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Abstract

This paper considers estimation and inference in semiparametric smooth coefficients
dynamic panel data models. It proposes a class of local estimators that can be given an
interesting information theoretic interpretation, and a number of test statistics that can
be used to test for the (local) correct specification of the model and for the constancy of
the smooth coefficients. The results of the paper are rather general as they allow for the
three cases of "large IV, small T", "small N, large T" and "large N, large T", for the pos-
sibility that some of the regressors might be correlated with the unobservable errors and
for the possibility that some of the variables used in the estimation might not be directly
observable. Simulations show that the proposed method have competitive finite sample

properties.
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1 Introduction

This paper considers estimation and inference for semiparametric dynamic panel data models.
Panel data are particular type of longitudinal data very popular in both economics and finance,
where they are used to control for individual heterogeneity and identify and measure effects
that are simply not detectable in pure cross-section or pure time series models. Dynamic panel
data models include lags of the dependent variable and are particularly useful to characterize,
for example, dynamic (short, medium and long run) economic relationships and the dynamic
implications of various financial policies. There is a vast literature on parametric panel data
models, see for example Hsiao (2003) and Baltagi (2010). There is also a rapidly expanding
literature on nonparametric and semiparametric panel data models. Examples include Hen-
derson, Carroll and Li (2008) who considered a nonparametric fixed-effect panel data model,
Henderson and Ullah (2005) and Lin and Carroll (2006) who both considered nonparametric
random-effects panel data models. Li and Stengos (1996) and Baltagi and Li (2002) considered a
partially linear dynamic panel data models with some regressors possibly being correlated with
the unobservable errors, whereas Lee (2014) considered a nonparametric fixed-effect dynamic
panel data model. Sun, Carroll and Li (2009) considered a smooth (or varying) coefficient fixed
effect panel data model, while both Cai and Li (2008) and Tran and Tsionas (2010) considered
smooth coefficients dynamic panel data models. Su and Ullah (2011) provide a recent review
on nonparametric and semiparametric panel data models.

Smooth coefficient models, originally proposed by Cleveland, Grosse and Shyu (1991) and
Hastie and Tibshirani (1993), include both pure nonparametric and partially linear regression
model as special cases; they are very versatile and have been used, for example, in the context
of generalized linear models and quasi-likelihood estimation (Cai, Fan and Li 2000), time series
(Cai, Fan and Yao 2000) and longitudinal data (Fan and Wu 2008) - see Fan and Zhang (2008)
for a recent review. This paper considers a smooth coefficients dynamic panel data model and
proposes an estimation approach alternative to that proposed originally by Cai and Li (2008) and
by Tran and Tsionas (2010). The former proposed a one step nonparametric generalized method
of moment (NPGMM henceforth) estimator that is based on local linear estimation (Fan and
Gijbels 1996), whereas the latter proposed a (typically more efficient) two step nonparametric
GMM (2NPGMM henceforth) estimator that is based on local (constant) estimation.

This paper proposes a local estimation method for the unknown smooth coefficients para-
meters that is similar to that proposed by Tran and Tsionas (2010), but as opposed to the
latter it does not require the additional estimation of a certain unknown matrix, which is one
of the causes of the bias in local GMM estimation of nonparametric estimating equations mod-
els, see Bravo (2014) for more details. The proposed method jointly estimates the unknown
parameters and a set of probability weights that reflect some auxiliary information character-

izing the unknown distribution of the observations using a local version of the Cressie-Read



(power) divergence discrepancy. Baggerly (1998) introduced the Cressie-Read discrepancy as a
generalization of Owen’s (1988) empirical likelihood method for identically and independently
distributed observations; Bravo (2002) proposed a modified version of the Cressie-Read dis-
crepancy for a-mixing processes. The proposed estimator is defined as the minimizer of the
Cressie-Read discrepancy between the empirical distribution and a constrained multinomial dis-
tribution supported on the observations, where the constraint is an estimating equation that
represents the available auxiliary information. Given that the Cressie-Read discrepancy can be
interpreted as a generalized entropy measure it seems natural to call the resulting estimators
nonparametric information theoretic (NPIT henceforth) estimators. Examples of NPIT estima-
tors include the exponential tilting estimator of Kitamura and Stutzer (1997), defined as the
minimizer of the Kullback-Liebler divergence (or relative entropy) between the empirical and a
constrained multinomial distribution, which was used for example by Bravo (2005) to construct
various specification tests in time series regressions. Another important example is the empirical
likelihood estimator, which can be interpreted as the minimizer of the reverse Kullback-Liebler
between the empirical and the constrained distribution. DiCiccio and Romano (1990) provided
a detailed analysis of the connections between empirical and exponential likelihood with the
Kullback-Liebler divergence in the context of constructing nonparametric confidence intervals.
Associated with the NPIT estimator there are the estimated multinomial probabilities which
can be used to construct an efficient estimator of the unknown distribution of the observations,
and, as shown by Guggenberger, Ramalho and Smith (2012), to construct Pearson-type good-
ness of fit test statistics that can be used for inferences in the context of possibly unidentified
estimating equations with time series data.

This paper makes three main contributions: first it establishes the asymptotic normality of
the proposed NPIT estimator for the three possible scenarios of "large N, small 7", in which only
the cross section dimension of the panel grows as the sample sizes increases, of "small N, large
T", in which only the time series dimension of the panel grows as the sample size increases, and of
"large N, large T'", in which both the cross section and time series dimensions grow as the sample
size increases. This result is rather general since it is also valid when some or all of the regressors
are possibly correlated with the unobservable errors, and when some (or all) of the variables
used in the estimation, the so-called instruments in the econometric literature, are not directly
observable but can be consistently estimated using either fully parametric or nonparametric
methods. These two features are important because often in economic and financial applications
correlation between regressors and unobservable errors is very likely, and optimal instruments
are effectively unknown because they come in the form of conditional expectations of observable
variables, see for example Baltagi and Li (2002). This result complements and extends that
obtained by Cai and Li (2008) and by Tran and Tsionas (2010) because it considers the case of

unobservable instruments and proposes a two step estimation procedure, in which the first step



is used to estimate the instruments.

Second it considers the important issue of local correct specification and constancy of (part or
all of ) the smooth coefficients and proposes two general, easy to implement, test statistics. The
first one is based on the Cressie-Read discrepancy criterion itself, whereas the second one uses
estimated probabilities to construct statistics that are in the same spirit of Pearson’s classical
goodness of fit testing. The tests are local in nature, and are asymptotically distribution free
being distributed either as a chi-squared random variable or as a nonstandard distribution that
is independent of nuisance parameters, hence can be easily simulated. Interestingly these type
of test statistics seem not to have been previously considered in the semiparametric panel data
literature.

Finally the paper illustrates the finite sample properties of the proposed method using Monte
Carlo simulations and compare them with those based on alternative NPGMM estimators. The
results of the simulations are encouraging and suggest that the proposed estimators and test
statistics have competitive finite sample properties.

The rest of the paper is organized as follows: next section introduces the statistical model and
the nonparametric information theoretic estimator. Section 3 develops the asymptotic theory
for both the estimators and the test statistics. Section 4 contains the results of the Monte Carlo
study and some concluding remarks. All the proofs can be found in a supplementary Appendix.

The following notation is used throughout the paper: a prime indicates transpose, "tr (-)"

denotes the trace operator, "®" denotes Kronecker product, and for any vector v v®% = vv'.

2 The statistical model and the estimators
The smooth coefficients dynamic panel data model considered is
Vi = 2B (ugg) +e¢ i=1,..,N;t=1,..,T, (1)

where z;; and u;; are, respectively, a k and p dimensional vectors of observable regressors, & is an
unobservable error term and f3, (+) is a vector of unknown smooth functions. The vector x;; may
contain lagged dependent values, typically only y;;_1, and a set of contemporaneous and possibly
lagged regressors, say T;;, while €; may contain an unobserved time-invariant random variable
7;, which represents unknown heterogeneity in the sample. It is assumed that 7, is uncorrelated
with x;; and wu;, which excludes the fixed effect specification, and that the regressors x;; might
exhibit nonzero correlation with the errors, that is E (;4]%;5) # 0 (s <t). Note also that by
construction F (1;|yi—1) # 0. Model (1) encompasses many nonparametric and semiparametric
panel data models: without the regressors z;, (1) is a nonparametric random effect model, see
Henderson and Ullah (2005), whereas with z,8, (ui) = 1,610 + 5090 (uiz) (1) becomes a



partially linear (possibly dynamic) model, see for example Li and Stengos (1996), Li and Ullah
(1998) and Baltagi and Li (2002).

