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1. Introduction

The present paper is motivated by a recent series of publications, including [11,12,
14-17,21-23], which utilise the theory of metric Diophantine approximation to develop
new approaches in interference alignment, a concept within the field of wireless com-
munication networks. This new link is both surprising and striking. The key ingredient
from the number theoretic side is the fundamental Khintchine-Groshev Theorem and
its variations. In this paper we seek to address certain problems in Diophantine ap-
proximation which crop up, or impinge upon, the applications to interference alignment.
The results obtained represent quantitative refinements of the Khintchine-Groshev The-
orem that are relevant to the applications mentioned above. Indeed, the desirability of
such quantitative statements is explicitly eluded to in Jafar’s monograph [12, §4.7.1].
While the main content of the paper is purely number theoretic, in Appendix A we
attempt to illustrate at a basic level the manner in which Diophantine Approximation
plays a natural role in Interference Alignment. The appendix is very much intended
for the reader whose background is not in electronics but is nevertheless interested in
applications.

Although the main emphasis will be on the Khintchine-Groshev Theorem for sub-
manifolds of R™ [2,5,7,8,13,20], we begin by considering the classical theory for systems
of linear forms of independent variables. This approach has two benefits. Firstly, we are
able to introduce the key ideas without too much technical machinery obscuring the
picture. Secondly, the refinements of the classical theory produce effective results with
much better constants.

In order to recall Khintchine’s theorem we first define the set W(v) of 1-well approz-
imable numbers. To this end, denote by R the set of non-negative real numbers. Given
a real positive function ¢ : Ry — R with ¢(r) — 0 as r — oo, let then

W) :={z € R: |gz — p| < ¢¥(q) for im. (¢,p) € Nx Z},

where ‘i.m. reads ‘infinitely many’ For obvious reasons the function v is often referred
to as an approximating function. The points x in W(v) are characterised by the property
that they admit approximation by rational points p/q with the error at most 1 (q)/q.
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A simple ‘volume’ argument together with the Borel-Cantelli Lemma from probability
theory implies that

where | X| stands for the Lebesgue measure of X C R. The above convergence statement
represents the easier part of the following beautiful result due to Khintchine which gives
a criterion for the size of the set WW(%)) in terms of Lebesgue measure. In what follows, we
say that X C Ris full in R and write | X| = FuLL if R\ X| = 0; that is, the complement
of X in R is of Lebesgue measure zero. The following is a slightly more general version
of Khintchine, see [4].

Theorem A (Khintchine, 1924). Let 1) be an approzimating function. Then

0 i Y dlg) <o,
qg=1

W] = oo
FuLL f Zw(q) = oo and 1 is monotonic.
q=1

Thus, given any monotonic approximating function v, for almost all' z € R the
inequality |« — p/q| < ¥(q)/q holds for infinitely many rational numbers p/q if and only
if the sum Y°°2 | 4(q) diverges.

There are various generalisations of Khintchine’s theorem to higher dimensions — see
[3] for an overview. Here we shall consider the case of systems of linear forms which
originates from a paper by Groshev in 1938. In what follows, m and n will denote
positive integers and M,, , will stand for the set of m x n matrices over R. Given a
function ¥ : Z™ — Ry, let

Win () :={X = (2;j) € My, : | Xal| < ¥(a) for im. a € Z" \ {0}},

where a = (ay,...,a,),
IXall ;= max ||x;101 + ...+ Tinan
1<i<m
and |lz|| := min{|x — k| : k € Z} is the distance of x € R from the nearest integer. Given

a subset X in M, ,,, we will write |X|,,, for its ambient (i.e. mn-dimensional) Lebesgue
measure. It is easily seen that Wi 1(¥) coincides with W(¢) when ¥(q) = v (|q|). There-
fore the following result is the natural extension of Theorem A to higher dimensions.
Notice that there is no monotonicity assumption on the approximating function.

! ‘For almost all’ means for all except from a set of Lebesgue measure zero.
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Theorem B. Let m,n € N with nm > 1, ¢ : N — R, be an approximating function and

o0

Sy = ¢" ()™ (1)

q=1

Let W : Z" — Ry be given by W(a) := ¢(|la]) for a = (a1,...,a,) € Z™ \ {0}, where
la] = maxi<;<n |a;|. Then

0 if Xy <oo,
|Wm7n(\1/)|mn =
FuLL if Xy =o0.

Theorem B was first obtained by Groshev under the assumption that ¢™(¢)™ is
monotonic in the case of divergence. The redundancy of the monotonicity condition for
n > 3 follows from Schmidt’s paper [18, Theorem 2] and for n = 1 from Gallagher’s
paper [10]. Theorem B as stated was eventually proved in [6] where the remaining case
of n = 2 was addressed. The convergence case of Theorem B is a relatively simple
application of the Borel-Cantelli Lemma and it holds for arbitrary functions ¥. Thus
together with Theorem A, we have the following extremely general statement in the case
of convergence.

Theorem C. Let m,n € N and ¥ : Z™ — Ry be any function such that the sum

Sei= Y Ua)” (2)

acZ™\{0}

converges. Then
|Wm,n(\11)|mn =0.
An immediate consequence of Theorem C is the following statement.

Corollary 1. Let W be as in Theorem C. Then, for almost every X € My, ,, there ezists
a constant k(X) > 0 such that

IXal|l > &(X)T(a) vV aeZ"\{0}. (3)

In recent years estimates of this kind have become an important ingredient in the
study of the achievable number of degrees of freedom in various schemes on Interference
Alignment from electronics communication — see, e.g., [16]. The applications typically
require that x(X) is independent of X. Unfortunately, this is impossible to guarantee
with probability 1, that is on a set of full Lebesgue measure. To demonstrate this claim,
let us define the following set:
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B (T, ) = {x € My |Xa| > k¥(a) VaeZm\ {o}} . (4)
Then, for any x and VU, the set By ,, (¥, k) will not contain
[~x¥(a), kT (a)] x R"!

with a = (1,0,...,0). This set is of positive probability. In the light of this example it
becomes highly desirable to address the following problem:

Problem. Investigate the dependence between  and the probability of By, (¥, k).

As the first step to understanding this problem we obtain the following straightforward
consequence of Theorem C.

Theorem 1. Let m,n € N and p be a probability measure on My, , that is absolutely
continuous with respect to Lebesgue measure on My, ,,. Let W : Z" — R be any function
such that (2) converges. Then for any § € (0,1) there is a constant k > 0 depending only
on p, ¥ and § such that

w(Bmn(¥, ) >1-246. (5)

Prior to giving a proof of this theorem recall that a measure px on M,, ,, is absolutely
continuous with respect to Lebesque measure if there exists a Lebesgue integrable function
f+ M,,» = Ry such that for every Lebesgue measurable subset A of M,, ,, one has
that

H(A) = / /, (6)
A

where [ 4 [ is the Lebesgue integral of f over A. The function f is often referred to as
the distribution (or density) of p.

Proof. Since p is absolutely continuous with respect to Lebesgue measure, Theorem C
implies that u(Wpmn(¥)) = 0. Hence p(Mpm n \ Winn(¥)) = (M, ) = 1. Note that

U Bm,n(\ll, K‘,) = Mm,n \ Wm,n(\ll) .
k>0

Theorem 1 now follows on using the continuity of measures. 0O

In view of our previous discussion we have that k — 0 as § — 0. Then, the above prob-
lem specialises to the explicit understanding of the dependence of k on ¢. This will be the
main content of the next section. Subsequent sections will be devoted to obtaining simi-
lar effective version of the convergence Khintchine—Groshev Theorem for non-degenerate
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submanifolds of R™. This constitutes the main substance of the paper. The results are
obtained by exploiting the techniques of Bernik, Kleinbock and Margulis [8] originating
from the seminal work of Kleinbock and Margulis [13] on the Baker—SprindZuk conjec-
ture.

2. The theory for independent variables

To begin with we give an alternative proof of Theorem 1 which introduces an explicit
construction that will be utilised for quantifying the dependence of x on §. Indeed, in
the case that p is a uniform distribution on a unit cube the proof already identifies the
required dependence.

2.1. Theorem 1 revisited
By a unit cube in M,, ,, we will mean a subset of M,, , given by
{(@ig) € Myt iy < g < gy + 1}

for some fixed matrix (o ;) € My, . Given a € Z™ \ {0} and € > 0, let W(a, ) denote
the set of X € M,, ,, such that

[Xal| <e. (7)

It is easily seen that W(a, ¢) is invariant under additive translations by an integer matrix;
that is,

W(a,e) + B = W(a,¢)

for any B € M,, ,,(Z), where My, »(Z) denotes the set of m x n matrices with integer
entries. Furthermore, we have that

W(a,e) N Plmn = (26)™ (8)

for any 0 < e < % and any unit cube P in M,, ,,. This follows, for example, from [19,
Chapter 1, Lemma 8]. Then, since

Sei= Y Pla)" <oo (9)

acZ™\{0}

we must have that

My :=sup{¥(a):acZ"\{0}} < occ. (10)
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In what follows we will assume that
26My < 1. (11)

This condition ensures that we can apply (8) with € = kU(a).
Fix a unit cube Py in M,,, and for each A € My, »(Z), let

PA Z:P0+A

denote the additive translation of Py by A. Clearly, P itself is a unit cube. Furthermore,

Mpn= |J Pa. (12)
A€My, n(Z)

Note that the union is disjoint. Using (8) and the fact that

My \ Bun(¥,5) = | ] W(a,r¥(a)),
aczZ"\{0}

we obtain that for each A € M,, ,(Z),

1PA\ B (W, K)lmn < Y [W(a, 6¥(a)) N Palmn
aczm\{0}

= > (@)™ = (25)"Sy. (13)

acZ™\{0}

Since p is a probability measure, it follows from (12) that there exists a finite subset
A C My, n(Z) such that

H(U PA>>1—6/2. (14)
A€A

Let N = #A be the number of elements in A. Since p is absolutely continuous with
respect to Lebesgue measure, for every A € A and any €1 > 0, there exists €2 such that
for any measurable subset X of Pa,

| X |mn <e2 = p(X)<er. (15)

In view of (13), applying (15) to X = Pa \ Bpn(¥,k) and 1 = 6/(2N) implies the
existence of

€9 282(A,57N) >0
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such that

In particular, the second inequality in (16) holds if

1 (52(A,5,N)>1/m '

K< KA = =
S RA 5 Yo

Since A is finite, there exists x satisfying (11) and

0 <k < minkp .
A€A

Clearly, for such a choice of k the first inequality in (16) holds for any A € A. Hence, by
(14) and the additivity of p we obtain that

P\ B (W.1)) < 5 4 37 0P\ B (0,5)

A€A
0 0 ) 1)
S3t 2oy = atNay =9
A€A
The upshot of this is that
By (U, k) =1 —pu(Mpn \ B (¥,5)) >1—90, (17)

which completes the proof of Theorem 1.

