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Abstract. This paper considers the geometry of Eg from a Clifford point
of view in three complementary ways. Firstly, in earlier work, I had
shown how to construct the four-dimensional exceptional root systems
from the 3D root systems using Clifford techniques, by constructing
them in the 4D even subalgebra of the 3D Clifford algebra; for instance
the icosahedral root system Hj gives rise to the largest (and therefore ex-
ceptional) non-crystallographic root system Hjs. Arnold’s trinities and
the McKay correspondence then hint that there might be an indirect
connection between the icosahedron and FEs. Secondly, in a related con-
struction, I have now made this connection explicit for the first time: in
the 8D Clifford algebra of 3D space the 120 elements of the icosahedral
group Hz are doubly covered by 240 8-component objects, which en-
dowed with a ‘reduced inner product’ are exactly the Es root system. It
was previously known that Eg splits into Ha-invariant subspaces, and we
discuss the folding construction relating the two pictures. This folding
is a partial version of the one used for the construction of the Coxeter
plane, so thirdly we discuss the geometry of the Coxeter plane in a Clif-
ford algebra framework. We advocate the complete factorisation of the
Coxeter versor in the Clifford algebra into exponentials of bivectors de-
scribing rotations in orthogonal planes with the rotation angle giving
the correct exponents, which gives much more geometric insight than
the usual approach of complexification and search for complex eigenval-
ues. In particular, we explicitly find these factorisations for the 2D, 3D
and 4D root systems, Dg as well as Eg, whose Coxeter versor factorises
as W = exp(Z5 Bc) exp(4F Bz) exp( L2 Bs) exp(£2X By). This explicitly
describes 30-fold rotations in 4 orthogonal planes with the correct ex-
ponents {1,7,11,13,17,19, 23,29} arising completely algebraically from
the factorisation.
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1. Introduction

At the last AGACSE in 2012, I presented a new link between the geometries
of three and four dimensions; in particular, I have shown that any reflection
group in three dimensions induces a corresponding symmetry group in four
dimensions, via a new Clifford spinor construction [8,9]. This connection
had been overlooked for centuries (usually one assumes the larger groups
are more fundamental) but the new construction derives all the exceptional
phenomena in 4D—Dy, F, and Hy—via induction from the 3D symmetry
groups of the Platonic solids As, Bs and Hs. This spinor construction also
explains the unusual 4D automorphism groups. The 4D groups in fact do not
contain anything that is not already present in the 3D groups they are induced
from [6].

This begs the obvious question of whether one can derive the largest
exceptional geometry FEg, the holy grail of mathematics and physics, in a
Clifford algebra approach as well. I have now found a construction that con-
structs the Eg root system (see Fig. 1) in analogy to the above construction
going from 3D to 4D [10]. This previous construction worked along the follow-
ing lines: each 3D root system—which generates the corresponding reflection
symmetry group via the reflections in the hyperplanes orthogonal to the root
vectors—allows one to form a group of spinors by multiplying together even
numbers of the reflection generating root vectors in the Clifford algebra; these
spinors have four components (the usual 1 scalar and 3 bivector components)
and one can endow these with a 4D Euclidean metric. One can then show that
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F1cURE 1. The projection of the 240 8D root vectors in the
Es root system into the Coxeter plane is a popular visuali-
sation of Eg as 8 concentric circles of 30
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the resulting set of spinors reinterpreted as 4D vectors satisfies the axioms
for a 4D root system, thereby generating a symmetry group in 4D.

For instance, starting with the root system Hs which generates the
symmetries of the icosahedron, one generates a group 2I of 120 spinors (the
binary icosahedral group) via multiplication in the Clifford algebra. These
are precisely the 120 root vectors of the 4D root system H, once reinter-
preted using the 4D Euclidean metric. Hy is exceptional and the largest non-
crystallographic Coxeter group; it also has the exceptional automorphism
group 21 x 2] [17,18]. However, this is trivial to see in terms of the spinor
group 21, as it must be trivially closed under left and right multiplication via
group closure.

Taking the full set of pinors (i.e. not restricting to even products of
root vectors) of the icosahedron, one generates a group (doubly covering the
120 elements of H3) of 240 pinors with 8 components, as befits a group of
multivectors in 3D. I have now been able to show that these 240 pinors
are precisely the 240 roots of Fg by using a reduced inner product, thereby
generating the exceptional group FEg [10].

It is extraordinary that the exceptional geometry Eg has been hiding in
the shadows of icosahedral geometry for millennia, without anyone noticing.
As with the 4D induction construction, this discovery seems only possible in
Clifford algebra. There is much prejudice against the usefulness of Clifford
algebras (since they have matrix representations) and usually matrix methods
are equivalent if less insightful—but the 4D and 8D induction constructions
are to my knowledge the only results that require Clifford algebra and were
completely invisible to standard matrix methods.

This paper is structured in the following way. After some background
and basic definitions in Sect. 2, we summarise the general result that any
3D reflection group induces a 4D symmetry group, via their root systems
(Sect. 3). In terms of their 3D spinors, the Platonic root systems (As, B3, Hs3)
thus induce all the exceptional 4D root systems (Dy, Fy, H4) with this spinor-
ial approach also explaining their unusual symmetry groups. We treat as an il-
lustrative example the case of the icosahedral group H3 whose spinor group is
the binary icosahedral group 21. It doubly covers the 60 icosahedral rotations
in terms of 120 spinors, but when thought of as a collection of 4-component
objects is precisely Hy, the exceptional largest non-crystallographic root sys-
tem. Arnold’s trinities contain the above Platonic root systems (As, Bs, Hs)
as well as the exceptional Lie groups (Fs, E7, Eg). They are connected indi-
rectly via various intermediate trinities as well as more explicitly via the new
spinor construction in combination with the McKay correspondence. This
therefore hints that the icosahedron may be indirectly connected with Ej.
Section 4 makes this explicit for the first time via a new, direct construction
[10], which explicitly constructs the 240 roots Eg from the 240 pinors that
doubly cover the 120 elements of the icosahedral group in the Clifford algebra
of 3D. Thus all the exceptional root systems can be seen to be contained in
the geometry of 3D via the Platonic symmetries and the Clifford algebra of
3D. This offers a completely new way of viewing these in terms of spinorial
geometry. Section 5 discusses H,4 as a rotational subgroup of Eg, and thus
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affords a second way of viewing H4 more naturally as a group of rotations
rather than reflections (as is the standard view in the Coxeter picture). This
construction of Hy from Fg is in fact a partial folding or fourfold colouring
of the Fg diagram, whilst a complete folding leads to the Coxeter plane. We
therefore finish by discussing the geometry of the Coxeter plane of various
root systems, notably Fg, and point out which advantages a Clifford algebraic
view has to offer over the naive standard view which involves complexifying
the real geometry: in Clifford algebra the complex eigenvalues in fact arise
naturally as rotations in mutually orthogonal eigenplanes of the Coxeter ele-
ment (Sect. 6) with the bivectors of the planes providing the relevant complex
structures; we conclude in Sect. 7 and again stress that for root systems and
reflection groups Clifford algebra is the most natural framework.

