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American options in a multi-asset market model with proportional transaction costs are
studied in the case when the holder of an option is able to exercise it gradually at a
so-called mixed (randomised) stopping time. The introduction of gradual exercise leads
to tighter bounds on the option price when compared to the case studied in the exist-
ing literature, where the standard assumption is that the option can only be exercised
instantly at an ordinary stopping time. Algorithmic constructions for the bid and ask
prices and the associated superhedging strategies and optimal mixed stoping times for
an American option with gradual exercise are developed and implemented, and dual
representations are established.

Keywords: American options; transaction costs; mixed stopping times; superhedging;
dual representation.

1. Introduction

This work on pricing American options under proportional transaction costs goes
back to the seminal discovery by Chalasani & Jha (2001) that to hedge against
a buyer who can exercise the option at any (ordinary) stopping time, the seller
must in effect be protected against all mixed (randomised) stopping times. This
was followed by Bouchard & Temam (2005), who established a dual representation
for the set of strategies superhedging the seller’s (though not the buyer’s) position
in an American option under transaction costs in discrete time. Moreover, dual
representation of seller’s superhedging strategies in continuous time was tackled
by Bouchard & Chassagneux (2009) and De Valliere & Denis & Kabanov (2009).
Iterative algorithms for computing the upper and lower hedging prices of the option,

*Electronic version of an article published in International Journal of Theoretical and Applied
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2 Alet Rouxr and Tomasz Zastawniak

the hedging strategies, optimal stopping times as well as dual representations (with
the first constructive proofs) for both the seller and the buyer of an American option
under transaction costs were developed by Roux & Zastawniak (2009) in a discrete
model with two assets, and Roux & Zastawniak (2011) in a multi-asset model. All
these approaches take it for granted that the buyer can only exercise the option
instantly, at an ordinary stopping time of his choosing.

By contrast, in the present paper we allow the buyer the flexibility to exercise
an American option gradually, rather than all at a single time instance. Though
it would be difficult in practice to exercise a fraction of an option contract and
to hold on to the reminder to exercise it later, the holder of a large portfolio of
options may well choose to exercise the individual contracts on different dates if that
proves beneficial. Does this ability to exercise gradually affect the pricing bounds,
hedging strategies and optimal stopping times for the buyer and/or seller? Perhaps
surprisingly, the answer to this question is yes, it does in the presence of transaction
costs.

Gradual exercise turns out to be linked to another feature, referred to as de-
ferred solvency, which will also be studied here. If a temporary loss of liquidity
occurs in the market, as reflected by unusually large bid-ask spreads, agents may
become insolvent. Being allowed to defer closing their positions until liquidity is
restored might enable them to become solvent once again. This gives more leeway
when constructing hedging strategies than the usual requirement that agents should
remain solvent at all times.

Tien (2012) was the first to explore the consequences of gradual exercise and
deferred solvency using a model with a single risky asset as a testing ground. In the
present paper these ideas are developed in a systematic manner and extended to the
much more general setting of the multi-asset market model with transaction costs
due to Kabanov (1999); see also Kabanov & Stricker (2001) and Schachermayer
(2004).

Pricing and hedging for the seller of an American option under transaction costs
is a convex optimisation problem irrespective of whether instant or gradual exercise
is permitted. However, this is not so for the buyer. In this case one has to tackle a
non-convex optimisation problem for options that can only be exercised instantly. A
very interesting consequence of gradual exercise is that pricing and hedging becomes
a convex optimisation problem also for the buyer of an American option, making
it possible to deploy convex duality methods. The convexity of the problem also
makes it much easier to implement the pricing and hedging algorithms numerically.
We will make use of this new opportunity in this paper.

The paper is organised as follows. Section 2 recalls the general setting of Ka-
banov’s multi-asset model with transaction costs. In Section 3 the hedging strategies
for the buyer and seller and the corresponding option prices under gradual exer-
cise are introduced and compared with the same notions under instant exercise. A
toy example is set up to demonstrate that it is easier to hedge an option and that
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the bid-ask spread of the option prices can be narrower under gradual exercise as
compared to instant exercise. In Section 4 the seller’s case is studied in detail. The
notion of deferred solvency is first discussed and linked in Proposition 4.3 with the
hedging problem for the seller of an American option with gradual exercise. The sets
of seller’s hedging portfolios are then constructed and related to the ask price of the
option under gradual exercise and to a construction of a seller’s hedging strategy
realising the ask price; see Theorem 4.1. A dual representation of the seller’s price
is established in Theorem 4.2. The toy example is revisited to illustrate the various
constructions and results for the seller. Section 5 is devoted to the buyer’s case.
Buyer’s hedging portfolios and strategies are constructed and used to compute the
bid price of the option; see Theorem 5.1. Finally, the dual representation for the
buyer is explored in Theorem 5.2. Once again, the toy example serves to illustrate
the results. A numerical example with three assets can be found in Section 6. Some
conclusions and possible further developments and ramifications are touched upon
in Section 7. Technical information and proofs are collected in the Appendix.

2. Multi-currency model with proportional transaction costs

Let (Q, F,P;(F,)L,) be a filtered probability space. We assume that Q is finite,
Fo=1{0,9}, Fr = F = 2% and P(w) > 0 for all w € Q. For each t = 0,...,T let
Q; be the collection of atoms of F;, called the nodes of the associated tree model.
A node v € Q41 is said to be a successor of a node p € €, if v C p. For each
t=0,...,T —1 we denote the collection of successors of any given node p € €; by
succ p.

Foreacht =0,...,T let £; := L°(R%; F;) be the collection of F;-measurable R%-
valued random variables. We identify elements of £; with functions on §2; whenever
convenient.

We consider the discrete-time currency model introduced by Kabanov (1999)
and developed further by Kabanov & Stricker (2001) and Schachermayer (2004)
among others. The model contains d assets or currencies. At each trading date
t=0,1,...,T and for each k,j = 1,...,d one unit of asset k& can be obtained by
exchanging w{ ¥ > 0 units of asset j. We assume that the exchange rates 77{ ¥ are
JFi-measurable and 7ng =1 for all ¢ and j, k.

We say that a portfolio x € L; is can be exchanged into a portfolio y € L; at
time ¢t whenever there are Fy-measurable random variables 7% >0, j k=1,...,d
such that for all k =1,...,d

d d
yF = b S S g, (2.1)
j=1 j=1
where 37 represents the number of units of asset k received as a result of exchanging
some units of asset j.

The solvency cone Ky C L; is the set of portfolios that are solvent at time ¢,

i.e. the portfolios at time ¢ that can be exchanged into portfolios with non-negative
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holdings in all d assets. It is straightforward to show that IC; is the convex cone
generated by the canonical basis e!,...,e? of R? and the vectors wfkej — eF for
j,k=1,...,d, and so K; is a polyhedral cone, hence closed. Note that K; contains
all the non-negative elements of L;.

A trading strategy y = (y;)_{}" is a predictable R%valued process with final value
Y741 = 0 and initial endowment yo € R?. For each t > 0 the portfolio y, € £, is
held from time ¢t — 1 to time ¢. Let ® be the set of trading strategies. We say that
y € ® is a self-financing strategy whenever y, —yp11 € Ky forall t =0,...,7 — 1.
Note that no implicitly assumed self-financing condition is included in the definition
of .

A trading strategy y € ® is an arbitrage opportunity if it is self-financing, yg = 0
and there is a portfolio z € Lp \ {0} with non-negative holdings in all d assets
such that y, —x € Kp. This notion of arbitrage was considered by Schachermayer
(2004), and its absence is formally different but equivalent to the weak no-arbitrage

condition introduced by Kabanov & Stricker (2001).

Theorem 2.1 (Kabanov & Stricker (2001), Schachermayer (2004)). The
model admits no arbitrage opportunity if and only if there exists a probability mea-
sure Q equivalent to P and an R¥*-valued Q-martingale S = (S;)I_, such that

Sy e Ky \{0} forallt=0,...,T, (2.2)
where ICf is the polar of —K¢; see (A.1) in the Appendiz.

We denote by P the set of pairs (Q, S) satisfying the conditions in Theorem 2.1,
and by P the set of pairs (Q,S) satisfying the conditions in Theorem 2.1 but
with Q absolutely continuous with respect to (and not necessarily equivalent to) P.
We assume for the remainder of this paper that the model admits no arbitrage
opportunities, i.e. P # .

Remark 2.1. In place of a pair (Q,S) € P one can equivalently use the so-called
consistent price process St]E]p(i%U:t); see Schachermayer (2004).

We also define for any j =1,...,d
73]-:2{((@,5)677|Sj=1}, 7%::{(@,5)675|S’j:1}.

In the absence of arbitrage Ky is a non-empty compactly j-generated polyhedral
cone for all ¢ (Roux & Zastawniak 2011 Remark 2.2), which means that P; # 0.
(For the definition of a compactly j-generated cone, see Appendix A.2.)

3. Instant versus gradual exercise

The payoff of an American option in the model with d underlying currencies is,
in general, an R%valued adapted process & = (&)E,. The seller of the American
option is obliged to deliver, and the buyer is entitled to receive the portfolio of
currencies &, at a stopping time 7 € T chosen by the buyer. Here 7 denotes the
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family of stopping times with values in {0,...,T}. This is the usual setup in which
the option is exercised instantly at a stopping time 7 € T.

