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Existence and uniqueness for stochastic 2D
Euler flows with bounded vorticity

Zdzistaw Brzezniak, Franco Flandoli and Mario Maurelli

Abstract

The strong existence and the pathwise uniqueness of solutions with
L*>-vorticity of the 2D stochastic Euler equations are proved. The
noise is multiplicative and it involves the first derivatives. A La-
grangian approach is implemented, where a stochastic flow solving a
nonlinear flow equation is constructed. The stability under regulariza-
tions is also proved.

1 Introduction

The aim of this paper is to prove the strong existence and the pathwise
uniqueness of L> solutions to the stochastic 2D Euler equation in vorticity
form

dE+u-VEdt+ Y 0, VEodWH =0, & = &, (1.1)
k=1

where the initial vorticity &, also belongs to the L> space. The equation
above is subject to the periodic boundary conditions and thus can be refor-
mulated as a problem on a 2-dimensional torus T? = (R / Z)Q, see for instance
|41, chapter 2]. In other words the space variable is assumed to be an ele-
ment of T? and all fields are assumed to be 1-periodic (or simply defined on
T?). The noise coefficients o,’s are bounded, regular enough, divergence-free
vector fields, (W*)2 | is a family of independent Brownian motions and the
velocity field u¢ is defined as

ui(z) =K« &(z) = | K(x—y)&(y)dy, = eT?

’]TQ



where K = VLG = (—0,G,0,G) and G is the Green function of the Laplacian
on the torus T? with mean 0, i.e.,

ut = —VH(—A)TE

We will also prove the stability of the solutions under regularization of the
kernel K.

The Stratonovich form is the natural one for several reasons, including phys-
ical intuition related to the Wong-Zakai principle and the fact that an It6
term of the form >, o4 - VEAW* would require a compensating second
order operator to hope for a well defined system, see [39]. Besides, the
Stratonovich form preserves the L? norm of the solution and is the right one
to deal with manifold-valued SPDEs, see [11]. However, for the opportunity
of mathematical analysis, we will formally rewrite the equation in the It6
form

o0

1
¢, k
d¢ +u> - VE&dt + E oy - VEAW™ — §k§1(0k~V)ak'Vfdt
1 o0
=3 E rjogo;D*€] d (1.2)
k=1

and we will give a rigorous interpretation of the latter one (under some sim-
plified assumptions). Nonetheless it is useful to think sometimes heuristically
in form of the Stratonovich expression and it would be misleading to believe
that the equation has a parabolic character due to the term tr (aD?¢) in the
[t6 formulation.

The noise in equation (1.1) has a very special form, compared to general
abstract models of Stochastic Partial Differential Equations (SPDEs). Our
aim is not an abstract generality. We have chosen this noise for two reasons.
Firstly, because it occupies a relevant position in the Mathematical Physics
literature on fluids and secondly because it is of transport type, hence al-
lowing us to use special tools related to the transport equations (flows, L>-
bounds). The applied and theoretical literature on SPDEs driven by this
type of noise is rich, see for instance [5], 6], [14], [19], [22], [31], [33], [36],
[30], in particular for its relation with turbulent transport of passive scalars
and the so called Kraichnan model ([27], [28]), one of the most remarkable
theories where stochastic models have been applied with success to explain
phenomena in fluid mechanics. The transport structure of the nonlinear de-
terministic part of the equation (the vorticity in 2D is only transported) and
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of the stochastic part (Stratonovich choice is important here), allow one to
use stochastic the flows and to control the L*-norm of solutions (the vor-
ticity) by the L*>°-norm of initial conditions. This control is w-wise, uniform
also in w in €. Thus, having assumed that initial vorticity is bounded, the
solution is uniformly bounded in all parameters (also w), opposite to several
other stochastic cases, like the additive noise. This property is an important
tool of our approach and it cannot be readily extended to other stochastic
perturbations of the Euler equations.

What concerns the theory of the deterministic Euler equations, the unique-
ness for L*-vorticity in the deterministic case is the celebrated result of
Wolibner [42] and Yudovich ([44], [45]). In addition to an excellent re-
cent monograph |34] where some additional information about the trajectory
method can be found, one should also mention more recent publications as
for instance a recent review paper [15] by Chemin and a new approach to
the old non-uniqueness results of Schaeffer and Shnirelman by De Lellis and
Székelyhidi in [16].

The literature on the stochastic Euler equations counts a number of works,
including (7], [8], [9], [10], [12], [13], [21], [24], [25], [26], [37], [38], [43]. The
differences are in the structure of the noise, the results and topologies involved
and sometimes the domain and boundary conditions. A full discussion is not
possible so we limit ourselves to few remarks. Some of the works deal with
additive noise, some others with more general, namely multiplicative, noise
but not of the form treated here which involves the derivatives of the solution,
and one paper with noise with derivatives of the solution. When the noise
is additive, the theory is more complete, also because the equation can be
studied pathwise. First results were given in [10], where the existence is
proved when the initial data belongs to the space V' and the solution is an
H-valued continuous and V-valued square integrable process (where V' is the
space of divergence free vector fields with finite enstrophy and H is the space
of divergence free square integrable vector fields, periodic in an appropriate
sense. However this solution, constructed pathwise on a given probability
space, is not known to be progressively measurable. Moreover, if the vorticity
of the initial data is bounded and the external forces (deterministic and
random) satisfy certain assumptions, the solution is proved to be unique.
These results in the additive noise case have been improved and generalized
in the interesting paper [25], based on different techniques with respect to
[10], which relaxes various regularity and boundary conditions on the noise
for the result of existence and uniqueness of solutions with bounded vorticity



and proves very careful measurability properties in the case of solutions in
V', those which are not necessarily unique. Let us also mention that in the
additive noise case the more recent paper [23] gives delicate L*>°-vorticity
estimates on invariant measures for the stochastic Navier-Stokes equations
with and their inviscid limit. Multiplicative noise, depending on the velocity
field u (and not on the gradient) has been initially treated in the paper [13]
by nonstandard analysis tools. That paper is devoted to the stochastic Euler
equations on a 2-dimensional torus and the authors prove the existence of a
solution on the Loeb space and the existence of a corresponding notion of
statistical solution and it does not deal with the uniqueness. Then, in the
paper [12| the authors prove the existence (but again not the uniqueness)
of a solution to a problem with multiplicative noise as in [13| and possibly
unbounded domains, but the state space is the space the space H intersected
with the Sobolev space H'” for p > 2. In this way they are able to prove the
existence of solutions which are Hélder continuous with respect to the space
variables. The question of uniqueness in the case of multiplicative noise,
which was left open by these and other works (like |7]), has been recently
investigated in the paper [24], however only for one-dimensional Brownian
motion (so that the Doss-Sussmann transformation can be used). Finally, let
us mention the recent paper [43] by Yokoyama, which is the closest to our
model (the stochastic Euler equations in Stratonovitch form with the noise
coefficients depending linearly on the gradient of the solution), where the
author proves the existence of a martingale solution with the state space V;
the paper does not deal with the uniqueness.

We solve here the problem in the space L™ following the Lagrangian approach
of [35]. It is based, in the stochastic case, on the investigation of the stochastic
flow equation

ba) = o+ [ [ K@) =00 &)

t
+ Z/o or(®s(z))dWE, t€10,T], v € T?
k.

which is a problem of interest in itself, even when the kernel K is smooth.
This equation is not trivial because of the global dependence of ®;(x) on
(®5(y)),er= and the difficulty to develop stochastic calculus (for instance a
fixed point argument) in the space of (measure preserving, continuous) maps
¢ : T? — T2. The approach inspired by [35] allows us to study this equation
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and apply the result to the existence and the uniqueness of equation (1.1) in
L.

Acknowledgement

We thank an anonymous referee for several remarks and suggestions, which
help to clarify some points and improve the exposition. The first named
author would like to thank the Dipartimento di Matematica, Universita di
Pisa, for the kind hospitality.

2 The main results

Before stating the results, we list the hypotheses with some preliminary re-
marks.

Condition 2.1. In the paper, we will always assume that &y, the initial
vorticity, belongs to the space L>(T?).

Condition 2.2. The family of processes W = (W*)2 | is a cylindrical Brow-
nian motion (i.e. W*’s are independent Brownian motions), defined on a
probability space (2, A, P), with respect to the filtration F = (F})sco1-

Condition 2.3. The vector fields o,’s are divergence-free and belong to
CYY(T?) (Lipschitz periodic functions, hence a.e. differentiable); moreover
the family (01,)5%, is in WH°(¢?), that is

o0 o0
L2 = sup2|0k(x)]2+ Z|D0k|2 < +o00.
2€T? 1 24 k=1 Loo

We call a(z) = o, ox(x)or(x)* (A* denotes the transpose matriz of A).
We assume also that a = cly, where ¢ is a non-negative constant (possibly
equal to 0) and Iy is the constant identity matriz.