2. Background

Lie groups are a ubiquitous in mathematics and physics. In particular, the
largest exceptional Lie group Fjg is of fundamental importance in String The-
ory and Grand Unified Theories and is thus arguably the single most impor-
tant symmetry group in modern theoretical physics. Lie groups are continu-
ous (group manifolds) but they are closely related to their corresponding Lie
algebras whose non-trivial part in turn is described by a root system:

Definition 2.1. (Root system) A root system is a collection ® of non-zero (root)
vectors a spanning an n-dimensional Euclidean vector space V' endowed with
a positive definite bilinear form, which satisfies the two axioms:

1. ® only contains a root « and its negative, but no other scalar multiples:
®NRa={—a,a} YVaecd.

2. ® is invariant under all reflections corresponding to root vectors in ®:
$q® = ® V a € ®. The reflection s, in the hyperplane with normal « is
given by

(Ala)

(ale)

where (+]-) denotes the inner product on V.

Sa i A= Sa(A)=A—2

a,

For a crystallographic root system, a subset A of ®, called simple roots
Qai, ..., Qq, is sufficient to express every element of ® via Z-linear combina-
tions with coefficients of the same sign. ® is therefore completely charac-
terised by this basis of simple roots. In the case of the non-crystallographic
root systems Hsy, H3 and Hy, the same holds for the extended integer ring
Z[r] = {a+7bla,b € Z}, where 7 is the golden ratio 7 = 1(14+V/5) = 2cos I,
and o is its Galois conjugate o = 5(1—+/5) (the two solutions to the quadratic
equation #2 = x + 1). For the crystallographic root systems, the classifica-
tion in terms of Dynkin diagrams essentially follows the one familiar from
Lie groups and Lie algebras, as their Weyl groups are the crystallographic
Coxeter groups. A mild generalisation to so-called Coxeter—-Dynkin diagrams
is necessary for the non-crystallographic root systems:
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Definition 2.2. (Cozeter—Dynkin diagram and Cartan matriz) A graphical
representation of the geometric content of a root system is given by Cozeter—
Dynkin diagrams, where nodes correspond to simple roots, orthogonal roots
are not connected, roots at ¥ have a simple link, and other angles 7~ have
a link with a label m. The Cartan matriz of a set of simple roots «; € A is

defined as the matrix A;; = 2(c|o;)/(ey]ey).

For instance, the root system of the icosahedral group H3 has one link
labelled by 5 (via the above relation 7 = 2 cos £ ), as does its four-dimensional
analogue Hy.

The reflections in the second axiom of the root system generate a reflec-
tion group. A Coxeter group is a mathematical abstraction of the concept of
a reflection group via involutive generators (i.e. they square to the identity,
which captures the idea of a reflection), subject to mixed relations that rep-
resent m-fold rotations (since two successive reflections generate a rotation
in the plane defined by the two roots).

Definition 2.3. (Cozeter group) A Coxeter group is a group generated by
a set of involutive generators s;,s; € S subject to relations of the form
(SiSj)mij =1 with mi; = Myj; Z 2 for 4 7& j

The finite Coxeter groups have a geometric representation where the
involutions are realised as reflections at hyperplanes through the origin in a
Euclidean vector space V, i.e. they are essentially just the classical reflection
groups. In particular, then the abstract generator s; corresponds to the simple
reflection s; : A — s;(A) = A —2 ((;é\i‘rgi)) «; in the hyperplane perpendicular to
the simple root «;. The action of the Coxeter group is to permute these root
vectors, and its structure is thus encoded in the collection ® € V of all such
roots, which in turn form a root system.

It is thus straightforward to move between those four related concepts of
Lie groups/algebras, root systems and Coxeter groups and we will usually not
make a distinction—with the exception of non-crystallographic root systems
such as Hjz (which generates icosahedral symmetry) and its 4D analogue
H,: their non-crystallographic nature means that there is no associated Lie
algebra, since going to the Lie algebra level in the Kac—Moody approach the
Cartan matrix entries appear in the Chevalley—Serre relations as powers of
the generators, which have to be integers rather than Z[7] integers.

The FEs root system is thus usually thought of as an exceptional (i.e.
there are no corresponding symmetry groups in arbitrary dimensions) phe-
nomenon of eight-dimensional geometry, with no connection to the 3D geom-
etry we inhabit. Surprisingly, the eight dimensions of 3D Clifford algebra ac-
tually allow Fg to fit into our 3D geometry; likewise all 4D exceptional root
systems arise within 3D geometry from the Platonic symmetries, unveiling
them all as intrinsically 3D phenomena. This opens up a revolutionary way of
viewing exceptional higher-dimensional geometries in terms of 3D spinorial
geometry.

We employ a Clifford algebra framework, which via the geometric prod-
uct by zy = x -y + = A y affords a uniquely simple prescription for per-
forming reflections A — s;(A\) = A — 2(a - N)a = —ala (assuming unit
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normalisation). This yields a double cover of the reflections (since a and
—a give the same reflection) and thus via the Cartan-Dieudonné theorem
(which allows one to express any orthogonal transformation as the prod-
uct of reflections) one gets a double cover of all orthogonal transformations
A:v— v = A(v) = £AvA, in spaces of any dimension and signature, by
products of unit vectors A = aap - - - a, called versors. We also call even ver-
sors spinors, as they doubly cover the special orthogonal transformations, and
general versors pinors, as they doubly cover the orthogonal transformations.

