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Coherent and anticoherent states of spin sys-
tems up to spin j = 2 are known to be opti-
mal in order to detect rotations by a known
angle but unknown rotation axis. These opti-
mal quantum rotosensors are characterized by
minimal fidelity, given by the overlap of a state
before and after a rotation, averaged over all
directions in space. We calculate a closed-form
expression for the average fidelity in terms of
anticoherent measures, valid for arbitrary val-
ues of the quantum number j. We identify
optimal rotosensors (i) for arbitrary rotation
angles in the case of spin quantum numbers up
to j = 7/2 and (ii) for small rotation angles in
the case of spin quantum numbers up to j = 5.
The closed-form expression we derive allows us
explain the central role of anticoherence mea-
sures in the problem of optimal detection of
rotation angles for arbitrary values of j.

1 Introduction and main result

Historically, advances in measurement techniques of-
ten are the reason for physics to progress. Over time,
metrology has developed as a subject of its own, es-
pecially in the context of defining standard units of
measurement for physical quantities.

Quantum theory provides new perspectives on mea-
surements, ranging from fundamental limitations on
measurements [1], new opportunities [2] as well as
technical challenges and even philosophical quagmires
[3]. From a practical point of view, quantum infor-
mation science requires ever better control of micro-
scopic systems and, hence, measurements which are
as accurate as possible. More specifically, quantum
metrology [4] aims at finding bounds on the achiev-
able measurement precision and at identifying states
which would be optimal for quantum measurements.
While the classical Cramér-Rao theorem [5, 6] pro-
vides a lower bound on the variance of random estima-
tors by means of the Fisher information, its quantum-
mechanical counterpart provides bounds for quan-
tum parameter estimation theory [7]. The quantum
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Cramér-Rao bound is expressed as the inverse of the
quantum Fisher information, which can be geometri-
cally interpreted as the (Bures) distance between two
quantum states differing by an infinitesimal amount
in their parameter [8, 9]. It provides lower bounds
on the variance of any quantum operator whose mea-
surement aims at estimating the parameter. Optimal
measurement is achieved by maximizing the quantum
Fisher information over parameter-dependent states.

The quantum Cramér-Rao bound was calculated
for instance in the reference frame alignment prob-
lem [10]. This problem involves estimating rotations
about unknown axes. It has been shown in [11] that
spin states with isotropic variances of the spin com-
ponents are valuable for estimating such rotations, as
they saturate the quantum Cramér-Rao bound for any
axis. Also, recently, the problem of characterizing a
rotation about an unknown direction encoded into a
spin-j state has been considered in [12].

A natural criterion for a spin-j state [)) € C?/+!
to optimally detect a rotation Ry,(n) by an angle n
about a fixed rotation axis n € R3 is to ask that the
overlap of the original state |¢)) with the rotated state
Ry (n)|t) is minimal. In other words, the transition
probability between these states,

Fiyy(n,m) = (| Ru(n)|0) |, (1)

known as fidelity, takes the smallest possible value. If
the experimental setup is such that only the rotation
angle n is well-defined while the rotation axis is not
[13], one must average the fidelity (1) over all pos-
sible spatial directions n. In this setting, the most
efficient quantum state |i))—called optimal quantum
rotosensor |1) in [13]—is determined by the require-
ment that, for a given value of the parameter 7, the
average fidelity

Fom =1 [ o, @)

achieve its minimum.

For the spin values j = 1/2,1,3/2, 2, optimal quan-
tum rotosensors have been identified [13], using an
approach which combines analytical and numerical
methods. For rotation angles n close to m, the av-
erage fidelity is minimized systematically by coherent




spin states. Coherent spin states are strongly local-
ized in phase space and entirely specified by a spatial
direction into which they point on the Bloch sphere
[14]. For small rotation angles ), the average fidelity
is minimized by anticoherent states, which are char-
acterized by the fact that they do not manifest any
privileged direction; in this respect, they are as dis-
tinct as possible from coherent states [15]. The role
of anticoherent states for optimal detection of rota-
tions has also been observed and was subsequently
quantified in terms of quantum Fisher information
in [11]. Between these two extreme cases of n ~ 0 and
n ~ m, optimal states are neither coherent nor anti-
coherent in general. From an experimental point of
view, anticoherent and other non-classical spin states
have been created using a variety of physical sys-
tems. For instance, anticoherent states of quantum
light fields have been generated using orbital angular
momentum states of single photons with their useful-
ness for quantum metrology being established in [16].
Non-classical spin states—including Schrédinger cat
states (c.f. Sec. 4)—of highly magnetic dysprosium
atoms with spin quantum number j = 8 have been
created in order to enhance the precision of a magne-
tometer [17].

The main result of the present paper is a closed-
form expression of the average fidelity |, (1), valid
for arbitrary values of j. A rather general argument,
based solely on the symmetries of the average fidelity
Flyy(n), shows that it must be a linear combination
of the form

‘ bl
Foym) = o) + 3o () Al)),  (3)
t=1

as explained in detail in Sec. 2. In this expression, the
A¢(]1))) are the anticoherence measures of a state |i),
introduced in [18] and given explicitly in Eq. (10),
while the real-valued functions gagj )(77) are trigono-
metric polynomials independent of |¢), and |j] is the
largest integer smaller than j. The main challenge
is to calculate the 7n-dependent coefficients <p£] )(77),
which we do in Sec. 3.

In earlier works, the average fidelity JF,)(n) had
been expressed as a sum of functions of 1 weighted
by state-dependent coefficients, upon representing the
state in the polarization-tensor basis [13]. The advan-
tage of relation (3) is that the average fidelity depends
on the state under consideration only through its mea-
sures of anticoherence, and thus it directly relates to
the degree of coherence or anticoherence of the state.
Expression (3) allows us to identify optimal quantum
rotosensors for spin quantum numbers up to j = 5,
thereby confirming the role played by coherent and
anticoherent states beyond j = 2. Readers mainly
interested in the optimal quantum rotosensors may
want to directly consult Sec. 4.

Let us outline the overall argument leading to the
expression of the average fidelity Fjy(n) in (3). In

Sec. 2, we introduce a number of tools and concepts
feeding into the derivation of (3): first, we discuss
the symmetries built into the average fidelity Fyy(n),
followed by a brief summary of the Majorana repre-
sentation which enables us to interpret spin-j states as
completely symmetric states of N = 25 qubits. This
perspective allows us to introduce, for 1 < t < |j],
the anticoherence measure A;(]¢))), defined as the
linear entropy of the t-qubit reduced density ma-
trix of |){(+)|. To actually carry out the integration
in Eq. (2), we will use a tensor representation (see
Sec. 2.5) of mixed spin-j states generalizing the Bloch
representation. In addition, this representation also
enables us to exploit the symmetries of the average fi-
delity which can only depend on expressions invariant
under SU(2) rotations. As shown in Sec. 2.6, it is then
possible to establish a linear relation between these
invariants and the anticoherence measures A;(|¢)),
which finally leads to (3).

