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FREE IDEMPOTENT GENERATED SEMIGROUPS OVER BANDS AND
BIORDERED SETS WITH TRIVIAL PRODUCTS

YANG DANDAN AND VICTORIA GOULD

ABSTRACT. For any biordered set of idempotents E there is an initial object IG(E), the
free idempotent generated semigroup over E, in the category of semigroups generated by a
set of idempotents biorder-isomorphic to E. Recent research on IG(E) has focussed on the
behaviour of the maximal subgroups. Inspired by an example of Brittenham, Margolis and
Meakin, several proofs have been offered that any group occurs as a maximal subgroup of
some IG(FE), the latest being that of Dolinka and Ruskuc, who show that E can be taken to
be a band. From a result of Easdown, Sapir and Volkov, periodic elements of any IG(E) lie in
subgroups. However, little else is known of the ‘global’ properties of IG(E), other than that
it need not be regular, even where E is a semilattice. The aim of this article is to deepen our
understanding of the overall structure of IG(E) in the case where F is a biordered set with
trivial products (for example, the biordered set of a poset) or where E is the biordered set of
a band B.

Since its introduction by Fountain in the late 1970s, the study of abundant and related
semigroups has given rise to a deep and fruitful research area. The class of abundant semi-
groups extends that of regular semigroups in a natural way and itself is contained in the class
of weakly abundant semigroups. Our main results show that (1) if E is a biordered set with
trivial products then IG(E) is abundant and (if E is finite) has solvable word problem, and
(2) for any band B, the semigroup IG(B) is weakly abundant and moreover satisfies a natural
condition called the congruence condition. Further, IG(B) is abundant for a normal band B
for which IG(B) satisfies a given technical condition, and we give examples of such B. On the
other hand, we give an example of a normal band B such that IG(B) is not abundant.

1. INTRODUCTION

Let S be a semigroup with set of idempotents £ = FE(S). It is easy to see that if idem-
potents of S commute, then £ may be endowed with a partial order under which it becomes
a semilattice, that is, every pair of elements has a greatest lower bound, which is just their
product in S. For an arbitrary semigroup S, the set E, equipped with the restriction of the
quasi-orders <z and <, defined on S and the restriction of products to elements that are
related under <g, <, and their converses, is a partial algebra called a biordered set [15]. On
the other hand, Easdown [7] shows every biordered set E occurs as E(.S) for some semigroup
S.

Given a biordered set E, which we can without prejudice take as the set E of idempotents of
some semigroup S, there is a free object in the category of idempotent generated semigroups
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2 YANG DANDAN AND VICTORIA GOULD

that have biordered set of idempotents isomorphic to E. This is called the free idempotent
generated semigroup over E and is denoted by IG(E). We obtain IG(E) by the following
presentation:

IG(E)=(E:ef =ef, e, f € E{e, f}n{ef, fe} #0),
where E = {é : e € E}.! Note that {e, f} N {ef, fe} # 0 implies both ef and fe are
idempotents of F; in this case both (e, f) and (f, e) are referred to as basic pairs and ef and
fe as basic products. If E has the property that for any basic pair (e, f) we have ef, fe € {e, f}
then we say E has trivial (basic) products. We note that if Y is a semilattice then the biordered
set of Y has trivial products. Clearly, for any biordered set E there is a natural morphism ¢
from IG(E) to (E), the subsemigroup of S generated by E. In fact, E(IG(E)) = E, and the
restriction ¢|z : F — FE is an isomorphism of biordered sets [7], justifying the presentation
above. We refer our readers to [11] for other classical properties of IG(E).

Given the universal nature of free idempotent generated semigroups, it is natural to enquire
into their structure. Early investigations of Pastijn [18] showed that where B is a rectangular
band then the corresponding IG(B) is a completely simple semigroup with free maximal
subgroups. Pastijn’s result for rectangular bands was extended by McElwee in [17] to the
case where the principal ideals of a biordered set are singletons. For more general bands,
Pastijn focussed on what in modern terminology is called the free reqular idempotent generated
semigroup. Following the first example of a non-free maximal subgroup of an IG(F) given by
Brittenham, Margolis and Meakin [2], it was proved, first by Gray and Ruskuc [11] and later
by the authors [10], that every group is a maximal subgroup of IG(E) for some biordered
set £. Dolinka and Ruskuc show that £ may be taken to be a band (that is, a semigroup of
idempotents) [4], reinforcing the signficance of bands in the study of free idempotent generated
semigroups. Biordered sets of bands were first characterised by Nambooripad [15] with an
alternative description given by Easdown [6]. It is also worth remarking that Dolinka, Gray
and Ruskuc have recently shown that every group occurs as a Schiitzenberger group of a
non-regular D-class of some IG(E) [5].

Whereas a deal of energy has recently been put into the question of the maximal subgroups
of free idempotent generated semigroups IG(E), in contrast, very little is known of the overall
structure of semigroups of this form, even in the case where E is the biordered set of idempo-
tents of a band. What can be said is that periodic elements of IG(E) must lie in subgroups,
a result of Easdown, Sapir and Volkov [8], and that IG(E) need not be regular. Indeed, even
for a semilattice Y, the semigroup IG(Y) need not be regular [2, Example 2]. Regularity is a
property of semigroups that can be phrased in terms of Green’s relations R and £ and idem-
potents. Analogous but weaker conditions are those of being abundant and weakly abundant,
which are defined in the same way but with R and £ replaced by R* and L*, or R and L,
respectively.

Our first main result, Theorem 3.2 is that for a biordered set E for which the basic products
are trivial the semigroup IG(E) is abundant. Semilattices, indeed posets, and rectangular
bands, provide examples of such biordered sets. We describe those bands which give rise
to biordered sets with trivial basic products. Our second main result, Theorem 4.13, shows
that for any band B, the semigroup IG(B) is weakly abundant and is such that R and L are,
respectively, left and right congruences, a property called the congruence condition. We remark

t is more usual to identify elements of E with those of E, but it helps the clarity of our later arguments
to make this distinction.



FREE IDEMPOTENT GENERATED SEMIGROUPS 3

that regular, abundant and restriction semigroups always have the congruence condition. On
the other hand, we give an example of a band B such that IG(B) is not abundant. In the
positive direction we investigate a condition on a normal band B that guarantees abundancy
of IG(B).

We proceed as follows. To make this article as self-contained as possible, in Section 2 we
recall some basics of Green’s relations and regular semigroups, and of generalised Green’s
relations and (weakly) abundant semigroups. We briefly describe how the presentation of any
IG(F) naturally induces a reduction system. In Section 3 we begin our investigation of free
idempotent generated semigroups by considering a biordered set E with trivial products. We
show that every element of IG(E) has a unique normal form and consequently if £ is finite
then IG(E) has solvable word problem (a result that is known in the case where F is a poset).
We then proceed to show that IG(E) is abundant. Finally in Section 3 we describe those
bands having trivial basic products.

In Section 4 we proceed to look at IG(B) where B is an arbitrary band. In this case,
we may lose uniqueness of normal forms in IG(B). To overcome this problem, we introduce
the concept of almost normal forms. We prove that for any band B the semigroup 1G(B) is
weakly abundant with the congruence condition. We finish the section with an example of
a four element non-normal band B such that IG(B) is not abundant. Section 5 considers a
sufficient condition for a normal band to be abundant, and we give some examples where this
is satisfied. One would naturally ask here whether IG(B) is abundant for an arbitrary normal
band B. In Section 6 we construct a ten element normal band B with four D-classes for which
IG(B) is not abundant.

2. PRELIMINARIES: (WEAKLY) ABUNDANT SEMIGROUPS AND REDUCTION SYSTEMS

We do not assume our readers have prior knowledge of all the various areas this article
draws together. The aim of this section is to draw together the necessary technicalities. In
addition, we recommend [13] for an excellent introduction to the requisite semigroup theory.

Throughout this paper, for n € N we write [1,n] to denote {1,--- ,n} C N. The free
semigroup on a set A is denoted by A™; the elements of AT are words in the letters of A and
the binary operation is juxtaposition. The free monoid on A is denoted by A*; notice that
A* = AT U {e} where ¢ is the empty word and the identity of A*. The set of idempotents of
a semigroup S is always denoted by E(S) or more simply E.

We now recall an important tool for analysing ideals of a semigroup S and related notions
of structure, called Green’s relations. There are equivalence relations that characterise the
elements of S in terms of the principal ideals they generate. The two most basic of Green’s
relations are £ and R, and are defined by

aLbs S'a=S"band a R b aS* =bSt,

where S! denotes S with an identity element adjoined (unless S already has one). Furthermore,
we denote the intersection £ N R by H and the join £ V R by D. One of the fundamental
facts of semigroup theory tells us that L o R =R o L, and hence D=L o R=R o L.

For our purposes we require two quasi-orders associated with R and L, respectively, re-
stricting ourselves to defining them on E(S) where S is a semigroup. For e, f € E(S) we say
that

e<gf if and only if fe =e
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and

e<,f if and only if ef = e.
We leave the reader to check that e<gzf if and only if eS* C fS* and in this case, fe € E(S).
Dual remarks apply to <. It is then clear that R and £ (more precisely, their restrictions
to E x E) are indeed the equivalence relations associated with <z and </, respectively. We
denote <z N <, by <.

