
This is a repository copy of Rings of Frobenius operators.

White Rose Research Online URL for this paper:
http://eprints.whiterose.ac.uk/96700/

Version: Accepted Version

Article:

Katzman, M., Schwede, K., Singh, A.K. et al. (1 more author) (2014) Rings of Frobenius 
operators. Mathematical Proceedings of the Cambridge Philosophical Society, 157 (1). pp. 
151-167. ISSN 0305-0041 

https://doi.org/10.1017/S0305004114000176

This article has been published in a revised form in Mathematical Proceedings of the 
Cambridge Philosophical Society [https://doi.org/10.1017/S0305004114000176]. This 
version is free to view and download for private research and study only. Not for 
re-distribution, re-sale or use in derivative works. © Cambridge Philosophical Society 
2014.

eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk/

Reuse 

This article is distributed under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs 
(CC BY-NC-ND) licence. This licence only allows you to download this work and share it with others as long 
as you credit the authors, but you can’t change the article in any way or use it commercially. More 
information and the full terms of the licence here: https://creativecommons.org/licenses/ 

Takedown 

If you consider content in White Rose Research Online to be in breach of UK law, please notify us by 
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request. 

mailto:eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk/


ar
X

iv
:1

30
4.

61
47

v1
  [

m
at

h.
A

C
]  

23
 A

pr
 2

01
3

RINGS OF FROBENIUS OPERATORS

MORDECHAI KATZMAN, KARL SCHWEDE, ANURAG K. SINGH, AND WENLIANG ZHANG

ABSTRACT. Let R be a local ring of prime characteristic. We study the ring of Frobenius
operatorsF (E), whereE is the injective hull of the residue field ofR. In particular, we
examine the finite generation ofF (E) over its degree zero componentF 0(E), and show
thatF (E) need not be finitely generated whenR is a determinantal ring; nonetheless, we
obtain concrete descriptions ofF (E) in good generality that we use, for example, to prove
the discreteness ofF-jumping numbers for arbitrary ideals in determinantal rings.

1. INTRODUCTION

Lyubeznik and Smith [LS] initiated the systematic study of rings of Frobenius operators
and their applications to tight closure theory. Our focus here is on the Frobenius operators
on the injective hull ofR/m, when(R,m) is a complete local ring of prime characteristic.

Definition 1.1. Let Rbe a ring of prime characteristicp, with Frobenius endomorphismF .
Following [LS, Section 3], we setR{Fe} to be the ring extension ofRobtained by adjoining
a noncommutative variableχ subject to the relationsχ r = r peχ for all r ∈ R.

Let M be anR-module. Extending theR-module structure onM to anR{Fe}-module
structure is equivalent to specifying an additive mapϕ : M −→ M that satisfies

ϕ (rm) = r pe
ϕ (m) for eachr ∈ R andm∈ M .

DefineF e(M) to be the set ofR{Fe}-module structures onM; this is an Abelian group
with a leftR-module structure, wherer ∈ Racts onϕ ∈F e(M) to give the compositionr ◦
ϕ . Given elementsϕ ∈ F e(M) andϕ ′ ∈ F e′(M), the compositionsϕ ◦ϕ ′ andϕ ′ ◦ϕ are
elements of the moduleF e+e′(M). Thus,

F (M) = F
0(M)⊕F

1(M)⊕F
2(M)⊕·· ·

has a ring structure; this is thering of Frobenius operatorsonM.

Note thatF (M) is anN-graded ring; it is typically not commutative. The degree 0 com-
ponentF 0(M) = EndR(M) is a subring, with a naturalR-algebra structure. Lyubeznik and
Smith [LS, Section 3] ask whetherF (M) is a finitely generated ring extension ofF 0(M).
From the point of view of tight closure theory, the main casesof interest are where(R,m)
is a complete local ring, and the moduleM is the local cohomology moduleHdimR

m (R) or
the injective hull of the residue field,ER(R/m), abbreviatedE in the following discussion.
In the former case, the algebraF (M) is finitely generated under mild hypotheses, see
Example 1.2.2; an investigation of the latter case is our main focus here.

It follows from Example 1.2.2 that for a Gorenstein completelocal ring (R,m), the
ring F (E) is a finitely generated extension ofF 0(E) ∼= R. This need not be true whenR
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is not Gorenstein: Katzman [Ka] constructed the first such examples. In Section 3 we
study the finite generation ofF (E), and provide descriptions ofF (E) even when it is not
finitely generated: this is in terms of graded subgroup of theanticanonical cover ofR, with
a Frobenius-twisted multiplication structure, see Theorem 3.3.

Section 4 studies the case ofQ-Gorenstein rings. We show thatF (E) is finitely gen-
erated (though not necessarily principally generated) ifR is Q-Gorenstein with index rel-
atively prime to the characteristic, Proposition 4.1; the dual statement for the Cartier al-
gebra was previously obtained by Schwede in [Sc, Remark 4.5]. We also construct aQ-
Gorenstein ring for which the ringF (E) is not finitely generated overF 0(E); in fact, we
conjecture that this is always the case for aQ-Gorenstein ring whose index is a multiple of
the characteristic, see Conjecture 4.2.