Remark 2.4. If a(z) = cly, for all x in T?, the It6 formulation (1.2) of the
stochastic Euler Equations simplifies to

dé +ub - VEdt + Z o - VEAWF = %cAg dt. (2.1)
k=1



Indeed, since the the vector fields o1 ’s are diwvergence-free, the first order Ito
correction term, namely >, (on - V)oy, - VEdt, disappears:

> Z ori(2)0s0n () = Z 0> onilx)ow;(r)) = Z d;az;(z) = 0.

Remark 2.5. Condition a(x) = cly, * € T?, can be avoided at the price
of requiring more regularity on the functions op’s and of a few additional
computations, which would obscure the main arguments. Indeed, the fact
that a s constant implies the absence of the first order Ité correction term,
which contains the derivatives of o, and that the operator %tr[aDQ] = %CA
commutes with the convolution with a given function; this will avoid the use
of a second order commutator lemma (not difficult but boring and requiring
maybe more reqularity on the oy ’s).

Remark 2.6. Let us briefly discuss examples of noise covered by the class
above. The trivial ezample of a noise term of the form V& - dW, where W is
a 2-dimenstonal Brownian motion is covered by taking o, = ey, for k = 1,2
(where (€1, e3) is the canonical basis of R?) and o, = 0 for k > 3. In this
case it should be noticed that the stochastic FEuler equations can be reduced
to the classical deterministic ones by the simple transformation & (t,x) =
E(t,x + Wy). More than this one, we are mainly motivated by the examples
described in the Mathematical Physics literature quoted in the Introduction,
where the noise term has heuristically the form V& (t,z) - O,W (t,x), for a
space-dependent random field W (t,z), Brownian in lime, with a given in-
cremental covariance function Q (x,y) = E[W (1,2) @ W (1,y)], sometimes
prescribed through its Fourier spectrum like Q (x —y) = [,. ¢** f (|k|) dk, for
suitable functions f. A rigorous and simple way to deal with such space-time
noise (correlated in space) is the one adopted above, namely to prescribe a
sequence of independent real valued Brownian motions WF and a sequence
of vector fields oy (x). The space-dependent noise W (t,z) is then given by
W (t,z) =Y pe, o () WF and the function Q (x,y) = > pey 0% () ® 0 (y)
15 its incremental covariance. If one starts with a prescribed covariance func-
tion Q(z,y) (with suitable properties), the oy’s are an orthonormal basis of
a certain Hilbert space, thus their form is not explicitly given (though their
existence is guaranteed, see [5] and [35]).

However, we should notice that in comparison with the literature on the
Kraichnan model of turbulent advection (related to the original Kraichnan’s
papers [27], [28]), we impose regularity properties on the wvector fields oy,
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which forbid us from considering certain singular examples treated there. The
covariance function Q (x,y), corresponding to our case, is always relatively
reqular, while it scales with fractional powers of |x — y| in Kraichnan model,
see for example [22], [33].

Definition 2.7. Let £ be an element of L>=([0,T] x T? x Q). We say that
¢ is F-weakly progressively measurable if, for every f in L'(T?), the process
t = (&, f) = [ f&da is F-progressively measurable.

Given an element w in L>(T?), we will write
u=u"=K=x*w.

If w is also time-dependent, we will write vy’ = u"*. It is well known, see
Corollary 2.18, that |u*(z) — u"(y)| < Lil||w| =]z — y|(1 —log|x — y|) for
some constant L if |z —y| < 1.

Now we give a precise definition of a solution. We use the 1t6 formulation,
having in mind Remark 2.4. In what follows, (f,g) := [ fgdz denotes the
scalar product in L?(T?).

Definition 2.8. Let & be in L>(T?). A distributional L* solution to the
stochastic Euler vorticity equation (2.1) is an F-weakly progressively measur-
able element & in L>=([0,T] x T? x Q), such that, for every ¢ in C>(T?), it
holds P-a.s.

t
0

) = (o) + [ (6 Todir+ Y [ Gon- Vo),
k

+ % /0 (&, tr[aD?))dr Vit e [0,T). (2.2)

It is implicit in the definition that the process (&, ¢) has continuous trajec-
tories.

Remark 2.9. If a process £ € L®([0,T] x T? x Q) is weakly progressive
measurable then so is the process us¢. Indeed it implies that, for every h in
LY(T? x T?), the process

t*—>/TZ T25(t7$)£(t,y)h(x,y)dxdy (2.3)



is progressive measurable (this can be verified first for h of the form h(x,y) =
f(z)g(y), then approximating every h with sums of such separable functions).
Now, for a test function o, it is enough to write fu% ~pdx as

/IF2 N K(z —y) &(y) &(z) - o(x)dzdy

and take h(zx,y) = K(x — y)p(z).
The main result about the stochastic Euler vorticity equation is as follows.

Theorem 2.10. Given & in L>(T?) and the cylindrical Brownian motion
W (with the associated filtration), under Conditions 2.2 and 2.3 on the co-
efficients of the noise, the stochastic Euler vorticity equation (2.1) admits a
unique L™ distributional solution.

Remark 2.11. Notice that the filtration is given a-priori. Thus both the
existence and the uniqueness are in the strong sense: there exists a solu-
tion & adapted to the (completed) Brownian filtration (the smallest possible
filtration) and any solution, defined on a possibly larger filtered space, must
coincide with & The same kind of existence and uniqueness will hold for
every equation we will meet.

Theorem 2.10 will be proved by solving the associated non-local SDE:
v = ot [ [ K@@ - 0w ew
+ ) /0 t on (D, (z))dWP. (2.4)
k
Notice that here the drift, namely

u(t,x) = [ K(z—®(y))&o(y)dy, (2.5)

TQ
depends on the whole flow.
Definition 2.12. e A stochastic continuous flow is a measurable map P :
[0, 7] x T2 x Q — T? such that, for a.e. w in Q, ®(w) : [0,T] x T? — T?

is continuous and, for every x € T?, the process ®(z) : [0,T] x Q — T?
15 progressively measurable.



o A stochastic continuous flow ® is said to be measure-preserving ifft, for
a.e. w,®(w) : T — T? preserves the Lebesque measure on T? for every
t.

Definition 2.13. We say that a stochastic continuous flow ® is solution to
the SDE (2.4) if, for every x, the process X := ®(x) solves the SDE

dX = u®(X)dt + Y op(X)dW* (2.6)

with initial condition Xo = x.

Theorem 2.14. Given & in L*°(T?) and the cylindrical Brownian motion
W (with the associated filtration), there exists a unique measure-preserving
stochastic flow solution to equation (2.4). This solution is a continuous flow
® of class C* in space and CP in time, for some a > 0 and for every B < 1/2.

Remark 2.15. Actually the uniqueness holds in a larger class of flows,
namely the class SM defined at the beginning of Section 4.2, as it can be
seen from the proof of Theorem 2.1j.

2.1 The strategy

There are two ways to prove our results. We will develop mainly the one
which requires the weakest regularity assumptions on the o’s. This strategy
will be as follows.

First we will prove that, for a log-Lipschitz random vector field u, the SDE

dX; = u(X))dt + ) op(Xy)dW,
k

admits a unique solution, given by a stochastic measure-preserving continu-
ous flow (Lemma 4.5). This includes the case of a “linear” version of (2.4),
where the drift is replaced by u¥ for some fixed stochastic flow 1, see also
next paragraph for notation. Then, using an iteration scheme, we will build
a unique solution to (2.4), reaching the assertion of Theorem 2.14.

In the subsequent section, we will use Theorem 2.14 to prove Theorem 2.10.

1To avoid any ambiguity here and other similar situations we assume that there there
exists a measurable set ) of full P-measure, such that for all w € Q and every ¢ € [0,7],
the map ®;(w) : T? — T? preserves the Lebesgue measure on T2



In the last section, we will show the second method: a “trick” allows us to
reduce the stochastic case to a modified deterministic case. This seems to
be more rapid but requires the o;’s to be at least C? (at least if one wants
to use classical results), while the first method requires only a Lipschitz-type
(precisely W1°°(¢?)) hypothesis on the diffusion coefficients. That is why we
will not develop this second method in all the details.

2.2 Log-Lipschitz property of K and other useful facts

First we state the fundamental log-Lipschitz property for K and the drift
u®. The key inequality (2.8) is stated in [35, section 1.2], and it follows from
standard estimates of the Green function G, see e.g. |3, section 4.2]. For the
completeness sake, we have recalled the proof in the appendix. For r > 0,
call

v(r) = (1 =logr) Lo e((r) + (r 4+ (1/€)) 11 /e, 400((T)-

Remark 2.16. The following elementary properties of v will be of use: the
function ~y is increasing, concave and for every 0 < e < 1/e, we have

v(r) < —rloge+e, Vr>0. (2.7)

Lemma 2.17. The map K, introduced before, is an LP(T?) divergence-free
(in the distributional sense) vector field, for every p < 2, and verifies for
certain constants Lo, Li:

| K| 212y < Lok,

|K(z—y) — K(z' —y)ldy < Lry(|z —2]), Va2’ € T2 (2.8)
T2

The divergence-free property is a consequence of the fact that K is orthogonal
to a gradient of a scalar field.

