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Partial mirror symmetry, lattice presentations and algebraic
monoids

Brent Everitt and John Fountain

ABSTRACT

This is the second in a series of papers that develops the theory of reflection monoids, motivated
by the theory of reflection groups. Reflection monoids were first introduced in [7]. In this paper we
study their presentations as abstract monoids. Along the way we also find general presentations
for certain join-semilattices (as monoids under join) which we interpret for two special classes
of examples: the face lattices of convex polytopes and the geometric lattices, particularly the
intersection lattices of hyperplane arrangements. Another spin-off is a general presentation for the
Renner monoid of an algebraic monoid, which we illustrate in the special case of the “classical”
algebraic monoids.

Introduction

“Numbers measure size, groups measure symmetry”, and inverse monoids measure partial
symmetry. In [7] we initiated the formal study of partial mirror symmetry via the theory of
what we call reflection monoids. The aim is three-fold: (i). to wrap up a reflection group and a
naturally associated combinatorial object into a single algebraic entity having nice properties,
(ii). to unify various unrelated (until now) parts of the theory of inverse monoids under one
umbrella, and (iii). to provide workers interested in partial symmetry with the appropriate
tools to study the phenomenon systematically.

This paper continues the programme by studying presentations for reflection monoids. As
one of the distinguishing features of real reflection (or Coxeter) groups are their presentations
this is a natural thing to do. Broadly, our approach is to adapt the presentation found in [4]
to our purposes.

Roughly speaking, an inverse monoid (of the type considered in this paper) is made up out
of a group W (the units), a poset E with joins V (the idempotents) and an action of W on
E. A presentation for an inverse monoid thus has relations pertaining to each of these three
components. In particular, we need presentations for W as a group and E as a monoid under
V.

For a reflection monoid, W is a reflection group. If it is a real reflection group, as all in this
paper turn out to be, then it has a Coxeter presentation; so that part is already nicely taken
care of.

The poset E is a commutative monoid of idempotents, and we invest a certain amount
of effort in finding presentations for these (§1). We imagine that much of this material is of
independent interest. Here we are motivated by the notion of independence in a geometric
lattice (see for instance [21]), which we first generalize to the setting of graded atomic V-
semilattices. The idea is that relations arise when we have dependent sets of atoms. Our first
examples are the face monoids of convex polytopes, and it turns out that simple polytopes
have particularly simple presentations. The pay-off comes in §5, where these face monoids are
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the idempotents in the Renner monoid of a linear algebraic monoid (Renner monoids being to
algebraic monoids as Weyl groups are to algebraic groups). We then specialize to geometric
lattices—their presentations turn out to be nicer (Theorem 1.6). We finally come full circle with
the intersection lattices of the reflecting hyperplanes of a finite Coxeter group (§1.4), where we
work though the details for the classical Weyl groups. These reappear in §4 as the idempotents
of the Coxeter arrangement monoids.

Historically, presentations for reflection monoids start with Popova’s presentation for the
symmetric inverse monoid .#, [22]. Just as the symmetric group &,, is one of the simplest
examples of a reflection group (being the Weyl group of type A,_1) so %, is one of the
simplest examples of a reflection monoid (the Boolean monoid of type A,,_1; see [7, §5]). Our
general presentation for a reflection monoid (Theorem 2.1 of §2) specializes to Popova’s in this
special case, unlike those found in [11, 25]. In the resulting presentation there is one relation
that seems less obvious than the others. This turns out to always be true. The units in a
reflection monoid form a reflection group W and each relation in this non-obvious family arises
from an orbit of the W-action on the reflecting hyperplanes of W. So, the interaction between a
reflection group and a naturally associated combinatorial object — in this case the intersection
lattice of the reflecting hyperplanes of the group — manifests itself in the presentation for the
resulting reflection monoid.

Sections 3 and 4 work out explicit presentations for the two main families of reflection
monoids that were introduced in [7]: the Boolean monoids and the Coxeter arrangement
monoids.

Finally, we turn our attention to algebraic monoids and Renner monoids in §5. We are not
aware of a length function for general reflection monoids or even for Coxeter arrangement
monoids. Moreover, a Coxeter arrangement monoid does not seem to be associated with a
particular reductive monoid. Thus the techniques used in [10] and [11] to find presentations
for Renner monoids are not available to us in getting presentations for reflection monoids. We
therefore use only elementary combinatorics. Although not all Renner monoids are reflection
monoids (see [7, Example 8.3]), our methods are easily adapted to get presentations for Renner
monoids and our general result involves fewer generators and relations than those found in [10]
and [11]. The basic principle here is to build an abstract monoid of partial isomorphisms from
a reflection group acting on a combinatorial description of a rational polytope. This abstract
monoid is then isomorphic to the Renner monoid of an algebraic monoid-the reflection group
corresponds to the Weyl group of the underlying algebraic group and the polytope arises from
the weights of a representation of the Weyl group (a reflection group and naturally associated
combinatorial structure being wrapped up!). We work the details for the “classical” algebraic
monoids (special linear, orthogonal, symplectic) as well as another nice family of examples
introduced by Solomon in [26].

As a final remark, we recall that although every Renner monoid is a homomorphic image
of a geometric lattice reflection monoid (see [7, Theorem 8.1]), it is not clear (to us) what
connection, if any, there is between the presentations of the two monoids. In particular, we
do not know if it is possible to obtain a presentation for a Renner monoid from one for the
corresponding reflection monoid.

We end this section by setting notation for reflection groups (see [3, 14, 16] for more details)
and recalling the monoids of partial symmetries introduced in [7].

Let V be a finite dimensional vector space over R and W = W (®) C GL(V) finite, be the
reflection group generated by the reflections {s,},ce for ® C V a finite root system. Then
there is a distinguished set S of generating reflections giving W the structure of a Coxeter
group with generators S and relations (st)™st = 1 for mg € ZZ!. For future reference we list
in Table 1 the ®, the S and the Coxeter symbol for the Weyl groups of types A,,, B, and D,,.

The full set T" of reflections in W is the set of W-conjugates of S. Write o7 = {H, C V[t € T}
for the set of reflecting hyperplanes of W. Then W naturally acts on 7 and every orbit contains
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an H, with s € S. Moreover, if s,s’ € S then Hy; and Hy lie in the same orbit if and only if
s and s’ are joined in the Coxeter symbol by a path of edges labeled entirely by odd my;.
Thus the number of orbits of W on .o is the number of connected components of the Coxeter
symbol once the even labeled edges have been dropped. This number will appear later on as
the number of relations in a certain family in the presentation for a reflection monoid.

As in [7], when G C GL(V) is any group and X C V, a key role is played by the isotropy
groups Gx = {g € G|vg = v for all v € X}. A theorem of Steinberg [29, Theorem 1.5] asserts
that for G = W(®), the isotropy group W (®)x is itself a reflection group; indeed, generated
by the reflections s, for v € N X"+,

Now to partial mirror symmetry. Recall from [7, §2] that if G C GL(V) and 8 is a system
of subspaces for G then the monoid of partial isomorphisms is defined by M(G,S8) :={gy |g €
G,X € 8} where gy is the partial isomorphism with domain X. It is a factorizable inverse
monoid. If G = W is a reflection group then M (W, 8) is called a reflection monoid.

Similarly we have monoids of partial permutations: replace V' by a finite set F; the group G is
now G C Sy and 8 is a system of subsets of F for G [7, §9.2]. In all the examples in this paper
E will turn out to have more structure: it will be a V-semilattice with a unique minimal element
0 and with the G-action by poset isomorphisms. The system of subsets 8 consists of intervals
in E, namely, for any a € E the sets E>, :={b€ E|b>a}. Then E = E>¢o, E>q- 9= FE>q4
for g € G, and E>, N E>p = E>qvp. Ordering § by reverse inclusion, the map £ — § given by
a — E>, is a poset isomorphism that is equivariant with respect to the G-actions on E and 8.

1. Idempotents

1.1. Generalities

Let E be a finite commutative monoid of idempotents. It is a fundamental result that F
acquires, via the ordering x < y if and only if zy = y, the structure of a join semi-lattice with
a unique minimal element. Conversely, any join semi-lattice with unique minimal element is a
commutative monoid of idempotents via xy := x V y. Moreover, in either case we also have a
unique maximal element—the join of all the elements of (finite) E. From now on we will apply
monoid and poset terminology (see [28, Chapter 3]) interchangeably to E and write O for the
unique minimal element and 1 for the unique maximal one. The reader should beware: the 0
of the poset F is the multiplicative 1 of the monoid E and the 1 is the multiplicative 0. Recall
that a poset map f : E — E’ is a map with fz <’ fy when z < .

All of our examples will turn out to have slightly more structure: F is graded if for every
x € E, any two saturated chains 0 = g < x1 --- < £, = « have the same length. In this case
E has a rank function rk : E — Z=° with rk(z) = k. In particular rk(0) = 0, and if  and y are
such that < z <y implies z = x or z =y, then rk(y) = rk(z) + 1. Write rkE :=rk(1). The
elements of rank 1 are called the atoms, and F is said to be atomic if every element is a join
of atoms. In particular, an atomic F is generated as a monoid by its atoms.

For example, the Boolean lattice Zx of rank n is the lattice of subsets of X = {1,...,n}
ordered by reverse inclusion. It is graded with rk(Y’) = |X \ Y| and atomic with atoms the
a; :={1,...,4,...,n}. The monoid operation is just intersection.

Writing \/ S for the join of the elements in a subset S C F, call a set S of atoms independent
it VS\{s}<VS for all s€ S, and dependent otherwise; S is minimally dependent if it
is dependent and every proper subset is independent. These notions satisfy the following
properties, most of which are clear, although some hints are given:

(I1). If |S] < 2 then S is independent; in particular, any three element set of dependent atoms
is minimally dependent.
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(I2). If S is dependent then there exists T'C S with T independent and VT =V S
(successively remove those s for which \/ S\ {s} =V S).

(I3). Any subset of an independent set is independent.

(I4). If T is independent and S = T U {b} is dependent then there is a 77 C T with 7" U {b}
minimally dependent (this is clear if |S| = 3; if S arbitrary is not minimally dependent
already then there is an s € S with S\ {s} dependent, and in particular s # b. The result
then follows by induction applied to S\ {s}.)

(I5). If S is independent then there is an injective map of posets Bg < E, not necessarily
grading preserving (send T'C S to \/T in E); consequently, if S is independent then
|S] < rkE.

There is an obvious analogy here with linear algebra, which becomes stronger in §1.3 when E

is a geometric lattice.

Here is our first presentation. Throughout this paper we adopt the standard abuse whereby
the same symbol is used to denote an element of an abstract monoid given by a presentation
and the corresponding element of the concrete monoid that is being presented. Apart from the
proof of the following (where we temporarily introduce new notation to separate these out) the
context ought to make clear what is being denoted.

PrOPOSITION 1.1. Let E be a finite graded atomic commutative monoid of idempotents
with atoms A. Then E has a presentation with:

generators: a € A.
relations: ab = ba (a,b € A), (Idem2)
ai...ap =ai...agb(a;,be A, (Idem3)
for ay,...,ar,(1 <k <rkF) independent and b < \/ai.

Notice that when k = 1 the (Idem3) relations are a = a? for a € A. To emphasise the point
we separate these from the rest of the (Idem3) relations and call them family (Ideml). Note
also that the {ai,...,ax,b} appearing in (Idem3) are dependent.

Type Root system ® Coxeter symbol and simple system
v3 — V2 Un — Un—1
An_1(n>2) {vi—vj (1< i#j<n)} O—O— -
vy — U1 Un—1 Un—2
v2 — V1

Dy (n>4) {ftvi £v; 1<i<j<n)} o—:0 - v3 — v

v1 + v2

1 — Up_ v

Bn (n>2) {Fvi 1 <i<n), QLQU_R2 4~
n = :I:vi:l:vj (1SZ<]SH)} Un — U1 vy vy

TABLE 1. Root systems, simple systems and Coxeter symbols for the classical Weyl groups.
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Proof. We temporarily introduce alternative notation for the atoms and then remove it
at the end of the proof: we use Roman letters a,b, ... for the atoms A of E and their Greek
equivalents «, 3, ... for a set in 1-1 correspondence with A. Let M be the quotient of the free
monoid on the o € A by the congruence generated by the relations (Idem2)-(Idem3), with
Greek letters rather than Roman. We have already observed that F is generated by the a € A,
and the relations (Idem2)-(Idem3) clearly hold in E, so the map « — a induces an epimorphism
M — E. To see that this map is injective, we choose representative words: for any e € E'\ {0},
let Ac :={a€ A|la<e} and

It remains to show that any word in the a’s mapping to e can be transformed into the
representative word e using the relations (Idem1)-(Idem3). Let «; ...y be such a word and
let b € A, be such that b # a; for any 4. If no such b exists then the word is ¢ already and we
are done. Otherwise, there is an independent subset {a;, ...,a;,} withe=a;, V---Va,,, and
so we have an (Idem3) relation «y, - -, = a;, -+ - a;, 8. Multiplying both sides by «; ... ay,
reordering using (Ideml) and removing redundancies using (Idem2), we obtain «aj ...«af =
a1 . ... Repeat this until the word is e. O

For a simple example, the Boolean lattice #x of rank n has atoms the a; = {1, ... ,?, ..,n}
with \/ a;; the set X with the indices i; omitted. Removing an atom from this join has the effect
of re-admitting the corresponding index. The resulting join is thus strictly smaller than \/ a;;,
and we conclude that any set of atoms is independent. As an (Idem3) relation in Proposition 2.3
arises as a result of a set {a1,...,a, b} of dependent atoms, the (Idem3) relations are vacuous
when k£ > 1 and we have a presentation with generators a1, ...,a, and relations a? = a; and
a;a; = aja; for all 4, j.

1.2. Face monoids of polytopes

In §5 we will encounter a class of commutative monoids of idempotents that are isomorphic
to the face lattices of convex polytopes. It is to these that we now turn.

A (convex) polytope P in a real vector space V is the convex hull of a finite set of points.
The standard references for convex polytopes are [12, 31]. An r-dimensional face is defined in
[12, §2.4]. We cousider P itself to be a face, and say P is a d-polytope when dim P = d, and
& to be the unique face of dimension —1. A (d — 1)-face of a d-polytope is called a facet.