Reflection groups have been considered in Geometric Algebra previously
(though not from the root system perspective) in [12,13,15]. Some Lie groups
have been realised as spin groups in Geometric Algebra [11], and Lie alge-
bras as bivector algebras; here we offer a Clifford geometric construction of
all the exceptional phenomena via their root systems. Of course, Hy does not
even have an associated Lie algebra and Lie group and therefore could not
be constructed as a spin group or bivector algebra. We therefore advocate
the root system as the most convenient, insightful and fundamental concept:
for a root system, the quadratic form mentioned in the definition can always
be used to enlarge the n-dimensional vector space V to the corresponding
2"-dimensional Clifford algebra. The Clifford algebra is therefore a very nat-
ural object to consider in this context, as its unified structure simplifies many
problems both conceptually and computationally, rather than applying the
linear structure of the space and the inner product separately. In particular,
it provides the above (s)pinor double covers of the (special) orthogonal trans-
formations, as well as geometric quantities that serve as unit imaginaries (see
e.g. [14] for a systematic study). We will see the benefits of those through-
out the paper. We will largely be working with the Clifford algebra of 3D
generated by three orthogonal unit vectors e, es and es, which is itself an
eight-dimensional vector space consisting of the elements

{1} {e1,e2,e3} {e1ea = Ieg, eqes5 = Tey,eze; = Iea}  {I =ejeaes}.
-

1 scalar 3 vectors 3 bivectors 1 trivector

3. The General Spinor Induction Construction: H, as a Group
of Rotations Rather than Reflections I, Trinities and
McKay Correspondence

In this section we prove that any 3D root system yields a 4D root system via
the spinor group obtained by multiplying together root vectors in the Clifford
algebra [9)].

Proposition 3.1. (O(4)-structure of spinors) The space of C1(3)-spinors R =
ap + arezes + azesze; + agejez can be endowed with a 4D Euclidean norm
|R|? = RR ZNa% + a? + a3 + a3 induced by the inner product (R, Ry) =
%(Rle + RoRy) between two spinors Ry and Rs.

This allows one to reinterpret the group of 3D spinors generated from a

3D root system as a set of 4D vectors, which in fact can be shown to satisfy
the axioms of a root system as given in Definition 2.1.
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Theorem 3.2. (Induction theorem) Any 3D root system gives rise to a spinor
group G which induces a root system in 4D.

Proof. Check the two axioms for the root system ® consisting of the set of
4D vectors given by the 3D spinor group:

1. By construction, ® contains the negative of a root R since spinors provide
a double cover of rotations, i.e. if R is in a spinor group G, then so is — R,
but no other scalar multiples (normalisation to unity).

2. @ is invariant under all reflections with respect to the inner product
(R1, R2) in Proposition 3.1 since Ry = Ry — 2(Ry, R2)/(R1, R1)R1 =
—R1RyR; € G for Ry, Ry € G by the closure property of the group G (in
particular —R and R are in G if R is). O

Since the irreducible 3D root systems are (As, Bs, H3), the induction
construction also yields three induced root systems in 4D. These are in fact
the exceptional root systems in 4D (Dy, Fy, Hy). Both sets of three are in
fact amongst Arnold’s trinities following his observation that (R,C,H) [1,
2] form a basic unit of three which can be extended to analogous sets of
three such as the corresponding projective spaces, Lie algebras of E-type
(Eg, E7, Eg), spheres, Hopf fibrations etc. This is the first very tentative hint
that the icosahedral group H3 might be related to the exceptional geometry
Eg. Arnolds original link between (As, Bs, H3) and (Dy, Fy, Hy) is similarly
extremely convoluted/indirect, whilst our construction presents a novel direct
link between the two; we will first make the Hs and Eg connection more
suggestive below, before making it explicit for the first time. These root
systems are intimately linked to the Platonic solids [7]. There are 5 in three
dimensions and 6 in four dimensions: A3 describes the reflection symmetries
of the tetrahedron, Bs those of the cube and octahedron (which are dual
under the exchange of midpoints of faces and vertices), and Hs describes the
symmetries of the dual pair icosahedron and dodecahedron (the rotational
subgroup is denoted by I = Ajs), whilst the 4D Coxeter groups describe the
symmetries of the 4D Platonic solids. But this time the connection is much
more immediate: the Platonic solids are actually root systems themselves (or
duals thereof). Dy is the 24-cell (self-dual), an analogue of the tetrahedron,
which is also related to the Fy root system. The H,4 root system is the Platonic
solid the 600-cell with its dual, the 120-cell (also Platonic), having the same
symmetry. A3 generates A}, which constitutes the 16-cell—its dual is the 8-
cell, both are Platonic solids. There is thus an abundance of root systems in
4D giving the Platonic solids, which is essentially due to the accidentalness
of the spinor induction theorem, compared to arbitrary dimensions where the
only root systems and Platonic solids are A,, (n-simplex), B,, (n-hypercube
and n-hyperoctahedron) and D,,. In fact the only 4D Platonic solid that is
not equal or dual to a root system is the 5-cell with symmetry group Ay,
which of course could not be a root system, as its odd number (5) of vertices
violates the first root system axiom.

The induced root systems (D, Fy, Hy) are precisely the exceptional ones
in 4D, where we count D, as exceptional because of its exceptional triality
symmetry (permutation symmetry of the three legs in the diagram accidental
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in 4D). It is of great importance in string theory, showing the equivalence of
the Ramond—Neveu—Schwarz and the Green—Schwarz strings. Fy is the only
F-type root system, and Hj is the largest non-crystallographic root system.
They therefore naturally form a trinity.

On top of the exceptional nature of these root systems (their existence),
they also have very unusual automorphism groups. This is readily shown via
the above spinor construction:

Theorem 3.3. (Spinorial symmetries) A root system induced through the Clif-
ford spinor construction via a binary polyhedral spinor group G has an au-
tomorphism group that trivially contains two factors of the respective spinor
group G acting from the left and from the right.