Much of this article is concerned with biordered sets that come from bands, where a band B
is a semigroup such that E(B) = B. A commutative band is a semilattice. This terminology
is used since, if Y is a semilattice, then the relation <= <p = <, is a partial order and is such
that the product of any pair of elements is their greatest lower bound. On the other hand, any
partially ordered set P having this property may be made into a commutative band by setting
uv = uAv, for all u,v € P. A band is rectangular if it satisfies the identity x = zyz. It is easy
to see that in a rectangular band B we have e Ref Lf for any e, f € B so that e D f: in fact,
rectangular bands are precisely those bands that are a single D-class. More generally, a band
B is a semilattice Y of rectangular bands B,, o € Y [13, Theorem 4.4.1]. This means that
B = UaeyBa where each B, is a rectangular band, B, N Bs = () for a # 3, and B,Bs C Bag,
for all a, 8 € Y. One can check that the subsemigroups B, are the D-classes of B and B
is a semilattice if and only if each B, is trivial. At times we will use the foregoing notation
without specific comment.

A band B is normal if it satisfies the identity xyzxr = xzyr. Equivalently, B is a strong
semilattice Y of rectangular bands B,,a € Y, that is,

B = B(Ya Bom ¢a,ﬁ)

is a semilattice Y of rectangular bands B,, a € Y, such that for all @« > f in Y there exists a
morphism ¢, 3 : B, — Bg such that

(Bl) forall « € Y, ¢pp0 = 1p,;
(B2) for all a, 8,7 € Y such that @ > 5 > 7, ¢a. 508~ = Parys
and for all o, 8 € Y and z € B,y € B,

Y = (2Pa,a8) (YPs.a8)-

An element a of a semigroup S is called regular if there exists x € S such that a = axa,
that is, it is regular in the sense of von Neumann. The semigroup S is reqular if it consists
entirely of regular elements. It is well known that S is regular if and only if each L-class
(equivalently, each R-class,) contains an idempotent. Regular semigroups are particularly
amenable to analysis using Green’s relations.

For the purpose of analysing a semigroup S that might not be regular, the relations £* and
R* are defined on S by the rule that

aL'b < (Vo,y € SY) (ax = ay < br = by)
and
aR* b & (Va,y € S") (va = ya < xb = yb).
As commented in [9], it is easy to see that £ C £* and R C R*, and if S is regular, then
L =L"and R = R*. We denote by H* the intersection £L* N R*, and by D* the join of

L* vV R*. Note that unlike Green’s relations, generally £* o R* # R* o L* (see [9, Example
1.11)).
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A semigroup S is abundant if each L£*-class and each R*-class contains an idempotent. In
the theory of abundant semigroups the relations £*, R*, H* and D* play a role which is
analogous to that of Green’s relations in the theory of regular semigroups.

As an easy but useful consequence of the definition of £*, we have the following lemma (a
dual result holds for R*).

Lemma 2.1. [9] Let S be a semigroup with a € S and e € E(S). Then the following
statements are equivalent:

(i) a L e

(ii) ae = a and for any x,y € S, ax = ay implies ex = ey.

A third set of relations, extending the starred versions of Green’s relations, and useful

for semigroups that are not abundant, was introduced in [14]. The relations L and R on a
semigroup S are defined by the rule

alb = (Vee E(S)) (ae = a < be =b)

and
aRb & (Vee E(S)) (ea=a< eb=Db)

for any a,b € S.

Clearly £* C £ and R* C R. If S is abundant, then £* = £ and R* = R (see, for
example, [14, Theorem 1.5]). Whereas £* and R* are always right and left congruences on
S, respectively, the same is not necessarily true for L£and R [14, Example 3.6]. A semigroup
S is weakly abundant if each L-class and each R-class contains an idempotent. We say that
a weakly abundant semigroup S satisfies the congruence condition if Lisa right congruence
and R is a left congruence. Clearly, an abundant semigroup is weakly abundant with the
congruence condition.

The following lemma is an analogue of Lemma 2.1. Of course, a dual result holds for R.

Lemma 2.2. [14] Let S be a semigroup with a € S and e € E(S). Then the following
statements are equivalent:

(i) a Le;
(i) ae = a and for any f € E(S), af = a implies ef = e.

Easy observation yields the following useful lemmas.

Lemma 2.3. Let S be a semigroup with e, f € E(S). Thene L f if and only if e L f and
e R f if and only if e R f.

Lemma 2.4. Let S be a semigroup, and let a € S, f € E(S) be such that a R [ but a is
not R*-related to f. Then a is not R*-related to any idempotent of S.

Proof. Suppose that a R* e for some idempotent e € E(S). Then a R e, as R* C R, so

that e R f by assumption, and so e R f by Lemma 2.3. Hence a R* f as R C R*, a
contradiction. U

Lemma 2.5. Let S be a semigroup with a € S and e € E(S) such that a Re. Thena R* e
if and only if for any x,y € S, xa = ya implies that xe = ye.
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Proof. Suppose that for all x,y € 5, if xa = ya then ze = ye. By the dual of Lemma 2.1, we
need only show that if # € S and za = a, then ze = e. Suppose therefore that x € S and
ra =a. As a R e, we have xa = a = ea, so that by assumption, re = ee = e. O

We now recall the definition of reduction systems and their properties. As far as possible
we follow standard notation and terminology, as may be found in [1].

Let A be a set and — a binary relation on A. We call the structure (A, —) a reduction system
and the relation — a reduction relation. The reflexive, transitive closure of — is denoted by
5, while <5 denotes the smallest equivalence relation on A that contains — . We denote the
equivalence class of an element © € A by [z]. An element x € A is said to be irreducible if
there is no y € A such that © — y; otherwise, x is reducible. For any z,y € A, if z = y and y
is irreducible, then y is a normal form of x. A reduction system (A, —) is noetherian if there
is no infinite sequence zg, x1,--- € A such that for all + > 0, x; = x;41.

We say that a reduction system (A, —) is confluent if whenever w,x,y € A are such that
w = x and w = y, then there is a z € A such that = z and y = z, as described by the
figure below on the left, and (A, —) is locally confluent if whenever w, x,y € A, are such that
w — x and w — vy, then there is a z € A such that z = z and y = z, as described by the
figure below on the right.

* w % w
VRN /N
x\* */y 1‘\”< >k/iy

R R
z z

Lemma 2.6. [1] Let (A, —) be a reduction system.

(i) If (A, —) is noetherian and confluent, then for each v € A, [z] contains a unique normal
form.

(ii) If (A, —) is noetherian, then it is confluent if and only if it is locally confluent.

Let S be a semigroup with presentation (X : u; = v;,i € I), where u;,v; € XT. We can
form a reduction system (X, —) where

u— v e (u=zwy,v=zvy for some x,y € X*,i € I).

It is clear that < is the congruence generated by R = {(u;,v;) : i € I}. Thus if — is a
confluent noetherian rewriting system then every element of S has a unique normal form as
a word in X . Consequently, if X and I are finite, the word problem for S is decidable, that
is, there is an effective procedure to determine when two elements of X' represent the same
element of S.

Let E be a biordered set. Given that the reduction relations — corresponding to the
presentation for IG(FE) are clearly length reducing, we immediately deduce the next result.

Lemma 2.7. Let E be a biordered set, and consider the presentation
IG(E)=(E:ef =ef, (e, f) is a basic pair).

Then (F+, —) forms a noetherian reduction system and IG(E) is E+/ &
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3. FREE IDEMPOTENT GENERATED SEMIGROUPS OVER A BIORDERED SET WITH TRIVIAL
BASIC PRODUCTS

We start our investigation of free idempotent generated semigroups IG(E) over a biordered
set F in the case that the basic products are trivial, that is, if (e, f) is a basic pair, then
{ef, fe} C {e, f}. It is easy to see that in this case a pair (e, f) is basic if and only if e < f|
e> f,eL foreR f. Clearly, semilattices and rectangular bands provide us with examples of
biordered sets with trivial basic products; at the end of this section we consider exactly which
bands give biordered sets with trivial basic products. Further, any poset may be regarded as
a biordered set in which the quasi-orders coincide (see [15, Page 8]) and as such clearly has
trival basic products. We prove below that if E is a biordered set with trivial basic products,
then IG(F) is an abundant semigroup; however, it need not be regular.

This article is not concerned with maximal subgroups of IG(F); however, it is easy to see
that if £ has trivial basic products then it has no non-trivial singular squares and hence from,
for example, [16, Theorem 3], [2, Theorems 3.6 and 4.2], the maximal subgroups of IG(E) are
all free groups. This result is known in some cases, for example, where £ is the biordered set
of a rectangular band [18].

The next result is well-known in the case that E is a poset (regarded as a biordered set
in which the quasi-orders coincide with the partial order). Note that an element 77 --- T, €
IG(FE) is in normal form if and only if (z;, ;1) is not basic, for all i € [1,n — 1].

Lemma 3.1. Let E be a biordered set with trivial basic products. Then every element in
IG(FE) has a unique normal form and consequently, if E is finite, then 1G(E) has solvable
word problem.

Proof. In view of Lemmas 2.6 and 2.7, to show the required result we only need to argue that
(F+, —) is locally confluent. For this purpose, it is sufficient to consider an arbitrary word of

length 3, say e f g € E+, where (e, f) and (f, g) are basic. There are sixteen cases, namely,
e<f<giexf>ge<f>2ge>f<g el fLgelLfRgeRfLg eRfRy,
eLf<gelf>geRf<geRf>ge<fLge<fRge>fLgande>fTRy,
for which we have the following 16 diagrams:

efyg efyg efyg efyg

e N e AN v U e \
€y ef fg €g €eg, ,e9 fg ef

NS NS N NS

e q eyq f

efg efyg efyg efg

v N v\ v N Y\
€y ef €9, .9 fg ef fg €g

NS NS NS NS

3

ol
Q|
Q|
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efyg efg efg efg
YN YN s\ VN
€y ef €9, €9 fg ef fg €g
NS N NS NS
e €7 f
efyg efg efg efg
YN YN s\ VN
€y ef €9, €9 fg ef fg €g
NS N NS NS
e eyq f q

Thus (E+, —) is locally confluent, so that every element in IG(F) has a unique normal form.
L]

For the result below it is convenient to use the relations < and > on a biordered set where
e< fife< fand e # f; similarly for >.