In Section 5 we show thatF (E) need not be finitely generated for determinantal rings,
specifically for the ringF[X]/I , whereX is a 2×3 matrix of variables, andI is the ideal
generated by its size 2 minors; this proves a conjecture of Katzman, [Ka, Conjecture 3.1].
The relevant calculations also extend a result of Fedder, [Fe, Proposition 4.7].

One of the applications of our study ofF (E) is the discreteness ofF-jumping numbers;
in Section 6 we use the description ofF (E), combined with the notion of gauge bound-
edness, due to Blickle [Bl2], to obtain positive results on the discreteness ofF-jumping
numbers for new classes of rings including determinantal rings, see Theorem 6.4. In the
last section, we obtain results on the linear growth of Castelnuovo-Mumford regularity
for rings with finite Frobenius representation type; this isalso with an eye towards the
discreteness ofF-jumping numbers.

To set the stage, we summarize some previous results on the ringsF (M).

Example 1.2. Let R be a ring of prime characteristic.

(1) For eache> 0, the leftR-moduleF e(R) is free of rank one, spanned byFe; this is [LS,
Example 3.6]. Hence,F (R)∼= R{F}.

(2) Let (R,m) be a local ring of dimensiond. The Frobenius endomorphismF of R in-
duces, by functoriality, an additive map

F : Hd
m(R)−→ Hd

m(R) ,

which is the naturalFrobenius actionon Hd
m(R). If the ring R is complete andS2,

thenF e(Hd
m(R)) is a free leftR-module of rank one, spanned byFe; for a proof of

this, see [LS, Example 3.7]. It follows that

F
(
Hd
m(R)

)
∼= R{F} .

In particular,F (Hd
m(R)) is a finitely generated ring extension ofF 0(Hd

m(R)).

(3) Consider the local ringR= F[[x,y,z]]/(xy,yz) whereF is a field, and setE to be the
injective hull of the residue field ofR. Katzman [Ka] proved thatF (E) is not a finitely
generated ring extension ofF 0(E).

(4) Let (R,m) be the completion of a Stanley-Reisner ring at its homogeneous maximal
ideal, and letE be the injective hull ofR/m. In [ABZ] Àlvarez, Boix, and Zarzuela
obtain necessary and sufficient conditions for the finite generation ofF (E). Their
work yields, in particular, Cohen-Macaulay examples whereF (E) is not finitely gen-
erated overF 0(E). By [ABZ, Theorem 3.5],F (E) is either 1-generated or infinitely
generated as a ring extension ofF 0(E) in the Stanley-Reisner case.
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Remark 1.3. Let R(e) denote theR-bimodule that agrees withR as a leftR-module, and
where the right module structure is given by

x · r = r pe
x for all r ∈ R andx∈ R(e) .

For eachR-moduleM, one then has a natural isomorphism

F
e(M) ∼= HomR

(
R(e)⊗RM, M

)

whereϕ ∈ F e(M) corresponds tox⊗m 7−→ xϕ (m) andψ ∈ HomR(R(e)⊗RM, M) corre-
sponds tom 7−→ ψ(1⊗m); see [LS, Remark 3.2].

Remark 1.4. Let R be a Noetherian ring of prime characteristic. IfM is a Noetherian
R-module, or ifR is complete local andM is an ArtinianR-module, then each graded
componentF e(M) of F (M) is a finitely generated leftR-module, and hence also a finitely
generated leftF 0(M)-module; this is [LS, Proposition 3.3].

Remark 1.5. Let R be a complete local ring of prime characteristicp; setE to be the
injective hull of the residue field ofR. Let A be a complete regular local ring withR= A/I .
By [Bl1, Proposition 3.36], one then has an isomorphism ofR-modules

F
e(E) ∼=

I [p
e] :A I

I [pe]
.

2. TWISTED MULTIPLICATION

Let R be a complete local ring of prime characteristic; letE denote the injective hull of
the residue field ofR. In Theorem 3.3 we prove thatF (E) is isomorphic to a subgroup
of the anticanonical cover ofR, with a twisted multiplication structure; in this section,we
describe this twisted construction in broad generality:

Definition 2.1. Given anN-graded commutative ringR of prime characteristicp, we
define a new ringT (R) as follows: Consider the Abelian group

T (R) =
⊕

e>0

Rpe−1 ,

and define a multiplication> onT (R) by

a>b = abpe
for a∈ T (R)e andb∈ T (R)e′ .

It is a straightforward verification that> is an associative binary operation; the prime
characteristic assumption is used in verifying that+ and> are distributive. Moreover, for
elementsa∈ T (R)e andb∈ T (R)e′ one has

abpe
∈ Rpe−1+pe(pe′−1) = Rpe+e′−1 ,

and hence
T (R)e>T (R)e′ ⊆ T (R)e+e′ .

Thus,T (R) is anN-graded ring; we abbreviate its degreeecomponentT (R)e asTe. The
ring T (R) is typically not commutative, and need not be a finitely generated extension
ring of T0 even whenR is Noetherian:

Example 2.2. We examineT (R) whenR is a standard graded polynomial ring over a
fieldF. We show thatT (R) is a finitely generated ring extension ofT0 = F if dim R 6 2,
and thatT (R) is not finitely generated if dimR > 3.



