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Non-Abelian Chern-Simons Theory from a Hubbard-like Model

Giandomenico Palumbo and Jiannis K. Pachos
School of Physics and Astronomy, University of Leeds, Leeds, LS2 9JT, United Kingdom

(Dated: July 16, 2014)

Here, we provide a simple Hubbard-like model of spin-1/2 fermions that gives rise to the SU(2)
symmetric Thirring model that is equivalent, in the low-energy limit, to Yang-Mills-Chern-Simons
model. First, we identify the regime that simulates the SU(2) Yang-Mills theory. Then, we suitably
extend this model so that it gives rise to the SU(2) level k Chern-Simons theory with k ≥ 2 that
can support non-Abelian anyons. This is achieved by introducing multiple fermionic species and
modifying the Thirring interactions, while preserving the SU(2) symmetry. Our proposal provides
the means to theoretically and experimentally probe non-Abelian SU(2) level k topological phases.

PACS numbers: 11.15.Yc, 71.10.Fd

Interacting systems are in general too hard to track
analytically. An interesting approach is to employ low-
dimensional interacting relativistic quantum field the-
ories at zero temperature for which bosonisation can
be applied. Some of these theories can be simultane-
ously analytically tractable and amendable to experi-
mental verification, e.g. with cold atoms. The (2 + 1)-
dimensional Thirring model [1], that describes interact-
ing Dirac fermions, provides such example. If the inter-
action term possesses U(1) symmetry then the model is
equivalent through bosonisation to the Maxwell-Chern-
Simons theory [2]. If the interaction term is SU(2) sym-
metric then the model can be described by Yang-Mills-
Chern-Simons theory [3]. Unfortunately, the anyons sup-
ported by this model are Abelian, namely SU(2) level
k = 1 anyons.

The goal of this report is twofold. First, to present
a Hubbard-like model of spin-1/2 fermions that gives
rise in the continuum limit to the SU(2) symmetric
Thirring model. In particular, we identify the coupling
regime where the Yang-Mills theory is predominant in
the bosonised version of the model. Hence, the model
could serve as a quantum simulator for demonstrating
confinement in 2 + 1 dimensions, e.g. with current cold
atom technology. Although quantum simulators for lat-
tice Yang-Mills theory in cold atomic systems have been
recently proposed in [4–6], our model simulates a con-
tinuum non-Abelian gauge theory. Second, we employ
multiple species of fermions so that the low energy of
the model is described by the SU(2) level k ≥ 2 Chern-
Simons theory. This theory can support non-Abelian
anyons such as Ising or Fibonacci anyons. Hence, its
physical realisation can serve for the implementation of
topological quantum computation [7].

A finite temperature implementation of our work is
also possible. Indeed, the non-Abelian Chern-Simons
theory can be induced by fermions also at finite tem-
perature [8, 9]. This analysis goes beyond the scope of
the paper and it will be left to future work.

Our starting point is a tight-binding model with low
energy behaviour described by the SU(2) symmetric

Thirring model in 2+1 dimensions. The Thirring model
comprises of interacting relativistic Dirac fermions. To
simulate it we employ tight-binding fermions in a hon-
eycomb lattice configuration, as shown in Fig. 1 (Left).
We introduce the Hubbard-like Hamiltonian

H = − t
∑

〈i,j〉,s

(b†s,iws,j + w†
s,ibs,j)− µ

∑

i,s

(nb
s,i − nw

s,i)

−
∑

〈〈i,j〉〉,s

χi,j t
′(b†s,ibs,j − w†

s,iws,j)

+ U
(

∑

i,s,s′

nb
s,in

w
s′,i −

∑

i,α

nα
↑,in

α
↓,i

)

,

(1)

where nα
s = α†

sαs is the population of particle α = b, w,
distinguished by their position in the unit cell, with spin
s =↑, ↓. The phase factor χi,j = ±i is defined in Fig. 1
(Left). The t-term of the Hamiltonian corresponds to
tunnelling along the honeycomb lattice. In the contin-
uum limit it gives rise to two massless Dirac fermions
corresponding to the Fermi points P± = (0,±4π/(3

√
3))

in Cartesian coordinates. The chemical potential µ-term
and the next-to-nearest tunnelling t′-term give rise to en-
ergy gaps at the two Fermi points of the form

∆E± = 2| − µ±
√
3t′|. (2)

For ∆E+ ≪ ∆E−, as shown in Fig. 1 (Right), we can
adiabatically eliminate the P− Fermi point from the low
energy dynamics of the system [10]. Hence, we can iso-
late the dynamics of the single Fermi point P+. An al-
ternatively approach to the adiabatic elimination is to
consider three-dimensional topological insulator with an
isolated Dirac cone at its boundary [11]. Introducing
suitable boundary fields generates an energy gap, so the
surface state can be effectively described by a massive
Dirac fermion.
By introducing the spinor ψ = (ψ↑, ψ↓)

