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Abstract: We study a stochastic Landau-Lifschitz-Gilbert Equations with non-zero anisotrophy energy and multidimensional noise. We
prove the existence and some regularities of weak solution proved. Our paper is motivated by finite-dimensional study of stochastic

LLGEs or general stochasric differential equations with constraints studied by Kohn et al [17] and Lelievre et al [19].
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1 Introduction

The ferromagnetism theory was first studied by Weil3 in 1907 and then further developed by Landau and Lifshitz
[18]] and Gilbert [[15]. According to their theory there is a characteristic of the material called the Curie’s temperature,
whence below this critical temperature, large ferromagnetic bodies would break up into small uniformly magnetized
regions separated by thin transition layers. The small uniformly magnetized regions are called Weill domains and the

transition layers are called Bloch walls. This fact is taken into account by imposing the following constraint:
lu(t, X)lgs = 1. (1.1)

Moreover the magnetization in a domain D C R? at time ¢ > 0 given by u(t, x) € R? satisfies the following Landau-

Lifschitz equation:
du(t, x)

” = Lu(t, x) X p(t, x) — Lu(t, x) X (u(t, x) X p(t, x)). (1.2)

The p in equation (I.2)) is called the effective magnetic field and defined by

p=-V,8E, (1.3)
*Correspondence to: Department of Mathematics, University of York, Heslington, York YO10 5DD, UK. E-mail:zdzislaw.brzezniak @york.ac.uk
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where the & is the so called total electro-magnetic energy which composed by anisotropy energy, exchange energy and

electronic energy.

In order to describe phase transitions between different equilibrium states induced by thermal fluctuations of
the effective magnetic field p, BrzeZniak and Goldys and Jegaraj [9] introduced the Gaussian noise into the Landau-
Lifschitz-Gilbert (LLG) equation to perturb p and then the stochastic Landau-Lifschitz-Gilbert (SLLG) equation have

the following form:
du(r) = (Ayu(r) X p(t) — u(r) X (u(t) X p(1))) dt + (u(t) X h) o dW(2), (1.4)

where h € L®(D;R?). Their total energy contains only the exchange energy %HVL{HLz, and hence their equation has the

following form:

du(t) = (Qulr) X Au(t) — Lu(r) X (u(?) X Au())) dr + (u(t) X h) o dW(?),
%u(t,x) =0, t>0,x€dD, (1.5)

u(0, x) = up(x), x € D.

They concluded the existence of the weak solution of (I.5)) and also proved some regularities of the solution.

There is also some research about the numerical schemes of equation (I.3)), such as Baias, BrzeZniak, and Prohl
[S], Banas, BrzeZzniak, Neklyudov, and Prohl [6], Bafias, BrzeZniak, Neklyudov, and Prohl [7], Goldys, Le, and Tran
[[L6] and Alouges, de Bouard and Hocquet [4]]. The last paper differs from all previous papers as it deals with the LLGEs
in the so called Gilbert form, see [[15] and [3]] for some related deterministic results, and with an infinite dimensional

noise (correlated in space).

In the present paper we consider the SLLG equation with the total energy & consisting of the exchange and

anisotropy energies and hence it defined as:

E) = Ean(u) + Eex(u) = f (¢(u(x)) + %IVM(X)IZ) dx,
D

where &, (1) := fD ¢(u(x)) dx stands for the anisotropy energy and &, (u) := % fD |Vu(x)|> dx stands for the exchange

energy.

Our study is motivated by finite-dimensional study of stochastic LLGEs or general stochastic differential equations
with constraints studied by Kohn et al [[17]] and Lelievre et al [19]. An essential feature of the model studies in [[L7] was
the presence of anisotropy energy (while the exchange energy was absent). So far none of the papers, apart from [10]
which treats only one-dimensional domains, on the stochastic LLGEs considered nonzero anisotropy energy. Therefore

there is a need to fill this literature gap and that is what we have achieved in the current work.

The main novelty of the current paper lies in being able to study of LLGEs with energy including the anisotropy

energy. As we have mentioned earlier, both the papers by the first named authour, Goldys and Jegaraj and by Alouges,



De Bouard and Hocquet, treat purely exchange energy. Our success was possible because we have been able to find
uniform a priori estimates for the appropriately chosen finite dimensional approximations of the full problem. This in
turn was possible because our suitable approximations satisfy equalities (I.9) and (I.9)) which lead to equation (I.TT)),
a similar one to equation (I.8) for the full Stochastic LLGEs equations. It turns out that the a priori estimates derived
from the latter equalities are exactly what is needed in order to prove the existence of a weak martingale solution to

the full Stochastic LLGEs equations.

So the SLLG equation we are going to study in this paper has the form:

du(t) = [du(t) x (Au) - Ve(u(®)))

N
—u(r) X (u(t) X (Au(t) = Ve(u®)) )] de + > (u(t) x hj) o dW,(@), e
J=1 .
g_:|r =0,

u(0) = uy,

where h; € L*(D;R*) n' W3, for j = 1,--- , N and some N € N; see Assumption

Let me describe on a heuristic level the idea of the proof. For this let us denote by M the set of all functions
u € H = L*(D;R?) such that u(x) € S? for a.a. x € D, where S? is the unit sphere in R>. Since for u € H*(D;R) N M
the H-orthogonal projection from H to 7,M is equal to the map H > z — —u X (u X (z)) € T,M, and Au — V(u) is
equal to —Vy&(u), the —H gradient of the total energy &, the second deterministic term on the RHS of (L.6) is
equal to -1,V E(u), the -gradient of the total energy & with respect to the riemannian structure of M inherited
from H. Similarly, the first deterministic term on the RHS of (I.6) is equal to —A;u X (—V&E(u)) and in particular
is perpendicular to VE(u). Note also that for each j, M 3 u — u X h; € T,,M, so that the function u X /; could be seen
as a (tangent!) vector field on M. Therefore, the the first equation of the system (1.6) could be written in the following

geometric form

N

1 N
du(t) = [diux (Vy&w) - LVuEw) + 3 ;(u X hj) x hj| dr + ; (u(r) X h;) dW(). (1.7)



Thus, on a purely heuristics level, applying the It6 Lemma, which is a generalisation of a deterministic result from [20]

or [22]}, to the function & and a solution u to (L.6)), or equivalently to (I.7), we get

d&(u(1)) AV uEW), u x (VyEw))) dt — (Y Ew), VyE(u)) dt

1 & N
+ 3 ;WMS(M), (ux hj)x hj)dt + ;(VMS(M), wx hj)dW;

1 N
+ 3 ;<V§48(u)(u X h;),u X hj)dt
= —L|VuEW)dt

1 N N
+ 3 Z(VMS(M), (ux hj) X ;) dt + ;(VMS(M), ux h;)dw;

j=1
1 N
+ 3 ;(Vi,lé‘(u)(u X hj),u X hj)di (1.8)

The above equality could naturally lead to a priori estimates but two problems. Firstly, we do not have a solution
and secondly, even if we had it, it might not be strong or regular enough for the applicability of the Itd6 Lemma. A
standard procedure is to approximate the full equation by some simpler problems. In the paper [9] we used Galerkin
approximation, in a series of works with Banas, Prohl and Neklyudov culminating in a monograph [7], we used the
finite element approximation. Here We follow the same method as used in BrzeZniak, Goldys and Jegaraj’s paper
[9] but with one important addition. We introduce, as in [9]], finite dimensional subspaces H,, of the Hilbert space H.
However, contrary to the finite element approximation used in [7]], the set M,, = M N H is usually empty and an analog
of equation doesn’t make sense. However, if &, is the energy function & restricted to H,, the gradient Vy, &, (u,)

makes sense and, by the properties of the vector product, if 7, : H — H,, is the orthogonal projection, then

<7rn[un X (un X (VH,,Sn(un)))]v VHnan(un)>H" = <[un X (un X (VH,,Sn(un)))]a VHnan(un)>H (19)
= fD (1) X [110() X (Vit, En 1)), Vi, Enttn) ()., dx

- - fD |4 () X (i1, E0 ()02 dx = =ity X (Vit, E, ),

and

(i X (Vi1,E0(10))). Vi, En(atn)), = (X (Vi1, ). Vi, Euluen)),, (1.10)

- f (1 (6) X (i, E0(n) (X)), Vi1, Entt))_, dix = f 0dx =0.
D

D



The above two equalities suggest the the correct finite dimensional approximation of equation (I.6), or (I.7), is an

equation in the spirit of the former one, i.e.

dun(t) = [/llﬂn[un X (“n X (VHnSn(“n)))] - /127Tn(un X (VH,ZSn(un)) (1.11)
N N

+ % Z 7 (rattn X ) x )] de + Z 7 (tn(2) X hj) AW

j=1

J=1

Equation (T.T1)) is nothing else but equation (3.5) or (3.11). Now, the above problem is a Stochastic Differential
Equation in a finite dimensional space H, and hence it has a unique local maximal solution u,. Applying the, now

correct, Itd6 lemma to process u, and the function &, we get an analog of identity

dEy(un(1))  + A2V, &) dt

1 N N
5 D Vi 8. (ot X ) X )y di + 3 (Vi Enut), 7oty X ) AW
j=1 Jj=1
N

+

(VB Enutn) (1t X 1)), Tty X 1)) dlt (1.12)

1
24

As a byproduct of out method, we prove that the solutions to the finite-dimensional stochastic Landau-Lifshitz-
Gilbert equations (I.TT)) converge, after taking a subsequence and modulo a change of probability space, to a solution

of the full (infinite-dimensional) stochastic Landau-Lifshitz-Gilbert equations (I.6).