This systematises many case-by-case observations on the structure of
the automorphism groups [17,18] (for instance, the automorphism group of
the H, root system is 2/ x 2]—in the spinor picture, it is not surprising
that 21 yields both the root system and the two factors in the automorphism
group), and shows that all of the 4D geometry is already contained in 3D
[6] in the following sense. In terms of quaternionic representations of a 4D
root system (e.g. Hy), the 3D root system (Hj) is often remarked in the
literature to consist precisely of the pure quaternions, i.e. those without a real
part, and the full 4D group can be generated from these under quaternion
multiplication. This is very poorly understood in the literature: in our picture
the spinors are just isomorphic to the quaternions whilst when the inversion
41 is contained in the full group, one can trivially Hodge dualise vectors to
bivectors (pure quaternions). However, this statement is not true when the
inversion is not contained in the group (e.g. for A3). Conversely, the spinorial
induction construction still works perfectly well yielding D,. Le. the fact that
the 3D group is generated by the subset of the pure quaternions amongst
the 4D group under quaternion multiplication is just a corollary of spinor
induction when the inversion is contained in the group. The literature has
it ‘backwards’ deriving the 3D root system from the 4D root system (under
inconsistent conditions), whilst in our picture the 3D root systems are more
fundamental as they allow us to construct the 4D root system without any
further information. Moreover, the ‘quaternionic generators’ generating the
4D groups via quaternion multiplication cited in the literature are easily seen
to just be the products of pairs of 3D simple roots (spinors) ajas and asasg.
Thus the 4D group clearly does not contain anything that was not already
contained in the 3D group, and we therefore argue that 3D root systems and
spinor induction are fundamental rather than the 4D root systems.

We consider the examples of the inductions of A3 — A} and Hz — H,
in more detail. For the former, the 6 roots can be chosen as +eq, t+eo, +e3.
Pairwise products yield the 8 spinors £1,+ejes, +eses, teszer. 3D spinors
have four components (1, ejea, eses, ezeq), such that these 8 spinors give the
8 vertices of the (4D root system and Platonic solid) 16-cell

(+£1,0,0,0) (8 permutations).
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We now also construct the spinor group generated by the simple roots of Hs,
which we take as

1
o1 = es, a2:—§((7—1)61+62+763), and a3 = es.

Under multiplication with the geometric product they generate a group of 240
pinors doubly covering the 120 elements of Hj. Its even subgroup consists of
120 spinors doubly covering the rotational subgroup As, e.g. ajas = —%(1 -
(1 — 1)ejes + Teses) and asag = —%(T — (1 — 1)ege; + eqe3). Taking the
components of these 120 spinors in 4D yields exactly the H4 root system

(£1,0,0,0) (8 permutations)
1
5(:|:1,:|:17:|:1,:t1) (16 permutations)

1
5(0, +1,+0,+7) (96 even permutations).

This is very surprising from a Coxeter perspective, as one usually thinks of
Hj as a subgroup of Hy, and therefore of H; as more fundamental. However,
we have seen that H; does not actually contain anything that is not already
in Hs, which makes H3 more fundamental [6]. From a Clifford perspective it
is not at all surprising to find this group of 120 spinors (the binary icosahe-
dral group 27) since it is well-known that Clifford algebra provides a simple
construction of the Spin groups. However, this is extremely surprising from
the conventional Coxeter and Lie group point of view.

It is convenient to have all the four different types of polyhedral groups
(chiral, full, binary, pin) in a unified framework within the Clifford algebra,
rather than using SO(3) matrices for the rotations and then having to use
SU(2) matrices for the binary groups, as one can perform all the different
group operations with multivectors in the same Clifford algebra. For instance,
the spinor group 27 consists of 120 elements and 9 conjugacy classes, as one
can easily confirm by explicit computation. A5 has five conjugacy classes
and is of order 60, which implies that it has five irreducible representations
of dimensions 1, 3, 3, 4 and 5. The nine conjugacy classes of the binary
icosahedral group 21 of order 120 therefore mean that it has a further four
irreducible spinorial representations 2, 2%, 45 and 6,. This binary icosahedral
group has a mysterious twofold connection with the affine Lie algebra Eg
via the so-called McKay correspondence [20], which in fact applies to all
other binary polyhedral groups and the affine Lie algebras of ADFE-type
(cf. Fig. 3): firstly, we can define a graph by assigning a node to each of
the nine irreducible representation of the binary icosahedral group where
we connect nodes according to its tensor product structure: each irreducible
representation is represented by a node and it is only connected to other
nodes corresponding to those irreducible representations that are contained
in its tensor product with the irreducible representation 2. For instance,
tensoring the trivial representation 1 with 2; trivially gives 1 ® 25, = 25 and
thus 1 is only connected to 24; 25 ® 25, = 1 + 3, such that 2 is connected to
1 (as we know) and also to 3, and so on. The graph that is built up in this
way is precisely the Dynkin diagram of affine Eg (Fig. 2). Secondly the order
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1 2, 3 4, 5 6. 4 2

FIGURE 2. The graph depicting the tensor product structure
of the binary icosahedral group 21 is the same as the Dynkin
diagram of affine Fg

of the Coxeter element (the product of all the simple reflections a; - - ag),
the Coxeter number h, is 30 for Fg, which is also exactly the sum of the
dimensions of the irreducible representations of 27, > d;. As already stated,
these both extend to a correspondence between all binary polyhedral groups
and the ADE-type affine Lie algebras.

We can therefore extend the connection between (As, B3, H3) and
(2T,20,2I) via the McKay correspondence which links (27',20,2I) and
(Es, Er, E3) to a new connection between (As, B3, Hs) and (Fs, E7, Es) via
Clifford spinors, which does not seem to be known. In particular, (12, 18, 30)
is one of the two connections in the McKay correspondence denoting the
Coxeter number of the affine Lie algebra as well as the sum of the dimensions
of the irreducible representations of the binary polyhedral group. We note
that (12, 18,30) is more fundamentally the number of roots ® in the 3D root
systems (As, Bs, H3), which therefore feeds all the way through to the binary
polyhedral groups and via the McKay correspondence to the affine Lie alge-
bras. Our construction therefore makes deep connections between trinities,
and puts the McKay correspondence into a wider framework, as shown in
Fig. 3. It is worth noting that the affine Lie algebra and the 4D root system
trinities have identical Dynkin diagram symmetries: D4 and Eér have triality
S3, Fy and E;r have an S, symmetry and H, and E; only have Sp, but
are intimately related as explained in Sect. 5. This therefore again suggests
that there is a link between the icosahedron and Fg, which is slightly more
explicit than just from observing the trinities. In the next section we will
show a new, completely explicit direct connection within the Clifford algebra
of 3D by identifying the 240 roots of Fg with the 240 pinors doubly covering
the elements of the icosahedral group Hj (right of Fig. 3) [10].