Let % (P) be the faces of P ordered by reverse inclusion (this is the opposite order to
that normally used in the polytope literature). In any case, it is well known that % (P) is
a graded (with rkf = codim pf := dim P — dim f) atomic lattice with atoms the facets, join
fiV fo= fiN fa, meet f1 A fo the smallest face containing f; and f, unique minimal element
0 = P and maximal element 1 = & (hence rk.% (P) = dim P). We call the associated monoid
the face monoid of the polytope P.

Two polytopes are combinatorially equivalent if their face lattices are isomorphic as lattices.
The combinatorial type of a polytope is the isomorphism class of its face lattice, and when one
talks of a combinatorial description of a polytope, one means a description of #(P). In this
paper, all statements about polytopes are true up to combinatorial type.

EXAMPLE 1 (the d-simplex A4). Let V be a (d + 1)-dimensional Euclidean space with basis
{v1,...,v441} and A? the convex hull of these basis vectors. Any subset of the v; of size k + 1
spans a k-simplex. If X = {1,...,d + 1} then .#(A?) is isomorphic to the Boolean lattice %Zx
by the map sending Y C X to the convex hull of the points {v; | i € Y'}. Thus, any set of facets
is independent.
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In particular .#(A?) has a presentation with generators ai,...,aq+1 and relations a? = a;

and a;a; = aja;. We will meet this commutative monoid of idempotents twice more in this
paper: as the idempotents of the Boolean reflection monoids in §3, and as the idempotents of
the Renner monoid of the “classical” linear monoid kXSLg in §5.2.

A d-polytope is simplicial when each facet has the combinatorial type of a (d — 1)-simplex.

EXAMPLE 2 (the d-octahedron or cross-polytope ). Let V be d-dimensional Euclidean
and let O¢ be the convex hull of the vectors {#w1,...,4v4}. To describe ¢ combinatorially,
let +X = {+1,..., £d} and call a subset J C +X admissible whenever J N (—J) = &. Alter-
natively, if JT =JN X and J~ =JN(—X) then —JT NJ~ = &. Note that the admissible
sets are closed under passing to subsets (hence under intersection) but not under unions. Let
FEy be the admissible subsets of X ordered by reverse inclusion. This poset has a number of
minimal elements, namely, any set of the form J*UJ~ with JT C X and J~ =X\ —J™.
In particular these sets are completely determined by J*. Let E be Ey, together with X, and
ordered by reverse inclusion. Then the map sending J € E to the convex hull of the points

{’UZ|’L € J+} U{*U,i” € Ji},
is a lattice isomorphism E — .Z(O49). In particular, if f;, fx are faces corresponding to J, K €

E then f;V fx = finkx. We will meet the monoid E again in §5.2 as the idempotents of the
Renner monoids of the classical monoids k*SOzqq, kXSO2441 and kX Spy,.

For a convex polytope P there is a dual polytope P*, unique up to combinatorial type, with
the property that .7 (P*) = % (P)°PP, the opposite lattice to .Z(P), i.e. #(P)°PP has the same
elements as .Z (P) and order f; < fa in .#(P)°PP if and only if fo < f1 in Z(P) (see [12, 3.4]).
Call P simple if and only if its dual P* is simplicial. Equivalently, each vertex (0-face) of P is
contained in exactly dim P facets. The d-simplex is self dual, corresponding to the fact that a
Boolean lattice is isomorphic as a lattice to its opposite. Another simple polytope is:

EXAMPLE 3 (the d-permutohedron). Let V' be (d + 1)-dimensional Euclidean and let the
symmetric group G441 act on V via v;m = v;; for m € G441. Writing v - G441 for the orbit of
veV,let 0 <my <--- <mgy1 be integers and define a d-permutohedron P to be the convex
hull of the orbit (3" m; v;) - S44+1. The combinatorial type of P does not depend on the m;, so
we will just say the d-permutohedron. Figure 1(c) shows the 3-permutohedron. Our interest in
permutohedra comes about as the lattice & (P) is isomorphic to the idempotents of the Renner
monoid of §5.3.

To get a presentation for .7 (P) it is useful to have a combinatorial version of % (P), and we
now describe such a version in some detail. To this end, an orientation of a 1-face (i.e. edge)
{vi,v;} Vi®———8Yj of the d-simplex A? has the form Vi @——>@7U; written (v;,v;), or
Vi @<——@Yj written (v;,v;). If A? is a d-simplex with some edges oriented, then we say
that the oriented edges form a partial orientation O of A9,

A partial orientation O is admjssible when (i). for any 2-face {v;,v;,vx} in A? with (v;,v;)
and (v;,v,) € O we have (v;,vg) € O also, i.e.

& 44
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and (ii). every 2-face in A% has either 0 or > 2 of its incident edges in O. We call these two
properties transitivity and incomparability.

Let Ey be the set of admissible partial orientations of A? and define O; < O iff every edge
in O; is also in Oz and with the same orientation, i.e. the order is just inclusion. This is a
partial order on Ey with a unique minimal element & (i.e. no edges oriented) and maximal
elements with every edge oriented. Formally adjoin a unique maximal element 1 to get the
poset E. Define O; V Os to be the union of the oriented edges in O; and O- if this gives an
admissible partial orientation, or 1 if it doesn’t. Then FE has the structure of a join semi-lattice.
If there is an edge oriented one way in O; and the other way in O then O; V O is not even
a partial orientation. It turns out that this is the only obstacle to O; V O2 being admissible:

— If O1, 05 are admissible with O; V Os a partial orientation, then O; V Os is transitive.
— If 01,0, are partial orientations satisfying incomparability and with O; V Os a partial
orientation, then O; V O satisfies incomparability.

Thus for O; € E we have \/ O; < 1 exactly when \/ O; is a partial orientation, i.e. each edge
is oriented consistently, if at all, among the O;.

For J a non-empty proper subset of X = {1,...,d+ 1}, let A; be the sub-simplex of AY
spanned by the vertices {v; | j € J} and Ax\ ; similarly. Let O be the partial orientation where
the only edges oriented are those not contained in either A; or Ax\ s; necessarily such edges
have one vertex v; (j € J) and the other v; (¢ € X \ J). Orient the edge with the orientation
running from the latter vertex to the former. We leave it to the reader to show that the O are
admissible partial orientations and moreover, are minimal non-empty elements in the poset E,
ie. Oy € E,and if O € E with O < Oy then O = @.

For any O € E define a relation ~ on the vertices of A? by u ~ v exactly when there is
no path of (consistently) oriented edges from wu to v or from v to u. This is easily seen to be
reflexive and symmetric, and also transitive, the last using the incomparability and transitivity
of the partial orientation O. Let {A1,...,A,} be the resulting equivalence classes. It is easy
to show that given A;, A; and vertices u € A;,v € A; that the edge connecting them lies in
O, oriented say from u to v. Moreover, given any other such pair u’,v’, the edge connecting
them is also oriented from u’ to v’. Define an order on the A’s by A; <= A; whenever the pairs
are oriented from A; to Aj in this way. In particular, < is a total order and so we write the
equivalence classes (after relabelling) as a tuple (A1, ..., A}), i.e. we have an ordered partition.

For the O; above we just get (X \ J,J) via this process. If O € E and (A4, ..., A,) is the
corresponding ordered partition then let J, = Ay U---UA,. We leave the reader to see that
we can then write

p
o0=\/0y, (1.1)
k=2

an expression for O as a join of atomic O;. In particular the O; comprise all the atoms in F.

ProprosSITION 1.2. Let P be the d-permutohedron and E the poset of admissible partial
orientations of the d-simplex with a formal 1 adjoined. If O € E is given by (1.1), let fo be
the convex hull of those vertices Y m;,v; such that

Xjes, Mgn = ma+ e myyy

for all k. Then O — fo is an isomorphism FE = F(P) of lattices. Moreover, the two facets

fr = fo,, fx == fo, are disjoint if and only if neither of J, K is contained in the other, i.e.
J#*JNK #K.
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K P
P RNA
JASSAY /Aﬁk
P

FIGURE 1. (a). the poset Ey of admissible partial orientations of A? with O1 — Oz indicating
01 < Oz (b). the poset Ey superimposed on a distorted 2-permutohedron (or hexagon) (c). the
3-permutohedron.

(b)

Proof. That O — fo is a well defined map and a bijection is well known (see, e.g.: [31,
Lecture 0]). If O1 < Oy in E then each Jo coincides with some Jyg/. Thus, if the fo, are the
convex hulls of sets of vertices S; as in the Proposition, we have So C 57 and so fo, < fo,-
This argument can be run backwards, so that we have a poset isomorphism. For the final
part, f; N fxk =@ iff O; V Ok =1, and it is easy to check that this happens exactly when
JAEJNK #K. O

Returning to generalities, it turns out that the face lattices of simple polytopes have
particularly simple presentations as commutative monoids of idempotents. Recalling the
definition of independent atoms from §1.1, we lay the groundwork for this with the following
result:

ProrosIiTION 1.3. Let P be a simple d-polytope.

(i) If v is a vertex of P then the interval [P,v] :=={f € #(P)|P < f <w} is a Boolean
lattice of rank d. In particular, facets f1,..., fr with \/ f; < @ are independent.

(ii) Let P be the d-permutohedron and f1,..., fi € #(P) independent facets such that
\/ fi=9. Then k < 2.

The first part is standard; indeed it is often stated as an equivalent definition of a simple
polytope as in [31, Proposition 2.16]. The second part is not true for an arbitrary simple
polytope: consider the triangular prism A2 x [0, 1]. To see it, we show that if fi,..., fx are
facets with \/ f; = @ then there are 1 < j < m < k with f; V f,,, = &; in particular k > 3 facets
with join @ are dependent. This uses the combinatorial description of the d-permutohedron.
Let the facets f; correspond to admissible partial orientations O; of A?. We have \/ f; = @
exactly when \/ O; is not a partial orientation. Thus there is an edge of A? and 0;, Oy, with
the edge oriented in different directions in these two. But then f; V f,, = @.

Part 1 of Proposition 1.3 means that for a simple polytope the (Idem3) relations in
Proposition 2.3 are vacuous when \/ a; < &; part 2 means that for the d-permutohedron the
(Idem3) relations further reduce to ajas = ajaqzb for each pair aq, as of disjoint facets.
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v3

v2

U1

R g ey o S

FIGURE 2. Independent triples of facets in the 3-octahedron O3: we have {z1,z2, 23} = X = {1,2,3}
and option (1) of Proposition 1.5 is chosen for each j. The atoms in E are depicted by blackened
boxes and the corresponding facets of the octahedron shaded. Every other triple is equivalent to this
one via a symmetry of O3,

PROPOSITION 1.4. Let E be the face monoid of a simple polytope P with facets A. Then
FE has a presentation with:

generators: a € A.

relations: a® = a(a € A), (Idem1)
ab = ba (a,b € A), (Idem?2)
aj...ap =ay...apb(a;,b € A), (Idem3)

for ay,...,ax,(2 < k < dim P) independent with \/ai = .

Combining this presentation with part 2 of Proposition 1.3 and the combinatorial description
of the d-permutohedron gives:

The d-permutohedron: has presentation with generatorsa; for @ # J C X ={1,...,d+ 1}
and relations a? = a for all J; aja, = agay for all J, K, and

Gj0K = a;0K0L
forall J #JNK # K and all L.

The facets of the d-permutohedron are parametrized by the admissible partial orientations
Oy, for J a non-empty proper subset of X, and two facets have join @ exactly when they
correspond to Oy, Ok with J # JN K # K. The presentation follows.

Finally, we return to the d-octahedron ©¢, where things are not so simple (pun intended).
Recalling the poset E of Example 2, let J C X ={1,...,d} and write a(J) := JU (=X \ —=J)
for the atoms in E (note that J is now a subset of X rather than £X). The independent sets
can be described by the following, the proof of which is [6, Proposition 5]:

PROPOSITION 1.5. Let {x1,...,21} C X withk > 3 and d > 3, and Jyo, ..., Jko subsets of
X \A{x1,...,z}. For j =1,...,k we recursively define sets Ju;, ..., Jx; as follows: either,
(0). do not add z; to J; j—1 but do add z; to all other J; j_1 for i # j; or
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(1). do add z; to J;j j—1 but do not add z; to all other J; j_1 for i # j.
Then, if J;:= Jji, the a(J1),...,a(Ji) are independent atoms in E, and every set of k
independent atoms arises in this way.

Thus, at the 0-th step we have the sets Jig, ..., Jro; at the 1-st step either add z; to J1o and
not to the others, or vice-versa; iterate. Figure 2 illustrates the independent triples of facets in
the 3-octahedron: we have X = {1,2,3} and 23 independent triples corresponding to a choice
of the (0)-(1) options in Proposition 1.5. Letting x; = j (hence Jjo = @) and choosing option
(1) for each j gives the atoms a(1) = {1,—-2,-3},a(2) = {-1,2,-3} and a(3) = {-1,-2,3}
corresponding to the shaded triple of faces. Any other triple of independent facets is equivalent
to this one via a symmetry of the octahedron.

Let Indy, be the set of independent tuples (a(J1),...,a(J)) arising via Proposition 1.5.

The d-octahedron &%: has a presentation with generators a; for J C X ={1,...,d} and
relations a% = a; for all J; aja, = ajpa; for all J, K and

aj, ...ajg, =0 ...075,0K

for all (a(Jy),...,a(Jg)) € Indy, with 2 < k < d and all a(K) 2 [ a(J;).

1.3. Geometric monoids

Suppose now that E is a lattice, hence with both joins V and meets A. A graded atomic
lattice F is geometric when

rk(a Vv b) +1rk(a A D) < rk(a) + rk(b), (1.2)

for any a,b € E. We will call the corresponding commutative monoid of idempotents geometric.

Beginning with a non-example, the face lattices of polytopes are not in general geometric: if
f1, fo are non-intersecting facets of a d-polytope then the left hand side of (1.2) is d and the
right hand side is 2.

