This is a repository copy of Glanon groupoids.

White Rose Research Online URL for this paper:
http://eprints.whiterose.ac.uk/89090/

Version: Accepted Version

Article:
Lean, M.J., Stiénon, M. and Xu, P. (2015) Glanon groupoids. Mathematische Annalen.
ISSN 0025-5831

https://doi.org/10.1007/s00208-015-1222-z

Reuse

Unless indicated otherwise, fulltext items are protected by copyright with all rights reserved. The copyright
exception in section 29 of the Copyright, Designs and Patents Act 1988 allows the making of a single copy
solely for the purpose of non-commercial research or private study within the limits of fair dealing. The
publisher or other rights-holder may allow further reproduction and re-use of this version - refer to the White
Rose Research Online record for this item. Where records identify the publisher as the copyright holder,
users can verify any specific terms of use on the publisher’s website.

Takedown
If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

\ White Rose o
| university consortium eprints@whiterose.ac.uk
WA Universiies of Leeds, Sheffield & York https://eprints.whiterose.ac.uk/



mailto:eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk/

GLANON GROUPOIDS

MADELEINE JOTZ LEAN, MATHIEU STIENON, AND PING XU

ABSTRACT. We introduce the notions of Glanon groupoids, which are Lie groupoids equipped
with multiplicative generalized complex structures, and of Glanon algebroids, their infinites-
imal counterparts. Both symplectic and holomorphic Lie groupoids are particular instances
of Glanon groupoids. We prove that there is a bijection between Glanon Lie algebroids on
one hand and source connected and source-simply connected Glanon groupoids on the other.
As a consequence, we recover various known integrability results and obtain the integration
of holomorphic Lie bialgebroids to holomorphic Poisson groupoids.

1. INTRODUCTION

In their study of quantization, Karasev [19], Weinstein [34], and Zakrzewski [40, 41] indepen-
dently introduced the notion of symplectic groupoids. By a symplectic groupoid, we mean
a Lie groupoid equipped with a multiplicative symplectic 2-form on the space of morphisms.
It is a classical theorem that the unit space of a symplectic groupoid is naturally a Poisson
manifold [7]. The Lie algebroid of a symplectic groupoid I'=M is naturally isomorphic to
(T*M)r, the canonical Lie algebroid associated to the Poisson manifold (M, ). Conversely,
Mackenzie-Xu [29] proved that, for a given Poisson manifold (M, ), if the Lie algebroid
(T* M), integrates to an s-connected and s-simply connected Lie groupoid I'==M, then I is
naturally a symplectic groupoid. As a consequence, they recovered the following theorem of
Karasev-Weinstein: every Poisson manifold of dimension n admits a symplectic realization
of dimension 2n. The symplectic groupoid structure on I' was also obtained by Cattaneo-
Felder [6] using the Poisson sigma model. The full integrability criterion for Poisson manifolds
was obtained later by Crainic-Fernandes [I0]. In fact, symplectic groupoids constitute a partic-
ular class of a more general type of structures called Poisson groupoids, which were discovered
by Weinstein [35] and also comprise Drinfeld’s Poisson groups [II]. In a Poisson groupoid,
the Poisson bivector field and the groupoid multiplication are required to be compatible: the
Poisson bivector field must be “multiplicative.” It was proved in [28] that a Poisson bivector
field on a Lie groupoid G = M with Lie algebroid A is multiplicative if and only if it induces
a morphism of Lie groupoids from the cotangent groupoid T*G = A* to the tangent groupoid
TG = TM. For instance, a Poisson bivector field on a Lie group G is multiplicative in the
sense of Drinfeld [I1] if and only if it induces a morphism of Lie groupoids from T*G = g* to
TG = {x}. A Poisson groupoid whose Poisson bivector field is nondegenerate is a symplectic
groupoid as the inverse of the Poisson bivector is a multiplicative symplectic form in the sense
of Coste-Dazord-Weinstein [7].