T =
(b↑, w↑, b↓, w↓)

T with ψs = (bs, ws)
T and s =↑, ↓, we can

write the interaction U -term of Hamiltonian 1 in the form
2
3U(ψT aγµψ)(ψT aγµψ) that acts locally within the unit
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FIG. 1: (Left) The honeycomb lattice with its unit cell con-
sisting of two sites, b and w. Fermions at a certain site tun-
nel to their neighbouring and next-to-neighbouring sites, with
coupling t and t′, respectively. The phase factor χi,j = ±i in
Hamiltonian (1) has + sign when the link 〈〈i, j〉〉 points along
the directions of n1, n2 or n1−n2 and − sign otherwise, where
n1 = (3/2,

√
3/2) and n2 = (3/2,−

√
3/2). (Right) The en-

ergy dispersion relation along py where both Fermi points,
P±, reside for generic values of the couplings. The corre-
sponding energy gaps, ∆E±, can be independently tuned.

cell. Here ψ = ψ†γz, γµ = σµ ⊗ I2 for µ = x, y, z are
4 × 4 Euclidean Dirac matrices written in terms of the
Pauli matrices, where I2 acts on the spin subspace, and
T a = σa/2, for a = x, y, z, are the generators of SU(2).
The arrangement of the tight-binding interactions that
give rise to the self-interaction of the Dirac fermion is
shown in Fig. 2 (Left).
In the low energy limit the behaviour of the model

around P+ is given by the Hamiltonian

H =

∫

d3x
[

ψ†(vγzγ · p+ γzMv2)ψ +
g2

2
jaµjaµ

]

, (3)

where jaµ = ψT aγµψ, v = 3
2 t, Mv2 = −µ +

√
3t′,

g2 = 4
3U . For simplicity we take from now on v = 1.

Hamiltonian (3) corresponds to the (2 + 1)-dimensional
Thirring model with SU(2) symmetry. This non-Abelian
symmetry is manifested by the invariance of the Hamil-
tonian under transformations of the spinor ψV

s = Vss′ψs′ ,
for V ∈ SU(2). Note that this symmetry of the interact-
ing term is also exact in the discrete model.
It is known that in 2 + 1 or higher dimensions

even the Abelian Thirring model is perturbatively non-
renormalisable. Nevertheless, it has been shown to be-
come renormalisable in the non-perturbative large-N
limit [12, 13]. In our case we are only interested in the
low energy sector of the tight-binding model and, conse-
quently, in the infrared limit of the corresponding SU(2)
Thirring model. In the following we show how this model
maps to a renormalisable gauge theory to leading order
in 1/M [3]. This mass fixes the validity energy range of
our effective theory.
We show now the connection between the SU(2) sym-

metric Thirring model and the Yang-Mills-Chern-Simons
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b
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FIG. 2: The fermionic interactions, given by grey lines,
within a single unit cell that includes one black and one
white site (see Fig. 1). (Left) The interactions for the single
fermionic species model between populations nα

s = α†
sαs with

α = b, w, s =↑, ↓ and strength ±U . (Right) The interactions
for the two fermionic species model. We can consider this as
a bilayered system with the interactions between the popula-
tions nα

βs = α†
βsαβs with α = b, w, s =↑, ↓ and β = 1, 2 given

explicitly by Hamiltonian (14).

theory [3]. To proceed we employ the path integral
formalism with Euclidean signature. The Non-Abelian
Thirring action that corresponds to Hamiltonian (3) is
given by

STh =

∫

d3x

[

ψ( 6∂ −M)ψ − g2

2
jaµjaµ

]

, (4)

and the corresponding partition function is defined as
ZTh =

∫

DψDψ e−STh . To treat the interaction term
that is quartic in the fermionic operators we employ the
Hubbard-Stratonovich transformation

exp

[
∫

d3x
g2

2
jaµjaµ

]

= (5)

∫

Daµ exp
[

−
∫

d3x tr

(

1

2
aµaµ + g jµaµ

)]

,

which introduces the vector field aµ = aaµT
a. At this

point we can integrate out the fermions that now appear
quadratically. The resulting effective action is given by
[14, 15]

Seff [a] = − ln det ( 6∂ −M + g 6a)

=
i

8π

M

|M |

∫

d3xLCS[a] +O
(

∂

M

)

, (6)

where

LCS[a] = g2ǫλµνtr

(

aλ∂µaν +
2

3
g aλaµaν

)

. (7)