The canonical example of a geometric lattice is the collection of all subspaces of a vector space
under either inclusion/reverse inclusion, where (1.2) is a well known equality. The example
that will preoccupy us is the following: a hyperplane arrangement is a finite set 7 of linear
hyperplanes in a vector space V, and the intersection lattice H is the set of all intersections
of elements of &/ ordered by reverse inclusion, with the null intersection taken to be V. The
result is a geometric lattice [20, §2.1] with rk(A) = codim A, atoms the hyperplanes «/; 0 = V
and 1 = (., H. If & are the reflecting hyperplanes of a reflection group W C GL(V') then
&/ is called a reflection or Coxeter arrangement. If W = W(®) for ® some finite root system,
we will write H(®) for the intersection lattice of the Coxeter arrangement.

The linear algebraic analogy of §1.1 can be pushed a little further in a geometric lattice:
(16). rk(\/ S) < |9] for atoms S, with S independent if and only if rk(\/ S) = |S|.

(I7). If S is minimally dependent then \/ S\ {s} =\ S for all s € S.

That rk(\/ S) < |S| is a well known property of geometric lattices that follows from (1.2)—see
for example [21]. Indeed, (I6) is the normal definition of independence in a geometric lattice.

To see it, we show first by induction on the size of |S| that if rk(\/S) < |S| then S is
dependent: a three element set with rk(\/.S) < 3 is the join of any two of its atoms, hence
dependent, as the join of two atoms always has rank two (the result is vacuous if |S| =2 as
the join of two distinct atoms has rank 2). If S is arbitrary and \/ S\ {s} =/ S for all s then
S is clearly dependent. Otherwise, if \/ S\ {s} <\/ S for some s € S with rk(\/ S\ {s}) <
rk(\/ S) < |S], then rk(\/ S\ {s}) < |S\ {s}|- By induction, S\ {s} is dependent, hence so is
S.
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On the other hand, if rk(\/.S) = |S| but \/ S\ {s} =/ S for some s, then rk(\/ S\ {s}) =
rk(\/ S) =S| > |V S\ {s}], a contradiction. Thus rk(\/ S) = | S| implies that S is independent,
and we have established (I6).

Condition (I7) is a straightforward comparison of ranks. Taking three facets of the 2-
octahedron (diamond) gives a minimally dependent set S in the face lattice where \/ S\ {s} =
\/ S is true for only one of the three s, so this property is not enjoyed by arbitrary graded
atomic lattices.

Minimal dependence comes into its own when we have a geometric lattice. In particular we
can replace the (Idem3) relations of Proposition 2.3 with a smaller set:

THEOREM 1.6. Let E be a finite geometric commutative monoid of idempotents with atoms
A. Then FE has a presentation with:

generators: a € A.

relations: a® = a(a € A), (Idem1)
ab =ba (a,b € A), (Idem?2)
A1...ap =--=aj...ax(a; € A), (Idem3a)
for all {aq,...,ax}minimally dependent.

Proof. The Theorem is proved if we can deduce the (Idem3) relations of Proposition 2.3
from the relations above. Suppose then that a;...ar = a1 ...axb is an (Idem3) relation with
{ai1,..., ar} independent in E and b <\ a;. Thus {aq,..., ai,b} is dependent, so by (14)

of §1.1 there are a;,,...,a;, with {a;,,...,a;_ ,b} minimally dependent. In particular, we have
Qiyy .- Qi = Qi - .. a5, b by (Idem3a), and multiplying both sides by a; . .. a and using (Idem1)-
(Idem?2) gives the result. O

It is sometimes convenient to use the (Idem3a) relations in the form:

al...a=a1...0;...a5 (Idem3b)
for all {a1,...,ax} minimally dependent and all 1 <i < k.

1.4. Coxeter arrangements

In §4 we will encounter a class of commutative monoids of idempotents isomorphic to the
Coxeter arrangements H(®) for ® the root systems of types A,_1, B, and D,,. In this section
we interpret Theorem 1.6 for these monoids. We follow a similar pattern to §1.2: first we give
the arrangement, then a combinatorial description (which as in §1.2 means a description of
the lattice ) and then use this to identify the independent and minimally dependent sets of
atoms. It turns out to be convenient to expand on an idea of Fitzgerald [8].

EXAMPLE 4 (H(A,—_1) and the partition lattice II(n)). Let V be Euclidean with orthonor-
mal basis {vi,...,v,} and & the hyperplanes with equations x; —xz; =0 for all i # j.
Equivalently, if @ is the type A,_1 root system from Table 1 then o/ consists of the hyperplanes
{vt|v € ®} and W(®) is the symmetric group acting on V by permuting the v;.

We remind the reader of a well known description of H(A,_1). Let X = {1,...,n} and
consider the partitions A = {A4,...,A,} of X ordered by refinement: A < A’ iff every block A;
of A is contained in some block A; of A’. This is a graded atomic lattice with

kA = YA~ 1) (1.3)
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and atoms the partitions having a single non-trivial block of the form {4, j}. The map sending
(v; —vj)* to the atomic partition {i,j} extends to a lattice isomorphism H — TI(n) given by
X (A) — A where > t;v; € X(A) whenever ¢; = t; for 4, j in the same block of A.

To proceed further we borrow an idea from [8]: for a set S of atoms in either H(A4,,_1) or
II(n), form the graph I's with vertex set X and |S| edges of the form:

C :.
1 J

for each atom (v; —v;)* or {i,j} € S. Recall that a connected graph (possibly with multiple
edges and loops) having fewer edges than vertices cannot contain a circuit. If A =\/ S is the
join in II(n), then the blocks of the partition A are the vertices in the connected components
of I's. Thus, by (1.3), S is independent when the component corresponding to the block A;
has |A;| — 1 edges, i.e. has a number of edges that is one less than the number of its vertices.
Such a connected graph is a tree, so S is independent exactly when I'g is a forest.

The atoms S are thus dependent when I'g contains a circuit, and minimally dependent when
T's is just a circuit.

EXAMPLE 5 (H(B,)). Let V be as in the previous example and &/ the hyperplanes with
equations z; = z; £ x; = 0 for all ¢ # j; equivalently, if ® is the type B, root system from
Table 1 then & consists of the hyperplanes v;- and (v; + v;)*, with W(®) acting on V by
signed permutations of the v; (see also the end of §5.2).

A combinatorial description of H(B,,) appears in [7, §6.2] (see also [20, §6.4]): a coupled
partition is a partition of the form A = {A11 + Ao, ..., A + Ag2, A1,..., Ay}, where the A;;
and A; are blocks and A;; + A2 is a “coupled” block. The + sign is purely formal. Let T be
the set of pairs (A, A) where A C X ={1,...,n} and A is a coupled partition of X \ A. An
order is defined in [7, §5.2] making T a graded atomic lattice with

rk(A, A) = [A] 4 3 ([Air] + [Nz = 1) + 2 2(JAs] = 1). (1.4)
Let X(A,A) CV be the subspace with v = > t;v; € X (A, A) exactly when ¢; =0 for i € A;
t; =t; if 4,7 lie in the same block of A (either uncoupled or in a couple); and ¢; = —t; if ¢,

lie in different blocks of the same coupled block. Then the map X (A, A) — (A, A) is a lattice
isomorphism H(B,,) — 7.

If S is a set of atoms in H(B,,), let I's be the graph with vertex set {1,...,n} and edges
given by the scheme:

(v — ) (v + ) Q "
oO——oO O——0 D!
i j i j i

(a) (b) (c)

A circuit is a closed path of type (a) and (b) edges, and a circuit is odd if it contains an odd
number of (b) type edges, and even otherwise.

If VS =X(A,A) € H(B,,), then a vertex i of I'g is contained in A if and only if for all
v=> tv; € X(A,A) we have t; = 0. In particular, ¢ € A if and only if every vertex in the
connected component of 4 is in A. Otherwise, the vertices in this component form a block or
coupled block of A.

If a component contains a vertex 4 incident with an edge of type (c) above, then ¢; = 0, and
so t; =0, for all v € X(A,A) and all the vertices j in the component. We thus have all the
vertices of the component in A. Similarly if the connected component contains an odd circuit,
for then t; = —t; for each vertex i in the circuit, and all the vertices are in A too. On the other
hand, suppose the component has no (c) edges and all circuits even. Label a vertex by 1, and
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propagate the labelling through the component by giving vertices joined by (a) edges the same
label and vertices joined by (b) edges labels that are negatives of each other. The absence of
odd circuits means this labelling can be carried out consistently. Label the remaining vertices
of I's by 0, to give an v € X (A, A) with ¢; # 0 for ¢ some vertex of our component, and so the
component gives a block or coupled block.

We conclude that the vertices of a component of I'g lie in A exactly when the component
has a (c) edge or contains an odd circuit. We claim that S is independent exactly when each
component of I'g has one of the forms

— a tree of (a) and (b) type edges together with at most one (c) type edge;

— contains a unique odd circuit, no (c) type edges, and removing one (hence any) edge of

the circuit gives a tree.
For, if the component contains no (c) edges and no odd circuits, then its vertices contribute
a block or coupled block to A, and by (1.4), its edges are independent exactly when there are
DA ] 4+ [Ai2] = 1) 4+ D-(JAs| — 1) of them; in other words, when the number of edges is one
less than the number of vertices. Thus we have a tree of (a) and (b) edges.

If the component contains a (c¢) edge then its vertices are in A, and by (1.4) its edges are
independent when there are the same number of them as there are vertices. Removing the (c)
edge gives a connected graph with number of edges one less than the number of vertices, hence
a tree. The original component was thus a tree of (a) and (b) edges with a single (c) edge.

Finally, if the component contains an odd circuit, then for the edges to be independent it
cannot have any (c) edges by the previous paragraph. Again the vertices are in A and so for
independence the numbers of edges and vertices must be the same. Removing an edge from
the circuit must give a tree as in the previous paragraph. In particular, the circuit is unique.

We finish with the minimally dependent sets. A branch vertex of a tree of (a) and (b) edges
is a vertex incident with at least three edges. A line is a tree of (a) and (b) edges containing at
least one edge and no branch vertices. It contains exactly two vertices (its ends) incident with
a single edge.

PROPOSITION 1.7. A set S of atoms in H(B,,) is minimally dependent precisely when I'g
has one of the forms:
(i) an even circuit;
(ii) an odd circuit with a single (c) edge, or two odd circuits intersecting only in a single
vertex;
(iii) a line, each end of which is incident with either a (c) edge or an odd circuit intersecting
the line only in this end vertex.

The proof splits into various cases depending on the number of type (c) edges in I's. For the
details we refer the reader to [6, Proposition 6].

EXAMPLE 6 (H(D,,)). Thisis very similar to the previous example, so we will be briefer. Let
V be as before and &/ the hyperplanes with equations x; £ x; = 0 for all ¢ # j; equivalently,
if ® is the type D,, root system of Table 1 then & consists of the hyperplanes (v; & v;)*
with W(®) acting on V by even signed permutations of the v; (see also the end of §5.2).
In particular we have a sub-arrangement of J(B,,). If 7° C T consists of those (A, A) with
|A]| # 1 then the isomorphism H(B,,) — T restricts to an isomorphism H(D,,) — T°. We have
the same expression (1.4) for rk(A, A) and the same conditions for a v to lie in X (A, A) as in
the previous example.

If S is set of atoms in H(D,,), let I's be the graph with vertex set {1,...,n} and edges of
types (a) and (b) above. The arguments from here on are what you get if you drop the (c) type
edges from all the arguments in the previous example. Thus, the vertices of a component of I'g

)
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FIGURE 3. Relations for the intersection lattice H(Ax).

lie in A exactly when the component contains an odd circuit. It follows that S is independent
when each component of T'g is either a tree of (a) and (b) type edges or contains a unique
odd circuit, removing one (hence any) edge of which gives a tree. The equivalent version of
Proposition 1.7 gives S minimally dependent when I'g is one of the forms: (i). an even circuit;
(ii). two odd circuits intersecting only in a single vertex; or (iii). a line, each end of which is
incident with an odd circuit intersecting I's only in this end vertex.

We are now ready to give our presentations for the three classical reflection arrangements. In
each case we have replaced the (Idem3a) family of relations given in Theorem 1.6 by a smaller
set.

The intersection lattice H(A,—1) or partition lattice II(n): has generators

and relations (A0): the generators are commuting idempotents, and the relation (A1) of Figure
3, which holds for all triples {i,j, k}. See also [8, Theorem 2]. As the generators commute the
relations in Figure 3 can be interpreted unambiguously and can be applied to a graph fragment
while leaving the rest untouched. Observe that multiplying together any two of the graphs in
Figure 3 gives an (Idem3b) relation of the form: “a triangle equals a triangle minus an edge”.

To see the presentation, the (Idem3a) relations for H(A,_1) are of the form I's =T's \ {e}
where I'g is a circuit and e some edge of it. Given such a circuit, repeated applications of the
relations (A1), as in say,

move e anticlockwise around the circuit until we have a triangle, from which the edge can then
be removed. Thus the (Idem3a) relations follow from the relations (A0)-(A1).

The intersection lattice H(B,,): has generators

O—0O0 GC=——=0 ({(<i#j<n) Q (1<i<n)
i J i J i

and relations (B0): the generators are commuting idempotents and the (B1)-(B4) of Figure
4. The relations (B1), (B2) and (B4) hold for all triples {7, j,k} and (B3) holds for all pairs
{i,j}.

That these relations hold in H(B,,) follows by checking that the corresponding subspaces
are the same, i.e. if ['g,'ss are two graphs differing only by applying one of these relations to
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FIGURE 4. Relations for the intersection lattice H(By).
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some fragment, then \/ .S = \/ S’ in the intersection lattice. For example, let the vertices in the
relations (B4) be labelled anti-clockwise as 4,j and k. If v = Y t;v; € \/ S (the left hand side)
then we have t; = t; = t; and t; = —ty, hence t; = t; = t;, = 0; similarly for v € \/ §’. As all
the other ¢’s are the same we get our equality.

