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The adiabatic limit of wave map flow on a two torus

J.M. Speight*
School of Mathematics, University of Leeds
Leeds LS2 9JT, England

Abstract

The S? valued wave map flow on a Lorentzian domain R x ¥, where ¥ is any flat
two-torus, is studied. The Cauchy problem with initial data tangent to the moduli space
of holomorphic maps ¥ — 52 is considered, in the limit of small initial velocity. It is
proved that wave maps, in this limit, converge in a precise sense to geodesics in the
moduli space of holomorphic maps, with respect to the L? metric. This establishes, in a
rigorous setting, a long-standing informal conjecture of Ward.

1 Introduction

Wave maps are the analogue of harmonic maps in the case where the domain is Lorentzian.
They satisfy a semilinear wave equation which has been heavily studied, in the simplest non-
trivial case of S? target space, as a model PDE system involving a manifold-valued field
[21]. The wave map equation is particularly interesting in the case where the domain is
(R x X, dt* — gx), with (X, gs) an oriented Riemannian two-manifold. In this case, the static
wave map problem is conformally invariant, so static solutions on ¥ = R? in particular have no
preferred scale: they can be dilated to any size without changing their energy. This suggests
that time-dependent solutions with initial data close to a static solution might collapse and
form singularities in finite time, an issue which has been heavily studied both numerically
and analytically mainly for ¥ = R?, N = S?, within a certain rotational equivariance class.
Numerical studies of increasing sophistication suggested that finite-time collapse can occur,
and suggested formal models of the collapse process [11, 1, 13, 17]. The first rigorous proof
of blow-up came in the work of Krieger, Schlag and Tataru [8], who proved the existence of
rotationally equivariant initial data, of topological degree n = 1, leading to finite-time col-
lapse. Rodnianski and Sterbenz subsequently proved existence of equivariant initial data of
every degree n > 4 leading to finite-time collapse, and proved that collapse is stable to small
perturbations of the initial data, at least within the equivariance class [19]. These results were
extended to every degree n > 1 in work of Raphael and Rodnianski [18], which also established
detailed asymptotics and universality properties of the collapse mechanism. For a thorough
discussion of blow-up of wave maps, see [17, 18].

*E-mail: speight@maths.leeds.ac.uk



This paper addresses a different analytic issue from singularity formation, namely the
validity of the geodesic approrimation to wave map flow. To motivate this, one should think
of wave maps R x ¥ — S? as (formal) critical points of the action functional

S:/dt(T—E), where T:1/|¢t\2, E:l/\dw\?. (1.1)
2 /s 2 s

It follows (from Noether’s Theorem) that they conserve the total energy 7"+ E. A rather
general argument of Lichnerowicz [12] shows that for any map ¢ : 3 — S? of topological
degree n € Z (subject to suitable boundary conditions, if ¥ is noncompact), E > 47|n|, with
equality if and only is ¢ is & holomorphic. So holomorphic maps, if they exist, minimize
potential energy in their homotopy class. Let us denote by M,, the moduli space of degree n
holomorphic maps ¥ — S?. Consider a wave map ¢(t) with ¢(0) € M,, and ¢;(0) € Tyy)M,,
with [|¢¢(0)|z2 small. By conservation of E + 1||¢.(t)||3., one expects that ¢(¢) will stay
close to M,,, on which E attains its minimum value, for as long as the solution persists. This
led Ward to suggest [29], in the specific case ¥ = R?, that such wave maps should be well
approximated by the dynamical system with action S, but with ¢(t) constrained to M,, for all
time. Since F is constant on M,,, this constrained system is equivalent to geodesic motion on
M,, with respect to the L? metric (obtained by restricting the quadratic form T to TM,,). A
similar approximation had previously been proposed by Manton [15] for low energy monopole
dynamics, and the geodesic approximation is now a standard technique in the study of the
dynamics of topological solitons [16].

Geodesic motion on My (for ¥ = R?) was studied in detail in [10]. There is a technical
problem: the L? metric is only well-defined on the leaves of a foliation of M,, and one must
impose by hand that ¢(¢) remains on a single leaf. This turns out to be ill-justified (it precludes
singularity formation for n = 1, for example, in contradiction of [8, 18]). This technical
deficiency is removed if we choose Y to be a compact Riemann surface. Here geodesic motion
in M,, is globally well-defined, if incomplete [20], and the L? geometry of M, is quite well
understood, at least for some choices of ¥ and n [14, 22, 23, 24].

The question remains: is geodesic motion in M, really a good approximation to wave map
flow in the adiabatic (low velocity) limit? The purpose of this paper is to prove that it is,
for times of order (initial velocity)™! at least in the case where X is any flat two-torus. More
precisely, we will prove:

Theorem 1.1 (Main Theorem). Let M,, denote the moduli space of degree n > 2 holomorphic
maps from a flat two-torus ¥ to S*. For fized ¢pg € M,, and ¢ € Ty M,, consider the one
parameter family of initial value problems for the wave map equation with ¢p(0) = ¢o, ¢4(0) =
ep1, parametrized by € > 0. There exist constants 7, > 0 and €, > 0, depending only on the
initial data, such that for all € € (0,e,], the problem has a unique solution for t € [0,7./¢].
Furthermore, the time re-scaled solution

b1 [0, 7] x & — 5%, ¢e(T,p) = &(7/e,p)

converges uniformly in C' to ¢ : [0,7.] X ¥ — S?, the geodesic in M,, with the same initial
data, as € — 0.



To prove this we will adapt the perturbation method devised by Stuart to prove validity
of the geodesic approximation in the critically coupled abelian Higgs and Yang-Mills-Higgs
models [25, 26]. The wave map problem has a key similarity with these gauge-theoretic prob-
lems, namely a moduli space of static solutions which minimize energy in their homotopy
class and satisfy a system of first order “Bogomol’'nyi” equations. (For wave maps, the Bogo-
mol’nyi equation is the condition that ¢ be & holomorphic, i.e. the Cauchy-Riemann equation.)
Roughly, the idea is to decompose the solution ¢(t) as ¢(t) = 1(t) + Y (t) where ¥(t) € M,,,
and control the growth of a suitable Sobolev norm of the error Y (¢) uniformly in € by means
of energy estimates. One concurrently shows that the projected trajectory (t) converges to
a geodesic in M,,.

In comparison with Stuart’s work on vortices and monopoles, the situation we study is
simpler in two respects: we work on a compact domain ¥ (rather than R? or R?), and our
system has no gauge symmetry. On the other hand, the wave map problem introduces two
new challenges for the method.

First, our field is manifold-valued, so it is not clear a priori what the decomposition ¢(t) =
(t) + e2Y (t) really means. In preliminary work on this problem, it was suggested that the
correct formulation was ¢(t) = exp,,) £*Y (t), where exp : T'S* — S? is the exponential map
[5]. In fact, this turns out not to have the analytic properties required by Stuart’s method
(except for rotationally equivariant wave maps). In this paper we isometrically embed S?
in R® and use the ambient linear structure to project as usual, ¢(t) = 1 (t) + €Y (t). This
choice is simple, but has significant repercussions: Y is no longer tangent to the map 1 (not
a section of ¢~ 'T'S?), and must satisfy a nonlinear pointwise constraint to ensure that ¢ is S?
valued. The evolution of Y is governed by a nonlinear wave equation whose (spatial) linear
part is the Jacobi operator J, for the harmonic map ¢ : ¥ — S2. It turns out that J, is not
self-adjoint when acting on non-tangent sections (such as Y). Since self-adjointness of (the
analogue of) J, is crucial for Stuart’s method, we must devise a way round this: we replace Jy
by an “improved” Jacobi operator L., which coincides with .J, on tangent sections, but is self-
adjoint on all sections, and introduce compensating nonlinear terms into the wave equation
for Y using the pointwise constraint. Further difficulties result: L, unlike Jy, does not define
a coercive quadratic form on the L? orthogonal complement of 7;,,M,,. We must work instead
with a weaker near-coercivity property, which turns out to suffice for our purposes.

Second, while ¥ is compact, the moduli space M,, is not. Of course, the vortex and
monopole moduli spaces, dealt with by Stuart, are also noncompact, but in those cases,
moving to infinity corresponds to (clusters of) solitons separating off and escaping to infinite
separation, a well-controlled process. For wave maps, by contrast, approaching the boundary
of M,, at infinity corresponds to one or more lumps collapsing and “bubbling off”. In this
process, ¥ becomes singular and both geodesic motion and wave map flow become badly
behaved. To handle this, we must keep careful track of the position (of ¢ € M,,) dependence
of our various estimates, and modify Stuart’s a priori energy bound so that we simultaneously
control the error Y (t), the deviation of ¥(¢) from the corresponding geodesic, and the distance
of ¥(t) from 0, oM,,.

It is interesting to speculate to what extent Theorem 1.1 can be generalized. It is clear that
the proof presented here generalizes quite easily to the case of a general compact Riemann
surface, provided n is sufficiently large compared with the genus of . The reason for restricting



to the case ¥ = T is mainly one of presentation: the existence of global cartesian coordinates
makes it straightforward to define the various function spaces, for example. Generalizing the
target space is not so straightforward. The wave map flow R x ¥ — N has the appropriate
“Bogomol’'nyi” form for Stuart’s method to apply whenever >, N are both compact kahler
manifolds (in fact, it suffices for ¥ to be co-kdhler). The choice N = CP* k > 2, is of
some interest in mathematical physics, for example. But here the reliance on an isometric
embedding N C RP becomes very problematic. It seems likely that some variant of Theorem
1.1 does remain true for general compact kahler targets, but proving it would require a rather
different approach, perhaps along the lines sketched in [27].