Section 3 is dedicated to deriving explicit expres-
sions for the functions gogj )(77). This will be done in
two ways: the first one is based on the fact that anti-
coherence measures are explicitly known for certain
states, so that the functions cpgj)(n) appear as so-
lutions of a linear system of equations. The second
approach makes use of representations of the Lorenz
group and allows us to obtain a general closed ex-
pression. In Sec. 4 we make use of this closed-form
expression to identify the optimal quantum rotosen-
sors. We conclude with a brief summary given in Sec.
5.

2 Concepts and tools

In this Section, we introduce the tools that will be
needed to address the optimality problem described
in the Introduction.

2.1 Notation

Quantum systems with integer or half-integer spin j
are described by states [1) of the Hilbert space C%/*!
which carries a (25 + 1)-dimensional representation
of the group SU(2). The components of the angu-
lar momentum operator J satisfy [Ji, Jo] = i€kom Im,
k,l,m € {x,y, 2}, where €y, is the Levi-Civita sym-
bol. Denoting unit vectors in R3 by

sin @ cos ¢
n= (sinfsing | , 6€[0,7], ¢e€l0,2n], (4
cos 6
the operator
Ra() = 13 5)

describes a rotation by an angle i € [0,4x[ about the
direction n.




2.2 Symmetries

By definition, the average fidelity in (2) is a positive
function of the angle 1 and of the state |[¢)) and pos-
sesses three symmetries: it is 27-periodic in 7, sym-
metric about n = m, and invariant under rotation of
).

Periodicity with period 27 comes from the fact that
Rn(27) = (=1)%. Symmetry about n = 7 is equiva-
lent to

Fluy () = Flup (2m =), (6)
which can be shown using Ry (27—7) = (=1)2 R_,(n)
and the fact that the set of directions averaged over in
(2) is the same irrespective of the sign of the unit vec-
tor n since the fidelity (1) is given by the the squared
modulus of the overlap between the states |¢) and
Ra(n)lt).

Invariance under rotation of 1)) can be understood
in the following way. Let Rp(x) = e ™J™ be a
unitary operator representing a rotation in R® by an
angle x € [0,4n[ about the direction m, acting on
a state |[¢)) € C¥*l. Then the average fidelities F
associated with the states |¢) and |F) = R (x)|¢¥)
are equal. Indeed, we have

F|¢R>(77>n) = <¢|Rm(X)TRn(T/)Rm(X)|w> (7)

and

Rm(X)TRn(n)Rm(X) — o~ (Rm(x) T Rm (x))n

— efin(RJ)m _ efinJ-nR’ (8)
with n n the vector obtained by the rotation
R € SO(3) associated with Ry, (x). Due to the invari-
ance under rotations of the unit-ball region S? ap-
pearing in (2) (invariance of the Haar measure used),
the result of the integration will be the same, leading
to

RERT

1
ﬂwR) (’17) = E /S2 F‘WR) (n,n)dn
1

=1 | Flwy(nm)dn = Fiyy (). (9)
T JS2
This invariance of the fidelity can be seen in a geo-
metrically appealing way by use of the Majorana rep-
resentation, which we consider now.

2.3 Majorana representation of pure spin

states

The Majorana representation establishes a one-to-one
correspondence between spin-j states and N = 2j-
qubit states that are invariant under permutation of
their constituent qubits (see e.g. [19, 20, 21]). Tt al-
lows to geometrically visualise a pure spin-j state as
N points on the unit sphere associated with the Bloch
vectors of the N qubits. The Majorana points are of-
ten referred to as stars, and the whole set of Majo-
rana points of a given state as its Majorana constella-
tion. Considering a spin-j state |¢)) as an N-qubit

state, any local unitary (LU) operation U = u®V
with v € SU(2) transforms [¢) into a state whose
Majorana constellation is obtained by the constella-
tion of |[¢) rotated by the SO(3) rotation associated
with u. Spin-coherent states take a very simple form
in the Majorana representation, as they can be seen
as the tensor product |¢)®V of some spin-1/2 state
|¢). Their constellation thus reduces to an N-fold de-
generate point.

The fidelity (1) is given by the squared modulus
of the overlap between |¢) and Ry(n)|t). Since the
Majorana constellation of Ry (1)) is obtained by
rigidly rotating that of |¢), the fidelity (1) only de-
pends on the relative positions of these two sets of
points. The average transition probability Fjy(n) is
obtained by integrating over all possible constellations
obtained by rigid rotations of the Majorana constel-
lation of |1), and therefore it must be invariant under
LU. In other words, the equality (9) takes the form

Flpy () = Fuen )y (n)-

2.4  Anticoherence measures

An order-t anticoherent state |x) is defined by the
property that (x|(J-n)*|x) is independent of the vec-
tor n for all k = 1,...,¢t. In the Majorana represen-
tation, it is characterized by the fact that its t-qubit
reduced density matrix is the maximally mixed state
in the symmetric sector [22].

The degree of coherence or t-anticoherence of a
spin-j pure state |¢) can be measured by the quan-
tities A;(|¢)), which are positive-valued functions of
|¥) [18]. Let py = tr—; [|¢)(¢|] be the ¢-qubit reduced
density matrix of the state |¢) interpreted as a 2j-
qubit symmetric state; it is obtained by taking the
partial trace over all but ¢ qubits (it does not matter
which qubits are traced over since |¢)) is a symmet-
ric state). The measures A;(]1))) are defined as the
rescaled linear entropies

AN =" w0

where tr [pf] is the purity of p;. Thus, anticoher-
ence measures are quartic in the state |¢) and range
from 0 to 1, and are invariant under SU(2) rota-
tions. Spin-coherent states are characterized by pure
reduced states and thus are the only states such that
A; = 0. Anticoherent states to order t are character-
ized by p; = 1/(t+1) and thus are the only states such
that A; = 1. In particular, if a state |¢) is anticoher-
ent to some order ¢, then it is necessarily anticoherent
to all lower orders ¢’ =1, ...t since reductions of the
maximally mixed state are maximally mixed.

While for any state we have 0 < A; < 1, not all
possible tuples (Aj, Asg,...) are realised by a physi-
cal state [¢). For instance, since .A; = 1 implies that
Ay =1 for all ' < t, the choice Ay = 1 and A4; < 1
cannot correspond to any state. We denote the do-
main of admissible values of the measures A; by (.




2.5 Tensor representation of mixed states

We now introduce a tensor representation of an ar-
bitrary (possibly mixed) spin-j state p acting on a
(2j+1)-dimensional Hilbert space, following [22]. Any
state can be expanded as

1
p= 2Wx#1#2-~~#NSu1#2~--HN7 (11)

with N = 2j (unless otherwise stated, we use Einstein
summation convention for repeated indices, each in-
dex p; running from 0 to 3). Here, the S, ,,.. .y are
(N +41)x (N +1) Hermitian matrices invariant under
permutation of the indices. The x,, ,,.. ..y are real
coefficients also invariant under permutation of their
indices, which enjoy what we call the tracelessness

property

3
Zzaa,ug...,u]v = T00us...uN » vu-?)?"‘?:LLN' (12)
a=1

Whenever z,,,,....y has some indices equal to 0, we
take the liberty to omit them, so that e.g. for a spin-
3 state x110200 may be written x112 (recall that the
order of the indices does not matter). In the case of
a spin-coherent state given by its unit Bloch vector
n = (ny,ng,ng), the coefficients in (11) are simply
given by s pun

In the following, we will make use of two essential
properties of the tensor representation. Namely, let
us consider a state p with coordinates x,, ;... i
the expansion (11). Then, the tensor coordinates of
the t-qubit reduced state p; in the expansion (11) are
simply given by @, s...s = Ty po...u:0...0- Thus, since
we omit the zeros in the string pqpo . . . p, the tensor
coordinates of p; and p coincide for any string of k < ¢
nonzero indices.

