, that have the volumes vI and vII.65 For each system
(*, I, and II), the partition function of the semi-open system,
Γ(T, V, N1, μ2), can be expressed relative to the partition
function of pure species 1, Γ(T, V, N1, ∞ ), as

T V N

T V N
R

( , , , )

( , , , )
n

n
n

1 2

1 0

2

2

2

2
∑

μ
λ

Γ

Γ ∞
=

≥ (6)

where λ2 = eβμ2 and Rn2 is the partition function with n2 sorbates

in the subsystem of volume v. Equation 6 was derived by
distributing the molecules in the system between the local
subsystem and the bulk.65,81 What is important in eq 6 is that
Rn2 is a quantity pertaining to the interface, which will serve as

the basis for our sorption isotherm in ″Results and
Discussion″.

A Statistical Thermodynamic Foundation for Sorp-
tion Isotherms. Vapor Sorption Isotherms. We have derived
the generalized Gibbs adsorption isotherm, expressed in terms
of the local subsystems (eq 5). Here, we derive a sorption
isotherm for microporous and mesoporous materials directly
from statistical thermodynamics. Our starting point is the
statistical thermodynamic relationship for the mean number of
sorbate molecules in the local subsystems, ⟨n2*⟩, ⟨n2

I⟩, and ⟨n2
II⟩,

expressed in terms of the respective partition functions,i
k
jjjjjjjj y

{
zzzzzzzzn n n

a

ln

ln

I II

T

2 2 2
2

I II

⟨ *⟩ − ⟨ ⟩ − ⟨ ⟩ =
∂

∂

Γ *

Γ Γ

(7)

So far, our discussion has been general, applicable to any
interfaces.
In the present work, we focus on gaseous adsorbates, for

which there is a wealth of experimental data on the sorption on
microporous and mesoporous materials. The left-hand side of
eq 7 is determined by excess densities of species 2 in the entire
system * from those in the reference systems I and II. In our
treatment, the excess is assumed to be localized within a finite
distance from the interface, and in this assumption, ⟨n2*⟩ −

⟨n2
I⟩ − ⟨n2

II⟩ reflects only the contributions from the interfacial
region. We further suppose that ⟨n2*⟩ ≫ ⟨n2

I⟩ and ⟨n2*⟩ ≫ ⟨n2
II⟩

hold when the system is set to the interfacial region. The
former corresponds to the absence of adsorption into phase I,
and the latter means that the density in the vapor is negligible
compared to that in the interfacial region. In the following, we
restrict our attention to the interfacial region, and with the
above two suppositions, eq 7 is simplified as
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ikjjjjj y{zzzzzn
a

ln

ln
T

2
2

⟨ *⟩ =
∂ Γ*
∂ (8)

Equation 8 is our basic relationship, from which sorption
isotherms can be derived. From now onward, we will drop *

for simplicity unless otherwise noted.
The Sorption Polynomial. Here, we introduce the ″sorption

polynomial″ as a generalization of the binding polynomials.
The sorption polynomial is the series expansion of Γ* in eq 8.
To carry this out, we will generalize the elegant approach
proposed by McMillan and Mayer85 as has been done before in
our cooperative solubilization theory.81 Here we consider N2

b =
N2 − n2, the number of adsorbates outside the local subsystem,
for both the entire system (*) and the reference system (II).
Following McMillan and Mayer,85 we consider the N2

b
→ 0

limit of eq 6. (In our definition of the local subsystem, v
represents the ranges of correlations among the interface and
sorbate molecules. Hence, putting N2

b
→ 0 is equivalent to

ignoring the contribution from the sorbate molecules outside
of the correlation range.)
At this limit, all the terms of Rn2 become a constant, and eq 6

can be considered as the polynomial expansion of
T V N

T V N

( , , , )

( , , , )

1 2

1

μΓ

Γ ∞

around a2 = 0. This is true for both
T V N

T V N

( , , , )

( , , , )

1 2

1

μΓ *

Γ * ∞
and

T V N

T V N

( , , , )

( , , , )

II
1 2

II
1

μΓ

Γ ∞
. In the latter, especially, neglecting ⟨n2

II⟩ in eq 8 is

equivalent to ignoring all the terms except for n2 = 0, leading to

1
T V N

T V N

( , , , )

( , , , )

II
1 2

II
1

≃
μΓ

Γ ∞
. Since Γ*(T, V, N1, ∞ ) and Γ

II(T, V, N1, ∞

) are both independent of a2 and Rn2 is independent of a2, eq 6

yields

T V N C R( , , , )
n

n
n1 2

0

2

2

2

2
∑μ λΓ* =

≥ (9a)

where C is a constant, which will vanish when differentiated
with respect to lna2. Since C does not affect the sorption
isotherm, we introduce the following ″sorption polynomial″:

T R( , )
n

n
n2

0

2

2

2

2
∑σ μ λ=

≥ (9b)

From the sorption polynomial, the isotherm can be derived
using the following equation, which is a modification of eq 8:ikjjjjj y{zzzzzn

T

a

ln ( , )

ln
T

2
2

2

σ μ
⟨ ⟩ =

∂

∂ (9c)

Extensive Nature of Sorption Isotherms and Polynomials.
Here we present a detailed statistical thermodynamic formal-
ism for the sorption polynomials based on statistically
independent interfacial units. Such a task is more challenging
than dividing the total partition function of an ideal gas into
statistically independent units, i.e., molecular partition
functions.86 The additional difficulty for cooperative sorption
comes from the need to consider multiple sorbate molecules
and their statistical distribution that interact with a porous
sorbent. As the first step, we consider the extensive nature of
the sorption isotherms and sorption polynomials. Distinguish-
ing extensive and intensive thermodynamic quantities provides
valuable insights into solvation and adsorption.62,87 The
amount of adsorbate is an extensive thermodynamic quantity
that scales with the amount of adsorbent. Such an extensive

nature is employed in the experimental measurements of
sorption isotherms that are usually reported per unit quantity
of sorbent. Suppose that we scale the interface by λ times while
keeping the thickness of the interfacial subsystem constant.
This leads to a λ-fold increase of sorption, and ⟨n2⟩ scales to
λ⟨n2⟩. Here, λ can either be greater than 1 or smaller than 1. If
λ < 1, the local interfacial subsystem, introduced in the
″Theory″ section, is subdivided into N = 1/λ subsubsystems.

Implementation of the Intensive ″Unit Interface″. The
extensive nature of ⟨n2⟩, via eq 9c, is equivalent to the extensive
nature of lnσ(T, μ2). This means that the sorption polynomial
σ(T, μ2) can be expressed as ikjjjjjj y{zzzzzzT T R( , ) ( ( , ))N

N

2 2
0

2∑σ μ σ μ λ= ̃ = ̃
ν

ν
ν

≥ (10)

in terms of σ̃(T, μ2), which will be referred to as the sorption
polynomial of the interfacial unit, and R̃ν is the corresponding
coefficient. A general sorption isotherm can be obtained by
combining eqs 10 and 9c as

n kT
T

N
R

R
N

ln ( , )
2

2

2

0 2

0 2

σ μ

μ

νλ

λ
ν⟨ ⟩ =

∂

∂
=

∑ ̃

∑ ̃
≡ ⟨ ⟩ν

ν
ν

ν

ν
ν

≥

≥ (11)

Here we introduce

A
R

a
R e2

2

o
2

λ
=

̃
= ̃

ν
ν

ν

ν ν
νβμ

(12)

with μ2
o as the standard chemical potential of the sorbate and

rewrite eq 11 explicitly in terms of the sorbate activity, a2. We
obtain

n N
a A

a A
N2

0 2

0 2

ν
ν⟨ ⟩ =

∑

∑
= ⟨ ⟩ν

ν
ν

ν

ν
ν

≥

≥ (13)

The physical meaning of eqs 10−13 can be understood from
the general relationship between ⟨n2⟩ and its fluctuation, ⟨n2

2⟩
− ⟨n2⟩

2,ikjjjjj y{zzzzzn

a
n n

ln
T

2

2
2
2

2
2∂⟨ ⟩

∂
= ⟨ ⟩ − ⟨ ⟩

(14a)

Substituting eq 13 into eq 14a, we obtainikjjjjj y{zzzzzn

a
n n N

ln
( )

T

2

2
2
2

2
2 2 2

ν ν
∂⟨ ⟩

∂
= ⟨ ⟩ − ⟨ ⟩ = ⟨ ⟩ − ⟨ ⟩

(14b)

showing that the interfacial subsystem is composed of N
statistically independent unit interfaces. Note that ⟨n2

2⟩ −

⟨n2⟩
2 is O(n2) (O is Landau’s symbol, signifying ″in the same

order of″). Now we postulate that the unit interface does not
scale with system size. Under this condition, N is O(n2),
whereas ⟨ν2⟩ − ⟨ν⟩2 is O(1). This means that the isotherm,
expressed in terms of the unit interface via eq 13, refers to the
scaling of the following form:

n N
a A

a A
O N O(1) (1)2

0 2

0 2

ν
ν⟨ ⟩ =

∑

∑
+ = ⟨ ⟩ +ν

ν
ν

ν

ν
ν

≥

≥ (15)