One should note that Theorem 1.1 gives no information about singularity formation for
wave maps on R x 3 because, although there certainly are geodesics () which hit 0,,M,,
in time 79 < 0o, and the corresponding wave maps do converge uniformly to 1(7) on some
interval [0, 7], there is no reason to expect 7. = 79. In fact Raphael and Rodnianski have
shown that singularity formation of equivariant wave maps on R? deviates significantly from
the dynamics predicted by the (suitably regulated) geodesic approximation [18]. Since blow
up is a (spatially) local phenomenon, these results presumably apply in some form on the
torus, which would imply 7, < 79. Nontheless, the geodesic approximation (on compact X or,
regulated, on ¥ = R?) predicted finite time blow-up of wave maps in (2 + 1) dimensions, and
this prediction turned out to be correct. The geodesic approximation also makes predictions
about the genericity of blow up. It is not hard to prove, for example, that generic geodesics
on M; for ¥ = S? do not hit the boundary at infinity. It would be interesting to see whether
the full wave map flow has this property (i.e. generic Cauchy data tangent to M; have global
smooth solutions). The analogue of Theorem 1.1 for 3 = S? could provide a starting point
for proving such results.

The rest of the paper is structured as follows. In section 2 the moduli space M,, of holo-
morphic maps is introduced and its key property, Proposition 2.1 (existence of a smooth local
parametrization about any point), established. In section 3, the projection of the wave map
flow to M,, is defined, and the coupled system satisfied by ¢ and the error section Y is derived,
equation (3.15). In section 4, some standard functional analytic definitions and results are
introduced. Our aim here, and in the remainder of the paper, is to make the proof accessible to
a wide mathematical physics audience, not just experts in PDE. In section 5 a local existence
and uniqueness theorem for the coupled system (3.15) governing (¢,Y") is proved, Theorem
5.1. Of course, local existence and uniqueness of wave maps in this context is not new; the
extra, and new, information we obtain here is local existence and uniqueness of the projection
to M,,. This is the engine underlying Stuart’s method, and we go through the argument in
some detail, not only because there are certain new aspects we have to deal with which Stuart
did not (e.g. preservation of the pointwise constraint on Y’), but also because the requirements
of Picard’s method for this proof determine our choice of function spaces, a point which is
not obvious (to the non-analyst) in Stuart’s original applications of the method [25, 26]. In
section 6 the key near-coercivity property of the quadratic form associated with the improved
Jacobi operator is proved, Theorem 6.5 (roughly, that (LY, L, LY )12 controls the H* norm
of Y). In section 7 energy estimates are established which bound the growth of Y (¢). Finally,
in section 8, the coercivity properties and energy estimates are combined to prove long time
existence of the solution (¢,Y’), and establish convergence to the corresponding geodesic in



M,,. An appendix presents the proofs of some basic analytic properties of the nonlinear terms
in the coupled system for (¢, Y") which are used repeatedly in section 5.

2 The moduli space of static n-lumps

Static wave maps are harmonic maps ¢ : ¥ — S2, that is, solutions of the harmonic map
equation

Gz + byy + (|0a]” +16y[*)9 =0 (2.1)

or, equivalently, critical points of the Dirichlet energy

B6) =5 [ 16+ Il (2.2

Maps ¥ — S? fall into disjoint homotopy classes labelled by their degree n € Z, which we
may assume, without loss of generality, is non-negative. An argument of Lichnerowicz [3, p39]
shows that, in the degree n class, E(¢) > 4mn, with equality if and only if ¢ is holomorphic.
Furthermore, all harmonic maps ¥ — S? of degree n > 2 are holomorphic [4]. So the moduli
space of interest, M,,, is the space of degree n holomorphic maps ¥ — S2. Such maps are
called “n-lumps” by analogy with the case > = C, where the Dirichlet energy density typically
exhibits n distinct local maxima, which may loosely be thought of as smoothed out particles,
or lumps of energy.

The global topology of the space M, is quite complicated, for example, My = [¥ X
PSL(2,C)]/(Zy x Zsy), [23]. For our purposes local information will suffice, however. Given a
smooth variation ¢s of ¢ = ¢y € M,, we have dE(¢;)/ds = 0 at s = 0 (since ¢ is harmonic)

and
*E(¢s)

where V' = 0,¢,|s—0 € T'(¢'T'S?) is the infinitesimal generator of the variation and
J¢>V = Vo — Vyy - (‘¢x|2 + |¢y‘2)v - 2(¢x Vi + ¢y ' Vy)¢ (2-4)

is the Jacobi operator at the map ¢ [28, p155]. This operator is self-adjoint and elliptic, and its
spectrum determines the stability properties of ¢. By the Lichnerowicz argument, ¢ minimizes
F in its homotopy class, so spec J, is non-negative. Given a variation ¢, through harmonic
maps, that is, a curve in M,, through ¢ = ¢y, its infinitesimal generator V = 0,¢|.—o satisfies
JpV = 0. Hence T;M,, C ker J,. For a general harmonic map ¢ : M — N between Riemannian
manifolds, the converse may be false, that is, there may be sections V' € ker J; C (¢~ 'TN)
which are not tangent to any variation of ¢ through harmonic maps, and in this case the space
of harmonic maps M — N may not be a smooth manifold around ¢. It is important for us to
rule out this kind of bad behaviour in our case. More precisely, we need:

Proposition 2.1. Given any ¢g € M,,, n > 2, there exists an open set U C R*™ and a smooth
map 1 : U x ¥ — S? such that,

(i) for each q € U, ¥(q,-) € M,



(i) there exists qo € U such that ¢po = ¥(qo, ), and
(tii) Wy, =0 /0", p=1,2,... 4n span ker Jy (.-

Proof. Choose any p € S% such that both p and —p are regular values of ¢ (such p exists by
Sard’s Theorem). Then ¢ : ¥ — S? is in M,, if and only if s, 0 ¢, its image under stereographic
projection from p, is meromorphic, of degree n, that is, a degree n elliptic function. The most
general degree n elliptic function is [9]

o(z—ay) --0(z—ay)

o(z—=0by)---0(z—by)

(590 6)(2) = A (2.5)
where o is the Weierstrass sigma function, A, aq, ..., a,, by, ..., b, are complex constants, A # 0,
> a;=> b mod A and {a;} N{b;} = 0. Hence, we may parametrize a general point ¢ € M,,
by 4n real numbers ¢*, for example, the real and imaginary parts of A, ay,...,b,_1 having
set b, = ay +---+a, — by — -+ —b,_;. Further, ¢ manifestly depends smoothly on ¢ and
z. Hence we have a smooth map ¢ : U x ¥ — S? satisfying properties (i) and (ii). By our
choice of p, s, 0 ¢ has n distinct zeroes and n distinct poles, so {¢,} at ¢ = g are linearly
independent sections of ¥(q, -)"'T'S?, and hence, by smoothness, also linearly independent on
some neighbourhood U of ¢ in U. As explained previously, v, span a subspace of ker Jy(,.,
so it remains to show that ker J; has dimension 4n for any ¢ € M,,.

It is known [28, p174] that ker J, is isomorphic, as a complex vector space, to H(X, L),
the space of holomorphic sections of the line bundle L = ¢=17"S2, where T"S? denotes the
holomorphic tangent bundle of S%. Since ¢ has degree n and T"S? has degree 2, L has degree
2n. Now, by the Riemann-Roch formula [6]

dim H(X, L) — dim H' (X, L) = deg L = 2n (2.6)

since 3 has genus 1. But, by Serre duality, H'(X,L) = HY(X, K ® L*)* where K is the
canonical bundle of ¥. Now K is trivial, so K ® L* has degree —2n, and hence has no
holomorphic sections, whence H*(X, L) = 0. It follows that ker J,; has real dimension 4n, as
required. ]

We can regard ¢* as local coordinates on M,,. Given the initial data ¢, € Ty, M,, of interest,
we choose and fix such a ¢ : U x ¥ — S? and denote by ¢y € U and ¢; € R*" those vectors such
that ¢o = 1 (qo, ) and ¢1 = ¢{'¢u(qo,-). Here, as henceforth, we use the Einstein summation
convention on repeated indices. We also choose and fix a compact neighbourhood K of ¢y in
U. In a slight abuse of notation, we will also use the symbol 1 to denote the associated map
UDK — M, C (5% so ¢(q) will denote the holomorphic map z — (g, z). We will also
use ¥(t) as shorthand for 1(q(t)), meaning a general curve in M,,.

There is a natural Riemannian metric on M,,, the L? metric, whose components in the
local coordinate system ¢* are

oy oY
e fy _ . 2
VNV(Q) <wu7wl/> . aq“ aqy ( 7)
The associated Christoffel symbol is
G\ (@) = 7" (Y o) (2.8)
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where y* is the inverse metric and v, = 0*)/dg"dq”. This is the metric whose geodesics
approximate wave maps in the adiabatic limit.

3 Projection of wave map flow and the coupled system

The wave map equation for ¢ : R x ¥ — S% C R? is

Gu = buw — Gy + (|00 = [0al* = 19,]*)¢ = 0. (3.1)
Given € > 0, a small parameter, we decompose ¢ as
¢ =1 +e’Y (3.2)

where, at each fixed time, v¥(t,-) : ¥ — S? is a degree n harmonic map, and Y : ¥ — R3.
We may think of 1(t) as a curve in M,,, the moduli space of degree n harmonic maps, and Y’
as the “error” incurred by projecting ¢(t) to ¢(t). It is useful to think of Y as a section of
PR3, where R? = 5% x R3 is the trivial R? bundle over S?, and ¢~'R? is its pullback to .
With this is mind, we refer to Y as the “error section”, and to any Z : ¥ — R3 with Z -9 =0
pointwise as a "tangent section” (in bundle language, Z is a section of ¢ ~1T'S? C ™ 1R3).
Clearly, Y is not a tangent section (unless Y = 0). Since both ¢ and ¢ are S? valued, Y must
satisfy the pointwise constraint

1
VY = —552|Y|2. (3.3)

For a given curve 1 (t), if ¢ is a wave map then Y must satisfy the PDE obtained by substituting
(3.2) into (3.1),
Yo+ JY =k +ej (3.4)

where J, is the Jacobi operator associated with the harmonic map ¥(t) : ¥ — S? and the
terms on the right hand side are

k= _(¢TT+‘¢T‘2¢)
Jo= 20 YU +e{(IVi* = Yol = 1Y )¢ + (|07 > = 200 - Yo — 20, - V)Y }
+2e% (¢, - VY + (Vi) — Y2 [” — [V, 7). (3.5)

We have here introduced the slow time variable 7 = et as a book-keeping device. The precise
expression for j is not important. What matters is its qualitative form: it depends only on
Y, 1, and Y and its first derivatives, and the dependence is smooth (polynomial, in fact).