=Ny Npy - - - Npy, With ng = 1.

The second property we use is that for states p and
P in the form (11) with tensor coordinates respec-
tively @, py...un and we have

H1p2.. kN
, 1
tr[pp'] = N Z
K12, AN

!
x/leHQ-HHqul;I,Q.“p‘N : (13)

In particular, for a pure state p = |1) (2|, the equality
trp? = 1 translates into

Z 'rl2t1u2---MN = 2N’ (14)

1542, s AN

while the purity of the reduced density matrix p; reads

1
tr [P%] = ? Z xi1#2---#t : (15)

152505 bt

The normalization condition tr[p] = 1 imposes

Zoo..0o = 1. A consequence of (12) is then that

Y a®aa = 1.

2.6 SU(2)-Invariants

If w € SU(2) and R € SO(3) is the corresponding
rotation matrix, then the tensor coordinates of UpU T
with U = u®" are the Ry, ... Ruyuy Ty Where
R is the 4 x 4 orthogonal matrix

1 0
()

That is, %, u,..uy transforms as a tensor. Under
such transformations, x,x, goes into R, R,/ z,2, =
(RTR), 2,2, = x,2,, where the last equality comes
from orthogonality of R. Thus z,, is an SU(2) in-
variant. Similarly, z,2,,z, and, more generally, any
product of the x,,, 4,....y such that all indices are con-
tracted (i.e. summed from 0 to 3), are invariant under
SU(2) action on p. One can then show by induction
that products of terms x4, 4,...a, With & < N where all
indices appear in pairs and are summed from 1 to 3
are also SU(2) invariant. For instance, z,Za, TapTab,
TabTheLeas TalapTp are such invariants.

Invariants of degree 1 in x are of the form 4, 4,. .45y »
where the a; appear in pairs. Since the order of in-
dices is not relevant, these invariants are in fact of
the form %4,a1a0as...a0a,- DBecause of Eq. (12), each
pair can be replaced by zeros in the string, so that
Tayarazas...apar = T00..0 = 1. Therefore, there is no
invariant of degree 1. The invariants of degree 2 are
products of the form x4, q,...a, Tb,b,...5,, Where indices
appear in pairs and are summed from 1 to 3. If the
two indices of a pair appear in the same index string
(arag...ap or byby...by ), then from Eq. (12), they
can again be replaced by zeros and discarded. Thus
the invariants of degree 2 are k1 = T,Tq, Ko = TapTab,
and more generally, for 1 <r < N,

Rr = Zajas...arLajasz...ap- (17)

Using (10) and (15) one can express the invariants
K, in terms of a linear combination of the A;. In-
deed, grouping together terms with the same number
of nonzero indices in (15) yields

1 1 < ([t
tr [pf] = ot Z xfblltzmltt = ot Z <7n> Ko -

P12, e r=0
(18)

Inverting that relation via the binomial inversion for-
mula, we obtain

e = Y1) (elt). a9

t=0

and by use of (10) we finally can express the SU(2)-
invariants in terms of anticoherence measures,

o=y (D) (1o ) @

t=0

forr=1,...,N.




2.7 General form of the average fidelity

Let us now explain why the average fidelity Fyy(n)
given in Eq. (3) is a linear combination of the low-
est |j| anticoherent measures A;. Due to its rota-
tional symmetry, the average fidelity Fy)(n)—when
considered as a function of the tensor coordinates
Ty ps..uy——Can only involve invariants constructed
from these coordinates. With Fjy (1) being quadratic
in p = |¢)(¢], it must also be quadratic in x. As there
is no invariant of degree 1, the only invariants that
can appear in the expression of Fjy () are the invari-
ants x, defined in (17). Since the quantity Fjyy(n)
is quadratic it must be a linear combination of the
coefficients , which, according to Eq. (20), implies
that Fju(n) is also a linear combination of the A;.
Furthermore, the identity

tr [p7] = tr [pX—] (21)

which holds for any pure state, means that the antico-
herence measures A; for ¢ > N/2 can be expressed in
terms of the measures A; for t < N/2. Therefore, (3)
is the most general form the fidelity Fjy)(n) can take,
with the dependence in 7 being only in the coeflicients
of the measures A;.

3  Closed form of the average fidelity

In this section we derive the angular functions gogj ) (n),
which characterize the fidelity through (3), in two
different ways. The first method (subsection 3.1) is
based on the fact that anticoherence measures can
be evaluated explicitly for Dicke states. The second
method (subsection 3.2) exploits a tensor represen-
tation of spin states [22] which uses Feynman rules
from relativistic spin theory. These approaches are
independent and we checked that they give the same
expression for the lowest values of j. Technical detail
is delegated to appendices in both cases.

3.1 Derivation based on anticoherence mea-
sures for Dicke states

In the following, we will work in the standard angu-
lar momentum basis of C%*1, for positive integer or
half-integer value of j. It consists of the Dicke states
{lj,m),|m| < j} given by the common eigenstates of
J2, the square of the angular momentum operator J,
and of its z-component J,. In this basis, any spin-j
state |¢) can be expanded as

J

W)= D cmlism), (22)

m=—j

with ¢,, € C and 37 _ jleml? =1,

The first derivation is based on the fact that both
the measures of t-anticoherence A (|j, m)) and the av-
erage fidelities Fj; .y () can be determined explicitly

for Dicke states. Their measures of t-anticoherence

are given by

; 2, 2
_ t+1 Y=o C9) (s
Aullgm)) = —— 1~ e“ugf 2

(23)
They can readily be obtained from the purities tr [pf]
for a state of the form (22), which were calculated in
[18] in terms of the coefficients ¢, and read

t o |2j—t 2
[i] = Z Z Ci k-t Cj—k—q ry (24)
q,4=0 | k=0

with

W VD
r, = 5 .
(7)
As for the fidelity, the calculation is done in Appendix
A and yields

(25)

2
1 m ;
2j 12 Z(% + 1)(ijm20 xi(m)?,
=0
(26)
with Clebsch-Gordan coefficients Cj +0 and the func-
tions xJ(n) defined in Egs. (65)7(66).

functions ap(] )( ) are then solutions of the system of
linear equations

Fiimy () = 0§ () + SH 0 () As (15, m))

form=yj,7—1,...

Jt\j,m) (77) =

The angular

(27)
This system can easily be solved for the lowest values
of j. A general (but formal) solution can then be
obtained by inverting the system (27).