Because of the potential correlation between the unobserved heterogeneity variable 7, and
the lagged dependent variables and possibly between the regressors z; and the errors, any
semiparametric least squares type of estimator of 3, (-) would be inconsistent. Instead, as in
Cai and Ii (2008) and Tran and Tsionas (2010), this paper assumes that there exists an [
dimensional (I > k) vector of additional variables z;, called instruments in the econometric
literature, such that

E (zyei|uy) =0 a.s.. (2)

The restriction (2) provides the basis for the local estimation method of this paper. To be
specific for a given point u;; = u € RP, let m; (i =1,...,N;t =1,...,T) denote a set of unknown

multinomial weights supported on the observations and let

;1) 22 [(NTm) ™ 1] (3)

denote the Cressie-Read discrepancy family, where v € R is a user specific parameter with the
values v = 0 and 7 = —1 to be interpreted as limits. Then the local minimum Cressie-Read

discrepancy estimator is defined as the solution of the following program

N T
IBI};ZI:{ZZ NT7T,Z;+1 ‘ZZT{'M 1, Zzﬂitzit‘gitKh (Uzt—U):O}, (4)

=1 t=1 =1 t=1

where K}, () = K (-/h) /h is a kernel function in R? and h is the bandwidth. By a Lagrange
multiplier argument it is possible to show that for a fixed 5 the solution to (4) is

~ 1 3

R0 () = o [ (7 € 2 (e — 2l (i) K (e — )] (5)
NT

where the estimated Lagrange multipliers 77 and E are associated with the restrictions Zfil Zthl Tyt =

Land SN SYT mizi (i — 248 (i) Ky (w — u) = 0, respectively. Inserting (5) into (3) gives

the profile local Cressie-Read function

LH
N T (149X ()" zit (Yir — 33 (i) K (wir — “)> )
CR 3 _ < !
P (B3 u) == — SN C)
i=1 t=1
where A (u) = € (u) / (v7i). Thus the nonparametric estimator
B (u) = argmin % (8,3, ) (7)

can be interpreted as the minimizer of the local Cressie-Read discrepancy between the probability

weights used by the empirical distribution function and those of a nonparametric likelihood
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consistent with the localized restriction (2) that is E (zjey|uy =u) = 0. For example the
profile nonparametric empirical likelihood (NPFEL) function (corresponding to the limit case
v = —1) and the exponential tilting (N PET) (corresponding to the limit case v = 0) are given,
respectively, by

ek (ﬁ,x U) = ZN: XT:bg (1 — X (W) 2t (yar — 78 (Uit))> K (uie — u), (8)

i=1 t=1
PET (BN u) = =32 D exp (R w) 2 (e — 248 () ) K (i = ).
and the resulting NPEL and NPET estimators are
B(u) D= a,rgmﬁinFEL (ﬁ,x, u) ,

(u) : = argmﬁinFET (6,& u) .

=)

Note that (6) (and (8)) corresponds to the dual formulation of (4) (see Newey and Smith (2004))
which is very useful both in the analysis of the asymptotic properties of the local estimator B (+)

and in its computation.

3 Asymptotic results

This section contains the main result of the paper. As mentioned in the Introduction the results
of this paper are valid for the three possible cases of "large N, small T","small N, large T" and
"large N, large T". The latter two are particularly useful for economic and financial type of
data since they typically exhibit temporal dependence. In terms of estimation, Theorems 1 and
2 consider the case where the instruments are observable; the results for the "large N, small
T" and "large N, large T" cases complement those of Cai and Li (2008) and Tran and Tsionas
(2010); the result for the "small NV, large 7" case is new. Theorem 3 is also new as it considers
the case of unobservable instruments that can however be estimated either using a parametric or
a nonparametric estimator. The theorem shows that there is no estimation effect coming from
the first step estimation, that is the proposed two step NPIT (2NPIT henceforth) estimator has
the same asymptotic distribution as that of Theorems 1 and 2. In terms of inference, this section
considers two general classes of test statistics, calculated at either one specific point or at a set
of finite number of points. It is shown that, under a (standard) undersmoothing condition the
test statistics are asymptotic distribution free with either a standard asymptotic x? calibration
or a nonstandard asymptotic distribution that can easily simulated as it is nuisance parameter
free. The tests are also shown to have power against local alternatives and to be consistent.

Theorems 4-6 and Corollaries 5.1 and 6.1 consider the hypothesis of local correct specification
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of (2); Theorems 7-9 and Corollary 9.1 consider the hypothesis of local constancy of some or all

of the smooth coefficients.

3.1 Omne step estimation

Assume that the instruments z;; are observable, and let

Q (U) = Var (Zitf'?z‘t|uz‘t = U) , 2o (U) =F (Zitx;twit = u) )

Qyy (Uﬂ, uit) =k (Zi12§t€il<€it|uz‘17 uit) .

Furthermore assume that
either

Al (yi, oty 2Ly, u;t)f\iitzl are i.i.d. across i for fixed ¢, and are strictly stationary across ¢ for
fixed 1,

A2 (i) E (eit|zit, uge) = 0 a.s., rank {3 (u)} = k for all u, (i) F ||zx2,|* < oo, E HzﬁZW < 00,
Ee? < o,

A3 (i) for each t Qy; (u1,u2) and the joint density fi; (uq,us2) of u;; and w; are continuous at
uy = u,uy = u, (i) for each u ¥ (u), the marginal density f (u) of u; and the joint density
f(z,z,u) of 2, x and uy are positive, and sup, ||Qq; (u, u) f1; (u)|| < oo (iii) By (u), f (u),
f (z,x,u) are twice continuously differentiable at u € R?,

A4 K is a symmetric, nonnegative and bounded second order kernel having compact support,

A5 h — 0and Nh? — oo as N — 00,

or

AT (yu, xly, 2L, ugt)fiitzl are i.i.d. across ¢ for fixed ¢, and are a-mixing with mixing coefficient
a(k)=0 (k") withT=(2+9)(1+6) /6 and § > 0 is defined in A6,

A5 h — 0and Th? — oo as T — 00,

A6 for the same 0 > 0 defined in A1’ F/ (HzitsitHZ(H&) |y = u) and F (Hzitx;tHZ(H&) luie = u)
are continuous at u,

AT TEHD/Tpp+8)/(148) o0

or
A5” h — 0 and NTh? — oo as both N — oo, T — o0,

AT (NT)(T“)/T BP2+6)/(14+6) _ 5o

The above regularity conditions are fairly standard in the literature on semiparametric panel
data models and cover the three possible cases of "large NV, small 7" (A1-A6), "small N and large
T" (A1’, A2-A4, A5, A6-AT7) and "large N and large T" (A1’, A2-A4, A5”, A6, A7T’). Al and
A1’ exclude deterministic and stochastic trends; the rate assumption on the mixing coefficient in
A1’ is standard in the literature on semiparametric smooth coefficient models for time series, see
for example Cai, Fan and Yao (2000). A2(i) implies (2), while the rank condition is sufficient to



show the consistency of the NPIT estimator; A2(ii) contains mild moment assumptions on the
regressors and the unobservable errors. A3 is a standard smoothness condition on the conditional
covariance of the estimating equations of the smooth coefficients and on the marginal density
and the joint density of the observable variables. A4 is standard in kernel estimation, but it
could be replaced with a weaker one at the expense of a more involved proof. A6 is used to
establish the asymptotic normality of the NPIT estimator. Finally the rate assumption in A7
and AT’ are standard for local estimators with time series, see for example Cai (2003) and Cai
and Li (2008).
Let vo = [ K (v)*dv, iy = [v®2K (v) dv;

Theorem 1 Under A1-A6
<NmW”@W%wam—§Bw)iN(a”°awrﬁ,

B(u) = E(u)Zo () Q) [Bi(uw), ... By ()], Zo(u) =0 (u) Q)" To(u),
B ) 2B (u) Of (zit, Ti, uir) 9By (u) _
Bilw) = F {Iiﬂit {tr (f )bz Ou' O, ) i 2f (2it, Tit|uie = u) Ouy  Ou! } e = U} ’

forj=1,..p.

Theorem 1 shows that the NPIT estimator has the same asymptotic variance and the same
asymptotic mean squared error as that of the 2NPGMM estimator proposed by Tran and Tsionas
(2010). Note also that as mentioned in the Introduction, the proposed estimator is typically
more efficient than the NPGMM estimator of Cai and Li (2008).

An immediate consequence of the theorem is that the optimal bandwidth h°?* minimizing

the asymptotic mean squared error is
1\ V@t Yo 1/(p+4)
hoPt = | — tr (Zo (w) ") || B (u)|| 2
(vr)  (F5rE@)isw ,
which shows that the optimal convergence rate is of order (N T)_4/ P+ Next theorem shows

that the result of Theorem 1 holds also for the cases of finite N and T — oo and both N

and T — oo. Note that for the latter case the asymptotic distribution is obtained as T and

N — oo simultaneously, rather than sequentially, and without imposing any restrictions on the
relative expansion rate of N and 7. This differs from the case of dynamic fixed effect panel
data models, where, because of the presence of the fixed effect itself, it is typically assumed that
limy 700 N/T = ¢, where 0 < ¢ < o0, see for example Hahn and Kuersteiner (2002) and Lee
(2014).

Theorem 2 Under A1°, A2-Aj, A5’, A6-A7, or under A1’°, A2-A4, A5” , A6, AT’

(NTh?)? (B (1) — By (u) — %QB (u)) 4N (0, fV(Z) o (u)_1> .