4 MORDECHAI KATZMAN, KARL SCHWEDE, ANURAG K. SINGH, AND WENLIANG ZHANG

(1) If R is a polynomial ring of dimension 1, thenT (R) is commutative and finitely
generated overF: takeR = F[x], in which caseTe = F ·xpe−1 and

xpe−1> xpe′−1 = xpe+e′−1 = xpe′−1> xpe−1 .

Thus,T (R) is a polynomial ring in one variable.

(2) WhenR is a polynomial ring of dimension 2, we verify thatT (R) is a noncommuta-
tive finitely generated ring extension ofF. Let R = F[x,y]. Then

xp−1> yp−1 = xp−1yp2−p whereas yp−1> xp−1 = xp2−pyp−1 ,

soT (R) is not commutative. For finite generation, it suffices to showthat

Te+1 = T1>Te for eache> 1.

Setq= pe and consider the elements

xiyp−1−i ∈ T1 , 06 i 6 p−1 and x jyq−1− j ∈ Te, 06 j 6 q−1.

ThenT1>Te contains the elements
(
xiyp−1−i)>

(
x jyq−1− j) = xi+p jypq−p j−i−1,

for 06 i 6 p−1 and 06 j 6 q−1, and these are readily seen to spanTe+1. Hence,
the degreep−1 monomials inx andy generateT (R) as a ring extension ofF.

(3) For a polynomial ringR of dimension 3 or higher, the ringT (R) is noncommutative
and not finitely generated overF. The noncommutativity is immediate from (2); we
give an argument thatT (R) is not finitely generated forR = F[x,y,z], and this carries
over to polynomial ringsR of higher dimension.

Setq= pe wheree> 2. We claim that the element

xyq/p−1zq−q/p−1 ∈ Te

does not belong toTe1 >Te2 for integersei < ewith e1+e2 = e. Indeed,Te1 >Te2 is
spanned by the monomials

(
xiy jzq1−i− j−1)>

(
xkyl zq2−k−l−1) = xi+q1ky j+q1l zq−i− j−q1k−q1l−1

whereqi = pei and

06 i 6 q1−1, 06 j 6 q1−1− i ,

06 k6 q2−1, 06 l 6 q2−1− k,

so it suffices to verify that the equations

i +q1k= 1 and j +q1l = q/p−1

have no solution for integersi, j,k, l in the intervals displayed above. The first of the
equations givesi = 1, which then implies that 06 j 6 q1−2. Sinceq1 dividesq/p, the
second equation givesj ≡−1 modq1. But this has no solution with 06 j 6 q1−2.

3. THE RING STRUCTURE OFF (E)

We describe the ring of Frobenius operatorsF (E) in terms of the symbolic Rees al-
gebraR and the twisted multiplication structureT (R) of the previous section. First, a
notational point:ω[pe] below denotes the iterated Frobenius power of an idealω, andω(n)

its symbolic power, which coincides with reflexive power fordivisorial idealsω. We re-
alize that the notationω[n] is sometimes used for the reflexive power, hence this note of
caution. We start with the following observation:
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Lemma 3.1. Let (R,m) be a normal local ring of characteristic p> 0. Letω be a diviso-
rial ideal of R, i.e., an ideal of pure height one. Then for each integer e> 1, the map

HdimR
m

(
ω[pe]

)
−→ HdimR

m

(
ω(pe)

)

induced by the inclusionω[pe] ⊆ ω(pe), is an isomorphism.

Proof. Setd = dimR. SinceR is normal andω has pure height one,ωRp is principal for
each prime idealp of height one; hence

(
ω(pe)/ω[pe]

)
Rp = 0. It follows that

dim
(
ω(pe)/ω[pe]

)
6 d−2,

which gives the vanishing of the outer terms of the exact sequence

Hd−1
m (ω(pe)/ω[pe]) −−−→ Hd

m(ω[pe]) −−−→ Hd
m(ω(pe)) −−−→ Hd

m(ω(pe)/ω[pe]) ,

and thus the desired isomorphism. �

Definition 3.2. LetRbe a normal ring that is either complete local, orN-graded and finitely
generated overR0. Let ω denote the canonical module ofR. The symbolic Rees algebra

R =
⊕

n>0

ω(−n)

is theanticanonical coverof R; it has a naturalN-grading whereRn = ω(−n).

Theorem 3.3. Let (R,m) be a normal complete local ring of characteristic p> 0. Set d
to be the dimension of R. Letω denote the canonical module of R, and identify E, the
injective hull of the R/m, with Hd

m(ω).

(1) ThenF (E), the ring of Frobenius operators on E, may be identified with
⊕

e>0

ω(1−pe)Fe,

where Fe denotes the map Hdm(ω)−→ Hd
m(ω(pe)) induced byω −→ ω[pe].

(2) LetR be the anticanonical cover of R. Then one has an isomorphism of graded rings

F (E) ∼= T (R) ,

whereT (R) is as in Definition 2.1.

Proof. By Remark 1.3, we have

F
e(Hd

m(ω)
)
∼= HomR

(
R(e)⊗RHd

m(ω), Hd
m(ω)

)
.