Two of the authors have recently been interested in holomorphic Lie algebroids and holomor-
phic Lie groupoids [24]. Finding out which holomorphic Lie algebroids can be integrated is a
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2 MADELEINE JOTZ LEAN, MATHIEU STIENON, AND PING XU

very natural problem. In [23|, together with Laurent-Gengoux, they studied holomorphic Lie
algebroids and their relation with real Lie algebroids. A holomorphic Lie algebroid is a real
Lie algebroid structure on a holomorphic vector bundle A — X such that (1) the sheaf A of
holomorphic sections of A is stable under the Lie bracket of (all smooth) sections of A and (2)
the restriction of the Lie bracket to A is C-linear. Laurent-Gengoux et. al. proved in particular
that a holomorphic Lie algebroid A can be integrated to a holomorphic Lie groupoid if and
only if its underlying real Lie algebroid A is integrable as a real Lie algebroid [24].

In this paper, we introduce the notion of Glanon groupoids: Lie groupoids equipped with
a multiplicative generalized complex structure. Recall that a generalized complex structure
in the sense of Hitchin [I5] on a manifold M is a smooth bundle map J: TM & T*M —
TM & T*M such that J? = —idp MaT*M, J preserves the natural nondegenerate symmetric
bilinear form on the fibers of TM ®T* M, and the +i-eigenbundle of 7 is involutive with respect
to the Courant bracket (or, equivalently, the Nijenhuis tensor of J vanishes). A generalized
complex structure J on a Lie groupoid I'=M is said to be multiplicative if 7 is a Lie groupoid
automorphism of the Courant groupoid TT'@T*I'=2T M & A* in the sense of Mehta [30]. When
J is the generalized complex structure determined by a symplectic structure on I, it is clear
that J is multiplicative if and only if the symplectic 2-form is multiplicative. In this case,
the Glanon groupoid is simply a symplectic groupoid. On the other hand, when 7 is the
generalized complex structure determined by a complex structure on I', J is multiplicative if
and only if the complex structure on I' is multiplicative. In this case, the Glanon groupoid
is simply a holomorphic Lie groupoid. On the infinitesimal level, to each Glanon groupoid
corresponds a Glanon Lie algebroid: a Lie algebroid A equipped with a generalized complex
structure Ja: TA®T*A — TA @ T*A which is also an automorphism of the Lie algebroid
TA®T*A — TM @ A*. More precisely, we prove the following main result:

Theorem A. IfT' is an s-connected and s-simply connected Lie groupoid with Lie algebroid
A, then there is a bijection between Glanon groupoid structures on I' and Glanon Lie algebroid
structures on A.

As a consequence, we recover the following standard results [29, 24]:

Theorem B. Let (M, ) be a Poisson manifold. IfT is a s-connected and s-simply connected
Lie groupoid integrating the Lie algebroid (T*M )z, then T’ automatically admits a symplectic
groupotd structure.

Theorem C. IfT' is as-connected and s-simply connected Lie groupoid integrating the real Lie
algebroid A underlying a holomorphic Lie algebroid A, then I" is a holomorphic Lie groupoid.

When the matrix representation of the generalized complex structure J on a Glanon groupoid
I" relative to the direct sum decomposition TT @T*I" of the Pontryagin bundleﬂ has the special

form
N rf

L Yoshimura and Marsden refer to the Whitney sum TM & T* M as the “Pontryagin bundle” of M because of
the fundamental role it plays in the geometric interpretation of Pontryagin’s maximum principle. Izu Vaisman
calls it the “big tangent bundle” of M. For more details, see [22].
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I' is simply a holomorphic Poisson groupoid and it is no surprise that its Lie algebroid is
necessarily part of a holomorphic Lie bialgebroid. We prove the following result.

Theorem D. Given a holomorphic Lie bialgebroid (A, A*), if the real Lie algebroid Ag un-
derlying A integrates to a s-connected and s-simply connected Lie groupoid I', then I' is a
holomorphic Poisson groupoid.