American options with the provision for instant exercise in the multi-currency
model under proportional transaction costs have been studied by Bouchard &
Temam (2005), who established a characterisation of the superhedging strategies
for the option seller only, and by Roux & Zastawniak (2011), who provided itera-
tive constructions of the ask and bid option prices and the superhedging strategies
for both the option seller and buyer, as well as the first constructive proofs of the
corresponding dual representations.

In the present paper we relax the requirement that the option needs to be
exercised instantly at a stopping time 7 € 7. Instead, we allow the buyer to exercise
gradually at a mixed stopping time y € X. (For the definition of mixed stopping
times, see Appendix A.3.)

If the buyer chooses to exercise the option gradually according to a mixed stop-
ping time x € X, then the seller of the American option will be obliged to deliver,
and the buyer will be entitled to receive the fraction y; of the portfolio of curren-
cies & at each time t =0,...,T.

The question then arises whether or not it would be more beneficial for the buyer
to exercise the option gradually rather than instantly? What will be the optimal
mixed stopping time xy € X for the buyer? How should the seller hedge against
gradual exercise? Are the ask (seller’s) and bid (buyer’s) option prices and hedging
strategies affected by gradual exercise as compared to instant exercise?

3.1. Instant exercise

In the case of instant exercise the seller of an American option £ needs to hedge
by means of a trading strategy y € ® against all ordinary stopping times 7 € T
chosen by the buyer. The trading strategy y needs to be self-financing up to time 7
and to allow the seller to remain solvent on delivering the portfolio &, at time 7,
for any 7 € T. Hence the family of seller’s superhedging strategies is defined as

q)a(é') = {ye (I)|VT€T:yt_yt+1 EICt fOI‘t:OW"?T_layT_gT eK:T}a
and the ask price (seller’s price) of the option in currency j =1,...,d is

75 (§) = inf{zx € R| 3y € ®*(¢) : zed = yo}.

This is the smallest amount in currency j needed to superhedge a short position
in &.

On the other hand, the buyer of an American option £ can select both a stopping
time 7 € 7 and a trading strategy y € ®. The trading strategy y needs to be self-
financing up to time 7 and to allow the buyer to remain solvent on receiving the
portfolio &, at time 7. Thus, the family of buyer’s superhedging strategies is defined
as

(Pb(é-) = {(va) ed XT|yt_yt+1 E’Ct for t = ].,...,T—Ly.,-—i-fT EICT}7
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and the bid price (buyer’s price) of the option in currency j =1,...,d is
3 (€) := sup{—z € R|3(y, 7) € "(£) : z¢/ = yo}.

This is the largest amount in currency j that the buyer can raise using the option &
as surety.

For American options with instant exercise, iterative constructions of the ask
and bid option prices 7%(£) and 7T‘;) (&) and the corresponding seller’s and buyer’s su-
perhedging strategies from ®2(¢) and ®(¢) were established by Roux & Zastawniak

(2011).

3.2. Gradual exercise

When the buyer is allowed to exercise gradually, the seller needs to follow a suitable
trading strategy to hedge his exposure. Since the seller can react to the buyer’s
actions, this strategy may in general depend on the mixed stopping time xy € X
followed by the buyer, and will be denoted by YX € ®. In other words, we consider
a function Y : X — .

At each time ¢ the seller will be holding a portfolio Y;X and will be obliged to
deliver a fraction y; of the payoff ;. He can then rebalance the remaining portfolio
Y* — x¢& into VX in a self-financing manner, so that

Y — xe&e — YN, € K¢ foreach t =0,...,T. (3.1)

The self-financing and superhedging conditions have merged into one. We call (3.1)
the rebalancing condition.

When creating the portfolio Y;* at time ¢ — 1, the seller can only use information
available at that time. This includes xo,...,Xx¢—1, but the seller has no way of
knowing the future values x, ..., xr that will be chosen by the buyer. The trading
strategies YX € ® that can be adopted by the seller are therefore restricted to those

satisfying the non-anticipation condition
YV, x’ € XVt=0,...,TVweQ:
, Y ' (3.2)
Xs(w) = x4 (w) for each s =0,...,t — 1 = Y (w) = ¥}* (w).

In particular, the initial endowment Y;* of the trading strategy YX is the same for
all x € X. We denote this common value by Yj.

We define the family of seller’s superhedging strategies against gradual exercise
by

% (¢) :={Y : X - ®|Y satisfies (3.1) and (3.2)}

and the corresponding ask price (seller’s price) of the option in currency j = 1,...,d
by

755 (€) == inf{z € R|IY € ®*(¢) : ze! = Yo} (3.3)

This is the smallest amount in currency j that the seller needs to superhedge a short
position in the American option £ when the buyer is allowed to exercise gradually.
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On the other hand, the buyer is able to select both a mixed stopping time y € X
and a trading strategy y € ®, and will be taking delivery of a fraction x; of the
payoff & at each time . Because the choice of the mixed stopping time x is up to
the buyer, the trading strategy y needs to be good just for the one chosen stopping
time, and does not need to be considered as a function of y, in contrast to the
seller’s case. The rebalancing condition

Yyt + Xt& — Y41 € Ky foreach t =0,...,T (3.4)

needs to be satisfied.
Hence, the family of superhedging strategies for the buyer of an American op-
tion £ with gradual exercise is defined as

dP2(¢) == {(y,x) € ® x X | (y,x) satisfies (3.4)},

and the corresponding bid price (buyer’s price) of the option in currency j = 1,...,d

1S

W;g(f) = sup{—z € R|3(y, x) € B*5(¢) : we? = yo}. (3.5)

This is the largest amount in currency j that can be raised using the option as
surety by a buyer who is able to exercise gradually.

Example 3.1. We consider a toy example with two assets, a foreign currency
(asset 1) and domestic currency (asset 2) in a two-step binomial tree model with
the following bid/ask foreign currency prices S < S# in each of the four scenarios
in Q = {w1, ws,ws,wy }:

Sy Sp| Sy St S S
w | 5 5|3 9|4 8
w |5 5|3 94 1
ws| 5 5[2 23 3
we| 5 5 ]2 2[1 1

Note there are only two nodes with a non-trivial bid/ask spread, namely the ‘up’
node U = {wj,w2} and the ‘up-up’ node UU = {w;}. The corresponding exchange
rates are

[ﬁgl 7732} - [ 1 1/55]

21 22| = | ga
T T St 1

In this model we consider an American option with the following payoff process

& = (&,€):

€o &1 3
wy | (0,0) | (0,4) | (2,-8)
w2 (070) (0a4) (0,0)
w3 (O, O) (Oa 0) (0,0)
Wy (O, O) (Oa O) (0, 0)
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In the case when the option can only be exercised instantly, using the algorithms
of Roux & Zastawniak (2011) we can compute the bid and ask prices of the option
in the domestic currency to be

) =2, mEO=>

Now consider YV : X — ® given by

v Yy vy
wi | (0,5) | (1,0) | (1, —4x5")
wa | (0,5) | (1,0) | (1, —4x$)
ws | (0,5) | (1,0) (0,0)
wg | (0,5) | (1,0) (0,0)

for any x € X. Also consider y € ® and x € X such that

Yo Y1 Y2 X0 | X1 | X2
wi | (0,-3) | (=1,2) | (=1,4) | 0 | 5 | 3
w2 | (0,-3) | (=L,2) | (=1,4) | 0 | 5 | 3
ws | (0,=3) | (=1,2) | (0,0) | 0 | 0|1
wy | (0,=3) | (—1,2) , 0|01

We can verify that Y € ®*&(¢) and (y, x) € ®"8(¢). The existence of these strategies
means that
28

() =2 <3 <mEE), mHE) <5< T =759

This example demonstrates that the seller’s and buyer’s prices w;g(g),w;?g(g)

under gradual exercise may differ from their respective counterparts w?({),wg’(f)
under instant exercise. It demonstrates the need to revisit and investigate the pricing
and superhedging results in the case when the instant exercise provision is relaxed

and replaced by gradual exercise.

4. Pricing and superhedging for the seller under gradual exercise

We have seen in Example 3.1 that the seller’s price W?(f) may be higher than
W?g (€). The reason is that an option seller who follows a hedging strategy y € ®2(¢)
is required to be instantly solvent upon delivering the payoff at the stopping time
7 € T when the buyer has chosen to exercise the option. Meanwhile, a seller who
follows a strategy Y € ®28(¢) will be able to continue rebalancing the strategy up
to the time horizon T' as long as a solvent position can be reached eventually. Being
able to defer solvency in this fashion allows more flexibility for the seller, resulting
in a lower seller’s price.



ugust

25, 2015 159 WSPC/INSTRUCTION FILE

A
‘Roux'Zastawniak'ZOM—O?—17

American options with gradual exercise under proportional transaction costs 9

On the other hand, it might appear that a seller who hedges against gradual
exercise (against mixed stopping times) would have a harder task to accomplish
than someone who only needs to hedge against instant exercise (ordinary stopping
times). However, this turns out not to be a factor affecting the seller’s price, as we
shall see in Proposition 4.3.