Now we show that the functional form of ln⟨ν⟩ can be
determined uniquely from the excess number of sorbates
around a probe sorbate molecule, N22, defined as65
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N
n n n

n
22

2
2

2
2

2

2

=
⟨ ⟩ − ⟨ ⟩ − ⟨ ⟩

⟨ ⟩ (16a)

Note that N22 is an intensive quantity, reflecting sorbate−
sorbate interaction, which does not scale with system size. N22

is linked to the sorption isotherm, i.e., ⟨n2⟩ as a function of a2,
via the following general statistical thermodynamic relation-
ship:ikjjjjj y{zzzzzn

a
N

ln

ln
1

T

2

2
22

∂ ⟨ ⟩

∂
= +

(16b)

Since N22 refers to sorbate−sorbate interaction, it is an
intensive quantity. Substituting eq 13 into eq 16b yieldsikjjjjj y{zzzzza

N
ln

ln
1

T2
22

ν∂ ⟨ ⟩

∂
= +

(16c)

The functional form of ln⟨ν⟩ can be determined uniquely by
integrating eq 16c using the a2 dependence of N22 that can be
calculated from the experimental isotherm. This means that the
functional form of ⟨ν⟩ can be determined uniquely from an
experimental isotherm except for a multiplicative constant that
does not affect the reality of the structure of sorbates expressed
via eq 16b.
Equation 13 is our general isotherm. The only postulates

introduced in deriving eq 13 are (i) that the effect of an
interface is confined within a finite distance and (ii) that the
interface can be expressed in terms of N statistically
independent unit interfaces. All the parameters in eq 13 have
a clear physical meaning: ν is the number of sorbates in a unit
interface. Aν is related to the free energy of transferring ν
sorbate molecules from the standard state (saturated vapor) to
the unit interface via

kT A kT Rln ln o
2

νμ− = − ̃ −ν ν (17)

This means that kT Aln
1−
ν ν is the work required to transfer a

sorbate (that behaves within ν sorbates that sorb together)
from the saturated vapor to the interface. This interpretation is
reminiscent of Polanyi’s ″adsorption potential″ whose physical
meaning has been questioned.17,25 The difference is that this

work, kT Aln
1−
ν ν, is dependent on ν and, unlike the

adsorption potential, does not refer to any single sorbate
molecule found at the interface. Most importantly, contrary to
the successive binding model, the free energy change, which
accompanies the transfer of ν sorbates (eq 17), is a statistical
thermodynamic concept, applicable regardless of the specificity
and strength of sorbate−sorbent and sorbate−sorbate
interactions.
Thus, we have established a statistical thermodynamic

isotherm. Unlike the successive binding or multiplayer
adsorption models, eq 13 was derived directly from the
principles of statistical thermodynamics via the locality of the
interfacial effect and the extensive nature of sorption isotherms.

■ RESULTS AND DISCUSSION

Cooperative Adsorption Theory. Here we apply our
general isotherm (eq 13) to moisture adsorption on porous
surfaces. Instead of introducing pores explicitly into the model,
we introduce several postulates to capture sorption coopera-
tivity.

Experimental isotherms exhibit a sigmoidal functional shape,
which shows there is cooperativity at work.3,4,66,74 Such
sigmoidal isotherms can be captured by assuming that the
dominant contribution to the sorption polynomial comes from
the mth order (a2

m) term. This means that m sorbates sorb
cooperatively onto the unit interface. Appendix A presents a
detailed justification, based on sorbate number distribution
within a unit interface, to neglect all the other terms except for
the mth order term. The zeroth- and first-order terms must
also be kept such that the a2 → 0 limit satisfies Henry’s
law.12,13,17,88 Therefore, eq 13 becomes

n N N
A a mA a

A a A a1

m
m

m
m2

1 2 2

1 2 2

ν⟨ ⟩ = ⟨ ⟩ =
+

+ + (18)

In the ″Theory″ section, we have shown that m is
determined uniquely from the excess sorbate number and
that ln⟨ν⟩ can be determined uniquely from an isotherm. Here,
fitting eq 18 to an experimental isotherm enables a unique
determination not only of m but also of A1 and Am due to the
presence of 1 in the denominator. We further postulate the
existence of a statistically independent unit interface that is
microscopic in size. Consequently, the number of adsorbate
molecules involved in the series of eq 13 is microscopic, and m,
A1, and Am in eq 18 are at molecular scales. Their values reflect
the nature of the independent unit interface and its
interactions with adsorbates. However, whether this unit
interface corresponds to a pore (if the individual pores are
statistically independent) or multiple pores (if they behave as
the statistically independent minimum unit) cannot be
determined from this postulate alone. Note that if a nonlinear
increase of isotherm at low a2 cannot be captured by eq 18,
more terms may be incorporated. Furthermore, m values
determined from fitting eq 18 to experimental data may not be
integers because the adsorbate number distribution has been
simplified (Appendix A).
Here, the interpretation of −kT ln Am, as the work of