This theorem was proved in [24] using a different method in the special case of the holomorphic
Lie bialgebroid ((T%X)r,TX) determined by a holomorphic Poisson manifold (X, 7). More
precisely, it was proved that when the underlying real Lie algebroid of (7% X), integrates to
a s-connected and s-simply connected Lie groupoid I', then I' is automatically a holomorphic
symplectic groupoid. To the best of our knowledge, the integration problem for arbitrary
holomorphic Lie bialgebroids had remained open to this day. Solving it constituted one of the
motivations behind our study of Glanon groupoids.

It is known that a generalized complex structure on a manifold determines on it a Poisson
bivector field [2, [14]. Therefore a Glanon groupoid is automatically a (real) Poisson groupoid
and we can consider the ‘Glanon to Poisson’ forgetful functor. On the other hand, every Glanon
Lie algebroid A admits a linear Poisson structure so that its dual A* is also a Lie algebroid.
We prove that, for any Glanon algebroid A, the pair (A, A*) automatically constitutes a Lie
bialgebroid. Finally, we prove that the ‘groupoid to algebroid’ Lie functor, which takes Glanon
groupoids and Poisson groupoids, respectively, to Glanon algebroids and Lie bialgebroids,
commutes with the forgetful functor, which takes Glanon groupoids and Glanon algebroids,
respectively, to Poisson groupoids and Lie bialgebroids.

Note that in this paper we confine ourselves to the standard Courant groupoid TT @ T*T'.
Instead, one could have considered the twisted Courant groupoid (7T & T*T") g, where H is a
multiplicative closed 3-form. This will be discussed elsewhere. Note also that a multiplicative
generalized complex structure on a groupoid induces an endomorphism j: TM @ A* — TM &
A* of the unit space and an endomorphism ja: A®T*M — A @ T*M of the coreﬂ of the
VB-groupoid TT & T*T". Thinking of multiplicative generalized complex structures as pairs of
complex conjugate multiplicative Dirac structures, we can conclude from results in [I8] that a
multiplicative generalized complex structure on a groupoid is equivalent to a pair of complex
conjugate Dirac bialgebroids on its space of units. The detailed study of properties of the maps
ja and j, the Dirac bialgebroids, and the associated Dorfman connections will be investigated
in the spirit of [23] in a future project.

Acknowledgments. We would like to thank Camille Laurent-Gengoux, Rajan Mehta, and
Cristian Ortiz for useful discussions and an anonymous referee for suggesting many improve-
ments. We would also like to thank several institutions for their hospitality while work on this
project was underway: Penn State (Jotz), and Institut des Hautes Etudes Scientifiques and
Beijing International Center for Mathematical Research (Xu). Special thanks go to the Michéa
family and our many friends in Glanon, whose warmth provided us constant inspiration for
our work in the past. Our memories of our many friends from Glanon who have unfortunately
left mathematics serve as a powerful reminder that our primary role as mathematicians is

2The Whitney sum TT @ T*T', which is simultaneously a vector bundle with T" as base manifold and a Lie
groupoid with TM@® A* as unit space, is a VB-groupoid with the vector bundle A®T™* M over M as core |32, 26].
It is well known that a morphism of VB-groupoids determines a morphism of their cores.
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to elucidate mathematics while enjoying its beauty. We dedicate this paper to our dear old
friends.

Notation. In the following, I'=M will always be a Lie groupoid with set of arrows I', set of
objects M, source and target s,t: I' — M, object inclusion map e: M — I' and inversion map
i: ' - I'. The product of g,h € T with s(g) = t(h) will be written m(g,h) = g * h or simply
gh.

The Lie functor that sends a Lie groupoid to its Lie algebroid and Lie groupoid morphisms
to Lie algebroid morphisms is A. For simplicity, we will write A(I') = A. The Lie algebroid
ga: A — M is identified with T3,T", the bracket [-,-] 4 is defined with the right invariant vector
fields and the anchor p4 = p is the restriction of T't to A. Hence, as a manifold, A is embedded
in TT. The inclusion is ¢t: A — TT. Given a € I'(A), the right-invariant section corresponding
to a will simply be written a”, i.e. a"(g) = TRya(t(g)) for all g € . We will write a' for the
left-invariant vector field defined by a, i.e. a!(g) = —T(L, oi)(a(s(g))) for all g € T.