4.1. Deferred solvency

These considerations indicate that the notion of solvency needs to be relaxed.

We say that a portfolio z € L; satisfies the deferred solvency condition at time ¢
if it can be exchanged into a solvent portfolio by time T without any additional
investment, i.e. if there is a sequence y¢41,...,yr+1 such that y, € Ls_1 for all
s=t+1,...,T and

z— Y41 € Ky, Ys —Yst1 € Ks forall s=t+1,...,T, yr41 = 0.

We call such a sequence yiy1,...,yry1 a liquidation strategy starting from z at
time ¢.

The set of portfolios satisfying the deferred solvency condition at time ¢ is a
cone. We call it the deferred solvency cone and denote by Q.

Example 4.1. In Example 3.1 the portfolio with 8 in the domestic currency and —1
in the foreign currency is insolvent at the ‘up’ node U = {wq,w2} at time 1, that
is, (—1,8) ¢ KV. It does, however, satisfy the deferred solvency condition at that
node, i.e. (—1,8) € QY. The large bid-ask spread [SPY, S2V] = [3,9] at node U indi-
cates a temporary loss of liquidity. Although the portfolio is insolvent at that node,
waiting until the market recovers from the loss of liquidity can restore solvency.
The liquidation strategy is to hold the portfolio until time 2 and to buy the foreign
currency then.

The following result shows that the deferred solvency cones Q; can be regarded
as the sets of time ¢ superhedging portfolios for the seller of a European option with
expiry time T and zero payoff; see Roux & Zastawniak (2011).

Proposition 4.1. The deferred solvency cones can be constructed by backward in-
duction as follows:

Qr =Kr, (4.1)
Qi = Q1 NL + Ky forallt =0,...,T — 1.

The proof of Proposition 4.1 can be found in Appendix A.4.1.
From (4.2) we can see that for any ¢ =0,...,7 — 1 and for any p €

o= [ Q. +kr (4.3)
vesuce

By backward induction, Q) is given as an intersection and algebraic sum of a finite
number of polyhedral cones, so it is a polyhedral cone. This also means the solvency
cones can readily be computed using standard operations on polyhedral convex sets.
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The next result shows that Theorem 2.1 can be formulated equivalently in terms
of the deferred solvency cones Q; instead of the solvency cones ;.

Proposition 4.2. If Q is a probability measure and S = (S;)L, is an R -valued
Q-martingale, then S satisfies (2.2) if and only if

Sy € Q;\ {0} forallt=0,...,T, (4.4)
where Qf is the polar of —Q;.

The proof of Proposition 4.2 is in Appendix A.4.1.

4.2. Construction of seller’s price and superhedging strategy

We extend the family ®(&) of seller’s superhedging strategies by allowing for de-
ferred solvency:

q)ad(f) ::{y€¢|VT€T:yt_yt+1€Qt fort:17"'a7_17y7_£‘reQT}7

The following proposition shows that the set of initial endowments that allow
the seller to hedge against gradual exercise is the same as that allowing to hedge
against instant exercise with deferred solvency.

Proposition 4.3. For any American option &
{x eRYIY € ®8(&) :x =Yy} = {x € RY| Ty € D24(¢) : 2 = o}

For the proof of Proposition 4.3, see Appendix A.4.2.

We now present an iterative construction of the set of initial endowments that
allow superhedging for the seller under deferred solvency. By Proposition 4.3, this
also gives the set of initial endowments that allow superhedging for the seller under
gradual exercise.

Construction 4.1. Construct adapted sequences U2, Vad Wwad  zad for ¢ =
0,...,T by

U =¢ +Q, forallt=0,...,T, (4.5)
zad = yad .= wid .= 2

and by backward induction on all t =0,...,T — 1

wid = zM Ny, (4.6)
yad.—wad 4 9,
zZM =y 0y, (4.8)

It follows by backward induction that the sets
witt= )z vewer g B =

VESUCC 14
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are convex and polyhedral for each ¢t = 0,...,T—1 and p € €2; because the algebraic
sum and the intersection of a finite number of convex polyhedral sets are convex
and polyhedral, and

L A e

are convex polyhedral sets for each pu € Qp. Moreover, Y24, Vad wad  zad are
non-empty for each t = 0,..., T because the portfolio (z,...,z) € R? belongs to all
of them when z € R is large enough.

Theorem 4.1. The set of initial endowments that superhedge the seller’s position
in the American option £ under gradual exercise is equal to

zZad =z e RY|IY € ®%8(¢) : 2z = Yy}, (4.9)

and the ask (seller’s) price of the option in currency j = 1,...,d can be computed
as

78 (&) = min{z € R|ze’ € Z3}.

Moreover, a strategy Y € ®28(€) can be constructed such that
TE(€)e! = Yo.

The proof of Theorem 4.1 can be found in Appendix A.4.2.

We can conclude that the set of initial endowments Z24 superhedging the seller’s
position, the option ask price TI';g (£), and a superhedging strategy Y realising the
ask price can be computed by means of standard operations on convex polyhedral
sets.

Example 4.2. Working within the setting of Example 3.1, we can now apply the
constructions described in the current section to compute the sets Z#4 of super-
hedging portfolios for the seller. These are sets of portfolios (x!,?) € R? satisfying
the inequalities

ad ad ad
ZO Zl ZQ

8zl 4+22>8 | 8zl +22>8
5 1 2>5 = =
w1 vtz dpt +22>0 | 42t +22>0

1 2>
wy | bxt +x2>5 iili;;i dzt + 22 >0

ws | bat+22>5 | 20t +22>0 | 3zt 4+22>0

wq | Bt +a2>5 ] 221 +22>0 2 +22>0

From Z34 we obtain the ask price

T58(€) = min{z € R|(0,2) € 234} = 5.
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We can also construct a superhedging strategy Y € ®22(¢) such that
(0,735(€)) = Yo = (0,5).

It is the strategy Y specified in Example 3.1.

4.3. Dual representation of seller’s price

A dual representation of the seller’s price 77%(¢) can be obtained with the aid of
the support function Z§d of —Z34. For the definition of the support function of
a convex set, see Appendix A.1. More generally, let U4, Vad Wad 7Zad he the
support functions of the sets —d, —Vad —yad _ zZad of Construction 4.1. The
functions Upd, Vad Wad Zad are polyhedral (Rockafellar 1996 Corollary 19.2.1),
hence continuous. Proposition A.1 in Appendix A.4.2 lists a number of properties

of support functions, which will prove useful in what follows.

Proposition 4.4. The seller’s price of an American option & with gradual exercise
can be written as

m38(€) = max{—Z5(s) | s € g (R”)} = Eg((§ - S)y)

for some mized stopping time x € X, a probability measure Q and an R*-valued
adapted process S such that

Sy € Q5 \ {0} and Eq(S¥,|F:) € QFf foreacht=0,...,T, (4.10)

and Sg =1forallt=0,...,T. Such x, Q and S can be constructed by a recursive
procedure.

The notation o;(R?), (¢-9), and SX* used in Proposition 4.4 is defined by (A.2),
(A.5) and (A.6). The proof is provided in Appendix A.4.2.

For any y € X denote by P4() the set of pairs (Q, S) such that Q is a probability
measure and S is an R%valued adapted process satisfying (4.10). Also define for
j=1,....d

Plx) = {(Q,8) e PYx)| S/ =1forallt=0,...,T}.
The lack of arbitrage opportunities and Proposition 4.2 ensure that
0#P P, 0 #P; C P
for all x € &.

Remark 4.1. The superscript d indicating deferred solvency distinguishes P4 (y)
and 75;1()() from the collections P(x) and Pj(x) defined by Roux & Zastawniak
(2011) in a similar way as above, but with the weaker condition

Sy € Ky \ {0} and Eq(S),|F) e Kf foreacht=0,...,T
in place of (4.10).
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The following result provides a representation of w?g(g ) dual to the representa-
tion (3.3) in terms of superhedging strategies.

Theorem 4.2. The ask price in currency j = 1,...,d of an American option &
with gradual exercise can be written as

2 (¢) = ma al E -9y ).
w58 (€) gleg(@ﬁr)ne%d(x) a((€-9)x)

Moreover, we can algorithmically construct ¥ € X, and (Q, S) € 75]-‘1()%) such that
58 () = Eg((£ - 9)y)-
This theorem is proved in Appendix A.4.2.

Example 4.3. We continue working in the setting of Example 3.1. The mixed
stopping time ¥ € X and a pair (Q, S) € P (X) such that

mE(€) =Eg((¢-9)y) =5

are
Q| S Sy So | %o | X1 | Xe
wi | 1](5,1) ] 41| Y| 0| 3] 1
wo | 0] (51) | (41| 4| 0| 3] 1
ws | 0| (B,1) [ (2,1)B,1)1 0] 0|1
we | O (B, [ (2,1) | (1,1) | 0] 0|1

5. Pricing and superhedging for the buyer under gradual exercise

The buyer of an American option £ is entitled to receive the payoff according to a
mixed stopping time y € X of his choosing. In other words, the buyer receives x;&;
at each time ¢t = 0,...,7T. The family ®"8(¢) of superhedging strategies for the
buyer and the bid price (buyer’s price) W;?g (&) under gradual exercise are defined
in Section 3.2. We turn to the task of computing the bid price and an optimal
superhedging strategy for the buyer.