Theorem 3.2. Let E be a biordered set with trivial basic products. The free idempotent
generated semigroup 1G(FE) is abundant.

Proof. We show that @ R* € f for any € f € IG(E) in normal form. Induction and duality
yield et R* €1 ---&, L* &,, for any &1 - - - €, € IG(F) in normal form; hence IG(F) is abundant.
Clearly e¢ f = € f. In view of the dual of Lemma 2.1, we must show that for any X, Z €
IG(E)Y, the equality Xe f = Ze f implies the equality Xe = Ze.

Let X = T7--- T, and Y = € f be elements of IG(E) in normal form. We begin by
considering the product XY. If (x,,€) is not a basic pair then clearly XY = Z7--- T, € f
is in normal form. Otherwise, (z,,€) is basic and there are four cases to consider: z, > e,
r, <e x, Leorx, Re.

Suppose that x, > e and hence XY =%7--- T,_1 € f. Either Z7--- T,—7 € f is in normal
form, or (x,_1, €) is basic (in which case n > 2). Notice that we cannot have x,,_1 < e, z,_1 L e
or x, 1 R e, else (x,_1,x,), would be basic, contradicting the irreducibility of Z7 - - - T,,. Thus
ZTn_1 > e and continuing we obtain that XY has normal form z7--- T;_1 € ?, where 1 <t <n,

Ty, 2y > e, and either ¢ = 1 (in which case 77 .-+ T;_7 is the empty product) or (x;_1,€)
is not basic. In this case we say that XY reduces by >. Similarly, if x, < e, then XY has
normal form 77 --- T, f where (z,, f) is not basic; or Ty - -+ T, where z,, < e, f. In this case

we say that XY reduces by <.

If z,, £ e then XY reduces to 77 - -- Z,, f. The latter expression is in normal form if (z,, f)
is not basic; in the case it is in normal form we say that XY reduces by L. On the other hand,
if (x,, f) is basic, then as above we can rule out three cases and deduce that x,, R f and so
XY has normal form Z7--- T,—7 f with e £ 2, R f and (z,_1, f) not basic, or 7 --- Tp_1
with e Lz, R f L x,_1. In the first case we say that XY reduces by LR and in the second
that XY reduces by LL.

Similarly, if z, R e, then the normal form of XY is #7--- T,y € f with (2,_1,e) not
basic; or @7 - -+ Tp_1 f with z, R e £ x,_, and (x,_1, f) not basic; or T7--- T3 f with
Ty, Re L x, 1 R fand (x,_9, f) not basic; or T1-++ T, 5 with z, Re L x,_1 R f L x, o,
We say that XY reduces by R, RL, RR and RL, respectively.
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Suppose now that X =27--- T,,Z =21+ Zrand Y =€ f € IG(E)" are in normal form
such that
XY =2Y
in IG(F). Here we assume n > 1,k > 0. We proceed to prove that Xe = Z¢ in IG(E). To
our end, we consider a number of cases, using symmetry to reduce the number of cases we
mention explicitly.

Case k = 0 : In this case XY =Y and by uniqueness of normal forms we must have that
(xn,€) is basic. If XY reduces by >, then it has normal form

XY =7 ief

where t = 1 or (z;_1, e) is not basic and xy,- - - , x, > e. To avoid contradiction, we must have
that ¢ = 1 and then Xe = €. On the other hand, XY cannot reduce by <, for if it did, it
would have normal form

XY =% %, for XY =T7--- Ty,

where z,, < e and (x,, f) is not basic, or z,, < e, f. Since XY =Y, we must have z,, = e or
f, a contradiction.

If XY reduces by R to Z7--- Tp_1 € f, then we must have that n =1 and z; Re. On the
other hand, if XY reduces by a single step £ to 77 --- T, f, we again have n = 1 and z; = e.
In each case, Xe =77¢e =c¢.

No other reduction is possible, for each case yields the contradiction that (z,,x,_1) or
(Tp—2,Tn_1) is basic.

From this point, we assume that k£ > 1. By referring below to Case (A, B) the convention
is that XY reduces as per procedure A and ZY as per procedure B, or if A or B is N then
we mean that the original expression for XY or ZY is in normal form. Where it is easily seen
to be possible we call upon duality to reduce the number of cases under consideration. For
clarity we separate procedures KK' where IC, K" are R or £ from procedure K although in
some cases some awkward conflation is possible.

Case (N, N): Here it is clear that X = Z and so Xe = Ze.

Case (N, <): Here XY = ZY in normal form (that is, each side of the equation is expressed
in normal form) is
T Tn€f=Z1-ZefOrT - Tnef=%21 2k
where z; < e and (zg, f) is not basic, or z; < e, f. We deduce that z; = e or z; = f, a
contradiction.

Case (N,>): Here XY = ZY in normal form is
xl...x_néfz 1”'Zt—1€?
where 1 < ¢t < k,2x,...,2s > e and t = 1 or (z_1,e) is not basic. In this case 71 -- T, =

Z1- - Z—1 and so

Xe=71- - T,€6=2] - "Z,_1€=21"" 2121 2r€= L€
as required.
Case (>, <): If this case held, we would have XZ = Y Z expressed in normal form as

?:Z...Z_kforx_l...l's_léf:

:L’l -.-:L’S_l

.-.Zk

ol
=
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where 1 < s <n,z,,...,xs >e,s=1or (rs_1,e) is not basic, and z; < e, (z, f) is not basic,
or z < e, f. This would give z; = e or 2z, = f, a contradiction.
Case (>,>): Here we have XZ =Y Z expressed in normal form as

Ti-Te1€ f=71Z_1€ [

where 1 < s < mn,z,,...,zs > e,s =1 or (rs_1,€) is not basic, and 1 <t < k,zy,...,2 > e
and t = 1 or (z_1,€) is not basic. We deduce that ¢t = s and x; = z;, for 1 <i¢ <t — 1. Then

Xe=T] Ty (Tg " Tp€=T1 " "Tg_1C=21" " Z_1€C=Z21 """ Z—_1 21" 2r€ = LE.
Case (<, <): In this case XY = ZY has normal form
T Tp=21"ZROL T Tpf =71 Zf OO Ty Tp=21 2 fOr Ty T f =721 2k

where the respective constraints are: z,, < e, f and z, < e, f, or x, < e, (z,, f) is not basic
and zj < e, (2x, f) is not basic, or z, < e, f and 2, < e, (2, f) is not basic, or z,, < e, (x,, f)
is not basic and z; < e, f. In the first two cases we must have X = Z, and so Xe = Ze. In
the last two cases we have x,, or z;, = f < e, a contradiction.

Case (N,R): We obtain XY = ZY in normal form as
Ty Tne f=7 e f

where 2, R e. By uniqueness of normal forms we have =7 ---T,, = Z1 - - - Zx_1 so that using the
fact that zx Re,

Xé:_l...x_né: 1"'Zk_1€: 1 Ze_1 ké:Z?

Ti- - TnC =21 ZK [
where e L z,. We obtain that zy = e and Z7---7,, = 21 - - - Zx_1, Wwhence Xé = Z¢ as required.
Case (N, LL): We obtain XY = ZY in normal form as

TiTp€ f =71 Tl
where e L 2z, R f L z1._1. But then z,_1 = f R 2z, a contradiction.
Cases (N,LR), (N,RL), (N,RR): These all lead to a contradiction, in a similar fashion
to Case (N, LL).
We remark that, in view of symmetry, we have now dealt with all cases where A or B is N.
Case (<, L): Here we have XY = ZY in normal form as

Ti- T =% ZRfOr 1Ty =21 %]

where z, £ e and z, < e. In the first case we have X = Z, and so Xe = Ze. In the second
case, we have x,, = f < e, a contradiction.
Case (<,R): Here we would have XY = ZY in normal form as

T T f=m HacforT Ty =m Face f

where z; R e and z,, < e with (x,, f) not basic, or z,, < e, f. But our conditions force x, = e
in the first case or x,, = f in the second, yielding a contradiction.
Case (<, LL): Here we have XY = ZY in normal form as

T1 Tpf =721 "Zp_1Or Ty Ty = 21" Zp_1
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where e L2, R f L z,_1 and z,, < e with (x,, f) not basic, or z,, < e, f. In the first case
zr—1 = [ R z, a contradiction. In the second we have the contradiction x,, = 2,1 L f.

Cases (<,LR), (<,RR), (<,RL) similarly do not occur.

We remark that, in view of symmetry, we have now dealt with all cases where A or B is N
or <.

Case (>, L): Here we have XY = ZY in normal form as

T T f=m o a S
where 1 < s < m,z,,...,zs > e,s =1 or (rs_1,€) is not basic, and z, Le. Clearly we must
have that z, = e and Ty ---T,_1 = Z1 - - - Zr_1, whence familiar arguments give that Xe = Ze.
Case (>,R): Here we have XY = ZY in normal form as

x_l...xs_léfzz_l...zk_léf

where 1 < s < n,x,,...,xs >e,s =1o0r (rs_1,€) is not basic, and z Re. Now T7 -+ T, =
Z1 -+ Zr_1. Making use of the fact that z; € =€, we deduce that Xe = Ze.
Case (>, LL): Here we have XY = ZY in normal form as

Ty Te1e f=71Zh1
where 1 < s <mn,z,,...,xs >e,s=1or (r;_1,e) is not basic, and e L z R f L z;,_1. But this
gives that z;_1 = f R 2, a contradiction.
Cases (>, LR), (>,RR), (>, RL) similarly do not occur.