Corollary 2.18. For every w in L°°(T?), u¥ = K *w is divergence-free and
satisfies

lull= < Lol o,
(@) —u ()] < Lilwl (e — ), Voo’ €T (29)
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We will use also the following elementary result. We recall that, for a finite
signed measure £ on a space E/ and a measurable map F': E — E', v = Fup
denotes the image measure of y on E’, namely v(A) = u(F~1(A)) for every
measurable set A in E’. Notice that v is a finite signed measure and that
\v| < Fylpl (since |v|(A) < Fyu|p|(A) for every A).

Lemma 2.19. Let F be a measure preserving map on T? and let w be in
L>(T?). Let pu the (signed) measure on T? with density w (with respect to
the Lebesgue measure) and define v = Fyw. Then v has a density (denoted
by v) with respect to Lebesque measure and ||v|| = < ||w||fe-

Proof. Tt is enough to prove the Lemma when w is nonnegative. Since F
is measure-preserving, if A is a set of zero Lebesgue measure, then L2{F €
A} = L*(A) =0, and so [, dv = [, 1a(F)wdz = 0. So v admits a (nonneg-
ative) density v. Now, taking ¢ > 0, B = {v > ||w||~ + £}, we have
(Jwl|z + £)L2(B) < / Lpvds — / 1 (F)wdz <
T2 T2
< |lwll g~ L2 F € B} = w1~ L2(B),

which implies that £2(B) = 0. By arbitrariness of €, we get ||v|| 1 < |Jw]| 1.
[

Given Lemma 2.19, we will use often v = Fyw instead of v = Fyp.
Finally some other notation. Let 1 a measurable measure-preserving flow on
T2. With the notation in the previous section define &’ = ()& (which is
in L>°([0,T] x T2) by Lemma 2.19) and u* = u¢”, which also reads

w(t,a)= | K(z—(y)) Sly)dy.

'JI‘Q

As already noticed, the SDE (2.4) reads as
t t
Qi (z) ==z —i—/ ul (®,(z))dr + Z/ o (P, (z))dWE.
0 — Jo

Remark 2.20. By the definition of u¥, Corollary 2.18 and Lemma 2.19, u¥
enjoys ||[u¥||z < Loxl||éollz and the following log-Lipschitz property:

u¥ () = u(2')] < Lill&llz=r(lz — 2')), Va,2" € T2 (2.10)
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Given ) a positive constant and 2, in [0, 1/¢], we will also denote by 2*(¢, 2)
(omitting the A\ when not necessary) the solution to the ODE

t
2 = 29 + / MY (2 )dr
0
This z is unique and has the explicit formula
2(t, z0) = ngp[_)‘t]el_eXp[_M]1t<t0 + (2e exp[A(t —to)] — e 1y, (2.11)

where to = to(), z9) = 3 log izgzo is the time such that z(tg) = 1/e. Notice
that, for zy in [0, exp[1l — 2], it holds ty > T and so, for ¢ in [0, 77,

2(t, 29) < 2P, (2.12)

3 The deterministic case

We first treat the deterministic case, in order to show the basic ideas. The
scheme of the proof, strongly inspired by [35], is a suitable rewriting of [35],
convenient for generalization to the stochastic case.

Euler flows in 2D (on the torus T?) are described by the following non-local
ODE:

=+ / ., K(® Dy(y)) Soly)dy. (3.1)

Equation (3.1) reads as ® = u®(®) (with initial condition ®; = id), notice
that the drift is log-Lipschitz. That is why we consider the auxiliary equation
(linear problem):

¢
X/ =z —i—/ u(s, X2)ds, (3.2)
0

where u is a fixed measurable vector field with the following property: for
every t, x,v,
u(t, z) —u(t, y)| < Luy(lz —yl) (3-3)

for some L, independent of ¢, x,y.

Lemma 3.1. For every initial datum x, equation (3.2) has a unique solution.
This solution is described by a (unique) flow 1V of measure-preserving homeo-
morphisms of class C* in space and Lipschitz in time, with o = exp[—L,T.

12



Proof. The existence of a global solution (in R?) to (3.2) follows from the
Peano Theorem, since u is continuous bounded. The uniqueness holds by the
Osgood criterion (since [; v(r)"'dr = +00)) or even by the Holder estimate
below (simply take = = y).

The Lipschitz continuity in time follows by boundedness of u. As for the
Holder continuity, property (3.3) implies that, for every = and 2/,

V() = ()] < | — 2’| + L“/o Y([¥s(z) = ¥s ()] ds.

By a comparison result, |¢:(z) — ¢(2')] < zLu(t, |z — 2’|) (recall that 2* is
the unique solution to z; = zy + fot AY(z5)ds). The bound (2.12) for z gives
the desired regularity. The invertibility and the continuity of the inverse map
are due to the classical cocycle law, so that the inverse flow of v, is 4. The
measure-preserving property follows by a simple approximation argument,
see the proof of Lemma 4.5 in the stochastic case. n

Now we use the Picard iteration scheme to prove the existence and the
uniqueness of solutions to (3.1). Consider the set

Mr = {1/1 : [0, 7] x T* — T?|y) measurable ,sup [ |, (x)]dr < +oo,
0,7 J T2
1y measure-preserving for a.e. t}.
It is a complete metric space, endowed with the distance dist(¢y!,?) =

supjo 7y Jpe [¥f (2) — ¥7 (x)| dz. For any ¢ in My, define G(¢) as the unique
flow solution to (3.2) with u = u¥, i.e.

d
70 = (GWw)

(with initial condition G(¢)(0,z) = x). Recall that
wit) = [ Ko=) o)y

enjoys the log-Lipschitz property (2.10), so that by the previous Lemma G
takes values in M.

13



Lemma 3.2. For every € > 0, for every two flows ¥, ¥? in My, we have:

N GWNe(x) = G(?)e()| do

< Ll [ ([ Wi - il ar) o
v Ll [ ([ 160060 - c@ilas)as @)

and also

G — G(*):| do

'[[‘2

< Lilellim(-log) [ [ G0, ~ Gl drds

t
© Ll (= loge) / / 0! — 62| dads + 2L |[& |l mte. (3.5)
0 T2

Proof. We have

/ G |d:c<||£o||m/ //

<G<w1>s<:c> — 1, () — K(G(¥?), ()| ddyds.

In order to use (2.8), we add and subtract K(Gw )s(z) — ¥2(y)) to the
integrand of the right-hand side. Thus we get

[ 6w - il <lelos [ [ )

1K (G@Y)) = W) = K(GY)o(@) - v2w))]
HE(GWY)() = 62(y)) — K(GW)u(x) = ¥2(y))| | dadyds

< el [ [ [ [kt — vt - K- o)
K(GW(@) = y) = K(GW?),(2) - y)l| dedyds
< Lelol [ [ 200 - il

¥ LK||50||LOO/O/WMG )o(@) — GP).(x)duds,

14



where in the second passage we used the measure-preserving property. Fi-
nally, by the Jensen inequality applied to the concave function v, we have

N GWNelx) — G(¥?)(2)| dx

< Ll [ ([ Wi - il ar) o
+ Ll [ ([ 16606 - 61z ) ds

that is the first estimate (3.4). Now we apply property (2.7):

[ 16 - G da
< Lulallim(-1og2) [ [ W) = v3te)] dods +

t
sLilellim(loge) [ [ [ 160 (2) = G (a) dods +
+2L k|| &0l L~ te,
i.e. the second estimate (3.5). O
The following continuity result is a consequence of the previous Lemma.

Corollary 3.3. The map G : My — My is continuous. In fact, it is locally
Hélder continuous.

Proof. Let us denote wy, = [, |G(¥")¢(2) — G(¥?)¢(x)| dz. Then the estimate
(3.4) in Lemma 3.2, together with monotonicity of v, gives

w; < LKHfoHLooTV(SUP / by (2 )!dl')

© Lilléoli / (ws)ds.
0

Again by a comparison theorem (recall the definition of z in (2.11)), we get
that

GWNe(@) = G(W*)(2)| dx

T2

< hxcleole (t, Licllolle=T( sup [ Jwi(x) - vi()] dw))

s€0,T] JT
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When Ly || &l Ty (dist (1!, 1?)) < exp[l — 2ebxl€lle=T] (3 condition which
is verified for dist(¢',1?) small enough, for fixed ||&|| and T'), the estimate
(2.12) gives:

GWNe(x) — G(W*)(2)| dx

T2

exp[—Lx||€ol| Loot]
< (LanoHLmTv ( wup [ i —w§<x>|dx>> -
T

s€[0,7T

From this and the continuity of v, we see that G is continuous on Mp. The
Holder continuity of G follows from the fact that ~ is Holder continuous. [

We are ready to prove:

Theorem 3.4. There ezists a unique solution in My to equation (3.1), which
15 a flow ® of measure-preserving homeomorphisms of class C* in space and
Lipschitz in time.