5.1. Construction of buyer’s price and superhedging strategy

We start by computing the set of initial endowments that allow superhedging for
the buyer.

Construction 5.1. Construct adapted sequences UPd, VP4 Wpd zbd for ¢ =
0,...,T by

UP = —& 4+ Qi forall t =0,...,T, (5.1)

bd .__ ybd ._ ypbd ._ 7/bd
ZT . T Cht WT Cht Z/{T 9
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and by backward induction on all ¢t < T

wpd = Zpd N Ly, (5.2)
=Wy + g, (5.3)
zPd .= conv {L{fd, V,Pd} . (5.4)

For each t the convex hull in (5.4) is taken on each atom of Fy, i.e. for all p €
Zfd" = conv {Z/{Fd“7V;°d”} )

The index d indicates that the deferred solvency cones Q; are used in this construc-
tion. The sets P4, VP4, Whd| ZPd are non-empty for each t = 0,..., T because the
portfolio (z,...,z) € R? belongs to all of them when z € R is large enough.

In contrast with Construction 4.6 of Roux & Zastawniak (2011), which was used
the case of instant exercise at an ordinary stopping time, we have the convex hull of
UPd, VP4 in (5.4) rather than the union of sets. This means that P9, VP4, wpd, zbd
are convex sets, unlike their counterparts in Construction 4.6 of Roux & Zastawniak
(2011). This is important because, once it is established in the next proposition that
the ZP4 are polyhedral, it becomes possible to implement techniques from convex
analysis to compute them.

Another consequence of having the convex hull in (5.4) is that there is no ana-
logue of Proposition 4.3 in the buyer’s case. Gradual exercise allows the option
buyer more room for manoeuvre when hedging their position as compared to in-
stant exercise with or without deferred solvency. This is down to the fact that the
convex hull conv {Up4,VP4} in (5.4) is, in general, larger than the union of such
sets.

Remark 5.1. It is important to understand why we need the convex hull
conv {UP4, VP4} in (5.4) instead of the union of sets as in Construction 4.6 of Roux
& Zastawniak (2011). In a nutshell, the convex hull appears because an option
buyer who is allowed to exercise gradually has the choice not only between exercis-
ing the option fully or continuing to hold it at any given time, but can also decide
to exercise a fraction of the option and continue to hold the remaining fraction.
More precisely, suppose that the buyer of an option with payoff & is also holding
a portfolio z € conv {UP, VP4} at time t. We have z = Au + (1 — A)v for some
u € UPY, v € VP4 and A € [0,1]. Under gradual exercise the buyer can exercise a
fraction A of the option at time ¢, which will add a fraction A§; of the payoff to the
portfolio z. The resulting portfolio z + A& belongs to (1 — \) VP4 since, by (5.3),

ZENG = A (&) F(1—A)v e+ (1—A) VP C(1—A)vPd.

But any portfolio in (1 — ) VP4 is enough to hedge the remaining faction 1 — A
of the option, which the buyer will continue to hold beyond time ¢. It means that
portfolios in conv {L{Ed, thd} are exactly those that can hedge the buyer’s position
in the option at time t under gradual exercise.
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Proposition 5.1. The set ZPY in Construction 5.1 is polyhedral with recession
cone Q; for eacht=0,...,T.

The proof of Proposition 5.1 can be found in Appendix A.4.3.

The next result shows that Construction 5.1 produces the set of initial endow-
ments that superhedges £ for the buyer, which in turn makes it possible to compute
the option bid price and also to construct a strategy that realises this price. This
is similar to Theorem 4.1 for the seller.

Theorem 5.1. The set of initial endowments that superhedge the buyer’s position
in the American option £ with gradual exercise is equal to

204 = {z e RY|3(y, x) € B*5(€) 1 2 = yo}, (5.5)

and the bid (buyer’s) price of the option in currency j = 1,...,d can be computed
as

ﬂ?g(é“) =max{—z € R|zel € Z}.

Moreover, a strategy (y,x) € ®°%(&) can be constructed such that

b .
ng(f)ej = —Yo-
The proof of this theorem is also in Appendix A.4.3.
Example 5.1. Still within the setting of Example 3.1, we apply the constructions

described in the current section to compute the sets ZP¢ of superhedging portfolios
for the buyer. These are sets of portfolios (2!, 2%) € R? satisfying the inequalities

Z(l))d Z}Dd ng
8z + 2% > -8 L
wi | bt + 22> -3 | 6zt +a22> -4 i$1+$22—8
dpt + 22 > —4 420
S8zl + 22> -8
wo | bzt + 22> -3 | 6zt +22> -4 dat + 22 >0
dpt + 22> —4

ws | 5t + 22 2t 4+ 22 >0 3zl +22>0

Y
&

wy | bt + 22> -3 2et +22>0 2t +22>0

Y

From Zp9 we obtain the ask price
7o8(€) = max{—z € R|(0,z) € Z>} = 3.
We can also construct a superhedging strategy (y,x) € ®2(¢) such that
(0,73%(6)) = —y0 = (0,3).
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It is the strategy (y, x) specified in Example 3.1.

5.2. Dual representation of buyer’s price

Since the UPd, VP4, WPd zbd are convex, it becomes possible to apply convex
duality methods not just in the seller’s case but also in the buyer’s case. (This was
impossible to do in Roux & Zastawniak (2011) for American options with instant
exercise because of the lack of convexity in the buyer’s case.)

In particular, in a similar way as in the proof of Proposition 4.4, we can show
that the bid price of an American option with payoff & under gradual exercise can
be expressed as
78(€) = max {ng(s) |s e aj(Rd)}

J

in terms of the support function ZH4 of —Zd.

However, we follow a different approach to obtain a representation of the bid
price W?g(é) dual to the representation (3.5) of w;’g(g) by means of superhedging
strategies. In Theorem 5.1 a mixed stopping time x € & has already been con-
structed as part of a superhedging strategy (y,x) € ®"%(¢) such that w;?g(g) = Yo.
As a result, the bid price given by (3.5) can be written as

7E(€) = max {—w € R |3y € B (y,x) € DE(E), wel = o)

for this mixed stopping time . It turns out that the set on the right-hand side
can be expressed by means of the family ¥?(—¢,) of superhedging strategies for
the seller of a European option with expiry time 7" and payoff —¢, as described in
Appendix A.5, where &, is defined by (A.6).

Proposition 5.2. For any American option & and any mized stopping time x € X
we have

{~eeR!3ye:(y,x) € P*8(§), 2 = yo}
={-2 R Iz € V(=& 12 = 2}
This proposition is proved in Appendix A.4.3.

We are now in a position to state a representation of the bid price dual to (3.5),
and to prove it with the aid of Proposition 5.2.

Theorem 5.2. The buyer’s (bid) price of an American option & in currency j =
1,...,d can be represented as

O = may min B (€ 5)y), (5.6)

and (Q,

where (§-5)y, is defined by (A.6). Moreover, we can algorithmically construct x € X
) € P; such that

LI o -8):) = min -S8)5).
m;2(§) = Eq((€- S)%) (Q,S)GEEQ((g S)x)
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The proof of Theorem 5.2 is in Appendix A.4.3.

Example 5.2. We revisit Example 3.1 one more time to construct a mixed stopping
time ¥ € X and a pair (Q,S) € P, such that

T =Eg((€-$)) = min_ Bo((§-S)y) =3,

(Q,5)eP2
They are
Q| So | S | S % | x| xe
w |16 G0 ]3| 3
wy | 0| BD) [GD | @0 ] 5|3
w3 | 0 (5,1) (2,1) (3,1) 0 0 1
wg | 0] (5,1)] (2,1) | (1,1) 0 0 1

6. Numerical example

In this section we present a three-dimensional numerical example with a realistic
flavour to illustrate Constructions 4.1 and 5.1. The numerical procedures below
were implemented in Maple with the aid of the Convex package (Franz 2009).

Consider a model involving a domestic currency and two foreign currencies, with
time horizon 7 = 1 and with T" = 10 time steps. The friction-free nominal exchange
rates By = (E}, E?) between the domestic currency and the two foreign currencies
follow the two-asset recombinant Korn & Miiller (2009) model with Cholesky de-
composition. That is, there are (¢ + 1)? possibilities for the exchange rates at each
time step ¢t = 0,..., T, indexed by pairs (j1, j2) with 1 < j1, jo < t+1, and each non-
terminal node with exchange rates E;(j1,72) has four successors, associated with
exchange rates E;11(j1,j2), Err1(j1+1,72), Eip1(j1,j2+1) and By 1 (51 +1, jo+1).
With A = 7 defined for convenience, the exchange rates are given by

GItA+(2j1—t—2)o1 VA
9

N[ —=

E{(j1,j2) = Ege™

E}(j1,42) = Ege”
fort=0,...,T and j1,52 = 1,...,t+ 1, where E} = 40 and EZ = 50 are the initial
exchange rates, o1 = 15% and oo = 10% are the volatilities and p = 50% is the
correlation between the logarithmic growth of the exchange rates.

o2tA+ ((2j1—t—2)p+(2j2—t—2)\/1—p2)02\/Z

el

Assume that proportional transaction costs of 0.5% are payable on all currency
exchanges, except at time step 1, when 10% is payable, modelling a temporary loss
of liquidity. In other words, the matrix of exchange rates between each pair among
the three currencies at each time step ¢ is

E2
il pl2 13 1 1 w1+ k) E%l(l + k)
! Wtzz 7&22 = ZA+k) 1 HO+k) |

31
T T Ty El(1+ k) E2(1+ k) 1
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where

ke 0.1 ift =1,
L 0.005 otherwise.