The presentation follows by showing that if I's is one of the graphs in Proposition 1.7, and e
is some edge of it, then the (Idem3b) relation I's = I's \ {e} follows from (B0)-(B4). We start
with a series of relations that can be deduced from (B0)-(B4):

(i). If T is a circuit of type (a) edges, then I' =T\ {e} for any edge e.
(ii). If T is a circuit of type (a) and (b) edges then it can be replaced by a circuit composed
entirely of (b) edges, as for example in:

(iii). A fragment of 2m consecutive (b) edges can, by the relations (B2), be replaced by a
connected fragment containing m consecutive (a) edges:

F: o—0O—————0 - -- O——C0—"20 = O O -:::"--- O/%) :FI

r= o—o0—=o0 - o—o0——o0 = =TI

(v). Let T be connected containing a (c) edge, and I on the same vertices, each incident with
a (c) edge, and having no other edges. Then, using the relations (B3), I =T".

(vi). Let T contain an odd circuit and I a graph on the same vertex set as I', each of which
is incident with a (c) edge, and having no other edges. Then T' =T".

Now let I's be a graph of the form given in part 3 of Proposition 1.7 and e € I's some edge.
Then every component of both " and I's \ {e} contains an odd circuit and/or a (c) edge, hence
by (v)-(vi) there is a IV such that ' =TV =T\ {e} can be deduced from (B1)-(B4). Similarly
for I'g of the form given in part 2 of Proposition 1.7.

Finally, let T's be an even circuit as in part 1 of Proposition 1.7 and e a type (b) edge in
this circuit (if no such e exists then we are done by ()) Applying (ii) gives the fragment below
left, and this equals the fragment at the right by (iii)

mm
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V@(m) D2) £ K Ny = £y £y

o0 = E=E—p = o—===D (13

FIGURE 5. Relations for the intersection lattice H(D): relations (B1) and (B2) from Figure 4
together with relations (D1)-(D3) above.

Applying (i), we can remove the edge ¢’ and then run the process backwards to get I's \ {e}.
If instead e is a type (a) edge then the argument is similar.

The intersection lattice H(D,,): has generators

O0——0O =0 (I1<i#j<n)
4} J 7 J
and relations (D0): the generators are commuting idempotents, (B1) and (B2) of Figure 4,
and (D1)-(D3) of Figure 5. The relations (D1) and (D3) in Figure 5 hold for all triples {i, j, k}
and the relations (D2) for all 4-tuples {i, j, k, £}.
The proof of the presentation is very similar to the H(B,,) case. See [6] for more details.

2. A presentation for reflection monoids

We now return to the specifics of reflection monoids and give a presentation (Theorem 2.1
below) for those reflection monoids M (W, 8) where W C GL(V) is a finite reflection group and
8 a graded atomic system of subspaces of V' for W. We also give the analogous presentation
when 8§ is a system of subsets of some set FF. The main technical tool is the presentation for
factorizable inverse monoids found in [4].

Let V be a finite dimensional real vector space and W C GL(V) a finite real reflection group
with generating reflections S and full set of reflections 7 = W=1SW.Let & = {H, C V|t € T}
be the reflecting hyperplanes of W. Suppose also that:

(P1). 8 is a finite system of subspaces in V for W, and that via X <Y if and only if X D Y,
the system is a graded (by rkX = codim X := dim V' — dim X) atomic V-semilattice with
atoms A. We have rk8 = dim V' — dim \/¢ X. The W-action preserves the grading, and
in particular we have AW = A. If a1, ..., ax are distinct atoms let O be a set of orbit
representatives for the W-action {a1,...,ar} *> {a1w, ..., apw}.

(P2). We use the Greek equivalents of Roman letters to indicate a fixed word for an
element in terms of generators. In particular, the reflection group W has presentation
with generators the s € S and relations (st)™=t =1 for s,t € S, where mg = mys €
Z2' U {oo} with mg =1 if and only if s =t. For each w € W we fix a word w for
w in the reflections s € S (subject to o = s).

(P3). Now for the action of W on 8: For each a € A fix a representative atom o’ € Oy and a
w € W with a = a’w subject to w =1 if a € O7. Now define the word a to be w™ad'w.
If w is an arbitrary element of W and a € A then by o* we mean the word obtained
in this way for aw € A. Note that this is not necessarily w™'aw. For e € 8, fix a join
e =V a; (a; € A) and define € := [] o;.
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(P4). Let {Hs,,...,H,,} be representatives for the W-action on &/ with the s; € S. For
example, drop the even labeled edges in the Coxeter symbol for W and choose one s
from each component of the resulting graph. For each i =1 ... ¢ consider the set of
X € § with the property that Hs, O X. If this set is non-empty them form the pairs
(e, s;) for each e € § minimal in this set. Let Iso be the set of all such pairs.

With the notation established we have:

THEOREM 2.1. Let W C GL(V) be a finite real reflection group and 8 a graded atomic
system of subspaces for W. Then the reflection monoid M(W,8) has a presentation with

generators: s € S,a € O;.

relations: (st)"™ =1, (s,t € S), (Units)
a’ =a, (a € Oy), (Idem1)
arag = asay, ({ar,az} € 0s), (Idem2)
a1 ...ap—1 =ay...ap10, ({a1,...,ak_1,a} € Og)
with ai,...,a-1,(3 <k <rk8) independent and a < \/ a;, (Idem3)
sa=a’s, (s€ S,a€ A, (Refldem)
es =g, (e, s) € Iso. (Iso)

To prove Theorem 2.1 we start with a presentation for an arbitrary factorizable inverse
monoid [4, Theorem 6], interpret the various ingredients in the setting of a reflection monoid,
and then remove relations and generators.

Suppose then that M is a factorizable inverse monoid with units W = W (M) and idem-
potents E = E(M). Let (S|Rw ) and (A|Rg) be monoid presentations for W and E. For
w e W, fix a word w for w in the s € S and similarly for e € F fix a word ¢ in the a € A,
with the usual conventions applying when w € S and e € A. For w € W and e € E we have
w~tew € E, and by €* we mean the chosen word for w~lew in the a € A (it turns out that we
will only have need for the notation €“ in the case that w € S and e € A). For each e € F let
W, = {w € W|ew = e} be the idempotent stabilizer, and S, C W, a set of monoid generators
for We.

THEOREM 2.2 ([4]). The factorizable inverse monoid M has a presentation with,

generators: s € S,a € A,
relations: Ryw,Rg,
sa=a’s, (s € S,aeA),
ew=c¢, (e€ E,weS,).

This theorem will give presentations for arbitrary reflection monoids. Here, W is a reflection
group, and in the real case we take the standard Coxeter presentation for W. If moreover W
is finite, then by Steinberg’s theorem the W, are parabolic subgroups of W, so S, consists of
reflections. Although the presentation thus obtained looks much the same as that in Theorem
2.2, it is, in fact, more precise and economical. However, under the assumptions (P1)-(P4)
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we can be much more explicit and as all the natural examples satisfy these conditions, we
concentrate on this case.

We now interpret the various ingredients in the presentation. The s of Theorem 2.2 are the
generating reflections s of the reflection group W. Identifying X € 8 with the partial identity on
X, the A of Theorem 2.2 are the atomic subspaces A of the system 8. If s € S and a € A then
as € A, so that «® is just another one of the symbols in A, and we write a® for this symbol. If
X € 8 then Wx is the isotropy group Wx = {w € W |yw = y for all y € X}, a group generated
by reflections, and so we can take Sx to consist of those t € T' with H; O X.

As an intermediate step we thus have the presentation for M (W, 8) with

generators: s € S,a € A,
relations:  (st)™* =1(s,t € 9),

S
~—

(
a* =a(a € A, (0)
araz = azay (a1, az € A), (c) (*)
aj...ap—1=ay...a5—1a(a;,a € A) (d)
for ai,...,ar—1,(3 <k <rk8) independent and a < \/ai.
sa=a’s(s € S,a€ A, (e)
eT=¢, (e € 8,t€S,). (f)

Deducing Theorem 2.1 is now a matter of thinning out relations and generators from (),
using the W-action on 8.

LEMMA 2.3. Letw € W andforj=1,...,kleta; € A and a; = a; - w. Let Wi(x1,...,
for i =1,2 be words in the free monoid on the x;. Then the relation Wi(a,...,ax)
Wa(an, ..., ar) and the relations (e) imply the relation Wi(al, ..., a},) = Wa(al, ..., a}).

k)

Proof. If s € S,a € A and as =a’ € A, then relations (e) of (x) give a relation sa = a's,

hence a’ = sas. By induction, if a’ = aw for some w € W we have the relation ¢’ = w™'aw.

Thus, for all j we have a} = wlajw so that Wi(al,...,a}) = Wilw layw,...,w lapw) =

w Wi(ay,...,ar)w, and the result follows. O

LEMMA 2.4. Let e € 8 and t € T be such that Hy D e. Then there is an (€¢/,s) € Iso and
w € W witht = w™'sw and e’w D e and the relation eT = ¢ of (x) implied by the (Iso) relation
¢’oc = ¢’ and the relations (a)-(e).

Proof. There is an element s with Hyw = H;. Thus Hs D ew™! and there is an element ¢’
with Hy D ¢/ D ew™! and (¢, s) € Iso. This pair satisfies the requirements of the Lemma and
moreover, e = e - ¢'w in (the monoid) 8, so that the relations (a)-(e) of () give ¢ = cw™te'w

and 7 = w™'sw. Thus

1 1 1

er = ew eww sw = ew e sw = ew T e w = ¢.

O
Proof of Theorem 2.1. Lemma 2.4 allows us to thin out family (f) in (x) to give the (Iso)

relations of Theorem 2.1. Lemma 2.3 allows us to thin out the families (b)-(d) in (*) to involve
just the orbit representatives as in Theorem 2.1. The (Units) relations we leave untouched.
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Finally a generator a € A can be expressed as o = w™lagw for some ag € Oy, and this allows
us to thin these generators, replacing each occurrence of a in the (Refldem) relations by «. O

REMARKS. There are a number of variations on Theorem 2.1:

(i) There is a completely analogous presentation when M(W,8) is a monoid of partial
permutations. Let F be a set, W = (W, S) a (not necessarily finite) Coxeter system
acting faithfully on E and 8 a graded atomic system of subsets of E for W. Fort € T =
W=1SW let H; C E be the set of fixed points of ¢ and & = {H;|t € T'}. Notice that
H;-w = H,-14, so there is an induced W-action on 7. There is one condition that we
must impose: for any e € § the isotropy group W, is generated by reflections; indeed,
by the t € T with H; D e. Adapting (P1)-(P4), the presentation of Theorem 2.1 now
goes straight through for M (W, 8).

(i) If 8 is a geometric lattice, then the (Idem3) relations of Theorem 2.1 can be replaced
by

al...akz---zal...ak, (al,...,ak eOk)
with a1, ...,a; minimally dependent and 3 < k < rkS.

(iii) The sets Oy, of (P1) can sometimes be hard to describe; their definitions can be varied
in two ways—either by changing the group or the set on which it acts (or both, as in
§5.2). This has the effect of introducing more relations. If W’ is a subgroup of W we
can replace Oy by Oy, a set of orbit representatives for the W-action restricted to W".
On the other hand, it may be more convenient to describe orbit representatives for the
W-action (a1,...,ax) > (a1 - w,...,ay - w) on ordered k-tuples of distinct atoms. The
commuting of the idempotents then allows us to return to sets {a1,...,ax}.

3. Boolean reflection monoids

In [7, §5] we introduced the Boolean reflection monoids, formed from a Weyl group W (®)
for ® = A,,_1, B, or D, and the Boolean system 2. In this section we find the presentations
given by Theorem 2.1. In particular, we recover Popova’s presentation [22] for the symmetric
inverse monoid by interpreting it as the Boolean reflection monoid of type A.

Recall from [7, §5] that V is a Euclidean space with basis {v1,...,v,} and inner product
(vi,v) = i, with ® C V' a root system from Table 1 and W (®) C GL(V) the associated
reflection group. The Coxeter generators for W (®) are given in the third column of Table 1:
let s; (1 <i<mn—1) be the reflection in the hyperplane orthogonal to v;11 — v;, with sg the
reflection in vy (type B) or in v; + v (type D).

For JC X ={1,...,n} let

X(J)=EPro; CV,
jedJ

and B ={X(J)|J C X} with X(&) = 0. Then by [7, §5], £ is a system in V for W (®)-the
Boolean system—and M (®, B) := M (W (®), B) is the Boolean reflection monoid of type ®.

We’ve obviously seen the poset (£, D _before: it is isomorphic to the Boolean lattice #x
of §1.1, with atoms A the a; := X(1,...,4,...,n) = v;". For k <n the W (®)-action on A is
k-fold transitive, so the Oy each contain a single element. We choose O = {a1} and O; the
pair {a1, az}. Rather than a; we will write a € O; for our single idempotent generator. If ¢ > 1
then let w be the reflection s,, _,,; so that a; = aw; let w:=s1...s;_1 so that

oG = (Sifl...Sl)a(Sl...Sifl) (31)

Any e € & can be written uniquely ase = a;, V---Va;, fori; <--- <ip; writee := o, ... .-
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The result is that the Boolean reflection monoids have generators the s; and a single
idempotent a, with the (Ideml) relations a? = a, and the (Idem2) relations acs = aga, or
asijasy = s1asia.

We saw at the end of §1.1 that any set of atoms in & is independent, so the (Idem3)
relations are vacuous. Note also the “thinning” effect of the W (®)-action: the n generators and
n-+ %n(n — 1) relations of §1.1 have been reduced to just one generator and two relations.

Now to the (Iso) relations. Dropping the even labeled edges from the symbols in Table 1 and
choosing an s € S from each resulting component gives representatives Hg, in types A and D
and Hs,, Hs, in type B. If X(J) € £ is to be minimal with Hs;, O X (J) then J is minimal
with 1,2 ¢ J,ie. J ={3,...,n} and X(J) = a1 V az (compare this with the calculation at the
end of Example 7 in §5.2). Similarly with H,, we have X (J) = a4, and so

i) Iso

Ap1 (a1 V az,s1)
Bn (a1Va2,51),(a1,50)
D, (a1 V az, 81)

The (Iso) relations are thus asja = asjas; in all cases, together with asy = a in type B.