Moreover,
R(e)⊗RHd

m(ω) ∼= Hd
m(ω

[pe]) ∼= Hd
m(ω

(pe)) ,

where the first isomorphism of by [ILL+, Exercise 9.7], and the second by Lemma 3.1. By
similar arguments

HomR
(
Hd
m(ω

(pe)), Hd
m(ω)

)
∼= HomR

(
Hd
m(ω⊗Rω(pe−1)), Hd

m(ω)
)

∼= HomR
(
ω(pe−1)⊗RHd

m(ω), Hd
m(ω)

)

∼= HomR
(
ω(pe−1), HomR(H

d
m(ω), Hd

m(ω)
))

,

with the last isomorphism using the adjointness of Hom and tensor. SinceR is complete,
the module above is isomorphic to

HomR
(
ω(pe−1), R

)
∼= ω(1−pe) .
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Supposeϕ ∈ F e(M) andϕ ′ ∈ F e′(M) correspond respectively toaFe anda′Fe′ , for

elementsa∈ω(1−pe) anda′ ∈ω(1−pe′ ). Thenϕ ◦ϕ ′ corresponds toaFe◦bFe′ = abpe
Fe+e′ ,

which agrees with the ring structure ofT (R) sincea>b= abpe
. �

Remark 3.4. Let R be a normal complete local ring of prime characteristicp; let A be a
complete regular local ring withR= A/I . Using Remark 1.5 and Theorem 3.3, its is now
a straightforward verification thatF (E) is isomorphic, as a graded ring, to

⊕

e>0

I [p
e] :A I

I [pe]
,

where the multiplication on this latter ring is the twisted multiplication>. An example of
the isomorphism is worked out in Proposition 5.1.

4. Q-GORENSTEIN RINGS

We analyze the finite generation ofF (E) whenR isQ-Gorenstein. The following result
follows from the corresponding statement for Cartier algebras, [Sc, Remark 4.5], but we
include it here for the sake of completeness:

Proposition 4.1. Let (R,m) be a normalQ-Gorenstein local ring of prime characteris-
tic. Let ω denote the canonical module of R. If the order ofω is relatively prime to the
characteristic of R, thenF (E) is a finitely generated ring extension ofF 0(E).

Proof. SinceF 0(E) is isomorphic to them-adic completion ofR, the proposition reduces
to the case where the ringR is assumed to be complete.

Let m be the order ofω, andp the characteristic ofR. Thenp modm is an element of
the group(Z/mZ)×, and hence there exists an integere0 with pe0 ≡ 1 modm. We claim
thatF (E) is generated overF 0(E) by [F (E)]6e0

.

We use the identificationF (E) = T (R) from Theorem 3.3. Sinceω(m) is a cyclic
module, one has

ω(n+km) = ω(n)ω(km) for all integersk,n.

Thus, for eache> e0, one has

Te−e0 >Te0 = ω(1−pe−e0)>ω(1−pe0)

= ω(1−pe−e0) ·
(
ω(1−pe0)

)[pe−e0]

= ω(1−pe−e0) ·ω(pe−e0(1−pe0))

= ω(1−pe−e0+pe−e0−pe)

= ω(1−pe)

= Te,

which proves the claim. �

We conjecture that Proposition 4.1 has a converse in the following sense:

Conjecture 4.2. Let (R,m) be a normalQ-Gorenstein ring of prime characteristic, such
that the order of the canonical module in the divisor class group is a multiple of the char-
acteristic ofR. ThenF (E) is not a finitely generated ring extension ofF 0(E).
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Veronese subrings.Let F be a field of characteristicp> 0, andA= F[x1, . . . ,xd] a poly-
nomial ring. Given a positive integern, we denote then-th Veronese subring ofA by

A(n) =
⊕

k>0

Ank;

this differs from the standard notation, e.g., [GW], since we reserve superscripts( )(n)

for symbolic powers. The cyclic modulex1 · · ·xdA is the graded canonical module for the
polynomial ringA. By [GW, Corollary 3.1.3], the Veronese submodule

(
x1 · · ·xdA

)
(n) =

⊕

k>0

[
x1 · · ·xdA

]
nk

is the graded canonical module for subringA(n). Letm denote the homogeneous maximal
ideal ofA(n). The injective hull ofA(n)/m in the category of gradedA(n)-modules is

Hd
m

((
x1 · · ·xdA

)
(n)

)
=
[
Hd
m(
(
x1 · · ·xdA

)]
(n)

=

[
Ax1···xd

∑i x1 · · ·xdAx1···x̂i ···xd

]

(n)

,

see [GW, Theorem 3.1.1]. By [GW, Theorem 1.2.5], this is alsothe injective hull in the
category of allA(n)-modules.

Let R be them-adic completion ofA(n). As it ism-torsion, the module displayed above
is also anR-module; it is the injective hull ofR/mR in the category ofR-modules.

Proposition 4.3. Let F be a field of characteristic p> 0, and let A= F[x1, . . . ,xd] be a
polynomial ring of dimension d. Let n be a positive integer, and R be the completion of the
n-th Veronese subring of A at its homogeneous maximal ideal.Set E= M/N where

M = Rxn
1···x

n
d

and N is the R-submodule spanned by elements xi1
1 · · ·xid

d ∈ M with ik > 1 for some k; the
module E is the injective hull of the residue field of R.

ThenF e(E) is the left R-module generated by the elements

1

xα1
1 · · ·xαd

d

Fe,

where F is the p-th power map,αk 6 pe−1 for each k, and∑αk ≡ 0 modn.