3.2 Two step estimation

This section considers the case where the instruments are not directly observable but are unique
(at least locally and/or possibly up to an additive constant) and can be consistently estimated.
For example as in Baltagi and Li (2002) the instruments could take the form of a conditional
expectation z(jy;; = F (v(j)it|w(j)l-t), where for j = 1,..., 1 v(;); and wy;);; € R? are both observable
and can contain, respectively, lagged values of the dependent variable and some of the regressors

and u;. For the parametric estimation case we assume that

2y = 9 (Wi, )

for some known continuously differentiable function ¢ : R? x R? — R, and that there ex-
ists a unique unknown parameter vector v, € I', such that rank [E (ag (w(j)it,%) Yaeald )} =q
(j =1,...,1). In this case the estimated instruments are Z); = ¢ (w(j)it, /7\) For the nonparamet-
ric estimation case, identification of the instruments follows by the uniqueness (up to a constant)
of the conditional expectation and the condition rank (8z(j)it/8w(j)it) =qas. (j=1,..,0). In

this case the instruments are estimated using the leave one out kernel

= >, Wi (wme — wiie) Ve

1<mAi<NT
where W, () = W (-/b) /b is a kernel function in R? and b is another bandwidth. Let
o) Wi1, o) Wit
Q?tg (uilauit) = kK ( 9(871 70) g(af;, 70>€z’1£z‘t|uz’1,uz’t) ) (9)
0 il
Q?tgz (wir,ui) = E (wzgﬁﬂ&ﬂumuit) ;
g

assume that

A3’ (i) for each t Q4 (uq,u2) and the joint density fi; (u1,us2) of u;; and uy are continuous
at up = u,us = u, (ii) for each u the marginal density f (u) of w; are positive, and
supy 1921 (u,0) fie (w)l] < 00, sup, |97 (1) fie ()| < 00, sup, | Q4 (u,u) fue ()| < o0,

(iii) By (u), f(u), f (2, x,u) are twice continuously differentiable at v € RP, (iv) for each

w the marginal density f (w) of wy is positive,
A4’ The kernels K and W are symmetric, nonnegative and bounded second order kernels with
compact support,
A8 either (3) [ — 7oll = Op ((NT)72), B sup,cr (199 (. 7) /0/)IF < o0 or (i) b — 0 and
NTb /log (NT) — oo as NT — 0.
The following theorem shows that the 2NPIT estimator is asymptotically equivalent to the
NPIT estimator.

Theorem 3 Under conditions A1-A2, A3-A5" or A1°, A2, A37-A5°, A6-A"T the result of The-

orems 1 and 2 holds.



3.3 Inference

This section considers the important problem of testing for the local correct specification of (2)
and for the constancy of the smooth coefficients 3 (-). Two types of test statistics are proposed:
the first one is based on the profile Cressie-Read function (6), whereas the second one is based
on the local estimated probabilities 7 (-) defined in (5).

The null hypothesis of correct local specification' at a point u; = u is

H() ) (Ziteit]uit = U) = O, (10)
which can be tested using the local NPIT distance statistic D% ()
DCR (4) = 2 (FCR (B,X, u) _ [CR (B, 0, u)) .

Theorem 4 Under the assumptions of Theorems 1, 2 or 3, if NTh?** — 0, then under the
null hypothesis (10)
DR (u) S X2 (1 - k).

An alternative way to test (10) is to use the estimated probabilities (5) expressed in their
dual formulation

2=

%z‘(iR (B, A\ u) = % (1 + A (U), zit (Yir — 548 (wir)) K (i — U)) .

Since in the absence of the restriction (10) the estimated probabilities solutions to (4) are given
by 757 (8,0,u) = 1/ (NT), it follows that the following two Pearson’s goodness of fit type of

statistics

PCR@w) = 33 (NT%gR (B,X, u) - 1)2, (11)

PR = Y

can be used to test (10).

Theorem 5 Under the same assumptions of Theorem /

PER (), PER (u) % 2 (1 k).

Tt is important to emphasize the local nature of the hypothesis, meaning that the model could still be

misspecified even if Hy is true. I am indebited to a referee for pointing this out.
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To investigate the power properties of D% (-) and PF# (-) (j = 1,2) the following Pitman

type alternative at the point u;; = u is considered
H,: E (zugit + Yy (wig) |uyg = u) =0, (12)
for a continuous bounded function vy, : R? — R! that may depend on NT.

Corollary 5.1 Under the same assumption of Theorem 4, if NTh*** — 0 and (NThp)l/2 7 () —
v (u) >0 (for some ||y (u)|| < 00), then under the alternative hypothesis (12)

DR (), PER (u), P77 () 5 o (5,1 = ).
where x? (k,1 — k) is the noncentral chi-squared distribution with noncentrality parameter
ko= f () () (R0 (u) ™ (1 = So (u) Zo (w) ™" S (u) Qo (u) 1) 7y (u) /vo.
If NTh*t4 — 0 and (NTh?)* ~yp (u) — oo, then under the alternative hypothesis (12)
D (u), P (u) , Py (u) = oo,

Corollary (5.1) shows that the proposed tests have power against Pitman type alternatives
and are consistent against any fixed alternatives of the form vy, () = v (+).

It is important to note that the test statistics of Theorems 4 and 5 are asymptotically valid

m

at a single point u; if one wants to consider them over a fixed range of values of u, say {u; }j:17

they can be replaced by the following test statistics

CR ¢, CR ¢, CR (., .
ax D" (u;), max P (u;) and max Py™ (u;). (13)

Theorem 6 Under the same assumptions of Theorem 4 for distinct {uj};.n:l
ax D (uy), max PP (ug), max P77 (ug) 5 max (1= k).
Notice that the distribution of Theorem 6 is nonstandard but it can be evaluated numerically
or easily simulated since it does not depend on any nuisance parameters. Alternatively for m
large enough one could use the fact that the asymptotic distribution of an appropriately scaled
max; X? (p) random variable converges to a Gumbel distribution® (see Embrechts, Kluppelberg
and Mikosch (1997, p.156)).

The power properties of the test statistics (13) are established in the next corollary.

2To be specific, if v ~ T' (o, 8) (Gamma distribution with shape parameter o and scale parameter 3), then
am (max; y; — b) L ANasm — oo, where , an, = 8, by, = f(lum+ (e —1)Inlnm —InT () and A is a
Gumbel random variable, that is Pr (A < z) = exp (—exp (—x)). Given that a chi-squared with p degrees of
freedom is a I' (p/2,2) random variable, it follows that
2 <mgxx? (p)—2(Inm+ (p—2)/2lnlnm —InT (p/2))) A,

J
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Corollary 6.1 Under the same assumptions of Theorem /j for distinct {u, };nzl if NThP*4 — 0
and (NTh?)"*~ yr (uj) — v (u;) > 0 (for some ||y (u;)| < oo, j =1,...,m), then under the
alternative hypothesis (12) at uy = u; (j =1,...,m)

CR CR CR d .
jmaxx DY (uy), max P (uy), max Py (uy) = max xj (w51 = k),

where

kj = f () y () (0 (uy) ™ (1 = S0 () Zo (u5) ™" o (1)) Qo () ™) 7 () fvo.
If NThP*4 — 0 and (NTh?)?~, (uj) — oo (for some |7 (u;)|| < o0, j =1,...,m), then under
the alternative hypothesis (12) at uy = u; (j =1,...,m)

CR CR(,, CR( P
max D" (u;), max P (u;), max By™ (u;) = oo.

The null hypothesis of constancy of some (or all) of the smooth coefficients 3 (-) at uy = u
can be expressed as

Ho: 8% (u) = 49, (14)

where 3®) (-) denotes the vector containing the first p (1 < p < k) elements of 3 (-) (p < k), so

that for p = & (14) implies that the whole smooth coefficients vector /3 (-) is assumed constant.
Let

B (u) = arg mﬁin o (B,X, u) s.t. @ (u) — BP =0
denote the constrained estimator® and let
DG () =2 (1 (3 A,) 1" (3. 3)).
denote the resulting NPIT distance statistic.
Theorem 7 Under the same assumption of Theorem 4, then under the null hypothesis (14)
DG (w) = (p).
The null hypothesis (14) can also be tested using the same Pearson goodness of fit type of

statistics based on comparing the unconstrained %ﬁR (B,X, u) and constrained %gR (B,X, u)

estimated probabilities; let
P = 305 (VTR (B ) - vTR (5. Aw)
-~ ~ 2
P ii (NT%{;’R (5, )\,qu— ]AVZi%C;R <6,)\,u)>
g NT#G® (B3 )
N (NT%?;R (B,X, u) — NT%Z-C;R (B,X, u>>2

=22

i=1 t=1 NT%gR <E,X, u)

[y
~+

3Note that for p = k the resulting constrained estimator does not depend on u, that is B(u) = 0.
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Theorem 8 Under the same assumptions of Theorem /, then under the null hypothesis (14)
PET (), PP () 5 7 (9).

As with the statistics DY (-), PET (+) and PZ (-) the following theorem allows for the possi-
bility of testing the null hypothesis (14) at different points {u;}",.

Theorem 9 Under the same assumptions of Theorem 4 for distinct {uj};.n:l

CR ¢, CRy,, CR ¢, \ @ 2
max Dy (ug), max Py (u;), max Py (u;) = max x5 (p).

Finally to investigate the power properties of the test statistics D(%% (+), PEE () and P ()

and their max version it should be noted first that none of them can detect Pitman alternatives

~1/2

drifting at the parametric rate (NT') . The test however will still be consistent for 3 2 3,

where 3 is such that ||E [Zit (yit — $;t3)} H > (. To specify an alternative Pitman hypothesis we

consider
H,: ﬁ(p) (i) = ﬁ(p) + ’ygg)T (uy) a.s., (15)

for a continuous bounded function 7%)T : RP — RP that may depend on NT. The following

corollary shows that the proposed tests have power against the Pitman alternatives given in
(15) at the point u; = u and/or different points {u;}"", , and are consistent against any fixed
alternative.