Consider an American put option with physical delivery and strike 90 on a
basket containing one unit of each of the foreign currencies. It offers the payoff

& =(~1,-1,90) fort=0,...,T.

We allow for the possibility that the option may never be exercised by adding an
extra time step T+ 1 to the model and setting the payoff to be (0,0,0) at that time
step. Constructions 4.1 and 5.1 give

—0.749 —0.166
22 =conv{ | —0.218 |, [ —0.727 |  + Qo,
47.587 49.773
0.631 0.453 0.419 0.249
zbd = conv 0.783 | , 0.286 | , 0.782 | , 0.267 | ,
—65.310 —33.404 —56.798 —24.342
0.329
0.513 + Qy,
—39.790
where Q is the convex cone generated by the vectors
0.000 —1.000 1.246 —1.000 0.025 0.000
0.020 |, 0.804 | , [ —1.000 |, 0.000 | , 0.000 |, | —1.000
—1.000 0.000 0.000 40.200 —1.000 50.250

The sets Z34 and 2P, which appear in Figure 1, yield the ask and bid prices

m5(€) = 0.174, m58(¢) = 0.140, T3E(¢) = 6.941,
m3(€) = 0.022, T3 () = 0.017, o5 (€) = 0.879

in each of the three currencies.

7. Conclusions and Outlook

In this paper we have explored American options with gradual exercise within Ka-
banov’s model (Kabanov 1999) of many assets under transaction costs, along with
the related notion of deferred solvency, which helps to deal with a temporary loss of
liquidity (large bid-ask spreads) in the market. We have demonstrated that gradual
exercise (at a mixed stopping time chosen by the buyer) can reduce the ask (seller’s)
price and increase the bid (buyer’s) price of the option compared with the case when
the option can only be exercised instantly (at an ordinary stopping time).

In this context we have constructed and implemented algorithms to compute
the ask and bid option prices, the buyer’s and seller’s optimal hedging portfolios



ugust

25, 2015 159 WSPC/INSTRUCTION FILE

A
‘Roux'Zastawniak'ZOM—O?—17

American options with gradual exercise under proportional transaction costs 19

Fig. 1. Boundaries of the sets of superhedging endowments for the seller and buyer

and strategies, and their optimal mixed stopping times. We have studied dual rep-
resentations for both the buyer and the seller of an American option with gradual
exercise. The results have been illustrated by numerical examples.

Compared to options with instant exercise, a novel feature is that pricing and
hedging an American option is a convex optimisation problem not just for the seller
but also for the buyer of the option, making it possible to use convex duality in both
cases. Ramifications to be explored further may include an extension of Bouchard
and Temam’s representation of the strategies hedging the seller’s (short) position
(Bouchard & Temam 2005) to the case of hedging the buyer’s (long) position in the
option.

The computational efficiency of the algorithms under gradual exercise is sim-
ilar to the seller’s algorithm in the case of instant exercise, explored numerically
by Zhang & Roux & Zastawniak (2012). These calculations took no more than a
couple of seconds using a modest parallel computer with 8 processors to solve the
pricing problem for the seller under instant exercise in a realistic setting on a re-
combinant binomial tree with up to 1500 time steps. There reasons for this high
efficiency are two-fold: the convexity of the optimisation problem, and the fact that
the procedure follows the principles of dynamic programming, and therefore shows
merely polynomial growth for options with path-independent payoffs (such as puts
and calls) in a recombinant tree model, and additionally lends itself to paralleli-
sation. The computational overhead (due to precomputing the deferred solvency
cones) needed to implement the case of gradual exercise will have only a minor
effect on computational efficiency. Moreover, since pricing and hedging becomes a
convex optimisation problem for the buyer when gradual exercise is allowed, simi-
larly efficient calculations can also be performed for the buyer and not just for the
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seller of the option.

We also conjecture that it should be possible to adapt the constructions pre-
sented here so that linear vector optimisation methods can be used to price and
hedge both the seller’s and buyer’s positions in an American option with gradual
exercise, along similar lines as was done by Lohne & Rudloff (2014) for European
options under transaction costs, possibly resulting in further efficiency gains.

A. Appendix
A.1. Some notation and facts from convexr analysis
For any non-empty convex cone A C R%, denote by A* the polar of —A, i.e.
A" ={yc Ry -z >0forall z € A}. (A1)
For any set A C R? define the cone generated by A as
cone A :={Azx|A >0,z € A}.
The recession cone of a non-empty convex set A C R is defined as
0TA:={ycRY| A+ Ay C A for all A >0}.

It is a convex cone containing the origin (Rockafellar 1996 Theorem 8.1). If A is a
polyhedral cone, then 0t A = A (Rockafellar 1996 Corollary 8.3.2).

The convex hull of sets Ay, ..., A, in R? is the smallest convex set in R? that
contains Ay, ..., A,, and is denoted by conv{ A4, ..., A, }. The convex hull of convex
functions f1,..., fn : R = RU {oo} is the function f := conv{fi,..., f,} defined
by

f(z) = inf{Z)\ifi(xi) 0< A, A LY N=1) A :x} .
i=1 i=1 i=1
The effective domain of a convex function f : RY — R U {co} is defined as
dom f := {y € R?| f(y) < co}.

The support function &% of a convex set A C R is defined as

0% (x) :=sup{z-y|y € A}.

A.2. Compactly generated cones

For any set A C R¢ and j = 1,...,d define
0j(A) = {z = (z*,...,2%) € A|2? = 1}. (A.2)

We say that a cone A C R? is compactly j-generated if 0;(A) is compact, non-empty
and A is generated by o;(A).
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Lemma A.1l. If two cones A C R* and B C R? are compactly j-generated and
AN B\ {0} #0, then AN B is compactly j-generated and

0;(AN B) = o;(A) N ay(B). (A3
Proof. Equality (A.3) follows directly from (A.2). A vector x = (z',...,2%) is an
element of 0;(AN B) if and only if x € AN B and 2/ = 1, if and only if z € A
and z € B and 2/ = 1, if and only if z € 0;(A) and z € 0;(B), if and only if
x € 0j(A) No;(B).

The set g;(A N B) is compact since it is the intersection of two compact sets
0;(A) and o;(B). It remains to show that g;(A N B) is non-empty and generates
AN B. To this end, fix any € ANB\ {0}. As A and B are generated, respectively,
by 0;(A) and o;(B), there exist Aa > 0, Ap > 0, z4 € 0;(A) and 25 € 0;(B) such
that

AATA =T = ABXB.
As z # 0, we must have A4 > 0 and Ag > 0. Moreover, since xi = :vé =1, we have
Aa = Aax) =27 = Agxh = Ag,
which implies 24 = 25 € 0;(4) No;(B) = g;(A N B), completing the proof. |

In this paper we also make use of the following result by Roux & Zastawniak
(2011 Lemma A.1).

Lemma A.2. Fiz any j = 1,...,d, and suppose that A1,...,A, are non-empty
closed convex sets in RY such that A = Ni_y Ai # 0 and dom &%, s compactly
j-generated for all k. Then

0% = conv{dy ,...,04 },
the cone dom &% is compactly j-generated and
dom 6% = conv{domd} ,...,domd} },

and for each x € o;(dom &%) there exist o,...,an, > 0 and x1,...,x, with x; €
oj(dom &% ) for alli=1,...,n such that

0y (x) = iaiézi (z4), x = En:aixi, 1= iai.
i=1 i=1 i=1

A.3. Mixed stopping times

A mized (or randomised) stopping time is a non-negative adapted process xy =
(x¢t)E o with values in [0, 1] such that

T
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The family of mixed stopping times will be denoted by X'.
For any x € X we put

T
X; = ZXS fort=0,...,T, X141 := 0. (A.4)

s=t

Moreover, for any adapted process X and for any y € X we put

T
XX = ZXsXs fort=0,...,T, X7, =0, (A.5)

s=t

We also define X evaluated at x by

T
Xy =) x:X.. (A.6)

s=0
With each ordinary stopping time 7 € T we associate the mixed stopping time
X7 € X defined as

- Jlon{r=t} _
X7 '_{Oon{f#t} for each t =0,...,T. (A7)

A.4. Proofs and technical results

A.4.1. Deferred solvency

Proof of Proposition 4.1. Equality (4.1) is obvious. By the definition of the de-
ferred solvency cones, for any ¢t = 0, ...,T—1 the following conditions are equivalent:
z € Qi1 N Ly + Ky if and only if there is a y;41 € £; such that

Yer1 € Qir1, z2 = yry1 € Ky,
if and only if there is a sequence ¥;i1,...,yr+1 such that ys € L,_1 for each
s=t+1,...,T and
z— Y41 € Ky, Ys —Yst1 € Ksforall s=t+1...,T, yr41 = 0,
if and only if z € Q;. This proves (4.2). DO

Proof of Proposition 4.2. In view of (4.2), we have K; C Q;, so QF C K}, and
(4.4) implies (2.2).