Superficially (3.4) looks exactly analogous to the corresponding equation in Stuart’s anal-
ysis of vortex dynamics [25], but this is deceptive. As already noted, the Jacobi operator
is a self-adjoint, elliptic, second order linear operator Jy, : T'(¢~'T'S?) — T'(4p~'T'S?) whose
spectrum determines the stability properties of the harmonic map ¢ [28]. It is important to
realize, however, that in (3.4) Jy is acting on Y, which is not a tangent section. So in (3.4), J,
is precisely the same operator defined above (2.4), but extended to act on sections of ¢~ 'R3.
But J,, is not self-adjoint (with respect to L?) as an operator on 1 'R3 and self-adjointness
of (the analogue of) J, is a crucial ingredient in Stuart’s method. In fact

JpZ = =AZ — (W] + | 1) Z + Ay Z (3.6)
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where the non-self-adjoint piece and its adjoint are

AyZ = =2y Zy+ by Z,)Y
ALZ = =2{(- 2)AY + (- D)sthe + (- D)1y} (3.7)

and we have adopted the analysts’ convention for the Laplacian, that is, AZ = Z,, + Z,,. To
remedy this deficiency, we make the following definition:

Definition 3.1. Given a harmonic map ¢ : ¥ — 52, we define its improved Jacobi operator
to be
Ly : T 'R = TR, Ly =Jy+ Al

Note that L, coincides with J, on I'(¢p~1T'S?), and hence L,, maps tangent sections to tangent
sections. Its principal part is the Laplacian, so it is elliptic, and it is manifestly self adjoint.

Remark 3.2. Any section can be decomposed into tangent and normal components. As just
observed, L, maps a tangent section Z to the tangent section .J,Z, so an alternative way of
characterizing Ly, is by specifying how it acts on normal sections, ai) where o : ¥ — R. A
short calculation, using harmonicity of v, yields

Ly(a) = —(Aa)p — (ot + ayidy). (3.8)

It follows immediately that ker L, = ker J;, @ (¢0). Note that, in general, L, does not map
normal sections to normal sections.

Now, for any Y satisfying the pointwise constraint,
ALY = e{|[YPAY +2(Y - Yo)tbe +2(Y - Y, )9} =15 (3.9)
and so, for any curve ¥(t), if ¢ is a wave map then Y satisfies the PDE
Y+ LyY =k+¢j (3.10)

where j' = j —1—;. Note that j" has the same qualitative analytic properties as j (specifically,
no higher than first derivatives of Y appear).

We have yet to specify the curve 1 (t) in M,,. We do this by demanding that the error
section Y should at all times be L? orthogonal to T,M,. In this case (X = T? n > 2),
TyM,, = ker Jy, so, in terms of the local coordinate system ¢ on M,, provided by Proposition
2.1, this amounts to requiring

Y,y =0, p=12 .. 4n, (3.11)

We convert this into an evolution equation for ¢ by differentiating the orthogonality constraint
(3.11) twice with respect to time and using (3.10),

(~LyY + k+ef' ) + 2eYe, g’ + (Y )76 + (Y )¢ = 0, (3.12)



where an overdot denotes differentiation with respect to 7. Now L, is self adjoint and v, €
ker Jy, C ker Ly, so this equation simplifies to (k,,) = O(e), or, more explicitly,

i + Gy (q)q" " = el (e, 4,4, Y, Ys) + 29" (Y, thya) ¢ (3.13)

where v and G are the L? metric and its Christoffel symbol in the coordinate system ¢, (2.7),
(2.8), and the function A is

ht = ’YW{Q@ %/AMA + €<Y> qup>qup + 5((%\ : %)Y; wu>q)\qp
_26<(¢$ ' }/$ + ¢y ' Yy>Y7 ¢u> + 2€2<(¢)\ : }/t)}/a ¢V>q.A
FEHE - VP = PV, | (3.14)

Taking the formal limit ¢ — 0, (3.13) reduces to the geodesic equation on (M,,~), as one
would hope.

To summarize, if ¢ is a wave map, and ¢(t) is a curve in M,, such that Y = e 2(¢ — ¢(q))
satisfies the orthogonality constraint (3.11) at all times, then (Y, g) satisfies the coupled system

Yie + LY =k+ej',  §"+GHG"¢ = eh” + 29" (Y, ,0) (3.15)

and the pointwise constraint (3.3). Conversely, if (Y, ¢q) satisfies the constraints (3.3) and
(3.11) and the coupled system (3.15), then ¢ = 1(q) + €?Y is a wave map. Our goal is to
prove that (3.15) with fixed initial data ¢(0) = qo, ¢(0) = ¢1, Y(0) = 0, Y;(0) = 0 has solutions
with ||Y]|c1 bounded uniformly in e for times of order e~. Tt follows immediately that, in the
limit € — 0, ¢(7/e) converges uniformly to a curve 1(7) in M,,. In the course of the proof, we
will simultaneously show that (1) is the geodesic with initial data qo, ¢;.

4 Analytic prelimaries

In this section we set up the function spaces we will use, and collect some standard functional
analytic results which we will appeal to repeatedly. More details can be found in [2], and
references therein. Let H* denote the set of real-valued functions on ¥ whose partial derivatives
up to order k are square integrable. This is a Hilbert space with respect to the inner product

<fa g>k = Z . DafDag (41)
| <k

where a is a multi-index taking values from {z,y}, | is its length and Dy = 0n,0u, = * O
80 Dy 4.y = 020,, for example. We denote the corresponding norm by | - ||,

LA = {f, e (4.2)

Let H* = H* @ H* ® H*, the space of R*-valued functions on ¥ whose components are in H¥.
This is a Hilbert space with respect to the inner product

(Y, Z), = V1, Za)k + (Ya, Zo)i + (Y3, Z3)i (4.3)

9



whose norm will again be denoted || - ||x. We adopt the convention that || - || = || - |lo and
(-,) = (-,-)o, that is, undecorated norms and inner products refer to L?. We will frequently,
and without further comment, use the Cauchy-Schwarz inequality

Y, 20k < Y Il 2]k (4.4)

and the trivial bound ||Y||x > ||V ||x if & > K.

In the sequel, we will prove existence of a solution of the coupled system (3.15) with
Y € H* Y, € H* !, for k = 3. This choice of k is motivated by the following fundamental
fact about H* on a compact 2-manifold.

Proposition 4.1 (Algebra property of H®, k > 2). The Banach space (H%,||-||x) is a Banach
algebra for all k > 2. That is, if f € H* and g € H* then fg € H, and there exists a constant
ar > 0, depending only on 3 and k, such that || fgl|lx < cuwllflkllgllx-

It follows directly from this that, if (Y,Y;) € H®> @ H?, then the nonlinear term j' in the
coupled system is in H?, and ||j'||> can be bounded by a polynomial in ||Y||3, ||Y:||2 (the point
being that j" contains no derivatives of Y higher than first, and Y;,Y,,Y; are all in H?). This
is crucial, not only for proving the local existence result for (3.15), but also in later sections
where we prove that [|Y||3 is controlled by (LY, LLY’), and make energy estimates for the
solution. So the fact that we choose k = 3 is not just motivated by a desire to get strong
bounds on the error section Y'; the method will not work for any lower k. Indeed, to uniformly
bound Y on ¥, it would suffice to control ||Y||2, as we have the following Sobolev inequality.

Proposition 4.2 (Sobolev inequalities). Let C* denote the Banach space of continuous maps
Y — R3 with the usual norm ||Y||cx = sup{|D.Y (p)| : |a| < k,p € }. Then H* C C°,
H? C C', and there is a constant a > 0, depending only on 3, such that ||Y||cr < al]Y ka2
for allY € H?, k = 0,1. (More briefly, the inclusions v : H* — C° and v : H> — C" are
continuous.)

In later sections we will need to bound ||L,Y|| in terms of ||Y]|54+2. Of course, since Ly, is
a linear second order operator we have trivially, for all ¢ € K, the upper bound

LY Ik < CY |42 (4.5)

where C' is a constant depending only on > and K. For a lower bound, we use the fact that
Ly is elliptic.

Proposition 4.3 (Standard elliptic estimate). Let D be an elliptic linear differential operator
of order r acting on sections of a vector bundle V over ¥. Then there exist constants oy, By
depending only on ¥ and k, such that

IDY ]l + cxl[Yllo = BillY [l

If we consider only sections which are L? orthogonal to ker D, the same inequality holds with
Q. = 0.

The reason for quoting this result in the context of a general vector bundle V over ¥ is
that we will want to apply it to both the ordinary Laplacian on V' = R?, and the classical
Jacobi operator J, on V = ¢~'T'S? C R?, where the H* norm is defined by inclusion.
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5 Local existence theorem

Theorem 5.1 (Local existence for the coupled system). Consider the coupled system (3.15)
with initial data q(0) = qo € K, ¢(0) = eq1 € R*™, Y(0) =Y, € H?, Y,(0) =Y, € H? such
that

dist (g0, 0K) > d, aul, [Yolls, [[Ya]l2 < T

where ', d are positive constants. Then there ezist constants C(K) > 0 and T(K,T',d) > 0
such that for all ¢ € (0,C(K)/VT), this initial value problem has a unique solution on [0, T]
with

q € C*[0,T],K)
Y € C°0,T), H*)nC'([0,T), H*) n C*([0, T, H').

If the initial data are tangent to the L* orthogonality constraint (3.11) and the pointwise
constraint (3.3) then the solution preserves these constraints.