We remark that, in view of symmetry, we have now dealt with all cases where A or B is
N, < or >.

Case (R, R): Here the normal form XY = ZY is

x_l"'xn—léfz_l"'zk—1677

where x, R e R z,. By the latter, and uniqueness of normal forms, we have

Xe=71- - T,6=01 Tp1€=2{-Zp_1€=21- 2, €= Je.
Case (R, L): Here we have XY = ZY in normal form as
Ty Tpaef=21 % [
where z,, Re L z,. We obtain k =n and Ty---T,_1 € = Z; - - - 2, and then
Xe=71- T, e=T1 - Tp_1€=21" 2, =22 € = Ze.

Case (L, L): Here we have XY = ZY in normal form as
where x,, L e L z,. Immediately we obtain X = Z and Xe = Ze.

We remark that, in view of symmetry, we have now dealt with all cases where both A and
B are L or R.

Case (R,RR): Here we have XY = ZY in normal form as

Ty Tp- 5723_1"' Zk—2?

where 2z R e L 2.1 R f and (2x_2, f) is not basic. But this gives that zp_o =€ L 2,1, a
contradiction.
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Cases (R,LR), (R,RL), (R, LL) similarly do not occur.

We remark that, in view of symmetry, we have now dealt with all cases where one of A or
Bis N,<,>or R.
Case (L, LR): Here we have XY = ZY in normal form as

Tlf_n?zz_l —Zk—17

where e Lz, and e L z; R f and (z;_1, f) is not basic. But this gives zx_1 =z, L e L z, a
contradiction.

Case (L, LL): In normal form XY = ZY is

where e L x,, and e L 2. R f L z_1. We must have z,_1 = f R z;, a contradiction.
Case (L,RL): Here we have XY = ZY in normal form as

Tl T f=Z1 morx_y-w_n?:ZT“' Zk—17

where eLx,, and 2z R e L 21 R f L z._o or zz R e L z;,_1. The first case gives us
2k = [ R z,_1, a contradiction. The second case leads to Ty -+ %, = Z1---Zr_1, and so as
z R e we have

Xe=7,--T,€=72- " Zp_1€=72 -2, € = J€.
Case (L, RR): Here we have XY = ZY in normal form as
Ti-Tn f=7Z1 Zia |

where ¢ £ x, and z, R e L z,1 R f with (2;_2, f) not basic. But this gives z,_o =
rp, L e L z,_1, a contradiction.

We remark that, in view of symmetry, we have now dealt with all cases where A or B is
N,<,> Ror L.
Case (RR,RR): Here we have XY = ZY in normal form as
T Tna =7 Tz |
where z, R e L z,1 R fand 2z R e L z_1 R [ with (z,_2,f) and (2x_2, f) not ba-

sic. Since E = E(S) for a semigroup S, and idempotents of (group) H-classes are unique,
Tn L el zp 1,01 R fR 21 gives us x,_1 = 2;_1. Uniqueness of normal forms gives

Ti + Tpg =721 Zk—2, SO T1 " Tp_1 = 21" 2k—1, and
Xe=o,-- T, 1€=721---Z_1 €= ZE.
Case (RR,LR): Here we have XY = ZY in normal form as
T Tea f=F0 T f

where z, Re Lz, 1 R fand e L z R f with (z;_1, f) not basic. Similarly to Case (RR,RR)
we deduce that z,,_; = z;,. Also, notethat 77 --- T,,_a = 21 -+ + Zk—1, SO T1 " Tp_1 = 21°* " Zks
giving Xe =217, 1€=72,--- 2, € = Ze.

Case (RR,LL): Here we have XY = ZY in normal form as
Tl Tz [=F T

where z, R e L z,_1 R f and eL 2R f L z,_1. But this implies that z,_; = f R 2, a
contradiction.
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Cases (KR,K'L) for K,K' = L or R: These cases are entirely similar to Case (RR, LL).

We remark that, in view of the duality, we have now dealt with all cases where A or B is
N,<,>,R,Lor RR.

Case (LR, LR): Here we have XY = ZY in normal form as

X1 SL’n—lf:Z_l"' zk—l?

where e £ x, R f and e L 2z, R f. Again, this implies x,, = zx. AST1 " Tp_1 =21 Zk_1
by uniqueness, we have 77 --- T, =21 --- Zx, and so X¢eé = Ze.

We remark that, in view of symmetry and earlier remarks, we have now dealt with all cases
where Aor Bis N,<,> R,L,RR or LR.

Case (LL,LL): Here we have XY = ZY in normal form as

T1° " Tp_1 :Zl"'m
where e Lz, R f Lx, 1 and e Lz R f L z;,_1. This implies z,, = zx, so X = Z and the case is
done.
Case (LL,RL): Here we have XY = ZY in normal form as

T T i =F - B fOr T Ty i = T

wheree Lx, R f Lx,_1,and 2, R e L 2,1 with (zx_1, f) not basic, or zx Re L zx_1 R f L 2.
In the first case, we have x, 1 = f R z,, a contradiction. In the second case x,, = z;_1, SO
Ty Tp_1 Tnp =21 Zk—2 2k—1 and

=21 Zk—2 Zp_1 €= Ze.

5

We are left with one case remaining.
Case (RL,RL): Here we have XY = ZY in normal form as

T1 - Tpa=21""" Zpa OL Ty " Tpn_1 f=Z1"" Zhc1 [

—_

or

=T_1"'$n—2221"'Zk—lfOTfE_l"'l'n—lf:Z_l"'Zk—2
where x, Re L1, 1 R fLxpoand zp Re L 2,1 R f L 2o, or x, R e L x,_1 and
2 Re L zgq,orxy, ReLax, 1 RfLZXZ, oand zx R e L z,_ 1,or:)3n726£:vn1and

2k Re L zp1 R f L zx_o. Familiar arguments give that in the first two cases 77 --- 7,1 =
Z1--+ Zr—1 and then Xe = Ze, and the second two cases lead to contradictions. O

We remark that if E is a biordered set with trivial basic products, then Theorem 3.2
immediately tells us what are the R*- and L*-classes in IG(F). For e € E the R*-class of € is

{eeg---e,:m>0,e;, e ;1 <i<m,e e - &, is in normal form}
with L£*-class of € being defined dually.

Example 3.3. [2, Example 2] Let Y = {e, f,g} be the semilattice with e, f > ¢ and e, f
incomparable. Then IG(Y') is not regular.



14 YANG DANDAN AND VICTORIA GOULD

Proof. First, we observe that

IGY)={e. f,g.(e )".(fe).(e /)" e (fe)" f: neN}L
It is easy to check that for any n € N, (e r e IG(Y) is not regular, as for any w € IG(Y),
(e f)"w(e f)" = g if w contains g as a letter; otherwise (¢ f)"w(e f)" = (e f)™ for some
m > 2n € N. Therefore, IG(Y') is not a regular semigroup. O

On the other hand, by Theorem 3.2 we have that IG(Y') is an abundant semigroup. Fur-
thermore, the R*-classes are

{e,(e )", (e flre: neNL{f,(fe),(fe)" f: neN} {7}
and the L£*-classes are
{e.(fe),(ef)re: neNL{f, (e /)",(fe)" f: neN} {7}
Note that we have
D'=LoR*"=R"oL"

in IG(Y), and there are two D*-classes of IG(Y'), namely, {g} and IG(Y) \ {g}, the latter of
which can be depicted by the following *-analogue of a traditional egg-box picture:

eef)elef)
(f e f(ferf

We commented earlier that if B is a rectangular band then it has trivial basic products, and
so IG(B) is abundant by Theorem 3.2. In fact it is well known [18, Theorem 6.4] that IG(B)
is what is known as a completely simple semigroup, which immediately tells us it is regular
and further, that for any element eye; --- €, € IG(B) we have that e Reje; -+ €, Le,. In
addition, Pastijn shows that the maximal subgroups of IG(B) in this case are free groups and
determines their rank.

3|~

o | oI

Corollary 3.4. Let B be a semilattice Y of rectangular bands B,, o € Y. Then for any
x1, Ty € By, we have Ty RTy -+ Ty, LT, in IG(B). Consequently, Ty -+ T, is a reqular
element of IG(B).

Proof. 1t is clear from the presentations of 1G(B,) and IG(B) that there is a well defined
morphism

1 IG(B,) — IG(B), such that 2 ¢ =&
for each e € B,. It suffices to recall that 1) preserves Green’s relations and use the remark
preceding the corollary. O

We now characterise those bands such that the corresponding biordered sets have trivial
basic products.

Proposition 3.5. The following conditions are equivalent for a band B =,y Ba:

(1) the biordered set B has trivial basic products;
(2) forall o, €Y with > a, u € B, and v € Bg, we have uv = vu = u;
(3) for alla €Y and e € B,, the subsemigroup eBe = {e} UlJ,_,, Bs-
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Proof. Suppose that (1) holds. Let u € B, and v € Bg where 5 > a. It is clear that u £ vu<gv
so that (vu,v) is a basic pair, but vu is not D-related to v. From a comment at the beginning
of the section, we deduce that vu < v, so that vuv = vu. Dually we obtain vuv = uv R u, so
that w = uv = vu and (2) holds.