Conversely, suppose that S is an R?-valued Q-martingale that satisfies (2.2). To
show that it satisfies (4.4) we proceed by backward induction. By (4.1), we have
Sr e K3\ {0} = Q4 \{0}. For any t = 0,...,T — 1 suppose that S;11 € Q7 \ {0}.
As S is a Q-martingale, we have for all u € €, that

Sy =Eq(Si41 | p) € conv{Qy}, | v € succ u}.
For every t =0,...,T — 1 and pu € Q, observe from (4.3) that

*

Qg*:l m Qi + KXY

vEsuce
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Successive application of Corollaries 16.4.2 and 16.5.2 in Rockafellar (1996) then
gives

oy = [ m Q7 | NKY =conv{Qy}, |v € succpu} N KL (A.8)
vesuce

Since Si' € K™\ {0} by (2.2), it follows that S} € Q" \ {0}, which concludes the

inductive step. O

A.4.2. Seller’s case

Proof of Proposition 4.3. We show first that for any y € ®*4(¢) there exists
Y € ®28(¢) such that Yy = yo. If y € ®24(¢), then for each t = 0,...,T — 1 we have

Yt — Y41 € Qy, i.e. there exists a liquidation strategy 27, ,... ,Z%H starting from
Yr — Y1 at time t. We also put 2% 41 := 0 for notational convenience. Moreover,
for each t = 0,...,T we have y; — & € Q, i.e. there exists a liquidation strategy
xhyy,...,xl | starting from y, — & at time t. For each x € X define
YOX = Yo,
t—1 t—1
Y=gy ) Xeaz ) xewg fort =1, T+ 1,
s=0 s=0

where x* is defined by (A.4). The process YX belongs to ® and satisfies the non-
anticipation condition (3.2). Moreover, for each ¢t =0,...,T

t—1 t—1
Y= xebe — Vi = Xiye + Z Xot1% + Z XsTy — Xt
s=0 s=0
¢ ¢

* * s s
= Xt+1Yt+1 — Z Xs+1%t4+1 — Z XsTi41
s=0 s=0

=X (e — Y1 — 20) + xe(ye — & — x4)

t—1 t—1
+ Z Xog1(2f — 2041) + Z Xs(@f — xiy)
s=0 s=0

t—1 t—1
€ Xip 1 K + XKt + ZXZ-HIC:& + ZXS’Ct C Ky
5=0 s=0

because x; = x: + X7, and K; is a convex cone. Hence Y satisfies (3.1) in addition
to (3.2), and so Y € ®2&(¢).

Conversely, fix any Y € ®28(¢) and put y := yx' e ®, where 7 is defined
by (A.7). Then for all s =0,...,T — 1 we have xI =0 and

T T T T
Ys = Ys+1 = }/;X - Yv;ffl = szX _ngs - Y;EH €k C Q.

Fix any t = 0,...,T. Then xI = x! = 0 for each s = 0,...,t — 1, and the non-

T
anticipation property (3.2) of Y gives y; = VX = YtXt. Since xi = 1, it means
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that
—& - t+1 = YX - Xi& — t+1 € K¢ C Q. (A.9)
Moreover, for each s =t +1,...,T we have x! = O7 and so
YsX Ys>3r1 = YX ngs +1 € s C Q. (A.10)

We verify by backward induction that yX' 1 € Qs for each s = ¢,...,T. Clearly,
Y 741 = 0 € Qr. Now suppose that Y+1 € QS for some s = t+1,...,7T. From
(A.10) we can see that YX' = (VX' Y:EH) +Y+1 € Q.+ Q, = Q,. Because YX' is
predictable, we have YX € 9Q;NLs1 C Qs 1 by (4. 2) completing the backward
induction argument. In particular, this means that Y, , € Q;. Together with (A.9)

it gives y; —&; € Q; forany t = 0,...,T. As a result, we have constructed y € ®4(¢)
such that yo = Yj. O

Proof of Theorem 4.1. Suppose that = € Z24. We construct a sequence y =
(yt) ! of random variables by induction. First take yo = 2. Now suppose that we
have already constructed y; € 224 such that y; € L—1yvo for somet =0,...,T—1.
From (4.8) we obtain y; € U, whence

—& €9y

by (4.5). We also obtain y; € V24, and by (4.7) there exists a random variable
Yrr1 € W24 such that y, — y;1 € Q;. From (4.6) we have y;41 € ij_ll N L, which
concludes the inductive step. Finally, we put yry; := 0. It follows that y € ®(¢)
with yo = . By Proposition 4.3, a strategy Y € ®28(£) can be constructed such
that Yo = yo = .

Suppose now that Y € ®*8(¢). By Proposition 4.3, there is a y € ®*4(¢) such
that Yy = yg. Clearly,

yi € &+ Q = UM (A.11)

for allt = 0,...,T, and in particular yr € 224 = U%d. We now show by backward
induction that y; € 2 for all ¢t = 0,...,T. Suppose that y,1 € fol for some
t =0,...,7 — 1. Since y;+1 € Ly, this means by (4.6) that y;41 € W2, The
condition y; — y;41 € Q; implies that y; € W24 + Q;, = Va4, Property (A.11) then
gives y; € Z* by (4.8), which completes the inductive step. We conclude that
Yo=uyo € ng.

We have proved (4.9). It follows that

™32 (€)

inf{x eR | Y e q)ag(f) s el = YO}
=inf{z € R|zel € 239}.
We know that Z3¢ is polyhedral, hence closed, so {z € R|ze! € 234} is also a

closed set. It is non-empty and bounded below because ze/ € ng for any z € R
large enough, and xe/ ¢ 234 for any = € R small enough. As a result, the infimum
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is attained. It means, in particular, that w;‘g(g el € 234, so we know that a strategy
Y € ®*8(¢) can be constructed such that 77%(&)e’ = Yj. O

The following result is similar to Lemma 5.5 in (Roux & Zastawniak 2011), but
with the solvency cones K; replaced by the deferred solvency cones Q.

Proposition A.1.

(1) For eacht =0,...,T the set QF is compactly j-generated.
(2) For allt=0,...,T andy € L; we have

a —y-& ond{ye Qi
Ui(y) = { v only e Qi (A.12)
00 on{y ¢ Qi},
N Wad(y) on {yc Qr},
Vi (y) :{ o ¢ i} (A.13)
00 on {y ¢ Qf}.
(3) We have dom Z34 = QF for allt =0,...,T. Forallt=0,...,T—1 and u € Q4
we have
Z2M = conv{UP, VMY, (A.14)

and for each y € o;(Q)") there exist A € [0,1], x € Jj(domvtad“) and s €
0;(Q}") such that

ZiM(y) = AU (s) + (1= NV (@), y=As+(1- Az
(4) For everyt=0,...,T —1 and p € Q; we have
WM = conv{Z2Y | v € succ u},

and for each x € oj(dom W) there exist ¢” € [0,1] and v € 0;(Qt1) for all
v € succ i such that

Wit @) = > ¢ Zi W), = Y 'y, 1= Y ¢

vesuce [ vesuce [ veEsuce [

Proof. We first consider claim (2). As Q; is a cone,

. 0 ifzxeQy,
5_Qt($) :{ ¢

oo otherwise.

Note in particular that domd* 5 = Qy. For all ¢ and y € L; we have (Rockafellar
1996 p. 113)

Up(y) = 6 e, —0,(y) = 6_¢y(y) + 020, (y),
which leads to (A.12). Equation (A.13) follows similarly from

d _ o gk * _ d *
V;a = J,Wgadfgt = 5,W?d + §_Qt = Wta -+ 6—Qt'
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Claims (1), (3) and (4) can be obtained by backward induction. We clearly have
dom Z3" = dom U3® = dom 6* o, = O,

and this set is compactly j-generated because QF = K.
Now fix any t = 0,...,7 — 1 and p € 4, and suppose that dom Zf_fl =0r
and that this set is compactly j-generated. Since

M 2y =W #0,

vesuce [

Lemma A.2 can be applied to the sets —fo{ for all v € succ p. This justifies claim
(4) for this ¢t and also that

dom W2 = conv {dom Z}/ | v € succ p} = conv { Q}F, |v € succp}

is compactly j-generated.