Proof. First step. First we prove the existence and the uniqueness on an
interval [0,77], for 77 small enough. For the existence, we define the ap-
proximating sequence for the solution to problem (3.1). Choose ) = I.
For any n, put ¥"" = G(¢") (G being defined on My, ) and denote p =
SUPgsy, Jpo [V (2) — ¥f(2)| dx. [The reason for the supremum in k > n is
to have, in the formula (3.6) below, p™ on the left hand side and p"~! on the
right hand side: otherwise it seems difficult to have good estimates.] The

estimate (3.5) in Lemma 3.2 gives immediately that for all n € N

t
o < 2Licoll 1 (— log ) / s 2L |Collimte. (36)
0

By Lemma A.1 we infer that

2el o)™
sup pl! < (2eLrc||€ollr=Th)
[0,71] 2mn

sup p?+2Lk||€ol =Ty exp[n(2Lk [|€o|l L=T1 — 1)]
0T

(3.7)
and so, provided a := 2eLk||&||r=T1 < 1, there exists a unique » € Mp,
such that the sequence (¢™), converges in My, to ©. By Corollary 3.3 it
follows that G(¢) = 9.

The uniqueness follows by applying the previous iterative scheme to two
solutions ®!, 2. More precisely we take &Y = &' and ¢! = G(P"),
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i = 1,2, and we define o} = supys, [r |®1"(x) — ®;"(x)| dz. Then (3.6)
and so (3.7) hold for the sequence p™ (in place of p"). But, since ®!, ®? are
solutions and hence fixed points of G, ®"" = & and pi' = p? for every n,
1= 1,2 and so we get

dist(',9%) = sup pj =< a" sup pj+e a7 = o dist(P', D*)+-ae 17,
[Ole] [OyTl]

for any integer n. Since a < 1, taking n large, we get dist(®!, ®?) = 0.
Second step. We prove the global existence and uniqueness. They follow
essentially by iteration in time, but we prefer to make this argument explicit,
since the non-locality of the drift could create some confusion. The main
point is to notice that, for fixed 0 < 7" < T, a flow ® solves the non-local
ODE (3.1) on [0, 77 if and only if it solves the non-local ODE on [0,7"] and
it satisfies, for ¢ in [T",T],

v =tew)+ [ [ K@W- )W 63

Hence we will prove the global result by showing the existence and the unique-
ness for equation (3.8) on [T}, 277], and then iterating the idea. As before,
we define the approximating sequence (¢"), of maps on [T7,2T;] x T? by
imposing

(o =en)+ [ [ K@ - w0 awa. 69)

Here a small technical clarification is needed for the existence, the continuity
and the measure-preserving property of ¢)": they cannot be inferred directly
from Lemma 3.1, since the initial datum is no more = (we could repeat
the argument starting from ®p,(z): this can be done, but at the price of
introducing a flow map @7, ; which we avoid for simplicity). So we prove
Y™ exists continuous and is measure-preserving, by defining ¢)" on the whole
interval [0,271] as ¢ = ®,1j01,] + P Ljry 21 and ¢ = G(¢" 1), the map G
relative to the interval [0,27}]. In this way ¢™ coincides with ® on [0, 7}] (in
particular it satisfies the condition ¥, = ®r,) and it verifies equation (3.9)
on [T1,2T;]. The definition of ¢™ (with continuity and measure-preserving
property) is now done.

Having the existence and the measure-preserving property, we can repeat
the estimates in Lemma 3.2, starting from ®7,, with no difference in the

17



proof; in particular the estimates hold with the same constant and with final
time 7" which is replaced by 7' — Tj. In this way we get the existence on
T <t<Ty+1 =2T.

The uniqueness follows again applying the iterative scheme above to two
solutions and concluding as in step 1.

Step 3. The regularity and homeomorphism properties hold by Lemma 3.1,
since & = G(P) is in the image of G (G now being defined on the whole
0,77). O

Remark 3.5. In case & is more smooth, more reqularity of ® can be ob-
tained, using the usual iterative scheme: if ® has some reqularity, then u®
has more reqularity, which implies again an improvement of reqularity of P,
and so on.

4 The stochastic case

Now we prove the existence and the uniqueness of a stochastic continuous
flow solving equation (2.4). Notice that, differently from the classical (linear)
case, the drift depends on the whole flow, so Kunita’s theory ([29], [30]) is
not (at least easily) applicable.

We try to mimic the previous reasoning in the deterministic case. The last
part, the iterative procedure from the proof of Theorem 3.4, works in this
simple way. First we get a generalized Lemma 3.1 (with It6 formula to treat
the modulus of the difference of two flows), then we repeat the scheme and
obtain a measurable flow solution to (2.4).

The main difficulty is in the first part, precisely in the generalization of
Lemma 3.1 to stochastic continuous flows (remember that we need a conti-
nuity property for w fixed). In order to get rid of the first difficulty, we will
apply Kolmogorov test, in the spirit of Kunita’s results (see [29], [30]). For
this we need some estimates on the linear equation.

4.1 The linear stochastic equation

Consider the following SDE (“linear” problem):

dX; = uy(Xy) dt + Y o (X,)dWF, (4.1)
k
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where u is a random vector field with the following properties: for every z,
(t,w) — u(t, z,w) is a progressively measurable process and, for every ¢, z, vy,
w?

u(t,x,w) S LO,IM (42)
]u(t,av,w) - u<t7 va)| < Lu”)/(|l' - y|> (43)

for some Ly,, L, independent of ¢, z,y,w. These properties imply that, if
X is a progressively measurable process with values in T?, then wu(t, X;) is
progressively measurable too.

Lemma 4.1. Let X, Y be two solutions of (4.1) starting from x, x’ resp..
Then, for any p > 2, there ezists § = 6(T, Ly, Ly, p) such that, if |z —2'| <,
it holds for some constant C,r, depending only on p and T

E[IX, — Yol?) < efe — of [Pl ol b0 0 (L8 4 L2t — ¢P2 (4.4)

Proof. Tt is enough to prove the formula in the two particular cases t = t/
and r = 2’. Fix ¢t = t. By the Ito formula (applied to f(z) = |z|P), calling
Z =X —Y, we have

dIZ) = plZIP2Z - (u(X) — u(Y) dt
+ [ZP’ZV"Q\%OO - ak(Y)\z} dt
b [ bl - 2122 - (u(X) - (V)] de +

£ PIZPZ - (0u(X) — oY)W

We take the expectation and use the Lipschitz continuity of o4’s and the
log-Lipschitz property of u:

pIZP u(X) = u(Y)]

< pLy|Z|P(1 = log|Z)1z1<1/e + PLu| ZIP7H(|Z] 4+ 1/€)1 12151 /e
< pLu|ZIP(1 —log|Z[")1 z1<1/e + 2pLu| ZIP + 1/l z151/epLuy(|Z]7)
< 2pL (| Z]P).

Then

t t
E(2[) < |a — '|" + 2L, / El(1Z)ds + L, / B[ Z)ds,
0 0
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from which, using Jensen inequality for the concave function + and the fact
that » < ~(r), we obtain

t t
(207 < |a — )" + 2L, / V(B[ Z])ds + L, / E(|Z[7)ds
0 0
t
< Jo— P+ QoL+ Lo) [ A(BZEDds
0

By a comparison principle, E[|Z|] < z2PLutLle(t |2 — 2/|P) (recall the defini-

tion of z in (2.11)). When |z — 2’| is small enough (precisely, < § for some

T, Ly, Ly,p)), we can apply the estimate (2.12) and we get the thesis for
=t

Now put = = 2/, t' < t. By the boundedness of u and ¢}’s, using the Holder

and the Burkholder inequalities, we get

t t
EllX: — XuP] < 2”‘1E[|/ u(X,)dr|” + | Z/ ak(xr)dwfﬂ
t! k t!
< Gp(Lh + LET) ([t =P + [t = ¢[P2).
The proof is complete. O