The implication from (2) to (1) is clear from the structure of B as a semilattice of rectangular
bands. The equivalence of (2) and (3) is immediate. O

In view of Proposition 3.5, a zero-direct union of bands with trivial basic products has
the same property. Subsemigroups of the form eBe in Proposition 3.5 are known as local
subsemigroups; thus if B has trivial basic products then the local subsemigroups are as large
as possible. Such bands form a rather restricted class, since if & = v where 8 # « # +, then
we must have that B, is trivial. To see this, choose any e € Bg, f € B, and g € B,. Then
efg =g = gef sothat g = ef. If B is normal, then to have trivial basic products is equivalent
to B, being trivial for all non-maximal o € Y. We also note that any band B with trivial basic
products lies in the variety of regular bands, that is, it satisfies the identity xyxzzx = zyzx. To
see this, let z € B,,y € Bg and z € B,. If a = afy, clearly zyzrzex = v = zvyzz. Otherwise,
a > afy and

xyxze = x(yxz)(yxz)r = zyr(zyzr)ze = vy(zyx)ze = (xyzy)rze = xyzyze = Tyza.

4. FREE IDEMPOTENT GENERATED SEMIGROUPS OVER BANDS

Our aim here is to investigate the general structure of IG(B) for an arbitrary band B. As

is our convention, we may assume without comment that B = |J B, is a semilattice Y of
acY
rectangular bands B,,a € Y. We prove that for any such B, the semigroup 1G(B) is weakly

abundant with the congruence condition. However, we demonstrate a band B for which IG(B)
is not abundant.

Lemma 4.1. Let S and T be semigroups with biordered sets of idempotents U = E(S) and
V = E(T), respectively, and let 0 : S — T be a morphism. Then the map from U toV defined
by € — ef, for all e € U, lifts to a well defined morphism 6 : 1G(U) — IG(V).

Proof. Since 6 is a morphism by assumption, we have that (e,_f) is a basic pair in U implies
(e, f0) is a basic pair in V, so that there exists a morphism 6 : IG(U) — IG(V) defined by
el =ef, forall e cU. O

Let B be a band. The mapping 6 defined by
0:B—Y r— «

where © € B,, is a morphism with kernel D. Applying Lemma 4.1 to this #, we have the
following corollary.

Corollary 4.2. The map 0 : 1G(B) — 1G(Y') defined by
@ T =01 - T
is a morphism, where z; € By, for all i € [1,n].

To proceed further we need the following definition of left to right significant indices of
elements in IG(B).
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Letzy--- 7, € BT with x; € B,,, for all 1 <4 <n. Then a set of numbers
{i1,---,ir} C[1,n] with 4, <--- <,

is called the left to right significant indices of Ty - - - T, if these numbers are picked out in the
following manner:

11 : the largest number such that aq, -, a;, > iy

ky : the largest number such that o;, < oy, 41, , Qg

We pause here to remark that o, , ax, 1 are incomparable. This is because, if a;, < ay,+1, then
we add 1 to ki, contradicting the choice of ky; and if o, > ay, 41, then aq, -+ gy, -+ o, >
oy, +1, contradicting the choice of 7;. Now we continue our process:

19 : the largest number such that ay, 11, -, a4, > qyy;
ko : the largest number such that a;, < ay,, iyr1, -, Q.

i, : the largest number such that ay, 11, -+, 0, > o, ;
k. = n: here we have o;, < o, 41, , . Of course, we may have ¢, = k, = n.

Corresponding to the so called left to right significant indices iy, - - ,,, we have
Qiy, oo, €Y.

We claim that for all 1 < s <r—1, a;, and o;_,, are incomparable. If not, suppose that there
exists some 1 < s < r — 1 such that «;, and «;_, are comparable. If o, <« then o, <

Qg1 as o, < o, 11, a contradiction; if a;, > ., then o, < a4 06 -1, 0k, 41
with ko = 0, contradicting our choice of i5. Therefore, we deduce that @;, --- @;, is the unique
normal form of @y --- a5 in IG(Y).

We can use the following Hasse diagram to depict the relationship among aq, -+, a, :

- Qg1 Qg1 s Ay Oy g1 - - Qg 1 cee Q41+ QA
gy am s Oy

Dually, we can define the right to left significant indices {l1,--- ,ls} C [1,n] of the element

Ty :z_n€§+, where [y < --- < l;. Note that as @;, --- @;, must equal oy, --- a_lsin§+,

we have r = s.

Lemma 4.3. Let 71+ Ty € B with a; € B, for alli € [1,n], and left to right significant
indices iy, -+ ,i,. Suppose also that Ji- -+ Ym € B with yi € By, for alli € [1,m], and left to
right significant indices ly,--- ,ls. Then

T Tn =i Um
in IG(B) implies s =1 and oy, = By, -+, 04, = By,
Proof. Tt follows from Corollary 4.2 and the discussion above that

O @ = @=P1 - Bu=DB - B

in IG(Y'). By uniqueness of normal forms, we have that s = r and o;;, = 5, , o, = f;,. O
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In view of the above observations, we introduce the following notions.

Let w =77 -7, be a word in B with z; € B,,, for all i € [1,n]. Suppose that w has
left to right significant indices i1, - - , .. Then we call the natural number r the Y -length, and
Q-+, the ordered Y -components of the equivalence class of w in IG(B).

In what follows whenever we write w ~ w’ for w,w’ € §+, we mean that the word w’ can
be obtained from the word w from a single step — or its reverse <— as in Lemma 2.7. We
interpret € and € as added identities.

Lemma 4.4. Let T; --- T, € B with left to right significant indices i1,--- ,1i,, where
x; € By, foralli € [1,n]. Letyi -+ Um € B be such thatyp -+ Y ~ T1 -+ Tn, and suppose
that the left to right significant indices of Yy -+ Um are j1,---,Jr. Then for all I € [1,7], we
have
in IG(B) where y;, = v'z;u and one of the following holds: (i) v = u = ¢; (ii) u = € and
u' € B, for some 0 > «,; (ii) v = ¢ and u € By for some § > «y,; or () u' = ¢, u =y,
and there exists v € By for some 0 > «;, such that vu = u and uv = z;,.

Proof. Suppose that we split z;, = ef for some k € [1,n], where ef is a basic product with
e € B, and f € B;, so that ay = p7. Then

Ty - - x_an_l xk—léka-i-l e Ty =Yy vt U -

If k <, then clearly y;, = x;, and

yl e y_‘]l:x‘_l e xk—léka—l—l”' x_ll:x_l e x_il’

so we may take u = u' = ¢.
Suppose that k = 4; and so u7 = «,. If © > 7, then y;, = f and again

T Ty, =T "'fil—léfzf_l T,
Asz, =ef L f,wehavey,, = f = fx;. Putu =y, and u = €. Note also that x;, = ef = ey;,.
On the other hand, if p < 7, then y;, = e. As ef is a basic product, ef =e =z;, or fe =e.
We first consider the case where ef = e = z;,. Here
and y; = e = x;, so that we may take u = v’ = . The other situation is where fe = e. Here,
as rxy = ef R e and e = efe,

Vi Y;, =T Ty—1 € =Ty Tpaefe=a7 - T;, €

and y;, = x;e where fe = e; we put v’ = ¢,u = e and v = f to satisfy the conditions of the
Lemma. We also note that

T Ty =T Tppef =Ty« Ty € f=T1 - 7 f
and z;, = y;,f.

Finally, suppose that k& > ¢;. Then it is obvious that j; = 4;, x;, = y;, and

l

Ui Yy, =T1 - TG,

so again we take u = u' = ¢.
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We now remark that at each stage of the argument we have shown that, not only is zy --- @3,
a left factor of y1 --- 7, but also the dual conditions hold for §; --- ¥;, to be a left factor of
1 -+ T;, . Thus the lemma is proven. O

It follows immediately from Lemma 4.4 that

Corollary 4.5. Suppose that y1 -+ Um = T1 -+ Tn, € IG(B) with left to right significant
indices ji,- -+, jr and iy, -+ i, respectively, and suppose x; € By, for alli € [1,n]. Then for
alll € [1,7], we have
in IG(B) where yj;, = ul, - -ujwyus - -ug, and for all t € [1,5)], one of the following holds:
(i) uy = uy = ¢€; (i) uy = € and u, € By, for some o > «,; (i) u; = ¢ and u; € By for
some 0 > ay,; or () uy, = ¢, uy € B, and there ezists v, € By, for some 0, > o, such that
Vyly = Uy

Consequently, 71 -+ §J;; R @1 -+ Ty in IG(B) and henceyy -+ y;, R x1 -+ w;, in B.
Proof. The proof follows from Lemma 4.4 by finite induction. O

Note that the duals of Lemma 4.4 and Corollary 4.5 hold for right to left significant indices.

From Lemma 3.1, we know that if B is a semilattice or a rectangular band, then every
element in IG(B) has a unique normal form. However, it may not be true for an arbitrary
band B, even if B is normal.

Example 4.6. Let B = B(Y; B, ¢,..) be a strong semilattice Y = {a, 5,7,0} of rectan-
gular bands B, i € Y (see the figure below), such that ¢, g is defined by ag.s = b, the
remaining morphisms being defined in the obvious unique manner. It is easy to see that a
pair (u,v) is basic if and only if u € B,,v € B, where n, v are comparable in Y.

B, [a]

7N

Bs [d]B

NS

Bs
By an easy calculation, we have ca = c(ag,p) = cb = b and so
cd=cad=ctad=cad=0bd
in IG(B), showing that not every element in IG(B) has a unique normal form.