In particular, our results give an alternative proof of the existence result from BrzeZniak, Goldys and Jegaraj’s
paper [10], where large deviations principle for stochastic LLG equation on a 1-dimensional domain has been studied.
Our method of using the tightness criteria, the Skorokhod Theorem and the construction of the Wiener process is

related but different from those applied to related problems in [11] and [12].

This paper is organized as follows. In Section [2] we introduce the notations and formulate the main result, i.e.
Theorem[2.6] on the existence of the weak solution of the Equation (I.6) as well as some regularities. In Section [3|we
introduce the finite dimensional approximation and prove the existence of the global solutions {u,} of the approximate
equation of (I.6). In our main technical Section 4] we prove that our solutions to the approximate equations satisfy
some a priori estimates. In Section [5| we state that the a priori estimates from the previous section are sufficient to
prove that the laws of the solutions {u,} are tight on a suitable path space. The proof of this claim is omitted since it

only a relatively simple modification of the proof of a corresponding result from [9].

In Section [] we use the tightness results and the Skorohod’s Theorem to construct a new probability space and
some processes {u,,} with the same laws as {u,} such that {1} converges a.s to a limit process «’. In Sectionwe show
that the path space from section Section [3]is small enough so that the process «’ is a weak solution to equation (L.6).

In Section [§] we prove u’ takes values in the sphere S? and so conclude the proof of Theorem 2.6}

Let us finish the introduction by remarking that all our results are formulated for D ¢ R?, d = 3, but they are also

valid ford =1 ord = 2.
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2 Notation and the formulation of the main result

Notation 2.1. Let us denote the classical spaces:
L? := LP(D;R?) or LP(D; R¥?),

Whe .= whP(D;R?), H* := HYD;R?) = W (D;R?), and V := W'2.

The dual brackets between a space X and its dual X* will be denoted x-(:,-)x. A scalar product in a Hilbert space H

will be denoted (-, -)y and its associated norm || - ||4.

Assumption 2.2. Let D be an open and bounded domain in R?> with C* boundary T := dD. n is the outward normal
vectoronI. Ay €R, A, >0, hj e L™ NWwhH3, for j=1,...,N. ¢: R3 > R* U {0} is in C* and ¢, Vo, ¢ and ¢(3) are

bounded. V¢ is also globally Lipschitz.

Assumption 2.3. We assume that (Q,F,E = (F1)0,P) a filtered probability space satisfying the so called usual

conditions, i.e.
(i) Pis complete on (Q,F),
(ii) for eacht > 0, F; contains all (7, P)-null sets,
(iii) the filtration (F)>o is right-continuous,
and that (W(t))»0 = ((Wj)?’:] (D)0 is a RN-valued, F-Wiener process defined on (Q, F,F, P).

In this paper we are going to study the following equation,

du(r) = [du(r) x (Au(r) - Vo(u(r))
N
—Aou(t) % (u(t) X (Au(t) = Ve(u(®))) )] dr + Z (u(t) X hj) o dW,(1), =0, 2.1

J=1

2l =0, u©0)=up.

Remark 2.4. Since the function ¢ : R3 — R is of C* class, it’s Fréchet derivative d.¢ : R> - R, at x € R3, can be

identified with a vector V¢(x) € R? such that

(Vo(x), y)ps = ded(y), y € R’



Definition 2.5. A weak solution of (2.I), with uy €V, is system consisting of a filtered probability space

(@', F',F,P’), an N-dimensional F’-Wiener process W’ = (W})’}’: , and an F’-progressively measurable process
W= ), Q x[0,T] - VNL®
such that for all ¥ € Cy(D; R3), t € [0, T], we have, P’-a.s.,

W' (O = (uo,!/%z—/llfo(Vu'(S),VwXu'(SDLz ds
+ A fo (u'(s) X Vo(u' (5)), )12 ds
- b f (Vi (5), V(' X )(s) X ' (5))pz ds (2.2)
0

‘b fo W () X (' (5) X Vo (5)), e ds

N ¢
+ Z; fo (' (5) X hj, )i © dW/(s).
P

Next we will formulate the main result of this paper:

Theorem 2.6. Under the assumptions listed in Assumption[2.2) for every uy € V, there exits a a weak solution

(QI,T,,F’,P,), W = (W;)N W = (ul/)?:1

=1

of such that
T
E f [l @) x A (1) — u/ (£) % Vgs(u’(z))”fLz dr < o0 (2.3)
0

W@ = up+A; f (' X Au' —u’ x Vo)) (s)ds
0

15
-5 f W (s) X (' X Au' —u' X Vop(u')) (s)ds
0
N t
+> f W' (5) X hj) o dW/(s);
=10
foreveryte[0,T], in LZ(Q’; Lz), and
|/ (t, X)|gs = 1, for Lebesgue a.e. (t,x) € [0,T] X D and P’ — a.s.. 2.4)

1
u' € CU[0,T]; L2, P’ — a.s., for every a € (0, 5). 2.5)

Remark 2.7. The notation u’ x Au’ used in Theorem [2.6] will be defined in the Notation
The notation u’ X (1’ X Au’) used in Theorem [2.6| will be defined in the Notation [6.12)



Remark 2.8. Our results are for the Laplace operator with Neumann boundary conditions. Without any difficult work
one could prove the same result for the Laplace operator on a compact manifold without boundary. In particular, for

Laplace operator with periodic boundary condition.

3 Galerkin approximation

Let A be the —Laplace operator in D acting on R*-valued functions with the Neumann boundary condition, i.e.

ou

D(A) = {u cH?: >

o} cL? Au=-Au, uc D).

Sine A is self-adjoint, by ([13, Thm 1, p. 335]), there exists an orthonormal basis {e;};>, of L%, consisting of

eigenvectors of A, such that ¢, € C¥(D) for all k =1,2,...,. We set H, = linspan{ey, e, ...,e,} and by &, denote
1 1

the orthogonal projection from L2to H,.PutA; :=I+A. ThenV = D(A}) = D(A%) and |lully = ||A] ullr> foru € V.

The following definition and proposition relate to the fractional powers of A; and will be frequently used later.

Definition 3.1. For any nonnegative real number 3 we define the Hilbert space X? := D(Af ), which is the domain of

the fractional power operator Af . The dual of X? is denoted by X7#, see [9].

Proposition 3.2. We have, see [23] 4.3.3],

6u _ . 3
X = D(A)) = {ue olop _O}’ I
H>, if 2y < 3.

Proposition 3.3. I[fu € D(A), v €V then

(Au, V)2 = f (Vu(x), Vv(x))ps dx,
D

f (u(x) X Au(x), Au(x))ps dx =0, 3.1
D
f (u(x) X (u(x) X Au(x)), Au(x))ps dx = — f lu(x) X Au(x))? dx, (3.2)
D D
f (u(x) X Au(x), v(x))gs dx = f < (x) X u(x)> dx, (3.3)
D D R3
oV X u)
f(u(x) X (u(x) X Au(x)), v(x))gs dx = Z f <—( ), (x) x (x)> dx. 3.4
Xi R3

Proof. [Proof of (3.3) and (3.4)] The equality (3.3) follows from [9]. Since (u X (u X Au), V) = (u X Au, v X u)
and v x u € V, (3.4) follows from (3.3).



We consider the following equation in H, (H, C D(A)) with all the assumptions in Assumptions [2.2]and 2.3] see

the Introduction for the motivation of the system.

dup(t) = = A1100(0) X [An (1) + 7, (T (100 (1))
=ty (1) X (un(6) X [Aun() + 7,(V(un(1)))])} dt

(3.5)
+ 3 [ un(t) x hj| 0 dWi0), 120,
u,(0) = m,up.

Let us define the following maps:
F,ll : H,2uvr— —m,(uxAu) € H,, (3.6)
F? © H,3uvr— —m,(ux (uxAu)) € Hy, (3.7)
F> : H,3uvr— —m, (uxn,(Vpu))) € H,, (3.8)
Fi o Hysuv— —my(ux (ux m,(Vow))) ) € Hy, (3.9)
Gy, : H,pur—>muxhj)eH, j=1,...,N. (3.10)

Since the restriction A, of A to H,, is linear and bounded operator in H,,, and since H,, ¢ D(A) c L, we infer that
G, and F}, F2, F3, F are well defined maps from H, to H,,.

The problem (3.3)) can be written in a compact way, see also (3.13)),

duy() = A1 (Fiun(0) + F3(ua(0)) dt = Ay (F2(un(8) + Fii(ua(0))) dt
+3 X001 G (ua(0) A1 + X1, G (D) AW (1), (3.11)

u,(0) = TpUo.

Remark 3.4. In the Equations (2.I)) and (3.5)), we use the Stratonovich differential and in the Equation (3.TT)) we use

the Itd differential. The following equality relates the two differentials: for a smooth map G : L? — 1.2,
(Gu)o dW(r) = %G’(u)[G(u)] dt + G(u) dW(1), uel?
Remark 3.5. As in equation (@D, we also have
V1,80 () = Aty + 71,V (i),

so with the projection “r,”’s in equation (3.3), our approximation keeps as much as possible the structure of equation

(2.1), and consequently we will get the a priori estimates.