We will prove this using Picard’s method: we iteratively define a sequence (¢!,Y?) €
C°([0,T], K x H?) which converges to a solution of the initial value problem. To establish that
the iteration scheme is well-defined and convergent, the following standard energy estimate
for the driven wave equation is key:

Theorem 5.2 (Existence and energy estimate for the wave equation). The driven wave equa-
tion on [0,T] x X
Yi— AY ==

with Z : [0,T] x ¥ — R® smooth and smooth initial data Yy = Y (0) and Y1 = Y;(0) has a
unique global solution. The solution is smooth, and there exists an absolute constant ¢(¥) > 1,
depending only on the choice of torus X, such that

max{[[Y;(8) ]2, [Y (£)lls} < e(D)e’ {HYle +[1Yolls + (/0 \!E(S)H%dS) } :

Proof. Existence, uniqueness and smoothness follow from [7]. Let E(t) = || Y;(¢)||2 + ||V (¢)]3.
Then

E'(t) = 2(Y;,AY +Z)o+2(Y, V)1 = 2(Y;, E)o + 2(Y;,Y)o

< 2Vl + Y15+ IElE < 2E() + 1)1 (5.1)
d _ Coty= -
= Z(e7B@) < eE@l < 12O
t
= Ei) < & [E(O)Jr/O HEH%}. (5.2)

Now consider Z = AY. This is also smooth and satisfies the wave equation with source AZ.
Applying the above estimate to Z yields

t t
Y2+ AV < o [HMHSH!MH% / HAEH(%} < 2¢” [rmu%+uw§+ / HEH%]
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Since A is an elliptic operator, there exist positive constants ay, 3, depending only on k£ and
> such that
IAY [l + el Y115 = BellY[I7 2

by the standard elliptic estimate, Proposition 4.3. The result immediately follows. O

To prove Theorem 5.1 we must first write the coupled system (3.15) as an explicit evolution
system (note that both equations have ¢ on the right hand side). Let X = R xR x H? x H?
given the norm |[(¢,p,Y, Z)||x = max{|q|,e~ p|, |Y 3, || Z|l2}- The ¢ dependence of the norm
is chosen so that [|(0,¢:0,0)[|x = ¢. Given any I' > 0 let Xr = {(¢,p,Y,Z) € X : q €
K, ||(0,p,Y, Z)|| < 8c(X)I'} where ¢(3) > 1 is the absolute constant obtained from Theorem
5.2. Note that Xt is a closed subset of a Banach space, and hence is a complete metric
space with respect to the metric induced by || - ||x. Consider the matrix valued function
M : R x Xr — End(R*™),

M(€7 q, Y)lf/ - 67/ - 627”)\ <}/7 77Z)>\1/>' (53)

Since the matrix (y*') is postive definite, K is compact, all g-dependence is smooth, and
|Y]lo < 8¢(Z)T there exists a constant ¢(K) > 0 such that M : [0,¢(K)/VT] x Xp —
GL(4n,R) and M~' : [0,¢(K)/VT] x Xp — GL(4n,R) is C* and bounded. Hence, for all
£ € [0,e,(K,T)], where ¢, = ¢(K)/+/T the coupled system can be rewritten

qie = €2f(€7 q, q, Y7 )/t) (54)
}/tt - AY - g(qu7qt7}/7}/t> (55)
where
f(E, q, 4, Yva Y;f) = M_1(87 q, Y)(_G(Qa qt, qt) + 5}7,(87 q, g_lqta Yva Y;t))
Glguo) = G(@u (5.6)
nov
g(gacbqta}/u}/t) - _B'lZJY - 77Z)Mf“ _¢qu?tq?t +€j,(67Q7€_IQt7Y7)/t)7 (57)
B, denotes the first and zeroth order piece of Ly, so Ly, = —A + By, explicitly
B¢Y = _(Wa:‘Q + W)yP)Y - 2(1% : Ya: + 7vZ)y ' Yy)¢ - QW) : Y)A77Z)
_2(77Z) : Y)$¢w - 2(¢ : Y)yqu)yv (58)

and h and j' = j 4 j are as defined in (3.14), (3.5), (3.9).

It is convenient henceforth to consider € as a fixed parameter in [0, .(K,T")] and supress
the dependence of f, g on €. The proof of existence will use Picard’s method, which requires
that f, g be bounded and Lipschitz on Xr. This follows quickly from the following proposition,
whose proof is straightforward but lengthy, and so is deferred to the appendix:

Proposition 5.3. The functions f, g are continuously differentiable maps f : Xr — R*" and
g : Xr — H? Their differentials df : Xr — L(X,R"), dg : Xt — L(X, H?) are bounded,
uniformly in €. That is, there exist constants Ay(K,T'), Aj(K,I') > 0 such that

|[dfew] < Agllwllx,  [ldfawlls < Agllwllx

forallx € Xp, we X.
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Note that, for Banach spaces B, C, L(B, C') denotes the space of bounded linear maps B —
C, which is itself a Banach space with respect to the norm [|S| 25,0y = sup{||S(z)||c/||x| 5 :
x € B,z #0}.

Corollary 5.4. The functions f : Xp — R* and g : Xr — H? are Lipschitz and bounded,
uniformly in €. That is, there exist constants Ay, Ay, Cy, Cy, depending only on K and I', such
that for all x, 2" € X,

() = F@)] < Agllz=2'llx,  Nlg(@) —g(@ )2 < Aglle—2"llx,  [f(2)] < Cy, lg@)]l2 < Cy

Proof. Let x1,29 € Xp. Since Xt is convex, the curve z(t) = z1 + t(z2 — 1), 0 <t < 1
remains in Xt. Hence

1 1
@) — flas) = / dfxm(a:g—xl)dt's / Agllzs — oLy de = Agllay — za]lx.(5.9)

From the definition of f one sees that f(q,0,0,0) = 0 for all ¢ € K. Hence, for all x =
(Qap7 Y7 Z) € XF

|f(l‘)| = |f(Q7p7 Y, Z) - f(Q7 0,0, 0)‘ < Af“(07p7 Y, Z)HX < SC(E)FAf (510)
The proof for g follows mutatis mutandis. O

To establish uniqueness of the solution, and to show that ¢ is three times continuously
differentiable, we will need the following extension property of df and dg, whose proof is also
deferred to the appendix:

Proposition 5.5. The differentials df : Xpr — L(X,R*™) and dg : Xt — L(X, H?) of f and
g extend continuously to maps df*' : Xp — LR x R x H! x L2 R*™) and dg* : Xp —
L(R*™ x R x H' x L* L?), bounded by Ay and A, respectively.

The rest of this section is devoted to the proof of Theorem 5.1. Let T' > 0 be chosen such
that

1 d r
T<log2, T<-, TXK T<—F—
=085 S =0 T SLary OK. D) T T eCHE, DY)
r 1 1
T<——  T<—— JT<—. 5.11
VT < C,(K,T) ~ = 4eAp(K,T) VT Sc(D)A, (5.11)
Given a complete subset B of a Banach space with norm || - || 5, denote by CrB the space of
continuous maps [0, 7] — B equipped with the sup norm |||b||| = sup{||b(t)||z : t € [0,T]}.
(CrB, ||| - ]]]) is itself a complete subset of a Banach space.

5.1 Definition of the iteration scheme

We will produce a sequence w® € Cp Xt converging to a solution of the initial value problem
for the coupled system. Choose and fix § € (0,1'/4), and let Yy, Y] € C(32, R?) be sequences
such that

1Yo = Yolls < o5 1YY = Yilla < o5 (5.12)
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Such sequences exist since C* is dense in H* for all k > 0. Let w°® = (qo, eq1, Y, Y??), which
is constant in ¢ and smooth on X, and trivially lies in CrXp. Given w', we define the next
iterate to be the solution of the initial value problem ¢**(0) = qo, @(0) = eq, YH(0) =
Vit Y 0) = Vi for

@' = £ f(W) (5.13)

YA — AY'E = g(wh). (5.14)

We must first check that the sequence w® is well defined. So, assume that w’ is smooth and

lies in C7Xr. Then

() = qo + etq + €7 /t (/s f(wi(r))dr) ds, (5.15)
o \Jo
which exists since f ow? is continuous. Now
4°71(0) — o] < Tla] + 5 T*Cy(K.T) < T (r T M) <2 )
by our choice of T, so ¢""!(t) remains in K. Further,
e g )] < || + g/t |f(w'(s))|ds < T + TeCy(K,T) < 2T < 8¢(X)T (5.17)
0

by our choice of T'. Turning to Y, we see by inspection that if Y7, ¢* are smooth, then g(w?)
is smooth, so the solution Y**!(¢) exists, is unique and smooth, by Theorem 5.2, which also
yields the energy estimate

max{[[ Y (@)l [V Olls} < CE)eH{IYG T ls + [V ]2 + VIC, (K, T)}
< 20(2){2(T +6) + VTC,(K,T)} < 8C(X)T' (5.18)

by our choice of T and 6. Hence, if w’ is smooth and in C7Xt, so is w*™!. We have already

observed that w? is smooth and in C7Xt, so, by induction, the sequence w' € Cr Xy is well-
defined.

5.2 Convergence of the iteration scheme

We will now show that w’ is Cauchy, and hence converges in C7Xt. From (5.15) one has

[ [[treon - s as

() —d )] = &

82 i i— 1 i i—
< STAE Dl — w7l < gl =l (5.19)

by our choice of T'. Similarly
t
| e - re ear

i i Lo i
< eTAG(K D)l =i < e’ = . (5.20)

e gt —qt)] = e
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Now Z = Y — Y satisfies the wave equation with source g(w’) — g(w'™!) and small smooth

initial data || Z(0)]|s, || Z:(0)]|2 < 6/2°"!. Hence, by Theorem 5.2, for each t € [0, T],

max{|[Z(1)[[s, | Z:(t)[l2} < C(E)et{ 6_2+</0 !\g(wi(S))—g(wi1(8))\!3018)

22

5 o
< 2(X) {F + VTAG(K, )|’ — w’lH\}
cX)o 1 i—1
< i gl =L

Assembling these inequalities, one sees that
™ = 'l < l\llwi —w |+ o
! 2!

where o = ¢(X)d/8. It follows that

«
1

) ) 1
o =] < o’ o)+

and hence, for all k£ > 1,

ot =l < 3l - < St - 3 L+ 2551
= o oY Iy

Hence w' is Cauchy with respect to ||| - |||, so w' — w = (¢,p,Y, Z) € CrXr.