This completes the presentation given by Theorem 2.1 for the Boolean reflection monoids.
But it turns out that the (Refldem) relations can be significantly reduced in number. For all
three ® we have (Units) relations (s;8;41)> = 1 for 1 < i < n — 2, which we use in their “braid”
form, $;4+18iS;+1 = SiSi+15;- Then:

LEMMA 3.1. The relations s;o; = ajisi for1<i<n-—1andl < j<n are implied by the
(Units) relations and the relations s;a = a®is; for 1 <i <mn —1, ie.: the relations s;a = as;,

(i £ 1).

Proof. We have
Qj—1, 1= _j — 1,
aj;S; = aj+1, =17,

as, 17&]717]5

hence o' is one of the words ;1 (i = j — 1) or aj41 (i = j) or v (otherwise) chosen in (3.1).

There are then four cases to consider: (i). 1 <i < j—1I:
SiQj; = Si(ijl N sl)a(sl N ijl) = (Sj,1 e 8iSi41S5i .- sl)a(sl N ijl)
= (Sj—l e Si4185iSi+1 - - sl)a(sl e Sj—l) = (Sj—l SN 81)8i+1a(81 SN Sj—l)
= (Sj_l . sl)asi+1(31 c. Sj_l) = (Sj_l c. sl)a(sl ce e Si418iSi+1 - - - Sj_l)

== (Sj,1 e sl)a(sl e 8484185 ijl) = (Sj,1 N sl)a(sl N ijl)si

= ;S

where we have used the braid relations and the commuting of s;+1 and a. (ii). Suppose that

j<i<n-—1:s; commutes with s1,...,s;_1 and a, giving the result immediately. (iii). i =
j —1: Sj—105 = Sj,1(5j71 N sl)a(sl N ijl) = (Sj,Q N sl)a(sl N ijl)ijlsjfl = 051551
(IV) = j S0 = Sj(ijl N sl)a(sl e ijl) == (Sj e sl)a(sl SN ijl)Sij = 01155 O

Putting it all together in the type A case we get the following presentation:
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The Boolean reflection monoid of type A:

M(An_l,%) = <81, .. .,sn_l,a| (SiSj)mij =1, a? = a,
sia =as; (1 # 1),
o—0— —(O—=0O asija = asiasy = s1asia)

S1 S9 Sn—2 Spn—1

Recall that the m;; can be read off the Coxeter symbol, with the nodes joined by an edge
labelled m;; if m;; > 4, an unlabelled edge if m;; = 3, no edge if m;; = 2 (and m;; = 1 when
i = j). The relation s;a = a®is; is vacuous when i = 1.

REMARK. We saw in [7, §3.1] that M(A,—1, %) is isomorphic to the symmetric inverse
monoid %, — we thus recover Popova’s presentation [22] for the symmetric inverse monoid.

Now to the type B Boolean reflection monoids, where the relations spa; = aj“ 80, (1 <j<n)
are implied by the (Units) relations and the relation sgpaz = aasg, i.e. Sps1a81 = s1a8180.

The Boolean reflection monoid of type B:

M (B, B) = (s0,...,8n-1,a| (sis;)™7 =1, a* = a,
sia =as; (1 # 1), asp = a,
O—O— """ —O—O $0S81aS1 = $1aS5150,

asiasy = $1a$1a = asia).

REMARK. We saw in [7, §5] that just as the Weyl group W (B,,) is isomorphic to the group
&4, of signed permutations of X = {1,2,...,n} (see also §5.2), so the Boolean reflection
monoid M(B,,, %) turns out to be isomorphic to the monoid of partial signed permutations
Iin i ={m € Ixu_x|(—x)mr = —(z7) and z € dom7 < —z € dom7}. See also [30].

S0 S0

And so finally to the type D Boolean reflection monoids, where the relations soo; = o

for 1 < j < n are implied by spa = assg, spas = azsg and the relations for W.

The Boolean reflection monoid of type D:
_ i — 2 _
$1 M(D,,, B) = (s0,---,8n-1,a| (sis;)™ =1, a* = a,
sia = as; (1 > 1), spa = s1a8150,
asia = as1as1 = s1as81a,

S0 52 Sn—2 Sn—1 505281a81S2 = 8281a818280>.

4. Coxeter arrangement monoids

We repeat §3 for the Coxeter arrangement monoids [7, §6]. Let W = W (®) C GL(V) be a
reflection group with reflecting hyperplanes .« = {v! |v € ®} and H = H(®) the intersection
lattice of §§1.3-1.4: this is a system for W in V—the Coxeter arrangement system. We write
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M (®,H) for the resulting Coxeter arrangement monoid of type ®. We use the notation for the
Coxeter generators from §3.

The atoms A for the system and the hyperplanes &7 coincide now. Drop even labeled edges
from the symbols in Table 1 to get O; = {a} in types A and D, or {a1, a2} in type B, where

a=a;:=(vy— v1)T and ag == vi;
giving generators the s; of §3 and a for types A and D, or the s; and a1, as for type B.

The (Iso) relations are particularly simple when the system and the intersection lattice are
the same: the (e, s) € Iso consist of the representative a« = H; and the s above. Thus, the
relations are as; = a for types A and D, or a1s1 = a1 and assg = as in type B.

We deal with the remaining relations on a case by case basis.

4.1. The Coxeter arrangement monoids of type A
We have & = {a;; :== (v; —vj)* |1 <i < j <n}, and write

s (Si71...Sl)(s‘j71...82)04(52...ijl)(sl...sifl), fOI‘2§7:<j§TL, (4 1)
K (sj—1...82)a(s2...5j-1) fori=1and 2 <j <n, ’

with aq9 := a;.

The isomorphism H(A,_1) — II(n) of §1.4 and the isomorphism W(A,_1) — &,, (written
as g(m) — m) gives the W (A, _1)-action on H(A,—1) as X(A)g(m) = X (Ax), where Am =
{A7,...,Ap}. Thus, as &,, acts 4-fold transitively on {1,...,n}, we take Oz to be {ai12, ass}
and {ai2, az3} when n > 4, giving (Idem2) relations aasy = agqa and aczz = agza. When n = 2
there is only one idempotent (hence no (Idem2) relations) and when n = 3 we take O3 to be
{au, 1123}-

We have the presentation for H(A, 1) of §1.4. Lemma 2.3 and the triple transitivity of &,
on {1,...,n} reduce the (Al) relations to:

1 3 1 3 1 3
2 \2/J 2
that iS, a1z — Az = (¥130093.

As with the Boolean monoids, the (Refldem) relations can be reduced in number. The
relations s;ap = Oéj»};Si for 1<j<k<nand 1<i<n-—1 are implied by the the (Units)
relations and the relations s;a = afhs; for 1 <i <n —1, i.e. the relations s;a = as;, (i # 2).
The proof, which is a similar but more elaborate version of that for Lemma 3.1, is left to the
reader. Finally, the relation acss = asza simplifies to a3 = @36 and this allows us to show
that the final (A1) relation aci3 = acas = ai3es is redundant. Putting it all together we get:

The Coxeter arrangement monoid of type A, _1:

M(Ap—1,H) = (s1,...,8n-1,a| (sis;)™7 =1, a* =a, as; = a,
sia = as; (i # 2),aq13 = a13a,
S1 52 Sn—2 Sn—1 aczy = 340).
for n > 4 and where «;; is given by (4.1). We leave the reader to make the necessary adjustments

in the n = 2,3 cases. We saw in [7, §2.2] that the type A Coxeter arrangement monoid is
isomorphic to the monoid of uniform block permutations. See also [8].
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4.2. The Coxeter arrangement monoids of type B

As in §4.1 we work with n > 4 and leave the simpler cases n = 2,3 to the reader. We have

o/ the a;; from §4.1 together with
{dij == (v; +v;)T |1 <i<j<n}and {e;:=v5|1<i<n}

Let a;; be the expression defined in (4.1), except with a; instead of a, and

Sii — (Sifl...Sl)(ijl...82)50(1150(52...ijl)(Sl...Sifl), 2§Z<] STL, (4 2)

K (Sj,1...82)500,180(82..”9]',1), i1=1 and2<j <n, ’
with 012 := sgay8p; and

&g = (Sifl...Sl)ag(Sl...Sifl). (43)

for ¢ >1 with &1 :=a3. One can build a combinatorial model for the action of
W(B,) on H(B,) much as in §4.1: the isomorphism H(B,) — T of §1.4 and the well
known isomorphism W(B,) — &, x 2" (see [7, §6.2] for notation) give the W(B,)-
action on H(B,) as X(A,A)g(m,T) = X(Amr,AT7). One deduces from this that Oy =

{{a1,a34},{a1, a3}, {a1,di2},{az,a23},{a1,a2} {az,ea}}, and hence that (Idem2) relations
are

a1034 = (3401, 10023 = (Qi2307, a1012 = 512(11, a20i3 = (2302, G102 = a2a1 and azer = €2a2.

We have the presentation for H(B,,) of §1.4, hence the relations aja13 = ajas = ayzaes of
§4.1; the family (B2) reduces to:

-V -7

that i 18, a1513 = 513523 = a1523, families B3 and B4) become

~9-9 9 -9 7

or ajas = €2as = 012a2 and ajaae3zdis = azeses. The (Reﬂdem) relations can be deduced
from the (Units) relations and the relations s;a1 = ais; (¢ # 0,2), s;a2 = ass; (i # 1), soaz; =
Q2580 (_j > 2), 80(52]‘ = (52]‘80 (j > 2), 81012 = 012581 and spea = £98¢. Finally, as in the type A
case, the single (A1) relation is redundant; moreover, the ajas = e2a2 = d12a2 can be reduced
to ajag = €qas.

@3

The Coxeter arrangement monoid of type By,:

M (B, H) = (s0,...,8n-1,a1,02 | (sis;)™ =1, a7 = a;,a151 = a1,a280 = az,
S;a1 = 184 (Z 75 O, 2), S;a2 — A2S5; (Z 75 1),
4 s00i2j = aiz;80, (J > 2), 80025 = 6280, (j > 2),
o——=~0— —O0—=O
5o 1 Sms  Sp1 51012 = 01251, S0€2 = €280, (k23 = (X230,

102 = G201 = Q€2 = €202, 01012 = 01201,
a10i34 = (3401, 1013 = 013023 = a1023,

a1a93613 = az€2€3>-

where «;;,d;; and ¢; are given by (4.1)-(4.3).
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REMARK. Just as the type A Coxeter arrangement monoid is isomorphic to the monoid of
uniform block permutations, so the type B reflection monoid is isomorphic to the monoid of
“uniform block signed permutations”. See [7, §6.2] for details.

4.3. The Coxeter arrangement monoids of type D

The o are the a;; and d;; of §4.2; let a;; be defined as in (4.1) and

i = (Sifl...sl)(ijl...82)9710,9(82...8]',1)(51...Sifl), 2§Z<] <n, (4 4)
* (8j-1...82)9 tag(sa...8j_2), i=land2<j<mn, ‘

with ¢ = 52515052 and 612 := g 'ag.

There is also a combinatorial model for the action of W (D,,) on H(D,,). We refer the reader
to [7, §6.2] or [20, §6.4] for details, noting that Oy = {{a, ass}, {a, a3}, {a,d12}} when n > 4,
while for n = 4 we have {a,ds4} as well. The (Idem2) relations are thus

a0i34 = (340, AQip3 = (12304, ad12 = 0124,

together with adsy = d34 when n = 4.
The presentation for H(D,,) of §1.4 together with Lemma 2.3 give the relations aaiz =
a3 = (13023 and 0,513 = 513523 = a523 of §42, as well as

ao3d23 = ad12023 = aaa3d12023,

0,0[23513 = aa13a23513 and

a023034012023034 = a034012034.

The (Refldem) relations can be deduced from the relations s;a = as; (i #2), soasy =
askso (k > 3), sod3k = d3xso (K > 3) and s3d12 = d1283. Finally, we have the running redun-
dancies of the previous two cases together with awszdis = acysaaszdis also redundant. All of
which leads us to:

The arrangement monoid of type Dy, (n > 4):
M Dy, H) = (s0,.-.,8n-1,a| (s:5))™ =1, a®> = a,as1 = a, s;a = as; (i # 2),

Soa3; = (35S0, 5053]' = 53]'80, (bOth 7> 3),

S1
53012 = 01253, 034 = 340, ad12 = 6124,
______ O O acz = @13a, ad13 = 013023 = ada3,
S2 Sn—2 Sn—1 acegdoz = ad12023 = aa23612023,
5o a0ip30:34012023034 = (10434512534>-

together with adss = d34a when n = 4, and where a;; and §;; are given by (4.1) and (4.4).

5. Renner monoids

5.1. Generalities

The principal objects of study in this section are algebraic monoids: affine algebraic varieties
that carry the structure of a monoid. The theory builds on that of linear algebraic groups, and
there are many parallels between the two. Standard references for both the groups and the
monoids are [2, 14, 15, 23, 24]. The beginner should start with the survey [26].
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Much of the structure of an algebraic group is encoded by the Weyl group W. The analogous
role is played for algebraic monoids by the Renner monoid R. It turns out that the Renner
monoid can be realized as a monoid M (W, 8) of partial permutations. Moreover, the system §
is isomorphic (as a V-semilattice with 0) to the face lattice .% (P) of a convex polytope P. We
use these facts to obtain presentations for Renner monoids. Very different presentations have
been found by Godelle [11, 10] using a completely different approach.

We start by establishing notation from algebraic groups and monoids. Let k = k be an
algebraically closed field and M an irreducible algebraic monoid over k. We will assume
throughout that M has a 0. Let G be the group of units, and assume that G is a reductive
algebraic group. In particular, M is reductive.

All the examples in this paper will arise via the following construction. Let Gg be a
connected semisimple algebraic group and p : Gy — GL(V') arational representation with finite
kernel. Let M = M(Go, p) := k*p(Gyp), where k* =k \ {0}. Then M is a reductive irreducible
algebraic monoid with 0 and units G := k*p(Go)-see [26, §2]. If Gy C GL,, is a classical
algebraic group and p: Gy — GL, is the natural representation then we call the resulting
M a classical algebraic monoid. Thus, if Gy = SL,,, SO,, and Sp,,, we have the general linear
monoid M,, = kXSL,, (all n X n matrices over k), the orthogonal monoids MSO,, = kXSO,
and the symplectic monoids MSp,, = £XSp,,.