transferring m sorbates from saturated vapor to the micro-
scopic unit interface (see ″Theory″), is useful when we apply
eq 18 to analyze sorption on porous materials. Even though it
is possible to express Am as the product of successive binding
constants (Appendix B), capillary condensation is the driving
force for a large gradient of sorption isotherms rather than
stoichiometric binding on binding sites. Capillary condensa-
tion, according to the thermodynamic stability theory for nano-
and mesoscale confinement,64 is N22 + 1 in eqs 16b and 16c
reaching the size scale of the pore. This can be captured by the
a2
m term in eq 18, which allows a nonstoichiometric
interpretation of −kT ln Am.
All the parameters in eq 18 can be determined by fitting it to

experimental isotherm data. Nonlinear fitting routines are
usually capable of carrying out regression. Appendix C presents
the mathematical expression for eq 18 when the ″coverage
ratio″, θ, is used to report experimental sorption data.
Appendix D shows how the parameters in eq 18 can be
determined from linearized plots if the input parameters are
needed for nonlinear regression.
Now we apply our theory (eq 18) to fit the experimental

isotherms of water vapor on phenol-resin (PHE)-based and
pitch-based (PIT) hydrophobic activated carbon fibers (ACFs)
that have been measured by Nakamura et al.66 The pore widths
of PHE ACFs are 0.5 and 0.6 nm, respectively, which will be
denoted as PHE5 and PHE6; the pore widths of PIT ACFs are
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0.6, 1.0, and 1.1 nm, respectively, which will be denoted as
PIT6, PIT10, and PIT11.66 In these examples, the adsorption
and desorption proceed through metastable states with long
lifetimes. This is the cause of hysteresis, and the experimental
fitting is done for the adsorption data as a common practice.
When the physical isotherm models are used, it is (implicitly)
assumed that a statistical thermodynamic formulation can be
utilized for long-lived metastable states. In our analyses, the
statistical thermodynamic theory is employed for both the
adsorption and desorption processes. This means, in turn, that
the same assumption as the physical models (as discussed
above) is adopted in our analysis here.
Figure 1 shows that eq 18 fits the water vapor adsorption

and desorption isotherms on PHE5 and PHE6 successfully.

The fitting parameters can be found in Table 1. Figure 2 also
shows that eq 18 can fit the adsorption and desorption
isotherms PIT6, PIT10, and PIT11, with more accuracy for
smaller pore widths. The desorption isotherms involve larger m
than the adsorption counterparts. Table 1 shows that A1 is
small in magnitude compared to Am, showing that the

cooperativity contribution from the a2
m term dominates the

region of a2 in which the isotherm exhibit a sigmoidal behavior.
Note that the m values determined here are not integers. This
is not surprising considering that eq 18 is based upon an
approximation in Appendix A that simplified the distribution in
the adsorbate numbers that sorb cooperatively. Hence, for
example, m = 8.29 for PHE5 in Table 1 indicates that the
cooperative effect is operative around m = 8 and 9. The
successful fit of the experimental data shows that the onset of
cooperative adsorption is captured by eq 18 by the absence of
the terms below a2

m − 1.
Excess Sorbate Numbers. Based on the statistical

thermodynamic cooperative isotherm (eq 18), let us calculate
the excess number of sorbates around a probe sorbate
molecule. The excess number of sorbates around a probe
sorbate molecule, N22, defined by eq 16a,65 can be calculated
from the sorption isotherm (eq 18) asikjjjjj y{zzzzzN
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We have calculated N22 + 1 both for the PHE and PIT types of
porous carbons, shown in Figures 3 and 4, respectively.
Both m and N22 refer to the number of sorbates involved in

the sorption process. While m is a constant by definition, N22 is
dependent on a2, exhibiting a peak as seen in Figures 3 and 4

Figure 1. Fitting of experimental adsorption (filled) and desorption
(open) isotherms of water vapor on hydrophobic activated carbon
fibers using the data by Nakamura et al.66 for the phenol-resin (PHE)-
based hydrophobic activated carbon fibers, PHE5 (maroon) and
PHE6 (blue), with pore widths of 0.5 and 0.6 nm, respectively. The
solid lines are the fitting of eq. 18 for the adsorption isotherms and
the dotted lines for the desorption isotherms. The fitting parameters
are summarized in Table 1.