2.2. Quantifying the dependence of Kk on §

We now turn our attention to quantifying the dependence of k on d within the context
of Theorem 1. To this end, we will make use of the L, norm. Given a Lebesgue measurable
function f : M, », — R4, a measurable subset X of M,, , and p > 1, we write f € L,(X)

if the Lebesgue integral
J1smi= [ 1P
X M

m,n

exists and is finite. Here xx is the characteristic function of X. For f € L,(X), the L,
norm of f on X is defined by

1/p
o = | f1r]
X
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In the case p = 0o, the Loo-norm on X is defined as the essential maximum of |f| on X;
that is,

I flloo.x :=inf{c € R: |f(z)] < c for almost all z € X} .
If | fllco,x < 00, then we write f € Loo(X). For example, if f is continuous and X is a
non-empty open subset of M, ,,, then | f||,x is simply the supremum of f on X. The

following lemma gathers together two well know facts regarding the L, norm.

Lemma 1.
(1) For any p > 1 and any measurable subsets X C Y,

1fllp.x < 1 Fllpy -

(2) (Holder’s inequality) For any 1 < p,q < oo satisfying % + % =1,

q,X -

/}gsnﬂMMm
X

The next lemma is a corollary of Lemma 1.

Lemma 2. Let p > 1 and p be a probability measure on M, , with density f. Let X be
a Lebesgue measurable subset of My, ... If f € L,(X), then

X)) < (1 llpx 1 X [P

Proof. By definition, we have that

Define ¢ by the equation % + % = 1. Then by Hoélder’s inequality, we have that

1/q

x| 10) < WX
X

ax = [If]

p7X||1

uuvz/fxlsuﬂ

as required. O

We are now in the position to provide an effective version of Theorem 1. Let Py and
A be the same as in §2.1. In particular, assume that (14) holds. Furthermore, assume
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that there exists some p > 1 such that for every A € A, the density f of u has finite L,
norm on Pa.

Let k be such that (11) is satisfied. In this case, (13) holds for every Pa with A € A. By
Lemmas 1 and 2,

(PAN Binn (Y, ) < [ fllp,pa + [PA N\ Binn (¥, £)|5,, o 1/p

Using (13), we obtain that

PP\ By (W.0)) < [l - (20)720) (18)

where Xy is given by (9). It follows that

B\ B (0,5)) < 3 + # 3 WS\ B (0.5
if

where

L= 3 (M lprs - (19)

A€A

Since A is finite, the quantity X is also finite. The upshot of the above discussion is the
following statement.

Theorem 2 (Effective version of Theorem 1). Let m,n € N, u, U be as in Theorem 1,
let My be given by (10) and let f denote the density of u. Furthermore, let Py be any
unit cube in M, ,, and A be any finite subset of M, n(Z) satisfying (14). Assume there
exists p > 1 such that f € L,(Pa) for any A € A and also assume that the quantity X
is given by (19). Then, for any 6 € (0,1), inequality (5) holds with

P 1/m
1 1 o \7 7T
= -min{d —, [ 35" [ — . 2
K = 5 min — ( . <2Ef> ) (20)

In this formula, the quotient p/(p — 1) should be taken as equal to 1 when p = 0.
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Remark 1. In the case when U is even, that is ¥(—a) = ¥(a) for all a € Z™\ {0}, one can
improve formula (20) for k by replacing Y¢ with %qu. This is an obvious consequence
of the fact that in this case the sets W(a, k¥ (a)) and W(—a, k¥ (—a)) coincide and
therefore do not have to be counted twice within the proof.

There are various simplifications and specialisations of Theorem 2 when we have
extra information regarding the measure u. The following is a natural corollary which is
particularly relevant for probability measures p with bounded distribution f and mean
value about the origin.

Corollary 2. Let m,n € N, u, ¥, Mg be as in Theorem 1 and let the density f of p be
bounded above by a constant K > 0. Furthermore, let T be the smallest positive integer
such that

n([=T,7)™) = 1-5/2. (21)

Then, for any 6 € (0,1), inequality (5) holds with

IR SN O R AT B S (22)
TS iy \2K@T)mrs, '

Proof. With respect to Theorem 2, let p = oo and A be the collection of cubes Pa
that exactly tiles [T, T)™". Then, #A = (27')™" and thus X; < K(27T)™". Now, (22)
trivially follows from (20). O

2.8. Numerical examples

In what follows, we will use the standard Gaussian error function

1 [ .
erf(x) ::\/—2_77 /e_t 124t .

It is readily verified that the function erf is continuous, strictly increasing and that

lim erf(x) =0 and lim erf(z) = 1.

r——00 r——+o00
Asusual, for 0 < y < 1, define erffl(y) to be the unique value 2 € R such that erf(x) = y.
Furthermore, define formally erf ' (0) := —oco and erf (1) := +oc.
Consider now Corollary 2 in the case when m = n = 1 and when p follows the

standard Gaussian distribution A(0,1). It can then be verified that Corollary 2 implies
that inequality (5) holds with
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52
T (23)
T8 N g Yo
where N := [erf ! (1 — §/4)]. Here [z] is the “ceiling” of z, that is the smallest integer
that is bigger than or equal to € R. We now consider explicit approximating functions.
First, let ¥ be the function given by ¥(q) =0 if ¢ <0,

1
U(q) := ———— if ¢>2 and ¥(1):=1/2.
2q - log” q

Then Xy < 1.555 and on making use of (23) we obtain the following table for values of
N and k:

5 0.5 0.25 0.1 0.01 1073 10~°
N 2 2 3 4 4 5
K 0.05 0.025 0.0067 5.107% 5.107° 4.1077

It follows for instance from this set of data that for 99% of the values of the random
variable z with normal distribution N(0, 1), one has that

lgz| > == ¥(q) for all ¢geN.

In the next example, we fix a @ € N and consider the approximating function ¥ given
by

U(q) :=
(@) 0 otherwise.

{gg if1<g<Q,

Then ¥y = 1 and one can readily verify that

(i) for at least 75% of the values of the random variable z with normal distribution
N(0,1), one has that

quH > oA 13Q for all q€c [_QaQ]u q 7& 07

(ii) for at least 90% of the values of the random variable x with normal distribution
N(0,1), one has that

lgzll > =5 50@ for all ¢€[-Q,Q], q#0.
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3. Diophantine approximation on manifolds

The aim is to establish an analogue of Theorem 2 for submanifolds M of R™. More
precisely, we consider the set B, (¥, k) N M, where

B (U, k) = B1,(¥, k).

The fact that the points of interest are of dependent variables, reflecting the fact that they
lie on M, introduces major difficulties in attempting to describe the measure theoretic
structure of B, (¥, k) N M.

Non-degenerate manifolds. In order to make any reasonable progress with the above
problems it is not unreasonable to assume that the manifolds M under consideration are
non-degenerate. Essentially, these are smooth submanifolds of R™ which are sufficiently
curved so as to deviate from any hyperplane. Formally, a manifold M of dimension d
embedded in R" is said to be non-degenerate if it arises from a non-degenerate map
f : U — R" where U is an open subset of R? and M := f(U). The map f : U —
R™ x — f(x) = (f1(x),..., fn(x)) is said to be I-non-degenerate at x € U, where | € N,
if £ is [ times continuously differentiable on some sufficiently small ball centred at x and
the partial derivatives of f at x of orders up to [ span R™. The map f is non-degenerate
at x if it is [-non-degenerate at x for some [ € N. As is well known, any real connected
analytic manifold not contained in any hyperplane of R™ is non-degenerate at every point
[13].

Observe that if the dimension of the manifold M is strictly less than n then we have
that | B, (¥, k)NM]|,, = 0 irrespective of the approximating function ¥ and «. Thus, when
referring to the Lebesgue measure of the set B, (¥, k) N M it is always with reference to
the induced Lebesgue measure on M. More generally, given a subset S of M we shall
write |S|a for the measure of S with respect to the induced Lebesgue measure on M.
Without loss of generality, we will assume that |[M|aq = 1 as otherwise the measure can
be re-normalised accordingly.

The following statement is a straightforward consequence of the main result of Bernik,
Kleinbock and Margulis in [8].

Theorem BKM. Let M be a non-degenerate submanifold of R™. Let ¥ : Z™ — Ry be
monotonically decreasing in each variable and such that

Yy = Z U(q) < 0. (24)
qeZ™\{0}

Then, for any ¢ € (0,1), there is a constant k > 0 depending on M, Xy and § only such
that

1B, (W, ) N Mg >1— 6. (25)



244 F. Adiceam et al. / Advances in Mathematics 302 (2016) 231-279

Remark 2. Theorem BKM holds for arbitrary probability measures supported on M
that are absolutely continuous with respect to the induced Lebesgue measure on M,
thus giving an analogue of Theorem 2 for manifolds. As in the case of Theorem 1, the
more general result follows from the Lebesgue statement.

It is worth pointing out that the main result in [8] actually implies that the union
UysoBn(¥, ) N M has full measure on M. Theorem BKM as stated above follows
from [8, Theorem 1.1]? on using the continuity of measures. Our main goal is to quantify
the dependence of k on d. Theorem 6 of §5 below explicitly quantifies this dependence.
However, the statement is rather technical and we prefer to state for now a cleaner result
that shows that the dependency between x and § is polynomial.