In order to establish solvability of Equation (3.11)) we have the following result whose proof is omitted.
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Lemma 3.6. The maps F., i =1,2,3,4 are Lipschitz on balls, that is, for every R >0 there exists a constant

C = C(n, R) > 0 such that whenever x,y € H, and ||x|l;2 < R, |[yll.2 < R, we have
|Fi) = Fi)||,» < Cllx = yllea-
The map G, is linear, Gj.n =-Gj, and
G juulle, < Nulle il u € Hy. (3.12)
Moreover fori =1,2,3,4 and u € H,, we have
(Fi,u) , =0.

Corollary 3.7. [2]] The Equation (3.3)) has a unique global solution u, : [0,T] — H,,.

Proof. By Lemma the coefficients F ,"1, i=1,2,3,4 and G, are locally Lipschitz and of one sided linear

growth. Hence, see e.g. [2], the Equation (3.5) has a unique global solution u, : [0, c0) — H,.

Let us define functions F, and F,, : H, — H, by

=

Fo=AM(F' + F) = (F> + F), and F,, = F, +

N
> .G,
=1
Then the problem (3.3) (or (3.11)) can be written in the following compact way

N
duy(1) = Fu(un () dt + 3 G jn(n(1)) AW (2). (3.13)

J=1

4 A priori estimates

In this section we will get some properties of the solution u, of Equation (3.3) especially some a priori estimates.

Theorem 4.1. Assume that n € N. Then for every t € [0, o),

llun @2 = [ta(O)llc2, a.s.. 4.1)
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Proof. Let us consider a C* function ¢ : H, > u — %||u||12q e R. Since ¥/ (u)(g) = (u,g)> and " (u)(g, k) =

(k, g)12, by the Itd6 Lemma and Lemma|3.6] we get

1 ) 1<
5 Al 0 ((una), Fulun ), + 5 D {Ginlun0), G,,-n(u,xr)))Lz] dr
j=1

N
+ Z <Mn(t), Gjn(un(t))>L2 de(t)

Jj=1

-

1
2

~
11
—_

=1
Hence the result follows.
Lemma 4.2. Let us define a function ® : H, — R by

D(u) := % f IVu(x)|? dx + f d(u(x)) dx, u€eH,.
D D

Then ® € C*(H,) and for u, g,k € H,,

4 = Dw)g) = (Vu, Ve)o + fD (V). g(0)sa dx
- Aug)e + f (V). g(x))es dx,
D
W) k) = (Vo Vs + fD ¢ (u(0)(g(), k() dx.

Proposition 4.3. There exist constants a, b, ay,b; > 0 such that for all n € N,
2 2
”VG/”MHLZ < a“Vu”]Lz +b, ueH,

and

VGl < allvulf, +b1. wes,

N
[<un(t), G2 (@), + Y ||G jn(un(z))||fm] dr +0dW;(r) = 0

4.2)

4.3)

4.4)

4.5)

(4.6)

Proof. Since estimate (4.6) follows from a double application of (.3)) it is sufficient to prove the latter. Since A

is self-adjoint and A; > A, we have

2
VG uulls. = (AG (), G jn(w)),, < (A1Gju(w), G ju(u))z2
1 2 1 2 1 2
= 'Afﬂn(uxhj) = ||maAf (u X hj) S'Alz(uxhj)
L2 L2 L2

e x mp|f, < N (Il x B2, + 119G x RpIE,)

IA

(202 (el + 2097212,) + 200V Nl ]
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Next, since L® < V, by equality (@.I) we infer that
9Gsalf, < alfulf, +5

for some constants a and b which only depend on ||1lr~, |[VA,|l» and [|uo||.2, but not on x.

Remark 4.4. The previous results will be used to prove the following fundamental a priori estimates on the sequence

{uy} of the solution of Equation (3.5).

Theorem 4.5. Assume thatp > 1, 8 > i and T > 0. Then there exists a constant C > 0, such that for all n € N,

p
E sup {Hwn(r) o+ f ¢(un(r,x))dx} <C, e[0Tl (4.7)
re[0,7] D

T p
E[( fo eta (1) X (Bt (1) = 7, V(D)) |1 dt) <C 4.8)
T ) p
E [( fo a0 X (1a(0) X (At (6) = 7, TSt 5 1, dt) } <c .9)
! 2
E fo ||7rn (tn(®) X (0 (£) X (Aun(t) — 7, V(14 (2))) ))||X_ﬂ dr <C. (4.10)

Proof. [Proof of (@.7) and (4.8)] By the Itd6 Lemma applied to the function @ defined in (4.2) we get

N t
D(uy(1) = Pun(0)) = ) fo D (un($))G jn(un()) dW;(s)
j=1

N

b [P0 + 3 3 B NG | a5 0.7 @1
0 24
Since
G Wh) = - dofjux (A - my (V)|

1 N
- 3 D (A= 1 (V). (e X ) X Iy (4.12)

j=1
D' (W)Gjn(w)] = —(Au,uXxhjyz+(Vo), n,(uX hj))2, 4.13)
D" WG ()] = =V, (uxhllf (4.14)

+ L & (u(x))(7,(u X hj)(x), (1 X hj)(x))dx.



in view of Equation (#.2)), we infer that Equation (@.T1)) transforms to:

1 1 !
EIIVun(t)II]ZLz + §L¢(un(t,x))dX+ﬂzfo () X (At (5) = 7, V(s> ds

1 1 1Y
= EIIVun(O)IIiz +3 fD (un(0)(x)) dx — 7 ; j; (Auty(5), (U (5) X hj) X hj)p2 ds

1Y 1Y

) Z fo (Vo Cun(5)), Ta(un(8) X 1) X hjhrzds + = Z; fo V720 (14 (5) X BIIE, ds

J= J=

1Y

+5 Z ¢ (n(5)()) (70 (U (5) X 1 j)(), (U (5) X j)(x)) dx ds
245 Jo I

N va N 1
D A, % W51+ Y [ 055 W),
=1 =1

Next we will get estimates for some terms on the right hand side of Equation (4.15).

For the first term, we have

1 1 1
2 2 2 2 2 2 2 2 2 2
IVun Ol = IVaauolly, < llmauolly = AT mastollz. = llmnAj uollz. < AT uollz> = lluolls-

Since ¢ is bounded, we can find a constant C4 > 0, such that | fD &(u,(0, x)) dx| < Cym(D).

For the third term, by (@.6) and Cauchy-Schwartz inequality, we have

(A (), 70, (5) X 1)) X 2| = [(Vit(5), VGrun(5))r2

by

2yar

< Vur(9)lle2 \/allqun(S)IIsz +b1 < NallVuu(s)lig, +

For the fourth term, by equality (4.1)) and Cauchy-Schwartz inequality, we have

(V(un(9)), Talttn() X hj) X hp)ro < C(D)lluollz 11 .
For the fifth term, by .3)), we have

V70 Gtn(5) X B2 = VG in(talD)|2 < a@llVuta()IE, + b.

For the sixth term, we have

fD ’¢"(un(s, 2)) (7t () X 1)), 700t (5) X hj)(x))| dx

2
< Cyr f |a(un(s) X h )| dx < CyrllijlIE < lluoll -
D

13

(4.15)

(4.16)

4.17)

(4.18)

(4.19)

(4.20)
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Thus, there exists a constant C, > 0 such that for all n € N, ¢ € [0, T'] and P-almost surely:

IVun(0)IE, + f By (1, ) dx + 24, fo [t (5) X (Att(8) = 70, Vp(utn ()17, ds
D

t N f
<C f IVatn()IE ds + Co +2 )| f (Vua(), VG ju(un(5))), dW(s)
0 — Jo

N ¢
+y j; (V(un(9)), G julttn(5))),, dW(s). 4.21)
=1

Let us now fix p > 1. Then by Holder the Burkholder-Davis-Gundy inequality, there exists constant C;, K > 0

such that for all n € N,

ref0,1]

. p

E sup {Hvun(’")”iz + f B(un(r, x)) dx + 2/12‘[ lltn(s) X (Auy(s) — ﬂnV(ﬁ(un(S)))H]]z_; ds}
0

< 4riche- 1E(f IVatn (Il ”dS)

N p

+4P"12F sup Z j(; r <Vun(s), VG_/'n(Mn(S))>L2 dw,

rel0,] =1

N P

+4P7'E sup Z f <V¢(un(s)),Gjn(un(s))>L2 dw,| +477'ck.
0

rel0,1] =1

P
N P

r N .
Zfo <Vu"(s)’VG~’"(u”(s))>L2 W) < KE ;f Vun(s),VGjn(un(S))iz ds

J=1 0

E sup
rel0,z]

b}

N P

N f
i Zf <V¢(M"(S))’ Gj"(u"(s))>L2 dW,| <KE Zf V¢(”n(s))’Gjn(un(s))>]i2 ds
j=1

relo [“=f Jo 0

By the inequality {.3)) we get, for any & > 0,

(Vin(s), VG jn(u,l(s))>i2 ds| <E

rel0,¢]

P
4(&

£ su IIVun(r)II + = f”VG'n(”n(s))szds

re[opt € (Z 0 ! L

4
< sE(sup ||Vu,,(r)|| )+ ~ 20" ‘aPNPE( f ||Vu,1(s)||2p ds)+ —2P"Y(br)P NP
rel0,z]

N 5
sup [[Vu,(r)IIf, [ fOHVGjn(un(S))Hiz ds] ]
=1

< E
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S

E

N /
2 [ (6, G,
=1

N g
sup [|Vep(un(M)IIF [Z‘f; IVG ju(un(s))II2, dS] }
=

< E

ref0,1]

4 ! 4
< e[Cm(D)]*” + -2’ 'a’NPE ( f ||Vu,,(s)||if ds) + =2P"Y(br)P NP,
& 0 E

Hence we infer that for ¢ € [0, T],

N »
E sup Zf <V“n(5)»VGjn(un(S))>L2 dw,
ref0. |57 Jo
4K ' 4K
< Ks]E(suP IIVun(r)IIi’z’) + = (20" '\a’NPE (f IV, ()17 ds) + 2Rt e, “422)
rel0,z] £ o -
N " p
E sup Zf <V¢(u”(s))’Gj"(u”(s))>L2 dw;
ref0.1 | Jo
4K f AK
< Ke[Cm(D)I*" + — (20"~ 'aP NPE (f ||Vu,,(s)||i’j ds) + 2200 1 (pr)P NP, “23)
&€ 0 .