Table 1. The Fitting Parameters for Eq. 18 for the
Experimental Isotherms of Water Vapor on Phenol-Resin
(PHE)-Based and Pitch-Based (PIT) Hydrophobic
Activated Carbon Fibers (ACFs) Measured by Nakamura et
al.66a

N (mg g−1) A1 Am m

PHE5 adsorption 27.7 29.1 2.193 × 104 8.29

PHE5 desorption 28.5 17.8 1.252 × 104 8.13

PHE6 adsorption 40.4 3.94 3.510 × 103 10.2

PHE6 desorption 26.9 13.1 8.395 × 105 15.1

PIT6 adsorption 36.2 4.87 6.760 × 102 6.32

PIT6 desorption 29.9 2.84 1.917 × 103 7.51

PIT10 adsorption 60.8 4.81 2.620 × 102 11.2

PIT10 desorption 28.4 20.2 8.331 × 106 21.7

PIT11 adsorption 62.5 3.83 4.973 × 101 14.5

PIT11 desorption 30.9 9.99 8.790 × 105 24.7

aThe pore widths for PHE5 and PHE6 were 0.5 and 0.6 nm,
respectively, whereas those for PIT6, PIT10, and PIT11 were 0.6, 1.0,
and 1.1 nm, respectively.66 The unit for N is mg of sorbate per g of
sorbent.66

Figure 2. Fitting of experimental adsorption (filled) and desorption
(open) isotherms of water vapor on hydrophobic activated carbon
fibers using the data by Nakamura et al.66 for the pitch-resin (PIT)-
based hydrophobic activated carbon fibers, PIT6 (green), PIT10
(red), and PIT11 (black), with pore widths of 0.6, 1.0, and 1.1 nm,
respectively. The solid lines are the fitting of eq 18 for the adsorption
isotherms and the dotted lines for the desorption isotherms. The
fitting parameters are summarized in Table 1.

Figure 3. The sorbate cluster number, N22 + 1, calculated for the
adsorption (solid) and desorption (dashed) isotherms of water vapor
on PHE5 (maroon) and PHE6 (blue) calculated from eq 19. For the
parameters for eq 19, see Figure 1 and Table 1.
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for all the sorbents analyzed, and the peak values of N22 are
generally smaller than m (Table 1). m refers to the number of
sorbates that come into the unit interface. Upon sorption,
sorbates are located within the unit interface, and N22 captures
the sorbate−sorbate distribution in the unit interface.
N22 tends to 0 at low a2 (Figures 3 and 4) in conformity to

Henry’s law. Due to the small contributions from the
individual binding of sorbate as can be seen from the small
A1 in Table 1, the sorbate is sparse at low a2 (Figures 1 and 2),
and N22 is low (Figures 3 and 4), showing a weak sorbate−
sorbate correlation in this activity range. At the high end of a2,
N22 is low (Figures 3 and 4) despite the high population of
sorbates as seen from the large ⟨n2⟩ (Figures 1 and 2). N22 + 1
tending to 0 reflects the liquid-like nature of sorbates at
saturation, which has been inferred from experiments.89,90

Previously, we have estimated N22 + 1 for the PIT-type
porous carbons around the peaks of N22 + 1,65 which shows a
good agreement with the adsorption lines in Figures 3 and 4,
whereas a discrepancy is seen for the desorption lines. Note
that the maximum gradient of ⟨n2⟩ was detected visually
without using any fitting model65 and that the deviation of our
fitting function from the data may have also exaggerated the
gradient for the desorption lines.
Sorbate−Sorbate Kirkwood−Buff Integral. Sorbate−sor-

bate interaction, mediated by the interface, determines the a2
dependence of sorption. How sorbate−sorbate interaction
depends on a2 can be quantified also for the cooperative
isotherm using the Kirkwood−Buff integral, G22, which can be
calculated from the following relationship:70ikjjjjj
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Combining eqs 20 and 18 yields
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Note that v is proportional to N. Here, the extensive variable of
⟨n2⟩ is usually expressed in an intensive manner, for example,
per unit mass of adsorbent. Similarly, ⟨n2⟩ in eq 20 is reported
per unit amount of adsorbent: hence, G22/v in Figures 5 and 6
is reported in the same manner.
We have calculated the G22/v for the experimental isotherm

(Figures 5 and 6) of water adsorption on porous carbons, each
exhibiting a sharp peak. Such behavior of G22 and N22 is the

signature of cooperative sorption, different from the adsorption
models such as the Langmuir,34 BET,1,35 and GAB.36−38 These
models are in fact the special cases of a more general statistical
thermodynamic isotherm, founded on the a2 expansion of the
sorbate−sorbate Kirkwood-Buff integral, G22, as

70

G

v
B Ca22

2= + + ···
(22)

where the B and C terms come from the two-body and three-
body correlations between sorbates, respectively. We have
shown that the generalized isotherm encompassing the three
widely used models can be derived from eq 22, via eq 20, as70
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along with an additional parameter, A, from the sorbate−
sorbent interaction at the a2 → 0 limit. A comparison with eq
20 shows the difficulty of capturing cooperative sorption via eq
23 because of the need to incorporate higher-order terms in
the a2 expansion of the Kirkwood−Buff integral (eq 22). See
Appendix E for details. Capturing cooperativity directly from
eq 18 is conceptually an easier approach, as has been
demonstrated.