The projection map of a vector bundle A — M will always be written ga: A — M, unless
specified otherwise. For a smooth manifold M, we fix once and for all the notation py; :=
qgryv: TM — M and cpy := qpspr: T°M — M. We will write Pjs for the Pontryagin bundle
TM @ T*M over M, and pr),; for the canonical projection gp,,: Py — M.

A bundle morphism Pj; — Py, for a manifold M, will always be meant to be over the identity
on M.

2. PRELIMINARIES

2.1. Dirac structures. Let A — M be a vector bundle with dual bundle A* — M. The
natural pairing A®A* = R, (am,&m) — &m(am) will be written 1-,-§4 or {-,- {4, if the vector
bundle structure needs to be specified. The direct sum A & A* is endowed with a canonical
fiberwise pairing (-, -)4 given by

((Cbm, fm)a (bm7 nm))A = lbma ngA + zam, nmSAa
for all m € M, am, by € Ay, and &y, € A,

In particular, the Pontryagin bundle Py = TM & T*M of a smooth manifold M is endowed
with the pairing (-, -)7as, which will be written as usual (-, ).

The orthogonal of a subbundle E C A & A* relative to the pairing (-, )4 will be written
EL. An almost Dirac structure [8] on M is a Lagrangian vector subbundle D C Pj;. That
is, D coincides with its orthogonal relative to (-, -)pr, D = DL, so its fibers are necessarily
dim M-dimensional.

The set of sections I'(Pjy) of the Pontryagin bundle of M is endowed with the Courant-Dorfman
bracket, given by

[[X+aay+6]]:[X>Y]+(£XB_ina)a
for all X + a,Y + 8 € I'(Py).

An almost Dirac structure D on a manifold M is a Dirac structure if its set of sections is closed
under this bracket, i.e. [I'(D),'(D)] c I'(D).
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2.2. Generalized complex structures. Let V be a vector space. Consider a linear endo-
morphism J of V & V* such that J 2 — —idygy+ and J is orthogonal with respect to the
inner product

(X+&, Y +ny=Y)+n(X), VX, YeV, {neV™

Such a linear map is called a linear generalized complex structure by Hitchin [I5]. The com-
plexified vector space (V @& V*) ® C decomposes as the direct sum

VeV)eC=E,. & E_
of the eigenspaces of J corresponding to the eigenvalues +i respectively, i.e.
By ={(X+)FITX+ | X+EecVaV}.

Both eigenspaces are maximal isotropic with respect to (-,-)y and they are complex conjugate
to each other.

The following lemma is obvious.

Lemma 2.1. The linear generalized complex structures are in biyection with the splittings
(Ve V*)eC=FE;® E_ with Ex maximal isotropic and E_ = E.

Definition 2.2. Let M be a manifold and J a bundle endomorphism of Ppy = TM & T*M
such that J? = — idp,,, and J is orthogonal with respect to (-, -)apr. Then J is a generalized
almost complex structure. In the associated eigenbundle decomposition

TcMeTéiM =EL @ E_,

if D(EL) is closed under the (complexified) Courant bracket, then E. is a (complex) Dirac
structure on M and one says that J is a generalized complex structure [15, [14].

If £, is a Dirac structure, then £_ must also be a Dirac structure since E_ = E,. Indeed
(E4, E_) is a complex Lie bialgebroid in the sense of Mackenzie-Xu [28], in which Ey and E_
are complex conjugate to each other.

Definition 2.3. Let J: Py — Py be a vector bundle morphism. Then the generalized
Nijenhuis torsion associated to J s the map

Nj! PM XM PM—> PM
defined by

Ng(&mn) =1T& T+ T°[€.n] = T (1T€ . n] + [€, Tnl)
for all &,m € T'(Pyy), where the bracket is the Courant-Dorfman bracket.

Note that if J in the last definition is orthogonal with respect to (-,-) s and satisfies 72 = —id
(i.e. if J is an almost complex structure), then its Nijenhuis torsion is a tensor.
The following proposition gives two equivalent definitions of a generalized complex structure.