Theorem 3. Let | € N and let M be a compact d-dimensional C'T' submanifold of R"
that is l-non-degenerate at every point. Let p be a probability measure supported on
M absolutely continuous with respect to |.|pm. Let W : Z™ — Ry be a monotonically
decreasing function in each variable satisfying (24). Then there exist positive constants
Ko, C1 depending on U and M only and Cy depending on the dimension of M only such
that for any 0 < 6 < 1, the inequality

(B (T, k)N M) >1—46 (26)
holds with
K := min {Iio, 002516, Cléd("+1)(21_1)} . (27)
4. Preliminaries for Theorem 3
4.1. Localisation and parameterisation

Since M is non-degenerate everywhere, we can restrict ourself to considering a suffi-
ciently small neighbourhood of an arbitrary point on M. By compactness, M then can
be covered with a finite subcollection of such neighbourhoods. Therefore, in view of the
finiteness of the cover, the existence of kg, Cy and C; satisfying Theorem 3 globally will
follow from the existence of these parameters for every neighbourhood in the finite cover:
ko, Cp and C7 should be taken to be the minimum of their local values.

Now as we can work with M locally, we can parameterise it with some map f : U — R"
defined on a ball U in R?, where d = dim M. Note that f must be at least C? in order
to ensure that M is non-degenerate. Without loss of generality we assume that

M={f(x) : x € U}.

2 Throughout, results and page numbers within [8] are with reference to the arXiv version: math/
0210298v1.
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Furthermore, using the Implicit Function Theorem if necessary, we can make f to be
a Monge parametrisation, that is f(x) = (x1,..., 24, fa+1(X), ..., fn(X)), where x =
(z1,...,24). Note that f can be assumed to be bi-Lipschitz on U. This readily follows
from the fact that f is C' but possibly requires a further shrinking of U.

Let B, (¥, k, M) denote the orthogonal projection of B, (¥, k) N M onto the set of
parameters U. Thus,

B, (¥, k,M) :={xeU:|af(x)|>r¥(a) forall acZ" a#0}. (28)

The set B, (¥, k) N M and its projection B, (¥, x, M) are related by the bi-Lipschitz
map f. Since bi-Lipschitz maps only affect the Lebesgue measure of a set by a multi-
plicative constant (in this case the constant will depend on f only), it suffices to prove
Theorem 3 for the project set. More precisely, Theorem 3 is equivalent to showing that
there exist positive constants kg, Cyp and C; > 0 depending on ¥ and f only such that
for any 0 < < 1,

|B, (P, 5, M)|q > (1 —0)|Ulq4 (29)
holds with x given by (27).
4.2. Auxiliary statements

We will denote the standard L; (resp. Euclidean, infinity) norm on R? by || .||, (resp.
|15, I - loo)- Also as before, given an = € R, ||z|| will denote the distance of  from the
nearest integer. The notation B(x,r) will refer to the Euclidean open ball of radius » > 0
centred at x and S?! will denote the unit sphere in dimension d > 1 (with respect to
the Euclidean norm). Furthermore, throughout

/2

A 7o)

is the volume of the d-dimensional unit ball and Ny denotes the Besicovitch covering
constant.

Remark 3. For further details on the Besicovitch covering constant, cf. [9]. We will only
need in what follows the inequality Ny < 57 satisfied by this constant.

The proof of Theorem 3 involves two separate cases that take into consideration
the relative size of the gradient of f(x) - q, where q = (q1,...,q,) € Z™ \ {0} and
f(x)-q=fi(x)q1 + -+ fn(x)gy is the standard inner product of f(x) and q. The first
case of ‘big gradient’ is considered within the next result and is an adaptation of [8,
Theorem 1.3].
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In what follows, Jg will denote partial derivation with respect to a multi-index § =
(Bi,...,B4) € N&, where Ny will stand for the set of non-negative integers, that is
No :={0,1,2,...}. Furthermore, |3| we will mean the order of derivation, that is || :=
B + -+ + Bg. Also, 9F will denote the differential operator corresponding to the kth
derivative with respect to the ith variable, that is, 8f = ok/ 8xf.

Theorem 4. Let U C R? be a ball of radius v and f € C?(2U), where 2U is the ball with
the same centre as U and radius 2r. Let

1
L* = sup 105f (%) s and L := max (L*, —2) ) (30)
|8|=2, x€2U dr

Then, for every &' > 0 and every q € Z™ \ {0}, the set of x € U such that
[£(x)-al <

and

IVE(x)dloc = vndLalls (31)

has measure at most K46'|Uly4, where VE(x)q is the gradient of f(x) - q and

42d+1dd/2Nd

Ky
d 7

(32)
is a constant depending on d only.

Proof. The proof of Theorem 4 follows on appropriately applying [8, Lemma 2.2]. For
convenience we refer to this lemma as L.2.2. We take M in L.2.2 to be equal to the quantity
ndL, where L is defined by (30). We set § in L.2.2 to be equal to ¢’ appearing in Theorem 4.
Then, in view of (30) and the fact that n,d, ||q|lcc > 1, it follows that the hypotheses
of L2.2 (namely [8, Eq. (2.1a) & Eq. (2.1b)]) are satisfied. Thus, the conclusion of 1L.2.2
implies Theorem 4 with the constant Cy in L2.2 equal to K; appearing in Theorem 4.
The explicit value of K is calculated by ‘tracking’ the values of the auxiliary constants
C!, C!l and C!}" appearing in [8]. Namely,”

v, oli
[ " __ od+2 m __ ~d
Cd_W7 Cq =277, Cd_C_é’

3 There are two typos in the proof of L2.2 that one should be aware of when verifying the values of the
constants given here. On page 6 line —2, the inclusion regarding U(z) is the wrong way round, it should
read U(z) D B(z, 4—\’}3). Next, on page 7 line 11, in the rightmost term of the displayed set of inequalities
the quantity § is missing, it should read C/’5|U(z)|4. These typos do not affect the validity of the proof
given in [8].
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and then

2ngNd 24d+2dd/2Nd

K :2dC///N _ —
¢ d c/ Va

Next in Theorem 5 below we consider the case of ‘small gradient’. This is an explicit
version of [8, Theorem 1.4]. First we introduce auxiliary constants.

Given a C' map f : U — R" defined on a ball U in R?, the supremum of s € R such
that for any x € U and any v € S"~! there exists an integer k, 0 < k < [, and a unit
vector u € S satisfying

O (f - v)

S 9] = (33)

will be called the measure of l-non-degeneracy of (f, U) and will be denoted by s(I; f, U).
Here and elsewhere for a unit vector u € S1, 9¥/9u* will denote the derivative in
direction u of order k.

As in Theorem 4, the radius of the ball U will be denoted by r. Throughout, we let
X denote the centre of U. Also, given a real number A > 0, we let AU denote the scaled
ball of radius Ar and with the same centre xq as that of U. With this in mind, consider
the balls

Ut =3y,
U =3"flu, (34)
Ut .= gntdt2y,

For technical reasons, that will soon become apparent, in order to deal with the ‘small
gradient’ case we make the following assumption on the map f: U — R"™.

Assumption 1. The map f = (f1,..., fn) is an n-tuple of C**1 functions defined on the
closure of U which is l-non-degenerate everywhere on the closure of UT.

Remark. In view of the discussion of §4.1, there is no loss of generality in imposing
Assumption 1 within the context of Theorem 3.

We denote by so the measure of non-degeneracy of f on U*. Note that Assumption 1
ensures that

so = s(l;£,U%) > 0. (35)

Also, notice that it ensures the existence of a constant M > 1 such that for all k <[+1
and all uy,...,u, € S,
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ot

- <M
ouy ...0uy - (36)

2

sup (x)

xeU+

where Ou; means differentiation in direction u;. Note that the left-hand side of (33) is
the length of the projection of 9*f(x)/0u* on the line passing through v and hence it is
no bigger than M. This implies that

SogM

Without loss of generality, we will assume that the radius r of the ball U satisfies

. S0 - U(lv d) TS0
<
"= { 9. 3n+d+2,/gpg 4 - 107372 A2 ([ 4 1)1 [ (37)
where
' 1 v, d(21—1)(20—2)
= mm{ﬁ’ (2d+2dl(l+ 1)1/15d> 33)
and where

B d—1
o(l,d) == Qw—lﬂw " ((\/5 (20)2H=D/2 (1 4 1)!) ' ,2,z> (39)

with the quantity ¢(w, B, k) defined as

k(k=1)/2
w, B, k) := 40
o ) 22 Bk - (k +1)! (40)
for any integer k > 1 and any real numbers w, B > 0.
Furthermore, define the following constants determined by f and U:
80 1
= (2r , 41
= s va )
L ’r‘lS()
T+
and
2
S0 (L)H (r(1-1/v2)) _ ()
P2 a1y \ M 2 ;
(wttr ) + (- (1+35))
WA+ \M V2
Finally, let
P1pP2 (43)

p = :
VP2 (p2 + 2M2)2
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Theorem 5. Let U C R? be a ball and £ = (f1,..., fn) be an n-tuple of C**1 functions
satisfying Assumption 1. Then, for any 0 < §' <1, any n-tuple T = (T1,...,T,) of real
numbers > 1 and any K > 0 satisfying

TKT, oo
! (44)
maxi=1i,..., n E
define the set A(0', K, T) to be
1£(x) - ql| <&’
A0 K, T):=<xeU:3qeZ"\ {0} such that IVE(x)qlleo < K . (45)
|qi| <Tii=1,...,n
Then
1/d(21—1)
|A(6’7K,T)|dgE(x/n—i—d—i-lfl) 4,
where
_1
OKTy T, \
B , L .
€1 :=max | ¢, — (46)
1<i<n
and
E = C(n+1)(3¢Ny)n+tp=1/d@-1) (47)

in which p is given by (43) and C is the constant explicitly given by (62) below.