Hence, for every t € [0, T'], we have

r P
E sup {”V”n(r)”]iz + f $(un(r, x)) dx + 2/lzf0 [t (5) X (Att(8) = 70,V (SD)I; dS}
D

rel0,z]

!
< 4plc§ﬂ"E( f IVita(s)I12% ds)+4f"KgE(s%p]||vu,,(r)||§'j) + 4" Ke [Cm(D))?P
0 rel0,t

K ! K
+8—(8z)P‘aPNPE( f IV un ()1 ds) + —8P(bt)’ NP
& 0 &

we can find constants C3 and C4 which do not depend on 7 such that

: _ 1
By setting & = 5577,

E sup {||Vun<r>||iz+ f $un(r, 2)) dx
D

rel0,]

r p t
245 f ||un(s)><(Aun<s>—nnV¢<un(s>>>||izds} =03E( f ||Vun<s>||ié’ds)+c4. (4.24)
0 0

Thus by inequality (@.24), we have

Yn(t) < C3f Yn(s)ds + Cq, t€]0,T], (4.25)
0
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where, for ¢ € [0, T'], we put

Yn(t) = B sup{IIVun(s)Hiz + f B(un(s, )) dx
s€[0.1] D

S p
+20 fo [l (7) X (Attn(r) = 0, Vb (tn(r))I » dr} .

Observe that ¢, is a bounded Borel function. Indeed, for s in[0, T] we have ||[Vu,(s)|li2 < |lux(9)llv < Cullun(s)|lr2 <

Culluoll2 and [Ju, (9|l < Chllun($)|l2 < Culluollr2, where C,, is a constant depending on #n, so that

() X (At(5) = 7,V bCatu (D, Calltolle (Callupllz + Cm(D)?)

Therefore by the Gronwall inequality, we infer that

r P
E sup {||vun(r)||fL2 + fD B(un(r, x)) dx + 24, fO Nl (7) X (At (T) = 70, V(DI d‘r} <Cr,

rel0,z]

for some Cy > 0, and all 7 € [0, T]. This completes the proof of inequalities (4.7) and @&.3).
Proof. [Proof of (#.9)] By the the Sobolev imbedding theorem, see e.g. [[1], V < L%, we can find a constant ¢ > 0
such that
[t () X (1) X (A (0) = 7, VPt ON)]|, 3 < l[tta @] (D) X (Attn(1) = 7,9t 0))) | .-
Therefore, by @.1), (4.7) and @.8), we get

T 2 P
E[( j; 14 (1) X (14 (0) X (Attn(1) = 70,V (1)), 3 dt) }

1=

2p

1 T
< c(E[s[l£1||u,,(r)||§,"]) [E[( fo ”u,,(t)><(Au,,(t)—7rnV¢(un(t)))||]2det) D <C,

Note that C is independent of n. This completes the proof of (4.9).

Proof. [Proof of (@I0)] Since B> 1 we infer, by the Sobolev imbedding theorem, that X# < H¥(D) and

H?(D) <> L3 continuously. Thus L (D) < X# continuously. And since for ¢ € L2,

sup |x-s{m,&, @)xsl = sup [(m,&, o2l
llpllys<1 llellys<1

sup (&, @2l < sup  [x-s(&, @)yl = [1€llxs.

llellys <1 lImnellys <1

ll7néllx-
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Thus there exists some constant ¢ > 0 such that

T
E fo (2t (0) X a0 2) % (Bt (5) = 7, TPt (D) )

T
< B fo i (2)  a0(0) X (Attn (1) = 7, V(D)) 3 .
Hence (@.10) follows from (@.9).

Proposition 4.6. Let u,, for n € N, be the solution of equation (3.5) and assume that « € (0, %), B> 1 p>2 Thenthe

following estimates holds:

sup ]E(”un“%‘/mp(o’]“;x—/j)) < 09, (426)

neN

We need the following Lemma to prove (#.26).

Lemma 4.7 ([14], Lem 2.1). Assume that E is a separable Hilbert space, p € [2,0) and a € (0, %). Then there exists

a constant C depending on T and a, such that for any progressively measurable process & = (¢;)7, if I(§;) is defined

=
by I(€) == T2, o €(s)dW,(s), 1 > 0, then

14

T ( 2
E Iy r.z) < CE fo [Z |§,-(r)|i~] dr,
j=1

In particular, P-a.s. the trajectories of the process 1(£;) belong to W20, T; E).

Proof. [Proof of @26)] Let us fix @ € (0,1),8 > 1, p > 2. By equation (3.I1), we get

w®) = w0+ [ (F) + Fiun(o)) ds= s [ (Flun(s) + Filu)) ds
0 0
1 & N 4
+ EJZ_; fo G2, (1a(5)) ds+; fo G jn(ttn(5)) AW(s) =: uo,n+;u;1(z), t€[0,T].

By Theorem[.3] equality @-I)), inequality (3.12)) and Lemma[4.7]there exists C > 0 such that for all n € N,

12 2112
E[””””W”(O,T;Lz)] S C? EI:”un”WIQ(O,T;X*ﬁ):I S Ca

3112
”unnwl,Z(O’T;Lz) < C, P—-a.s..

E[ sup ||un<t>||”2] = E [l O] < C.
t€[0,T]

4P
E Ii“u””W”*”(O,T;X’ﬁ)] S C

Therefore since H'(0, T; X#) < W%P(0, T; X*) continuously, we get inequality (#.26).
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5 Tightness of the laws of approximating sequence

In this subsection we will state a result on the tightness, on a suitable path space, the laws {£(u,) : n € N}. The
proof of this result is based the a priori estimates (@.1)-(4.10). The proof of this result is omitted since it only a

relatively simple modification of the proof of a corresponding result from [9]].

Lemma5.1. Ifp >2,q€[2,6)and > zlt’ then the measures { L(u,) : n € N} on LP(0, T;L4(D)) N C([0, T1; XP) are

tight.
6 Construction of new Probability Space and Processes

In this section we will use the Skorohod Theorem to obtain another probability space and an almost surely
convergent sequence defined on this space whose limit is a weak martingale solution of equation (2.1).

By Lemmal[5.1|and the Prokhorov Theorem, we have the following property.

Proposition 6.1. Let us assume that W is a N-dimensional Wiener process and p € [2,0), g € [2,6) and 3 > %. Then
there is a subsequence of {u,} which we will denote it in the same way as the full sequence, such that the laws L(u,, W)

converge weakly to a certain probability measure 1 on LP(0, T;1L9(D)) N C([0, T]; X#) x C([0, T];RM).
Now by the the Skorohod Theorem we have:

Proposition 6.2. Let u be the measure from Proposition There exist a probability space (',F"',P’), and
(on this space) sequence (u,,, W,) of [L*0, T; L% N C([0, T1; X#)] x C([0, T1; RN)-valued random variables and an
LA, T: LY N C([0, T1; X )] x C([0, T1; RN)-valued random variable (W', W') such that such that, on [L*(0, T;L*) N
C([0,T1; X )] x C([0, TI;RY),

(a) Lup, W) = L(u,, W), n €N,
(b) L', W) =p,
and, P'-a.s., (c) (ul,, W) — (', W’) in [L*(0, T; L*) 0 C([0, T]; X #)] x C([0, T]; RY).

Notation 6.3. Let us denote by F’ the filtration generated by processes u’ and W’ on the probability space (', 7', P’).

From now on we will prove that «’ is the weak solution of equation (2.I)). And we begin with showing that {u],}

satisfies the same a priori estimates as the original sequence {u,}. By the Kuratowski Theorem, we have

Proposition 6.4. The Borel subsets of C([0, T1; H,) are Borel subsets of L*(0, T;L*) N C([0, T]; X~2).
So we have the following two results.

Corollary 6.5. uj, takes values in H, and the laws on C([0, T1; H,) of u, and u,, are equal.