Proposition 2.4. A generalized complex structure is equivalent to any of the following:

(a) A bundle endomorphism J of Pas such that J is orthogonal with respect to (-, ),
J? = —idp,, and Ny = 0.

(b) A complex Lie bialgebroid (E4, E_) whose double is the standard Courant algebroid
TeM & TEM, and Ey and E_ are complex conjugate.
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For a two-form w on M we denote by w”: TM — T*M the bundle map X ~ ixw, while for a
bivector m on M we denote by m#: T*M — TM the contraction with 7. Also if 7 is a Poisson
bivector, we denote by [, -]r the Lie algebroid bracket defined on the space of 1-forms on M
by

[57 77]7T = Lﬂ-ﬁén - Lﬂ'ﬁnf - dﬂ-(&v 77)
for all £, € Q1 (M).

A generalized complex structure J: Py; — Pjas can be written

N rf
7=(3 o)
with 7 is a bivector field on M and 7f: T*M — TM, 7%(a) = n(a,-) is the vector bundle
morphism defined by 7, w is a two-form on M and w”: TM — T*M, X ~— ixw is the vector
bundle morphism defined by w, and N: TM — T M is a bundle map. The geometric structures

N, m and w have to satisfy together a list of identities [9]. In particular 7 is a Poisson bivector
field.

Let Zps: Ppr — Pas be the endomorphism
. idyras 0
In = ( 0 —idT*M>'

T () T () = =, )y
[Z0:() s T ()] = Zma[- ]

and the following proposition follows.

Then we have

Proposition 2.5. If J is a generalized almost complex structure on M, then
J:=IyoJoIy (1)
1 a generalized almost complex structure. Furthermore,
Nz =TIy oNgo(Iy,In).

Hence, J is a generalized complex structure if and only if J is a generalized complex structure.

The following are two standard examples [15].

Examples 2.6. (a)  Let J be an almost complex structure on M. Then
J 0
7= (0 )
is (-, -)pr-orthogonal and satisfies J? = —id. J is a generalized complex structure

if and only if J is integrable.
(b)  Let w be a nondegenerate 2-form on M. Then

is a generalized complex structure if and only if dw = 0, i.e. if and only if w is a
symplectic 2-form.
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2.3. Pontryagin bundle over a Lie groupoid.

The tangent prolongation of a Lie groupoid. Let I'=M be a Lie groupoid. Applying the
tangent functor to each of the maps defining I'" yields a Lie groupoid structure on TT with base
TM, source T's, target T't, multiplication T’m: T(T" x3; I') — TT and inversion T'i: TT' — TT.
The identity at v, € T,M is 1,, = Tpev,. This defines the tangent prolongation TU=TM of
I'=M or the tangent groupoid associated to =M.

The cotangent Lie groupoid defined by a Lie groupoid. If '=2M is a Lie groupoid with

Lie algebroid A — M, then there is also an induced Lie groupoid structure on T*I'= A*. The
source map §: T*I" — A* is given by

S(ag) € Ay for ag € TUT,  §(ag)(als(g))) = ag(a'(g))
for all a € T'(A), and the target map t: T*I' — A* is given by
tlag) € Ay, tag)(alt(g))) = ag(a’(9))
for all a € T'(A). If §(ay) = t(aw), then the product ay * oy, is defined by

(g * ) (vg % vp) = ag(vg) + an(vn)
for all composable pairs (vg, vs) € T(gp) (T X T).

This Lie groupoid structure was introduced in [7], see also [32, 27]. Note that the original
definition was the following: let Ar be the graph of the partial multiplication m in I', i.e.

Ar ={(g,h,gxh) [ g, h €T,s(g) =t(h)}.
The isomorphism ¢: (T*T)3 — (T*T)3, ¥(a, B,v) = (o, 8, —7) sends the conormal space
(TAr)° C (T*T')3|a, to a submanifold A, of (T*T)3. Tt is shown in [7] that A, is the graph of
a groupoid multiplication on T*I", which is exactly the multiplication defined above.