At first glance the statement of Theorem 5 looks very similar to [8, Theorem 1.4].
We stress that the key difference is that in our statement the constants are made fully
explicit. The proof of Theorem 5 is rather involved and will be the subject of §6.

5. A strengthening and proof of Theorem 3

In view of the discussion of §4.1, Theorem 3 will follow immediately on establishing a
stronger result (Theorem 6 below), which explicitly characterises the dependence on ¥
and M of the constants kg, Cy and Cy appearing within the statement of Theorem 3.
In the case that the function f defining the manifold under consideration is explicitly
given, the values of these constants may be improved by following the methodology of
the proof of Theorem 6 as many computations will then be made simpler.
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Let
Cy = sup W) [Jaf,  where ¢f = max{1, |ail} (48)
q:(QIw--a(JH)eZn\{O} i=1

It is a well known fact that, under the assumption that ¥ is monotonically decreasing
in each variable, relation (24) implies that 0 < Cy < co. Also define the constant

[t
Sn = 2= 2d(2l—1)0?n+1) ,

tezn

which is clearly finite and positive as the sum converges.

Theorem 6. Let U C R? be a ball whose radius satisfies (37) and let £ = (f1,..., fn) be
an n-tuple of C'1 functions satisfying Assumption 1. Let Yy, L, Kq and E be given by
(24), (30), (32) and (47) respectively and let

1\ 1/d(21-1)
Ko=E (\/n +d+1- (C’q,2"71/2\/ndL> "“) .

Given any 6 > 0, let

1 5 5 d(n+1)(20-1)
PT Ce2n2VndL ' 2KaSe (2Kosn) '
Then
1Bn (¥, 5, M)y = (1 = 6)[Ula (49)
Clearly the above is an explicit version of Theorem 3 in the case when pu is Lebesgue
measure. The arguments given in the proof of Theorem 2 are easily adapted to deal with
the general situation.
5.1. Proof of Theorem 6 modulo Theorem 5
For k > 0 and any q € Z", define
A(k;q) = {xeU: |f(x) q] < k¥(q) & (31) holds}

and

A¢(k;q):={x e U: |[f(x) q] < k¥(q) & (31) does not hold} .
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Clearly it suffices to prove that

U Atsa)| <UL and U Ama)| <
q€zm\{0} J acz\{0} p

|Ula.  (50)

N

By Theorem 4 with §' = k¥(q), we immediately have that |A(x; q)|¢ < Kqk¥(q)|U|q-
Then, summing over all g € Z™ \ {0} gives

4]
U Asa)| <KeSusUla < 5[0l (51)
a€zm\ {0} p

Now to establish the second inequality in (50), given an n-tuple t = (¢1,...,t,) € Ny,
define the set

Af o= U A(k;q), (52)
a=(q1,...,qn)EZ"\{0}
2t <q; <2t

where ¢;" = max{1,|g;|}. Observe that

U A%ma) = [J 45 (53)

qez™ teNg

By (48) and the monotonicity of ¥ in each variable, for every q = (q1,...,qn) € Z™\ {0}
satisfying the inequalities 2t < ¢;t < 241 we have that

n -1 n
¥U(q) <Cy (H qf) < Cy HQ*“ — (g2~ Ximiti
1=1

i=1
and

”q”oc S omax; t;+1 )

Now let
§ = kCy2~ Xi=1ti K =+/ndL2maxiti+1 apd T, = 2tt! (1<i<n).

Then, Af is easily seen to be contained in the set A(¢’, K, T) defined within Theorem 5.
Clearly T1,...,T, > 1 and K > 0. Since k < Cy,', we have that 0 < ¢’ < 1. Finally, (44)
is satisfied, since

KTy - T,  kCy2™ Xi=itiy/pdL2maxi ti+1 ] 2t+1

maxi=1,...,n i 2max; ti+l
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_ kCy2"VndL kCy 2" Y2\/ndL ] 54
T 9(max; t;+1)/2 2t oo /2 <5 (54)

where the last inequality follows from the definition of k. Therefore, Theorem 5 is appli-
cable and it follows that

1/d(21-1)
A¢la < JAGL K. T)a < B (Vo d+1-2)

‘ d>

where F is given by (47) and where, from (54), the definition of §’ and the fact that
kCy < 1,

2tlloo /2 2lltllo0 /2

1 1

Sy kCg2" 1/ndL \ " kCg2" 1/ndL \ "
€1 =max [ kCyp2™ &=t | ———————— =| — .
Then, using (53) and summing over all t € Nj}, we find that

1 1/d(21-1)

Cy2"'VndL \ ™"
U Amiq)| <Y E[Vantdri <”“’"> U4

, 9t /2
qezn teNy

d

where the latter inequality follows from the definition of k. This establishes the second
inequality in (50) and thus completes the proof of Theorem 6 modulo Theorem 5.

6. Proof of Theorem 5

To establish Theorem 5, we will follow the basic strategy set out in the proof of [8,
Theorem 1.4]. We stress that non-trivial modifications and additions are required to make
the constants explicit. To begin with, we state a simplified form of [8, Theorem 6.2] and,
to this end, various notions are now introduced.

Given a finite dimensional real vector space W, v will denote a submultiplicative
function on the exterior algebra A W; that is, v is a continuous function from A W to
R, such that

v(tw) = [tjv(w) and v(uAw) <v(u)v(w) (55)

for any t € R and u,w € A W. Given a discrete subgroup A of W of rank k > 1, let
v(A) == v(vi A -+ Avg), where vyi,..., Vg is a basis of A (this definition makes sense
from the first equation in (55)). Also, £(A) will denote the set of all non-zero primitive
subgroups of A. Furthermore, given C, o > 0 and V C R?, a function f : x € V
f(x) € R is said to be (C, «)-good on V if for any open ball B C V and any € > 0,

{xeB:|fx)]< Esgglf(X)l}ld < Ce®|Bla.
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Theorem 7. (/8, Theorem 6.2]) Let W be a d+ n + 1 dimensional real vector space and
A be a discrete subgroup of W of rank k. Let a ball B = B(xg,7) C R? and a map
H:B— GL(W) be given, where B:=3kB. Take C,aa > 0,0 < p < 1 and let v be a
submultiplicative function on \ W. Assume that for any T' € L(A),

(i) the function x — v(H(x)T') is (C, a)-good o E
(i) there exists x € B such that v(H(x)T') > p, a
(iii) for allx € B, #{I' € L(A) | v(H(x)T) < p} <

Then, for any positive € < p, one has
{x € B:3 v e A\ {0} such that v(H(x)v) < e}|, < k(3*Ng)*C (%) |Blg.  (56)

Theorem 5 is now deduced from Theorem 7 in the following manner. With respect to
the parameters appearing in Theorem 7, we let

W = Rn+d+1
and
v, be the submultiplicative function introduced in [8, §7].

There is nothing to gain in formally recalling the definition of v,. All we need to know
is that v, as given in [8] has the property that

ve(w) <[lwlz V. we AW (57)

and that its restriction to W coincides with the Euclidean norm. Next, the discrete
subgroup A appearing in Theorem 7 is defined as

D
A::{(O) ER”+d+1:p€Z,qEZ"}- (58)
q

Note that it has rank & = n + 1, therefore the ball B appearing in the statement of
Theorem 7 coincides with the ball U defined by (34). Finally, we let the map H send
x € U to the product of matrices

H(x) := DUy, (59)

where

1 0 f(x)
Uy = (0 Iy Vf(x)> € SLras1 (R) (60)
0 0 I,
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and D is the diagonal matrix

. €1 €1 €1 &1 €1
D= ding (2,2, 22, 5) o
P\ KUK T T, (61)
—_——
d times
defined via the constants ¢', K, T1,...,T,, and 1 appearing in Theorem 5.

With the above choice of parameters, on using (57), it is easily verified that the set
A(¢', K, T) defined by (45) within the context of Theorem 5 is contained in the set on the
left-hand side of (56) with & := e;v/n + d + 1. The upshot is that Theorem 5 follows from
Theorem 7 on verifying conditions (i), (ii) and (iii) therein with appropriate constants
C, a and p. With this in mind, we note that condition (iii) is already established in [8,
§7] for any p < 1. In §7 below, we will verify the remaining conditions (i) & (ii) with the
following explicit constants:

d(n +2)(d(n +1) +2)\**
c;:< (n+2)( (2”+ )+ )> max (C},2Cy,) (62)
where
oM 2+ Mo+ 1\
[ = - . 1) . =
Ol A <50 : U(lv d)’ Vi dl(l * ) S0 <J(lv d) ) (63)
(here, o(l,d) is the quantity defined in (39)),
244 i1 + 1)1
- (65)
T aei— )

and p = p as defined by (43) (note that p < 1). This will establish Theorem 5.
7. Verifying conditions (i) & (ii) of Theorem 7

Unless stated otherwise, throughout this section, A will be the discrete subgroup of
R™*+4+1 given by (58) and I' € £(A) will be a primitive subgroup of A. Verifying condition
(i) of Theorem 7 is based on two separate cases: one when the rank of I' is one and the
other case of rank > 2.

7.1. Rank one case of condition (i)
The key to verifying condition (i) in the case that T' is of rank one is the following

explicit version of [8, Proposition 3.4]. Notice that it and its corollary are themselves
independent of rank and indeed I'.
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Proposition 1. Let U C R? be a ball, F C CH! (fJ"’) be a family of real valued functions
and X\ and v be positive real numbers such that:

(1) the set {Vf : f € F} is compact in C'=1 (UY),

(2) iug sup [0pf(x)| < A for any multi-index B € N¢ with 1 < |B] <1+1,
€f xeU+
(3) flgﬁ_ sup iligl g%{(xo)’ > vy, where Xq is the centre of U,
ucSd—1 1<k<

-o(l,d

_v-olbd) > r, where r is the radius of U as defined in (37) and o(l,d) is
2. 3n+d+2,/d)\

defined in (39).