Lemma 6.6. The sequence {u,,} introduced in Propositionsatisﬁes the following estimates:

sup @, < uoll, .. P -as., (6.1)
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w0

<o, Vr>1, 6.2)

supE’ [ sup
neN  |re[0,T]

T r
supE’ [(f llea,, (1) X (Au, () — 70, V(u, (1)) ||E242 dt) < oo, Yr>1, (6.3)
neN 0
T 2
sup E’ fo ([, (2) % (ua () X (Au () = 7, Vp(uaf (1)) )||L% dr < oo, (6.4)
T 2
sup E’ fo ([0 [2,(6) x (1, () X (A (1) = 7, V(uiy (D)) A < 0. (6.5)

Now we will study some inequalities satisfied by the limiting process u’.

Proposition 6.7. Let u’ be the process which is defined in Proposition Then we have

esssup ||’ (D2 < |luollz, P —a.s. (6.6)
1€[0,T]
sup [’ Dllx-+ < clluoll2, P —a.s. 6.7
€[0T

Proof. First we will prove inequality (6.6). Since u/, converges to u’ in L*(0, T;L*) n C([0,T]; X?) P’ a.s. and
L* < L2, we infer that P’ a.s. u, converges to «’ in L*(0, T; L?). Therefore by (6.1) we deduce (6.6).
Next we will prove inequality (6.7). Since L? < X7, in view of (6.1), we have

sup lu,@llx-+ < ¢ sup [lu,(Dllr2 < clluollz, P —a.s.
te[0,T] t€[0,T]

Since by Proposition u;, converges to u’ in C([0, T']; XP), we infer that (6.7) holds.

We continue investigating properties of the process u’. The next result and it’s proof are related to the estimate

(6.2).
Proposition 6.8. Let u’ be the process which was defined in Proposition Then we have

E'[ess sup ||lu’ (£)|5F] < 00, 7 >2. (6.8)
t€[0,T]

Proof.

Since L2’(Q'; L>(0,T;V)) is isomorphic to (L% (Q; Ll(O, T; X_%)))*, by the Banach-Alaoglu Theorem we infer
that the sequence {u),} contains a subsequence, denoted in the same way as the full sequence, and there exists an element

v e L¥(Q'; L0, T;V)) such that u/, — v weakly* in L?(€Q'; L*(0, T; V)). In particular, we have

2

oy = (v,@), e LT(Q;(L0,T; X 1))).
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This means that

T T
f f (u, (t, w), (1, w)) dt AP (w) — f f (t, w), ¢(t, w)) dr dP’ (w).
o Jo o Jo

On the other hand, if we fix ¢ € L*(QY'; L3 0, T; L%)), by inequality (6.2) we have (to avoid too long formulations,

we omit some parameters ¢ in the following equations)

T
supf f llapllsllell, ¢ de
n / 0

< su WP 2 dP’(w) < sup || 1124 e o oo
np jg;/ “ ””L (O’T’L4)||¢”LI(O,T;L%) ( ) nP” n||L4(Q ;L (O,T,L“))“SDH

2 2

dP'(w)

T
fo Lo, (1), (D), 4 dr

dP'(w) < sup f

n

2 , <00
LA(Q';LY(0,T:L3))

So the sequence fOT L4, (1), go(t))L% dr is uniformly integrable on Q’. Moreover, by the P’ almost surely convergence

of u/ to u’ in L*(0, T; L*), we get P’-a.s.

T T
LﬂLWmemﬁm—ﬁﬁxﬂaﬂmﬁm

S f
0

’ ’
dr < flu, —u ||L4(O,T;]L4)||¢HL§(O,T;L%) - 0.

L (0) — ' (1), (D)) 4

Therefore [ 1+¢u;(1), @(0),_s dr > [[" 14 (1), @(t)), 4 dt P'-a.s. and thus, by Vitali Theorem,

T T
f/fo pe{u,(t, w), @(t, w))L% dr dP'(w) — ff(; e’ (1, w), @(t, w))L% dr dP'(w).

Hence we deduce that

T T
f/ jo‘ L (v(t, w), ¢(t, w))L% dtdP'(w) = f j(; e (8, ), @, a)))L% dt dP'(w)

By the density of L*(QY'; L%(O, T, Lg)) in Lo («’; L0, T;X‘%)), we infer that #’ = v and so by since v satisfies

(6-8)) we infer that «’ also satisfies (6.8). The proof is complete.

Now we will strengthen part (ii) of Proposition[6.2]about the convergence of u), to u’.

Proposition 6.9.

n—oo

T
lim E/ f Nl () — ' (DII}4 dt = 0. (6.9)
0

Proof. Since u}, — u’ in L*(0, T;L*) N C([0, T]; X ) P’-a.s., by (6.2)) and by (6.8),

T 2
4 7 8 8
sup | [ (1) = ' @I de) < 27 sup (10 g ey + 101 1)) < 00
u B L s L4(0,T;L*) L*0,T;L%)

we can apply the Vitali Theorem to deduce (6.9). This completes the proof.
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By inequality (6.2), the sequence {u,}*° | is bounded in L*(€Y'; L*(0, T; H')). And since
w, — u' in L*(Q'; L*(0, T;1L?)), we infer that

Dju/, — D’ weakly in L*(Q'; L*(0, T;1L%), i = 1,2,3. (6.10)

Lemma 6.10. There exists a unique A € L>(Q'; L*(0, T;1L?)) such that for every v € L*(Q'; L*(0, T; W'#)),

T 3 T
E f (A@), v(D))2 df = Z E f (D’ (), u' (t) X Div(£))2 dt. (6.11)
0 P 0

Proof. We will omit“(#)” in this proof. Let us denote A, := uj, X Au),. By the estimate (6.3)), there exists a constant

C such that

A2 2072y £ C, neN.

Hence by the Banach-Alaoglu Theorem, there exists A € L?>(Q';L*(0,T;L?)) such that A, — A weakly in
LY L*(0, T LY)).
Let us fix v € L2(Q'; L2(0, T; W'#)). Since u/,(t) € D(A) for almost every ¢ € [0, T] and P’-almost surely, by the Propo-

sition [3.3]and estimate (6.3) again, we have
T 3 T
B’ f (Ap, V)2 dt = Z B f (D, ul, X Div)p2 dr.
0 p 0
Moreover, by the results: (6.10), (6.2) and (6.9), we have fori = 1,2, 3,

T T
E f (Di’,u’ X Divyp2dt — E f (D, u), X Dyv)p2 dt
0 0

T
< E’f (D’ — Dy, u’ X Divyp2 dt| +
0

T
E’ f (Dju),, (' — u,) X D) dt
0
T 1
+ (2 f 1D 1, dr)*
0
T | T i
’ ’ ’ 4 ’
x(E fo llu —un||g4dz) (E fo ||Div||]i4dz) - 0.

T
< |E f (D’ = Diu,, u’ X D;vr2 dt
0

Therefore we infer that

n—oo

T 3 T
lim B’ f (A, V2 dt = Z E f (D', u’ x Djvydt.
0 pr 0

Since on the other hand we have proved A, — A weakly in L*(Q'; L*(0, T; L?)) equality (6.11)) follows.
It remains to prove the uniqueness of A, but this follows from the fact that

L2(QY; L*(0, T; W')) is dense in L2(€Y'; L*(0, T;L?)) and (6.11). This complete the proof of Lemma

Notation 6.11. The process A introduced in Lemma [6.10| will be denoted by ©’ X Au’ (as explained in the Appendix).

Note that ' x Aw’ is an element of L>(Q'; L*(0, T;L?)) such that for all test functions v € L2(Q'; L*(0, T; W'*)) the
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following identity holds
T 3 T
E f (W' x Au')(t), v(t)) 2 dr = Z E’ f (D’ (1), u’ (t) X Dv(t))2 dt.
0 1 0

Notation 6.12. Since by the estimate (6.8), u’ € L*(Q’, L*(0,T;V)) and by Notation |6.11} A € L*(Q’; L*(0, T;1L?)),
the process u’ X A € L3(Q'; L2(0,T;L2(D))). And «’ x A will be denoted by i’ X (i’ X Au').

Notation 6.13. A —u’ x V¢(u') will be denoted by u’ X (Au’ — Vp(u')).

Next we will show that the limits of the following three sequences

{u, X (A, = 7uVP(uy)) o
{aty, X Gty X (Auty, = 7,V P(u)))),5

{7 (o, Xy, X (A, = 70,V P ()},
exist and are equal respectively to

u' X (Au' = Vo)),
u' x (' x (Au" = Vo(u'))),

' X W X (Au' —Vo(u'))).

By inequalities (6.3)-(6.3), the first sequence is bounded in L*(Q’; L*(0, T;1?)) for r > 1, the second sequence
is bounded in L2(€'; L*(0, T;L?)) and the third sequence is bounded in L2(Q’; L*(0, T; X)). And since the Banach
spaces L2 (Q; L2(0, T;L2)), L%(Q'; L*(0, T;L?)) and L*(Q'; L*(0, T; X 7)) are all reflexive, by the Banach-Alaoglu

Theorem, there exist subsequences weakly convergent. So we can assume that there exist

Y € L*(Q'; L*(0,T;L?)),
Z e LA [X0,T;L?)),

Zy € LA(Q; LX0,T; X Py),

such that
w, X (Au), — m,Vo(u)) — Y weakly in L*(Q'; L*(0, T;1L%)), (6.12)
w, % (1, X (Au, — 1, V(i) —» Z  weakly in L2(Q'; L2(0, T; L?)), (6.13)
7 (), % (), % (AU, = 7, V(i) = Z;  weakly in L2(Q'; L*(0, T; X 7). (6.14)

Remark. Similar argument has been done in [9]] for terms not involving V¢. Our main contribution here is to show the



validity of such an argument for term containing V¢ (and to be more precise). This works because earlier, see Lemma

[6.6] we have been able to prove generalized estimates as in [9)].
Proposition 6.14. If Z and Z, defined as above, then Z = Z; € LX(Q; L*(0,T; X7)).