Comparison with the Previous Models of Coopera-
tive Sorption. Here we compare our theory with previous
isotherm models. Our theory is founded on the generalized
Gibbs isotherm applicable to any interfacial geometry and
porosity (the ″Theory″ section). The generalized Gibbs
isotherm was expressed using the local interfacial subsystem

Figure 4. The sorbate cluster number, N22 + 1, calculated for the
adsorption (solid) and desorption (dashed) isotherms of water vapor
on PIT6 (green), PIT10 (red), and PIT11 (black) calculated from eq
19. For the parameters for eq 19, see Figure 2 and Table 1.

Figure 5. G22/v, where G22 is the sorbate−sorbate Kirkwood−Buff
integral and v is the volume of the unit interface, calculated for the
adsorption (solid) and desorption (dashed) isotherms of water vapor
on PHE5 (maroon) and PHE6 (blue) calculated from eq 21. For the
parameters for eq 21, see Figure 1 and Table 1.

Figure 6. G22/v, where G22 is the sorbate−sorbate Kirkwood−Buff
integral and v is the volume of the unit interface, calculated for the
adsorption (solid) and desorption (dashed) isotherms of water vapor
on PIT6 (green), PIT10 (red), and PIT11 (black), calculated from eq
21. For the parameters for eq 21, see Figure 2 and Table 1.
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based on the postulate on the finite ranged nature of the
interface. The sorption polynomial (eq 9b) was introduced
directly from the partition function (the ″Theory″ section).
The sorption isotherm (eq 13) derived from the sorption
polynomial is a general formula valid as long as the sorbate
phase is in vapor. (Generalization of this theory to a solid−
liquid interface is conceptually straightforward but mathemati-
cally involved due to the presence of terms that can be safely
discarded in the treatment in this paper.)
Relationships analogous in form to the sorption polynomial

(eq 9b) were derived previously based on various model
assumptions. The thermodynamics of ligand binding employs
the ″binding polynomial″,44,91 which can be expressed as

T a K a K K a K K K a( , ) 12 1 2 1 2 2
2

1 2 3 2
3

σ ̃ = + + + + ··· (24)

using the binding constants Ki of successive binding onto a
binding site. This binding polynomial is founded on the grand
canonical partition function44,50,52 and can indeed be derived
formally from our sorption isotherm (Appendix B). However,
it introduces an assumption that the ligand binding is
stoichiometric and successive; these assumptions would need
to be confirmed by experiments. The approach based on
binding has led to confusion when applied to weak, nonspecific
interactions in the solution.57−59 Moreover, when applying eq
24 to fit experimental data, various additional assumptions
must be incorporated to reduce the number of binding
constants or by truncating the expansion.10,44,91

A formalism analogous to the binding polynomial is used
also in the classical adsorption models. For example, the BET
model starts from the following polynomial:

T a C a
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where CB is the BET constant or the binding constant of
adsorbate clusters regardless of size.12,13 This is equivalent to
assuming that the binding of adsorbate v-mer on the adsorbent
is independent of ν. Further modifications and extensions of eq
25 led to other sorption models, such as the GAB36−38 and
BDDT92 models.
Unlike these models, our theory is derived directly from the

principles of statistical thermodynamics. Our approach was
motivated by the need to capture the sigmoidal functional
shape of the isotherm in which its steep gradient has been
attributed to capillary condensation.13 As introduced in the
″Theory″ section, the parameters m, A1, and Am have a clear
physical meaning from statistical thermodynamics: m is the
number of sorbates sorbing cooperatively, and A1 and Am are
related to the transfer free energy of 1 and m sorbates from the
saturated vapor (standard state) to the interface, respectively.
Our isotherm has a functional form analogous to the (A.V.)
Hill isotherm (which is without the A1 term) yet without the
model constructs such as the binding sites and binding
constants that may not be convenient for describing capillary
condensation. Indeed, no assumptions have been made on the
geometry of sorbents or the existence of adsorption sites and
layers. The only postulates, in addition to the principles of
statistical thermodynamics, were as follows: (i) the effect of the
interface is confined within a finite distance; (ii) the interface is
extensive; (iii) the sorption isotherm can be described using
statistically independent microscopic unit interfaces; (iv) only
a few terms (i.e., a2 and a2

m terms) are necessary to capture the
cooperative isotherm; and (v) Henry’s law is satisfied at low a2

limit. We have demonstrated that the isotherm (eq 18) derived
from such a set of simple postulates can successfully fit
experimental sorption isotherms.