Then, for any f € F, we have that

(a) f is (C1,4)-good on U,
() 9/l i (Cr. a7 ) -go0d on T,

where

2\ 2d+2 A2t 1\
- = A TR JA (i :
Cy = Cy(v, ) :== max <7'O’(l,d)7 7 di(l + )’y (0(l,d)> (66)

Remark. Hypothesis (2) is additional to those made in [8, Proposition 3.4]. In short, it
is this “extra” hypothesis that yields an explicit formula for the constant C. Note that
by the definition of C§ as given by (63), we have that

Cy =Ci(so, M).

Using the explicit constant C; appearing in Proposition 1, it is possible to adapt the
proof of [8, Corollary 3.5] to give the following statement.

Corollary 3. Let U C R? be a ball and f = (f1,..., fn) be an n-tuple of C**1 functions
satisfying Assumption 1. With reference to Proposition 1, let

v 1= Sp and A= M.
Then, for any linear combination f = co + 2?21 ¢ fi with cg,...,c, € R, we have that
(a) f is (Cl*, é)-good on U,

(b) ISl is (CF, g5y ) -g00d on T.

Corollary 3 allows us to verify condition (i) of Theorem 7 in the case that I' is a
primitive subgroup of A of rank 1. Indeed, in view of (59) and of the discussions following
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equations (55) and (57), v.(H(x)I') is the Euclidean norm of H(x)w = DUyxw, where
w is a basis vector of . It is readily seen that the coordinate functions of H(x)w are
either constants, or f(x), or f(x)/dx; for some f =co+ Y ., ¢;if; with co,...,c, €R.
Hence, by Corollary 3 and [8, Lemma 3.1 (b,d)] we obtain that the function | H(-)I'||sc
is (C, @)-good on U, where « is given by (65). In turn, on using [8, Lemma 3.1(c)] and
the fact that

L Hwl
Vn+d+1~ |[Hx)wlz2 — 7

we have that v, (H(.)T) is (Cj(n+d+1)*/2 a)-good on U. It then follows from [8,
Lemma 3.1(d)] that

v, (H(.)T) is (C,a)-good on U.

Proof of Corollary 3. In view of [8, Lemma 3.1.a], it suffices to prove the corollary under
the assumption that ||(ci,...,¢,)|y = 1. Thus, with reference to Proposition 1, define

F = {CO“‘ZCifi ety en)lly = 1} '
i—1

The corollary will follow on verifying the four hypotheses of Proposition 1. Thus, hy-
pothesis (1) is easily seen to be satisfied. Hypothesis (2) is a consequence of (36) and of
the Cauchy—Schwarz inequality while hypothesis (3) follows straightforwardly from the
definition of the measure of non-degeneracy sg in (33) and (35). Finally, hypothesis (4)
is guaranteed by (37) and the choices of v and A. O

7.2. Proof of Proposition 1

The proof of Proposition 1 relies on the following lemma:

Lemma 3. Let f be a real-valued function of class C* (k > 1) defined in a neighbourhood
of x € R? (d > 1). Assume that there exists an index 1 < ig < d and a real number
w >0 such that

Then there exists a rotation S : R4 — R? such that

" (foS)
(’9:1:53C

<x>\ > ok, d)

for all indices 1 < i < d, where the quantity o(k,d) is defined in (39).
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As the proof of Lemma 3 is lengthy, before giving it, we show how to deduce Propo-
sition 1 from it.

Deduction of Proposition 1 from Lemma 3. Let xg = (v1,v2,...,v4) denote the centre
of U. Hypothesis (3) of Proposition 1 implies that for any f € F, there exists a unit
vector u € S41 and an index 1 < k < [ such that

>

ok
peey

Even if it means applying a first rotation to the coordinate system that brings the x;
axis onto the line spanned by the vector u, it may be assumed, without loss of generality,
that the above inequality reads as

|07 f(x0)| = 7.
From Lemma 3, up to another rotation of the coordinate system, one can guarantee that
|0 f(x0)| = v~ o(k,d) == C

for all indices 1 < i < d. Now, for a fixed index i, it follows from a Taylor expansion at
X that, for any x = (z1,...,24) € UT,
d
O f (x) = O f (x0) + Y Ry(xi%0) (x; — ;)

j=1

where, by hypothesis (2), R;(x;X¢) satisfies the inequality

|R;(x;%0)| < sup ’(8j o@f) f(x)’ <\
xeU+

In view of hypothesis (4), we have furthermore that

< gn+d+2,. < ’Y'U(lad) < Cs

Wdr  — 2V/dr

1% = ol

Thus, for all indices 1 < i < d,

d

05 F ()| > Co =y —uy| A = Co — Allx — xoll,
=1

Cs

> Oy = Wi|x —xoll, > 5
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Next, observe that any cube circumscribed about U lies inside of U™. It then follows on
applying [8, Lemma 3.3] with A; = X and Ay = C5/2 that the function f is (C”, 5-)-good
on U, where

d

p_ 2
O = Grdk(k+ 1) (

2\

i 1/k
m(k +1) (2k* + 1))

9d+2 A f2kk 1\ F
< 2 dk(k+1)2 .
< Tk +)v<dh@>

A computation then shows that

9d+2 A2+ 1\
R Q— 1)= .
'< de+)vQWAJ

Part (a) of Proposition 1 is now a consequence of [8, Lemma 3.1.d]. Regarding part (b),
the proof is essentially the same as that of [8, Proposition 3.4.b] with the constant C
replaced with the explicit constant C; given by (66). O

‘We now proceed with the proof of Lemma 3 which requires several intermediate results.
The first one is rather intuitive.

Lemma 4. Let C' > 0 be a real number and p > 1 be an integer. Then every section of the
cube [0, C]P with a (p — 1)-dimensional subspace of RP has a volume at most /2CP~1.

Proof. See [1, Theorem 4]. O

Lemma 5. Let k > 1 denote an integer and let w := (wy, ..., wy) € R¥1. Let w, B >0
be real numbers. Furthermore, assume that the k + 1 real numbers 0 < tg < --- < tg
satisfy the following two assumptions:

1 i ti —t;| >
(1) it =15 2 w,

2 |F < B.
(2) max |t:[* <

Then, there exists an index 0 < j < k such that

> ¢(w, Bik) - [[wly,

k
i=0

where ¢p(w, B; k) is the quantity defined in (40).
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The following notation will be used in the course of the proof of Lemma 5: given a
point x € R™ and a set A C R", dist(x, A) will denote the quantity

dist(x, A) := inf{||x — al» : a € A}. (68)

Proof. Let X := (x1, - ,Xk+1) € My41 k+1 denote the matrix defined by the following
k + 1 column vectors in R¥+1:

X1 = (].,t(),...,tlg)T,
Xk4+1 = (1,tk,...,t£)T.

Together with the origin, these points form a simplex S(X) in R¥*! whose volume
|S(X)];,4, satisfies the well-known equation

1 X1 Xk+1 0
ISX)|py1 = (k+1)! det ( 1 ... 1 1)'

The formula for the determinant of a Vandermonde matrix together with hypothesis (1)
then yields the inequality

R(k=1)/2
S(X > —
| ( )|k+1 = (k‘—l— 1)!
Note that hypothesis (2) implies that all the vectors x,- -+ ,Xp41 lie in the hypercube

B := [0, B]**1. As a consequence, the volume of the section of the simplex S(X) with
any hyperplane does not exceed the volume of the section of §(X) with B which, from
Lemma 4, is at most v/2B¥. Also, given a hyperplane P, it should be clear that

Sy < 2+ max dist (x5, P) - [P N S(X)]y

The upshot of this discussion is that the following inequality holds:

Wh(k=1)/2
max dist (x;,P) >

1255 = N_QBk—Uf-Fl)' = ¢(W,ka)- (69)

Consider now the hyperplane P = w' and let j be one of the indices realising the
maximum in (69). The conclusion of the lemma is then a direct consequence of the
equation

dist (Xj , WJ‘) =
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The next result contains the main substance of the proof of Lemma 3.

Lemma 6. Let f be a real valued function of class C* (k > 1) defined in a neighbourhood
of (x0,v0) € R%. Let ¢ > 0 be a real number such that

> cC.

o f
W(Qfo,yo)

Then, there exist two orthonormal vectors u,v € S' such that

W(Jﬂmyo)

e

k _
min{‘%(xoyyo) } > 23%/2 ¢ ((\/E(Qk)ﬂk(kl)ﬂ(k + 1)!) ' ,2, /4;)
= c-o(k,2).

Proof. Set

7 o k oFf k41
w = (wg, ..., wg) 1= ((j)W(myO)) e R,

0<j<k

It readily follows from the assumptions of the lemma that
[wlly > e.

Let A > 0 be a real number such that, for all indices 0 < j < k,

(M(onyo) <A
We thus have the inequality
[wlly, < 2F(k+ 1) (70)
Define now k + 1 real numbers tg, ..., t; as follows:
ti = ! + i7
2 2k

where ¢ = 0,...,k.

With the choices of the parameters w := 1/(2k) and B = 1, Lemma 5 applied to the
vector w and to the system of points (¢;)o<i<x yields the existence of a point ¢; € [1/2,1]
such that

k
§ )
witj
=0

1
> Il (5 1.8)- )
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Let
1 1 1
=— o= 1.k) < = 72
‘ 2k¢<2k”>_2k (72)
denote a constant and
k .
g:te0,1] HZwitl
i=0
a function. Note that for all ¢ € [0, 1],
k k(k +1)
‘)| = gt < 2PN 2 = 2R INk(k + 1),
o 01= S wit ™| < : (k+1)

This implies that for all ¢ € [t; —€,t; + €], where ¢; is the constant appearing in (71),
the following inequalities hold:

> lg(tj)] —e- 2" INk(k + 1)
1
> — 1,k)-(|w|, — 2" 2A(k +1
2o (gpnk) - (il =272+ )

[[wll ( 1 >
> . —, 1,k ).
(70) 2 ¢ 2k

Consider now the image [a,b] C [1,2] of the interval [t; —€,t; + €] N [1/2,1] under the
map t — 1/t. It is then readily verified that

[b—a| > e

With the choices of the parameters

€ 1 1
== 4=
YTE T o ¢<2k’ ’k)

and B = 2, apply once more Lemma 5, this time to the vector ((—l)iwi)0<i<k and to
the set of points o
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This yields the existence of t; € [a,b] such that

k

> (1) wit]

=0

> |wlly - ¢ (£.2.k).