5.3 The limit solves the initial value problem

We have established that

¢ — q in CrkK,
qi — p in C’TR4",
Y' - Y in CrHs,
Y, — Z in CrH>

Now, for all 7,

lw(0) = (g0, 201, Yo, Y1) lx < [|w(0) = w'(0)[x + [|w'(0) — (g0, 201, Yo, V1) l|x

, )
< Jlw =il + 5 =0

(S

}

(5.21)
(5.22)

(5.23)

(5.24)

(5.29)

as ¢ — oo. Hence w(0) = (qo, €q1, Yo, Y1), that is, the limit has the correct initial data.
We will now show that the limit solves the coupled system and has the differentiability
properties claimed. Let Y (t) = Yy + fot Z(s)ds. Note that Y is manifestly in C'([0,T], H?),
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with derivative Y; = Z. Now

WW—HWWQ=\M%®—%+Aﬁﬂ$—2@ﬂw@m

) .
< T = Zlleyn — 0 (5:30
as i — oo. Hence, Y — Y in CrH?. But Y — Y in CpH3, hence also in CrH?, s0Y =Y.
Hence, Y € C([0,T], H?) and Y; = Z.
Consider Y,i™ —Y;i. This is smooth, and satisfies the wave equation with source g(w***=1)—
g(w'™1). Hence

Vit = Vil = AW =¥ + gt — (o),

< 2V Y+ gl — gl

< 2V Yy A (BT o —
<

= IV = Yilllopm [2+ Ay (K, D)™ = w' Ml e, (5.31)

Since w' is Cauchy in C7Xr, it follows that Y} is Cauchy in CrH'. Hence Y. — W in CrH'.
Let Z(t) = Y; + [ W. Note that Z is manifestly in C'([0,7], H') and Z, = W. Now

t
Y = Zlllopm < IV = Yalllorar + I /O (Y = Wlllerm

5 A
S 5t T = Wlleps — 0 (5.32)
as i — oo. Hence Y} — 7 in CpH'. But Y} — Z in CrH?, hence also in CrH', so Z = Z.
But Y; = Z. Hence, Y € C*([0,T], H') and Y}, = W.
By similar reasoning, ¢i, — m in CrR* and ¢ € C*([0, T],R*) with ¢; = p and ¢y = m
We can now show that w solves the coupled system:

< Y- Yt’;H\cTHI + A - Yi)H\cTHI +lg(w) = g(wi’l)!\ |op
< W = Yilloga +20Y = Y \llepms + lgw) = 9@ lepme-
(5.33)

1Y = AY = g(w)lloran

Now Y — Yy in CrHY, Y? — Y in CrH?, g : Xr — H? is continuous, and w’ — w in CpXr,
so g(w') — g(w) in CrH?. Hence

1Y = AY = g(w)llcrar = 0. (5.34)

Similarly [|gi — €*f(w)llcyren = 0, that is, g = € f(w).
It remains to establish the higher differentiability of ¢. Differentiating the equation for

gt gives

gt = e df . (5.35)
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Now w' — win CrXr, wi — wy in Op(R*™ x R x H? x H'), and df"* is continuous, so
gt — 0, say, in OpR*™. Let m(t) = €>f(qo,eq1, Yo, Y1) + [3 £ = qu(0) + [5 £. Note that
m € C'([0,T],R*) and m; = ¢. Then

t
g — mllopran = || / (@t — Ollerran < Tllgty — Ll opran — 0 (5.36)
0

so ¢, — m in CpR*™. But ¢!, — ¢ in CrR*™, so g4 = m. Hence, q; € C'([0,T],R'™), as
claimed.

5.4 Uniqueness of the solution

Assume that (¢, Y) is another solution of (5.4), (5.5) with the same initial data and regularity
as (¢,Y),and let (p,Z) = (¢—q,Y —Y). Then (p, Z) satisfies the system

Zy—AZ=Z(t),  pu=cT() (5.37)
with initial data Z(0) = Z;(0) =0, p(0) = p;(0) = 0, where
E(t) = g(w) —g@), T()=flw) - f) (5.38)

and w = (¢,¢,,Y, Y1), & = (3, @, Y, Y;). Define
1
E@t)=Z®|F+ 1Z:@®)5 + |p|* + g!p#, (5.39)

which, by the regularity properties of (p, Z), is continuously differentiable, and has E(0) = 0.
Reprising the argument in (5.1), which requires only that Z € H* and Z; € H', one sees that

E'(t) <2E(t) + [|IZ2(t)||5 + [T ()] (5.40)

Now, arguing as in the proof of Corollary 5.4, with w(s) = w + s(w — w),

< Agmax{lpl, e pel, 1 Z]11, | Z2llo}
0

1
/ dgu(s) (@ —w) ds
0

120 = llg(w) — 9@)lo = ’

by Proposition 5.5. Similarly |Y(¢)| < Ay max{|p|,e ' pel, | Z|l1, | Zillo}. Hence (5.41)
B < =E(1) (5.42)
where K =2 + Ay + Ay, whence it follows that
d
@t F=0 (5.43)

So e " E(t) is a nonincreasing, non-negative function which is zero at ¢ = 0. Hence E(t) =0

for all ¢, and we conclude that (p, Z) = (0,0) for all ¢, that is, (¢,Y) = (¢,Y).
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5.5 Preservation of constraints

Given the solution (q,Y") produced above, define for each p € {1,2,...,4n}

o
u(t) = (V. 55, (5.44)

The L? orthogonality constraint is that a,(t) = 0 for all u,t. By construction, the coupled
system implies that d,, = 0. If the initial data are tangent to the constraint then a,(0) = a,(0),
and hence a,(t) =0 for all ¢t € [0, 7.

Similarly, given the solution (g, Y’) produced above, define x : [0,7] x ¥ — R by

1
x=Y 9¥(q) + 552\3/\2. (5.45)
The pointwise constraint is that x = 0 everywhere on X. Note that x(¢) € H? for all ¢ € [0, T
so x(t) : ¥ — R is continuous. Assume that x(0) = 0 and x;(0) = 0, that is the initial data are

tangent to the constraint. A straightforward, if lengthy, calculation using the coupled system
and the harmonic map equation for ¢) shows that y satsifies the linear PDE

Xu —Ax = 262{[2%~Yx+2%-Yy— 0P +Y - Ap = 2e9p, - V)

= |V = [Yal* = Y 1)x + (V- vho)xe + (Y- %)xy}
= ax + bixs + baxy (5.46)

where a(t) € H?, by(t),by(t) € H? for all t. Let E(t) = ||x(®)||F + ||x¢(¢)||3. Then

E'(t) = 2(xt, Ax + ax + bixz + baxy)o + 2(xt, X)1 = 2{xs, X + ax + bixz + baXy)o

< lxell? + Il + ax + bixe + baxylI2 < a2 + sllxl? < kE(t) (5.47)
where
k= max 8(1+ [la(®)[l3 + [[bu(®)]15 + [1b2(2)]13). (5.48)

Hence e " E(t) is a nonincreasing, non-negative function which is zero at t = 0, so E(t) = 0,
whence ||x(¢)||1 = 0 for all ¢. Since we already know that x(¢) : ¥ — R is continuous, it follows
that x = 0 everywhere. This completes the proof of Theorem 5.1.

6 Near coercivity of the improved Hessian

By repeatedly applying the local existence theorem, we can extend the solution of the coupled
system whilever ¢ remains in K and e ¢, ||Y||3 and ||Y;||2 remain bounded. So to prove long
time existence, we must, among other things, bound the growth of [|Y||3. The first step is
to show that ||Y||5 is controlled by the quadratic form (LY, LLY') or, more precisely, by the
quadratic form @y : H*> — R defined next.
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Definition 6.1. For a fixed harmonic map v (¢q) we denote by @1, Q2 the quadratic forms

Qi:H' =R, QYY) = /2{%\2+!Yy|2—(\wx|2+\wy\Q)\YF—4(%-Y;+wy-Yy)w~Y}
Qy: H?> = R, Q:(Y) = QuLY).

Note that both @Q; and Q, are continuous, and that Q,(Y) = (Y, LY) for all Y € H?. Tt is
also convenient to define the projection map P : H* — H*

PY)=Y —(-Y)
which pointwise orthogonally projects Y (p) to Ty S>.
Lemma 6.2. For allY € H?, Q1(Y) > Q:(P(Y)).
Proof. Y = P(Y) + fi, where f = —¢ - Y € H2. Now
QYY) = (Y, LY) = (P(Y),LP(Y)) + 2(f¢, LP(Y)) + (f¢, L(f¥))
= (PY),LP(Y)) + (fv, L(f¢)) (6.1)

since L is self-adjoint and maps tangent sections to tangent sections. But, as we saw in Remark
3.2,

L(f¢) = _(Af)qu) - 4(f:c¢:r + fy¢y)7 (62)

If our error section Y were a tangent section, the results of [5] would immediately imply
that Q; is coercive, that is, Q1(Y) > ¢(q)||Y]|3, orthogonal to ker J:

Theorem 6.3 (Haskins-Speight, [5]). There exists a constant c¢(q) > 0, depending continuously
on q, such that

Q(Y) > () IY]]F
for allY € H' satisfying ¢ -Y =0, L? orthogonal to ker Jy (.

Unfortunately, ¢ - Y # 0 in our set-up, but is small (of order €%). This means we can only
establish the following “near coercivity” property for );. This will suffice for our purposes,
however.