Remark 4.4. We useF for the Frobenius endomorphism of the ringM. The condition
∑αk ≡ 0 modn, or equivalentlyxα1

1 · · ·xαd
d ∈ M, implies that

1

xα1
1 · · ·xαd

d

Fe ∈ F
e(M) .

Whenαk 6 pe−1 for eachk, the map displayed above stabilizesN and thus induces an
element ofF e(M/N); we reuseF for the p-th power map onM/N.

Proof of Proposition 4.3.In view of the above remark, it remains to establish that the given
elements are indeed generators forF e(E). The canonical module ofR is

ωR =
(
x1 · · ·xdA

)
(n)R

and, indeed,Hd
m(ωR) = E. Thus, Theorem 3.3 implies that

F
e(E) = ω(1−q)

R Fe,
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whereq= pe. But ω(1−q)
R is the completion of theA(n)-module

[
1

xq−1
1 · · ·xq−1

d

A

]

(n)

=

(
1

xα1
1 · · ·xαd

d

| αk 6 q−1 for eachk, ∑αk ≡ 0 modn

)
A(n) ,

which completes the proof. �

Example 4.5. Considerd = 2 andn= 3 in Proposition 4.3, i.e.,

R = F[[x3, x2y, xy2, y3]].

Thenω = (x2y,xy2)Rhas order 3 in the divisor class group ofR; indeed,

ω(2) = (x4y2, x3y3, x2y4)R and ω(3) = (x3y3)R.

(1) If p≡ 1 mod 3, thenω(1−q) = (xy)1−qR is cyclic for eachq= pe, and

F
e(E) =

1
(xy)q−1 Fe.

Since
1

(xy)p−1F ◦
1

(xy)q−1Fe =
1

(xy)pq−1Fe+1 ,

it follows that

F (E) = R

{
1

(xy)p−1F

}
.

(2) If p≡ 2 mod 3 andq= pe, thenω(1−q) = (xy)1−qR for e even, and

ω(1−q) =

(
1

xq−3yq−1 ,
1

xq−2yq−2 ,
1

xq−1yq−3

)
R

for e odd. The proof of Proposition 4.1 shows thatF (E) is generated by its elements
of degree6 2, and hence

F (E) = R

{
1

xp−3yp−1F,
1

xp−2yp−2F,
1

xp−1yp−3F,
1

xp2−1yp2−1
F2
}
.

In the casep= 2, the above reads

F (E) = R

{
x
y

F, F,
y
x

F,
1

x3y3F2
}
.

(3) Whenp= 3, one has

ω(1−q) =
1

xqyq

(
x2y, xy2)R =

(
1

xq−2yq−1 ,
1

xq−1yq−2

)
R

for eachq= pe. In this case,

F (E) = R

{
1

xy2 F,
1

x2y
F,

1
x7y8F2,

1
x8y7 F2,

1
x25y26F3,

1
x26y25F3, . . .

}
,
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andF (E) is not a finitely generated extension ring ofF 0(E) = R; indeed,

ω(1−q)>ω(1−q′) =
1

xqyq

(
x2y, xy2)R>

1

xq′yq′

(
x2y, xy2)R

=
1

xqq′+qyqq′+q

(
x2y, xy2) ·

(
x2qyq, xqy2q)R

=
1

xqq′yqq′

(
xq+2y, xq+1y2, x2yq+1, xyq+2)R

=
1

xqq′yqq′
(x2y, xy2) · (xq, yq)R

= (xq, yq) ω(1−qq′)

for q= pe andq′ = pe′ , whereeande′ are positive integers.

5. A DETERMINANTAL RING

Let R be the determinantal ringF[X]/I , whereX is a 2×3 matrix of variables over a
field of characteristicp> 0, andI is the ideal generated by the size 2 minors ofX. Setm to
be the homogeneous maximal ideal ofR. We show that the algebra of Frobenius operators
F (E) is not finitely generated overF 0(E) = R̂; this proves Conjecture 3.1 of [Ka]. We
also extend Fedder’s calculation of the idealsI [p] : I to the idealsI [q] : I for all q= pe.

The ringR is isomorphic to the affine semigroup ring

F

[
sx, sy, sz,
tx, ty, tz

]
⊆ F[s, t,x,y,z] .

Using this identification,R is the Segre productA#B of the polynomial ringsA= F[s, t] and
B= F[x,y,z]. By [GW, Theorem 4.3.1], the canonical module ofR is the Segre product of
the graded canonical modulesstAandxyzBof the respective polynomial rings, i.e.,

ωR = stA# xyzB= (s2txyz, st2xyz)R.