The “Pontryagin groupoid” of a Lie groupoid. If '=2M is a Lie groupoid with Lie
algebroid A — M, according to [30], there is hence an induced VB-Lie groupoid structure on
Pr =TT ®T*T over TM & A*, namely, the product groupoid, where TT ® T*I" and T M & A*
are identified with the fiber products TT xp T*I" and T'M x ;s A*, respectively. It is called a
Courant groupoid by Mehta [30].

Proposition 2.7. Let '=M be a Lie groupoid with Lie algebroid A — M. Then the Pon-
tryagin bundle Pr =TT & T*T is a Lie groupoid over TM @& A*, and the canonical projection
Pr — I is a Lie groupoid morphism.

We will write Tt for the target map Pp — TM @ A* defined by Tt(vg, o) = (T't(vg), t(ey)),
Ts for the source map Pr — T'M & A*, and Te, Ti, Tm for the embedding of the units, the
inversion map, and the multiplication of this Lie groupoid.

2.4. Pontryagin bundle over a Lie algebroid. Given any vector bundle g4: A — M,
the map T'ga: TA — TM has a vector bundle structure obtained by applying the tangent
functor to the operations in A — M. The operations in T A — T'M are consequently vector
bundle morphisms with respect to the tangent bundle structures in TA — Aand TM — M
and T'A with these two structures is therefore a double vector bundle which we call the tangent
double vector bundle of A — M (see [26] and references given there).

If (ga: A — M,[-, ]a,pa) is a Lie algebroid, then there is a Lie algebroid structure on
Tqa: TA — TM defined in 28], with respect to which py: TA — A is a Lie algebroid
morphism over pps: TM — M, this is the tangent prolongation of A — M.
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For a general vector bundle q: A — M, there is also a double vector bundle

TA A5 A

o B |

A——M
qgA

Here the map r4 is the composition of the Legendre transformation T*A — T*A* with the
projection T*A* — A*. Elements of T*A can be represented locally as (w,a, ¢) where w €
ThM, a€ Ay, ¢ A}, for some m € M. The Legendre transformation

T*A > (w,¢,a) — (—w,a,¢) € T*A*

is an isomorphism of double vector bundles preserving the side bundles; that is to say, it
is a vector bundle morphism over both A and A*. An intrinsic definition of the Legendre
transformation can be found in [2§].

Since A is a Lie algebroid, its dual A* has a linear Poisson structure, and the cotangent space
T*A* has a Lie algebroid structure over A*. Hence, there is a unique Lie algebroid structure
on rgq: T*A — A* with respect to which the projection ¢4 : T*A — A is a Lie algebroid
morphism over A* — M.

Now one can form the fibered product Lie algebroid TA x4 T*A — TM x5 A*.

Proposition 2.8. Let A — M be a Lie algebroid. Then the Pontryagin bundle P4 is naturally
a Lie algebroid. Moreover, the canonical projection P4 — A is a Lie algebroid morphism.

The double vector bundle (Ps, TM @G A*, A, M) is a VB-Lie algebroid in the sense of Gracia-Saz
and Mehta [13].

2.5. Canonical identifications. The canonical pairing | -, - {4: A & A* — R induces a
nondegenerate pairing ((-,-))4 = pryoT'{-,-f4 on TA Xy TA*, where pro: TR =R xR — R
is the map which ‘forgets’ the base point of a tangent vector (see [27]):

Ag A* TA xpp TA*
z'v'jAl TZ"'SAi <<’>>A
R TR R
pT2

That is, if £ € TA and x € T'A* are such that T'q4(§) = T'qa~(x), then £ = % | oalt) eTA
and y = % | 1o P(t) € TA* for some curves a: (—¢,¢) — A and p: (—¢,e) — A" such that
gaop = qaoa and ((§,x))a = % |t:0Za(t),<p(t)SA. For instance, if X € I'(A) and o € I'(A*),
then TX € I'rp(TA) and Taw € T'ppg (T A*) are such that Tqa(TX) = idpyr = T'gax(Te) and
we have for all v, = ¢(0) € T, M:

d

(X (o) Tal))a = |

L X, a §a(c(t)) = pro(Ty(a(X))(vp)).- (2)
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If (Tqa)": (TA)V — TM is the vector bundle that is dual to the vector bundle T'qa: TA —
TM, there is an induced isomorphism I