By Theorem 2.1 and Proposition 4.2, the lack of arbitrage opportunities implies
that there is a pair (Q, S) € P such that S}' € Q}"\{0} C K{"\{0} and S, , € Q¢F,
for each v € succ u. Since S is a martingale under Q, it follows that

St = Eq(Sir1 | 1) € conv{ QL | v € sucep},
and so Sf' € conv{Q¥t, |v € succp} N K™\ {0} # 0. As conv { QY% |v € succp}
and K™ are compactly j-generated, it follows from Lemma A.1 and (A.8) that
Q)" = conv { QY1 | v € suce u}NKY™ is compactly j-generated, which justifies claim
(1) for this value of ¢.

In view of (A.12) and (A.13), Lemma A.1 consequently shows that

dom V% = dom W2 N dom U = dom W/ n QI

is also compactly j-generated. We may apply Lemma A.2 to the sets —U;" 4 and
—Vr since

U VR =z £,
Claim (3) for this value of ¢ follows upon observing that
dom Z*" = conv{dom U, dom V;*¥} = conv{Q!*, dom Wi n Qi**} = Q.

This concludes the inductive step. O

Proof of Proposition 4.4. By Proposition A.1, dom Z34 = Qp is compactly j-
generated. Since —ng is polyhedral, it is continuous on its effective domain and
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therefore attains a maximum on the non-empty compact set 0;(Qg). From Theo-
rem 4.1 it follows (Rockafellar 1996 Theorem 13.1) that

73%(¢) = min{z € R| rel € 234}
=min{z € R|zel - s > —Z34(s) for all s € R?}
=min{z € R|zel - s > —Z2(s) for all s € Q}
=min{z € R|z > —Z3%(s) for all s € 0;(Q})}
— max{~Z24(s) | s € 05(Q})}
= max{-Z34(s) | s € ;(RY)}.

The following construction produces adapted processes y;, A;, ¢ and Sy for

t=0,...,T,and ¢; for t = 1,...,T. We already know that the maximum of —Z34
over the set o;(R?) is attained, i.e. there exists some yo € 0;(Q}) such that
T8 (&) = —Z54 (yo) = max{—Z§"(s) | s € o;(R)}. (A.15)

Foranyt =0,...,T—1, suppose that y, € 0;(Qy) is given, and fix any u € ;. Then
by Proposition A.1(3), there exist M € [0,1], 22 € oj(dom V;*%) and SI* € 0;(QL™)
such that
ZyM(yt') = MUPM(SE) + (1= MOV (), (A.16)
i = MSE 4+ (1= Ml (A.17)
By (A.13) and Proposition A.1(4), there exist ¢f,; € [0,1] and y{,; € 0;(Qy%,) for
all v € succ i such that

VA () = W () = Z 1 2 (YY), (A.18)

vesuce [

Z Gt 1Yt41s (A.19)

vesuce i

Z q;:jﬂ-

vesucce p

This completes the inductive step. Also define for all p € Qp
A= 1, ol = Shi=yh.

Then (A.16), (A.17) are also satisfied when t = T.
Define the probability measure Q on Frp = 2 as

Q({w}) : H ¢ for all w € Q,
where w 1 ¢ denotes the element of €; that contains w. It then follows from (A.18),

(A.19) that for allt =0,...,T —1

Vird(ar) = Eg(Zs (yr+1)|Fe), (A.20)
Ty = EQ(yt+1‘ft)~ (A21)
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The mixed stopping time y is defined by setting xo := Ag and

t—1
Xt =N\ (1 _ZX5> forallt=1,...,T.
s=0

It is straightforward to show by induction that y; > 0 for all ¢. Moreover, since
Ar =1, we have

Observe also that

AtX: = Xt (1= Xe)Xi =Xt — Xt = Xt

forallt =0,...,T, where x* is defined by (A.4). It then follows from (A.16), (A.17)
and (A.12) that for all t =0,...,T

Xi Z2y) = —xee - St + X Vi (), (A.22)
XYt = XtSt + Xi11Tt- (A.23)

We now show by backward induction that for all t =0,...,T
EQ(SXH-E) = Xi+17¢- (A.24)

At time T the result is trivial because S;Q*H = X741 = 0. Suppose now that (A.24)
holds for some t = 1,...,T. Then, by the tower property of conditional expectation,

Eq(S;"|Fi-1) = Eq(x+St + S35 11 Fi-1)
= Eq(x+S: + Eq(SX [Fe) | Fi-1)
= Eq(x¢St + Xiy12e| Fi-1)

and, by (A.23), the predictability of x*, and (A.21),
Eq (S| Fi-1) = Eo(x;vel Fi—1) = Xy Eo(ye| Fi1) = xi -1

This concludes the inductive step.
We also show by backward induction that for all ¢t =0,...,T

X; 22 ye) = —Eo((&- )X | F). (A.25)
At time T

X2 (yr) = x3Us (yr) = —xrér - St = —(&- S)F" = —Eq((& - $)F | Fr).
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Suppose now that (A.25) holds for some ¢t = 1,...,7. Then by (A.22), (A.20) and
the tower property of conditional expectation, we have
X1 Z8 (Y1) = —xe—1&—1 - Si—1 + X; VR (2-1)
= —Xt—1&-1 - Si—1 + X7 Eo(Z8 ()| Fi-1)
= —Xt-1&-1 - Se-1 + Eo(x; 20 (ye) | Fi-1)
= —Xt-1&t-1 " St—1 — Eg(Eq((§ - )" |Ft)| Fe-1)
= —Xt—1&—1 - Se—1 — Eq((§ - S)¥"[Fe-1)
= —Eq((¢ - 9)iZ1lFi—a).
This concludes the inductive step.
Since z; € dom V! C Q7 for all ¢, property (A.24) implies that Eq(S)X|F;) €
Q; for all t =0,...,T. Moreover, by (A.25),
~Z3%(y0) = —x5 25" (y0) = Eq((& - 8)5"[Fo) = Eq((¢ - 8)x)-

From (A.15) we therefore have 75%(§) = Eq((¢ - S)y), as required. |

Proof of Theorem 4.2. By Proposition 4.4, a stopping time x € X and a pair
(Q,9) e 75]»d()2) can be constructed such that

mHE = Bo((€-)0) S max  max  Eo((€- )

To establish the reverse inequality we prove by backward induction that for any
y € ®*(¢), x € X and (Q,5) € P(x)

v - Eo(SK'|Fe) > Eqg((€- 9)F"|F) forall t =0,...,T. (A.26)
When t =T,
yr - E(ST1Fr) = xryr - St 2> Xrér - Sr = Eo((§ - S)F | Fr)
since yr — &7 € Qr and St € Q.. Now fix any t =0,...,7 — 1, and suppose that
Y1 - Bo(Si [ Fee1) = Eo((€ - S)ia | Fetn)-

Then, by the tower property of conditional expectation, and since y; — yr41 € O
and Eq(SX*|F;) € Qf, it follows that
Ye - Eo(SX"|Fe) = xeye - St + e 'EQ(S}:HE)
> xt&t St + Ye1 - Eo(S 1| F)
= Xt&t - St + Eo(yir1 - (S [ Fes1) | Fe)
> Xt&e - St + Eq(Eq((€ - 8)i1|Fes1) | F2)
= xe&e - St + Eg (€ - 9)ia 1) = Eg((€ - 9)y7| ),
which proves (A.26). The construction in the proof of Theorem 4.1 with initial

portfolio go = m35(§)e? € Z3d yields a strategy § € ®24(¢). For any xy € X and
(Q, ) € Pi(x) we have Eg(S]) = 1, and therefore (A.26) with ¢ = 0 yields

?g(g) = 9o - Eq(Sx) > Eq((§ - S)x)-

™
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It follows that

a,

m8(€) > max max E -9)).
O 2 may max EallE- ) .

A.4.3. Buyer’s case

Proof of Proposition 5.1. As Q; and L; are polyhedral cones, they are closed
and convex. We have 07 Q; = Q; and 0L, = L;. It follows that 0*UPd = Q, for
allt =0,...,T (Rockafellar 1996 Corollary 9.1.2).

The set 224 = UPd = —&1 + Q7 is clearly polyhedral with recession cone Q.
Fort=0,...,7 — 1 we proceed by induction. Suppose that Z}fl is polyhedral and
its recession cone is Q1. Then Wpd = ZPd, N L, is polyhedral and its recession
cone is Q;1 N Ly (Rockafellar 1996 Corollary 8.3.3). Being polyhedral, WP is the
convex hull of a finite set of points and directions, and its recession cone Q;y1 N Ly
is the convex hull of the origin and the directions in WPd.

The set VP = WP + @, is polyhedral (Rockafellar 1996 Corollary 19.3.2) and
hence it is the convex hull of a finite set of points and directions. Since the cone Q,
can be written as the convex hull of the origin and a finite number of directions, it
is possible to write VP9 as the convex hull of a finite set of points, all in WP, and a
finite set of directions. These directions are exactly the directions in Wtbd and Qy,
i.e. the directions in Q¢41 N L, and Q;. Thus the recession cone of Vf’d is

O+V;)d =conv{Qy, Qi1 NL} = 9,

since Qyy1 N Ly € Q; by (4.2). This means that the set 2P = conv{VPd uPd}
is closed and its recession cone is Q; (Rockafellar 1996 Corollary 9.8.1). Moreover,
since VP4 and UP? are polyhedral, it follows that clZP4 = cl(conv{VPd,UP}) is
polyhedral (Rockafellar 1996 Theorem 19.6), which means that ZP4 = clZPd is
polyhedral, concluding the inductive step. O

Proposition A.2. If (y,x) € ®"5(¢), then for allt =0,...,T
L [z on >0,
Q on {xj = 0}.
Proof. The proof is by backward induction. Since yr41 = 0, from (3.4) we have

yr € —xrér + Kr C —x7ér + Q7.