Returning to generalities, let 7 C G' be a maximal torus and T C M its (Zariski) closure.
Let X(T) = Hom(T, k*) be the character group and X := X(T) ® R. Then X(7T) is a free Z-
module with rank equal to dim 7. In the construction above, if Ty C Gy is a maximal torus
then T = k> p(Ty) C G is a maximal torus with dim7T = dimTy + 1. If v € X(T) then the
map given by tp(t') — v(t'), (t € k*,t' € T') is a character in X(T"), and so we can identify
X(Tp) with a submodule of X(T") with rkzX(T') = rkzX(To) + 1. If X9 = X(Tp) ® R C X then
dim X = dim Xo + 1.

Let ® = ®(G,T) C X(T) be the root system determined by 7. If ®(Gy, Tp) is the system for
(Go, To) above, then by [26, §2] or [27, Chapter 7] the character tp(t') — v(t'), (t € kK, t' € T)
is aroot in ®(G,T'). Thus we can identify ®(Gg, Tp) with a subset of (G, T') where |®(G,T)| =
dimG —dim7T = (dim Gy + 1) — (dim Ty + 1) = |®(Go, Tp)|. In particular, we can identify the
root systems of Gy and G. The root systems for the examples considered in this section are
given in Table 2.

If v € ® let s, be the reflection of X in v and W(®) = (s, |v € ®) the resulting reflection
group. Let A C ® be a simple system (determined by the choice of a Borel subgroup T' C B)
so that W(®) is a Coxeter system (W, .S) with S the set of reflections s, in the simple roots
veEA. Let W(G,T) = N(T)/T be the Weyl group. If w € W and w € G with w = wT then
we will abuse notation throughout and write w™'tw rather than w~'#w. In particular, W acts
faithfully on X via v (t) = v(w™'tw), realizing an injection W < GL(X) and an isomorphism
W(G,T) = W(®). We will identify these two groups in what follows and just write W for both.
If G = kX p(Go) we identify the Weyl groups W (Gy, Tp) and W (G, T) via the identifications of
their root systems.

We will also need the duals of these notions: let XV (T') = Hom(k*,T') be the cocharacter
group of T' (i.e. 1-parameter subgroups of T'). The Weyl group acts on XV (T') via A — Aw where
Aw)(t) = w I A\(t)w for t € kX, If {-,-) : X(T) x XV(T) — Z is the natural pairing, let ®V =
{v¥ € X¥(T)|v € ® and (v,v") = 2} be the coroots and AV = {v"V},ca the simple coroots.

The idempotents E(T) in T are a finite commutative monoid, and we adopt the partial
order of §1.1. The resulting poset is a graded atomic lattice with rk(e) = dim T — dim T'e and
atoms A = {e € E(T)| dimTe = dimT — 1}. The Weyl group W acts faithfully on E(T) via
e — wlew, giving an injection W — & B(T) This action preserves the partial order and the
grading, so in particular restricts to the atoms A.

It turns out that there is a convex polytope P (see §1.2) with face lattice .% (P) isomorphic
to the lattice E. We describe, following [26, §5], how this polytope comes about in the situation
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that M = k> p(Gy) for p: Gy — GL(V). Let m = dim 'V, £ = dim Ty and &g = ®(Go, Tp) with
simple roots Ag = {v1,...,v,} and simple coroots AY. For each i = 1,...,¢ and simple coroot
vY, let x7 == pvy € XV(T'). We can write

X7 (@) = x(a;)¥ (t) = diag(t**, ..., t%m) (5.1)

with the a; = (aj1,...,aim) € Z™. Let R? be the space of column vectors and P the convex
hull in R¢ of the m vectors (ayj,...,as;)T. Thus, if A is the £ x m matrix with rows the a;
then P is the convex hull in R’ of the columns.

If fe Z(P) is a face of P then define ey := 3, Ej;, the sum over those 1 < j < m such
that (ay,...,ae)T € f, and with E;; the matrix with 1 in row i, column j, and 0s elsewhere.
Then the map ¢ : Z(P) — E(T) given by ((f) = e; is an isomorphism of posets. The P for the
examples of this section are given in Table 2 (these will be justified later). Actually, even more is
true. The Weyl group acts on XV(T') via (Aw)(t) = p(w) "1 A(t)p(w) so that x(a;)Yw = x(b;)",
with b; = (bi1,...,bim) a permutation of a;. In particular, W permutes the vertices of P
inducing an action of W on . (P). Then the poset isomorphism ¢ : % (P) — E(T) is equivariant
with respect to the Weyl group actions on .#(P) and E(T).

Let R = Ng(T')/T be the Renner monoid of M — a finite factorizable inverse monoid with
units W and idempotents E(T). It turns out that R is not in general a reflection monoid,
although it is the image of a reflection monoid with units W and system of subspaces in X (see
[7, Theorem 8.1]). For us the Renner monoid will be a monoid of partial permutations using
the construction described at the end of the Introduction. To see why we will need a result [7,

Proposition 2.1] which we restate here in abbreviated form:

ProrosiTiON 5.1. Let M = EG and N = FH be factorizable inverse monoids and let
0:G — H and ( : E — F isomorphisms such that

— ( is equivariant: (geg=1)¢ = (g0)(e¢)(gf)~* for all g € G and e € E, and

— 0 respects stablizers: G.0 = H.c for alle € E.
Then the map ¢ : M — N given by (eg)p = (e{)(g0) is an isomorphism.

Now let E = .%(P) above and 8p be the system of intervals for W given, as at the end of
the Introduction, by E>; ={f" € F(P)|f' C f}. Let M(W,8p) be the resulting monoid of
partial permutations, in which every element can be written in the form idg, ,w for f a face
of P and w € W. The following is then an immediate application of Proposition 5.1 (with 6
the identity):

PROPOSITION 5.2. If W is the Weyl group of G = G(M), 8p the system arising from the
polytope P and R is the Renner monoid of M, then the map idg. ,w — efw is an isomorphism
M(W,8p) — R.

For e € E(T) let ®, = {v € ®|s,a = as, for all a € E(T)>.}. The proof of [7, Theorem 9.2]
shows that if X = E(T)>., the isotropy group Wx is equal to W(®.), the subgroup of W

M Go [ polytope P
general linear M, SL,, An_1 A™

special orthogonal MSOqg44 1 SO2¢41 By ot
symplectic MSp,, Spyy Cy ot

special orthgonal MSOyp SOy Dy ot
Solomon’s example §5.3 SL, An_q (n — 1)-permutohedron

TABLE 2. Basic data for the algebraic monoids considered in §5.
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generated by the {s,}yea,.. Moreover, for v € ® and ¢t = s, we have H; O E(T)>. if and only
if v € ®,.

The conditions of Remark 1 at the end of §2 are thus satisfied and we are ready to set up
our presentation for the Renner monoid:

(R1). Let A= {e € F| dimTe = dimT — 1} be the atoms of E(T). Let Oy, be sets defined as
in (P1) of §2.

(R2). As before W has a presentation with generators the s € S for S = {s,|v € A} and
relations (st)™st = 1. For each w € W we fix an expression w for w in the simple
reflections s € S (subject to o = s).

(R3). The action of W on 8§ is represented notationally as before: for a € A fix an o’ € O; and
aw € W with a = w™ta’w (subject to w = 1 when a € O;) and define a := w™la'w. If
w is an arbitrary element of W and a € A then by o we mean the word obtained in
this way for w™law € A. As before this is not necessarily w™'aw. For e € 8, fix a join
e =V a; (a; € A) and define ¢ := [] o;.

(R4). For e € E(T) let ®, = {v € ®|s,a=as, for all a € B(T)>.} and let {v1,...,v} be
representatives, with v; € A, for the W-action on ®. For i =1,...,¢, enumerate the
pairs (e, s; := s,,) where e € E(T) is minimal in the partial order on E(T) with the
property that v; € ®.. Let Iso be the set of all such pairs.

THEOREM 5.3. Let M be an reductive irreducible algebraic monoid with 0. Then the
Renner monoid of M has a presentation with

generators: s € S,a € O.

relations: (st)™* =1, (s,t € S), (Units)
a’> = a, (a € Oy), (Idem1)
ajas = asag, ({ar, a2} € 03), (Idem2)
aq...ap—1=0a1...0p10q, ({a1,...,ak—1,a} € Oy)
with ay,...,a5-1,(3 <k < dimT) independent and a < \/ a;, (Idem3)
sa=a’s, (s € S,a €A, (Refldem)
es =g, (e, s) € Iso. (Iso)

All the presentations in this section can be obtained in an algorithmic way, and so can be
implemented in a computer algebra package for specific calculations.

5.2. The classical monoids

We illustrate the results of the previous section by giving presentations for the Renner
monoids of the kXGo C M,, where Gy is one of the classical groups SL,,Sp,,,SO,, (see
also [11]). We see from Table 2 that while the root systems for SOg.y; and Sp,, are
different, the resulting Weyl groups W (B,) and W (C¢) turn out to be isomorphic. Indeed,
the Weyl groups W (A, 1), W(B,) 2 W(C,,) and W(D,,) all have alternative descriptions as
permutation groups: namely, the symmetric group &,, and the groups of signed and even signed
permutations &4, and &9, (see below for the definitions of these).

The same is true for the Renner monoids: MSOs9.y; and MSp,, have isomorphic Weyl
groups and isomorphic idempotents, both isomorphic to . (<Of), so it is not surprising that their
Renner monoids are isomorphic. Indeed, the four Renner monoids can be realized as monoids
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of partial permutations, with units one of &;, &4, or &%,, and E one of the combinatorial
descriptions of % (P) given in §1.2.

Consequently there are two ways to get their presentations, and for variety we illustrate both.
For M,, = k*SL,, we just apply (R1)-(R4) and Theorem 5.3 directly. For the other three we
work instead with their realizations as monoids of partial permutations, applying the adapted
versions of (P1)-(P4), as in Remark 1 at the end of §2, and then Theorem 2.1. We then give
an isomorphism from these to the Renner monoids.

Throughout T,, C GL,, is the group of invertible diagonal matrices.

EXAMPLE 7 (the general linear monoid M,). Let Gy =SL, with 7o =SL,NT, a
maximal torus; G = k*Gy = GL,, with maximal torus T'= k*Ty = T,,. The general linear
monoid is then M,, = kXSL,, with T the diagonal matrices.

For diag(ti,...,tn) € T let v; € X(T) be given by v; diag(t1,...,t,) = t;. Then X(T) is the
free Z-module with basis {v1,...,v,} and X(Tp) the submodule consisting of those > t;v; with
> t; = 0. The root system ®(Gy, To) = ®(G,T) has type A,—1:

{vi—v;A<i#j<n)}

with simple system A = {v;11 —v; (1 <i <n — 1)} arising from the Borel subgroup of upper
triangular matrices.

In this case the Weyl group W (G, T') can be identified with a subgroup of G, namely the set
of permutation matrices A(rw) := ZZ E; i» as m varies over the symmetric group &,,. Indeed, the
Weyl group is easily seen to be isomorphic to &,,, but we will stay inside the world of algebraic
groups in this example. The isomorphism W (G, T') — W (A, _1) is induced by A(7,j) — Sy, v,

The idempotents E' = E(T') are the diagonal matrices diag(t1, .. .,t,) with ¢; € {0,1} for all
i. Alternatively, for J C X :_{1, ...,n} let e = ZjeJ E;;, so that E(T) consists of the e
for J € #Bx (and indeed, E(T) is easily seen to be isomorphic to #x, but again we stay inside

algebraic groups). The Weyl group action on E(T) is given by

ey A(m)re ;A(T) = egn.

o~ —

Let e; :==e; for J ={1,...,4,...,n}. Running through (R1)-(R4), the atoms in E(T') are
A ={e;|1 <i<n}. There is a single W-orbit on A and we choose e := ¢y for O;. There is a
single W-orbit on pairs of atoms and we choose the pair {e, ea} for O3. We will see below that
there is no need for Oy for k > 2. If e; € A, (i > 1), we have ¢; = s;-1...51€51...8;-1, SO let

&€ = 8i—1...81€81...8;—1,
with €1 =e. Let ey € E with X \ J = {i1,...,ix}, giving ey =e;; V--- Ve, and let
EJ = Eiy - Eiyy-

We have A(r)~'e;A(r) = e, exactly when Jr = J; moreover, E>., = {e;|J D I'}. The result
is that

Oe, = {vi —vjli,j & J}.

There is a single W-orbit on the roots ® and we choose vo — v; € A as representative. If
ey is to be minimal in E with the property that vy —v; € ®., then J is minimal (under
reverse inclusion!) with 1,2 ¢ J. Thus J = {3,...,n}, and the set Iso consists of the single
pair (egs,...n},51) With eg3, 3 = €162 = esies;.

.....

A presentation for the Renner monoid of M,: By Theorem 5.3 we have generators
$1,-..,8n—1, € with (Units) relations (s;s;)™#% = 1, where the m;; are given by the Coxeter
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symbol

S1 52 Sn—2 Sn—1
The (Idem1) relation is €2 = e the (Idem2) relations are
E1E2 = &92€1, Or, €51€81 = S1€S51€.

We saw in §1.1 that in Zx — or in §1.2 that in Z# (A™) — all subsets of atoms are independent and
so the (Idem3) relations are vacuous. The (Refldem) relations are s;e; = €}'s; for 1 <i<n —1
and 1 < j < n; as in Lemma 3.1 of §3 we can prune these to s;e =¢&%s; (1<i<n—1). We
have s1es1 = s2 and s;es; = e (i > 1) so that %1 = 9 = syes1, €% = e (i > 1) and the relations
are

sie =es; (i > 1).
Finally, the (Iso) are ejs1 = ¢y for J ={3,...,n}, or

€S1€ = €51€851.

REMARK. It is well known that R is isomorphic to the symmetric inverse monoid ., where
the s; correspond to the (full) permutation (¢,4 4 1) and e to the partial identity on the set
{2,...,n}, and so yet again we have the Popova presentation.