Corollary 9.1 Under the same assumptions of Theorems 7- 9, if NThP** — 0 and (NThp)l/2 VE\% (u) —
7P (1) >0 (for some H'y(p) (u)H < 00), then under the alternative hypothesis (15) at u;; = u

d
DER (u), PSR (u) , PER (w) 5 ¥ (kD)

-1
where k = P (u)’ (E(()pp) (u)) VP (u) f (u) Jvo, and PP () is the upper left p x p block of the
matriz Zo (u) " defined in Theorem 1. For distinct {u; b

CR CR
max D) (Uj)alglgfn Py (uj)

CR(, \ 4 2/
1<j<m %E%)fnpll (U])—>X (Hjap)v

1

-1

where ;=7 (u)' (207 (u)) 27 () £ () oo,

If NTh*** — 0 and (NTh?)"? %@’T (u) — oo (for some ||[y¥) (u)|| < o0), then under the
alternative hypothesis (15) at u; = u

D) (u), Py (u), YT () + oo,

and for distinct {u;}7"

CR(,, CR(, CR( \ P
max Dy (u;), max Py (u;), max Py (u;) = oo.

13



4 Monte Carlo evidence

This section uses a dynamic panel data model with a random effect component to both illustrate
the finite sample performance of the proposed estimators and test statistics and compare them
with those based on the two step nonparametric GMM (2NPGMM) approach. The 2NPGMM

estimator is defined as

=)

(u) = argmﬁinJ (ﬁ, Q,u) , (16)

where

N

(]

. 1 4 U
J (5QU) = (ﬁ 2 ;Zu (yir — 38 (wir)) Kn (i — U)> Q(u)™ x

1 N T /
(W Z Z Zit (yit - %tﬁ (uzt>) Ky, (uit - U)) )

=1 t=1

N T
1
(u) NTZZ%Z“ Ky, (u — u) (u)/K2 (v) dv

i=1 t=1
with &, = y;; — 2}, (u) for a preliminary consistent estimator 3 (-) and ]?() is a kernel estimator.
The 2NPGMM test statistics for both the hypotheses of local correct specification (10) and

smooth coefficient constancy (14) are defined, respectively, as
DEMM () = NT.J <B, 0, u> :
DEMM (4) = NT (J (ﬁQu) —J (59@) ,
where
B | NI
Q(u):ﬁzzé’i Zzt Kh ult—u (u)/K2(U)dU
i=1 t=1

it = Yit — x;tB (u) and f3 (-) is the constrained 2NPGMM estimator defined as

Bw) = argmin J (8,Q,u) st. 87 (u) - 7 =0.
The asymptotic equivalence between DEMM (), D((;V M (.) and the corresponding NPIT statistics

DR (), D{t(-) implies that

DM () 532 (1= k), DEY™M (u) 5 x* (p), (17)
GMM d GMM ¢, \ d 2
Jax DT (u) = max X3 —Fk), max D)™ (u5) = max x; (p).

The Monte Carlo design is similar to that considered by Tran and Tsionas (2010), that is
Yir = Bro (Wit) Yir—1 + Bag (Uir) Tir + 10; + €, (18)

14



where
B0 (uy) = exp (— (0.5uy — 2.5)2) y Bog (wi) = sin (2muy)

wy is iid. U |[2,4], the uniform distribution between 2 and 4, z; is iid. UJ0,3], g is
iid. N(0,0?), n, is iid. N (0,0‘%). The simulations consider the two most commonly
used (in empirical work) members of the nonparametric Cressie-Read discrepancy, namely
nonparametric empirical likelihood (NPEL) and nonparametric exponential tilting (NPET)
(both defined in (8)). As in Tran and Tsionas (2010) two sets of instruments are considered:

i . .
Zit = |Yit—2, Wit—1, Tit, Tip—1| and the optimal (unobserved) instruments

Zit = [E (yit—1|uit—1> B (yit—1|uit—2) B (yit—1|uit—17 Uit—2) 7$it]/

(see Baltagi and Li (2002)). The unknown smooth coefficients 3, () (j = 1,2), density f(-)
and optimal instruments are estimated using the Epanechnikov kernel with bandwidth chosen
by least squares cross-validation. Tables 1 and 2 report the mean square error (MSE) of the two
estimators Bj (+) for two combinations of the variances o2 and 0'37, sample sizes N, T" using both

the observed instruments z; and the optimal (estimated) instruments

o~ o~ ~ !
Zie=|E (yitfl‘uitfﬁ D) (yit71|uit72) B (yit71|uitfla uith) ,%‘t] )

respectively. The results are based on 5000 replications, which implies that the Monte Carlo

standard error is approximately 0.003.
Tables 1 and 2 approx here

The results of Tables 1 and 2 suggest that both the NPEL and the NPET estimators perform
better than the 2NPGMM estimator. As expected, the estimators based on the optimal instru-
ments are characterized by a smaller MSE than those based on the observed instruments. Note
also that increasing the time dimension results in estimators with a slightly lower MSE. Between
the NPEL and the NPET estimator, the former seems to have an edge over the latter, which is
consistent with the theoretical findings of Bravo (2014).

The finite sample properties of the test statistics of Section 3.3 are investigated considering

only the case of optimal instruments with the null hypothesis specified as

Hy : By (u) = B19 = 0.3,

versus a sequence of alternatives indexed by ¢ = [0.0.2,0.4,0.6,0.8, 1]

Hy = B9+ 6 (B9 (w) — B1o) -

Table 3 reports the finite sample size (corresponding to 6 = 0) at a 0.01 and 0.05 nominal

level for the NPEL D} (-), NPET D{7 (-) and 2NPGMM DM (-) statistics, and for the two
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Pearson type statistics P#L (-) and PfT (-)! obtained, respectively, as a by-product of the local
empirical likelihood and exponential tilting estimation used to compute Dg))L () and Dgg (+).
The test statistics are computed at the points © = 2.5 and u = 3.5 and for two sample sizes:
N =100,7 =5 and N = 100, T = 50, using 5000 replications and bandwidth fixed at h = h%°,
where h*"¢ is the average of the 5000 bandwidths used to obtain Table 2.

Figures 1- 4 show the size adjusted power (§ = [0.2,0.4,0.6,0.8,1]) for the five test statistics

considered in Table 3 obtained using 1000 replications for each value of 9.
Figures 1-4 approx here

Table 3 and Figures 1-4 illustrate that the NPIT statistics perform well and are superior to
the 2NPGMM statistic both in terms of size and power. NPEL and NPET have similar finite
sample properties with the exponential tilting having a slight overall edge in terms of power.
Interestingly the local Pearson’s goodness of fit type of statistics seem to be characterized by
slightly better finite sample properties than those based on the local distance statistics. In
particular Table 3 suggests that the Pearson’s goodness of fit statistics are the only one with a
statistically insignificant (at the 0.05 level) size distortion. It also suggests that the 2NPGMM
statistics is always characterized by a statistically significant size distortion.

Table 4 and Figure 5-6 report, respectively, the finite sample size and power of the statistics
max; D&L (-), max; DgJ)T (-), max; D(%WM (+), max; PP (-), max; PFT (-) evaluated at {uj};il
where u; = 2 + 0.157.

Figures 5-6 approx here

Table 4 and Figures 5-6 confirm the findings of Table 3 and Figures 1-4 as they suggest that
the tests based on NPEL and NPET have better finite sample properties than those based on
2NPGMM with the exponential tilting having an edge over the empirical likelihood. Note that
in this case also the NPEL and NPET statistics have a statistically significant size distortion.

Overall the results of the simulations are encouraging and suggest that the NPIT approach
can be a valid alternative to the 2NPGMM approach that has been used for smooth coefficients
dynamic panel data models. NPIT estimators seem to be characterized by a smaller MSE while
NPIT test statistics are typically less size distorted and more powerful than those based on
2NPGMM.

5 Supplemental appendix

Throughout the Appendix “CMT”, “CLT” and "LLN" denote Continuous Mapping Theorem,

Central Limit Theorem, and Law of Large Numbers, respectively. C' denotes an arbitrary

4The results for the statistics PFLX (-) and PET (-) are similar to those of PEL (-) and PFT () and thus are

not reported.
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positive constant that may differ from line to line, n = NT and finally unless otherwise stated
> = Zz]\il Zthl- _ _
Proof of Theorem 1. Suppose that for a given u, 8 (u) 2 B, (u); let i = yi — 2,3 (u) , and
note that

B = ea+ aly (B (w) = By () (19)
The same arguments of Cai and Li (2008, Proposition 2(i)) show that

S (et (Bw) — Bo ) Ko (g —w?) || = 0, (1),

%Z (zitxét (E (u) — B, (u)) K (wiy — u))®2 -

36— 80 | |2 3 Gt (e — )| = 0,10, 1),
S Gt (s — ) = £ (@) (@) o] = 0,(1),
hence
hP ~ ®2 h? ®2
EZ(%E#K,L (i = u))® = — > (zueik (un — )| = 0, (1), (20)

and therefore by the triangle inequality

" Z (2Bt B (i — 1)) ®* = f (u) Qo () vo

n

=0, (1). (21)

By a second order Taylor expansion about A = 0 and (21) we have that

0 < O (Fau) - 0O (F.0.u) = M) -3 sk (g — )~
A 57 (i (e — ) A ()
~ ) % S sFa i (i — u) — Q—}ZPA (W) Q () f () vo (u) + 0, (1),

so that by the quadratic approximation lemma (Fan and Gijbels 1996) the maximizer h) (u) of
Lok <ﬁ, A, u) is given by

:\\ (U) = — (QO (u) f (U) V())_l % Z ZitgitKh (uit - U) + Op (1) . (22)

Using (19) the triangle inequality and the CLT applied to > ziye Ky, (uiy — u) /n (see Cai and
Li (2008, Theorem 2)) imply that

p

h
— E Zin€it IKh, (uit - U)
n

+0,(1) = 0, (15

=) o, (23)

o <c]

17



Let 6, = — (n/h?) "2 pf, where ||0]| = 1 and p = O, (1); note that
1
mi%X |zit€i Kn (ue — u)|| < Z e |zizgir K (i — w)| (24)