Proof. Since (L2)* = L3, X = H% and X* c I3 (as 8 > 1), we infer that L> c XP. Hence
LA L0, T: L) € LA LX0,T: X))

and thus Z € L*(Q'; L*(0, T; X #)) and Z, € L*(QV; L*(0, T; XP)).

Recall that X8 = D(A[f) and let Xf = H; with the norm inherited from X?. Then Ui Xf is dense X? and

thus ;2 LZ(Q’;LZ(O,T;Xf)) is dense in L*(Q;L*(0,T;X?)). Thus it is sufficient to prove that for any ¢ €

LA(Q; LX0,T; XP)),
LAY ;LZ(O,T;x-/*))<Zl’ ¢>LZ(Q’;LZ(0,T;X/3)) T e ;LZ(O,T;X‘/‘))<Z’ ‘/’>L2(Q’ ;L2(0,T:XP))"
For this aim let us fix k,n € N and ¢ € L>(Q'; L*(0,T; Xf )). Then we have

LZ(Q/;LZ(O’T;X—ﬁ))OTn(u;[ X (I/l;l X (AM; - ﬂﬂv¢(u;1)))), l//>L2(Q’;L2(O,T;Xﬁ))

T
= F fo 6T (), (1) X (1) X (Au) (1) = 7, VP, (D)), Y(8)) s dt

T
B fo () X (1) X (AU (0) — 7 VS (D)), (D))

T
B [ 0% G40 X (A0 = 7SS O U0 o

T
E j; xSt (1) X (ua (8) X (A () = 7, V(a0 (1)), Y (D)) s it

LZ(Q';LZ(O,T;X’ﬁ))<M;l X (ulll X (Au;(t) - ﬂnV¢(M:l(t)))), w>L2(Q/;L2(0,T;Xﬂ))-
Hence by (6.13) and (6.14) we get (6.13) as required and the proof is complete.

Lemma 6.15. For any measurable process € L*(Q'; L*(0, T; W'*)), we have equality

T T
lim B’ fo (1) % (At — 7, V(D)) Y(D)re dif = B fo YO (D) di

T 3 , T

Proof. Letus fix € L*(Q'; L*(0, T; W'#)). Firstly, we will prove that

T T3 '
lim B’ f Ul (1) X AU (0), Y(1))r2 di = B f Z <6u (t)’ u' (1) X %> dr.
X 0 o Xi L?

n—oo 0 (9xi
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For each n € N we have

3 ’
<6”"(t) / 6.17)

0
W) X Ay, )z = Y (1) X *”(’)>
L2

1 axi T (’)xi

for almost every ¢ € [0, 7] and P’ almost surely. Since by Corollary @ P(u, € C([0,T]; H,)) = 1, we infer that for

eachi € {1,2,3} we can write

Ou, (1) oY(1) o' (1) oy(1)
¢ - Ju'(t 6.18
< 6)(?1‘ ’ M,,(f) % 6)6[ L2 (9)(,' “ ( ) % 6x,- L2 ( )
ou,(t)y o'ty |, oy(1) ou,(t , 40)
_ W) - () x —2) .
< Ox; Ox; U ()% ox; [ * 0x; (D) = (D) X ox; [i2
Since L* «— L2 and W'* — L2, there exists a constant C; > 0 such that
T\ ou(t ot
E f GO -y x 2OV | g
0 6)([ (9x,- L2
T
< ClE’f lleay, ()l lleey, () = 0’ (DIl ()l dr.
0
Moreover by the Holder’s inequality,
T
E f I, Ol 1, (0) = Ol D)l
0
1 ! T i T i
< T: (E/ sup ||u;l(f)||ﬂzﬂl) (E/f llua;, (2) — u'(t)ll]i4 df) (E'f ||!//(f)||§yl,4 df) .
1€[0.7] 0 0
Hence, by (6.2), (6.9) we infer that
T ou' (¢
lim E/ f WO ey - w oy x P2V L ar=o. (6.19)
n—oo 0 0x; Ox; L2
Since both «’ and g—i belong to L*(Q'; L*(0, T;1L*%)), so that u’ X g—)‘fi € L2(QY'; L*(0,T; L)), by (6.10) we have
T a ' (t ’
lim E’ f U0 0D iy DOV g2 (6.20)
n—oco 0 0x; o0x; Ox; L2
Therefore by (6.18)), (6.19), (6.20), we infer that
T o' (t T 1ow (¢ ot
lim E’f u”(),u;(t)xw dt:]E'f u(),u’(t)x 0 dr 6.21)
n—00 0 6x,- 6x,- L2 0 a)Ci a)Ci L2

and consequently by (6.17), we arrive at (6.16).
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Secondly, we will show that

T T
lim E/ f (ul (6) X T,V (1)), ), » di = B/ f (' (1) X V(i (1)), )y » . (6.22)
0 0

n—oo

Since

[ (1) X 0, V(U (1)), W)z — (' (1) X V(' (1)), )|
() = O] || Vo, @), + ¥, -

< |yl ' (0| |Jtn Vo (1)) = V(' )],

we have

T T
B fo W0 X TV (). )y df — B fo (1) X V(' (6). by di

T i T i T 3
< (E’ fo ;.. dt) (E’ fo ) = w @) dt) (E’ fo IV, )| dt)
T i T 4\ T , O\
+(E’ fo [ l5 dt) (E’ fo [l @) - dt) (]E’ fo |l Vb 2t (8)) = V(' @) dt) - 0.

Thus, in order to prove (6.22)) we need to prove that

T
E [ Im Vo) o o), o 0 (6.23)

For this aim, we note that since V¢ is global Lipschitz, there exists a constant C such that

1

T 2
(E’ fo V(1)) = Vo @) dz)

T 3 T 3
< (E fo 7 V(1 (0)) ~ 7, V(' D)7 dt) +(E' fo 7 Vo 1)) = Vot 1) dr)
T ) 5 T ) 3
< C(E’ f (1) — ' ()|, dt) +(E' f |a V(' (1)) = V(' 0)]],» dt) .

0 0

By (6.9), the first term on the right hand side of above inequality converges to 0. And since
||71,,V¢(u'(t)) - V¢(u’(z‘))”]i2 — 0 for almost every (f,w)e€[0,T]xQ, and since V¢ is bounded,
||JrnV¢(u’(t)) - V¢(u’(z‘))”]i2 is uniformly integrable, hence the second term of right hand side also converges to

0 as n — oo. This proves (6.23) and consequently also (6.22).
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Therefore by equalities (6.16) and (6.22)), we have

T
lim B’ f (W (8) X [AU() — 70,V (0)], (D)2 i (6.24)
Nn—00 O
- E'fTZS] WA riyx 2O dt+E’fT( '(6) X Vo (1)), )y » dr
= ) 2 o, JU o, . ; u P(u W) dt

Moreover, by (6.12)), for every y € L*(Q'; L*(0, T;1?)),

n—o0

T T
lim B’ f () X (AU, () — T, V(L (£))) , )2 dt = B f (Y (1), )2 dt. (6.25)
0 0

Hence by (6.24) and (6.23)), we deduce that

T
lim E' f W) X (A (1) — TV (D)) (5o di
n—oo0 0

T
E’ fo Y0,y dt

) T 3 o' O(r) ) T ) ,
= E fo ;< a, (1) X ox y2de +E fo W' (t) x V(i (1)), y(D); > dt.

This completes the proof of Lemma[6.13]

Lemma 6.16. For any process € L*(Q'; L*(0, T; L*)) we have

T
lim &/ fo () X (u(5) (At = 7, V9L, (1)) ), (D)o dis

n—oo

T
E fo {Z(s), p())a ds (6.26)

T
E fo L3/ (5) X Y(8),Y(s)ps ds. 6.27)

Proof. Let us take e L*Q;L%0,T;L*). For neN, put Y,:=u X(Au,+Ve(u,). Since
LAQ; L0, T;L4))cLQ(Q';LZ(O,T;M)):[LQ(Q';LZ(O,T;L%))]’, we deduce that (6.13) implies that (6.26)
holds.

So it remains to prove equality (6.27). Since by the Holder’s inequality

2
Il < o’

f o (x) X o (x)* dx < f (0’ () dx
D D

2 2 4 4
WAl s < Tl + eI

IA
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And since by (6.9), u’ € L*(Q'; L*(0, T; L*)), we infer that

T T T
E f I oI, de < B f o, dr + f W12, dr < oo.
0 0 0

This proves that ¢ X u’ € L*(Q'; L*(0, T; 1)) and similarly y x u/, € L*(Q'; L*(0, T; L?)).
Thus since by (6.12)), Y, € L*(QY’; L*(0, T; L?)), we infer that

L X Y Y = fDW;(X) X Yy(x), ¥(x)) dx

L(Yn(x)’ Y(x) X up (x))y dx = (Y, X )y )2 (6.28)

Similarly, since by (6.12), Y € L2(Q’; L*(0, T;L?)), we have

XY = L(M'(x) X Y (x), ¢(x)) dx

= .fz;<Y(X)’ Y0 X u'(x)) dx = (Y X u' ). (6.29)
Thus by (6.28) and (6.29), we get

L3Sy X Yoy = 3 X Y g Yt Xz = (Yo XYy

= Ya =Yy xu s+ Yo ¢p X (= u'))ro.