As promised we now introduce two families of monoids of partial permutations. Let +X =
{#£1,...,+£} and define the group & x of signed permutations of X to be

Gix ={reBxu_x|(—x)r = —zw for all z € £ X }.

(the reason for the change in notation from n to £ will become apparent in Example 8 below).
A signed permutation 7 is even if the number of z € X with zm € —X is even, and the even
signed permutations &€ y form a subgroup of index two in G4 x.

The symmetric group is a subgroup in an obvious way: let m € &1Lx be such that = and
xm have the same sign for all x € £X. In particular 7 is even. Any such 7 has a unique
expression m = mym_ with 7y € 6x, - € 6_x and 74 (x) = 7—(—z). The map 7 +— 7 is
then an isomorphism from the set of such 7 to & x. We will just write Sx C S+x (or C 6% y)
from now on to mean this subgroup.

We require Coxeter system structures for S+ x and &% 5. Indeed, we have &1 x = W(By)
W (Cy) via s,, or s2,, + (1,—1) and sy, —0, +— (4,7 +1)(—i, —i — 1) and S1x = W (D) via
Soi4vs (1, =2)(=1,2) and sy, —0, > (4,7 + 1)(—i, —i — 1).

Now to a system of subsets for &4+ x and &% y. In [7, §5] we used the elements of Zx
to give a system for &x and this led to the monoid %4, of partial signed permutations.
Here we want something different. Recall from Example 2 the poset E of admissible subsets
of £X, with +£X adjoined. If 7 € G1x and J is admissible, then it is easy to see that J is
also admissible, and so the action of &Lx on +X restricts to E. Our system consists of the
intervals E>; = {I € E|J 2 I} as in the Introduction.

Write M(6+x,8) and M (64 y,8) for the resulting monoids of partial permutations.

o~

A brief interlude: We detour to parametrize the orbits of the action of the symmetric group
Gx on k-tuples of distinct subsets of X given by (Ji,...,Jr) = (Ji7, ..., Jemw). The results
here may well be part of the folklore of the combinatorics of the symmetric group; full details
are in [6, §6.3]. Let X = {1,...,¢},Y ={1,..., k} with %y the Boolean lattice on Y, ordered
as usual by reverse inclusion, and [0, ] C Z, with this interval inheriting the usual order from
7.
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Let f: By — [0,£] be a poset map and define f*: By — Z (not necessarily a poset map)
by

FrI) = 5o (DI, (5:2)
Then f is a characteristic map if f*(I) > 0 for all I, and f*(@) = 0.
In [6, §6.3] (see also below) it is shown that a tuple (Jy,...,Ji) gives rise to a characteristic

map and every characteristic map arises from some tuple. Moreover, two tuples lie in the same
G x-orbit exactly when they give rise to identical characteristic maps. Thus,

LEMMA 5.4. With X,Y as above, the orbits of the diagonal action of Gx on k-tuples of
distinct subsets of X are parametrized by the characteristic maps.

We write Chary, for the set of characteristic maps f : By — [0,¢] when |Y| = k. Although
Chary, depends on both k and ¢, in the examples below ¢ will be fixed. Write (Ji....,Jk)¢
for the tuple arising from f € Chary in the following way: let disjoint sets Ky, (& # I € By )
be defined by first setting Ky := {1,..., f*(Y) = f(Y)} if f(Y) > 0,0r Ky :=@if f(Y)=0.
Now choose some total ordering < on %y having minimal element Y, and for general I let
K7 be the next f*(I) points of [0,£]\ J, ; K. Although the choice of < is not important,
for definiteness we take J < I when |I| < |J| and order sets of the same size lexicographically.
Then for i =1,...,k, let J; = J K, the (disjoint) union over those I with ¢ € I. See [6, §6.3]
for a proof using Mobius inversion that this construction works.

For fixed k the possible characteristic maps in Chary can be enumerated by letting f(Y) =
f*Y)=ng>0.HT=Y\{i} then f*(I) = f(I) — f(Y) > 0 gives f(I) = n; > ng. In general,
if I=Y\J, (JCY) then f(I) can equal any n; € [0, /] satisfying n; > >, ;(—1)17\Eln
(and £(2) = X0 (—1)71n,).

For example, if £k =1 then By is the two element poset Y < @. We have f*(Y) = f(Y) >
0 and f(@)= f(Y). Thus Char; consists of the f(&) = f(Y) = ng, for each ng € [0,¢], of
which there are ¢ + 1. This coincides with the fact that &x acts t-fold transitively on X for
each 0 <t </, hence there are £ + 1 orbits. As another example, explicit orbit representatives
(J1,J2,J3) s when k=3 can be obtained as follows: let no,...,ns, n12,n13, n23 be integers
such that 0 <ng <n; <, n;+n; —ng <mny; <L and > n;; — Y. n; +ng < ¢ The following
picture depicts X = {1,...,¢}, with 1 at the left:

o N1 —ng|N2 —Ng N3 —Ng [N12 — N1 — N2 + No|N13 — N1 — N3 + No(N23 — N2 — N3 +No|  (f)

{1,2,3}  {2,3} {1,3} {1,2} {3} {2} {1}

and the number in each box gives the number of points in the box (so the left most box
represents the points {1,...,n0}, the second the points {ng + 1,...,n1}, and so on). Each box
is also labeled below by a subset of Y. Then J; is the union of those boxes for which i appears
in the subset below it; e.g.: J; is the union of the grey boxes.

We return to the monoids M(S+x,8) and M(G% y,8). For the rest of the paper, all
mention of (P1)-(P4) refers to the adapted versions of these as in Remark 1 at the end of §2.
As observed in the Introduction, the map J +— E>; is a poset isomorphism F = § which is
equivariant with respect to the 64 x and &9 y actions. Thus, in running through (P1)-(P4)
we can work with the admissible J € E rather than the corresponding intervals E'>; € 8. This
makes the notation a little less cumbersome.

(1). The monoid M(S1x,8). The atoms in E are the a(l):=IU(-X\-I),ICX =
{1,...,£} of §1.2. There are thus 2¢ atoms here versus the ¢ in the SL,, case. Now to the sets
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Oy, for k > 1. Let a(I) be an atom of E with I = {i1,...,4x}. Then
a(l) - (i1, —i1) -+ (ig, —ix) = =X = a(D), (5.3)

so there is a single G4 x-orbit on the atoms, and we take O; = {a} with a := ().

For Os we can use the set Chars, although it turns out that with the G x action we do
can do a little more. Let a(1), a(K) be a pair of atoms with |I| < |K|and I N K = {i1,..., g}
Then the pair (a(I),a(K)) - (i1, —i1) - - - (ig, —ix) = (a(I1),a(K7)) with [; =T\ (I N K) and
K; = K\ (INK) disjoint. The pair I, K; can then be moved by the &x-action as far as
possible to the left of {1,...,¢} while remaining disjoint. Thus, for Oy we take the pairs
{a(I),a(K)} with T ={1,...,51}, K={j1+1,...,42} forall 0 < j; < jo < /L.

For k = 3 we can play a similar game, but this doesn’t work for & > 3. Instead, for k > 2 we
restrict the G x-action on E to the subgroup G x C G4 x and consider orbit representatives on
the k-tuples as in remark 3 at the end of §2. Thus the Oy, (k > 2) will be sets of representatives
with possible redundancies. If f € Chary is a characteristic map, then by the construction
following Lemma 5.4 we have a unique tuple (I, ...,I); with characteristic map f. For Oy
we take the set of {a(I1),...,a(Ix)} where (I1,...,I;)s arises via f € Char.

Write s; := (4,4 4+ 1)(—i,—i—1), (1 <i<{€—1); s9:=(1,-1) and w; := 8;_1--- 818081
8i—1 for i > 1 and wy = sp. If a([I) is an atom with I = {i1,...,ix}, let

a(l) == wi ... wiaw;, ... Wi . (5.4)

Let J € E be admissible with £X \ +J = {#iy,..., +ix}. Then, recalling that J* = J N X,
we take as fixed word for J

a(iy, ..y, JY) - aliv, . e, JT) (5.5)
when k > 1 (and where a7y, . .., i, J*) means o {i1, ..., ix} UJT)), or a(J )iy, JT) when

k=1.

Finally then to (P4) and & = {H;} where H={J € E|Jt=J}. Every t € T in &1 is
conjugate to sg or s; (using the Coxeter group structure) so there are two &4 x orbits on &/
with representatives Hy := H,, and Hy := H,,, where Hy consists of those J € E with £1 ¢ J
and H; those J with either +1,+2¢ J or 1,2 € J or —1,—2 € J. If J is to be minimal with
Hy O E>y then J has the form

1
-1

(5.6)
which is a(J)a(1, JT). Similarly, if J is to be minimal with H; O E>; then J has the form

1 2
-1 -2
which is a(1, J")a(2,JT).
The set Iso thus consists of the pairs (a(1,I)a(2,1),s1) for all I C X \ {1,2} and the pairs

(a(l)a(1,1), s9) for all I C X \ {1}. Rather than write out the resulting presentation for this
monoid here, we save it for Example 8 below.

(5.7)

(2). The monoid M (&€ y,8). The difference here is that we pass to the subgroup & y of
S1x and its action on E. The atoms are the a(I):=TU (=X \ —I), I C X as before. If a(I)
is one such with I = {iy,..., i}, then for k even

a([) . (il, —ig)(—’il,ig) s (ik—h —’L'k)(—’ik_l,ik) =-X= a(@), (5.8)
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and for k£ odd

a(l) - (ix, —iz)(—i1,d2) - -+ (ip—2; —ik—1)(—ik—2; ik—1) (Ik—1, i) (—ip—1, —i) - - - (1,2)(=1, —-2)
(5.9)
gives a(1). Although (5.3) still holds in the even case, we change here to the version (5.8)
because of our choice of generators for &5 y below. Thus, O = {a1 = a(@), a2 = a(1)}.

Let a(I),a(K) be a pair of atoms with I N K = {iy,...,i;}. Then a similar argument as in
the &4 x case gives O the pairs {a(I),a(K)} with I = {1,...,51}, K ={j1 +1,...,j2} (when
kiseven) or I ={1,...,51}, K ={j1,...,J2} (when k is odd), with 0 < j; < j2 < ¢ in both
cases.

The Oy, (k > 2) are exactly as in the S1x case, since Sx C 6 y. Thus Oy is the set of
{a(l1),...,a(I)} where (I1,...,I}) arises via f € Chary.

Write s; := (4, + 1)(—i,—i—1), (1 <i<{¢—1) and sp:=(1,-2)(—1,2) and let w;; :=
Sij—1°"818j—1"""825082 " *8;—151 """ Sj—1 forl <i< 7 < {— 1, Or Wyj 1= Sj—1""-8525052 """ 5j—1
for (j > 2) or w2 := sp. If a(I) is an atom with I = {i,...,i;} and k even, let

Oé(]) = Wipdg e e Wi 14, A1 Wig_q1dg - - - Wigig (510)
or if k is odd
Oé(]) = Wigdg oo Wi _gig_1Sip_q " 810281 7 Sip_ Wip_gip_q - - Wigio- (511)

If J € E is admissible then it is represented by the word (5.5) and the comments following it.
The treatment of (P4) is also virtually identical to the previous case: every t € T is conjugate
in & x to s1, so there is a single &9 y-orbit on & with representative H; := H, consisting
of the J € E with either £1,£2 ¢ Jor 1,2 € J or —1,—2 € J. The set Iso thus consists of the
pairs (a(1,I)a(2,1),s1) for all I C X \ {1,2}. Again, we save the presentation of this monoid
for Example 10 below.

EXAMPLE 8 (the symplectic monoids MSp,,). Let n = 2¢ and

0 JO]

Go=Sp,, ={9€GL, |¢g"Jg=J} for J =
—Jo O

where Jy = Zle E;¢—i+1 is £ x L. Note that as in [19], this is the version of the symplectic
group given by Humphreys [15] rather than the version used by Solomon in [26]. Let Ty =
Sp,, N T,,, the matrices of the form diag(ty, ... ,te,t;l, ., t71) with the t; € kX, Let G =
k*Sp,, with maximal torus 7' = k* Ty, and let the symplectic monoid MSp,, = k*Sp,, C M,,.

Fori=0,...,¢1et v; € X(T) be given by v; to - diag(ty, ... ,te,ﬁe_l, ., t7h) = t; so that X(T)
is the free Z-module on {vy,...,v¢}. The roots ®(Gy, To) = ®(G,T) have type Cj:

{foi+0;(1<i<j<OYU{x20,(1<i<O)}

lying in an ¢-dimensional subspace of X = X(T) ® R. The group G has rank ¢+ 1 and
semisimple rank £. We use the simple system A = {2v1,v;41 — v; (1 <i < £ —1)} as described
in the Introduction.

We now describe an isomorphism between the Renner monoid R of MSp,, and the monoid
M(S&414,8) of partial isomorphisms described in (1) above. The units in M (S1y,8) are Sy
and the units in the Renner monoid R are the Weyl group W (C/) so we have the isomorphism
S 2 W(Cy) given before the interlude. Let s, .. ., sg—1 denote either the signed permutations
of &1 introduced in (1) above or the simple reflections in W (Cy).

The idempotents in M(S+¢,8) are the partial identities idg. , on the E>; € 8, and the
idempotents in R are E(T), the matrices diag(t1,...,ts,t, ', ... 7Y with t; € {0,1}. We write
E for the idempotents in M (&4, 8) as well as for the poset of admissible subsets. Let the map
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n:+X — {1,...,n = 2¢} be given by

oot i>0
MU= 204144, i<o.
Define ¢ : E — E(T) by idg,, — e(J) := > jens Ejj for J C £X admissible, and idyx — In.

Then ¢ : E — E(T) is an isomorphism that is equivariant with respect to the &1 4-action on

E and the W(Cy)-action on E(T) (see [26, Example 5.5]).