3.2 Derivation based on relativistic Feynman
rules and tensor representation of spin states

The second approach allows us to derive a closed-form
expression for the functions np(J )( ). It is based on an
expansion of the operator

9 (q) = (g5 — laf*)? e 47, (28)

with tanhd, = —|q|/q0 and § = q/|q|, as a multi-
variate polynomial in the variables qg, q1, g2, ¢3. This
operator is a (25 + 1)-dimensional representation of
a Lorentz boost in the direction of the 4-vector ¢ =
(g0,q) = (g0, q1,G2,q3). As shown in [23], it can be
written as

H(j)(Q) = (_1)2quL1qM2 s luo; SHl,LLZ...ILLQj' (29)

The identification of Eqgs. (28) and (29) defines the
(N +1) x (N +1) matrices S,, .. .., appearing in (11)
(see [22] for detail). Taking

go = i cot(n/2)

and ¢ =n;, i=1,2,3, (30)




n (28), we see that T117)(q) reduces to a rotation op-
erator,

Ral) = e = T )
with 1
C S P [ —— 32

Moreover, for a state p given by (11) we have

e [PI0] = )Yt ()

according to Eq. (24) of [22], which holds for any 4-
vector ¢. Thus, with p = |1)(¢|, using the identity
(31) and the expansion (29) for the rotation operator
in (1) allows us to explicitly perform the integral in
Eq. (2), resulting in

[, 101 Ram) o) Fan
) [pn(j)(q)] ‘2 o

miV

1
Fiuy(n) = -

1
CArw
—_ (71)lell~»-l"NmV1~»-VN

4r
Qui - Qun @y -+ oy
X /52 2N dn,

where * denotes complex conjugation (which acts on
qo only because of the choice (30) and using |m/|? =
—m?). Each term gy, ...q}, with 2(N — k) indices
equal to 0 is proportional to

(34)

2(N—k)

qOmQN = (—1)*sin?* (g) cos? V=R (g) - (35)

For the remaining 2k nonzero indices, we have from
(30) that g¢; = n;, so that (34) involves an integral of
the form

1

— N, Na,y - -
47 e

Mgy dn 1<a; <3, (36)
These integrals are performed in Appendix B. The in-
tegrals (36) are in fact precisely given by the tensor
coordinates l‘((l?)a?_,,a% of the maximally mixed state,
whose expression is explicitly known. One can there-

fore rewrite (34) as
N 2(N—k)

Z(_l)NqomzN

Floy () =
k=0
nr of 0 in v

i 0
X Z (_1) Ml)ml»bNVl-..Vletlm

(
x unZTuy..vn s

2(N —k)zeros
(37)
where the sum over p,v runs over all strings of in-
dices (between 0 and 3) containing 2(N — k) zeros.
An explicit expression for this sum is derived in Ap-
pendix B, leading to the compact expression

]:W Zbln2k< )COb 2(N = k)( )Zatktr

(38)

with numbers

G AEDRED R
Bk = 2k +1) (%) W

Note that the sum over k in (38) can start at k = ¢

because the factor (f) in aijlz implies that aglz =0
for ¢ > k. Using the symmetry tr [p7] = tr [p%_,] we

may rewrite (38) as

Fiuy (0 Zsm ( ) cos2(¥ ) (g)
UJ (4) (4) 0jt )
X Z (at,k + Clet,k> < - 2> tr [pt] .

t=0
(40)
From (10) we obtain a relation between A, and tr [p7],

namely tr [pﬂ =1-3 +1At, which yields the explicit

expression of the polynomials cpg )(77) in Eq. (3) as

ib | sin? ( )cosQ(N_k) (g), (41)

k=t

with coefficients

t (4 J) djt
11— = t
@) _ t—&—l(t JraN““)( 2 70
Y (R)
2k + 1 £=0.
(42)

Note that although gy and m are not well-defined for
1 = 0, the ratio in (35) always is, so that the expres-
sion above is valid over the whole range of values of
1. For spin-coherent states, all A; vanish and thus
Fipy(n) = 0 (n) from Eq. (3), which coincides with
the expression obtained in [13]. For the smallest val-
ues of j, we recover the functions obtained in Section
3.1. In the following section, we will use the functions
0 (n) given in (41) to identify optimal quantum ro-
tosensors.

4 Optimal quantum rotosensors

4.1 Preliminary remarks

We now address the question of finding the states |¢)
which minimize the average fidelity F|y(n) for fixed
rotation angles 7. According to Eq. (3), the fidelity
is a linear function of the anticoherence measures A;
with 1 < ¢ < |j]; hence it must attain its minimum
on the boundary of the domain 2 of admissible values
of the measures A;. The minimization problem thus
amounts to characterizing this domain 2. Unfortu-
nately, even for the smallest values of j, no simple
descriptions of this domain are known.

We will first determine the states minimizing the
2m-periodic average fidelity for values of j up to




j = 7/2, with the rotation angle taking values in the
interval n € [0, 7] (which is sufficient due to the sym-
metry (6)). Then we will examine the limiting case
of angles 1 close to 0 for arbitrary values of the quan-
tum number j. Throughout this section, we will ex-
pand arbitrary states with spin j in terms of the Dicke
states, as shown in Eq. (22).

For spins up to j = 2 the states minimizing the av-
erage fidelity F|y)(n) are known [13]. In Sec. 4.2, we
show that our approach based on the expression (3)
correctly reproduces these results. Then, in Sec. 4.3,
we consider the minimization problem for spin quan-
tum numbers up to j = 7/2, mainly identifying the
optimal rotosensors within various ranges of the ro-
tation angle n by numerical techniques. More specifi-
cally, for a fixed angle 1, F|,)(n) is a function of the A;
which can be parametrized by the complex coefficients
¢m entering the expansion (22) of the state |)) in the
Dicke basis (see Eq. (24)). We search numerically
for the minimum value of F,)(n) with respect to the
cm, taking into account the normalization condition
>, lem|? = 1. In most cases this numerical search
converges towards states which have simple analytic
expressions which are the ones that we give.

4.2 Rotosensors for arbitrary rotation angles n
and j < 2

421 j=1/2

For a spin 1/2, all pure states are coherent: each state
|t)) can be obtained by a suitable rotation of the state
%, %> Since the fidelity is invariant under rotation,
all states are equally sensitive to detect rotations for

any angle 7.

422 j=1

For j = 1, the expansion (3) takes the form

Floy) =0 () + 01" () Ar (43)
with
(pél)(m = % (6 cos(n) + cos(2n) + 8), m
¢§1)(n) = — %5 (2cos(n) — 3cos(2n) +1).

The first strictly positive zero of apgl)(n) is given by
no = arccos(—2/3). In the interval 5 € [0, 79[, where
@51)(77) is negative, the fidelity Fjy(n) is minimized
by states with A; = 1, i.e. by l-anticoherent states.
For n = ng, the fidelity takes the same value for
all states [¢), namely Fjy(n0) = wél)(no) = 7/217.

For rotation angles in the the remaining interval,

n €]no, |, where gagl)(n) is positive, Fjy(n) is min-

imized for states with A; = 0, i.e. coherent states.
Thus, we indeed recover the results obtained in [13].