4. The Birth of Eg Out of the Spinors of the Icosahedron

Previously, we have constructed the 120 elements of 27, which can be rein-
terpreted as the 120 roots of Hy

(+1,0,0,0) (8 permutations)

1 .
i(il, +1,£1,4+1) (16 permutations)

1
5(0, +1,+0,£7) (96 even permutations).
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Platonic solids
(T,0,1)

3D Coxeter groups
(43, Bs, H)
Roots |®] (12, 18, 30)

PPD Clifford pinors

PPD Clifford spinors
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spinors (27, 20, 2I) . .
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S PPD Clifford spinors PPD Clifford pinors
Exceptional 4D

root systems e

Lie Groups 5 ~

(%zof;,lgr) Dynkin diagram symmetry (Es, Er, Es) ‘_,‘ i’:)cteg:,l:;eli %D ‘
Coxeter numbers 3

(2[11,\:4& ;ﬁo) (12, 18, 30) | Roots & =240

(2242, 482, 120%)

FIGURE 3. Web of connections putting the original trinities
and McKay correspondence into a much wider context. The
connection between the sum of the dimensions of the irre-
ducible representations d; of the binary polyhedral groups
and the Coxeter number of the Lie algebras actually goes all
the way back to the number of roots in the 3D root systems
(12,18,30). These then induce the binary polyhedral groups
(linked via the McKay correspondence to the E-type affine
Lie algebras) and the 4D root systems via the Clifford spinor
construction. The new pinor construction links Hj directly
with Eg explaining the latter entirely within 3D geometry

A set of simple roots for these is given e.g. by a3 = %(—0’7 —7,0,—1), as =
%(O, —0,-T1,1), az = %(O, 1,—0,—7) and a4 = %(O, —1,—0,7).

As we have discussed above the Hs root system contains the inversion
+ejeges = +I. It simply Hodge dualises the 120 spinors doubly covering
the even subgroup As of 60 rotations to create a second copy consisting of
vector and pseudoscalar parts. This gives the 120 additional group elements
necessary to provide the 240 pinor double covering of the group Hs = A5 X Zo
of order 120. These therefore consist of a copy of the 120 spinors (essentially
H,) and another copy multiplied by I. These are now valued in the full
8D Clifford algebra of 3D space consisting of scalar, vector, bivector and
trivector parts. For this set of 240 pinors in the 8D Clifford algebra of 3D
we now define a ‘reduced inner product’: we keep the spinor copy of Hy
and multiply the copy I Hy by 7I. We then take inner products taking into
account the recursion relation 72 = 7 4 1 but then rather than taking the
usual inner product consisting of both the integer with the Z[r]-integer part
(-,-) = a + 7b we extract only the integer part by defining the reduced inner
product [21,24]

(v)r =(a+7b); :=a.
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This set of 240 includes the above choice of simple roots of Hy

Q1 = ap = 7<_0’a -7,0, _1)a
2

g 1= ag = 5(07 —o,—T1,1),

Q3 :=a3 = 5(07 1,—0,—7) and
1

ag 1= a4 = 5(07 _17 -0, T)

along with their 7-multiples

1
Qri=Tap = 5(1, -7 —1,0,—7),

Qg = Tag = 5(0, 1,—7—1,7),
1

ag = Tas = 5(0,7‘, 1,—7—1) and
1

a4 = Tay = 5(0, -7, 1,7+ 1).

This choice of inner product combines the two sets of Hy into the Fg diagram
by changing the links. The link labelled by 5 in the Hy diagram

1 1
(agz,aq) = 1(—14—02—72) = i(—l—l—a—i—l—r— 1)
1 T
— (14 l—T—7)=——
11— ron ==L,
means that these roots are instead orthogonal with respect to the reduced
inner product

Likewise,

( ) ( ) 73 21+ 1 1
as, o) = (Tas, 7a4)r = | —— =(- =—Z,
5, ¥4 TG3,Ta4 9 . 9 T B)

means that the 5-labelled link from the other Hy diagram gets turned into a
simple link. There are additional (simple) links introduced from

(a5, a8)r = (Tas, as)r = (a3, Tag)r = (a3, a4)r = — <72>T

2
_ [Ty _ 1
- 2 ), 2

whilst the simply-connected nodes of the original H, diagrams are not
affected
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This set of simple roots yields the following Cartan matrix

2 -1 0 0 0 0 0 0
-1 2 -1 0 0 0 0
-1 2 -1 0 0 0
-1 2 -1 0 0 0
o -1 2 -1 0
0 0o -1 2 -1 0
0 0 0o -1 2 0
0 0 0 -1 0 0 2

OO OO

OO OO oo

which is just the Eg Cartan matrix [10]. The 240 icosahedral pinors therefore
give the 240 roots of Fg under the reduced inner product and it is straight-
forward (if tedious) to check closure under reflections with respect to the
reduced inner product.

Surprisingly, the Eg root system has therefore been hidden in plain sight
within the geometry of the Platonic icosahedron for three millennia, without
anyone noticing. As with the 4D induction construction, this discovery seems
only possible in Clifford algebra—there is much prejudice against the useful-
ness of Clifford algebras since they have matrix representations and usually
matrix methods are equivalent if less insightful—but the 4D and 8D induc-
tion constructions are to my knowledge the only results that required Clifford
algebra and were hitherto invisible to standard matrix methods.

5. H, as a Group of Rotations Rather than Reflections II:
From FEg

The usual view is the reverse of the process shown in the previous section,
inducing Fg from Hj, via two intermediate copies of Hy. Eg has an Hy
subgroup, as can be shown via Coxeter-Dynkin diagram foldings [19,22,23]:

We consider now the Clifford algebra in 8D with the usual Euclidean
metric and take the simple roots a1 to ag of Eg as shown in Fig. 4. The
simple reflections corresponding to the simple roots are thus just given via

asg

ay as as a4

Q o e >0

FiGURE 4. Coxeter-Dynkin diagram folding and pro-
jection from FEg to Hy: one defines the new genera-
tOrS Su, = SaySars Sas = SasSags Sas = SasSas, Sas = SasSos

which themselves satisfy Hy relations
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S$qU = —awa. The Coxeter element w is defined as the product of all these
eight simple reflections, and in Clifford algebra it is therefore simply given
by the corresponding Coxeter versor W = «; - - - ag acting via sandwiching
as wA = WAW. Its order, the Coxeter number h (i.e. W" = £1), is 30 for
FEs as mentioned previously.