Lemma 4.7. Let 77 --- @, € 1G(B) with x; € B,,, for alli € [1,n], and let y € Bg with
B < ay, for alli € [1,n]. Then in IG(B) we have

Ty o T Y=T1 TpYTp - X1 - T 1TpYTnThn_1 TplYTy Y

and

YT1 oo Ty =Y DYT1 Tp01YT1T2 -+ Ty T1YT1 " Ty

Proof. First, we notice that for any = € B,,y € Bs such that o > 3, we have yz R y, so that
(y,yx) is a basic pair and (yx)y = y. On the other hand, as (yx)z = yx, we have that (z, yx)
is a basic pair, so that

TY=7 (yr)y=Tyry=7ryz y.
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The first required equality follows from the above observation by finite induction. The second
is dual. U

Corollary 4.8. Let B = B(Y; By, ¢a,8) be a normal band and let 77 --- @, € 1G(B) be
such that x; € B,,, for alli € [1,n]. Lety € Bz with B < ay, for alli € [1,n]|. Then in 1G(B)
we have

Ty - x_ny:xl(bal,ﬁ xn(ban,ﬁ y
and
YTy - z—n:yajlqgalﬁ fEnﬁban,ﬂ

Corollary 4.9. Let B = |,y Ba be a chain Y of rectangular bands B,, o € Y. Then
IG(B) is a reqular semigroup, and hence a chain of completely simple semigroups.

Proof. Let uy --- W, be an element in IG(B). From Lemma 4.7 it follows that w7 --- @, can
be written as an element of IG(B) in which all letters come from B.,, where 7 is the minimum
of the ordered Y-components {ay,- -+ ,a,}, so that uy --- @, is regular by Lemma 3.4. [

Notice from [3] that if B is left or right seminormal the subgroups of IG(B) in Corollary 4.9
are certainly free (see Section 6).
Given the above observations, we now introduce the idea of almost normal form for elements

in IG(B).

Definition 4.10. An element @y --- T, € B is said to be in almost normal form if there
exists a sequence

1<y <te < <41 <n
with
{@1,- 25, } € Bays AZiy11, -+ Ty} € Bagy -+ {41, T} C Ba,
where a;, vy are incomparable for all i € [1,r —1].

The reader should note that a word being in almost normal form does not imply that it
is in normal form, for we do not insist in the above expression that the pair (x;, x;41) is not
basic for z;,z;41 € By, 1 <4 < r. On the other hand, an element in normal form need not
be in almost normal form. For example, if z € B,,y € Bz with a >  and (x,y) not a basic
pair, then T is in normal form but not almost normal form.

It is obvious that the element z7 --- ¥, € B" above has Y-length r, ordered Y-components
ai, -+, ap, left to right significant indices 74,19, ,4,_1,7, = n and right to left significant
indices 1,77 +1,--- ,%,_2 + 1,4,_1 + 1. Note that, in general, the almost normal forms of
elements of IG(B) are not unique. Further, if 77 --- T, = 71 -+ ¥, are in almost normal
form, then they have the same Y-length and ordered Y-components, but the significant indices
of the expressions on each side can differ.

The next result is immediate from the definition of significant indices and Lemma 4.7.

Lemma 4.11. Let B be a band. Then every element of IG(B) can be written in almost
normal form.

We have the following lemma regarding the almost normal form of the product of two almost
normal forms.
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Lemma 4.12. Let7y --- T, € IG(B) be in almost normal form with Y -length r, left to right
significant indices iy, -+ , i, = n and ordered Y -components aq, -+ , o, let g+ Y € 1G(B)
be in almost normal form with Y -length s, left to right significant indices l1,--- ,ls = m and
ordered Y -components (1, -+, Bs. Then (with ig = 0)

(i) . and By incomparable implies that T1 -+ T;. Y1 -+ Gi. 1S in almost normal form;

(i) o, > Py implies

xl...x_itxit+1...xiry1xir...xit+1 e mm e y_ls
is an almost normal form of the product Ty - T;. Y1 -+ Ui., for some t € [0, — 1] such that
Qpy -y urg > By and t =0 or oy, B1 are incomparable;

(1) o, < Py implies

Ty Ty BT YL Y T YT Y Yl Yl
is an almost normal form of the product Ty --- @, 71 --- Ui, for some v € [1,s] such that
ap < Pi,++, By and v =8 or By41, o, are incomparable.

Proof. Clearly, the statement (i) is true. We now aim to show (ii). Since «,. > 31, we have

Tip_q+1 " Tip Y1 = Tjp 41 Ti, Y1Ti, - Tip 441 L3, Y1Ti, Y1

by Corollary 4.7. Consider «,_; and (1, then we either have «a,_; > [; or they are incom-
parable, as «a,_; < (8 would imply «, > «,_1, which contradicts the almost normal form of
T1 -+ ;. By finite induction we have that

Ty Ty, Tipg1 - Ti U1ds, — Tiy1 -+ Tihde, U1 - UL
is an almost normal form of the product T7 --- 7, 77 -+ Ui, for some t € [0,r — 1], such
that ., -+, 411 > 1 and t = 0 or ay, f; are incomparable. Similarly, we can show (iii). O

Theorem 4.13. Let B be band. Then 1G(B) is a weakly abundant semigroup with the
congruence condition.

Proof. As usual, we let B be a semilattice Y of rectangular bands B,,a € Y. Let x_l < Xy €
IG(B) be in almost normal form with Y-length r, left to right significant indices 1, - - - , 4, = n,
and ordered Y-components aq,--- ,«,. Clearly 7y 77y --- T, =71 --- T,. Let e € 35 be such

thatexy --- T, = %1 -+ Tp. By Corollary 4.2, applying , we have that § ag --- @, =
ay -+ a,. It follows from Lemma 3.1 that 0 > a4, so that by Corollary 4.5 we have

€1+ T4y ny-wil.

On the other hand, z; - - - x;; R x; so that ex; R x;, and we have x; <g e. Thus € 77 = ez7 =

Z1. Therefore 77 -+ T, R T7. Dually, 71 --- T, L T,, so that IG(B) is a weakly abundant
semigroup as required.

Next we show that IG(B) satisfies the congruence condition.

Let 77 -+ T, € IG(B) be defined as above and let g7 - 7, € IG(B) be in almost normal
form with Y-length u, left to right significant indices [y, - - - ,l, = m and ordered Y-components
Bi,- -, By. From above and Lemma 2.3, we have 7y --- @, R Y1 --- U, if and only if 77 R 77.
Since the biorders in IG(B) and B are isomorphic, the latter is equivalent to x; R y; in B.
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Suppose now that x; R yi, so that a; = f1. Let Z1 -+ Z; € IG(B), where, without loss of
generality, we can assume it is in almost normal form with Y-length ¢, left to right significant
indices ji,---,J;: = s, and ordered Y-components vy, --- ,7;. We aim to show that

21t Zg Xy :L’_nRZl cee Zg yl e ym
We consider the following three cases.
(i) If oy = (1,4 are incomparable, then it is clear that

Z] +cc 25Ty - Tpand Z oo Zo YL Um

are in almost normal form, so clearly we have

(ii) Let f; = a3 < ;. By Lemma 4.12

21 Zs T T, = 1"'Zj/uZj/u—i-l"'zsl’lzs"'zjv-l—l"'Zszlzsx_l"'x_n
and
2 ZS UL Um =Z1 v %y Zjuil ZsUlZs Zjuil tcc ZsUiZs ULt Um
where v € [0, — 1], Vyg1,- -+, % > a1 = B1 and 7, /1 are incomparable or v = 0. Note that

the right hand sides are in almost normal form.
If v > 1, then clearly the required result is true, as the above two almost normal forms
begin with the same idempotent. If v = 0, then we need to show that

Zl o .. ZS']:IZS oo Zl R Zl DR Zsylzs DR Zl'
Since x1 R 1, it follows from the structure of B that
21025012521 Rz 2500 R ozie 291 R z1 - 21260+ 21

as required.
(iii) Let f = a1 > ;. By Lemma 4.12

Z{ v Zs Ty ccc Ty =Z1 0 Zs T1ZsTL 0+ Tip o T1ZsT1 Tip Tiggl 00 Tn
and
o Z YL Ym =20 Zs EYL Y Y EYL Y, Yt YU
where k € [1,7], a1, -+ ,ax > 71, and ag41,71 are incomparable or k = r, and p € [1,u],
Bi, -+, Bp > 7, and B,41,71 are incomparable or p = u. Clearly, the right hand sides are in

almost normal form, so that

Similarly, we can show that Lisa right congruence, so that IG(B) is a weakly abundant
semigroup satisfying the congruence condition. This completes the proof. U

We finish this section by constructing a band B for which IG(B) is not an abundant semi-
group.
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Example 4.14. Let B = B, U BgU B, be a band with semilattice decomposition structure
and multiplication table defined by

B, @ @Bﬁ
N /

la bz y
bly b = vy 7
rlx y oy
yly vz y

First, it is easy to check that B is indeed a semigroup. We now show that IG(B) is not
abundant by arguing that the element @ b € IG(B) is not R*-related to any idempotent of
IG(B). It follows from the proof of Theorem 4.13 that @ b R a@. However, @ b is not R*-related
to @, because

Tab=g=gyabbutTa=7T#7 =7 a.
From Lemma 2.4, @ b is not R*-related to any idempotent of B, and hence IG(B) is not an
abundant semigroup.

5. CONDITION (P)

We have shown that for any band B, the semigroup IG(B) is always weakly abundant with
the congruence condition, but not necessarily abundant. We know from Theorem 3.2 that if
B has trivial basic products, then IG(B) is abundant. This section is devoted to finding some
further special kinds of bands B for which IG(B) is abundant. As a means to this end we
introduce a technical condition.