423 j=3/2
In this case, the average fidelity (3) reads
Flym =08 ) + o) A, (45)
with
1
goé3/2) (n) = = (29 cos(n) + 8 cos(2n) + cos(3n) + 32),
3
@53/2) (n)= — ™ (4cos(n) — 3cos(2n) — 3cos(3n) + 2).
(46)
The situation is basically the same as for j = 1. The
first strictly positive zero of the coefficient 9053/ 2) (n)

is found to be 7y = arccos(*g%g/ﬁ). Hence, in the

interval n € [0,m9[ where @53/2)(7)) is negative, the

fidelity Fjy(n) is minimal for 1-anticoherent states.
At the value n = ng, the fidelity takes the same value
for all states |¢), namely, Fjy(n0) = g083/2)(170) =
(33 4+ 21/21)/80. Otherwise, Fjy)(n) is minimized for
coherent states, thereby reproducing earlier results

[13].

424 j=2

For j = 2, the fidelity (3) is a linear combinations of
three terms,

Fioy (1) = o8 () + 02 () A1+ 05 () As, (47)

with the angular functions cpgf), k=0,1,2, displayed
in Appendix C. They all take negative values in the
interval 5 € [0,n0], with 79 &~ 1.2122 the first strictly

positive zero of cpgz)(n). The tetrahedron state
1
ey = 5 (12 -2 +iv212,0) +[2.2)),  (48)

whose Majorana points lie at the vertices of a regular
tetrahedron, is 2-anticoherent, and for j = 2 it is the
only state (up to LU) with A; = Ay = 1 [24]; hence
it provides the optimal rotosensor for angles in the
interval n € [0,19]. Numerical optimization shows
that this state is in fact optimal up to n = 71, the first
zero of @éz) (1), given by n; = 2arctan(v/9 — 2/15) ~
1.68374.

For larger angles of rotation comprised between 7
and 7y &~ 2.44264, we find numerically that an optimal
state is the Schrodinger cat state

cat 1
") 7 (12,-2)+12,2)), (49)
which is only 1-anticoherent, with A; = 1 and Ay =
3/4. For values n > 12, the optimal state is a coherent
state.
However, the state (49) is not the only state with
anticoherence measures A; = 1 and Ay = 3/4. For
instance, any state of the form

c1]2,—-1) + ¢2]2,0) — ¢5]2,1)

V2]er]? + feaf?

) = (50)




with ¢; € C and ¢; € R come with the same measures
of anticoherence, as readily follows from Eq. (24).
These states are thus also optimal in the interval
n € [n1,1m2], thereby removing the uniqueness of opti-
mal rotosensors observed for j =1 and j = 3/2.

The critical angle 12 can be determined as follows:

whenever Fiyeu (1) = ¢ (1) + 1" (n) + § o8 (n)

for the state (49) becomes larger than the function

gpég) (n) for coherent states, the latter become optimal.

This happens at n = 1, the first strictly positive zero

of @52)(77) +32 <p(22) (n) which can be calculated exactly

giving
/ 102b
M2 = 2 arctan ( —(];:?&)> 5 (51)

with a = 19 62/3 + /6 (223 —35v7)7° and b =
V223 — 35v/7. The results we obtained are summa-
rized in Fig. 1; they agree with the findings of [13].
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Figure 1: Average fidelity F|y(n) (top, red solid curve) and
measures of anticoherence A; (bottom) for optimal states
with j = 2, as functions of the rotation angle 7; the values
of the measures A; for the optimal states are discontinuous
at the values 71 &~ 1.68374 and 72 ~ 2.44264 (see text for
details). The dashed curve on top shows the average fidelity
@82) (n) for coherent states. The blue (red) shaded area shows
the range of rotation angles for which anticoherent states to
order |j| (coherent states) are optimal.

4.3 Rotosensors for 5/2 < j < 7/2
431 j=5/2

For j = 5/2, there is no anticoherent state of order
2 but only of order 1 [10]. Numerical optimization
shows that the optimal state for small angles of rota-
tion is the 1-anticoherent state with the largest mea-

sure of 2-anticoherence, that is given by

W= (5 -DHLD), @
and has 4; = 1 and Ay = 99/100. This state is found
to be optimal up to 7 ~ 1.49697, which coincides
with the first strictly positive zero of g0§5/2) (). It
is worth noting that the optimal state (52) was also
found to be the most non-classical spin state for j =
5/2 [26]. For larger angles of rotation ranging between
m and 72 & 2.2521, we find that an optimal state is

1
|,¢)cat> = ﬁ (|%7 -
unlike in the case j = 2, we found this state for j =
5/2 to be the only state (up to LU) with A4; = 1
and Ag = 3/4. For ) € [n2, 7|, we find that coherent
states are optimal. Similarly to the case j = 2, the
transition occurs at the first strictly positive zero 7

[\Sl[S3

)+

[\Sl[S3

ENE (53)

of @55/2) (n)+32 cpéS/Q) (n). Our results are summarized
in Fig. 2.
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Figure 2: Average fidelity F|,y(n) (top) and measures of an-
ticoherence A; (bottom) for optimal states with j = 5/2, as
functions of the rotation angle 7; the values of the measures
A: for the optimal states are discontinuous at the values
m =~ 1.49697 and 72 ~ 2.2521 (see text for details). Dashed
curve on top shows gpéS/z)(n).
in Fig. 1.

Shaded areas are defined as

432 j=3

Anticoherent states of order 3 do exist for j = 3. They
are all connected by rotation to the octahedron state

1
oct
=—(]3,-2)+13,2)), 54
[9°%) 7 (I3, =2) +13,2)) (54)
whose Majorana points lie at the vertices of a reg-
ular octahedron. Therefore, the state (54) is, at




small 7, the unique optimal quantum rotosensor (up
to LU) for j = 3. Numerical optimization shows
that the octahedron state is optimal up to an angle
m ~ 1.3635 coinciding with the first strictly positive
zero of %cpés) (n) + %cpgs) (n), and that, for larger an-
gles, the state

!
V2

with A3 = 1, Ay = 3/4 and A3z = 2/3 is optimal
up to an angle 75 & 2.04367 coinciding with the first
strictly positive zero of <pg3) (n)+3 goé3) (n)+32 cpgg) (n).
We found that this is the only spin-3 state (up to
LU) with A; =1, Ay = 3/4 and A3 = 2/3. Coherent
states are found to be optimal for angles of rotation in
the ranges [z, 73] and [n, 7] with 73 ~ 2.35881 and
N4 ~ 2.65576 coinciding with the second and third
strictly positive zeros of apf” (n) —|—<p53) (n) +<Pz(a3)(77)- In
the range [ns, 4], the octahedron state (54) becomes

=) (I3, =3) +13,3)) (55)

again optimal (although the three functions gp,(f’) for
k = 1,2,3 are not simultaneously negative in that
range). Our results are displayed in Fig. 3.
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Figure 3: Average fidelity Fj,y(n) (top) and measures of
anticoherence A; (bottom) for optimal states with j = 3, as
functions of the rotation angle n; the values of the measures
A for the optimal states are discontinuous at the values
m ~ 1.3635, n2 & 2.04367, 13 ~ 2.35881 and n4 ~ 2.65576
(see text for details). Dashed curve on top shows 4,0(()3)(77).
Shaded areas are defined as in Fig. 1.