< p1/20149) 1 2(1+9) )
2159 (S el (v = )|
- 0, (n1/2(1+5))
by Jensen’s inequality and a standard kernel calculation that shows that
S e (e = )P = 0, (1),
Similarly max; ; || 22} Kp (uie — w)|| = O, (n'/209))  hence

max |0z K (ug — u)| < max |0 zivei K (wie — )| + (25)

| W) = By ()] | max 19}, iy i (e = )| = 0, (1)

Note also that by (19), (20) and A3, for any unit vector ¢
h? hP N
O max (g Z (ZitgitKh (uit — u)>®2> —+ Op (1) Z ng Z (zitgitKh (uit — u))®2 0 (26)

hP
Z O min (E Z (zitgitKh (uit — u))®2) + Op (1) >0 + Op (1) s

where 0 pay (1) and oy, (+) denote, respectively, largest and smallest eigenvalues and 2 is defined
in (19).
Let B(u) denote the local minimizer of TFCE (5, X, u),

it = Yit — x;tB (w)
denote the resulting residual and assume that HB (u) — B, (u)H = 0, (1). Using (26) and as in

the proof of Lemma A3 of Newey and Smith (2004), a Taylor expansion about 6,, = 0 shows
that

%FCR <B, 0, u) = %FCR (B, 0,U> - 9;% Z (zi€it Kn (wiz — u)) — (27)
1

1 _
59”5 Z (ZitgitKh (Uit - U))®2 0.,

1 -~ hp 1/2 1 N 1
ﬁrcR (5,0,U> - (g> 1% HE Z (ZitgitKh (uit — u))H _ Cp2 (E) :

-():

0% (Bu6,0) < 10 (BAu) < 0 0.0+ 0, ( (1)),

v

which implies

e\ Y21

%FCR <B’ 0, u) +p (?) — Z (zit€at Kn (wir — u))

1

n

n
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Rearranging (27) it follows that

1 3" (K (wi — )

n

p

<o ()0 (o)) o

which, given (19) with B (+) replacing E (+), implies

E S et s — )

n

1w =8y )| = 0, (1)

By the rank condition A2(i) it then follows that HB(U) — Bo (u)H = 0, (1). The asymptotic

distribution of /3 (+) is obtained by a standard mean value expansion. By the consistency of hy (+)
and 3 (+) the first order conditions 0 = JTFCR (B, A, u) /O (N, 3") are satisfied with probability

approaching 1, hence expanding about 0 and [, (-) we have

i L5 (zueiekh (ui — w)) + by ()

0 = — +
0
T OUMCR(BXu) s PTOR (B ) -
(R S ¢ el O ]
0T B\ u 0T B, Au o ’
n 5N > 5557 B (u) = By (u)

where

b () = = 5 ety (8 () — B () K (i — )

and B =: B (u), X =: A (u) are the mean values. By (25) with 6,, = ), max;,

(28)

_I _
Azt K (U — w)| =

0, (1), where 2;; = i — 24,3 (u) is the mean value residual, hence as in Newey and Smith (2004)

_ 1
m%x ’ (1 -+ 7)\ (U)/ ZitgitKh (uit - U)) T 1‘ = 0p (1) for j = 0, 1, (29)
the triangle inequality and (29) show that
1 OPTCR (B, A, u) — 3 1
- A < n%’%x ‘ (1 + A (u) 2 K (ugy — u)) R 1‘ X
1
o Z (2Bl (uy — U))®2 +
1
0 Z (zit€it Kp (wir — U))®2
1
— _E Z (Z’itgitKh (Uit — u))®2 + Op (1) N
hence by (21)
B GPTCR (3,3, )
e T W @) =0, (1). (30)
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Similarly

i3

21'CR (B Y
o°T (6’/\7@‘ < mf}x‘(l+VX(U),»%?it?mJQL(Uz't—“))W _1’X

n oXop’

+

1
el Z ()\ zztsztzztxltKh Uip — U 2)
n

1 Z 2
E <)\ Zztgztzzt$¢tKh Uit —

' v

Iry;}X‘(lJrﬂ( ) 2 Kn (wi — U)) )

‘ ?

and by the Cauchy-Schwarz inequality and the same arguments used to establish (19) and (21)
it follows that

X 1/2
Hn—HZHzit?itzitxétKh (uie —w)®|| < |[A ( > llzazi Kn (us — w)| )
1 ) 1/2
(33 It = 0*) = 0, (10,1,

1 1
o S Gt = )| | 35 Gt = )

1 /
- >zl Ky (ui — u) — f (u) Zo (u)|| = 0, (1),
hence
1 &TFCF (3%, u)
Finally similar arguments can be used to show that
OPTCE (B, )\, u
|| 86(@)2 ) ‘ =0, (1). (32)

Combining (30)-(32) and the CMT imply

(uh?) [ Au) /1

~

W% @re Tolw) |
3 u)— B (u) [ ] (%)

Yo (u)’ 0

(nh?)'/ +op(1).

[ % > (zicirKn (ue — w)) + by, (u)
0
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By a standard kernel calculation

_ , |98 (u) 1\~ 025, (u)
E (b, (u)) = /l‘itzit [W (uir —u) + 5

2j:1 8u%%g

(uy — u) (ugy — u)J] X

Ky (Uit - U) f (Zita Lit, Uit) dzpdxidu =

g {xitzz{t {tr (f (u) p el (u)) + 2f(8f Gt 7, ) 9B <u)] |uir = U]}

2 2 ou'Ou; Zity Tig|uie = w) Ou;  Ou’

+0 (h%) .

The asymptotic normality of (h”)l/ 2 > (ziei K (uy — u)) /n'/? can be established using Lya-
punov CLT, since A6 can be used to verify the Lyapunov condition - see also Cai and Li (2008,
Theorem 2), and the result follows by the CMT. m

Proof of Theorem 2. The proof of the theorem is the same as that of Theorem 1 with the
exception of the CLT used. The first result (i.e. the small N large T') is obtained following
closely Cai (2003). For a unit vector 6 let (Uit)thl = {(hp)1/2 0 2t K, (wiy — u)}T , which for
each i is a stationary a-mixing sequence. Using Proposition 2(ii) of Cai and T (2008) it is
possible to show that Var <ZtT:1 vit/T1/2> =0'f (u) Qo (u) vof, hence by the i.i.d. assumption

1 N T / -
Var <W ; ;U#) =0'f (u) Qo (u) vl :=0° (u). (34)

To show the asymptotic normality the indices 1,...,7T" are partitioned using Doob’s small-block
large block technique into 27 + 1 subsets with the large block of size r =: rp = [(nh?)"?)
and the small one of size s =: sy = |(nh?)"? /logT|, ¢ =: qr = | T/ (r + s)] where |-] is the

integer part function and note that s/r — 0, r/T"— 0 and (T'/r)a(s) — 0. For 0 < j < ¢ let
(+1)(r+s)

_ j(r+s)+r _ T
‘Qﬁl - i:jﬁ%ﬁ)+11%t716$2 - t:j@#m)+r+lqht7‘6 "’§:t=q04s)+11%tso that
N q—1
1 1 Uni + Unz + Ups
iz E Vit = 17 E <§ (Vija + Vij2) + Véq) = /2 :
i=1 \j=0

The same arguments used by Cai (2003) show that E (U2,/n) = S, Var (Z?;é V;j,g/Tl/2> /N =
o(1) and E (U%/n) = Zfil Var (Vig/TV?) /N = 0(1), hence Unps = 0, (n'?) and U,3 =
0, (n'/?). Furthermore for any 1 <i < N and ¢ = (—1)4?

q—1 q—1
Eexp (/,t Z V,-j71> — H Eexp (1tVijq1)

Jj=0 Jj=0

<16a(T/r)a(s) —0 (35)

by Lemma 1.1 of Volkonskii and Rozanov (1959). Note that by A1’

1
NT

N q—
=1

E (Vij1)® = %%VW (Z Uit) — 0’ (u), (36)

1
§=0 t=1
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where o2 (u) is defined in (34). Finally as shown by Cai (2003) E [V;3 I ([Vi11] > €0 (u) T"?)] =
O (T2 0) p=p(210)0/2149)) for every e > 0, hence

1 Uik
W Z E U 1 |‘/7,1 1’ > 60( )Tl/2)) -0 (T6/4h—p[1+2/(1+5)]5/4) 0 (37)

i=1 j=0

by A7. Thus (35) — (37) imply the Lindeberg-Feller CLT and the result follows by CMT.
For the large N and large T case consider the doubly indexed sequence

n

{Uzt}l t=1 — {(hp)l/2 6 Zztgthh (uzt - U)} )

3,t=1

which is independent across i and stationary a—mixing across t, and note that both (35) and
(36) are still valid for N,7 — oo. The joint asymptotic normality as N,T — oo is estab-
lished applying Theorem 2 of Phillips and Moon (1999) and verifying the generalized Lindeberg

condition

Z VI (Vi = eon (w)) — 0, (38)

where 0%, (u) = Var (val —o Vi, 1/T1/2> By (36) 0% (u) = O (N) and

1<i<N

sup E (Z il/Tl/Q) < 00,

hence Theorem 23.10 of Davidson (1994) implies that (38) holds. Thus by Theorem 2 of Phillips
and Moon (1999) 3 v;/n'/? % N (0,02 (u)) and the result follows by CMT. m
Proof of Theorem 3. For the parametric case z;; = g (w;,7) note that

h¥ ~ g2 N ®2
" (ZieiKp (uyy — u)) g (zirei Kp (g — u))™" + (39)