Definition 5.1. We say that the semigroup 1G(B) satisfies Condition (P) if for any two
almost normal forms gy -+ U, =01 -+ Uy € IG(B) with Y-length r, left to right significant

indices i1, -+ i, =n and ly,--- , 1, = m, respectively, the following statements (with iqg = lyg =
0) hold:

(i) w;, L v, impliesuy ---u;, =01 --- Uy, for all s € [1,r].

(1) w41 R vy41 tmplies W41 -+ Up = V31 -+ Um, for allt € [0,7 — 1].

We immediately show one case where Condition (P) is guaranteed to hold.

Lemma 5.2. Let B be a band with trivial basic products, and let Ty -+ Tp, Y1 - Um €
IG(B) have left to right significant indices iy, - -+ i, and ji,- -+ , j,, respectively. If Ty -+ T, =
Ui -+ Um, then foranyl € [1,r], Ty -+ T, =71 - Y;. Of course, B satisfies Condition

(P).

Proof. 1t follows from Proposition 3.5 that a band with trivial basic products is just a band
B =J,ey Basuch that for all o, f € Y with 8 > a, v € B, and v € Bg, we have uv = vu = u.
Suppose that x; € B, for all i € [1,7]. It is enough to consider a single step, so suppose that

xl e l'_nwm e ym

By Lemma 4.4, for any [ € [1,r], we have
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and y;, = u'z;u, where u and v’ are defined by various cases as exhibited in Lemma 4.4. In
each case T;; U = T;,, either trivially, if u = ¢, or because x;u = x;, is a basic product in B,

andsoyy -+ Y;, =T1 - Ty, O

More examples of bands satisfying Condition (P) will be given later in this section. However,
it is a consequence of our results and Example 6.5 that not every band has Condition (P), in
particular, not every normal band has Condition (P).

Proposition 5.3. Let B be a normal band for which 1G(B) satisfies Condition (P). Then
IG(B) is an abundant semigroup.

Proof. Let 71 --- T, € IG(B) be in almost normal form with Y-length r, left to right sig-
nificant indices 4y,---,i, = n, and ordered Y-components ai,---,a,. By Theorem 4.13,
T7 -+ T;, R 1. We aim to show that 77 --- 7;  R* 77. From Lemma 2.5, we only need
to show that for any two almost normal forms g7 -+ ¥, 271 -+ Z, € IG(B) we have

Suppose that 77 --- ¥, has Y-length m, left to right significant indices Iy, ---,ls = m,
and ordered Y-components [y, -, s, and Z; --- Z, € IG(B) has Y-length ¢, left to right
significant indices jq,--- ,j; = h, and ordered Y-components 7y, -, V.

Assume now that
(it will be convenient to use the indices i,, ls, j;). We consider the following cases, the remainder
following by considerations of duality.

(i) If v, aq and S, o are incomparable, then both sides of the above equality are in almost
normal form, so that by Condition (P)

Z_l e Z_]tl’_l P l’_“:m e yls xl e :L'_Zl
Since 77 - -+ T;; R @1 by Corollary 3.4, we have z1 --- Z;, T1 = U1 - Ui, 21
(ii) Suppose now that v, < ay and f,, a; are incomparable. By Lemma 4.12, 27 --- Z;, 77 -+ - T;,

has an almost normal form

21 v th xlzjtxl xiu...xlzjtxl...xiv xiu‘l’l x_ira
for some v € [1,r], where 74 < oy, ,a, and v = r or ¥, a,+1 are incomparable. Hence we
have
Z_l e Z_jtxlzjtl'l . xiv...xlzjtl’l...ziv :I:iq,-i-l P x_“:m e y_hz_l . 517—270

Note that both sides of the above equality are in almost normal form. It follows from Corollary
4.2 that

(2_1 v Zj, T1Zj,01 v Ty T1Z5,81  Tiy Tigrl - x—ir)ez(% e YL T e 36—%)9
and so
Ao Y Oyt e a,=p1 -+ Bsaqg - Q.
Since v > 1, we have v; = a,,. To avoid contradiction, v = 1,

and hence by Condition (P)

Z_l P Z_jtl'lzjtl'l P l’il...xlzjtl’l...l’il f—

=
=
G
B

As v = ay,

Zl e th :I:1 e x’h:m e yléx_l e :I:il
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sothatzy -+ Z;, T =71 -+ Ui, Z1.
(iii) Suppose that v, < oy and fs < ;. By Lemma 4.12 we have the following two almost
normal forms for zy --- Z;; 7 --- T,  and Yy --- Y, T1 - -+ T, namely,
Z1 ccc Zj, T1Z5 @1 Tiy X125, X1 Tiy Tigt1 0 iy
where v € [1,r] such that 7 < aq,---,a, and v = r or 7y, a,, 41 are incomparable, and
VI o Ui TOULTL ccc Ti, o TYLEL - Ti, Tigl ccc Tio
where v € [1,r] with 85 < aq,---,a, and u = r or (s, a1 are incomparable. Hence by

Corollary 4.2,
If v > u, then v = o, so to avoid contradiction v = 1. But then u < 1, again contradiction.

Similarly, v < u is impossible. We deduce that v = u, and so t = s and [, = ;.
We have

T125,21 = zl¢a1;¥t = xl¢o¢1ﬁs = 1Y, 1

Ti, * 125,01 Tiy = Ty Payye = Ty P B = Ty TIYL, L1~ * Ty
By Condition (P) we deduce

Zl e Z_jtl’lzjtxl e ‘Ti,u"'flzjtxl"'xiv :m N yls 1’1'3/135171 “ e xiu...xlylsl’l...xi

On the other hand, we have

w*

xlzjtxl xiv...xlzjtl'l...l’iv :l’lylsxl xiu...l'lylsxl...xi

u

which by Lemma 3.4 is R-related to Z1z;,#1 in IG(B,,) and hence in IG(B). It follows that

Z1 vt Zj, 125,01 = Y1 v Y, T1Y, T,

and so

Z1 v Z_jtx_lzm e yls 7.

(iv) Suppose that 7, < ay and 85 > ;. By Lemma 4.12 we have the following two almost

normal forms for zy --- Z;; 77 --- T;, and Yy --- Y, Ty --- Ty, namely,
Z1 v Zj, T1ZT1 0 Tgy o T125,T1 Tq, Tigr1l tc T

for some v € [1,7] with 7, < aq,--- ,a, and v = r or 7y, a,41 are incomparable, and
m"'%ylu-i-l"'ylsi'flyls"'ylu+1 m:r_l x_lr

for some u € [0, s — 1] with .41, -+, s > aq and B, ag are incomparable or v = 0. It follows

from Corollary 4.2 that

Note that both sides of the above equality are normal forms of IG(Y). As v > 1, we have

V& = Qy, so that to avoid contradiction we have v = 1 and then z;, - - - 212521 -2, = @,
Hence by Condition (P)

Zl DR Z‘]t

xlzjtxl o e xilu.-xlzjtxln.-xil

=Yr Yy Ylutr YLTIY Ykt 0 YTl T Ty
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and so

Z_l th :1;1 xilz 1...yls :1;1 xil’

which implies z1 -+ Z;, T1 = y1 - - Y1, T1.

(v) Suppose that v, > a1 and S5 > a;. By Lemma 4.12 we have the following two almost

normal forms for zy --- Z;; 77 --- T,  and Yy --- Y, T1 - -+ T;,, namely,
1T Tl 212 Zjetl c ZpEiZg, Tt Tiy o T,

for some v € [0,t — 1] such that v,41,- -+, % > oy and 7,, a1 are incomparable or v = 0, and
YU Uy Yt YTl Y1 - Y Tali, Tooc e Ty oo T,

for some u € [0,s — 1] such that B,.1, -+, 085 > a1 and (,,«; are incomparable or u = 0.

Hence by Condition (P),

Z_l...zjv Zju+1.'.zjtxlzjt.'.zjv+1 PP mx_l PP x_“
:%% Yo,+1 Y1, 00Y15 - Y +1 7 Yi, LY Ty - Liy s
so that
and hence z1 -+ Z;, Ty = Y1+ - Y, T1.

(vi) Suppose that 7, > ay and S, «; are incomparable. By Lemma 4.12

212y Zgerl 2Ty, Zjetl t ZpT1Zj, T v Tiy ccc Tg = Y1 Yl T v Tay e T,

T

for some v € [0,t — 1] with y,41,- -+, % > a1 and 7,, o) are incomparable or v = 0. Note that
both sides of the above equality are in almost normal form. Again by Condition (P)

212, Zgorl ZnT1Zg, Zjetl t Zp@iZ, T1 v Ty =it Y T1 ccc Ty
so that
and hence z1--- Z;, Ty = Y1+ Ui, T1.
From the above case-by-case analysis, we deduce that z7 --- Z;. R* 77, and similarly we
can show that 77 --- T;, L£* T;, so that IG(B) is an abundant semigroup. O

We now aim to find examples of normal bands B for which IG(B) satisfies Condition (P),
so that by Proposition 5.3, IG(B) is abundant.

A band B = |J ¢y Ba is called Y-basic if it is a semilattice Y of rectangular bands B,,
a € Y, where B, is either a left zero band or a right zero band. Any left or right regular
band (that is, where every B, is left zero, or every B, is right zero) is Y-basic, but the class
of Y-basic bands is easily seen to be larger. We now justify the terminology.