433 j=17/2

This is the smallest spin quantum number for which
a smooth variation of the optimal state with 7 is ob-
served, resulting in the complex behaviour displayed
in Figs. 4 and 5. There are no anticoherent states
to order 3 for j = 7/2, but there exist anticoherent
states to order 2. The optimal state for small angles

of rotation (by which we mean here n — 0) turns out
to be one of those. Numerical optimization yields the
state

V=30 -VEE-D-VERD 60

with measures of anticoherence 4; = A; = 1 and
Az =1198/1215. This is not the state with the high-
est measure of 3-anticoherence, as the state
1
9= (E-D+ED). 6D

has measures of anticoherence A; = 1, A5 = 195/196
and Az = 146/147 > 1198/1215. The latter state is
found to be optimal for n € [, n2] with n; ~ 0.71718

(not identified) and 7e = 1.24169 coinciding with the

first strictly positive zero of 2 gog/Q) (n)+33 <p§,7/2) (n).

The state
1

LG-heRD) o
with A; = 1, Ay = 3/4 and A3z = 2/3 is found
to be optimal for n € [n2,n3] and 1 € [n4,ns] with
13 ~ 1.60141 and 1y ~ 1.88334 coinciding with the
third and fourth strictly positive zeros of <p§7/ 2) (n)
and 75 ~ 2.41684 with the first strictly positive zero
of @&7/2)(17) + % <pé7/2) (n)+ % @5)7/2) (n). In the interval
[15, 7], coherent states are found to be optimal.

) =

1
0.8
0.6
0.4
0.2

Fluy(m)

0.6
0.4
0.2 |

A,
I

0 m N2 N3 M 5 ™

Figure 4: Average fidelity Fjyy(n) (top) and measures of
anticoherence A; (bottom) for optimal states with j = 7/2,
as functions of the rotation angle 1. Dashed curve on top

shows <p(<)7/2)(77). Shaded areas are defined as in Fig. 1.

4.4 Rotosensors for small rotation angles 7 and
arbitrary values of j

4.4.1 Angular functions at small angles

According to Secs. 4.2 and 4.3 optimal rotosensors
for integer values of spin (j = 1,2,3) are given
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Figure 5: Measures of anticoherence A; for optimal states
with j = 7/2, as functions of the rotation angle € [0,0.8].

by j-anticoherent states while for half-integer spin
(j = 3/2,5/2,7/2) the fidelity is optimized by states
which are anticoherent of order ¢t = 1,1,2, respec-
tively, and possess large anticoherence measures A;
for values of t up to ¢t = |j]. This fact can be under-

stood through the behaviour of functions <p§j )(77) at

small 7. In the vicinity of n = 0, the functions gpij )(77)
given in Eq. (41) take the form

), _ Ot
o () = o5 ™

- 22t + O(n2t+2)a (59)

with coefficients bg’jt) given by Eq. (42). These coeffi-

cients are strictly negative for all ¢t > 1 since ag’jt) >0

and a%)_t’t is either 0 for ¢ < N/2 or positive for

t = N/2. This implies that all functions cpgj )(17) are
negative in some interval around n = 0. Let 7y denote
the first zero of gagj )(77). Numerical results indicate
that all functions apgj)(n) fort =1,...,|j] are nega-
tive in the interval [0,7]. Thus, the fidelity Fjy(n)
is a linear combination of the 4, with negative co-
efficients in that interval. Since 0 < A; < 1, it fol-
lows that if there exists a state with A; = 1 for all
t < |j|—that is, an anticoherent state to order |j|—
then this state provides an optimal quantum rotosen-
sor for n € [0,7m0]. As shown in Fig. 6, 7y is found to
scale as 37/(4j) for large j. A simple explanation for
this is that the expansion of the function gagj )(77) as
>k ax cos(kn) is dominated by the term as; cos(2;n)
(note however that 7 is even better approximated by
9/(4j)). Conversely, the states maximizing Fyy(n)
for small angles of rotation are the states with A; = 0
for all ¢, i.e. coherent states.

To see whether any general pattern emerges, we
now identify optimal small-angle rotosensors for the
next few values of the spin quantum numbers.

442 j=4

For j = 4, there is no anticoherent state to order
t = 4. We find that the optimal state for small angles
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Figure 6: First zero no of the functions gogj)(n) (blue dots)
as a function of j: for j =1 and for j > 5/2, the values are
well approximated by 7o ~ 37/(4j) (pink dashes).

of rotation is the 3-anticoherent state

) = /2 1) — [ 14.0) = /2 14). (60)

with 41 = Ay = A3 =1and Ay = 281/288

443 j=9/2

For j = 9/2, there is no anticoherent state to order
t > 3. The anticoherent states of order ¢ = 2 with the
largest A3 are found to be of the form

v =215~ + e\ B15 -3 - 139,

(61)
with x € [0,7/2]. Their measures of antico-
herence are A; Ay = 1, A3 = 2347/2352
and Ay, = 5(355609 + 175/273 cos(2x)) /1806336.
Among these states, the one with x = 0 has the
largest value of A4 and numerical results suggest that
this is the optimal state for small angles of rotation.

444 j=5

For j = 5, there is no anticoherent state to order
t > 4. We find that the optimal state for small angles
is the 3-anticoherent state

) = %|5,—4>+\/§\5,0>—\/%\5a4>7 (62)

with A; = Ay = A3 = 1, Ay = 895/896 and As =
1097/1120.

4.45 Arbitrary values of j

As was mentioned earlier, if an anticoherent state to
order |j] exists for a given j, then this state gives rise
to an optimal quantum rotosensor for € [0, 70]. This
applies to values j = 1,3/2,2 and j = 3, which are
the only cases where existence of anticoherent states
to order t = |j| has been established (see e.g. [25, 18]).

The situation is less straightforward if such a state
does not exist. The only conclusion one can draw in
the general case is that minimizing the average fidelity

10



’ J ‘ |¢Optimal> ‘ Ay Interval
|1pet) Ar=1 n € [0,m0]
1 any state 0<A <1 n=no
17, 7) A1 =0 1 € [no, 7]
|1pe*) Ar=1 n € [0, o]
3/2 | any state 0<A <1 =10
|7, 3) A =0 1 € [no, ]
|ihtet) A=Ay =1 n € [0,m],m ~ 1.68374
2 |1°2t) A =1,A,=3/4 n € [n1, 2]
F¥) A =A,=0 N € [, 7], M2 ~ 2.44264
Eq. (52) A =1, Ay = 99/100 1€ [0,m],m ~ 1.49607
5/2 |3peat) Al =1,A4, =3/4 n € [n1,n2]
|7, ) A1 =A=0 n € [0, 7], M2 = 2.2521
[1°°") A=A =A3=1 n € [0,m] U [, m4], 3 ~ 2.35881
3 |1p°at) A1 =1,4,=3/4, A3 =2/3 n € [n1,m2],m ~ 1.3635, 15 ~ 2.04367
|7, ) A=Ay =A3=0 n € [n2,m3] U [n4, 7], m4 = 2.65576
Eq. (56) Al = Ay = 1, Ay = 1198/1215 n—0
- 18 <Ay <1, H%8 < A5 < 148 see Fig. 5 n € [0,m],m ~ 0.71718
7/2 |1pet) Ar=1,A,=3/4,A3 =2/3 n € [n2,m3] U [na,ms],m2 ~ 1.24169
— see Fig. 4 n € [n3,n4],n3 = 1.60141, 74 =~ 1.88334
|7,.J) A1=A=A3=0 n € [ns, 7], m5 ~ 2.41684