The term O
(

∂
M

)

has a negligible contribution to the low
energy behaviour that we are interested in. Note that the
action Seff [a] is not gauge invariant for large gauge trans-
formations [15]. It is possible to cure this global gauge
anomaly by introducing a gauge-invariant regularisation
such as the Pauli-Villars one [11, 15]. In this scheme the



3

regularised action SR
eff [a] = Seff [a]−limM2

0
→∞ Seff [a](M0)

is given by

SR
eff [a] = lim

M2

0
→∞

1

2

(

M

|M | −
M0

|M0|

)

i

4π

∫

d3x LCS[a]. (8)

When sign(M0) = −sign(M), we obtain the standard
non-Abelian Chern-Simons action with level k = 1 [16,
17]. It is worth noticing that changing the value of the
coefficient g in (7) does not change the value of the level
of the non-Abelian theory [16, 17]. To simplify the next
calculations we rescale aµ → aµ/g and take M positive.
Still the total action is not gauge invariant due to the

∫

d3x tr(aµaµ) term in (5). It is possible to recast the
total action in terms of a gauge invariant and renor-
malisable theory by introducing the interpolating action
[18, 19]

SI[a,A] =

∫

d3x

{

1

2g2
tr aµaµ+

i

2π
ǫµνλtr aµ [Fνλ(A) + Aνaλ] +

i

4π
ǫλµνtr

(

Aλ∂µAν +
2

3
AλAµAν

)}

. (9)

If we shift the vector potential Aµ = Aa
µT

a as Aµ =

Āµ−aµ and then integrate over Āµ, we find that the cor-
responding partition function becomes ZI ≈ ZTh, where
the approximation is due to neglecting the O

(

∂
M

)

term.
If, on the other hand, we directly perform the aµ inte-
gration in ZI we obtain the following partition function

ZFCS =

∫

DAµ exp

[

−
∫

d3x
g2

2π2
tr (∗FµS

µν∗Fν)−

− i

4π

∫

d3x ǫλµνtr

(

Aλ∂µAν +
2

3
AλAµAν

)]

,(10)

where Sµν = (δµν + ig2

π
ǫµνλAλ)

−1 and ∗Fµ = 1
2ǫµνλF

νλ.
The first term of this action is a non-Abelian gauge the-
ory that does not admit direct interpretation. The sec-
ond term is the SU(2) Chern-Simons theory at level k = 1
that gives mass to the gauge field and a finite correlation
length ξ. As a result the large distance behaviour com-
pared to ξ is dominated by the Chern-Simons term with
the contribution of the first term decaying exponentially
fast away from the sources.
The partition function (10) describes our model for

any value of g. Consider now the limit g2 ≪ 1, where
Sµν ∼ δµν [3]. In this limit the short distance behaviour
compared to ξ of the FCS theory is described by the
SU(2) Yang-Mills action

SYM[A] =
g2

8π2

∫

d3x trFµνF
µν (11)

and (10) defines a topologically massive gauge the-
ory [16, 20]. Thus the original field theory, after the inter-
polating procedure, becomes the gauge invariant Yang-
Mills-Chern-Simons theory in the limit g2 ≪ 1 and large

massM . In particular the (2+1)-dimensional Yang-Mills
theory supports confinement, one of the most intriguing
challenges in high energy physics. Confinement can ex-
plain why free quarks cannot be experimentally detected.
Nevertheless, this behaviour is analytically intractable to
prove in 3+1 dimensions [21]. To probe this property of
(11) we introduce the Wilson loop operator. It is given
by

W (K) = tr P ei
∮
K

dxµAµ , (12)

where P denotes the path ordering necessary for non-
Abelian theories, the trace is taken in the representation
of the SU(2) algebra (taken here to be the fundamental)
and K is a given loop. Confinement is manifested by the
area-law behaviour,

〈W (K)〉 ≈ e−σAK , (13)

where AK is the area enclosed by the loop K and the
constant σ is the string tension. An analytic expression
for the string tension σ has been derived for the (2 + 1)-
dimensional SU(2) Yang-Mills theory, given by σ ∼ g−4

[22]. Loops K that can probe this short-distance regime
are shown in Fig. 3 (Left). It is important to remark that
there exists just a single quantum phase with different
long- and short-range behaviours. Indeed the behaviour
of the Wilson loop changes drastically when we consider
distances where the Chern-Simons term becomes rele-
vant. This is achieved when we consider loops K with
geometric characteristics that are large compared to the
correlation length ξ of the system, as shown in Fig. 3
(Right). In this large-distance/small-energies regime we
can ignore the Yang-Mills term and consider exclusively
the Chern-Simons term that gives rise to a topological
behaviour. This is the regime that we consider next.
We now extend Hamiltonian (1) in order to obtain the-

ories with general integer k that can support non-Abelian
anyons. This is possible by introducing more than one
species of spin-1/2 fermions. To illustrate that we start
by considering N copies of the model and parameterising
the fermionic species by the index β = 1, ..., N . Then we
modify the interaction term to obtain the SU(2) Thirring
model with N fermion species, namely