Let e be a nonnegative integer, andq= pe. Then

ω(1−q)
R =

1
(st)q−1 A #

1
(xyz)q−1 B

is theRmodule spanned by the elements

1
(st)q−1xkyl zm

with k+ l +m= 2q−2 andk, l ,m6 q−1.
View E asM/N whereM = Rs2txyz, andN is theR-submodule spanned by the elements

sit jxkyl zm in M that have at least one positive exponent. ThenF e(E) is the leftR̂-module
generated by

1
(st)q−1xkyl zmFe,

whereF is thep-th power map,k+ l +m= 2q−2, andk, l ,m6 q−1. Using this descrip-
tion, it is an elementary—though somewhat tedious—verification thatF (E) is not finitely
generated overF 0(E); alternatively, note that the symbolic powers of the heightone prime
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ideals(sx,sy,sz)R̂ and(sx, tx)R̂ agree with the ordinary powers by [BV, Corollary 7.10].
Thus, the anticanonical cover of̂R is the ringR with

Rn =
1

(s2txyz)n (sx,sy,sz)nR̂,

and so

Te =
1

(s2txyz)q−1 (sx,sy,sz)q−1R̂.

Thus,

Te1 >Te2 =
1

(s2txyz)q1−1 (sx,sy,sz)q1−1>
1

(s2txyz)q2−1 (sx,sy,sz)q2−1

=
1

(s2txyz)q1q2−1 (sx,sy,sz)q1−1 ·
(
(sx,sy,sz)q2−1)[q1]

=
1

(s2txyz)q1q2−1 (sx,sy,sz)q1−1 ·
(
(sx)q1,(sy)q1,(sz)q1

)q2−1

whereqi = pei . We claim that

Te 6=
e−1

∑
e1=1

Te1 >Te−e1 .

For this, it suffices to show that

1
(s2txyz)q−1sx(sy)q/p−1(sz)q−q/p−1

does not belong toTe1 >Te2 for integersei < e with e1 + e2 = e. By the description of
Te1 >Te2 above, this is tantamount to proving that

sx(sy)q/p−1(sz)q−q/p−1 /∈ (sx,sy,sz)q1−1 ·
(
(sx)q1,(sy)q1,(sz)q1

)q2−1
,

but this is essentially Example 2.2.3.

Fedder’s computation. Let A be the power series ringF[[u,v,w,x,y,z]] for F a field of
characteristicp> 0, and letI be the ideal generated by the size 2 minors of the matrix

(
u v w
x y z

)
,

In [Fe, Proposition 4.7], Fedder shows that

I [p] : I = I2p−2+ I [p] .

We extend this next by calculating the idealsI [q] : I for each prime powerq= pe.

Proposition 5.1. Let A be the power series ringF[[u,v,w,x,y,z]] where K a field of char-
acteristic p> 0. Let I be the ideal of A generated by∆1 = vz−wy, ∆2 = wx− uz, and
∆3 = uy− vx.

(1) For q= pe and nonnegative integers s, t with s+ t 6 q−1, one has

yszt(∆2∆3)
q−1 ∈ I [q]+ xs+tA.
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(2) For q,s, t as above, let fs,t be an element of A with

yszt(∆2∆3)
q−1 ≡ xs+t fs,t modI [q] .

Then fs,t is well-defined modulo I[q]. Moreover, fs,t ∈ I [q] :A I, and

I [q] :A I = I [q]+
(

fs,t | s+ t 6 q−1
)
A.

For q= p, the above recovers Fedder’s computation thatI [p] : I = I2p−2+ I [p], though
for q> p, the idealI [p] : I is strictly bigger thanI2p−2+ I [p].

Proof. (1) Note that the element

yszt(∆2∆3)
q−1 = yszt(wx−uz)q−1(uy− vx)q−1

belongs to the ideals

(x,u)2q−2 ⊆ (xq−1,uq) ⊆ (xs+t ,uq) ,

and also to

yszt(x,z)q−1(x,y)q−1 ⊆ yszt(xt ,zq−t)(xs,yq−s) ⊆ (xs+t ,zq,yq) .

Hence,

yszt(∆2∆3)
q−1 ∈

(
xs+t , uq)A ∩

(
xs+t , zq, yq)A

=
(
xs+t , uqzq, uqyq)A

⊆
(
xs+t , ∆q

1, ∆q
2, ∆q

3

)
A.

(2) The idealsI andI [q] have the same associated primes, [ILL+, Corollary 21.11]. AsI
is prime, it is the only prime associated toI [q]. Hencexs+t is a nonzerodivisor moduloI [q],
and it follows thatfs,t modI [q] is well-defined.

We next claim that

I2q−1 ⊆ I [q] .

By the earlier observation on associated primes, it sufficesto verify this in the local ringRI .
But RI is a regular local ring of dimension 2, soIRI is generated by two elements, and the
claim follows from the pigeonhole principle. The claim implies that

xs+t fs,t I ∈ I [q] ,

and using, again, thatxs+t is a nonzerodivisor moduloI [q], we see thatfs,t I ⊆ I [q], in other
words, thatfs,t ∈ I [q] :A I as desired.

By Theorem 3.3 and Remark 3.4, one has theR-module isomorphisms

ω(1−q)
R

∼= F
e(E) ∼=

I [q] :A I

I [q]
.

Choosingω(−1)
R = (x,y,z)R, we claim that the map

(x,y,z)q−1R −→
I [q] :A I

I [q]

xq−1−s−tyszt 7−→ fs,t
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is an isomorphism. Since the modules in question are reflexive R-modules of rank one, it
suffices to verify that the map is an isomorphism in codimension 1. Upon invertingx, the
above map induces

Rx −→
I [q]Ax :Ax IAx

I [q]Ax

xq−1 7−→ (∆2∆3)
q−1

which is readily seen to be an isomorphism sinceIAx = (∆2,∆3)Ax. �

6. CARTIER ALGEBRAS AND GAUGE BOUNDEDNESS

For a ringR of prime characteristicp> 0, one can interpretF e(E) in a dual way as a
collection of p−e-linear operators onR. This point of view was studied by Blickle [Bl2]
and Schwede [Sc].