Finally, if e =idg., is an idempotent in M(S1,,8) and G = &4y, then the idempotent
stabilizer G, consists of those 7 € G4, that fix the admissible set J pointwise. Similarly, we
have W(Cy)ec¢ consisting of those 78 € W(Cy) with e(J)m0 = e(J). This is also equivalent to
7 fixing J pointwise. We thus have our isomorphism M (&4, 8) = R by Proposition 5.1 (we
could also have used Proposition 5.2 but the above is more direct).

A presentation for the Renner monoid of MSp,,: It remains to take the (P1)-(P4) data for
M(S414,8) listed in (1) above and apply Theorem 2.1. We have generators s, ..., s¢—1, a with
(Units) relations (s;s;)™% = 1 where the m;; are given by

4
S0 S1 S¢—2 Se—1
The (Idem1) relation is a? = a, and the (Idem2) relations are
all,...;jna(i+1,...,52) =alii+1,...,52)a(l, ..., 1),
for all 0 < j; < jo < ¢, with () given by (5.4). The (Idem3) relations are
ally)...a(lx—1) = a(l)...a(lr—1)a()
for (I1,...,Iy—1,I)s arising from f € Chary, and with (a(l1),..., a(Ix=1)) € Indk_1, (k > 2)
and all a(K) D (Na(l;), where Indi_;1 is given by Proposition 1.5. The (Refldem) relations
consist of three families:
soa(I) = a(l)so, and s; a(l) = a(l)s;, and s; a(I) = a(I)%s;.

The first is for all I C X with 1 ¢ I (if 1 € I then the relations sg a(I) = a(I)®0 sy are vacuous);
the second for 1 <i<¢—1landi,i+ 1€ lorii+1¢I;thethird when exactly one of 4,7 + 1
lies in I; finally, a(1)% = sjwit1wi, - - Wy, Wy, « - wi,wit1 when I = {i is,... i}, and when
i+ 1 €I is similar. Finally, the (Iso) relations are

a(l,Na(2,1)s1 = a(l,Da(2,1), and a(I)a(1,I)so = a(I)a(1, ),

the first for all 7 C X \ {1,2} and the second for all 7 C X \ {1}.

EXAMPLE 9 (the odd dimensional special orthogonal monoids MSO,,). This is very similar
to the previous case. Let n = 2/ 4+ 1 and

0 0 Jo
Go=S0, ={9€GL, |g"Jg=J} for J = 0o 1 0|,
—-Jo 0 O

with Jy as in Example 8. We have taken the definition of SO,, given in [19] rather than [15]
to make the similarity with Sp,, more apparent. We have Ty = SO,, N T,,, the matrices of the
form diag(t1,...,te, £1,¢, %, ..., t7") with the t; € k*; G = k*SO,, with T' as before and the
orthogonal monoid MSO,, = £XSO,, C M,,.

The roots have type By, so are the same as Cy except with +v; instead of +2v;. Nevertheless,
as is well known, the Weyl group W (By) is isomorphic to W (C/) and we take the simple system
A= {U1,Ui+1 — V; (1 S ) S {— 1)}
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If R is the Renner monoid of MSO,, then the isomorphism M (&4, 8) = R is analogous to
Example 8, except in the isomorphism 6 : &+, — W (B,) we have (1,—1) + so := sy, and in

the isomorphism ¢ : E — E(T) we have n: £X — {1,...,n = 2{ + 1} given by

(i) = 1, t>0
MU= 204244, i<0
and e(J) 1= Epq1,041 + ZjenJ Ej; for J C £X admissible.
The presentation for the Renner monoid of MSQOy4 1 is identical to the presentation in the
MSp,, case of Example 8.

EXAMPLE 10 (the even dimensional special orthogonal monoids MSO,,). Let n = 2¢ and

0 Jo
Jo 0 |’

with Jy and MSO,, as above. The roots have type Dy: {£v; £v; (1 < i < j < ¢)} with simple
roots A ={v1 + v, ;41 —v; (1 <i<l—1)}. If R is the Renner monoid of MSQOyy, the
isomorphism M(69,,8) = R is built from the isomorphism 6 : &, — W (Dy) given before

the interlude together with ¢ : E — E(T) exactly as for MSp,,.

Gozsonz{gEGLn|gTJg:J}forJ:[

A presentation for the Renner monoid of MSOg,:: We take the (P1)-(P4) data for
M(6¢,,8) listed in (2) above and apply Theorem 2.1. We have generators so, ..., s/—1, a1, a2
with (Units) relations (s;s;)™% = 1 where the m;; are given by

S1

Sp— Sp_
S0 52 (-2 -1

The (Ideml) relations are a? = ay, a3 = as, and the (Idem2) relations are

a(l,...,jal+e ... 52) = alii +e&,..,g2)e(l, .. ),

for all 0 < ji < j2 <¥, ¢ =0,1 and with «(I) given by (5.10)-(5.11). The (Idem3) relations
are exactly as in the MSp,, case. The (Refldem) relations are the same as for MSp,, for
$; (1 <4 < £ —1); the relations involving s are slightly different. We get:

soa(I) = a(I)sg, and soa(I) = a(I)*°sg.

with the first for all 7 with 1,2 ¢ I and the second where at least one (or both) of 1,2 are in
I Tt is straightforward to give an expression for «(I)*°. Finally, the (Iso) relations are

a(l,NHa(2,)s1 = a(l, DHa(2,1),
forall I C X\ {1,2}.

5.3. An example of Solomon

For the beautiful interplay between group theory and combinatorics that results, we look at
a family of examples considered by Solomon in [26, Example 5.7]. We follow the pattern of the
last section, defining first an algebraic monoid M, followed by an abstract monoid of partial
isomorphisms which turns out to be isomorphic to the Renner monoid of M.

Let Gy = SL,, and Vj the natural module for Gy. Let A” Vi be the p-th exterior power and

let
n—1 p n—1
V=& AV, with dmV ==m =[] (")

p=1 p=1 p
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If p: Gg — GL(V) is the corresponding representation then let M = k*p(Gy) C M,,,. Let R
be the Renner monoid of M.

Now to a monoid of partial isomorphisms. Take an n-dimensional Euclidean space with basis
{u1,...,u,} and &,, acting by u;m = u;r for 7 € &,,. The (n — 1)-simplex A"~ ! is the convex
hull of the u;, and as the &,,-action is linear, it restricts to an action on A™~!. This is just the
action of the group of reflections and rotations of A1, In particular, if O is an admissible
partial orientation of A”~! as in Example 3 of §1.2, then it is clear that the image O is also
admissible. Consider the induced &,,-action on the set Fj of admissible partial orientations
and extend it to the poset F of Example 3 by defining 17 = 1 for all 7 € &,,. This action is
clearly by poset isomorphisms.

Thus the collection of intervals Eso = {0’ € E|O < O’} forms a system 8 of subsets of F
for &,, with M(6&,,,8) the corresponding monoid of partial isomorphisms.

The isomorphism M(&,,,8) =2 R. By Proposition 5.2 it suffices to establish an isomorphism
from M(6,,8) to M(W,8p) where W is the Weyl group of G (or Gy) and P is the polytope
described in §5.1. The Weyl group is W(A4,,—1) and we take 0 : &,, - W (A, _1) the standard
isomorphism given by (i,7 4 1) — s; := Sy, 0, -

We now describe P, following [26, Example 5.7]. It turns out to be convenient to describe
another abstract polytope P’ first, and then relate this back to the P we are interested in. Let
X =A{1,...,n}and 7= {J1,...,Ju—1} be a collection of subsets of X with |J;| =i. Thus, 7
contains exactly one non-empty proper set of each possible cardinality. Let X be the set of all
such 7. Given 7 € 3, let a; be the number of J; in which j occurs, and let v, be the vector
(at,...,an)T € R™.

PROPOSITION 5.5. The convex hull P’ of the v,, for 7 € ¥, is the (n — 1)-permutohedron
having the parameters my,...,m, =0,...,n— 1.

The proof is in [6, §6.5]. The polytope P’ is not quite the P described in §5.1. To get it
back, we need to compute the columns of the matrix A whose rows a; = (a;1,...,ain) are
given by (5.1). Recall the simple roots vp41 — v, from Example 7 and let (v,11 —vp)Y(t) =
diag(1,...,t,t71,... 1) for 1 < p < n — 1 be the corresponding coroots with the ¢ in the p-th
position. If v, = (a1,...,a,)" arises from 7= {J1,...,J,_1} with J; = {i}, Jo = {4,k},...,
Jn—1={1,...,q,...,n}, then V has basis the v of the form

V=0, (VjAVL) ® - QU1 A~ AUg A+ Auy),

as 7 ranges over X and where {v1,...,v,} is a basis for Vj. Then p(vpy1 — vp)Y (H)v =
ta%~%+1y, and so the columns of A are the (a; — ag,...,a,_1 —a,)T. In particular the map
(1, 20)T = (w1 — 22,...,2n—1 — x,)T sends the permutohedron P’ of Proposition 5.5 to
the polytope P described in §5.1.

Let O be an admissible partial orientation of A"~! and O+ f, be the isomorphism
E — Z(P') of Proposition 2.4, with m1,...,m, =0,...,n— 1. The map R® — R"~! given
by (z1,...,2n) = (1 — T2,...,Tn_1 — ) induces an isomorphism .# (P’') — % (P) which we
write as f§, — fo. Finally, let ¢ send the partial identity on the interval E>o of E to the
partial identity on the interval Es s, of Z(P).

That ¢ is equivariant and 6 preserves idempotent stabilizers (which actually turn out to be
trivial) we leave to the reader, although we supply the following hint: the vertices of P can be
labeled (in a one to one fashion) by the g € W(A,,_1) and the edges can be labeled by the s;
so that there is an s;-labeled edge connecting ¢ to ¢’ if and only if ¢’ = gs; (in the language of
[5, Chapter 3], the 1-skeleton of P is the universal cover, or Cayley graph, of the presentation
2-complex of W with respect to its presentation as Coxeter group). The action of W(A,_1)
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on the vertices of P can then be described as follows: if g = s;, ... s;, € W(A,—1) and v is the
vertex of P labeled by the identity, then let v’ be the terminal vertex of a path starting at v
and with edges labeled s;, , ..., s;,. For any vertex u, let s;, ...s;, be the label of a path from v
to u, and let «’ be the terminal vertex of a path starting at v' and with label s;, ...s;,. Then g
maps u to v’ (and in particular v to v’). In the language of [5, Chapter 4], the W (A,,_1)-action
is as the Galois group of the covering of 2-complexes.

Define ¢ : M(6,,,8) - M(W(A,,—1),8p) as in Proposition 5.1.

Presentation data for the monoid M(&,,8). The atoms are the partial orientations aj
from §1.2 for J a non-empty proper subset of X = {1,...,n}. The &,-action on the partial
orientations induces an action on the atoms given by ay -7 = aj, for 7 € &,,. Thus, we just
have the action of G,, on the subsets of X, so for the representatives O we can appeal to the
interlude of the previous section.

The set Chary corresponds to the ng with 0 < ng < n, and we take O; = {a1,...,an-1}
with a; := agy.. ;3. The absence of an ag and a, is because we have restricted to the action
on the non-empty proper subsets of X. The set Chars corresponds to the ng,ni,ns such
that 0 < ng < ny,ng with ny +ny —ng < n and 0 < n; < n. From the interlude we get a tuple
(J, K) where

J={1,...,no}U{nog+1,...;n1}and K ={1,...,no} U{n1+1,...,n1 +na —no}

are representatives for the corresponding orbit. Thus we take Oz to be the pairs {a,ax }. The
set Chars corresponds to the nog, ..., ns, n;; satisfying the conditions given in the example at
the end of the interlude, together with 0 < n;; < n. We get a corresponding tuple (Ji, J2, J3)
using the scheme () above, and we take Oz to be the the set of {as,,as,,a,}.

For J a non-empty proper subset of X, fix an element w; € &,, with Jw; = {1,...,|J|} and
let

oy = w.]akwjl. (5.12)

It turns out that for an arbitrary O € E we do not require an expression in the atoms for O,
except in the case O = 1, the formally adjoined unique maximal element. We take 1 := \/ ay,
the join over all the atoms, i.e. over all non-empty proper subsets J of X.

Finally we have the set Iso. The set T' consists of the transpositions (i, j) € &,, and for t € T,
H;={0 € Ey|Ot =0} U {1} with & = {H;|t € T}. There is a single &,,-orbit on & with
representative Hy := Hg, where s; := (i,7+ 1). The O are the partial admissible orientations
of A"~ and one such is fixed by s; exactly when the edge joining v; and vy is not in O, and
for all 4 > 2, the edge joining v; and v; lies in O if and only if the edge joining vy and v; lies
in O. We want O minimal with the property that H; O E>p. But if O < 1 then the interval
E>0 contains an admissible partial orientation in which all the edges of A™~! are oriented (i.e.
a total order). Thus, F>¢ contains an O’ in which the edge joining v; and vq is oriented, and
so O'sy # O'. The result is that H; 2 E>o.

The only element of E then that is minimal with H; O E>p is 1, and Iso consists of the
single pair (1, s1).

EXAMPLE 11 (the presentation for the Renner monoid of M). We have generators

$1y-+-,8n—1 and a1,...,a,—1 with (Units) relations (s;s;)"#% = 1 where the m;; are given
by the symbol

S1 So Sp—2 Sp—1
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The (Idem1) relations are a? = a; (1 < i < n — 1) and the (Idem2) relations are ajax = axary,

P =

where the o’s are given by (5.12),
J:{1,...,n0}U{n0+1,...,n1},K:{1,...,n0}U{n1+1,...,n1 —|—7’LQ—7’L()}

and 0 < ng < ni1,ng are such that ny +ny —ng < n and 0 < n; < n.

The presentation for the permutohedron from §1.2 gives (Idem3) relations aj oy, =
ag,aog, for all {ay,,ay,,as,} € O3 where Jy, Jo satisfy J; # J1 N Jy # Jo; that is, n1 — ny,
n13 — N1 — N3 + ng are not both zero, and no — ng, nag — ne — ng + ng are not both zero.

The (Refldem) are s;a; = agg,8; for 1 <i < mn —1 and J a non-empty proper subset of X.
Finally the (Iso) are the single relation

[Ter-so=]]es

where the product is over all proper non-empty subsets J of X.
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