It immediately follows that yr € Qp on the set {x% = 0} = {xr = 0}. On the set
{x%> > 0} = {xr > 0} we have Qp = x7Qr because Qr is a cone, and therefore

yr € xr(—&r + Or) = xrUp? = xp 24
Suppose now for some t =0,...,T — 1 that

XI+1th-gl on {xj1 > 0},
Yt+1 € .
Qt+1 on {Xt-‘,-l == 0}
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Because y;11, X741 € L4, this means that
Yeay € XipaWrd on {xi, >0},
t+1
Qi1 NLy on {x;; =0}
Since yr € —xt&t + Yi+1 + Ke € —xe&t + yer1 + Q¢ by (3.4), it follows that
v € —xt&t + XI.HWPd +9; on {XI—i—l > O}»
t
—xt&t + Qi1 N Ly + Q. on {xj,; =0}

We consider the two possibilities separately.
e On the set {x;,; > 0} we have x; > 0 and therefore
Q= xX; 9t S Xt Qt + X7 11945
so that

yr € —xet + X:HWEd + Xt Qt + X141t
= x¢(—=& + Qi) + XZ+1(W?d + Q) = xildp ! + X:+1thd'
Since
* * Xt X* *
Wt = (Supt s Xy € gz
t t

it follows that y; € x; 2P on {xj,, > 0}.
e On the set {x;,; = 0} we have

Y € —Xe&e + Q1 N L+ Q¢ C —xube + Qi
because Qz11 N Ly C Q; by (4.2). There are two further possibilities.
= On {x; >0} N{x;;1 = 0} we have x; = x; > 0 and therefore
Y € —xe&e + Qr = xe(—& + Qu) = sl C xe 204 = X 2P

— On {x; =0} € {x{31 = 0} we have x; = 0 and therefore y, € Q, as
claimed. |

Proof of Theorem 5.1. In view of Proposition A.2, to verify (5.5) it is sufficient to
show that for every z € Zb4 there exists a pair (y,x) € ®"8(¢) such that yo = x. To
this end, define pg := 1 and 2y := = € peZL9. Suppose by induction that for some
t=0,...,7 —1 we have constructed predictable sequences zy, ..., 2z and pg, ..., Dp:
such that 1 =pg > --- > p; > 0 and

Zs + (Ps — Ps+1)€s — 2511 € Qs forall s =0,...,t—1,
Zs € pSZEd forall s=0,...,t.

Because of (5.4), there exists an Fi-measurable random variable A; such that 0 <
At <1 and

2z € (1— )\t)ptutbd + Atptvgad'
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Equations (5.1) and (5.3) then give
2 € (L= A)pe(—& + Q1) + MpeOVPY + Q1) = —(1 — A)pe&e + pe Qe + Aepe WP,
where
(1= A)peQi + Mpi Q1 = Py

follows from the fact that Q; is a convex cone. This means there exists a random
variable

2t4+1 € AtptW = )\tpt(ztbfl NL) = (Atptzkfl) NL
such that
2t + (1= A)pebe — 241 € pe Qe C Qs

Put pry1 := Aeps. Then 2449 € pt+1Zf_§1, which concludes the inductive step. Now
define the mixed stopping time x = (x¢) by

pr ift="T
Xt =
! pt —pep1 ift=0,...,T -1

We also put zr41 := 0. We have constructed z € ® and x € X such that zp =
and

2t + xt&e — 2141 € Qp for each t =0,...,T.
Finally, we construct y € ® such that (y,x) € ®"8(¢) and yo = x. By the definition

of the deferred solvency cones Q;, for each t = 0, ..., T there is a liquidation strategy
Vfyq,---,0p, starting from z; + x¢& — 241 at time t. We put
t—1 T
=zt Y (V=i
r=0 s=t

which means that

t—1 T
Ye + Xe§t — Yry1 = 2 + Z Z Vogr) F Xebe = ze41 — Z Z Vi)
r=0 s=t r=0 s=t+1
t—1
=2t + Xe&t — 241 — Vi1 + Z (vi —viy1) €K
r=0

for each t =0,...,T, with yo = z9 = x, completing the proof of (5.5).
Next, if follows from (5.5) that
w;?g(é) =sup{—z € R|3(y, x) € PP8(¢) : zel = Yo}
=sup{—z € R|zel € Z09}.
By Proposition 5.1, ng is polyhedral, hence closed. As a result, the set

{—x ER|zel € Zé’d} is also closed. It is non-empty and bounded above because
wel € Zbd for any x € R large enough, and ze/ ¢ ZP4 for any = € R small enough.
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This means that the supremum is attained. It follows that —ﬂ?g(f)ej € 2bd 50 a
strategy (v, x) € ®8(£) can be constructed such that w?g(f)ej = —1o. |

Proof of Proposition 5.2. For any y € ® such that (y,x) € ®b8(¢), put

t—1
2= Y — ZXS&S
s=0

foreach t =0,...,T, and zp41 := 0. Then

t—1 t
2=z =Y — D Xas — Yrr1 + D Xabs
5=0 s=0

=Yt + Xt — Yr+1 € Ky
foreacht=0,...,7 — 1, and

T-1 T
ZT +€x =Yyr — ZXSSS +ZXS€S
s=0

= s=0
=yr + x1ér — Yy7+1 € K1

since yry1 =0, so z € U*(—¢&,) with zp = yo.
Conversely, for any z € U*(—¢,) we put

t—1
Yp = 2+ ZXsﬁs
s=0

for each t =0,...,T, and ypy1 := 0. Then
t—1 t

Yo +xe&t — Ye1 = 2z + Z Xs&s + Xxe&t — 2e41 — Z Xs&s
s=0 s=0

=2t — Zt4+1 € Ky

foreacht =0,...,7 — 1, and
T—1

yr + xrér — yr+1 = 21 + Z Xs€s + X8
s=0
T

=zt “FZXS&S € Kr.

s=0
It follows that (y, x) € ®&(¢) and yo = 29, completing the proof. |
Proof of Theorem 5.2. Theorem 5.1 gives
W?g(ﬁ) = max{—z € R|ze/ € 20}

The maximum is attained, so —W;’g(g)ej € 2Zbd. The strategy (4,%) € ®P8(¢)

constructed by the method in the proof of Theorem 5.1 from the initial portfolio
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Jo = —ﬂ?g (€)e? therefore realises the supremum in (3.5). We write this supremum

as a maximum,

m78(€) = max{—a € R|3(y, x) € 2*5(€) : we? = yo}

= max [max{—x ER|Tyed: (y,x) € @bg(f),xej = yo}} ,
X€E
and apply Proposition 5.2, which gives

w4(©) = max [max{—z € R |3y € ¥(~€) s ¢’ = o, }]

= max [—P5(=&)]

where p$(—&y) is the ask (seller’s) price in currency j of a European option with
expiry time 1" and payoff —§, € L1 as defined in Appendix A.5. We can now apply
Lemma A.3 to write

PR (=€) = — Eg(—&, - Sp) = min_ Eg (&, - Sp).
p;(—&x) o= o (—&x - S7) oS o (§x - S7)

For any (Q, S) € P, since S is a martingale under Q, we have

Eq (€ - Sr) = Bo (T xuke - St ) = Eo (Siio xeée - Si) = Bo((€ - S)x).

This means that

bg _ ; .
; (5)—%&%(@{2;2@%((5 S)x)s

proving (5.6). We know that (g, x) realises the supremum in (3.5), and therefore
the above maxima over x € & are attained at x. A pair (Q,S) € P; such that

bEe) = —pA(—&) = B4 ((€- 9)g) = min -S)x
Ty &= pj( gX)_EQ((g S)X)_(Q,S)eﬁjE@((g S)x)

can be constructed by the method of Roux & Zastawniak (2011 Proposition 5.3)
for the European option with payoff —£;, completing the proof. O

A.5. European options

We recall a result for European options in the market model with d assets under
transaction costs. This is needed in the proof of the dual representation for the bid
price of an American option.

A European option obliges the seller (writer) to deliver a portfolio ¢ € L at
time T'. The set of strategies superhedging the seller’s position is given as

V) :={ye®|yy—yr1 €K fort =0,....,.T —1,yr —C € K7}
and the ask price (seller’s price) of such an option in currency j =1,...,d is
pj(C) = inf {zeR|[Iye V() :ze! =yo}.
The following result can be found in Roux & Zastawniak (2011 Section 4.3.1).
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Lemma A.3. The ask price in currency j = 1,...,d of a European option  can
be represented as

2(¢) = Eo(C - St).
p;(¢) 2 o(¢-Sr)

Moreover, a pair (Q,S) € P; such that pj(Q) = Eg(¢- Sr) can be constructed
algorithmically.
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