2% Z ((Zie — zit) 2}y (€adSp (u — w)) ) + m Z ((Zoe — 2it) (K (wie — u))®2) :

As in Owen (1990), A8(i) and an application of the Borel-Cantelli lemma gives

max sup
bt yer

dg (wit, )
] e

hence a mean value expansion and A8(i) show that

‘ 9g (wit,7) ‘

oo | 1 =0l = 0y (1), (40)

max |2 — z;|| < max
2,t ot
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where 7 is the mean value, hence using (40) in (39) yields

h? - ~
% ((th — Z’it) Zl{t (SitKh (Uit — U))2> H S H%%X ||zzt - Zzt” X
hP
" (Zit (e Kp (ui — U)>2) H = 0p (1),
h? ~ ©2 ~ 2
" ((Zir — zit) € (ug — w)) < H%E%X 1Zie — zitl|” X
LP
" (eitKp (uip — U))QH = 0p (1),
hence 1P Lp
n (Ziei Ip (uie — U))®2 n (zi€it K (ir — “))®2 +0p(1);

therefore by triangle inequality

S Gk — ) — (1) 20 ) v

- =0, (1). (41)

Let 25 = yu — 2,53 (u) for any consistent estimator 3 (u); by triangle inequality and similarly
o (24)

max 10, Ziei K, (e — u)| < max |Zit — 2] max |0 €t K, (wir — uw)| + (42)
max 10,28 K (i — )| < max 1Zie — zit|| |6 max et Kn (wie — u)| +

13 w) = 8 ()| max 15 = 2l WAl max v (i — )| = 0, (1)

Using the same Taylor expansion argument as that of Theorem 1 it can be shows that the 2NPIT

estimator B(u) is consistent. To establish the asymptotic normality note that
1 ~
— Z ZuCit Kp (Ui — u)) = - Z (Zit — zit) € K (i — ) + (43)
1 N ~
- Z zininkn (i —u) + — > G — za) (ﬁ (wit) — Bo (u)> Ky (uig —u) + by (u),
where b, (u) is defined in (28). Since

1 N
(nhp)1/2 E Z (Zit - Zit) eilKn (Uz‘t - U)

E eitlp (uie — )

< (44)

1/2

max |Zie — zit|| (nhP)
2

and similarly for

1 Z (Zie — zit) @y (B (uge) — Bo (u)) Ky (uze — u)

n

=0, ()%,
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the conclusion follows by the same arguments as those used in Theorems 1 or 2. For the

nonparametric case note first that by Masry (1996) sup;,, ||Zis — 2u|| = 0, (1) hence as in (41)
and (42)
h? . ®2
- > Gueakn (uig — )™ = f () Qo (w) vo|| = o0, (1), (45)
max [\, Zie€i K (wie — u)| = 0, (1),

and the consistency of the 2NPIT estimator follows as before. By a standard kernel calculation
(zit — 2zit) = Z Wb (wje — wit) vje + 0p (1), (46)

JFuE
where W, (wj, — wy) = Wy (wjy — wye) / [(n — 1) f (wi)]; note that by Al (or Al’) if i # ¢ and

j # 7' the terms involved in the following summation
1
nh?Var (ﬁ Zt ; Wi (wje — wig) vje€in K (wir — u)) = (47)
it jF#

hP
Cov <Z Z Wb (wjt — Wit) vjt€it K (i — w)

n

it i
E E W (wj’t’ - wi’t’) Uj/t/Ei/t/Kh (ui’t’ - U)) )
i,,tl jl#z‘l

are 0, hence it suffices to consider only the two cases i = ¢’ and j = j'. For T finite and t = t/
by conditioning first on w;; and then on u; and a standard kernel calculation show that
% D DN Cov (W (wje — wir) vjeea K (wie — ) , Wy (wjre — wie) vnea K, (uy — u))|| <
it A A

O* || f (u) E (Var (vagiwie) [uie = u) vol| +

RPU*T || f (w) E [Cov (vies, VisEis|Wir, wis) |us = u] vo|| = O (b2)

and similarly for ¢ # t'; for the case j = j’ and t = ¢’ noting that for (uy; —u) /b = v by A5’
(uyy —u) /h =v+o0(1) it follows that

<

hP
E Z Z Z COU (Wb (wjt — wit) theitKh (uit — u) s Wb (wjt — wi/t) Uj’tgitKh (ui/t — U))

it G A

b2 +

/ Var (vigg|wie = wi, uy = u) wodwivg

2
hPo"T H / [Cov (Vit€ir, Vis€is|Wit, Wis, uy = w) |wo| dwidw;svo||

24



where wg = [ W (v)? dv.
For T'— oo and i = 7', t = t’ the Cauchy-Schwarz inequality applied to (47) shows that

2
hp
ﬁ Z Z Z Cov (Wb (wjt - wit) th&‘tKh (Uit - U) Wy (wj’t - wit) Uj't5z‘tKh (uit - U)) <
it j#i g
Z a(t) f(w) [voE [Var (eifwi) [wie = @UHI/Q X
t
[Var (v [Wy (ws — wie) Wy (wjre — wie) [wal)|| < OV~ a () = O (V)
t
and similarly for ¢t # t’. For the case j = 7' and t =t
% i
— D> Cov(Wy (wje — wie) vjueae K (uie — ), Wiy (wye — wine) vnein K (uin — u))|| <

it AL G

Z Z o / voVar (vjen|wi) wodws

ljt Ve

X

Z Z Z (t) /VCW (Ve |Wh (wje — wip) Wy (wje — wirg)) wodw;y

zz’t jFi jFY

and similarly for ¢ # t’. Hence it follows that

nh?Var ( ZZ W (W)t — wir) vje€iu Ky, (wie — u >H =of

it j#i

and .
— Z (/Z\zt - Zz‘t) eikKp (uit - U)

n

=0, <(nhp)71/2) : (48)

Using similar arguments it is possible to show that

nh?Var (% Z Z W (wje — wie) vy, (B (wir) — By (w)) Kp (uge — u)) H =0, (1),

it i

hence

~

e /2
(X) > (EuEuKn (ug — u)) Z zi€it K (wie — w) + bn (w) + 0, (1),
and the result follows again by the same arguments as those used in the proofs of Theorems 1
or2. m

Proof of Theorem 4. By a second order Taylor expansion about A = 0 with Lagrange
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reminder \ =

: A (u) - that is X is on the line joining 0 and - it follows that
et (B,X, u) . (B, 0, u)

X ()Y ziBa K (wi — u) +

1~ , 1 OQFCR B,X,U -
5/\ (u) n Z 8)<\®2 ) A (u)
hP

. (2t Kn (wi — w))" (f () Q (u) ’/0)_1 Z (zit€it Kn (i — u)) +0p (1),
where the second equality follows using (21) (with €; replacing £;;) and (22). Since
D (zuEukn (wa —w) =Y (zugaky (wi — u)) = Y (za}y K (wie — u)
’ -1 -1 ’ -1 h? 2
(20 (U) QO (U) 20 (U)) 20 (U) QO (U) Z (Zz‘tfiitKh (uit - U)) + Op <E> s

it follows that

D) = 3 G e — ) ( ()2 () v0) ™ Mo (1)
(F @) 2 () vo) ™ 3 (i ki (s = ) + 0, (1)

(49)
where

Mo(u) = T —(f(u)Qw)ve) "> (u) (Zo (u) f (u) [vo) "
o (u)' (f (u) Q (w) vo) ™2,

and the conclusion follows by a standard result on the distribution of quadratic forms in normal
vectors with idempotent matrices, see e.g. Theorem 7.2 of Rao (1973)

. For the case of the
estimated instruments z;; using (41), (42) or (

45) it follows that

[CR (B’X u) _ [CR (B) 0, u) =AW Y ZEu Ky (ug —u) + (50)
A W) Y Gk (s — )3 (0
= % (zifutkn (wie — 1)) (f () Q () vo) ™ Y (zfurKn (wie — w)) +
P\ 1/2
O, (1) (%) Z (Zir — zit) € In (wie — u) +
R Y (B ) B (e~ ) R ()
hP

2 (K (uie — W) (f (W) Q () vo) ™Y (zFin S (uie — u)) + 0, (1)

by (44) or (48), hence the result follows as in (49)
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Proof of Theorem 5. By a mean value expansion about A = 0

|

-1

(1 + X () 230 K (ugy — u)) v

() (zi€uIh (wi — u))

SRS

1
oA\ n
A

where A =: X (u) is the mean value. By (25) and (29) it follows that

1 1~ . 1
= E —_ E}\ (u)l (ZitgitKh (uit — U)) + Op (E) N (51)
hence n7; (B,X, u> 1= (u)' (i€ Kn (uir — u)) + 0, (1) and thus

3 (nﬁgR (B, , u) - 1)2 — X (W)Y i (i — )P A (@) +0, (1) = (52)

m (2Bt S (war — w)) (f () Q (u) o)™ Z (zi€it K (uir —u)) + 0, (1),

n

so that the result follows as in the proof of Theorem 4. The second result follows noting that

5 (naS" (B3 u) 1) S (o () - 1) 5 o) 5

7 h) (u) (2B K n (i — u))) = 0, (1). For the case of estimated instruments z;;,

7" (B, ~
( u) 1 %)\ (W) (ZiCuKn (uig — u)) + o (l> )

n

S (A (B Aw) ~1)" = S Gk G~ ) (F () 2 () )