Theorem 6.4 (Near coercivity of Q1). There exist constants c(q),c(q) > 0, depending con-
tinuously on q, such that

Q1Y) = c(@IY[I; = YL Y13

for allY € H? satisfying the pointwise constraint (3.8), L* orthogonal to ker Jy(,).
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Proof. By Lemma 6.2, Q,(Y) > (P(Y),LP(Y)) = (P(Y),JP(Y)) since L = J on tangent
sections. Given any Z € ker J, (Z, P(Y)) = (Z,Y + fu) = (Z,Y) = 0, since Z is pointwise
orthogonal to ¢ and Y is L? orthogonal to ker J. Hence P(Y) is L? orthogonal to ker J, and
so, by Theorem 6.3, there exists a constant ¢(q) > 0 such that

Q:(Y) = dq) 1PV (6.3)

Now, since Y satisfies (3.3),
1
PO = 1Y + 5 YUl 2 Y1 = Y, [V P (6.4)

and, by the algebra property of H? (Proposition 4.1),
YV [YP) < IYVIWIY PYll < CIY LY I3 (6.5)

where C' > 0 is a constant depending only on ¥. Combining (6.3), (6.4) and (6.5), and noting
that ||¢||2 depends continuously (in fact smoothly) on ¢, the result immediately follows. [

Theorem 6.5 (Near coercivity of @Q2). There exist constants ¢(q),c(q) > 0, depending con-
tinuously on q, such that

Q2(Y) = c()|IY 5 = @) 1Y ]I + €Y ]l3)
for allY € H? satisfying the pointwise constraint (3.8), L* orthogonal to ker Jy(,).

Proof. Recall that the pointwise constraint (3.3) is equivalent to |¢) + e2Y| = 1. The set of
smooth maps ¥ — S? is dense in the Banach manifold of H? maps ¥ — S?, ¥ and ker.J
are smooth, and @, : H® — R is continuous, so it suffices to prove the inequality in the case
that Y is smooth. So, let Y be smooth, L? orthogonal to ker J and satisfy the pointwise
constraint (3.3). Define the smooth section Z = LY and the smooth real functions o = |Y|?
and = Z-Y. Since Y satisfies (3.3), and ¢ is harmonic, it follows that

B=e{Y AY + [V, + [V, " + 2(|vl* + [0, )Y} (6.6)

In the following, ¢1(q), c2(q), ... denote positive functions depending continuously on ¢q. We
have the following elementary estimate,

18I < cr(@ 18I < e*ea(@) {IVIENVIE + IV IIEolYII5} - (6.7)

Applying the Sobolev inequalities (Proposition 4.2) gives

189]11 < e3(@)|[Y]]3- (6.8)

We will also need to estimate ||a||3. Again, we have an elementary estimate

ledls < e {IY I Y115 + Y leo 1Y 115} (6.9)
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which, on appealing to Proposition 4.2 yields
lalls < el Y3 (6.10)
By Lemma 6.2,
Q2(Y) = Q1(2) < Q(P(2)) = (P(Z), JP(Z)). (6.11)

It is in the last step that we have used the smoothness of Y (assuming only Y € H? gives
P(Z) € H', which is not sufficiently regular to make sense of JP(Z)). Since L is self-adjoint
and ker J C ker L, Z = LY is automatically L? orthogonal to ker J, as is P(Z) = Z+ 31 (since
¥ is pointwise orthogonal to anything in ker J). Hence, by Theorem 6.3 and the estimate (6.8)

Q2(Y) = cul@IP(Z)I = cal)l|Z = BYNT = eala) {NZIIT = 112111118111 }
> cu(a) {121} — *es(@)IV 1211} - (6.12)

We next estimate ||Z]|; = ||[LY]|; in terms of |Y|[3. Note that Y is not L? orthogonal to
ker L, since it has a component in the direction of v, so we cannot apply the standard elliptic
estimate for L directly. We must decompose

Y=PY)+ @ -Y)=PY)- %g%w, (6.13)

using (3.3), and handle the two terms separately. Then, by Proposition 4.3 (for the lower
bound on ||JP(Y)||;), and an elementary estimate (for the upper bound on ||JP(Y)|1),

1 1
ITPO) = 5 L)y < 121 < 1P+ 527 L(ed)|h
es(@IIPY)lls = e’es(@llalls < 121l < er(@IPY)lls + e%es(a)erlls

es(@Ylls — ees(@)llalls < 121 < er(@Ylls + *es(a)lerlls

(@Y lls = (@Y Is < 121k < (@Y lls + *ea@) 1Y ]l5 (6.14)
where we have used (6.10) in the last line. Combining (6.12) and (6.14), the result immediately
follows. m

Remark 6.6. Since K is compact, we can replace ¢(q), ¢(¢) in Theorems 6.4, 6.5 by global
constants C, C' > 0, under the extra assumption that ¢ € K.

7 Energy estimates for the coupled system

Having shown that Q2(Y) controls ||Y||3, for small e, we must now bound the growth of Q2(Y")
for a solution (g,Y") of the coupled system. We do this by establishing quasi-conservation of
energies Fp, Fy, related to 1, Qa:

Definition 7.1. Let (¢,Y) : [0,7] — K x H? with the regularity of Theorem 5.1. Associated
to (¢,Y) we define the energies Fy, Fy : [0,T] — R,

Bu(t) = IR+ 5@uY), Balt) = LIV IR + 5Qu(¥).

Note that E; is C' and E, is continuous.
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Throughout this section we will use the following

Convention 7.2. C' will denote a positive constant depending (at most) on the choice of ¥
and K. c(ay,as,...,a,) will denote a smooth positive bounding function of p non-negative
real arguments, which may also depend (implicitly) on ¥, K, and which is increasing in each of
its arguments. Cjy, ¢y will denote that the constant or bounding function depends, in addition,
on the initial data qq, q1, Yo, Y1. The value of C, Cy, ¢, ¢y may vary from line to line.

Theorem 7.3 (Quasi-conservation of ). Let (¢,Y) : [0,T] — K x H? be a solution of the
coupled system with the initial data and reqularity of Theorem 5.1. Then

t
Eq(t) < Co+ C(ld] + 1d1) 1Y ()llo + 8/0 c(ldl, gl 141, [1Y'[ls, [1Y2ll2)-

Proof. The solution satisfies (3.15) and has Y € H3Y; € H? Y, € H', so

dE 1 _ 1
b= (YuYi) + (Vo LY) + 5oV, LY) = (Yik + ') + 5e(Y. LY)
d 1
= _<K k) - €<Y> kT - _L7'Y> + 8(5/;5,]./)
dt 2
t 1 ‘
= Bi(t) = Fi(0) = (Y(0),k(0)) + (Y (t),k(t)) + e/ {(Y, SLeY —kr) + %J’)}
0
t
< Co+ k@) lollY ()0 +2€/0 {IV15 + 1LY (15 + <115 + [IYlls + 1157115} -
(7.1)
Now, only the first and zeroth order parts of L depend on time, so it is clear that
1LY [lo < Clgl[[Y |1 (7.2)
Recall that k = —1,,, so
1E(®)]lo < ClIE®) [0 < C(ld] + g1, (7.3)
and
- ()llo < Cllk-(t)llco < O]+ |61 + 1af + 4]?).- (7.4)
Finally, it follows immediately from the algebra property of H* (Proposition 4.1) that |7 <
17112 < e(lgl, [|Y |3, [| Yell2), and the result directly follows. O

We will need a similar result bounding the growth of Es(t). Formally, this is obtained by
applying the argument above with Y replaced by LY (which formally solves a PDE of the
form (LY )y + L(LY') = Lk + O(¢)). Unfortunately, this argument is not rigorous since Y is
insufficiently regular to make sense of expressions like LY} (recall Y}, is only H?).

Theorem 7.4 (Quasi-conservation of Es). Let (¢,Y) : [0,T] — K x H? be a solution of the
coupled system with the initial data and reqularity of Theorem 5.1. Then

t
Ex(t) < Co+ C(|d] + 1dI) 1Y ()]]2 + 6/0 c(ldl, gl 11, [1Y'[ls, [1Y2ll2)-
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Proof. By uniqueness, (q,Y) must arise as the limit of an iteratively defined sequence of
smooth functions (¢°, Y?), as constructed in the proof of Theorem 5.1. Recall that the sections
Y satisfy the PDEs

Y — AV 4+ BY' =K 4 ¢(j) (7.5)

where B denotes the first and zeroth order piece of L (so L = —A + B) and the superscript
i on B, k', (j')° denotes that the quantity is evaluated on the iterate (¢*,Y"). Recall also
(Y YE YY) — (YV,Y,Yy) in CO(H? @ H*> ® H'). Now, for each i define

: 1., . 1, S
E'(t) = §HZZHQ+§<Z’,—AZ’+BZZ’>. (7.6)

Each E' : [0,7] — R is smooth, E* — FEj uniformly on [0,7], Z' — Z = LY in H' and
Z! — (LY); in L?. Note that Z* satisfies the PDE

Zi,—AZ'+ B'Z' = B(Z' = Z"Y) + k' e (7.7)
where k! = —Aki + B'ki~! and j' = —A(j)" + Bi(j/)!. Since B! is self-adjoint, one has

dE"
dt

— (ZI. 7}~ AZ' 4 BiZi) + §<Zi, B Z)

. o . A~ oA 1 ) o
= (ZI,B(Z' = Z" )+ k') +¢ {(Z;,f) + 5(2’, B;ZZ)}

Bz - 2 ) - - 2
) 1 . iy Y
o2 L7~ 77 4 B + (2. 79

Integrating this from 0 to ¢ and taking the limit ¢ — oo yields

¢
Es(t) = E2(0) < Co+[|Z()|ollk()o + Ce/ L Z1o (&[0 + lalll Z1[1) + 1 Zelloll 710}
0
(7.9)
where we have used the facts that Zi — Zi™' — 0in L2, Z'— Zi* - 0in H', k' — k = Lk in