H =

∫

d3x
[

N
∑

β=1

ψ†
β(γzγ ·p+γzM)ψβ+

g2

2
JaµJa

µ

]

, (14)

where ψβ = (ψβ↑, ψβ↓)
T = (bβ↑, wβ↑, bβ↓, wβ↓)

T , Jaµ =
∑N

β=1 j
aµ
β and jaµβ = ψβT

aγµψβ . This new interac-
tion can be directly given in terms of the tight-binding
fermions, bβs and wβs, for β = 1, ..., N and s =↑, ↓. It
represents a spin non-preserving interaction because it
mixes the different fermionic species, as shown in Fig. 2
(Right). By performing the same bosonisation procedure
as in the case of single species we obtain the effective ac-
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FIG. 3: Examples of a rectangular loops K with area AK =
L1L2. (Left) When L1 is small, of the order of the correlation
length ξ, then the short distance behaviour of our model is
given by (11). Then, confinement is manifested by the area-
law of the Wilson loop observable, 〈W (K)〉 ≈ e−σAK , with
string tension σ ∼ g−4 [22]. (Right) When both L1 and L2

are large compared to the correlation length ξ ∼ g2 of the
theory then the long distance behaviour is given by (16). Then
〈W (K)〉 = VK(q), where VK(q) is the Jones polynomial of the
loop K with variable q. For the simple loop considered here it
is VK(q) = 1. This is in stark contrast to the confining regime
where 〈W (K)〉 tends to zero as AK increases.

tion

e−Seff [a] =

∫

DψβDψβ exp

[

−
∫

d3x ψβ ( 6∂ −M + 6a)ψβ

]

= [det ( 6∂ −M + 6a)]N , (15)

where now the N -th power of the determinant arises. We
can introduce an interpolating action, similar to (10), to
obtain the corresponding dual model. The small distance
properties of this model, for g2 ≪ 1, is described by the
Yang-Mills term (11) multiplied now by N2. The large
distance behaviour of (15) is given by

SCS[A] =
Ni

4π

∫

d3x ǫλµνtr

(

Aλ∂µAν +
2

3
AλAµAν

)

,(16)

which is the SU(2) level k = N Chern-Simons theory.
For N = 2 it supports non-Abelian Ising anyons [23],
which behave similarly to Majorana fermions. For N = 3
Fibonacci anyons are supported, which are universal for
quantum computation [24].
Witten showed that for the non-Abelian Chern-Simons

theory the expectation value of the Wilson loop operator
is given in terms of the Jones polynomial [25]

〈W (K)〉 = VK(q) (17)

This relation holds for any link K with possibly many
strands. The Jones polynomial VK(q) has variable q =
exp(2πi/(k + 2)), where k is the level of Chern-Simons
theory. It is a topological invariant of the link K, i.e. it
does not depend on its geometrical characteristics, but
only on its knottiness. For the case where K is a single
unknotted loop we have VK(q) = 1. In other words the
expectation value of the corresponding Wilson loop is a
constant, independent on the size of K. This statement

is exact for large enough K compared to the correla-
tion length of the microscopic model, as shown in Fig. 3
(Right). This is in stark contrast to the short-distance
behaviour of the model. The condition 〈W (K)〉 = 1
for loops K of any size and position is a witness of the
model’s topological order provided its ground state is not
a trivial product state [10].
It is worth noting that we do not have a direct way

to measure the Wilson loop in terms of fermionic observ-
ables as we did in the Abelian case [10]. Nevertheless,
it is possible to probe the topological order of the model
through its behaviour at the boundary. For large char-
acteristic geometries of the boundary so that short range
correlations do not get involved the topological properties
of the model can be isolated. It was shown in [25, 26] that
the SU(2) level k Chern-Simons bulk theory induces at
its edge the SU(2) Wess-Zumino-Witten model, which is
a conformal field theory [27]. To probe the Wess-Zumino-
Witten model it is possible to measure the thermal cur-
rents at the boundary. For this model the thermal con-
ductance KQ of the edge modes is given by [28, 29]

KQ =
∂JQ
∂T

=
π

6
c k2BT, (18)

which holds in the low temperature limit T → 0. Here JQ
is the thermal current carried by the edge modes, kB is
the Boltzmann constant and c = 3k

k+2 is the correspond-
ing central charge. By employing (18) we can evaluate
the level k of the theory and thus determinate the par-
ticular species of anyons present in our model [7]. The
physical realisation of our model could be performed with
cold atom methods proposed in [30–37], while a possible
method to detect the chiral edge states is given in [38].
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