In order to prove (6.27)), we are aiming to prove that the expectation of the left hand side of the above equality goes to
0 as n — oo. By (6.12), since ¢ x u’ € L*(Q'; L*(0, T;L?)),
T
lim E’ f (Y(s) = Y(8),¥(s) X u'(s))2ds = 0.
0

n—o00

By the Cauchy-Schwartz inequality and equation (6.9), we have

T T
Ej(: (Yo(),0(5) X (ty,(5) = u'(5)))7, ds < Efo IYa(OIE. N () X @y (s) = w/ (), ds

u,(s) — u'(s)”L4 ds

T
< E f 1) )]

T .\ T .\ T
< (E’ fo AG] ds) (E’ fo e ds) (E’ fo

1

,(s) = 9| ds)4 0.
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Therefore, we infer that

T

T
lim E’ ](; U W () X (U, () X Au,(8)), Y(s))s ds = E j(; L W' (8) X Y(5), () ds.

n—o0

This completes the proof of Lemmal6.16]

The next result will be used, see Theorem|[8.1] to show that the process u’ satisfies the condition |u’ (¢, x)|zs = 1 for

all # € [0, T], x € D and P’-almost surely.

Lemma 6.17. For any bounded measurable function  : D — R we have
Y(s,w), yu' (s, w))2 =0,

for almost every (s, w) € [0, T]x Q'.

Proof. Let B C [0,T] x €' be an arbitrary progressively measurable set.

T

T
E’ fo 15(s) (uy () X (Auty (5) = 1, V(1 (5))) Wity (8))p 2 ds — E fo 1p(s)(Y (5), Y’ ()2 ds

<

T
E’ fo 1(5) (up(5) X (Auy(s) = m, Vo (u;,(5))) , Y (uy, (8) — ' (5)))p» ds

+

T
B fo 1(5) G (5) X (Al (5) = 7.V HL,(5))) — V(). 0t (5)), > ds

Next we will show that both terms in the right hand side of the above inequality will converge to 0.

For the first term, by the boundness of v, (6.3) and (6.9), we have

T
E/fo 15(5) Cuty () X (At (5) = 1,V P(u (5))) , Y (ay(5) — 1/ ()2 ds

T
E,f
0

- ||u;l(s) X (Au;l(s) - ﬂ”V(p(u;l(s))) (//”LZ(Q’;LZ(O,T;LZ))

IN

1 (5) X (Auj(s) = m, V(e () ¥ »

u,(s) — u'(s)”L2 ds

A

0.

’ ’
— —
U, —u ||L2(Q’;L2(0,T;L2))

For the second term, since 1gyu’ € L>(Q'; L*(0, T;1.?)), by and (6.12), we have

T
E’ fo‘ 15(s) (uy () X (Au(5) — 1, Vp(u,(5))) — Y(s), yu’(s));» ds| — 0.

Therefore we infer that

o
Il

T
lim E’ f 1a(8) 0, 5) X (AU (5) = T V(UL () gl ())p s
n—oo 0

T
E’ f(; 1g(s)(Y (s), Y’ (5))r2 ds,
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where the first equality follows from the fact that (a X b, a) = 0. By the arbitrariness of B, this concludes the proof of

Lemmal6.17

7 Conclusion of the proof of the existence of a weak solution

Our aim in this section is to prove that the process u’ from Proposition is a weak solution of equation (2.1
according to the definition [2.5] Because the argument is quite analogous to the one in [9] we will try to omit the details
leaving only the structure of the proof.

First we define a sequence of L?-valued process (M,(?));c[0.r on the original probability space (Q, F,P) by

Mn([) = un(t) - ”n(o) - Al f Ty (M”(S) X (AM”(S) - 7T,1V¢(Mn(s)))) ds
0

+/12 ft Tty (un(s) X (I/tn(S) X (Aun(s) - ﬂnv¢(un(s))))) ds (7])
0

1Y

Since u, is the solution of the Equation (3.5)), we infer that
N t
Mt)= f Reattn(s) X h;) dW(s), 1€ [0, T]. 7.2)
j=1 V0

The proof «’ is a weak solution of the Equation (2.1 is 2 steps:

Step 1 : Define a process M’(¢) by formula (7.1), but with " instead of u,,.

Step 2 : Prove equality (7.2) but with « instead of u, and W7, instead of W;.

7.1 Step 1

We define a sequence of L?-valued process (M, (t)),ej0.r) On the new probability space (€', 7', P’) by a formula

similar as (7.1).

M@ = u,()—u(0)-21 f 7, (1, (8) X (Au,(s) — m,Vp(u,(s5)))) ds
0

s f o (1) X (,(5) X (B (5) = 7,99 (5))))) ds (1.3)
0

N ¢
_% JZ; fo L1l (5) X ) X j] ds.

In the following result we show that the sequence {M} is convergent.
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Lemma 7.1. For each t € [0, T] the sequence of random variables M'(t) is weakly convergent in L*(Q'; XP) and it’s

limit M’ (t) satisfies the following equality.

M@ = WO -uo-A fo (W (5) x (A (5) - Vo (5))) ds

+A5 j(; (' (s) X (t' (5) X (A () — Vo(u'(5))))) ds

N t
—% ; fo (' (s) X hj) X hds.

Proof. Lette (0,T]and U € L*(Q'; XP).

Since u;, — u’ in C([0, TT; XB) P’-a.s. we infer that
lim s (4,0, U = 5o (W (0. Uho, B/ = as.
Since L? < X, by (6.1)) there exists a constant C such that
sup B/ [Imw;(r), U>Xﬁ|2] < sup E U |, (1)l < CENUNGE lluolls» < oo
and thus by the Vitali Theorem this implies that
Tim B’ [y (u, (1), U)o ] = B [x ' (1), U)o
By (6.12) and (6.14) we infer that

n—o0

lim E’ f (u, (5) X (Auj (s) — 1, Vp(u,(5))) ,my,U);» ds = E f (Y(s), U)yo.
0 0

n—oo

! !
lim E’ f x5 {70 (1, (8) X (15,(5) X (Auty, () = 7, Vp(11,,(5))))) , U)ys ds = E f (Z(5), U)xs ds.
0 0
Moreover, by the Holder inequality and (6.9) we get

!
E f
0

ds

(T, (8) = ' (8)) X hj) X hj, 70, Uy

1

o , EIp
< AR NUN 2@ 20122 (E f ey, (s) — u (S)||ﬁ4 dS) tim(D)* — 0.
0
Hence by Lemmata [6.15]and [6.16] we deduce that

lim raxs M0, U xs) = rxs M @), U)porxs)-
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This concludes the proof of Lemma([7.1]

Before we can continue with the proof that u’ is the weak solution of equation (2.1]), we need to establish that the
processes W’ and W;, from Proposition [6.2] are Brownian Motions. This will be stated in Lemmata[7.2) and [7.3} which

can be proved as in [9]. The proofs however will be omitted.

Lemma 7.2. Suppose the W, defined in (¥, F"',P’) has the same distribution as the Brownian Motion W defined in
(Q, F,P) as in Proposition|[6.2] Then W, is also a Brownian Motion.

Lemma 7.3. The process (W' (t))(0,r] is a real-valued Brownian Motion on (', F',P’") and if 0 < s <t < T then the

increment W' (t) — W' (s) is independent of the o-algebra generated by u'(r) and W'(r) for r € [0, s].

Remark 7.4. We will denote F’ the filtration generated by (1/, W’) and F,, the filtration generated by (u;,, W,). Then by
Lemma([7.3] u’ is progressively measurable with respect to F” and by Lemma([7.2] u;, is progressively measurable with

respect to [F),.

7.2 Step2

Let us summarize what we have achieved so far. We have got our process M’ and have shown W’ is a Wiener
process. Next we will show a similar result as in equation (7.2)) to prove u’ is a weak solution of the Equation (2.T)).
But before that we still need some preparation.

In what follows we assume that 8 > %. The following result is needed to prove Lemma

Proposition 7.5. Ifh € L N'W'3, then there exists c;, > 0: for every u € XP, ux h € X and
llu X hllx-s < cpllullx-s < oo. (7.4)

Proof. Letus fix h € L® N'W'3. Then there exists ¢ > 0 such that for every z € H'

llz X Al IV X WIE, + Iz X Allf, < 20192 X A7, + Iz X VAIE,) + 1z X Al

INA

2(IHRAIVZR, + IVAIRNlP) + IARMIZIR, < 201AIR. + IVAIRIIR,

So the linear map M), : H' 5 z +— zx h € H' is bounded. Since M), : L*> — L? is also bounded and X# = [L?,H'],
by the interpolation theorem we infer that M), : X¥ — X? is bounded.

Next, let us fix u € L2 ¢ X and z € XP. Since X is equal to the dual space of X# we have

Ku X b, 2)| = [, 2 X W] < Nl lx-s|Mp(2llxs < callullx-sllzllxs.