Definition 6.1. Let Rbe a ring of prime characteristicp> 0. For eache> 0, setC R
e to be

set of additive mapsϕ : R−→ Rsatisfying

ϕ (r pe
x) = rϕ (x) for r,x∈ R.

Thetotal Cartier algebrais the direct sum

C
R =

⊕

e>0

C
R
e .

For ϕ ∈ C R
e andϕ ′ ∈ C R

e′ , the compositionsϕ ◦ ϕ ′ andϕ ′ ◦ ϕ are elements ofC R
e+e′ .

This givesC R the structure of anN-graded ring; it is typically not a commutative ring. As
pointed out in [ABZ, 2.2.1], if(R,m) is anF-finite complete local ring, then the ring of
Frobenius operatorsF (E) is isomorphic toC R.

EachC R
e has a left and a rightR-module structure: forϕ ∈ C R

e andr ∈ R, we definer ·ϕ
to be the mapx 7−→ rϕ (x), andϕ · r to be the mapx 7−→ ϕ (rx).

Definition 6.2. Blickle [Bl2] introduced a notion of boundedness for Cartier algebras:
Let R= A/I for a polynomial ringA= F[x1, . . . ,xd] over anF-finite fieldF. SetRn to be
the finite dimensionalF-vector subspace ofRspanned by the images of the monomials

xλ1
1 · · ·xλd

d for 06 λ j 6 n.

Following [An] and [Bl2], we define a mapδ : R−→ Z by δ(r) = n if r ∈ RnrRn−1; the
mapδ is agauge. If I = 0, thenδ(r) 6 deg(r) for eachr ∈ R. We recall some properties
from [An, Proposition 1] and [Bl2, Lemma 4.2]:

δ(r + r ′) 6 max{δ(r), δ(r ′)} ,
δ(r · r ′) 6 δ(r)+δ(r ′) .

The ringC R is gauge boundedif there exists a constantK, and elementsϕe,i in C R
e for

eache> 1 generatingC R
e as a leftR-module, such that

δ(ϕe,i(x)) 6
δ(x)
pe +K for eache andi .

Remark 6.3. We record two key facts that will be used in our proof of Theorem 6.4:

(1) If there exists a constantC such thatI [p
e] :A I is generated by elements of degree at

mostCpe for eache> 1, thenC R is gauge bounded; this is [KZ, Lemma 2.2].
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(2) If C R is gauge bounded, then for each ideala of R, theF-jumping numbers ofτ (R,at)
are a subset of the real numbers with no limit points; in particular, they form a discrete
set. This is [Bl2, Theorem 4.18].

We now prove the main result of the section:

Theorem 6.4. Let R be a normalN-graded that is finitely generated over an F-finite
field R0. (The ring R need not be standard graded.)

Suppose that the anticanonical cover of R is finitely generated as an R-algebra. ThenC R

is gauge bounded. Hence, for each ideala of R, the set of F-jumping numbers ofτ (R,at)
is a subset of the real numbers with no limit points.

Proof. Let A be a polynomial ring, with a possibly non-standardN-grading, such that
R= A/I . It suffices to obtain a constantC such that the idealsI [p

e] :A I are generated by
elements of degree at mostCpe for eache> 1.

There exists a ring isomorphism
⊕

e>0ω(1−pe) ∼=
⊕

e>0(I
[pe] :A I)/I [p

e] by Remark 3.4
that respects thee-th graded components. After replacingω by an isomorphicR-module
with a possible graded shift, we may assume that the isomorphism above induces degree
preservingR-module isomorphismsω(1−pe) ∼= (I [p

e] :A I)/I [p
e] for eache> 0. While ω

is no longer canonically graded, we still have the finite generation of the anticanonical
cover

⊕
n>0ω(−n). It suffices to check that there exists a constantC such thatω(1−pe) is

generated, as anR-module, by elements of degree at mostCpe.
Choose finitely many homogeneousR-algebra generatorsz1, . . . ,zk for

⊕
n>0ω(−n), say

with zi ∈ ω(− j i). SetC to be the maximum of degz1, . . . ,degzk. Then the monomials

zzzλλλ = zλ1
1 zλ2

2 · · ·zλk
k with ∑λ i j i = pe−1

generate theR-moduleω(1−pe), and it is readily seen that

degzzzλλλ = ∑λ i degzi 6 C∑λ i 6 C(pe−1) .

By [KZ, Lemma 2.2], it follows thatC R is gauge bounded; the assertion now follows from
[Bl2, Theorem 4.18]. �

Corollary 6.5. Let R be the determinantal ringF[X]/I, where X is a matrix of indetermi-
nates over an F-finite fieldF of prime characteristic, and I is the ideal generated by the
minors of X of an arbitrary but fixed size. Then, for each ideala of R, the set of F-jumping
numbers ofτ (R,at) is a subset of the real numbers with no limit points.