Table 1: Summary of the results of Secs. 4.2 and 4.3 on optimal states for 1 < 5 < 7/2. Here, 7o denotes the first strictly
positive zero of cpgj)(n), [2p**) defined for j = 2 is given by Eq. (48), [1)°*) defined for j = 3 is given by Eq. (54), and
|2y = % (I7,—3) + |7,3)) for any j. The state |j,j) has been taken as an example of coherent state. Note that optimal

states given here are not necessarily unique (states not related by a rotation can have the same A;).

Flyy(n) for a fixed angle n € [0,70] amounts to taking
the measures A; as large as possible within the do-
main {2 of admissible values. In particular, increasing
one variable A; within the domain 2 (keeping the oth-
ers constant) can only decrease the value of Fjy (1),
and hence will make the state |¢)) more suitable to
detect rotations. In this sense, the more anticoherent
a state is, the more sensitive the quantum rotosensor
is.

The maximal order of anticoherence that a spin-j
state can display is generally much smaller than |j],
typically ¢ ~ 24/ for large spins j [25]. Numerical
results for j < 100 seem to suggest that the pairs (¢, §)
for which a t-anticoherent spin-j state exists coincide
with those for which a 2j-points spherical t-design
exists in three dimensions [27]. The latter have been
tabulated up to j = 50 [29]. For example, the first
pairs (t, j) for j < 4 are given by (1,1), (1,3/2), (2,2),
(1,5/2), (3,3), (2,7/2), (3,4).

5 Conclusion

The main result of this work is a closed-form expres-
sion (3) for the fidelity F,y(n) between a state and its
image under a rotation by an angle n about an axis
n, averaged over all rotation axes. The expression
takes the form of a linear combination of anticoher-

ence measures A;, with explicit n-dependent coeffi-
cients. It follows that not only spin-j states which
are related by a global rotation of the axes come with
the same average fidelity, but more generally all states
with identical purities of their reduced density matri-
ces (calculated for any subset of their 2j constituent
spin-1/2 in the Majorana representation). This gives
an explanation for the observation of [13] that optimal
states are not necessarily unique. Moreover, since the
fidelity is linear in the anticoherence measures, opti-
mal states correspond to values of A; on the boundary
of the domain €2 of admissible values. This shows the
relevance of characterizing the domain 2.

The expression (3) allows us to characterize states
which optimally detect rotations by their degree of
coherence or anticoherence. At small angles n < nyg,
where the coefficients of the measures A; are all nega-
tive, optimality of detection of rotations goes hand in
hand with high degrees of anticoherence. For angles
close to 7 = 7, however, numerical results support the
claim that optimality is achieved throughout by spin
coherent states.

We also performed a systematic investigation of
states minimizing the average fidelity for small values
of j, for all integers and half-integers from j = 1/2 to
j = 5. Table 1 summarizes our findings for the low-
est values of j. At small rotation angle, all optimal
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states were found to have a maximal lowest antico-
herence measure: A; = 1. These states, which are
anticoherent to order 1, exist for any value of j, and
one may conjecture that they should, in fact, be op-
timal for arbitrary values of j. More generally, for all
values of j investigated and for n < 7o, the optimal
states turned out to have, for each ¢t > 1, the largest
admissible anticoherence measure A; compatible with
fixed values of the lower measures A;, As,..., A;_1.
Whether this property holds in general remains an
open question.

Note that natural generalizations of this problem,
such as maximization of the average fidelity, can also
be addressed by our approach. For instance, for small
rotation angles € [0, 10], where all <p§]) (n) witht > 1
are negative, the average fidelity is maximal for coher-
ent states.
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A Average fidelity for Dicke states

For Dicke states |7, m) (common eigenstates of J? and
J.), the average fidelity (2) reads

1 . .
Fiom () = 3 [, 16| o) ) Pl

i (63)

1 .
= - |U7Jnm(77an)|2dn
47 S2

with UJ,,.(n,n) = U7, a matrix element of the rota-
tion operator in the angle-axis parametrization given

by

Ui VAam

D ENVRAF DA O, Y

A p

(n)

| (64)
where C77,  are Clebsch-Gordan coefficients, Y\" (n)
are spherical harmonics and Xi (n) are the generalized
characters of order )\ of the irreducible representations
of rank j of the rotation group [30]. These are defined

by
A
xm) = EEE T sin* (1) (dcoj(n)) X7 ()
)
with the characters
. 11
= AL o) o)

where P\ are Jacobi polynomials. Taking the
modulus squared of (64) and integrating over all di-
rections by using orthonormality of the spherical har-
monics, we readily get Eq. (26).

B Explicit calculation of the go,gj)

(1)

B.1 Matrices Sy, ... 00,

The matrices S, pia..uz; APPeAring in the expansion
(11) can be obtained by expanding the (j,0) repre-

sentation of a Lorentz boost,
19(q) = (g5 — lal?)? e, (67)

with 6, = arctanh(—|q|/q0) and § = q/|q|. This
expansion takes the form of a multivariate polynomial
in the variables qq, q1, 92, g3,

H(j)(Q) = (*1)%(]#1(]#2 sy, 5#1#2---#2_7‘7 (68)
where the coefficients are the (N+1)x (N+1) matrices

Sprpiz.pzy With N = 2j [22].
B.2 Tensor coordinates of the maximally
mixed state

The maximally mixed state pg = 1/(N + 1) can be

expanded along (11) with coefficients xg)l)mmu,v. The
coherent state decomposition of the maximally mixed
state, pp = & [ [n)(n|dn, yields the identity

(0) _ 1

itz = g . Ny My - - - My AL (69)

Using our convention not to write indices when they
are equal to 0, we have, irrespective of spin size, xéo) =
1, 20 = 1/3, 200 = 1/5 and xg;)bb =1/15 for a #
b. More generally, the coefficients of the maximally

mixed state are given by the polynomial identity (cf.
Eq. (27) of [22])

~ ()
foOl)ﬂQ-wﬂNq#l s lduy = Z 2k2j— 1(I(J)\’72k|(1|2]€7 (70)
k=0
which leads to
J
20 _ 1 (P1/2,p2/2,p3/2) (71)
ajas...az; B 35 ,
Tt (Plap2>1’3)

where p; denotes the number of ¢ in {a1,as,...,az;}

and the terms in the fraction are multinomial coeffi-
cients (by convention the right-hand side evaluates to
zero if some p; is not even).