This will be enough to get the uniqueness and the continuity, but we still need
the existence. For this, we will use a generalization of the previous lemma,
exhibiting a Cauchy sequence of solutions of approximating equations. Let
p be a C*(R?) function, define p.(z) = e 2p(e~'x); consider the standard
mollification of u: u®(t, r,w) = u(t, -, w) * p(x), for x € T? (the convolution
must be understood on the whole RY, where u is extended by periodicity).
Notice that, since by (4.3) the field u is continuous and bounded in x, uni-
formly with respect to t and w, we get that (u®). converges to u uniformly in
(t,x,w): that is, we can find a continuous function @ : [0, 1] — [0, +-o00[, with
6(0) = 0, such that, for every € > 0, § > 0,

sup  |uf —u®| < O(le —d]). (4.5)
[0,T]xT2xQ

Moreover, Corollary 3.3 holds uniformly in e:

sup [u”(t, x) — u®(t,2")] < Luy(|e — 2')). (4.6)

e>0
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Similarly, we define o5 (¢, z) := ox(t,-) * p-(z); since the o;’s are Lipschitz-
continuous (more precisely, by Condition 2.3), we get (possibly for another
0, with the same properties as above)

€ 612
sup o —oy|” < 0(le =), 4.7
o Ek |0}, — 0% (le —4l) (4.7)
sup E o5 (t, z) — of(t,2))? < Li|o — 2| (4.8)
e>0 3

Lemma 4.2. For any € > 0, let 1° be the stochastic continuous flow solution
to
dX7 = uf(X7)dt + ) o5 (X7)dW. (4.9)
k

Then, for any p > 2, for every €, & close enough to 0, for every x, a' in T?
with |x — 2’| small enough, it holds

sup B[4 (z) — o ()] < C (e — 2|7 + CO(e — 8))™ "
[0,7]

for some C' > 0 (independent of ,0,x,2'). In particular, (V). is a Cauchy
sequence in C([0,T] x T? LP(R)).

For the sake of simplicity, we do not specify, in the result above and in the
proof below, the constants involved (using the letter C' for all of them), since
the estimates will not be used in the proof of the main result.

Remark 4.3. For every e > 0, for every initial datum, equation (4.9) has a
unique solution, which can be represented by a stochastic continuous flow 1)°
of C* maps. Indeed, by the boundedness of u, the C* norm of u® is uniformly
bounded, and Kunita’s theory applies. Notice that here we need Kunita’s
result with a stochastic drift, namely [30], Theorem 4.6.5.

Remark 4.4. Again for e > 0, since the stochastic integral is of Stratonovich
type (which we have written in Ito form), usual calculus rules give the stan-
dard equation for the Jacobian, which depends only on the divergence of the
vector fields. Since u® and of’s are divergence free, the Jacobian turns out to
be constant and so the stochastic flow is measure-preserving.

Proof. First we notice that, for p > 2, E[|¢f(x)|P] is bounded by a constant
independent of €, t and x (simply estimate |u®(X®)| and |ox(X®)| with the
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sup-norms of u and o, and use Holder and Burkholder inequalities). Sim-
ilarly, one sees that ¢° is in C'([0,T] x T?; L*(Q2)) for every ¢ > 0. By Ito
formula (applied to f(z) = |z|P), calling Z = ¢ (y) — ¢?(z), we have

dl|21) = p|ZP2Z - (u (0 (@) — u (47 ()
+ [ plZP i (@) - W @)

b Yl = D122 - (i) — AP W] de
+ N plZP 27 - (o5(4F (2)) — o (5(a’)) AW,

The difficult term is u(¢°(z)) — u®(¥°(2')). For this, by (4.5) and (4.6), we
have

Ju® (¢F () — w’ (° ()]
< ut (9 () — u (¢ (2))] + [’ (¢° (2)) — u® (¥°(2"))]
< O(e—0)+ CH(|Z]).

The terms with of are easier: by (4.7) and (4.8), we have
D lo* (@ (@) = (W ()
k
< 2) [loi (W (2)) = o (v (2))]° + |of (47 () — of (¥ ()]

< (e —6)+ClZ)%
So, proceeding as before, using concavity of 7 and uniform boundedness of
E[|ZP~1] and E[|Z|P~?], we get
t
ENZ]}] < |z — 21" + CO(|e — 0) + / YE[Z[])ds.
0

We conclude that, if |z — 2'|P 4+ C0(|e — 0]) is small enough (precisely, smaller
that a constant depending on T, C' and p),

)

, exp[—C't]
sup B[ Z]f] < € (Je — o' + (1= — 9]))

(0,77

which implies that, if x = 2/, the sequence (¢°). is Cauchy in the space
C([0,T] x T?% LP(Q)). O
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Lemma 4.5. FEquation (4.1) has a unique solution, for every deterministic
initial datum. This solution is described by a (unique) stochastic measure-
preserving continuous flow | of class C* in space, for some a > 0, and C”
in time, for every < 1/2.

Proof. By the previous Lemma, for every z, there exists the limit, in C'([0, T]; LP(£2)),
X of the approximating processes X = ¢°(z)’s. Then we can pass to the
limit in equation (4.9), because the coefficients are continuous bounded.
Hence we infer that the process X is progressively measurable and solves
(4.1). The uniqueness follows from Lemma 4.1, with x = y. The Holder con-
tinuity property is a consequence of the Kolmogorov criterion, applied again
to (4.4). Indeed we get that 1 is a-Holder continuous in space, for every
a < e ¢T —2/p and B-Holder continuous in time, for every 8 < 1/2 — 1/p,
so for every 5 < 1/2.

As for the measure-preserving property, we will prove that, for every bounded
measurable F': Q@ — R, every bounded measurable b : [0,7] — R and every
continuous bounded ¢ : T? — R,

/OT h(t)E {F /TQQ(%(I))CII} dt = /OT h(t)E {F /11“2 g(:c)d:c} dt.  (4.10)

This will prove that, for a.e. (¢,w), ¥(w) is measure-preserving. By continu-
ity in (¢,x) at w fixed, this implies easily that, for a.e. w, ¥;(w) is measure-
preserving for every ¢. Since the approximating flows ¢®’s are measure-
preserving (remember Remark 4.4); equality (4.10) holds for the ¢°’s. By
the convergence in LP, we can find a subsequence ¢°* such that (¢°"),, con-
verges to ¢ for a.e. (t,z,w). Passing to the limit along this subsequence
(using dominated convergence theorem), we get (4.10) for ¢. The proof is
complete. O

Remark 4.6. With a small effort, one could also show the injectivity of 1y (w)
for all t, for a.e. w (essentially, one has to extend Lemma 4.1 to negative p
and use Kolmogorov criterion for |y(z)—(y)|~1). Surjectivity and continu-
ity of the inverse map follow from the continuity and the measure-preserving
property. The range of a measure-preserving continuous map is a compact
set, whose complement (an open set) is Lebesque-negligible. Thus this range
must be the whole T%. Thus the flow is a actually a flow of homeomorphisms.

Corollary 4.7. Let & be an element of L=([0,T] x T? x Q). Then equation
(4.1) with u = u® has a unique solution, for every deterministic initial datum,
which enjoys the properties in Lemma 4.5.
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4.2 Stochastic Euler flows

The rest of the section goes on in analogy with the deterministic case. We
define a space

SMy = {w 210, T] x T* x Q — T? : ¢ measurable w.r.t. P x (B)(T?),

sup/ Ell(z)|]dr < 400, meas.-pres. for a.e. (t,w)}.
T2

(0,7]

Here P is the predictable o-algebra associated with the filtration (F;):.
It is a complete metric space, endowed with the distance dist(y?t,?) =
supp. 1) Jpe Elti (¥) — F(x)|dx. For a given measure-preserving stochastic
flow ¢ in SMyp, we call G(¢)) the unique solution to the SDE (4.1) with
u = u¥. Recall again that

w(t,a)= | K(z—(y))Sly)dy.

’]I‘Z

enjoys the log-Lipschitz property (2.10) and it is also progressively measur-
able as required in the previous section, so that G takes values in SMr.

Remark 4.8. One may ask at this point why, in the definition on SMr,
we have the supremum in time outside the expectation and not inside (while
Burkholder inequality allows supremum inside, in some cases). The reason
15 that the argument works with the supremum outside and putting the supre-
mum inside could create additional difficulties. A posteriori, since the flow
solution ® to (2.4) is in the image of G, it is continuous and also Hélder
continuous.

Lemma 4.9. For every ¢ > 0 (small enough), for every ¥, ?* flows in
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SMr, the following estimates hold:

[ BI60H@) - 6| do

< L oo t E|pY(z) — 2 (x)|dx ) d

< Lulllo= [ o ( [ EWie) - vl dz ) a

+ Lellalos [ ( / BIG(WY). (x >—G<w2>s<x>|das) ds,
212 E|G(vY ()| dxds,

+ 222 [ [ BIGE. @) - Gl drds

| BIG0Y: - Gl ds

< (Lalol +2L)(~1og2) [ [ EIGW. - G(u?)|dods

0 T2
+ Lllol=(~1og) [ [ B!~ 02| dods + 2L ollmte
0 T2

Proof. We would like to apply 1t6 formula to the modulus function and get
an estimate for |G(¢')(x) — G(¥*);(x)|. Since the modulus is not C?, we
use the approximate functions f5(z) = (|z|> + 0)¥2, for § > 0. Calling

Z = GY)(x) — G(?)(x), we have

dlfs(2)] = f5(2)"'Z [ YUGWY) = (G())) de
+ Zfs (2)on(G (")) — on(GW2)|dt

+ Zf5 — G(?) - (o(G(W")) — on(G(W?)))]*dt
+ Zfa ok (GY) = ox(G(W2)]dW.