As illustrated in Fig. 4, one can now define certain combinations of
pairs of reflections (according to a fourfold colouring of the diagram, or cor-
responding to roots on top of each other in a Dynkin diagram folding), e.g.
Sa; = Sa; Sa, €te. In a Clifford algebra setup these are just given by the prod-
ucts of root vectors a1 = a7, as = asag, az = agas and ay = agag (this
is essentially a partial folding of the usual alternating folding/two-colouring
used in the construction of the Coxeter plane with symmetry group I2(h),
see the next section). It is easy to show that the subgroup with the genera-
tors s,, in fact satisfies the relations of the Hy Coxeter group [3,22]: because
of the Coxeter relations for Fg and the orthogonality of the combined pair
the combinations s, are easily seen to be involutions, and the threefold re-
lations are similarly obvious from the Coxeter relations; only for the fivefold
relation does one have to perform an explicit calculation in terms of the re-
flections with respect to the root vectors. This is thus particularly easy by
multiplying together vectors in the Clifford algebra, rather than by concate-
nating two reflection formulas of the type shown in Definition 2.1—despite
it only consisting of two terms, concatenation gets convoluted quickly, unlike
multiplying together multivectors.

Since the combinations s, are pairs of reflections, they are obviously
rotations in the eight-dimensional space, so this H4 group acts as rotations
in the full space, but as a reflection group in a 4D subspace. The H; Cox-
eter element is given by multiplying together the four combinations a;,—its
Coxeter versor is therefore trivially seen to be the same as that of Fg (up
to sign, since orthogonal vectors anticommute) and the Coxeter number of
H, is thus the same as that of Fg, 30. The projection of the Eg root system
onto the Coxeter plane consists of two copies of the projection of H, into
the Coxeter plane, with a relative factor of 7 (see the next section and in
particular Fig. 9). This is also related to the fact that on the level of the
root system there is a projection which maps the 240 roots of Eg onto the
120 roots of Hy and their 7-multiples in one of the Hs-invariant 4-subspaces
[5,21] (cf. previous section). This is essentially the exact reverse of finding Fs
from the two copies Hy + 7Hy in the last section. We therefore now consider
the Coxeter plane itself.

6. The Coxeter Plane

In this section, we consider the geometry of the Coxeter plane e.g. achieved by
a complete folding/twofold colouring of the Eg Dynkin diagram (Fig. 5). For
a given Coxeter element w of any root system, there is a unique plane called
the Coxeter plane on which w acts as a rotation by 27 /h. Projection of a root
system onto the Coxeter plane is thus a way of visualising any finite Coxeter
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(€3] Q ek} Qg [e%3 [e73} Qar

FIGURE 5. Illustration of the geometry of the Coxeter plane
via diagram foldings. Since any finite Coxeter group has a
tree-like diagram, one can partition the simple roots into
two sets (black and white) of roots that are orthogonal within
each set. Since the Cartan matrix is positive definite, it has a
Perron—Frobenius eigenvector with all positive entries. This
allows one to show the existence of the invariant Coxeter
plane (by construction) as the bivector defined by the outer
product of two vectors that are linear combinations of all
the reciprocals of the white (respectively black) simple roots
with the corresponding coefficients given by the entries in
the Perron—Frobenius eigenvector

group, for instance the well-known representation of Fg is such a projection
of the 240 vertices of the root system onto the Coxeter plane. In the standard
theory there is an unnecessary complexification of the real geometry followed
by taking real sections again just so that complex eigenvalues exp(2mwim/h) of
w, for some integers m called exponents, can be found [16]. Unsurprisingly,
in Clifford algebra these complex structures arise naturally, and the com-
plex ‘eigenvectors’ are in fact eigenplanes where the Coxeter element acts
as a rotation. We therefore systematically factorise Coxeter versors of root
systems in the Clifford algebra, which gives the eigenplanes and exponents
algebraically. We briefly discuss the 2D case of the two-dimensional family of
non-crystallographic Coxeter groups I>(n), followed by the three-dimensional
groups A3z, Bs and Hj [8], before discussing the higher-dimensional examples.
The simple roots for Io(n) can be taken as a; = ey, ag = — cos ~e1+
sin ez, which yields the Coxeter versor W describing the n-fold rotation
encoded by the Ir(n) Coxeter element via v — wv = WoW as
W =ajag = fcos% + sin %6162 = —exp (—merea/n). (1)
In Clifford algebra it is therefore immediately obvious that the action of the
I5(n) Coxeter element is described by a versor that encodes rotations in the
e1ea-Coxeter-plane and yields h = n since trivially W™ = (—1)"*!. Since
I = eyes is the bivector defining the plane of e; and es, it anticommutes with
both e; and e such that one can take W through to the left (which reverses
the bivector part) to arrive at the complex eigenvector equation

v — wv = WoW = W2v = exp (£271 /n)v.

This yields the standard result for the complex eigenvalues, however, in Clif-
ford algebra it is now obvious that the complex structure is in fact given
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by the bivector describing the Coxeter plane (which is trivial for Io(n)), and
that the standard complexification is both unmotivated and unnecessary.
More generally, if v lies in a plane in which W acts as a rotation, then

v — wv = WoW = W2y

still holds, whereas if v is orthogonal such that the bivector describing the
planes commutes with v, one just has

v — wo=WoW = WWuv =v.

Thus, if W factorises into orthogonal eigenspaces W = Wy - - - W), with v lying
in the plane defined by W7, then all the orthogonal W;s commute through and
cancel out, whilst the one that defines the eigenplane that v lies in described
by the bivector B; gives the standard complex eigenvalue equation

v — WU = WUW=W1~-~WkUW1-~-Wk :W12~-~Wkav
= W12v = exp(2rB;m/h)v.
If m is an exponent then so is h — m since w~! will act as
Wi %v = exp(—2nB;m/h)v = exp(2wB;(h —m) /h)v;

in particular 1 and h — 1 are always exponents (from the Coxeter plane)—in
Clifford algebra it is easy to see that these are just righthanded and lefthanded
rotations in the respective eigenplanes, with bivectors giving the complex
structures. If W has pure vector factors then these act as reflections and
trivially yield the exponents h/2.