By the density of L2 in X the above inequality holds for every u € X?. In particular, for every u € X ?, u x h € X
and inequality (7.4)) holds. The proof is complete.
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The proof of next Lemma is omitted because it is similar as part of the proof of Lemma 5.2 in BrzeZniak, Goldys
and Jegaraj [9].

Lemma 7.6. For each m € N, we define the partition {sf" = %, i=0,..., m} of [0, T]. Then for any € > 0, there exists

mo(g) € N such that for all m > my(g), we have:

(i) |
N t m—1 2 2 .
’}LHOIO E ZL [nn(u;l(s) X hj) - Z nn(u;l(s:") X hj)l(s;'”’syil](s)] dW]’”(S) < E;
j=1 i=0 X8
(ii)
m—-1 N
lim E’[ Z Z Tl () X B (Wit A s = Wi (2 A sI7))
i=0 j=1
m—-1 N 2
- 7, (' (s7) X hj)(W}(t A S - WJ’-(I A sT)) ] =0;
i=0 j=1 X+
(iii)
1
N m—1 2 )2 .
lim | B> fo Gt (5) X Rj) = 7 (57 X B L (5)) AW (5) <3
j=1 =0 X8
(iv)
N 2
lim ' ||| > f (au (5) X ) = (' (5) X hp) dWis)|| | = 0.
n—oo = 0 s

Now we are ready to state the Theorem which means that ’ is the weak solution of equation (2.1).
Theorem 7.7. For eacht € [0, T] we have M'(t) = ;V:] fot(u’(s) X hj) dW]’.(s).

Proof. Step 1: We will show that

N f
AOEDY fo 7 (1 (5) X hy) AW/, (s) (1.5)
j=1

P’ almost surely for each 7 € [0, T] and n € N.

Let us fix that t € [0, 7] and n € N. Let us also fix m € N and define the partition {sﬁ” =L i=0,..., m} of [0, T]. Let

m’

us recall that (u,, W,) and (u,, W) have the same laws on the separable Banach space C([0, T]; H,) x C([0, T1;RM).

Since the following map is continuous,

¥:  C(0,T];Hy) x C([0, TI;RY) - H,

m—1 N

1, W) = My(0) = D" malata (1) X )W A siLy) = Witz A s}),
i=0 j=1
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by invoking the Kuratowski Theorem we infer that the L?-valued random variables:

m-1 N
Mo(0) = 3" 3" aluan(5) X B)WE A siiy) = Wit A s))
i=0 j=1

-1 N
M) = D D w5 X AW (e A siLy) = Wit A s7)
Jj=0 j=1

3

Il
(=}

have the same laws. Let us denote uy, ,, := Z;”O (s )l[gm g - By the It6 isometry, we have

m—1 t 2
Z T (un (57 X hj) (Wit A sT) = Wit A s)) — f 7, (U (8) X hj) dW;(s) (7.6)
0 L2(Q;1L2)
t 2 t
E H f (7enCtn () X h) = Taata(s) X ) AWi(s)|| < IIhj{F B f [t m(s) = a(S)IE» ds.
0 L2 0
Since u,, € C([0, T]; H,)) P-almost surely, we have
!
lim ||unm(s) un(s)ll]i2 ds=0, P-a.s. (71.7)
m— oo
Moreover by equality (4.1), we infer that
! 2 ! 2
supE ’ f it n(5) = (P> ds| < supE ‘ f (2t IE + 2lun()IZ-) ds (7.8)
m 0 m 0

2
< E4lluoli?, T|" = 16lluollf, T < o.

By (7.8), we have fot 25 (s) — u,l(s)||i2 ds is uniformly (with respect to m) integrable. Therefore by the uniform
integrability and (7.7), we have
!
lim Ef l[tn,m(5) = un (I ds = 0
m—oo 0

Then by above equality and (7.6), we have

m—1 t 2
11m Z T (un (7)) X B)(Wi(t A sy ) — Wit A s)) = f 7 (un(s) X hj) dW;(s) =0.
L2(QL2)
Similarly, because u), satisfies the same conditions as u,,, we also get
m—1 t 2
lim Z T (u, (57 X h)(W’ NSty - W/'-n(t A ST — f (U (s) X )dW’ (s) =0.
m—0oo O
L2(QL2)

Hence, since the L? convergence implies the weak convergence, we infer that the random variables

M) = Z) [ maluta(s) X hj)dW(s) and M(r) = XY, [ 7, (s) X hy) AW, (s) have same laws. But M,(r)—
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Zyzl fot 7 (5) X hj) dW;(s) = 0 P-almost surely, so (7.5) follows.
Step 2: From Lemma and the Step 1, we infer that M/(¢) converges in L>(Q’; X ) to Z?’zl f()t(u’(s) x hj) dW;(s) as
n — oo. This completes the proof of Theorem[7.7]

Summarizing, it follows from Theorem [7.7] that for every ¢ € [0,T] the following equation is satisfied in
L2 X7P):
!
W) =uy + A f (' X (Au' = Vo(u'))) (s)ds (7.9)
0

- A f u'(s) X (' x (Au' = Vo)) (s)ds
0

N ¢
+ Z fo W' (5) X hj) o dW(s).

J=1

Hence by Definition[2.5] u’ is a weak solution of Equation (Z.I).

8 Verification of the constraint condition

Now we will start to show some regularity of u’.

Theorem 8.1. The process u’ from Proposition|[6.2] satisfies:
|/ (t,X)|lgs = 1, for Lebesgue a.e. (t,x) € [0,T] X D and P’ — a.s.. 8.1

To prove Theorem [8.1] we need to use [21, Theorem 1.2]. The proof similar to the proof of [9] property (2.11) ]
and although we can add some missing details, the proof is omitted.

From Theorem 8.1 we can deduce the following result.

Theorem 8.2. The process u’ from Propositionsatisﬁes: foreveryt €[0,T], in L*(Q'; 1),

W@ = uy+ g f (' x (A’ = Vo)) (s)ds (8.2)
0

) f ' (s) X (u' x (Au" = Vo)) (s)ds

0
N ¢
+Z; j; (' (s) X hj) o AW(s).
=

Proof. Tt is enough to prove that the terms in equation (8.2)) are in the space L?(Q’;L?). For this aim let us note

that by (6.12), Lemma|6.15]and (8.1),

T r
¥ ( f [« % (Aw’ = Vo)) (1) i dt) <o, rx1. (8.3)
0
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2
2 df <o,

T
E’ fo [l @) x (u x (Aw" = V(') (2)

This completes the proof of Theorem[8.2]
Theorem 8.3. The process u’ defined in Proposition satisﬁes: for every a € (0, %),
u € C%([0,T); L2, P —a.s.. (8.4)

Proof of Theorem [8.3] follows from the Kolmogorov test, Jensen and Burkholder-Davis-Gundy inequalities,

equation and our estimates (8.3)) and (6.6).

A Some explanation

This Appendix aims to clarify the meaning of the process A from Notation [6.11] and Lemma [6.10] And the

explanation present here goes back to Visintin [24]].

Definition A.1. Assume that D c R, d < 3. Suppose that M € H'(D). We say that M x AM exists in the L>(D) sense
(and write M x AM € L*(D)) iff there exists B € L*(D) such that for every u € W'3(D),

3
(B, u)> = Z(D,-M, M x Dju)y2, (A.1)

i=1
where (-, -) = (-, )2
Remark. Since H'(D) c L%(D) and D;u € L*(D), the integral on the RHS above is convergent.

Remark. If M € D(A), then B = M x AM can be defined pointwise as an element of L*(D). Moreover by Proposition
3.3 (A1) holds, so M x AM in the sense of Definition [A.T] The next result shows that this can happen also for less

regular M.

Proposition A.2. Suppose that M,, € H' (D) so that A, := M, x AM,, € L>(D) and
|/\n|]]_,2 <C.

Suppose that
M| < C.

Suppose that
M, — M weakly in H (D).

Then M x AM € L*(D).
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Proof. By the assumptions there exists a subsequence (n;) and A € L*(D) such that for any ¢ < 6 (in particular

qg=4

Ay, = A weakly in L*(D)
M,, — M strongly in LY(D)

VM,, — VM weakly in L*(D)

We will prove that M x AM = A € L?. Let us fix u € W'4(D).

First we will show that

3
(A, u) = Z(D,M, M x D), (A2)
i=1

Since (A, u) = Z? {DiM,,, M, X D;u) we have

3
~(Apuy + Y (DM, M X Diu)

i=1

3 3
= - Z(D,-Mn, M, x Dju) + Z(D,M, M X D)

i=1 i=1
3 3
= Z(D,M — D;M,,, M x Dju) + Z(DiMn, M x D; — M, X D)

i=1 i=1
= I,+1I,

Since M x D;u € L? and D;M — D;M,, — 0 weakly in L? we infer that I, — 0. Moreover, by the Holder inequality we

have

3
LI < ) IDiM,|aIM = Myl Diadys — 0.

i=1

Thus, (A, u) — Zi}: ({DiM, M x Dju). On the other hand, (A, u) — (A, u), what concludes the proof of equality (A.2)
for u € W'*(D).
Since both sides of equality (A.2) are continuous with respect to W'(D) norm of u and the space W'#(D) is dense in

WL3(D), the result follows.
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