Taking the expectation and using the Lipschitz property of o, since fs(z) >
||, we get

B|Z)] < / E[[u? (G(1)a(x)) — u? (G(0?)a(x)|Jds
+ 2L(2,/tE[|ZS|]ds
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The rest of the proof follows the lines of Lemma 3.2: we estimate [1, [u? (G()s(7))—
u?” (G(1p?)4(x))| dz and use Jensen inequality to pass v outside the integral

in x and outside the expectation. The second inequality is a consequence of
the first one. O]

Proof of Theorem 2.14. Similar to the proof of Theorem 3.4, we only recall
the main passages.

First step. We prove the existence and the uniqueness on an interval [0, T1],
with 7} small enough (but deterministic). The iteration scheme is com-
pletely similar to the one in the deterministic case: we consider ¥?(z) = z,
Pl = G), pf = supgsy fp BT (2) — ¢F(2)| dz and proceed as in
the deterministic case, getting a limit flow ® in SMp, for T} such that
a = 2e(Lkl|&llr~ + Lg)Tl < 1 (notice that T} is independent of w, since
all the estimates are in expectation). Such a flow solves (2.4), because G is
continuous in SMry: indeed, from Lemma 4.9 again by comparison with z

/]1‘2 E|G@")(z) = G(0?)i(x)| dx
< pLxleliet2r? (t Lic||€oll =T ( sup / Elyy(v) —wﬁ(fﬂ)\dﬁﬂ))

s€[0,T] J T2

and, if dist(¢',1?) is small enough,

/1r2 E|G(")i(x) — G?)(z)| da

exp[—(Lx [[€oll oo +2L3)1]
< c(Lulllle=Tr( sup [ i) - o) o)) .

s€[0,T] JT

The uniqueness on [0,7}] is also proved in the same way of the deterministic
case.

Second step. We prove the global existence and uniqueness. For this, as in
the deterministic case, we solve the equation on [T7, 27}]

®y(z) = By, (z / K(® ) &oly dy—i—Z/ z))dWF.
T JT2

To get the existence for this equation, we define the approximating sequence
(¢™),, of maps on [T7,2T;] x T? by imposing

vi@ =on@t | [ K@@ ) &wdr Y [ o @)ark
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The existence, the continuity and the measure-preserving property for equa-
tion (4.11) are again not a direct consequence of Lemmata 4.1 and 4.2, since
here we start from ®7, and not from the identity; here we also have the prob-
lem of the randomness of ®,, which brings us to consider the strategy in
the deterministic case. Following that strategy of the deterministic case, we
can build 9™ and prove the continuity and the measure-preserving property.
Then we apply the previous estimates, again with no chance in the constants
and with the final time 7 replaced by 7" — T} (again deterministic). This
allows to conclude the existence on [T}, 277]. The uniqueness on this interval
is as in the step 1.

Third step. The regularity properties hold by Lemmma 4.1, since & = G(®P)
is in the image of G (G now being defined on the whole [0, 7). O

5 The stochastic Euler vorticity equation

In this section we will prove Theorem 2.10. First we need the existence of
solutions to the stochastic Euler vorticity equation (2.1).

Proposition 5.1. Let ® be a solution to (2.4). For t > 0, define §& =
(®1) 4. Then & has a density (still denoted by &) in L>=([0,T] x T? x Q),

which is a distributional L™ solution to the stochastic Euler equation (2.1).

Proof. Fix t > 0 and the probabilistic datum w (omitted in the sequel). By
Lemma 2.19, since ®, is measure preserving, &; is absolutely continuous with
respect to the Lebesgue measure on T? and ||& ||z~ < ||&ol| -

Let ¢ be a test function, It6 formula applied to ¢(®,) gives

dlp(®)] = uy (®;) - V() dt + ng@t} - V(@) dW )
k
1
+ §tr[a(@t)ngp(<I>t)] dt.
Now notice that, by definition of &, uf = K * &; so, integrating in &ydx, we
get (2.2). O

For the proof of the uniqueness, we will adapt a classical argument for the
transport equation. We first recall the idea in the case o, = 0 for simplicity.
A formal application of the chain rule gives

d dd,
%gt(cbt) = 0&(Pe) + th(q’t)% = (0t +uy - V&) (D) = 0.
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This implies that &(®,) = &, so that & = &(®; ") is completely determined
by the flow. But we have used the chain rule for an object (£;) which is not
regular in general (and in fact there are counterexamples for irregular drifts).
Thus we need to regularize &. This regularization £° solves a transport-type
equation with an additional term, a commutator, which we need to control
to conclude the argument. We use for this the argument in [17], [1], [2],
where the commutator is an essential tool for the uniqueness of the transport
equation.

First we need approximate identities. For this, let p be a C°°(R?) nonnegative
even function, with support in [—1/2,1/2]* and [g, pdz = 1. For ¢ > 0, define
pe(x) = e 2p(x/e). If fis an integrable function on T?, f can be extended
periodically to a locally integrable function on the whole R?, so that the
convolution p. * f makes sense and is still a C*° periodic function.

For a vector field v and a function w on the torus, we define formally the
commutator as

(v -V, pex|w = v - V(pe xw) — pe x (v Vw). (5.1)

Suppose that v and w are integrable and v is divergence free. Then the
expression above defines a measurable function on T?. Indeed, the following
equalities hold in distribution (the functions being thought as extended to
the whole R?):

pex (V- Vw) = p. xdiviow) = — [ Vp(2) -v(- —2)w(- —2)dz.  (5.2)

R2

Besides, by (5.1) and (5.2), the commutator reads

[v-V, pex]w(x) = /R2 (v(z) —v(z —2)) - Vp(2)w(x — z)dz.

With the change of variable y = z/¢, 2’ = 2 = x — ey we get

v(a' +ey) —v(a))
5

[v- Y, porw(a) = / 2 Vply)u(a)dy.

If v is in W11(T?), then, for every y in R?, for a.e. 2’ in T?, v(2'+ey) —v(2') =

5f01 Du(x' 4 &ey)ydé. Indeed, this is true for v° = ps * v and, for fixed y,
V(2 +ey) — 00 (a)) — 5f01 Dvo (2’ + Eey)ydE, as function of 2/, converges to
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0 a.e. as  — 0 (possibly passing to a subsequence). So, in this case, the
commutator has the following expression:

vV, perlua’) = / 2 / Doe! + Eey)yde - Vp(yhu(@)dy.  (5.3)

Lemma 5.2 (Commutator lemma). Let p be in [1,4+o00], let v be in WP(T?)
with zero divergence, let w be in L°>°(T?). Then

lim[v -V, poxjw =0 in LP(T?)

e—0

and we have the inequality
[[v -V, pex|wl| o2y < C[|Dvl|pocr2) |0 oo (r2).-

Proof. The inequality follows integrating in x the p-power of the expression
on the LHS of (5.3). Precisely, since p is supported on [—1/2,1/2]%, we have
by Holder inequality (remember 2’ = z + ey)

/ [o- Y, porlwlde
T2
1
< / / / Du(’ + éey)Pdé|w(’) P [y ply)Pdy
R2 JT2 JO
< Do ey [ 11900

(the integral in 2’ should be on T? — ey, but by periodicity we can integrate

on T? as well).
For the limit, it is enough to show that

D) lingfo- V.l = ) ([ Do oty )

RQ

Indeed, by the symmetry property of p, [p. 4:0;0(y)dy = —Cd;; (where C' is
independent of i) and so [, Dv(z)y - Vp(y)dy = —Cdivw = 0. By (5.3) we

have
[v -V, pex]w( (/ Du(x)y - Vply dy) dx</RQ/Tz/

/
|w(z")Dv(z" + Eey) — w(z’ + ey)Dv(z’ + ey) [Pdéda’|y|P |V p(y)[Pdy,
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hence it is enough to prove that

1
/ / |w(z")Dv(z’ + Eey) — w(a' + ey) Dv(az’ + ey)|Pdédz’ — 0
12 Jo

uniformly in y. Using the continuity of translations in L? for the function
wDv, we need only to show that

[ [ 1w)pete’ + ) — we)putepagas’ —o.