H3 ki — kyin H¥and j* — j = Lj"in L? (since L : H?2 — L2 and j : K xR x H3x H? — H?
are continuous). Now, we have the elementary estimates

1Z]le = LY [lx < CIY [lgt2s  k=1,2,
1Zillo = [ILY: +eB;Y o < C([|Yill2 +eldl 1Y),
ko < Cdl +1dl).
lkrllo < CO@1+ 1> + 1 + 14I°)
Iille < Cllg'll2 < e(ldl, 1Y N1s, [ Yill2)-
Combining these with (7.9), the result follows. O
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8 Long time existence and proof of the main theorem

Throughout this section we choose and fix ¢y € K and ¢; € R*, and denote by (¢,Y) the
solution of the coupled system (3.15) with initial data ¢(0) = go, ¢(0) = ¢1, Y(0) = ¥;(0) = 0.
By Theorem 5.1, provided ¢ < C(K)/ \/\qT this solution exists at least for time ¢ € [0, Tp),
where Tj depends on the initial data but is independent of €. Moreover, the solution is unique,
has the advertised regularity, satisfies the pointwise and L? orthogonality constraints (3.3),
(3.11), and obeys the energy estimates of section 7. Denote by ¢.(7) the geodesic in (M,,,7)
with the same initial data, ¢.(0) = qo, ¢.(0) = ¢1. Note that g., considered as a function
of rescaled time 7, is independent of €. Since geodesic flow conserves speed 7(dx, ¢« ), which
uniformly bounds |¢.|* on K, there exist 79 > 0, ap > 0, depending only on the initial data,
such that g, exists and has

4] < o, |G| < g, dist (q(7),0K)) < d/2, (8.1)

for all 7 € [0, 7], where d = dist (o, 0K). Hence, the geodesic ¢, exists for time ¢ € [0, 7]

which, for e small, exceeds T,. Whilever ¢, g. both exist, we define £2¢(t) to be the error
between them, that is
q=q. +e°q, (8.2)
and
M(s) = max {2[q(t)]* + [T (1) + ")) + [V (OI5 + (Y03} (8.3)

0<t<s

where primes denote differentiation with respect to ¢. This function, which measures the
total error in replacing the wave map ¢ = ¥(q) + €Y with the geodesic ¥(g.), is continuous,
manifestly increasing, and has initial value M(0) = 0. Our next task is to bound its growth.
Before doing so, we define another absolute constant (depending only on K and ), which
will appear frequently in this section:

g = sup{[[V* Yl + g€ K,0 < p, A < dn}. (8.4)
We will again use Convention 7.2 regarding bounding constants and functions.
Theorem 8.1 (A priori bound). Whilever (q,Y) exists, and t < 19/e, and M(t) < e *a 2,

co(M (1))
1 — 20, M(t)2

M(t) < Co+ CoM(t)? + (2 + et + 2% + X

Proof. We first derive the ODE satisfied by . The curve ¢(7) satisfies the ODE
G+ G(q:q,4) = ch(e. 4,4, Y. Y) +%a(q.4.Y) (8.5)
where G, h are defined in (3.14), (5.7), and
a: K xR™x L2 = R*™ a(q,v,Y)" =" (5, Y )0, (8.6)

which is smooth with respect to ¢ and linear with respect to v and Y. The geodesic satisfies
the ODE
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with the same initial data. Substituting ¢ = ¢, + 2¢ into (8.5), and using (8.7), we see that
q satisfies

aﬂ = [G(q*? Q*? Q*) - G(q* + 625? Q*a Q*)] + [G(Q7 q>t<> q>k - G(Q? q>k + 5647 q>k + 5(]/)]
+eh(e, 4,4, Y. Y:) + €%a(q, Y. G + 7). (8.8)

Now, ¢, by assumption, remains in K, and for all ¢ € [0, 79/¢], ¢, remains in K and |q.| < ay,
so, since G(q,u,v) is Lipshitz with respect to ¢ (on K) and bilinear in (u,v), we have

@' < Cage?[q) + CE*(T ] + eald'| + el [e]h] + €*al
< CoeM2 + C>M + ¢|h| + €2al. (8.9)

To estimate the A term, we note that it is smooth in ¢ and polynomial in ¢ and Y and its
(first) derivatives, so in light of Proposition 4.1 we have (for ¢ < 1) the crude bound

h(e, 4,4, Y, Vo)l < eldl, [1Y'[[s, [1Yill2)- (8.10)
Now, by the definition of M,

ldl < 16| +€ld| < ap+eM?, (8.11)
so |h| < ¢o(M). Turning to |a|, we have by linearity,

la(q,Y, G + )| < @allY 1G] +13"]) < aaM2(ag + M2) < co(M). (8.12)

Hence,
4" ()] < eco(M(1)). (8.13)

Now §(t) =7(0) + [, " = [, q", so

(1) < = /0 co(M(s)) ds < cteo(M(2)) (8.14)

since ¢y and M are, by definition, increasing. Similarly

elq(t)] < 5/; |7 < e*Peo(M(1)). (8.15)

We have now bounded the growth of all the ¢ terms in M. To bound the growth of ||Y]|3
and ||Y;]|2, we will use the energy estimates of section 7 and the near coercivity property of
Q3 (Theorem 6.5). But to do this, we need to control || and |¢|, which appear in the energy
estimates for F;(t) and Fs(t), so we have not yet finished with the ODE for ¢. For § we have
from (8.13) the obvious bounds

1G] < 4| +17"| < ap +eco(M(2)). (8.16)

For ¢ we must work harder. So, for fixed ¢, let h;, i = 1,2, 3,4, denote the partial derivatives
of h : K x R x H? x H?> — R* with respect to each of its four entries. Similarly, let G,

25



a; denote the derivatives of G, a with respect to their first entries. Differentiating (8.5) with
respect to 7 one finds

44+ G1(q,4,9)4+2G(q,4,9)§ = ehig+ haG + h3Y; + hyYy
+e*(a1(q, G, Y)q+ a(q, 4,Y)) + ea(q, 4, Y;) (8.17)

where we have used the bilinearity properties of G and a. Inspecting the formula for h (3.14),
we obtain, using (8.16) and (8.11) a crude bound

o(M) + co(M)[[Yul| + % 4[]

u (M)
(M) + oMLY || + IFI] + ell5']]) + o M? ]
(M)
(M)

0
o(M) + co(M)(IY1l2 + 1G] + [al* + e(lal, 1Y lls, [1Y2]2)) + e*aa M2 T

¢
¢
¢
co(M) + e2a, M2 ||, (8.18)

IAIA A IA

Hence
co(M)

1—c2a,M 3
whilever M (t) < e, 2. We can now turn to bounding Y.
Since ()3 is nearly coercive (Theorem 6.5),

4] < (8.19)

V)3 < C{Qa(Y) +%c([[Y ]la)}, (8.20)
and, by the standard elliptic estimate for L (Proposition 4.3)

IVill2 < CULYP + 1YelP} < CUNLY )l + 2| LY |1 + (V2]

<
< C{IEY)l® + 2laPIY T + 1Vel*} (8.21)

since the principal part of L does not depend on time. Adding (8.20) and (8.21), one sees that

Y15+ IYell2 < CLEL(E) + Ea(t) + (Y ]ls) + 2[dP[[Y]1T} < C{EL(#) + Es(t) + e*co(M)},

(8.22)

where Fy, F are as in Definition 7.1. Then, by Theorem 7.3 and 7.4, and the estimates (8.11),
(8.16), (8.19),

¢ M
IVIZ+IYilZ < Cot (Coteco(M)M? +< / (1+L)1) eo(M) + 22eo(M)
0 1—c2a,M2
tco(M
< Cot CoM? +eco(M) + —S0MD (8.23)
1 —e&2a,M:2

provided ¢ < 1 and M(t) < e %o, 2. Combining (8.23), (8.15), (8.14) and (8.13) gives the a
priori bound claimed. H

Theorem 8.2 (Long time existence). There ezist €, > 0 and 7, > 0, depending only on the
initial data, such that for all € € (0,¢e,) the solution (q,Y") persists for allt € [0, 7. /€| and has
M (t) bounded, independent of .
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1
Proof. Choose and fix a constant M, > 4a? so large that M, > Cy + CoM?, where Cj is the
specific constant, depending only on initial data, appearing in the a priori bound. Assume
€ > 0 is so small that

1 d 1 C(K
< ——, £< T, €<, €< (1) (8.24)
VK AM? 2 M3

where, as before, d = dist (¢qo, 0K) and C(K) > 0 is the constant quoted in Theorem 5.1.
Then, whilever M(t) < M,, ||V ||z < M2, |Yi]l2 < M2,

g < o + M2 < M2, (8.25)

and

1 d
23]l < eM? < eM? < it (8.26)

Hence, whilever M (t) < M,, the value of the solution (q, ¢, Y,Y;)(t) satisfies the conditions

of the initial data for the local existence theorem 5.1, with I' = M*% and dist (¢(t), 0K) < 4.
Given the last condition on ¢, (8.24), it follows that we may apply Theorem 5.1 and extend
the solution for a time 67 > 0 depending only on M, and d, independent of . It follows
that the solution persists for as long as M (t) < M,. Furthermore, by the first condition on ¢,
(8.24), whilever M (t) < M, the solution obeys the a priori bound, Theorem 8.1.