B.3 Average fidelity in terms of tensor coordi-
nates

According to Eq. (37), the average fidelity can be writ-
ten as a double sum,

N 2(N—k)

Flup(m = Y ()N e

k=0
§ : _1\nr of 0 in v,.(0)
X ( 1) xﬂl-uHNVLnVN
v

9
2(N—k)zeros

mulu-MNwVLuVN

(72)
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We now wish to show that the second sum which runs
over all strings of indices (between 0 and 3) containing
2(N — k) zeros can evaluated explicitly leading to the
simpler form for Fjyy(n) given in Eq. (86) at the end
of this section.

The sum runs over terms containing 2(N —k) zeros,
that is, 2k non-zero indices. We split it into terms
containing r nonzero indices in @ and 2k —r in v. At
fixed k we have

E nr of 0 in v (0)
(_1) :'L.M1~~'HNle-~-VN$C;,L1...MNV1...VN

m
2(N —k)zeros

S ()

r=2k—N
(0)
X Lay...arTby..bok_+ Lo, a by...bog_. (73)
a;,b;
We now evaluate the sums
D s b Taroar o bok o Tal o by bon_r We may

suppose that r < 2k — r. Using (71), we see that the
nonzero indices a; and b; must occur in pairs. Indices
a; are either paired with indices a; or indices b. We
can then split the sum according to the number of
pairings of the form (a;,b;) (all other pairings are
then within the a; or within the b;). For instance for
k = r we have found that

2
+A2 Z Z xa’l"'ar74b1b1b2b2 + vae
a; b1,b2
with
T 2q7"!2 r
M= 2 : 75
q (27’+1)' (71_2(],61,(]) ( )

The identity (74) can be shown by noting that it can

be rewritten as

Zxcl‘..crwcr+1‘..02 =2 Zfﬁal
Ci (P1P2P3)

2
R A
L <T —2q,q, q> Z (Zzal .ar—2gb1b1...bgb, )

o (76)

(where p; is the number of i in {c1,¢o,...,cor} and
terms with p; odd are zero). Equation (76) repre-
sents two different ways of counting the same quan-
tity. Indeed, let n; = {a;, €€} for 1 < @ < 7
be triplets with 1 < a; < 3 and 0 < ¢,€, < 1.
To a given set {n,...

(27) (p1/2pz/2p3/2

,Mr} we associate a term of
the form ¢, . ¢, Ye,y1...co, Where the ¢; occur in pairs
(a1,a1),(az,a2),...,(ar,a;). In a pair (a;a;), the
first a; assigned to be an index of x if ¢, = 0, of
y if ¢, = 1 (and similarly the second a; in the pair

is an index of = if €, = 0, of y otherwise). Replac-
ing y by x, each {n,...,n,.} thus corresponds to a
unique term of the form w., .. T¢.,,..c,.- The sum

on the right-hand side of (76) is the sum over all
n; such that > .(e; + €;) = r (i.e. such that = and
y have the same number r of indices, or such that
there are exactly r zeros among the ¢; and €;). This
sum is split into terms where ¢; = €, for exactly ¢
values of ¢ (for instance the first term on the right-
hand side of (76) corresponds to terms where all pairs
(a;,a;) are distributed on the two different strings of
indices). The same sum can be expressed as the left-
hand side of (76) if we now first sum over all strings
¢ < ¢ < -+ < cop, which implies dividing by the
number of permutations (m;;ps)’ then consider all
possible positions of the a; over the r pairs, which
implies multiplying by the number of permutations of
the pairs (P1/2,P2T/27p3/2)’ and finally choose the r en-
tries among the ¢; and € that will take the value 0,
hence the factor (2;) Thus (76) holds.

The tracelessness condition (71) then allows to re-
duce the sums over b in (74) to invariants k,., namely

2 T 2
ay...arby...b, a1 ..a-by...b,

a;,b; (77)
= )\0/€r + >\1/<'7r—2 + )\QHT_4 =+ ...

More generally, we obtain

§ (0)
Lay...arTby..bok—rLg,  a.by...bok_

2k 1) %2’”—%( k
o (2]€+1)' 7=0 T*Q%QWIJF]“*

Rpy—92qg-
T)T 1

(78)
From (72) we finally get




N 2k

N2
_ Yk gin2k (1 2AN—k) (1 _1)
Fiuy () kz_} )" sin (2)“8 (2) ;( ) (N = )N — 2k + r)1(2k + 1)
s (79)
5] k
or— 2q 2
qu; (r—2qqu+k—r>ﬁ »
Rearranging the sum with s = r — 2q we get
N 2k 271
(N—k) Q 1\ N' k
Fiuy (0 ;0 * sin® (2)“’5 (2)2( 1) (2k +1)!
- N (80)
( 2N — 2k k—s
XZS'QN—Qk —S'Z N —-5—-2q q -
Grouping the k; together by changing the order of the sum we get
|
N2 ki 2k (7 (N—k) k!
Fiuy (0 Z kZ 1) sin () cos? ™7 () 2k + 1!

1
XQZ::O( N —5s—=2¢)/(N — 2k + s+ 2q)l(k — s — q)lq!"

Because of the sum over ¢ from 0 to k — s, we can make the sum over k start at 0. We then use (19) to express
the k4 in terms of tr [pf] This gives

F —N|2 Al (72)15 2 Y 1k .2k (T 2N —k) n k!
vy (1) = N Z . tr [Pt]Z(— )¥ sin (5) cos (5)(

= t! P 2k +1)!
N k—s (82)
S 1
— (s —t)! = (N —s=29)!/(N =2k +s+2q)!l(k—s—q)lq!’
It turns out that the sums in the second line of this expression can be performed. Indeed, the identity
Moo 8 1 B 2t(2N — 2t)! (83)
— (s —1)! = (N —s—2¢9)(N —2k+s+2q)!(k—s—q)lgd (N—)12(k—1t)!(2N — 2k)!

holds for arbitrary N,t,k. This can be proved as follows. First change variables N — N —t, k — k —t and
s — s — t, so that showing (83) amounts to showing

k—s

z’“:g 1 B (2N)! (84)
8! = (N =5 = 29)/(N = 2k + 5+ 29)!(k — 5 — q)!¢! ~ NI2EI(2N — 2k)!

(the upper bound of the sum over s can be changed from N to k since terms s > k do not contribute).

Equation (84) can be rewritten
k k—s
2N — 2k 2N
2° = .
ZZO <>< >(N—s—2q) (N> (82)

s=0gq

Such an identity can be proven by writing (1 + z)2Y = (1 + 2z + 2%)*(1 4+ 2)2V =2 for any k and any =, and
expanding the first factor using multinomial coefficients and the second one using binomial coefficients:

(1+2)*N =1+ 22 + 2®)*(1 + z)2N2F

_ (8’%[:8 _q) (20)*(a2) Y <2Nu_2k>x"

vy BY (k=8 (2N =2k ieps
sowu S q u
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(the boundaries of the sums are taken care of by the binomial coefficients which vanish outside a certain range
of parameters). Identifying the coefficients of the term in z% readily gives (85).
Using (83), Eq. (82) finally reduces to

R = iy 0 (el et (3o (3) (5 () o
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