The upshot of this is that, when considering the point s := 1/#;, the following two
inequalities hold simultaneously:

iwisi > [wlly - é <i 1 k)
= - 2 2k
and
k . . 1
;(—l)zwis_’ > ||vv|2-¢<ﬁ-¢<2]€ 1 k:) 2k>

Since s € [1/2,1], it is easily seen that one can find a unit vector (uy,u2) € S' such that
s =wugz/uy and uy,uz € [1/(2v/2),1]. Let u € S! and v € S! denote the two orthonormal
vectors defined as u := (uy,ug) and v := (ug, —uq).

Note then that

k
Z i 1 1
sz ) = [ ws| > g w6 (5108
=0
c 1
> YRy ¢ (ﬁ’ 17k>
and, similarly,
a - c 1 1
k—i, 1| _ .k 7 7
Zo( D)fwiuy~‘ui| = up ;(_1)1015 ZW'Qé(ﬁ'Qﬁ(ﬁvlak),ka)'

Since, from the definition of the vector w,

8k
ou J,: (0, Y0) sz ye uf
and

" f : b
W(fﬂmyo) = Z( 1) wiug~uf,

=0

this completes the proof of the lemma from the definition of ¢ in (40). O
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We now have all the ingredients at our disposal to prove Lemma 3.

Proof of Lemma 3. Denote the coordinates of the vector x € R? as x = (z1,...,2q)-
Even if it means relabelling the axes, assume furthermore without loss of generality that
ip = 1 in the statement of the lemma. The proof then goes by induction on d > 1, the
conclusion being trivial when d = 1. When d = 2, Lemma 3 reduces to Lemma 6. Assume
therefore that d > 3. It then readily follows from the induction hypothesis applied to
the function (z1,...,24-1) € R¥1 s f(x1,...,24_1,24) that there exists a rotation
S7 : R? — R such that

OF(foSy)
oxk

3

(@‘ZN'dhd—l) G<i<d-1.

Consider now the function (x1,74) € R? +— f(x1,...,24_1,24). Applying Lemma 6
to this function with ¢ = p - o(k,d — 1) therein provides the existence of a rotation
Sy : R4+ R? acting on the plane (21, 74) and leaving its orthogonal unchanged such
that

min { 8(f ° 51 © SQ)

k
oy

8(f o Sl e} SQ)
oxh

(x), (x)} > p-olk,d—1)-0(k,2) = p-o(k,d).

The lemma follows upon setting S = 57 05:. O
7.3. Higher rank case of condition (i)

The key to verifying condition (i) of Theorem 7 in the case when I is of rank greater
than one is Proposition 2 below. In short, it is an explicit version of [8, Proposition 4.1]
in the particular case when the set G appearing therein is given by

G .= {(u1 foug - f4ug) : ug €ER, up,up €S uy L UQ}. (73)

The statement is concerned with the skew gradient of a map as defined in [8, §4]. We
recall the definition. Let g = (g1, g2) : U' — R? be a differentiable function. The skew
gradient Vg : UT — R? is defined by

Veg(x) = g1(x)Vga(x) — g2(x)Vg1(x).

If we write g(x) in terms of polar coordinates; i.e. via the usual functions p(x) and 0(x),
it is then readily verified that

Ve(x) = 2 (x) V(). (74)

Essentially, the skew gradient measures how different the pair of functions ¢g; and g- are
from being proportional to each other.
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Proposition 2. Let U C R? be a ball and £ = (f1, ..., fn) be an n-tuple of C'+1 functions
satisfying Assumption 1. Let pa, Cq; and G be given by (42), (64) and (73) respectively.
Then,

(a) forallg e g,

= . 1 N
Vgl s (ZC’d,l, m) -good on U
(b) forallge g,

sup [[Vg)[2 > p2- (75)
xeU

This proposition together with Corollary 3 and the basic properties of (C,a)-good
functions given in [8, Lemma 3.1] enables us to deduce the following statement, which
establishes condition (i) in the higher rank case.

Corollary 4. Let U C R? be a ball and £ = (f1,..., fn) be an n-tuple of C'*1 functions
satisfying Assumption 1. Let A be the discrete subgroup given by (58) and T' € L(A)
be a primitive subgroup of A. Furthermore, let H be the map given by (59). Then, the
function

x = v, (H)D) (76)
is (C, a)-good on the ball U with constants C and a given by (62) and (65) respectively.

Proof. Let k denote the rank of I'. The case k = 1 has already been established as a conse-
quence of Corollary 3 in §7.1. Assume therefore that k& > 2. It is shown in [8, §7, Eq. (7.3)]
that there exist real numbers a,b, u € R such that, for all x € U, v, (H(x)T') given by
(76) can be expressed as the Euclidean norm of a vector w(x). Furthermore, there exists
an orthonormal system of vectors of the form & = {eg,e},..., e} Vvi,...,vx_1} when
k < n or of the form & = {eg,e},..., €}, Vvo,...,vkg_1} when k = n + 1 such that w(x)
is a linear combination of

(k + 1) (dk + 2)

Lq(k) :== 5

skew products of elements of S whose coefficients are of any of the following form:

a+bf - vy (77)
b (78)

bf-v; 1<i<k-1) (79)
buds(f-v;) 1<i<k, 1<s<d) (80)
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where

uX(i,58) (1<i<k-11<s<d) (81)
buY(i,js) (1<i<j<k—1,1<s<d), (82)
X(i,S) = (f~vi)83(a+bf~v0)f(a+bf'v0)85(f~v,-)

and

Y(i,j,8) = -v;)0s (f-v;) = (f-v;)0s (f-vy).

o It follows from part (a) of Corollary 3 and [8, Lemma 3.1(a,d)] that the coordinate
functions given by (77), (78) and (79) are (C’, «)-good, where

C = ¢ .
(La(n+1) - d)*/?

It follows from part (b) of Corollary 3 and [8, Lemma 3.1(a,d)] that, when the index
i is fixed, the maximum over s of the coordinate functions given by (80), that is, the
quantity ||bu V(£ - v;)|leo, is (C, a)-good.

It follows from Proposition 2 and [8, Lemma 3.1(a,d)] that, for fixed indices ¢ and j,
the Euclidean norm over s of the coordinate functions given by (81) and (82), that
is, the quantities || V(f - v, a+bf - vo)||2 and [|bu V(- v4, f-v;) |2 respectively, are
(C', @)-good. On using the relation

Mol

- ll2

valid in R? and [8, Lemma 3.1(c)], it follows that ||uV(f - vi,a + bf - vg)|so and
bV (f-vi, fv;)|oo are (d*/2C", a)-good.

S

The upshot of the above together with [8, Lemma 3.1(b)] is that the maximum of the

coordinate functions (77)-(82) is (d*/2C", a)-good. In turn, on using the relation

Y K1

VLa(k) ~ - ll2

valid in R¥4(®) and [8, Lemma 3.1(c)], we have that

v, (H()T) s (O’(d - La(k))*/2, a) _good.

As k < n+ 1, the desired statement follows. O
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Modulo the proof of Proposition 2, we have completed the task of verifying condition
(i) of Theorem 7. The proof of the proposition is rather lengthy and therefore is postponed
till after we have verified condition (ii) of Theorem 7.

7.4. Verifying condition (ii) of Theorem 7 modulo Proposition 2

The following lemma, which although not explicitly stated, is essentially proved in [8,
§7], see [8, Eq. (7.5)] and onwards. The key difference is that we make use of Proposition 2
in place of [8, Proposition 4.1] and so are able to give explicit values of p; and p.

Lemma 7. Let U C R? be a ball and £ = (f1,..., fa) be an n-tuple of C'*1 functions
satisfying Assumption 1. Let p1,p > 0 be given by (41) and (43) respectively and assume
that for any v € S"! and p € R we have that

sup |f(x)-v+p| > p1 and sup ||V (£(x)-V)| > p1- (83)
xe€U xeU

Furthermore, let A be the discrete subgroup given by (58), T' € L(A) be a primitive
subgroup of A and H be the map given by (59). Then

sup v« (H(x)T") > p.
xeU

The following statement immediately verifies condition (ii) of Theorem 7. It is the
above lemma without the assumptions made in (83).

Corollary 5. Let U C R? be a ball and £ = (f1,..., fn) be an n-tuple of C'*1 functions
satisfying Assumption 1. Let A be the discrete subgroup given by (58) and T € L(A) be a
primitive subgroup of A. Furthermore, let H be the map given by (59). Then

sup v« (H(x)T") > p, (84)
xeU

where p is given by (43).

Proof of Corollary 5. The desired statement follows directly from Lemma 7 on verifying
the inequalities associated with (83). Let v € S*~1. By the definition of sg := s(; £, Ut),
there exists a u € S 1 and 1 < k <[ such that

k(f. v
e

Recall, that xq is the centre of U. It follows that for any x € U, we have that:
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oFf ok f oFf oFf
‘V' ﬁ(x) = |V W(Xo) - |V (W(Xo) - W(X))‘
oFf OFf
> a0~ | G e~ )| (56)
Let s’ denote the unit vector
S/ — X — Xp )
[x —xoll,

By Lagrange’s Theorem, there exists x’ between x¢ and x such that

OFf OFf o [ OFf
W(XO) = W(X) + [|x = %oll5 s (W) (x').