Lemma 5.4. Let B = (J,cy Ba be a band. Then B is Y -basic if and only if it has the
property that for any e € B, and f € Bg the pair (e, ) being basic in B is equivalent to the
pair (a, B) being basic in'Y, that is, to a and [ being comparable.
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Proof. Suppose that B has the given property on basic pairs. For any a € Y fix e € B,; since
(e, f) must be basic in B for any f € B,, clearly B, is a left or a right zero semigroup.
Conversely, suppose that B is Y-basic. Let e € B, and f € Bg. If (e, f) is basic, certainly so
is (o, #). For the converse, without loss of generality, suppose that « < §. Then ef, fe € B,.
As B is a Y-basic band, we have B, is either a left zero band or a right zero band. If B, is a
left zero band, then e(ef) =e, i.e. ef =e, so (e, f) is a basic pair. If B, is a right zero band,
then (fe)e = e, i.e. fe =e, which again implies that (e, f) is a basic pair. O

It follows from Lemma 5.4 that for a Y-basic band B, every element of IG(B) has a normal
form, say, 71 --- T, with z; € B,, and «; and ;1 incomparable, for all i € [1,n — 1]. Notice
that in this case any normal form must also be an almost normal form. Of course, as Example
4.6 demonstrates, the normal forms need not be unique.

Lemma 5.5. Let B be a Y -basic band. Then 1G(B) satisfies Condition (P).
Proof. Let T1 -+ T, =71 -+ Um € IG(B) be in almost normal form with Y-length r, left to

right significant indices i1, -+ ,i, = n, ji,- -, j, = m, respectively, and ordered Y-components
ay, - -+, . It then follows from Corollary 4.5 that for any s € [1,r], either

and we are done, or
m .y_]‘s:aj_l “ e 1'_256_1 e %
where for all k € [1,m], e, € Bs, with 6, > ;. In this case by Lemma 5.4, we have

Tiy €1 """ €y = T, €1 Em,

s

so that if we assume z;, £ y;,, then

Together with the dual, we have shown that IG(B) satisfies Condition (P). O

Let B = B(Y; By, ¢a,3) be a normal band. Clearly B is locally small in the sense that
the local submonoids eBe are as small as they can be, that is, for e € B,, we have eBe =
{e} U{edas: a > B} = {epns: o > [}. We say that B is pliant if for every o € Y, there
exists an a, € B, such that for all 8 > o and u € Bg, we have u¢p, = aq.

Lemma 5.6. Let B = B(Y; B,, ¢a,3) be a pliant normal band. Then 1G(B) satisfies Con-
dition (P).

Proof. First note that since B is a pliant normal band, there exists a, € B, such that for any
B> aand u € Bg, upg o = Qq.

Let @7 -+ Ty =71 -+ Um € IG(B) be in almost normal form with Y-length r, left to right
significant indices iy,--- .7, = n, j1,---,Jr = m, respectively, and ordered Y-components
aq, -+, a,. Without loss of generality (excluding the trivial empty case), we may assume from
Corollary 4.5 that
such that for all k € [1, s] we have uy, € By, with 6 > «ay, so that ug@s, o, = Ga,; OF U € By,
with viu, = g, for some v, € B, such that 7, > «a;, and in this case we have aq,ur = ug,
so that a,, R ug. Thus the idempotents w1¢s, o), -+, UsPs, o, are all R-related, and so calling
upon Corollary 4.8 we have

Ty Uy - Us = l’_” u1¢61,al te u5¢6s,al = l’_” u1¢61,al te u5¢6s7061 = l’_” u5¢6s,al = l’_” Us.
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On the other hand, again using Corollary 4.5 we have y;, = wz;u; - - - us, for some w, where
w = ¢ or w € B,,. Hence, for the purposes of verifying Condition (P), if we assume that
z;, L y;, then x;, = ;u,, so that

Ti, Us = Ty Us = Ty,

Hence y1 -+ ¥; = @1 -+ Ty as required. O

As an immediate consequence of Proposition 5.3 and Lemmas 5.5 and 5.6 we have the
following result.

Theorem 5.7. Let B be a normal band that is Y -basic or pliant. Then 1G(B) is abundant.

6. A NORMAL BAND B FOR WHICH IG(B) IS NOT ABUNDANT

From Section 5, we know that the free idempotent idempotent generated semigroup 1G(B)
over a normal band B satisfying Condition (P) is an abundant semigroup. Therefore, one
would like to ask whether IG(B) is abundant for any normal band B. In this section we
answer the question in the negative by constructing a 10-element normal band B such that
IG(B) is not abundant.

Throughout this section, we will use B(Y'; B,, ¢4,5) as standard notation for a normal band.

Lemma 6.1. Let B be a normal band, and let x € Bg,y € B, with 8,7 > a. Then (z,y)
is a basic pair implies (X@p o, Ybr.a) 15 @ basic pair and

(208.0) (YPy.a) = (2Y) P50
where 0 is the minimum of 5 and 7.

Proof. Let (x,y) be a basic pair with © € Bz,y € B,. Then f3,v are comparable. If § > v,
then we either have zy =y or yx = y. If zy =y, then (z¢p.)y =y, so

y¢'y,oe = ((xQSB,’y)y)gb'y,a = (xQSB,a)(yQS'y,a)a
S0 (T¢g.a, YPry.a) is a basic pair. If yr = y, then y(x¢p.) =y, so

y¢'y,oc = (y(l'QSﬁ,»y))Cb%a = (y¢7,a)(x¢ﬁ,a)>
so that (2¢g,q, YP+.a) is a basic pair.

A similar argument holds if v > . The final part of the lemma is clear. U
Lemma 6.2. Let B be a normal band and let uy --- w, € 1G(B) with u; € B,, and a; > «
for all i € [1,n]. Suppose that vy --- v, € 1G(B) with v; € Bg, for all i € [1,m] and

Ul Uy ~T1 -+ Uy. Note that B; > «, for all i € [1,m]. Then in IG(B,) we have

ul¢o¢1,o¢ e un¢om,oe = U1¢B1,a e Um¢ﬁm@'

Proof. Suppose that u; = xy is a basic product with € Bs,y € B,, for some ¢ € [1,n]. Note
that the minimum of § and 7 is ;. Then

U Uy~ Tl TY WgT T

If follows from Lemma 6.1 that in IG(B,)

u1¢a1,a e un¢an,a = u1¢a1,a e ui—l(bai,l,a ui¢ai,a ui+1¢ai+1,a e un¢an,a
== u1¢a1,a T ui—l(bai,l,a x¢5,ay¢77,a ui+1¢ai+1,a et un¢an,a

= ul¢a1,a T uz’—lgbai,l,a 517@56,04 y¢n,a ui+1¢0€i+1,a T un¢an,a
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as required. Note that the case where the elementary transition is a contraction is similar by
symmetry of the underlying conditions.

O

The final part of the next corollary is well known [18, Theorem 6.5] and was extended to
left (right) seminormal bands by Dolinka in [3, Theorem 1].

Corollary 6.3. Let B be a normal band and let xv, -+ ,Tp, Y1, ,Ym € Bo. ThenZy --- T, =
T - Um i IG(B,) if and only if the equality holds in IG(B). Consequently, every maximal

subgroup of 1G(B) is free.

Proof. The necessity is obvious, as any basic pair in B, must also be basic in B. Suppose now

that we have

T -

in IG(B). Then there exists a sequence

T] - Tpyo~UL

Uy ~ T -

Tn=Y1 " YUm

Vg~ voe N~ o W~ Y

Note that all idempotents involved in the above sequence lie in components Bz where 5 > «,
so that successive applications of Lemma 6.2 give 1 -+ T, =71 -+ Um in IG(B,).

To see that the maximal subgroups of IG(B) are free, we recall from [12, Lemma 1] that
every element in the D-class of € is a product of idempotents that are D-related to € in IG(B)
and hence in B. Thus, if e € B,, then every element of the D-class of € is a product €7 ---€,
where e; € B,,1 <i < n. But two elements of this form are equal in IG(B) if and only if they
are equal in IG(B,). Since the latter is known to have maximal subgroups that are free [18],
it follows that the maximal subgroups of IG(B) are also free. U

We remark here that for an arbitrary band B, Corollary 6.3 need not be true.

Example 6.4. Let B = B, U Bg be a band with semilattice structure and multiplication

table defined by

~
~

I v w v w
LD W o oW W B u' | v’
ulu u w o ou w g u | w
wlw u w u w
oW o w o w
wlw o uwow d w

It is easy to check that B forms a band. By the uniqueness of normal forms in IG(Bg), we
have v/ W # w' in IG(Bg). However in IG(B) we have

gl

o/

(L
TR

(as (u/,1) is a basic pair)

(as (I, w) is a basic pair)
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With the above preparations, we now construct a 10-element normal band B for which
IG(B) is not abundant.

Example 6.5. Let B = B(Y; By, ¢u ) be a strong semilattice Y = {a, 8,7,0} of rectan-
gular bands (see the figure below), where ¢, 5 : B, — Bpg is defined by

a¢a,ﬁ =€, b¢a,6 = f7 C¢a,6 =9, d¢a,ﬁ =h

the remaining morphisms being defined in the obvious unique manner.

alb
cld

/\
\/

Ba

Considering the element € 7 € IG(B), we have

ev==edv
=edv (as (d,v) is a basic pair)
=¢ehv (ased==¢dp,s==¢h by Corollary 4.8)
=e¢hav
=ehav (as (a,v) is a basic pair)
=¢e¢hev (asha=hag.s="heby Corollary 4.8)

However, € h e # € in IG(Bg) by the uniqueness of normal forms, so by Corollary 6.3, we have
€ h e # € in IG(B), which implies € ¥ is not R*-related to . On the other hand, we have
known from Theorem 4.13 that € o R €, so that by Lemma 2.4 that € 7 is not R*-related any
idempotent of B, so that IG(B) is not an abundant semigroup.
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