> GuEukn (wi —u)) + 0, (1)
= ST K (i — ) (F () Q () )

n

> (zafuKn (wi —u)) + 0, (1)

and the conclusion follows by the same arguments as those used in the proof of Theorem 4. The
conclusion for > (mrzt (B, A u) — 1)2 e (B,/):, u) follows by (52) and (53). =

Proof of Corollary 5.1. Under the local Pitman alternative and (nh?)"?~, (u) — v (u) > 0
a standard kernel calculation and the same arguments as those used in the proofs of Theorems
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1 and 2 imply that 3 (zieakp (i — u)) / (nh?)*/? <4 N (v (u) f (u), Q0 (u) vof (u)), hence
n (49) the result for DT (u) follows by standard results on the distribution of quadratic

forms in nonzero mean normal vectors with idempotent matrices, see e.g. Theorem 7.2 of Rao

(1973). The consistency under the condition (nh?)"/*

previous conclusion. The result for P (u) (j = 1,2) follows by (52) and (53), which imply

that Pf'" (u) = DR (u) 4+ 0, (1). =

Proof of Theorem 6. It is first shown that for any two distinct u; and u;, for 1 < j,k <m

v,, (u) — oo is a direct consequence of the

%Cov (Z (zirgi K (uir — uj)) ,Z (zis€is Kn (wis — Uk))) =o(1). (54)

For T finite, iterated expectations and a standard kernel calculation show that
Cov (Zz't&?z‘tKh (uit - Uj) ) (ZisﬁisKh (Uis - Uk))) = Oy (Uih Uis) f (Uj7 Uk) )

hence by Al

%Cov <Z (zireit Kp (wir — uj)) ,Z (zis€is Kp (uis — uk))> H = hPTO(1) (55)

— 0.

For T' — oo let d,, be an integer such that d,h? — 0; then by

W3 | Gz (s = 3)) D oo (s — )| = (56)
dn

h? Z |Cov (zieit K (Ui — uy) , 2is€is Kn (Uis — up))|| +
s=1

T
B3 11Cow (i (i — w5)  zisein i (is — up))| < dah? + (A5 ) 3 a ()77 =0

s=dn+1
by (55), B ||zieukn (i — uy)| > = O (h~P0+7), AT and an application of Davidov’s inequality
(Hall and Heyde 1980, p. 278) that shows that
HCOU ((ZilffilKh (uil - Uj)  Zis€is K, (uis - Uk)))H < Ca (S)ﬁ HE (H2i1€z'1Kh (uil - Uj)Hzﬂ) ||m

1
2 1
||E (HzisgisKh (s — uj)]| +v) Hzﬂ '
Thus by (54), the same CLT's used in the proofs of Theorems 1 and 2 can be used to show that

Z (Zit/g\itKh (uit - Ul))
o\ 1/2
(%) : 4, (57)
E (ZitgitKh (uit - Um))
N ( 0, diag [f (u1) Qo () vo — Po (u1) , ..., )
[ (um) Qo (um) vo — P (un)] ’
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where diag [-] indicates a diagonal matrix and

Py (u) = So (u) (Zo (u) f (u) /vo) ™" S (u)'. (58)

The result for max; DF (u;) follows by (49), (57) and the CMT, which imply that

max (E> 3 Gk (i = )Y (f () Q () vo) ™D (2B K (i — 7))

J n

max x; (I — k).
j
The result for max; PE% (u;) (k = 1,2) follows similarly using (52) and (53). For the estimated

instruments z;; we have

Cov (Zuei Ky (wi — u5) , Zis€is Kp (wis — ug)) =
Cov ((Zie — 2it) € ln (wir — uj) , (Zis — 2is) €is K (Uis — ug)) +
2Cov ((Zit — 2it) €t Kh (wir — wj) , Zis€is K (Uis — ug)) +

Cov (zuei Ky (wir — uj) , Zis€is Kp (Wis — ug))
and for the parametric case
[Cov (ZueisKn (uit — 15) , Ziseis Kn (uis — ug))|| =
15~ o] [[928 Cons s £ Cag )| = o 1),

and similarly for the second term, whereas for the nonparametric case, (46) and a standard

kernel calculation shows that
|Cov (ZieiKn (wir — ) , Zis€is Kp (Ui — ug))|| =
10 (wir, wis) f (UJ>Uk)|| + O (bz) )

and similarly for the second term; thus by either (55) or (56)

%Cov (Z (Ziegit K (uit — uy)) ’Z (Ziseia K (11is = uk))> H -0

and the result follows using (49), (52), (53), (57) and the CMT. =

Proof of Corollary 6.1. The same arguments as those used in the proof of Corollary 5.1 and

Theorem 6 show that under the local Pitman alternative and (nh?)"/?~, (uj) — v (uj) > 0 for

7=1...m

3 (asukn (wa — uy)) / (nh?)* 5 N (7 (uy) f (u;), Qo (w5) vo f ()
and for any two distinct u; and u for 1 < j, k <m

" o (32 euei = 7 03) K i = 5)], 3 (oo = 7, () K (s — w)]) = 0(1)
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and

3 (zité}tKh (tie — uy))

() ‘ s
" S e - )
(1 — Py (w)) v (ua) f (ua) ey (I = Po (um)) v (um) f (),
N diag [f (u1) Qo (ul) vo — Py (uy),. ,

S (um) Qo (um) vo — P (um)] ,

where the matrix Fy (-) is defined in (58). Then the same result on the distribution of quadratic

forms in nonzero mean normal vectors used in Corollary 5.1 and the CMT imply that

max (E> >zl kn (i — u)) (f () Q (u) vo) ™Y (2iBinky (wir — ;) Lt

J n

max x5 (rj,1 — k),
J

where r; = f (u;) 7 (u;) (Q0 (u;) ™" (I = 2o (1) Zo (u) ™ To (7)) Qo (u;) ™) 7 (uy) /vo; the re-
sult max; DYF (u;) follows by (49) and (57), whereas that for max; P (u;) (k = 1,2) follows
by (52), (53) which imply that max; PF% (u;) = max; D% (u;) + 0, (1). The consistency under
the condition (nh?)?~, (uj) — oo is a direct consequence of the previous conclusion. m
Proof of Theorem 7. A second-order Taylor expansion about B(u) with Lagrange reminder
B := 3 (u) shows that

21CR (3 Y (3P
eI () = (B (w) = 5 (w) - (55’22(6 ) (Bw=5w)+o)

as OI'CF (B, X) / 08 = 0, (1) by definition, where the notation A (ﬂ(”)) emphasizes the depen-

dence of X on the constraint. Then by the chain rule

ot (B’ ) <5(p))> = —% Z (1 — ’YX <ﬁ(p), U>/ ZiCin K (wyy — U)) - (59)

85@)2
~ ®2
{xitzgt)\ (ﬂ(p)> 2wy Ky (g — u)2 +
N [ p(P) N [ p(P)
(87 20 ek SLGO
Tz (B Zitgita—ﬁlzitgit n (i — w) —xitzita—ﬁ, n (e — w)
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and using the same arguments as those used in the proof of Theorem 1 or 2

i3

1 T OIS 7 ' X a0\ 2 2
- Z 11—~ <6 ,u) zua K (uy — u) Tt 2\ <6 > 2 K (uy — u)7|| = 0, (1),

13
1 ~ / . ~ ~
— E (1 — YA (ﬁ(p), u) zinu Ky (uy — u)) T2\ <ﬁ(p)) X
n

O\ B(p)
op

zi{é;t Zig€it K (wir — U)2 =0, (1),

whereas

/ 1 EINEGR
Y A L P

O\ (6(17))

~S)(u) f (0) — 5

=o0,(1).
Furthermore by differentiating with respect to 3 the first order condition

1 ~ ro T
0=—= > (1 —7A (5@), U> zin€it Kp (i — U)> Zit€it Wp (Wi — )

we have

1

0 = -0 (% Z (1 - ’YX <5(p)a u>lzitgitKh (ui — U)) '

1 (3P
1 ~ I 7t _ oA 6 U

. § (1 — A (5(1))7 U) Zit€it Kn (Wi — U)) (zit€it K (i — U))®2 M -
n B

Zir€it K, (uit - U)) /aﬁ =

13

1 (89 ) -z ) G W) -
> (1= BV u) mEkn (wi —u) ) (el K (i — )

1 ~ r %_1 ~

- Z (1 — A <B(p), u> zieu K (wip — u)) 22\ <B(p), u) 2 Ky (g — u),
n

which yields

O\ ( 5(1’)7 u)
op’
Thus using (60), (61) and the triangle inequality yield
O2TCR (RX (5@)))
86®2

= — (0 (u) vo) " To (u) + 0, (1). (61)

— f(u) S () (Q (w) vo) ™" S (w)|| = 0, (1),
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so that
Dy (u) = (B (u) = 3 (u))/ £ () %o (u)' (0 (u) vo) ™" X (u) (62)
(Bw =B @) +0,0).
The proof of Theorem 1 or 2 shows that
(nh#)"* (B (w) = By (w)) = o (u)™" To () x
hP

n

1/2
P (5) X sk =) + 0,1
and by a Lagrange multiplier argument it is easy to see that
(n)"* (B (w) = B (w)) = [T = Zo ()" B (R0 ()™ R)”
1 [ hP
() (2

n
where R = [I,, Opx(e—p)] and Oy (s—p) is a p x (k — p) matrix of zeros. Then some algebra shows
that

1

R| 2o (u)™" %o () x

1/2
> Z ZitgitKh (uit — U) + Op (1) s

DG (u) = % (ziecie K (e — 1) Ao (w)' f (u) So (u)’ (R (u) vo) " x (63)