The pin group/eigenblade description in Geometric Algebra therefore
yields a wealth of novel geometric insight, and we now consider higher-
dimensional examples. For 3D and 4D groups, the geometry is completely
governed by the above 2D geometry in the Coxeter plane, since the re-
maining normal vector (3D) or bivector (4D) are trivially fixed. For Hj
one has h = 10 and complex eigenvalues exp(27mmi/h) with the exponents
m = {1,5,9}. For simple roots a1 = ea, —2a2 = (7 — 1)e; + e2 + Te3 and
az = ez, the Coxeter plane bivector is Bog = ejes 4+ Teze; and the Cox-
eter versor 2W = —tes — ez + (7 — 1)I (here I = ejezes) with eigenval-
ues exp (£27 B¢ /h), which corresponds to m = 1 and m = 9. The vector
bc = Beol = —7es — e3 orthogonal to the Coxeter plane can only get re-
versed (since the Coxeter element in 3D is an odd operation), so one has
—WbeW = —be = exp (£5 - 2n B /h)be which gives m = 5. As and Bs are
very similar, they have Coxeter numbers h = 4 and h = 6, respectively, and
thus exponents m = {1,2,3} and m = {1,3,5}. The exponents 1 and h — 1
correspond to a rotation in the Coxeter plane in which the Coxeter element
acts by h-fold rotation, whilst the normal to the Coxeter plane gets simply
reflected, corresponding to the cases h/2 (m = 2 and m = 3 for A3 and Bs,
respectively).

We now consider the four-dimensional cases A4, By, Dy, Fy and Hy. We
explain the case of A4 in detail, which is known to have exponents {1, 2, 3,4}.
We take as the simple roots oy = %(62 —e1), ag = \%(63 —e3), a3 =

%(64 —e3) and ay = 3(7ey + Tea + Tes + (T — 2)ey). It is easy to calculate
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(@) (b) (c)

(d) (e)

FIGURE 6. Coxeter projections of A4 (a, b) and Hy (panel
c), H3'' (d) and Dg Coxeter projection (e). The action of
the Coxeter element as an h-fold rotation is visualised by
the two coloured dots (green and blue) that are rotated into
another by this rotation (colour figure online)

that this choice of simple roots yields the correct A, Cartan matrix and
that reflections in them yield a root polytope of 20 vertices. This matrix has
Perron—Frobenius eigenvector (1,7, 7,1)T and one can construct the Coxeter
plane bivector as Bo o —ejes — ejeq + eaeg + eseqy — 1/2(7 — 1)egey via
the two vectors es + ¢4 and —ej + es + e3 + (27 + 1)eq arrived at from the
Perron—Frobenius eigenvector and the reciprocal frame of the simple roots as
illustrated in Fig. 5. The Coxeter versor W = agajasay is calculated to be
AW =1 — eges + e1eq + (7 — 1)(eseq + eseq — eres) — (7 + 1)eres — (27 —
1)ejeqesey. It is easy to show that WBCW = B¢ and the Coxeter element
therefore indeed stabilises the Coxeter plane. However, we are claiming that
the Coxeter element can actually be written as bivector exponentials in the
planes defined by B¢ and I B¢, with angles given by the exponents {1, 2,3, 4}.
These are given as left- and righthanded rotations in the two planes as shown
in Fig. 6a, b. The Coxeter projection of the 20 vertices forms two concentric
decagonal circles—in the Coxeter plane w acts as a rotation by 27/5 (as
denoted by the two coloured vertices in a) with the Coxeter element taking
one into the other), whilst in the plane I B¢ it acts as a rotation by 4w /5,
as shown in b). It is easy to check that W can indeed be written as W =
exp(£ Beo) exp(—%”IBc). It is clear that taking the product of simple roots
in the Coxeter element in a different order introduces overall minus signs as
well as minus signs in the exponentials, so we will not worry about these from
Nnow on.
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Ay is unusual in that the projection from 4D only yields two concentric
circles in the Coxeter plane. In fact, it consists of two copies of Hy (panel
¢) with a relative factor of 7. This is similar to the situation for EFg and Hy,
as explained in Fig. 4, since by removing four of the eight nodes one gets a
diagram folding from A, to Hs. In [4], we were considering affine extensions of
Hj by adding a translation operator and taking the orbit under the compact
group (panel d). What is striking is that this Hgff point set, i.e. an affine
extension of the decagon after one unit translation, is very nearly the Coxeter
projection of Dg, which is shown in panel e.

The situation for the other 4D groups is similar, as shown in Fig. 7,
which shows for the groups By, D4, Fy and Hy that the Coxeter element acts
in the Coxeter plane B¢ as rotations by +27/h, and in the plane defined by
IB¢ as h-fold rotations giving the other exponents algebraically. For B, one
has exponents {1,3,5,7} as shown in panels a and b and the decomposition
into eigenblades of the Coxeter element W = exp(% Bc) exp (371 Bc) reflects
this.

Dy has exponents {1, 3, 3,5} which is reflected in the fact that the Cox-
eter versor can be written as W = exp(=" B¢) exp(51Bc)=exp( Bc)IBc.
The Coxeter projections of Dy into the I B¢ plane demonstrate that the other
factor in W that does not come from B¢ is actually the product of two vectors
(e1 + €2 — 2e3 and ey — ey for simple roots eg, es, e3 and %(64 —e1—eg —e3);
for this choice the Coxeter plane bivector is given by Bo = (e1 + e2 + e3)eq)
rather than a bivector exponential (since the angle is 7/2): on some vectors it
acts as a 3 = h/2-fold rotation in the plane, others it projects onto the origin
(Fig. 7 panels ¢ and d). F, has exponents {1,5,7,11} which again is evident
from the Clifford factorisation W = exp(5Bc)exp(321Bc) and the way
it acts on the two planes (panels e and f). Hy has exponents {1,11,19,29}
and factorisation W = exp(Z& Bc)exp(3XIB¢) (panels g and h). Table 1
summarises the factorisations of the 4D Coxeter versors.

The Coxeter versor of Dg can be written as W = exp(75Bc) exp(‘%Bg)
Bs for certain bivectors By and Bs from which it is evident that the exponents
are indeed {1,3,5,5,7,9}, including two reflections and otherwise 10-fold
rotations in the Coxeter plane and another orthogonal plane (Fig. 8a, ¢).
Since as in Fig. 4 by removing a pair of nodes and as for A4&H> there is
also a diagram folding from Dg to Hs (Hs as we saw above has exponents
{1,5,9}), the Dg projection again actually consists of two copies of that of
Hs with a relative factor of 7 (panel b)—but the Hj projection already has
radii with a relative factor of 7 such that two orbits of the D¢ projection fall
on top of each other.