■ CONCLUSIONS

Adsorption of gases on porous materials often exhibits a
sigmoidal isotherm. To understand the molecular interactions
underlying such a phenomenon, we have derived an isotherm
directly from the principles of statistical thermodynamics. Our
foundation was the generalized Gibbs isotherm valid for any
interface regardless of surface geometry and porosity. The
postulates introduced can be summarized as:

i. the local nature of the interfacial effect (which can be
defined through the sorbate-interface distribution
function)

ii. the extensive nature of sorption

iii. the existence of a statistically independent unit interface
that is microscopic in size

iv. presence of a sharp peak in sorbate number distribution
within the unit interface

v. satisfaction of Henry’s law at low activity limit

The first three postulates led to a statistical thermodynamic
sorption polynomial, which is a generalization of the binding
polynomial and allows a molecular-level interpretation. The
latter two led to a simple isotherm function containing the
zeroth-, first-, and mth-order terms of sorbate activity that are
sufficient to capture cooperative sorption. While postulates i, ii,
and v are expected to remain valid for all isotherms, we have
introduced an approximation in iv, as well as in identifying the
unit interface as the statistically independent pore (or pores) in
iii. Postulate iv is expected to be insufficient for interfaces with
high degrees of structural heterogeneity in which the sorbate
number distribution within a unit interface is anticipated to
exhibit multiple peaks or broad distributions.
Besides its ability to fit experimental sorption data, our

cooperative isotherm, as a generalization of the (A.V.) Hill
isotherm and our cooperative solubilization model, has a clear
advantage over previous models not only in its direct
connection to statistical thermodynamics but also in the
clarity in interpretation of their parameters, such as the number
of sorbates, m, involved in cooperative sorption as well as the
transfer free energy of m sorbates from the saturated vapor to
the interface. This formalism is beneficial in capturing the
contribution from capillary condensation. A minor contribu-
tion from the sorption of a single sorbate was kept in our
theory to satisfy Henry’s law. The sorbate−sorbate Kirkwood−
Buff integral, which quantifies sorbate−sorbate interaction, can
also be calculated from the isotherm.
In fact, empirical isotherm models may often not give

insights on the mechanism of sorption when multiple models
based on different assumed adsorption mechanisms can fit the
same experimental data. Our theory derives its foundation
directly from the principles of statistical thermodynamics. It
fills a gap between the statistical thermodynamics of sorption
and the analysis of experimental sorption isotherms.

■ APPENDIX A

With the statistically independent units of the interface, now
we move on to determining the functional shape of ⟨ν⟩. To do
so, let us rewrite the intensive part of the sorption polynomial
(eq. 13) into the following form:
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where Pνis the probability of finding ν sorbates within the unit
interface, defined as

P
R

R

2

0 2

λ

λ
=

̃

∑ ̃ν

ν
ν

ν

ν
ν≥ (A.2)

With this setup, let us focus first on the range of a2 in the
cooperative isotherm where ⟨ν⟩ goes through a rapid increase.
A large gradient of ⟨ν⟩ indicates (i) a significant probability of
the unit interface with no (or very few) sorbates and (ii) Pν
with a peak at m accounting for a sudden increase of ⟨ν⟩, with
the width Δν. Neglecting the small contributions outside this
width, eq A.1 in this a2 range becomes

P P P mP
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(A.3)

where we have incorporated P1 for the low a2 side to satisfy
Henry’s law. In fact, P0 must also be retained, as

P mP
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where, in the numerator, its contribution is 0P0 = 0.
The presence of P1 is crucial for satisfying Henry’s law. This

can be demonstrated easily by rewriting Pν in terms of Aν

introduced via eq 12, as

A a mA a
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whose first-order term is A1a2, which is proportional to the
sorbate pressure. This shows that the presence of λ2R̃1 = a2A1

in P1 is the key to satisfying Henry’s law. The neglect of P1, on
the other hand, leads to the disappearance of the first-order
term, leading to the violation of Henry’s law. From eq A.5, eq
18 follows straightway.