For each € > 0 let t. = sup{t : M(t) < M.}. We claim that there exists e, > 0 such that
et. is bounded away from zero on [0,e.]. Note that this immediately implies the statement
in the theorem since then there exists 7. > 0 such that ¢t. > 7. /e for all € € (0,¢,), and the
solutions exists, with M (t) < M, on [0, 7./¢]. Assume, towards a contradiction, that no such
¢, exists. Then there is a positive sequence ¢; — 0 such that ¢;t., — 0. But then the a priori
bound at time t., gives (recall M is continuous, so M(t.,) = M,), in the limit i — oo,

1
M, < Cy+ C()M*Q, (827)
a contradiction, by our choice of M,. O

Proof of Main Theorem. By Theorem 8.2, for all € € (0, €,] the solution exists for ¢ € [0, 7../¢],
and coincides with 1(q.(7) +%q(t)) +&2Y (t), with |q(¢)|, ||Y (¢)||3, and hence (by Proposition
4.2) ||Y (¢)||co uniformly bounded in ¢ and €. The rescaled solution is

G0 XT SR, (ray) = Blan(r) + A(r/e), 1 y) + Y (/e 1, y), (3.28)

and the geodesic with the same initial data is

e 0, m] X B (T2, y) = P(gu(7), 2, y). (8.29)

Now % : K x ¥ — S? is smooth, hence uniformly continuous (since K x ¥ is compact). Hence,
as € — 0, ¢° converges uniformly on [0, 7.] X ¥ to ¢.. Furthermore,

¢(mxy) = Uulgu(T) +E%q(1 /), 2, y) + 7Yy
¢Z(7—7 z,y) = Py(q.(r) + 52(7(7—/5)’ T, y) + €2Yy
oi(r,z,y) = (¢ +eq (7/e)0ulqu(T) +%4(1 /), 2,y) + €V3 (8.30)
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and | ()], ||Yz(t)]co, [|[Yy(®)|lco, |Y2(t)||co are bounded uniformly in ¢ and ¢ (again using
Proposition 4.2), so ¢5, ¢7, ¢ converge uniformly on [0, 7.] X X t0 sy, sy, Pur. Hence, ¢°
converges to 1), in C*. O

Appendix: Analytic properties of the nonlinear terms

The proof of the local existence theorem 5.1 makes fundamental use of certain basic analytic
properties (Propositions 5.3 and 5.5) of the right hand sides f,g of the evolution system
(5.4),(5.5). These properties are established by a long chain of elementary arguments which
we sketch in this appendix. We regard ¢ as a fixed parameter in (0,1) and choose a local
parametrization ¢ : U x ¥ — S? of M,, as given by Proposition 2.1 and a compact convex
neighbourhood K C U. We begin by showing that the associated maps ¥ : U — H¥,
q+— 1¥(q,-) are smooth for all k£ € N.

Lemma A.1. Let k € N and f : U x 3 — R be smooth. Then F : U — H*, F(q) = f(q,"), is
smooth.

Proof. As usual, we will denote partial derivatives with respect to ¢* by a subscript pu. It
suffices to show that F' is everywhere differentiable, since all partial derivatives f,, ..., are,
like f, smooth maps U x ¥ — R. By the mean value theorem there exist t1,...,t. € [0, 1]
such that

IFq+p) - Fl@)— fula, "I < P / {(ua+ tp) — fu(0))?

+(fua(a +tap) = fra(@))? +- -
R (f“y---y(q + trp) - fuy"'y(q))2} (A'l)

since f and all its partial derivatives are C' functions of ¢q. But f,, ..., f.,.., are uniformly
continuous on Bs(q) x 3, for 6 > 0 sufficiently small, so
1 af
lim —||F(¢+p) — F(q) — =| p"|[x =0 A.2)
tny 1 (a-+0) = F(0) = 5] 71 (
as was to be proved. O

Now, by the definition of H*, v : U — HP* is differentiable if and only if v; : U — H* is
differentiable for ¢+ = 1,2, 3, so we immediately obtain:

Corollary A.2. U, : U — H* ¢~ 1(q,), is smooth for all k € N.
The error terms are j'(q,q,Y,Y;) and h(q, q,Y,Y;) where
70,0 Y, Z2) = 20"t Z)p + (|2 = |Yal* = Yy + epp" (4 - )Y

—2e(¢y - Yo + by - V)Y + {|[YPAY +2(Y - YVa)ub, +2(Y - V)9, }
+2%p" (Y - 2)Y + (|2 — YL = |V, )Y

Wa:p, Y, 2)" = " {Z, a0 + (Yo )0 + e(tn - 1, Y, )01
—2e((Ve - Yo + 1y - Y)Y, ) + 283 ((¢n - 2)Y, 4y)p
+eH(1ZP = Vo = [V, [1)Y, 4) ). (A.3)
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We will also need to consider the quantities

M*,(q,Y) = &, =" g)(Y, ) (A.4)
Aq.Y) = ([0 + [ [)Y = 2(he - Yo+ 1y - Yy )0 — 2(¢ - V) AY

Let B denote the Banach space R** x R*" x H? x H? with norm

(a,p, Y, Z) ||l = max{]ql, [p], [[Y]ls, [| 2|2}, (A.6)

By C B denote the open set on which ¢ € U and for each I' > 0, Br C By denote the closed
convex subset on which ¢ € K and ||(0,p,Y, Z2)|p <T.

Proposition A.3. The quantities defined above are smooth maps j' : By — H?, h : By —
R* M*,: By — R, A: By — H?

Proof. That j', h define maps By — H? and By — R*" follows immediately from the algebra
property of H? (Proposition 4.1). Now j’ is a linear combination of terms formed by composing
the maps

\Ilk:U_>Hk7 Q'_)l/)((L)
AWy : U x R*™ — H*, (4,p) = P"Ppula, )
(A.7)
which are smooth by Corollary A.2, and the manifestly smooth maps
HY — HF, Y —Y;
Hk - Hka f = fei
HF — g1 Y=Y, Y=Y, Y=Y,
H2X H2_>H27 (f?g)ﬁfgv (A8)

where e; = (1,0,0), e; = (0,1,0) and e3 = (0,0, 1). Hence j" is smooth.
The map h is handled similarly, after noting that the inverse metric coefficients +** are
smooth U — R, the higher derivatives

&Py U x R*™ x R*™ — H*, (4,1, 12) = PPV (g, )
dgqlk U % R4n X R4n X R4n - Hka (Q7p17p27p3) = pﬁpgpg\zﬁuuk((b ) (Ag)

are smooth by Lemma A.2 and, in addition to the maps in (A.8) above, the map
H° x H° — R, (Y, Z) — (Y, Z) (A.10)

is manifestly smooth.
That M*, and A define smooth maps on By is clear, since their g-dependence is smooth,
and they depend linearly on Y (and are independent of p and 7). O
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We can now assemble these pieces to show that f and g are smooth functions on Xr, the
space defined in section 5. To do so, we note that f = forand g = gor where ¢ : Xp — Bsesyr
is the linear isometry

vi(g,p Y, Z) = (q,¢7'p,Y, Z)

and f: By — R G : B — H? are

fla.p.Y,Z) = M7'(q, Y)(—€2§(q,p,p) +eh(q,p,Y, Z)) (A11)

9(q@,p.Y,2) = —Aq,Y) =V f"a.p,Y.Z) = Vup'p” +ej'(¢,p, Y. Z), (A.12)

and G is defined in (5.6). The point is that f, g are defined as functions of ¢, (and ¢,Y,Y;)
on a space (Xr) with e-dependent norm, but it is more covenient here to think of them as
functions of ¢ = e 1¢;, on a space (B, I" = 8¢(X)I") with fixed norm. Since ¢ is a linear
isometry, f, g are smooth, bounded, Lipschitz, etc. if and only if f,/g\ are.

Proposition A.4. There exists e, = O(1/\/T) such that for all e € (0,¢,), ]?: Br — R* and
g : Br — H? are smooth.

Proof. Since v**(q), ¥, (q) are smooth and K is compact, there exists e, > 0 such that the
matrix M(q,Y) is uniformly invertible on Br for all € € (0,¢,). The components of M~}
are rational in M*, with denominator det M, which is bounded away from 0 on Br. Hence,
M~1 is smooth on Br, and the proposition follows immediately from the Leibniz rule and
Proposition A.3. O

Since f and g are smooth, they are certainly continuously differentiable. To complete the
proof of Proposition 5.3, it remains to show that their differentials are bounded.

Proposition A.5. For all ¢ € (0,¢,), the derivatives dj : Br — L(B, H?) and df : Bp —
L(B,R*™) are bounded, independent of €.

Proof. This is established by estimating the operator norm of the derivatives termwise. For
example, the first term of j’,

J(aq,p, Y. Z) = 2p" (Y - Z) (A.13)
has derivative
dJ((Lp,Y,Z) 2 (G, P, }A/a Z) = QQVPH[(qu)Vu - Z )+ (ﬂﬁt - Z),| + 2]3#@)# - Z)+ QP#W)M : ZW)? (A.14)

and so, by the algebra property of H?, for all (¢,p,Y, Z) € Br,

ldJiqpy,2(0, 5, Y, 2) 2 < CUE)lpIIZIlz + Bl Zll2 + 1 Z]|2lp]}
< CUEOr +T2HI(G.p.Y. 2)|5 (A.15)

where C'(K) > 0 is a constant depending only on K. Hence, for all (¢,p,Y, Z) € Br,
4T p.q.v,2) |2,y < C(K){2T + T} (A.16)

The other terms of 5/, h and A are handled similarly. To bound dM ~! we bound dM and appeal
to the Leibniz rule and uniform invertibility of M. Boundedness of the differentials of functions
depending only on ¢ and p is immediate by compactness and finiteness of dimension. O
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Finally, we turn to Proposition 5.5, which is equivalent to:

Proposition A.6. The differentials of the maps f: Br — R* G : Br — H? extend to maps
dfeet . Bp — L(RY x R x H! x L2 R*™) and dg*'g : Br — L(RY x R x H' x [? L[?)
bounded by Ay, Ay respectively.

Proof. This follows from explicit termwise computation. For example, the last term of h is
mu(q,Y, Z) = (|12 = [Ya|* = Y[, ¥p)
whose differential at (¢,Y,7) is the linear map R x H3 x H> — R
dmy, : (4,Y,2) = (127 = 1Yol = [V, P)Yo )@ + (127 = [Yal* = 1Yy )b, V)
—2((Y - ) Ye, Vo) = 2((Y - 40,)Yy, V) + 2((Y - 4,)Z, 2)

which clearly extends to a bounded linear map R*"* x H! x L? — R. O
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