Proof. SinceR is a determinantal ring, the symbolic powers of the idealω(−1) agree with
the ordinary powers by [BV, Corollary 7.10]. Hence the anticanonical cover ofR is finitely
generated, and the result follows from Theorem 6.4. �

Remark 6.6. It would be natural to remove the hypothesis thatR is graded in Theorem 6.4.
However, we do not know how to do this: whenR is not graded, it is unclear if one can
choose gauges that are compatible with the ring isomorphism

⊕

e>0

ω(1−pe) ∼=
⊕

e>0

(I [p
e] :A I)/I [p

e] .
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7. LINEAR GROWTH OFCASTELNUOVO-MUMFORD REGULARITY FOR RINGS OF

FINITE FROBENIUS REPRESENTATION TYPE

Let A be a standard graded polynomial ring over a fieldF, with homogeneous maxi-
mal idealm. We recall the definition of the Castelnuovo-Mumford regularity of a graded
module following [Ei, Chapter 4]:

Definition 7.1. Let M =
⊕

d∈QMd be a gradedA-module. IfM is Artinian, we set

regM = max{d | Md 6= 0} ;

for an arbitrary graded module we define

regM = max
k>0

{regHk
m(M)+ k} .

Definition 7.2. Let I and J be homogeneous ideals ofA. We say that the regularity
of A/(I + J[p

e]) haslinear growthwith respect tope, if there is a constantC, such that

regA/(I + J[p
e]) 6 Cpe for eache> 0.

It follows from [KZ, Corollary 2.4] that if regA/(I + J[p
e]) has linear growth for each

homogeneous idealJ, thenC A/I is gauge-bounded.

Remark 7.3. Let R= A/I for a homogeneous idealI . We define a grading on the bimod-
uleR(e) introduced in Remark 1.3: when an elementr of R is viewed as an element ofR(e),
we denote it byr(e). For a homogeneous elementr ∈ R, we set

deg′ r(e) =
1
pe degr .

For each idealJ of R, one has an isomorphism

R(e)⊗RR/J
∼=

−−−→ R/J[p
e]

under whichr(e)⊗s 7−→ rspe. To make this isomorphism degree-preserving for a homoge-
neous idealJ, we define a grading onR/J[p

e] as follows:

deg′ r =
1
pe degr for a homogeneous elementr of R.

The notion of finite Frobenius representation type was introduced by Smith and Van den
Bergh [SV]; we recall the definition in the graded context:

Definition 7.4. Let R be anN-graded Noetherian ring of prime characteristicp. ThenR
hasfinite graded Frobenius-representation typeby finitely generatedQ-gradedR-modules
M1, . . . ,Ms, if for everye∈ N, theQ-gradedR-moduleR(e) is isomorphic to a finite direct

sum of the modulesMi with possible graded shifts, i.e., if there exist rational numbersα (e)
i j ,

such that there exists aQ-graded isomorphism

R(e) ∼=
⊕

i, j

Mi
(
α (e)

i j

)
.

Remark 7.5. SupposeRhas finite graded Frobenius-representation type. With the notation
as above, there exists a constantC such that

α (e)
i j 6 C for all e, i, j ;

see the proof of [TT, Theorem 2.9].

We now prove the main result of this section; compare with [TT, Theorem 4.8].
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Theorem 7.6. Let A be a standard graded polynomial ring over an F-finite field of char-
acteristic p> 0. Let I be a homogeneous ideal of A.

Suppose R= A/I has finite graded F-representation type. ThenregA/(I + J[p
e]) has

linear growth for each homogeneous ideal J. In particular,C R is gauge bounded, and for
each ideala of R, the set of F-jumping numbers ofτ (R,at) is a subset of the real numbers
with no limit points.

Proof. We useJ for the ideal ofA, and also for its image inR. Let a′(Hk
m(R/J[p

e])) denote
the largest degree of a nonzero element ofHk

m(R/J[p
e]) under the deg′-grading, i.e.,

a′(Hk
m(R/J[p

e])) =
1
pe regHk

m(R/J[p
e]) .

Since we have degree-preserving isomorphismsR(e)⊗RR/J ∼= R/J[p
e], and

R(e) ∼=
⊕

i, j

Mi(α
(e)
i j ) ,

it follows that

Hk
m(R/J[p

e]) ∼= Hk
m(R

(e)⊗RR/J)

∼=
⊕

i, j

Hk
m

(
Mi(α

(e)
i j )⊗RR/J

)

∼=
⊕

i, j

Hk
m(Mi/JMi)(α

(e)
i j ) .

The numbersα (e)
i j are bounded by Remark 7.5; thus,

a′(Hk
m(R/J[p

e])) 6 max
i
{a′(Hk

m(Mi/JMi))+C} .

Since there are only finitely many modulesMi and finitely many homological indicesk, it
follows thata′(Hk

m(R/J[p
e]))6C′, whereC′ is a constant independent ofeandk. Hence

regHk
m(R/J[p

e]) 6 C′pe for all e,k,

and so
regA/(I + J[p

e]) = max
k

{regHk
m(R/J[p

e])+ k}6C′pe+dimA.

This proves that regA/J[p
e] has linear growth; [KZ, Corollary 2.4] implies thatC R is gauge

bounded, and the discreetness assertion follows from [Bl2,Theorem 4.18]. �
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