Since w is in L, this follows from [, fol |Dv(2' 4+ &ey) — Du(2')|Pdéda’ — 0,
which is again a consequence of continuity of translation in L? applied to
Duo. [

Proposition 5.3. Let £ be a (distributional) L>™ solution to the stochastic
FEuler vorticity equation. Let ® be a measure-preserving stochastic flow, which
solves (4.1) with u = u® (it exists by Corollary 4.7). Then & = (®;)4&o.

Proof. We will prove that &(®;) = & Lebesgue-a.e.. Having this, then,
for every measurable bounded function ¢ on T? (&, ) = (&(P;), (D)) =
(&0, p(Py)) (in the first equality we used the measure-preserving property)

and so & = (D)4
As mentioned before, we need to consider & = & * p. instead of &. Notice

that, for every x, & (z) = (&, p-(x — -)). So & (x) is a progressively measur-
able process, with continuous trajectories, and the stochastic Euler vorticity
equation, applied to the test function p.(x — ), gives the following equality:

0E° + (u- V) # pedt+ 3 (o - VE) 5 pedW* — %u[w?gﬂ dt=0, (5.4)
k

which also reads

A& + u-VE dt+Zak-V§€dW’“—%tf[aD2£€] dt = [u-V, px]¢ dt
k
+ > lon- V. pex|&dW*,
k

Now, by (5.4), since £° is adapted regular (together with (u-VE&)*p., op-VE)x*
pe, aD?*EF), we can apply Ito-Kunita-Wentzell formula (see e.g. Theorem 8.3,
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page 188 of [29], with easy modifications for the case of an infinite number
of k’s), obtaining for & ()

d&; (@1) = [y - V, pexl&e(@1) di + ) [0 - V, per] (@) dW™.
k
Since ® is measure-preserving, integrating in space we get
t
B[ 1@ ~&ldd < [ [ Ellu V. poglldudr
T2 o Jr2
t
+ Z/ / El|[ow - V, pex|&, |2 dadr.
 Jo J12

By the Commutator Lemma, for a.e. 7 and w in Q, [ |[u, - V, pex]&, | da
tends to 0 as € — 0. Besides, this term is dominated by

CllDuy [l |1E e (r2y < ClIENL o0 fo,77m2 xe)-

Indeed, for every v in L*°(T?) and every finite p > 1, [[D(K * v)||p(r2) <
C||D*(—A) || por2y < C'||v||poo(r2). So dominated convergence theorem
gives that

e—0

t
lim/ / E[|[u, - V, pex]&|]dxdr = 0.
0 J12

Similarly, for every k, for a.e. r and w in Q, [L, |[owr - V, po#]&,[2dx tends to
0 as € — 0 and is dominated by

OHDO‘]@H%Q(TQ)||£T||%oo(’]r2)-

Since >, (| Doyl 22p2y < | 304 [Dokl?||ee(r2y < 400 by hypothesis, then we
have (again by dominated convergence theorem)

t
lir%Z/ / E[|[o - V, pe¥€. ! dxdr = 0.
E— 3 0 T2

Thus, for any fixed t > 0, £ (®;) tends to & in L}(T? x Q) as ¢ — 0. Since &
converges to & in L'(T? x Q) (the convergence in L'(T?) being dominated by
|€]| ) and ®@; is measure-preserving, £5(®;) converges to & (®;) in L(T? x )
and thus & (®;) = &, which is our thesis. O
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Corollary 5.4. The uniqueness for the stochastic Euler vorticity equation
(in the class of L™ solutions) holds.

Proof. The above Proposition 5.3 tells that a solution £ to the stochastic
Euler vorticity equation is completely determined by the associated flow &
which solves (4.1) with u = u%; again for the proposition, u = u® and so
® solves (2.4). Thus the uniqueness for (2.4) implies the uniqueness for the
stochastic Euler vorticity equation. O]

This concludes the proof of Theorem 2.10.

6 Stability

In this section we want to prove a stability result, both at Lagrangian and
Eulerian points of view, when the kernel K is regularized.

Precisely, take a family (p.). of even compactly supported resolutions of
identity and define K¢ := K * p.. Consider the approximated non-local ODE

LCRESY i RSCIERLAVETED Y A IETC T
(6.1)

and the approximated stochastic Euler vorticity equation

; 1
A& +ut  VEdL+ Y oy, - VEAW = SOAE, (6.2)
k

where u®¢" 1= K¢ x €.

One can repeat all the previous definitions and arguments with K¢ in place
of K, to get the analogues of Theorem 2.14 and Theorem 2.10: there exists a
unique measure-preserving stochastic continuous flow ® solving (6.1), which
is also C' in space, for every a < 1 and C? in time, for every § < 1/2; there
exists a unique L> distributional solution £° for (6.2). Moreover it holds

& = (P5)#&o- (6.3)
The first stability result is for flows:

Proposition 6.1. The family (9°). converges to ® (ase — 0) in C([0, T]; L*(T?x
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Proof. The fact that ®° and ® belong to C([0, T]; L'(T? x 2)) can be proved
easily, using similar techniques to those below. For the convergence, call
Zi(z) = ®f(z) — ®y(x). As in the proof of Lemma 4.9, we would like to
apply It6 formula for |Z¢|. Proceeding as in that proof (applying It6 formula
to fo(z) = (Ja|* +8)'/?), we get

Bz < [ [ BIK@0) ~ 0) - K@) - 0.0 o) dudr
T
4 2L3/ |25 (2)|dr-
0
Integrating this inequality in x, since &, is bounded, we obtain

E|\Z{ (x)| dx

T2

< el [ [, [ PIR@@) = 00) ~ K(@:(a) = @) dodyr
+212 /t/ E|Z: ()| dxdr

ool [ [ [ B @i0) = ®i(0) - K(@i(0) = B5(0)| dodyr
el [ [, [ BIE@ @) = 0:0) = K@) = @, (0)] dodyr
1212 / t / E|Z(2)| dadr. (6.4)

IN

For the first integral of (6.4), we exploit the fact that ®° is measure-preserving,
for every e; so we have

/ / [ B (®](2) = ®i(y) = K(®i(r) - ®;(y))] dedydr

= //1r2/11‘2E|K8$_ — K(x —y)| dedydr
< 7 [ K@) - Ki)as

where we have used, in the last passage, the change of variable x —y = 2/,
r+y = 3 (this implies a change of domain, but the L' norm of K¢(z')— K (')
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on the new domain is comparable with that on the torus). For the second
integral of (6.4), we exploit the log-Lipschitz property of K (estimate (2.8))
and get

[ [ ] B ) - o)~ K (@) — )] dedyin
< e[ [ [ a7 -z dsdyar
< Lo [ [ [ ER0Z) +20Z 0 dedyir
< 2LK/Ot/TQ'y(E|Zf($)|)dxdr,

where we have used the sub-additivity of v (v(|x +y|) < v(|z]) +~v(y]), as it
can be easily checked) and Jensen inequality. Putting all together, we have

t
/ B\Z:(2)| d < TIK*— K| ro)+(2Lic o | o+ 2L2) / / B\ Z2 ()| dudr.
T2 0 T2

Again by comparison, we get [y, B|Z:(x)|dv < z2Pxllolee+2lz (¢ 7| K= —
K|\ 11(12)), where z is defined as in (2.11). Since K isin L'(T?), || K¢—K||1(r2)
tends to 0 (as ¢ — 0), so

sup E|Z{(x)|dx < sup z(t,T||K® = K| p1(r2y) = 0.
te[0,7] J T2 t€[0,T]

The proof is complete. O
Here is the result for the vorticity:

Proposition 6.2. The family (£°). converges weakly to £ (as e — 0), in the
Jollowing sense. For every ¢ in Cy(T?),

/ & dr — / & dx
T2 T2

for every t and in LP([0,T)), for any p € [1,00).

FE —0

34



Proof. First, notice that, by (6.3),

[ eia= [ o@) oo

and the same without €. In particular, p(®$) & is dominated a.e. by a con-
stant. Now fix the time ¢. We use here a classical argument in measure
theory. Suppose by contradiction that there exist 6 > 0 and a sequence
€, — 0 such that

E > 6, (6.5)

/w@w@w—/w@mwn
T2 T2

The previous proposition gives that ®; converges to ®; in L'(T? x Q). So
we have for a subsequence ¢, that ®;"* tends to ®, for a.e. (z,w) and sim-
ilarly for o(®;"), since ¢ is continuous. Hence, by dominated convergence
theorem, we get that

B| [ o@™) oo~ [ @) 6o

— 0,

which contradicts (6.5). We have proved convergence at ¢ fixed. Conver-
gence in LP([0,T]), for any finite p, follows from this result and the Lebesgue
Dominated Convergence Theorem. O]

7 An alternative way: reduction to the deter-
ministic case

In this section we will see how to deduce the results in the stochastic case by a
suitable transformation, assuming the deterministic case and more regularity
for the o}’s. As we already said, we will not develop this method in all the
details.