Not surprisingly, analogously the Coxeter versor for FEg can be
written as

m 117 T 137
W = —B ) —B —B —By .
W = exp (30 C ) exp ( 30 2> exp (30 3> exp < 30 4)

This gives the well-known exponents {1,7,11,13,17,19, 23,29} a more geo-
metric meaning as 30-fold rotations in four orthogonal eigenplanes (Fig. 9).
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FiGure 7. Coxeter projections of By, Dy, Fy and Hy. In
each row the plots are the action of the Coxeter element in
the Coxeter plane given by B¢ and in the plane given by
IB¢
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TABLE 1. Summary of the factorisations of the Coxeter ver-
sors of the 4D root systems

Rank 4 root system  h Exponents W-factorisation
Ay 5 1,2,3,4 W =exp (FBc) exp (Z1Bc)
By 8 1,3,5,7 W = exp (%Bc) exp(3”IBc)
D4 6 1,3,3,5 W—exp (%Bc)e ( IBc)
Fy 12 1,5,7,11 W = exp (5 Bc) exp (351Bc¢)
H, 30 1,11,19,29 W =exp (55Bc) exp (45 1Bc)
(a) (b)
(0

FIGURE 8. Coxeter projections of Dg (panels a, ¢) and Hs
(panel b). The two innermost radii of the H3 projection are
precisely in the ratio of 7, such that since the Dg projection
consists of two copies of the H3 with a relative radius of
T, two orbits actually coincide. In the Coxeter plane a and
the other eigenplane ¢ the Coxeter element acts by 10-fold
rotation, as expected

As we have alluded to in Sect. 5, the Coxeter projection of Eg actually con-
sists of two copies of that of Hy in the bottom row of Fig. 7 with a relative
radius of 7. We recall that H, also has exponents {1,11, 19,29} and since it is
a subgroup of Fg they have of course the same Coxeter element and number,
and share two eigenplanes with exponents 1 and 29 as well as 11 and 19.
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FIGURE 9. Coxeter projections of Eg (panels a-d) and Hy
(panel e). Again, Fg consists of Hy and 7H4 with the Coxeter
element acting as a 30-fold rotation in both, as usual in the
Coxeter plane a and in three other orthogonal planes accord-
ing to the exponents 11, 7 and 13 in b, ¢ and d, respectively

For this Eg example we explicitly give the details. We choose the simple
roots of Fg (in the Clifford algebra of 8D, rather than as earlier the 8D
Clifford algebra of 3D) as
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Q1 = (e7 —e6), a2 = (e6 —e5), az= (e5 —e4),

Qyq = (es —e3), as= (e3 —e2), ag= (e2 —e1),

SR
-l

a7 = (e1 —ea —e3 —eq4 —e5 —eg —er +eg),

ag = (62+61).

S-Sl S-Sl

Then the Coxeter versor W = asaqagagazasaar is given by

1 1 1 1 1

W=-— e €1.9.: e e
16+16 234567+16 1,23,4,5,6,7.8 ~ 76 €1,4,5,6,7.8 — 76 €1,2,3,6,7,8

1 1 1
[ — €
16 €456,7 + — 16 e16,78 1+ — 16 €1,2,56,7,8 1+ = 16 6,7 16 62567
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16 16 16 ’ 16
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1
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——e
16 €234,7 — 6 eq,7 16 €2357 — 6 €1,57,8 — 16 g €1.5:6.7

1
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1 1
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1 1 1

——€134,6 — 752636 7:€35
4 16 16

s 117 T 137
= —exXp (%BC) exp <30B2) exp <30B3) exp (30B4> s

where the eigenplane bivectors B; are orthogonal to one another and are
explicitly given by the outer products of the vector pairs (given numerically,
for simplicity)
Be =vi Awy, v =2.813e3+2.813e4 +4.551e5 + 4.551 ¢4
+5.14e7 + 21.77 eg,
w; = —0.2392 e + 1.653 e + 1.653 e3 + 3.942¢e4 + 5.111 e + 5.111 e7
+3.942 5 + 21.65 eg,
By = vy Awgy, w9 =1.15e3+ 1.15e4 + 1.861 e5 + 1.861 eg
—0.241e7 — 1.019 es,
wg = 2.09e; —0.676e2 —0.676e3 + 1.61e4 — 0.0978 eg — 0.0978 e7
+1.61e5 — 0.414 eg,
B3z =v3 Aws, v3 =2.102e3+2.102e4 — 1.299e5 — 1.299¢e5 — 4.11 e
+0.9707 es,
w3 = —0.5848 €1 +1.999¢e5 4+ 1.999 €5 + 1.13e4 — 3.056 e — 3.056 7
+1.13e5 +0.7214 eg,

and

By =v4 ANwy, v4=0.5881e3+ 0.5881ey —0.3634e5 — 0.3634 ¢
+0.787e7 — 0.1858 eg,

wy = 0.8549 €1 + 0.559 €2 + 0.559 €3 — 0.315e4 + 0.164 €6 + 0.164 7
—0.315e5 — 0.0386 eg.

In Clifford algebra, the Coxeter versor as the product of the simple roots
therefore completely encodes the factorisation into orthogonal eigenplanes,
as of course it must, as Geometric Algebra and the root system completely
determine the geometry, without the need for artificial complexification.

7. Conclusions

We have shown that with the help of Clifford algebra all exceptional root
systems can in fact be constructed from the 3D root systems alone. This
offers a revolutionarily new way of viewing these phenomena in terms of
spinorial geometry of 3D as intrinsically 3D phenomena, with huge potential
implications for the many areas in which these symmetries appear. Likewise,
the geometry of the Coxeter plane is best viewed in a Clifford algebra frame-
work, which provides geometric meaning and insight, for instance the complex
eigenvalues in standard theory are just seen to be rotations in eigenplanes of
the Coxeter element given by bivectors which act as unit imaginaries. Since
the definition of root systems stipulates a vector space with an inner product,
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the associated Clifford algebra of this space can easily be constructed without
any loss of generality and is actually the most natural framework to use for
such root systems and Coxeter groups, both since Clifford algebra affords a
uniquely simple reflection formula and since combining the linear structure
of the space with the inner product is better than using both separately.
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