It then follows from (86) and the definition of M in (36) that

v S

> so— M ||x — x|y -

This together with the fact that r < so/2M — a direct consequence of (37) —, implies
that

‘8k(f'v) >s5/2 VYxeU. (87)

ok %)

The upshot is that the hypotheses of [8, Lemma 3.6] are satisfied. A straightforward
application of [8, Lemma 3.6] together with (41) implies that

2
sup |f(x) . V+p| > 30/ S0 (2r)l — Pl\/a Z 1

k
= > 0
e Z k) 2

for any p € R. Thus the first inequality appearing in (83) is established.
It remains to prove the second inequality in (83); that is, that for any v € S*~1,

(2r)t. (88)

50
VEE) V| > = ——0
sup IVEC9loe 2 1= G Ve

Recall from above that for any v € S"~! we can find a vector u € S?~! such that (85)
and (87) hold. Furthermore, observe that

(x) =u"-V(f(x)-v). (89)

We proceed by considering two cases, depending on whether or not k¥ = 1 in (85).
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e Suppose k =1 in (85). Then it follows from (87) and (89) that
-V (£(x) - v)| > %0 VxeU.
On applying the Cauchy—Schwartz inequality, we obtain that
S0
IV (£ ), > 2 vxeU,

This together with the fact that | .|, < Vd| .|
appearing in (83).

o implies the second inequality

e Suppose k > 2 in (85). Consider the function g(x) := 0(;1’:’) (x) defined on U. Then

by (87), we have that

VxeU.

8k_1g
’W(X)

Thus, the hypotheses of [8, Lemma 3.6] are satisfied for the function g(x) and a
straightforward application of that lemma together with (41) implies that

50 1—1
> .
sup l9(x)| > 0= 1)1—111(%) > p1Vd (90)

Now the Cauchy—Schwartz inequality and (89) imply that
IV (£(x) - v)lly > [u* -V (£(x) - v)| = |g9(x)] VxeU.

This together with (90) and the fact that ||. ||, < Vd| .||
ment; namely that

imply the desired state-

sup [V (f(x) - v)[c = p1 . O
xeU

The upshot of §7 is that we have verified conditions (i) & (ii) of Theorem 7 as desired
modulo Proposition 2.

8. Proof of Proposition 2

In order to prove Proposition 2, we first establish an explicit version of [8, Lemma
4.3]. Throughout this section, the notation introduced in (68) will be used.

Lemma 8. Let B C RY be a ball of radius 1 and let B, denote the hypercube circumscribed
around B with edges parallel to the coordinate axes. Assume further that p = (p1,p2) :
B +— R? is a polynomial map of degree at most | > 1 such that
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sup [p(x) —p(¥)ll, < 2 (91)
x,yE€ B
and
sup dist (£, p(x)) > = (92)
xEB
for any straight line £ C R2. Then,
sup [FpGo)z > oot (14 sup [pGol, ) (93)
rep ! PEIIZ = 5016 /10 wen Pl
and
sup || Vpi(x)|l, < 20*Vd. (94)

x€B, i=1,2

Proof. Regarding (93), if we assume that sup,cp|p(x)|l; > 6, the argument used
to prove [8, Lemma 4.3] gives the stronger inequality in which the constant factor
1/(86016+/10) is replaced by 1/64. Thus, without loss of generality, assume that

supxep [P(X)[l; < 6. (95)

It is easily inferred from (92) that there exists x; € B, the closure of B, such that
lp (x1)]|, > 1/8. Working in polar coordinates and choosing the straight line £; joining
the origin to p (x1) to be the polar axis, let (p(x),6(x)) denote the polar coordinates
of a vector x € R%. Thus, p(p(x;)) > 1/8. Furthermore, from (92), there exists xo € B
such that dist (L1, p(x2)) > 1/8 and therefore, together with (95), we have that

10 (p (x2))| > |sin® (p (x2))| = %

1/8 1

> = —.
z & 15 (96)

Now let A be the straight line joining p(x;) and p(x2). Furthermore, let £5 denote

the z-coordinate axis, (x1,y1) the Cartesian coordinates of p(x2) and (p(p(x1)),0) the
Cartesian coordinates of p(x;). Then the Cartesian equation of A is

A yrz — (21 — p(p(x1)))y — p(P(x1))y1 = 0.

It follows from the choice of the points x; and x2 together with (91), (92) and (95) that

<|n| <6, p(p(x1)) > 5 and |21 — p(p(x1))] < 2.

0| =
ol —
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Therefore, the distance from the origin O to A satisfies the inequality

i |(p(p(x1))v1] (1/8)2 1
S0 = = 792 : (97)
\/yf + (21— p(p(x1))” V62 +2 128/10

Let J denote the straight line segment [x1,x2] and let u be the unit vector

X2 — X1

u=—:
l[x2 — x1[,

Restricting p to J, Lagrange’s Theorem guarantees the existence of y € (x1,x2) such
that

00

0 (p(x2)) = a—u(y)\JI-

It then follows via (74), (96) and (97) that

VP2 > [u-Vp(y)| = o (y) g_i(y)’
> dist (A, 0) w = dist (A, 0) %
1 1

> = .
T 12810 x 48 x 2 12288 /10

Thus,

- 1 7 1
S \Y% > = > 1+ s .
xlelIE);H px)llz = 12288+/10 8601610 — 8601610 ( xlelg ”p(x)”2)

This completes the proof of (93). We now turn out attention to (94).

Let i € {1,2}. It may be assumed without loss of generality that p; (0,...,0) = 0
and that the ball B is centred at the origin. Then, for given xs,..., x4 in R, consider
the polynomial in one variable p (z) := p; (x, 22, ..., z4), which is of degree at most . It
follows from (91) that

sup [p ()| < 2.
jol<1

Hence by Markov’s inequality for polynomials, we have that

b,

dx %(‘Tl,iﬂg,...,xd) < 212

T

sup
o] <1

= sup
|z1|<1
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This together with the fact that ||. |, < v/d||. ||, implies that

e {sup [V () sup [V b < 27V
xeB xeB
and therefore completes the proof of the lemma. O
We now have all the ingredients in place to prove Proposition 2.
Proof of Proposition 2. The proposition is an explicit version of [8, Proposition 4.1].
Within our setup in which G is given by (73), the starting point for the proof of part (a)
of [8, Proposition 4.1] corresponds to the existence of positive constants ¢, ¢, and « with

0<d<1/8  and 2C 41 Nyo1/(@2=D(=2)) < (98)

such that for every g € G one has

k
VvesS' Juest! 3k<i : inf|v 8—g(x) >c (99)
xE 8uk
and
dear decar
. 9 -9 < = 100
x?;lfﬁ” 58(x%) — Opg(y)|l < S+ 1) 1602+ 1)Vd (100)

for all multi-indices 3 with |8| = I. Here, £ = 21?>\/d is the quantity in right-hand side
of (94) and the real number « is required to be less than the constant appearing in the
right-hand side of (93), that is,

1
o<l —.
~ 86016v/10

The statements (99) and (100) correspond exactly to [8, Eq. (4.5a) & Eq. (4.5b)] with
V replaced by U.
The proof of part (a) of Proposition 2 follows from the existence of the constants 4, c,

(101)

and « as established in the proof of part (a) of [8, Proposition 4.1]. It remains for us to
show that, given the definition of r in (37), it is indeed possible to choose such constants
in such a way that the relations (98)—(101) hold.

With this in mind, set

6=,
where 7 is defined by (38). It follows from the definition of 1 and the well known bound

Ny < 5% for the Besicovitch constant (cf. Remark 3 p.245) that (98) is satisfied with
d = n. We proceed with verifying (99) and (100).
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Regarding (99), let g = (u; - f,us - £+ ug) € G. Also, let u := (u1,uy) with uy,us €
S*—1 and let v := (v1,v2) € S!. Furthermore, let w denote the vector w := viu; + vaus.
Since by the definition of G, the vectors u; and us are orthogonal, it follows that w €
Sm=1. Now observe that for any multi-index 3 such that |3| <1,

V-aﬁgzw-agf.
By the definition of so = s(I;f, Ut), there exists s € S*~! and 1 < k < [ such that

org

V- w(XO) > S0 -

okt
- ’W. @(XO)

As per usual, x¢ denotes here the centre of U. It follows that for any x € Ut we have

that
ok f ok f
- ’W' (@0‘0) - @“‘))‘

oFf
‘W' asr )

oFf oFf
S0 — Hask(xo) - @(X)

v

(102)

2

The same arguments as those used to prove (87) can be employed to show that

S ~
>0 yxeUT.

OFg
- 2

V'@(X)

This proves (99) with

We now turn our attention to (100). With g and u as above, first note that for any
x € Ut and for any multi-index 8 such that |3| = I, we have that

1058 (x) =058 (x0) [|2 = [|(u1 - (Fpf(x) — Opf(x0)) , uz - (Ipf(x) — Ipf(x0)))ll, -
(103)

Next, note that from the Cauchy—Schwarz inequality, we have that, for i = 1,2,
(wi - (9pF (%) — s (x0)))* < (|05 (x) — Dpf (x0) 5. (104)
On combining (103) and (104), we find that

1058 () — Dp8 (x0) |, < V2[|95E (x) — It (x0) 2.
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Now, since f satisfies Assumption 1, in view of (36), we obtain that
195 (x) — 9pF (x0)l2 < MV2||x — o, -
Hence, for any x,y € UT we have that

1058 (x) — 9pg (¥)ll, < 2M ([[x = %olly + [ly = %oll2) -

In view of (37), we also have that

1% = xolly + [y —xoll, < 28"+ r

<9. 3n+d+2 . 150
= 14107372 G IF2(1 1 1)!

_ 1so )
2107 dMI+2(1 + 1)!

The upshot is that

NS0
— P —
sup Haﬁg (X) aﬁg (y)||2 = 107dll+2(l—‘r 1)! (105)

x,yeUt+
for any multi-index § with || = {. This proves (100) with

LB
T107Va’

which clearly satisfies (101).