ZO (U) A() (U) Z ZitgitKh (uit — U) + Op (1) ,
where
- -1 1 (p= -1 pn\ 1 p= -1 / -1
Ao (u) =Zo (u)” R (REy (u) " R') o (u)™ 2o (u) f(u) Qo (u) .
By CMT and the same arguments used in the proofs of Theorems 1 and 2

Ao (w) < % ) 2 S zacakn (uy —u) 5 N (0, %EO ()" R (RZ, ()" R) ' RZ, (u)1(>6;)

and the result follows as in the proof of Theorem 4 by CMT, noting that
— _ _ _ -1 _
= (w) 2R (RZ0 (u) ! R') " RZq(u) 1/2

. . . . — _ — _ -1 _
is symmetric and idempotent with rank <:0 (u) V2R (RZo (u) 'R ) RZo (u) v 2) = k. For
the estimated instruments case Z;;, note that by triangle inequality and the same arguments as

those used in the proof of Theorem 3

1

~ r %_1 ~ ®2 9
- > (1 — A (ﬁ(p), U) zinCit K (wie — U)) TitZy A <6(p)) Zy i K (e — u)7|] <

2 2|5 (@) | || 2 (5@ o) 5= v ®2 2
1Zit — 2at| H>\<B )H EZ 1—%(6 ,U> zi€it K (wie — u) Tip Kp (wie — )™ +

H% 3 (1 — (87, u), cEa K (i — U))
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~ ®2
Tip 2y A (5@)) 24 @i I (U — U)2|| =0, (1),



2=

-1

1 Z (1 — A (6(”, U>/3i{5itKh (it — “)) TaZy\ <6(p)> %

n
N (3P
A~/8A<B> gk 2l <113 2
Zitgita—ﬁ/zz'tgit h (uit — U) < ||th o Zth X
1 , 1,
"ﬁ Z (1 — YA (5(10), u) Zuu kK (uy — u)) T (5(?)) %

. R 5(10)
5ita—6/

i3
Y

% Z (1 - ”)’X <B(p)7 U>, zin€itKp (i — u)) X

Zi€it K (Ui — U)2 +

N O\ ﬂ(p)
T2y A (5@)) Zitg;t—ﬁzitg“Kh (uie — u)2 =o0,(1),

and similarly for

"% Z (1 B 7X (5@)’ u)lztgitKh (uie — u)) a xitdt%[(}z (wir — u)

B <5(p)>
—%o (u) f (u) o7 |~ op (1).
Similarly to (63) we have that
DGy (u) = % (ZueaKn (wan —w)) Ao () f (u) Do (u) (2 (u) vo) ™ x (65)

o () Ao (1) > Zueu K (uy — u) + 0, (1),

and the result follows as in the proof of Theorem 4. m
Proof of Theorem 8. By the same arguments as those used in the proof of Theorem 5 it
follows that

N it (B,X, u) — 1= X(u) (22 Kn (ui — u)) + 0, (1)

and thus

Z (n/ﬁictR (B, /)\\, u) — it (B, A, u>)2 = (3\\ (u) — A (u))/ Z (2 k< (uiy — 1)) %% x

(M@-Xm»+%u)
hP

= D (zufuly (wie —w)' (f () Q (w) vo) " %

Z (zi€irKp (wip — ),
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where the second equality follows by (21) with €;; replacing €;;. By (33)

Aw) = (Qo(w) f(u)vo)™ = (Q(u) f (w)ve) " Py (u) (Qo (u) f (u) vo) " x
S s (i — w) + 0, (1),

while some algebra shows that for X (u)

Au) = (Qo(u) f(w)ve) ™ — (Qo(u) f(u) vo) ™" To (u) Ko (u) Zo (u) Qo (u) ™" x
% > (zuciKn (wi —u)) + 0, (1),

where
Ko(w) = 70520 (0) ™ (1= Ao (w),
hence
Z <n%gR <E,X, u) — it (B,X, u)>2 = D(Cpf (w) +o0, (1), (66)

whereas as in (53)

(NT%@'CtR (’57}:7 u) — NT75E <B,X, u))z

PR () = Y )

i=1 t=1 NT%,.C;R (B,X, u) . (67)
~CR (75 .\ _ n=CR (35 )
R CE
=1 1= it A

The result follows using the same arguments as those used in the proof of Theorem 5. For the
case of estimated instruments zj;, the result follows using the same arguments as those used in
the proof of Theorem 7. m

Proof of Theorem 9 . By the same arguments as those used in the proof of Theorems 6 and
7, (64) and (65) it follows that

nh?Cov <B (ug) — B (u;), B (ug,) — B (Uk)> =o(1)
and

B (w) — B (w)
(nh?)"/? : E
B () = B ()
0, diag [ =0 (ug) P R (REp () P RY) ' RS (w) 7t .

— _ _ _ -1 _
oy S0 (Um) "R(RZ (um) ' R) " REo (unm) 1]
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hence by (54), (62) and CMT we have that

max DOF (u;) 5 max X2 (p).
J J

The result for max; PE# (u;) (k = 3,4) follows similarly using (66) and (67). m
Proof of Corollary 9.1. Under the local Pitman alternative and (nhp)l/ 2.,p) (u) — P (u) >

0, the same Lagrange multiplier argument used in the proof of Theorem 7 shows that

) (3 0) = B w) 4 & (12 ),

7 (u>50 (w)” R (RZ(uw) " R')  REp(u)” ) (68)

where

12 () =2 @)™ R [1,57 @2 )] (287 )99 @ @),
(pp)

and Z5" (u) and E(()p k=p) (u) are, respectively, the upper p x p and lower p x (k — p) left blocks
of Zg (u)~". Then by (63) the result follows by CMT noting that

12 () 2 )2 () £ (u) fro =2 @) (287 () A2 (w) £ (u) fo

The consistency under the condition (nh?)"/? ~P (u) — oo follows immediately as that for
PEE (u) (k= 3,4) using (66) and (67). The result for the case {u;}7-, follows using (68) and
the same arguments used in the proof of Theorem 6. The consistency under the condition

(nh?)'/?~, (uj) — oo follows similarly. m
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6 Tables and figures

Table 1. MSE x 107 of Bj (-) with observed instruments
o2 = 0.5, 0727 =05 02=02, O’% =0.8

A A B B
FEL 1.204 2.131 0.635 0.776
ET 1.205 2.145 0.645 0.782
GMM 1.312 2.290 0.765 0.866
ST B A B B
EL 0.924 1.843 0.512 0.623
ET 0.926 1.852 0.514 0.632
GMM 1.152 1.892 0.648 0.757
0 BB B B
FEL 0.324 0.504 0.124 0.154
ET 0.376 0.512 0.131 0.169
GMM 0.521 0.623 0.167 0.202
A A B B
EL 0.274 0.399 0.104 0.120
ET 0.294 0.405 0.121 0.127
GMM 0.434 0.543 0.127 0.142
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Table 2. MSE x 107 of Bj (-) with estimated instruments
o2 = 0.5, Uf] =05 02=0.2, 072] =038

N =100 ~ ~ ~ ~
BB LB
EL 1.099 1.877 0.543 0.687
ET 1.105 1.763 0.588 0.703
GMM 1.221  1.998 0.623 0.832
N =100 ~ ~ ~ ~
T — 50 B B Bi o By
EL 0.910 1.675 0.490 0.547
ET 0.915 1.594 0.502 0.563
GMM 1.054 1.766 0.572 0.641
N =400 ~ ~ ~ ~
T B B Br o By
EL 0.243 0.376 0.106 0.254
ET 0.287 0.399 0.132 0.221
GMM 0.432 0.576 0.209 0.297
T — 50 B B Bi o By
EL 0.193 0.324 0.097 0.190
ET 0.185 0.342 0.105 0.197
GMM 0.365 0.502 0.164 0.212
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Table 3. Finite sample sizes for D(b;)L (u), Dg,)T (u),
DG . P ), P ()

u=2.5 u=3.5

N =100,T =5

DY (u) 0.015% 0.054° 0.014*  0.057°
DY (u) 0.016° 0.056" 0.015*  0.055
DEMM (u) 0.026%t 0.064°t  0.023%f 0.061°f
PFL (u) 0.013* 0.053 0.012¢ 0.054°
PET (u) 0.012¢ 0.054° 0.024%  0.055°
N =100,T = 50

Dy (u) 0.013*  0.057%7 0.015¢ 0.055°
DEi (u) 0.015%  0.055° 0.014% 0.057°%
DEMM (u) 0.028%%  0.059° 0.030%  0.058%
PFE (u) 0.023*  0.055° 0.023*  0.053°
PFT (u) 0.021¢ 0.053" 0.026%  0.054°

a 0.01 nominal level, b 0.05 nominal level, T statistically different from nominal level

Table 4. Finite sample sizes for max Dg,f (u;), max D(b;)T (u;) ,
j J

m;»ngw () , m?XPfL () m?XPfT (uy)

N =100,T =5 N =100, T = 50
max; DEL (u;) 0.017%t 0.056°f  0.015 0.054°
max; DET (u;) 0.018% 0.059f  0.016% 0.057%
max; DEMM (w;) - 0.026°t 0.063°t  0.025%  0.060°t
max; PEE (u;) 0.015¢ 0.048" 0.014° 0.047"
max; PET (u;) 0.015¢ 0.053" 0.015¢ 0.052"

a 0.01 nominal level, b 0.05 nominal level, T statistically different from nominal level
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N =100,T = 5.
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