■ APPENDIX B

Following our previous paper,65 we start from the statistical
thermodynamic expression for Rn2 in eq 9a, as
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in which R(T, V, N1, μ2; X
n2) is defined as65
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where Λi is the de Broglie wavelength; qi is the intramolecular

partition function; and XN1, XN2′, and Xn2 denote collectively the
coordinates of species 1, species 2 in the bulk (whose number
is defined by N2′ = N2 − n2), and species 2 in the local

subsystem, respectively. Note that the existence of specific
binding sites may affect the factor n2! yet our final isotherm (eq
18) is valid regardless of sorbate identity. Based on this
formalism, R̃ν for the unit interface (see eq 10) is the scaled-
down version of eqs B.1 and B.2 in terms of the volume v and
particle numbers n2.
The statistical thermodynamic formalism of R̃ν shows that it

does not involve any explicit assumptions on successive,
stoichiometric binding between I (unit interface) and S
(sorbate) in the form of

I S S IS IS S ISIS, IS , ..., , ...n n2 1+ → + → + → + (B.3)

Equations A.1 and A.2 are not restricted to this assumption.
However, it is possible to rewrite R̃νλ2

ν (or equivalently Aνa2
ν via

eq 12)
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through which the binding polynomial (eq 24) can be derived
from our statistical thermodynamic sorption polynomial (eq
9b). Interpreting the general sorption polynomial (eq 9b) as
the binding polynomial (eq 24) using successive stoichiometric
constants (eq B.4) is convenient, for example, for ligand
binding. However, this picture may be at odds with adsorption
on porous materials that involves capillary condensation, as has
been discussed in the main text.

■ APPENDIX C

The experimental isotherm is often reported in terms of the
″coverage ratio″, θ, which is defined as

n
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where n2
max is the maximum adsorption capacity at a2 → 1.

With eq 18, we obtain
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Using eq C.2, the ″coverage ratio″, θ, can be expressed as
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Thus, when the experimental sorption data are reported in
terms of θ, eq C.3 should be fitted to the data.

■ APPENDIX D

Usually, the fitting parameters for the cooperative isotherm can
be determined by a nonlinear fitting. However, it is useful to
consider some limiting cases at which the parameters can be
determined from linear regression. The first case is when the
sigmoidal increase is the dominant feature in the functional
shape of an isotherm. Consequently, the initial rise of the
isotherm is negligible, which corresponds to the supposition
that the A1 term is much smaller than the Am term. Under this
condition, eq C.3 can be rewritten as

A

mA

mA a

A a

A a

A a

1

1

(1 )

1

m

m

m
m

m
m

m
m

m
m

2

2

2

2

θ =
+

+
=

+

+ (D.1)

Another consequence of the dominance of the mth-order term
is Am ≫ 1. Under this condition, eq D.1 leads to
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A a
1

m
m
2

θ

θ−
=

(D.2)

The parameters m and Am can be determined using a linearized
plot of eq D.2, i.e.,ikjjj y{zzz m a Aln

1
ln ln m2

θ

θ−
= +

(D.3)

Accordingly, m and Am can be obtained from the linearized eq
D.2 from the isotherm data.
To estimate A1, we consider the isotherm data at low a2

where the a2
m term is small. Neglecting the terms involving a2

m,

A A

A mA

A a

A a

1

1

m

m

1

1

1 2

1 2
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+ +

+ + (D.4)

Using the condition Am ≫ A1 from the previous paragraph, we
can approximate eq D.4 as

m

A a

A a

A

m
a

1

1

1 2

1 2

1
2θ ≃

+
≃

(D.5)

where the second approximation involves the Maclaurin
expansion. Therefore, A1 can be estimated using eq D.5 for
the isotherm at low a2.
Thus, we have shown that A1, Am, and m can be determined

using linear regression of experimental data. The parameters
determined in this manner can also be used as the input
parameters for nonlinear fitting, through which these
parameters can be refined.

■ APPENDIX E

Our recent statistical thermodynamic isotherm,70 which
incorporates the Langmuir,34 BET,1,35 and GAB36−38 models
as the special cases, derives the parameters A, B, and C from
the a2 expansions of the Kirkwood−Buff integral. They can be
determined via regression using the plot of a

n

2

2⟨ ⟩
against a2, as

follows:
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Here we show that such a plot becomes impractical for
cooperative sorption. Rewriting eq 18 in the same format as eq
E.1, we obtainikjjjjj y{zzzzza

n N
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The Maclaurin expansion of eq E.2 yieldsÄ
ÇÅÅÅÅÅÅÅÅÅÅ
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(E.3)

which shows the presence of a2, a2
m − 1, and a2

m, in contrast to
the a2 and a2

2 terms present in eq E.1. We have shown in the
″Results and Discussion″ section that the a2 term is small in
magnitude compared to the cooperativity contribution from
the a2

m term and that the onset of cooperative adsorption is
expressed by the absence of the terms below a2

m − 1. Therefore,
the plot of a

n

2

2⟨ ⟩
against a2 becomes highly nonlinear. A better

fitting strategy, such as the direct nonlinear fitting or the
approaches in Appendices C and D, is necessary.
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