To prove part (b) of Proposition 2, we closely follow the proof of part (b) of [8,
Proposition 4.1]. The new ingredient in our proof is the calculation of explicit constants
at appropriate places. With this in mind, let g = (g1, 92) € G and take B appearing at
the start of the proof of [8, Proposition 4.1(b)] to be U, so that B = 1U. We claim that
there exists a point y € B such that

TlSO
le)lly = 7: (106)

RTIEE

To see that this is so, take v := (1,0) € S'. In view of (99), there exists a vector u € S4~!
and 1 < k£ <[ such that

8k91
ouk

(x)‘ > c:z%o vxeU.
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Thus, on applying [8, Lemma 3.6] to the function g; and the ball B, we obtain that

l l

sup [g1(x) — g1 (¥)] > 5 = o
xyeB PR E ) T 20+ 1)

This implies the existence of a point y € B such that

el = 11 (V)| = 7
as claimed. Next, observe that for any w € S%~! and any x € U,
. Of
%(X) = (ul %Vg(x)).
aW us - T(X)

Therefore, on using the Cauchy—Schwarz inequality, we obtain via (36) that

< V2M. (107)

2

=l

Now, observe that, in view of (37), of the definition of 7 and of the fact that so < M,
we have that

T<rM.

Consider the ball B’ C B = U with radius 7/(2M) < r/2 centred at y, where y satisfies
(106). Take a vector v € S orthogonal to g(y). In view of (99), there exists a vector
u e St and 1 <k <1 such that

S

k
’ ag(x)'ECZEO VxelU.

v. —
ouk

Thus, on applying [8, Lemma 3.6] to the function x — v-g(x) and the ball B’, we obtain
that

S0 7\!
. P S— . 1
sup V- 8001 2 ) (M) (108)

On the other hand, the upper bound (107) implies that

T T

sup () ~ gl < 577 VIM = (109)
The upshot of (108) and (109) is that we are able to apply [8, Lemma 4.2] to the map
g : B’ — R? to yield (75) and thereby complete the proof of part (b) of Proposition 2.
For ease of comparison, we point out that the quantities a, § and w appearing in the
statement of [8, Lemma 4.2] correspond to 7, 7/v/2 and the right-hand side of (108)
respectively. 0O



F. Adiceam et al. / Advances in Mathematics 302 (2016) 231-279 275

Acknowledgments

The main catalysts for this paper were the ‘York-BT Mathematics of MIMO’ meeting
at BT, Adastral Park on 14 June 2013 and the subsequent international ‘Workshop
on interactions between number theory and wireless communication’ at the University
of York between 9-23 May 2014. The aim of these meetings was to explore potential
applications to wireless technology of current research on Diophantine approximation.
We would like to take this opportunity to thank the ‘electronic’ participants for putting
up with our naive questions and often nonsensical ramblings. In particular, we would
like to thank to Alistar Burr (Dept. of Electronics, York) and Keith Briggs (BT Labs)
for their enthusiastic support in making sure that the meetings actually happened —
they were our main link to the electronics world!

All five authors of this paper are number theorists and we have all benefited hugely
from the presence of Maurice Dodson in our lives at some stage in our careers in some
form or another. Not only does he have a wonderful mind and personality but his intel-
lectual curiosity knows no boundaries. We would like to think that some of his curiosity
has rubbed off onto us and for this we are forever in his debt. There is so much to gain
in engaging in dialogue with researchers in other disciplines and attempting to overcome
‘language’ barriers. In short, thank you Maurice for being a genuine intellectual.

SV would like to thank his teenage daughters Iona and Ayesha for still being a joyous
addition in his life but would strongly urge them to improve their taste in music. Also a
massive thanks to Bridget Bennett for sticking around even at fifty — congratulations!
EZ is enormously grateful to Aljona who not only recently gave birth to their daughter
Alyssa but looked after her during his obsession with this project. Infinite thanks to
Alyssa herself, just for her simple existence and for all the joy and happiness she has
already brought to his life.

Appendix A. Diophantine approximation on manifolds and wireless technology

In short, interference alignment is a linear precoding technique that attempts to align
signals in time, frequency, or space. The following exposition is an attempt to illustrate
at a basic level the role of Diophantine approximation in implementing this technique.
We stress that this section is not meant for the “electronics” experts. We consider two
examples. The first basic example brings into play the theory of Diophantine approx-
imation while the second slightly more complicated example also brings into play the
manifold theory.

Example 1. There are two people (users) S1 and Sz who wish to send (transmit) a
message (signal) u € {0,1} and v € {0, 1} respectively along a single communication
channel (could be a cable or radio channel) to a person (receiver) R. Suppose there
is a certain degree of fading (channel coefficients) associated with the messages during
transmission along the channel. This for instance could be dependent on the distance
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of the users to the receiver and in the case of a radio channel, the reflection caused
by obstacles such as buildings in the path of the signal. It is worth stressing that this
aspect of “fading” associated with a signal should not be confused with the more familiar
aspect of a signal being corrupted by “noise” that will be discussed a little later. Let
hy and hs denote the fading factors associated with the messages being sent by S; and
So respectively. These are strictly positive numbers and assume their sum is one. Also,
assume that the channel is additive. That is to say that R receives the message:

y = h1x1 + hoxa where x1=u and x9="v. (110)

Specifically, the outcomes of y are

hy if w=0andv=1

y= (111)
ho if wu=landv=0
1="hi+ hs if u=v=1,

and if hy # ho, the receiver is obviously able to recover the messages u and v. Moreover,
the greater the mutual separation of the above four outcomes in the unit interval I =
[0, 1], the better the tolerance for error (noise) during the transmission of the signal. The
noise can be a combinations of various factors but often the largest contributing factor
is the interference caused by other communication channels. If z denotes the noise, then
instead of (110), in practice R receives the message:

y=hizi + hoxo + 2 where z;=u and ay=". (112)

Now let d denote the minimum distance between the four outcomes of y € I which
are explicitly given by (111). Then as long as the absolute value |z| of the noise is
strictly less than d/2, the receiver is able to recover the messages u and v. This is
simply due to the fact that intervals of radius d/2 centred at the four outcomes of
y are disjoint. In this basic example, it is easy to see that the maximum separation
between the four outcomes is attained when h; = 1/3 and he = 2/3. In this case
d = 1/3, and we are able to recover the messages u and v as long as |z| < 1/6. The
upshot is that the closer the real numbers hy and he are to 1/3 and 2/3 the better
the tolerance for noise. Hence, at the most fundamental level we are interested in the
simultaneous approximation property of real numbers by rational numbers. In practice,
it is the probabilistic aspect of the approximation property that is important — knowing
that the numbers hy and hy lie within a ‘desirable’ neighbourhood of the points 1/3 and
2/3 with reasonably high probability is key. This naturally brings into play the theory
of metric Diophantine approximation.
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— h1 ha
L ) yi Ll N L Ll N L |
[ U Ay T ] \ [ ] \ 1
0 1 2 1
3 3
Note that from a probabilistic point of view, the chances that h; = hy is zero

and is therefore insignificant. Furthermore, within the context of this basic example,
by weighting (precoding) the messages u and v appropriately before the transmission
stage it is possible to ensure optimal separation (d = 1/3) at the receiver regardless of
the values of h; and hsy. Indeed, suppose 1 = %hl_lu and yo = %h; Ly are transmit-
ted instead of u and v. Then, without taking noise into consideration, R receives the

message
Y =hix1 + howy = 3u+ 3v (113)

and so the specifics outcomes are

0 if u=v=0
1/3 if w=0andv=1
y= (114)
2/3 if u=landv=0
1 if wu=v=1.

Example 2. There are two users S; and Sy as before but this time there are also two
receivers Ry and Ry. Suppose S7 wishes to simultaneously transmit independent signals
u1 and v as a single signal, say 1 = u; + v; where u; is intended for Ry and v; for Rs.
Similarly, suppose So wishes to simultaneously transmit independent signals us and vy as
a single signal, say xo = ug + vy where us is intended for R; and vy for Ry. As in the first
example, for the sake of simplicity, we can assume that the signals uy, us, vy, v € {0,1}.
Now let h1; and ho; denote the channel coefficients associated with signals being sent by
S1 to Ry and Ry respectively. Similarly, let hio and hos denote the channel coefficients
associated with signals being sent by Sy to R; and Ry. Assume that the channel is
additive and let y; (respectively y2) denote the signal at receiver Ry (respectively Ra).
Thus,

Y1 = huiiw1 + higao (115)
Yo = ho121 + haoto (116)
where

r1=u; +v1 and Xy = us + vs. (117)
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h11
U, V1 Sl Y xrq Y1 Y Rl

hio

h

21
u2, V2 52 T2 Y2 Y RQ

h22

Recall, that R; (respectively Ry) only cares about recovering the signals u; and wug

(respectively v1 and vg) from g (respectively ys). For the moment, let us just concentrate
on the signal received by R;; namely

y1 = hiiur + higuo + hi1v1 + higva .

It is easily seen that this corresponds to a received signal in Example 1 modified to
incorporate four users and one receiver. This time there are potentially 16 different
outcomes. In short, the more users, the more outcomes and therefore the smaller the
mutual separation between them and in turn the smaller the tolerance for noise. Now
there is one aspect of the setup in this example that we have not yet exploited. The
receiver R is not interested in the signals v; and vy. So if they could be deliberately
aligned via precoding into a single component v; + v2, then y; would look like a received
signal associated with just 3 users rather than 4. With this in mind, suppose instead of
transmitting x; and xs given by (117), S; and So transmit the signals

1 = hooui + hiov1  and 9 = hojus + h11v2 (118)

respectively. Then, it can be verified that the received signals given by (115) and (116)
can be written as

y1 = (h1rhe2)us + (harhiz)ug + (hi1hi2)(v1 + v2)

y2 = (harhi2)vr + (hirhao)va + (harhao)(ur + ug) .

In other words, the unwanted, interfering signals at either receiver are aligned to a one
dimensional subspace of four dimensional space. Notice that in the above equations the
six coefficients are only of four variables, namely h;;, 7,7 = 1,2, and thus represent
dependent quantities. This, together with our findings from Example 1, naturally brings
into play the manifold theory of metric Diophantine approximation.

Example 2 is a simplified version of Example 3 appearing in [16, §I1T]. For a deeper
and more practical understanding of the link between interference alignment and metric



F. Adiceam et al. / Advances in Mathematics 302 (2016) 231-279 279

Diophantine approximation on manifolds the reader is urged to look at [16] and [12,
§4.7].
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