At a Lagrangian level (trajectories), consider the SDE with only the stochas-
tic integral, namely

dp =Y op(t)) o dWF, (7.1)
k

It is well known that, if the fields o}’s are regular enough (C? should be suffi-
cient, C? is assumed in every “classical” result) and divergence-free, then there
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exists a stochastic flows ¢ of C™'(T?) measure-preserving diffeomorphisms
solving (7.1) (a C*!' diffeomorphism is a C' map with Lipschitz-continuous
derivatives, together with its inverse). The inverse flow 1, = satisfies

dup; Zak -V Hx) o dWE,

Now let @ be the Euler stochastic flow (solving (2.4)) and make a change of
variable, composing with v, ': call

Ot z,w) = Uy (Pro(2)). (7.2)
Using the [t6-Kunita-Wentzell formula, we obtain the following random ODE

for ®:
dd, = (D)~ uf (@) di

where u?® is as in (2.5). This equation reads also as

dq)t -

I~

(&) dt, (7.3)

where
'LNL&)(t, .I',CL)) Dwtw / K wtw wt,w((i)t,w(y))) €O(y)dy

The equation (7.3) is not (3.1), but the drift @* has the same regularity
properties of the drift u® of (3.1), provided v is a flow of C*!(T?) diffeomor-
phisms, since the term D), appears; here we need o to be at least C2. Thus,
one could proceed as follows:

1. first we can repeat the argument in the deterministic part, to get the
existence and the uniqueness for ® satisfying (7.3); since 1 is a regular
flow adapted to the Brownian filtration, this implies the strong exis-
tence and the strong uniqueness for @ itself (plus the homeomorphism
property), i.e. Theorem 2.14;

2. then Section 5 applies and we deduce Theorem 2.10.

This can be seen also at an Eulerian level (velocity field). Heuristically,
with the change of variable (7.2), we should consider, as new vorticity, & =
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Eo(P7) = & (10y). Indeed, let € be a solution to (1.1) and let ¢ be as above,
call

Et,z,w) = E(t, (L, w),w).
Applying, this time formally, the Tt6-Kunita-Wentzell formula, we obtain the
following random PDE for &:

O + it - VE=0, (7.4)

where
it = (D¢t,w($))_1 , K(r0(r) = rw(y)&e(y)dy.
T
This fact, as well as its converse (the passage from £ to €), can be made
rigorous in the following way. First, we take £ = & * p. (where p. are
even compactly supported mollifiers) and write the equation for £° (using
commutators only for the o’s):

Q&+ (WS- VE T+ 03 VE oW =Y oy, - V, per]€ o WH = 0.
k k

Then we multiply this equation by ¢(¢»~1), where ¢ is any regular test func-
tion on T2. In this way we obtain (7.4) for £5(¢)), with (u®- V&)*(x) in place
of @€ - V€ and with the additional commutator term S, [o4 -V, pox|€(1)) o W
Finally we let € go to 0, getting (7.4).

Again (7.4) is not the deterministic Euler vorticity equation ((1.1) with
o = 0), but its drift ¢ has the same regularity properties of the drift u®
of (3.1), provided ® is a flow C"'(T?) diffeomorphisms. So one can repeat
the arguments in the deterministic case (flows and commutator lemma), to
get the existence and the uniqueness for the random PDE (7.4), then the
strong existence and the strong uniqueness for 1.1 follow immediately.
Finally we mention that the passage between & and € can be seen at a more
abstract level; this is a classical remark, due at least to Lamperti, Doss and
Sussmann ([32], [18], [40]). Suppose to have an SPDE of the form

dé+ A(€)€dt + > Br& o dW* =0,
k

where A(x) and By are linear operators (for simplicity assume By, time-
independent); in our case, A(§) = u¢ -V and By, = 03, - V. Consider formally

ng k
& = exn PWig,:

37



in our case, this corresponds to the composition &(1)). Then formally &
satisfies the following random PDE:

O + Sk BWE A(¢= S BaWE o= SeBAVEE _ ()
Thus we have reduced an SPDE to a random PDE, which can be treated
through deterministic techniques.

A A useful inequality

This section contains a proof of an auxiliary inequality used in a crucial way
twice in our paper.

Lemma A.1. Assume that A, B > 0 and T > 0. Suppose that (p,)5°, is
a sequence of continuous nonnegative functions defined on the interval [0, T
such that for every e € (0,1) and every n,

1 t
p;;gAlog—/ p"Vds +eBt, t€[0,T]. (A.1)
€Jo

Then

At)"
(A1) sup |p2| + Bt(eM ", t e [0,T].

V2T sefo,t]

Proof of Lemma A.1. By Induction one can show that for every n € N* and
every ¢ € (0,1)

JUAS

t So
pp < (A(—loga))”/ / podsi...ds,
0 0
n—1 t S92
+ BatZ(A(—loga))k/ / dsy...dsg
k=0 0 0
n—1

A(—loge)t)" A(—loge)t)*
M sup |p?] +Bgtzw, t € [0, T{A.2)
n. s€[0,t] 0 k!

Let us take n € N. Choose ¢ = e¢™". Then by the above inequality and
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Stirling’s inequality,

Ant)" — (Ant)k
pi < ( n,) sup |pi| + Be ™"t ( n,)
n se[O,t] =0 ]{Z
Ant)™
< A gy 1)+ ey
n: s€[0,¢]
(eAt)" 0 At—1
< sup |p,| + Bt(e "otel0,T). A3
o S0 A1+ BT te 0T (A
This concludes the proof. O

Corollary A.2. In the framework of the above Lemmma, if eAT* < 1, then
SUPyejo.r+) P — 0.

Proof. 1f eAT™ <1, then sup,cj r+ p;' is bounded from above by a sum of
the n-th terms of two convergent geometrical series. O]

B Proof of inequality (2.8)

We give a sketch of the proof of inequality (2.8). Call G is the Green function
of the Laplace operator —A on the torus T? = [—1/2,1/2]* (with periodic
boundary condition). We will prove:

Proposition B.1. The function G is in C*°(T?\ {0}). Its behaviour in 0 is
given by
|G(2)] < C(=log 2| +1)

and that of its derivative D™, n positive integer, by
|ID"G(x)| < Cp(Jz|™ +1).

Assuming this result, we get that |K(z)] < Cy(Jz|~' + 1). This implies the
estimate (2.8) by an elementary argument (see [35], Appendix 2.3).
Proposition B.1 is a special case (at least for n < 2) of a general fact, valid
for compact C'*° Riemannian manifolds of finite dimensions, see [3, section
4.2], for the statement and a proof. We give here a different proof, taken in
spirit from [4] (which studies the 3D case).
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Sketch of the proof. It is easy to see that the Fourier expansion of G is
1 1 ,
G(r) = ——— _627rzk-:v
( ) A2 Z |/€|2
kEZ2 k0

Since this expression seems not helpful in the analysis of regularity around
0, we will use the solution v, in L?([0, T] x T?), of the heat equation

o = Awv,

with initial condition vy = dp — 1 (more precisely, v; — §o — 1 as t — 0). It is
easy to see that this unique solution can be expressed in two ways: one with
its Fourier expansion, which is

’U(t, l’) = Z 6—47r2|k|2t627rik~a:7 (B].)

keZ2 k40
the other with Gaussian densities, that is
x — [
@x—H—Zm| i (B.2)
lez?

One verifies, e.g. using (B.1), that

Glz) — —Awﬁmwﬁ:—lwﬁwﬂﬁ—AZ@@ﬁ
— _Ch(x) - Gala).

Now G is in C*°(T?), as one can see from its Fourier expansion, again from
(B.1). For G we exploit (B.2):

— _52
Go(z) = —1+/ Z exp ———— | ——dt
ZEZQl;éO

/_ MQ—'G(HG()
47Ttep Gyl (),

the sum being between functions on R? (though z is still in [—1/2,1/2]?).
The first addend G3 is C* on an open neighborhood of [—1/2,1/2]? (e.g.
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] —3/4,3/4[?): indeed, for any n nonnegative integer, we have

_ 712
S / —(2n+1) Z exp —— l|

z;so
bt —h
@+l exp —dt
/0 hz_; p ct

1
0

N

for some ¢ > 0 independent of z, when z is in | — 3/4,3/4[>. The second
addend Gy is in C*(] — 3/4,3/4[*\{0}). So G is in C=(T?\ {0}. For the
behaviour in 0, this is given by the behaviour of G4, which is computed by
standard techniques. We have, with the change of variable s = |:1:]_1/2t,

2172
Gy(x) ~ / sle VU ds ~ —log |z
0

and, for n > 1,

ja] =272
|D(n)G4($)‘ ~ ’JI|_”/ S—(2n+1)e—1/(4s)d8 ~ |l“_n
0

The proof is complete. O
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