TA* —1s (TA)Y
Tqax J/ l(TQA)v

TM ——TM

that is defined by

6, 1(x)S7qs = (€, X))
for all x € TA* and £ € T A such that T'ga«(x) = Tqa(§). That is, the following diagram
commutes:

TA xpy; TA* GRS

(id,I)J/ i lprz

TA XTM (TA)\/

Z"'STQA

Applying the construction of I above to the case g4 = prar, we get an isomorphism
T(T*M) —L~ (TTM)Y
Tenr \L \L (Tpam)Y
TM TM

We also have the canonical involution (see for instance [27])

TTM —%~TTM
Tp]\/[ l ipTM
TM TM

Recall that for V € X(M) the map TV : TM — TTM is a section of Tpys: TTM — TM and
o(TV) is a section of prpr: TTM — TM, i.e. a vector field on T'M.

We get an isomorphism ¢ :=oc* o I: T(T*M) — T*(T M)

T(T*M) —— T*(TM)

Tepnr \L l CTM

TM ™™

Proposition 2.9. The map ¥ := (0,6): TPy — Prym

TPy —> Pray ;
TPrMi \LPYTM
TM ——TM

where prys: Py — M is the projection, establishes an isomorphism of vector bundles.
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2.6. Lie functor from Pr to Py4.

Proposition 2.10. Let =M be a Lie groupoid with Lie algebroid A. Then the Lie algebroid
of Pr is canonically isomorphic to P 4.

Moreover, the pairing (-, )1 is a groupoid morphism: Pp xp Pp — R. Its corresponding Lie
algebroid morphism coincides under the canonical isomorphism A(Pr) = P4 with the pairing
<',->A: PA XA PA—>R.

This is a standard result, but we recall its proof because it will be useful later on.

For any Lie groupoid '=M with Lie algebroid A — M, the tangent bundle projection
pr: ITT" — T is a groupoid morphism over py;: TM — M and applying the Lie functor
gives a canonical morphism A(pr): A(TT) — A. This acquires a vector bundle structure by
applying A(-) to the operations in 7T — I'. This yields a system of vector bundles

9A(TT)

A(TT) ™
A(PF)J/ lp M
A——@p—— M

in which A(TT) has two vector bundle structures, the maps defining each being morphisms
with respect to the other. In other words, A(TT) is a double vector bundle.

Associated with the vector bundle g4: A — M is the tangent double vector bundle

TA T ar

pa \L \Lp}\/f

A——M

qA

It is shown in [28] that the canonical involution o: T'(TT) — T'(TT) restricts to a canonical
map or: A(TT) — T'A which is an isomorphism of double vector bundles preserving the side
bundles. The tangent prolongation T'/A — T'M of the Lie algebroid A and the Lie algebroid
A(TT) — TM of TT=ZTM are isomorphic via o [2§].

Similarly, the cotangent groupoid structure T*I'=2A* is defined by maps which are vector
bundle morphisms and, reciprocally, the operations in the vector bundle c¢p: T*I' — I are
groupoid morphisms. Taking the Lie algebroid of T*I'2A* we get a double vector bundle

A(T*F) qA(T*F) A*
Aler) | lPM
A M

where the vector bundle operations in A(T*T") — A are obtained by applying the Lie functor
to those in T*T" — I

It follows from the definitions of the operations in T*I'"3A* that the canonical pairing
z'7'STF:TF XFT*F%R

is a groupoid morphism into the additive group(oid) R. Hence {-,- {7 induces a Lie algebroid
morphism

A(] -, Jr): A(TT) x4 A(T'T) — A(R) = R.
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Note that A(] -, - {7r) is the restriction to A(TT) x 4 A(T*I") of
<< s '>>Tl"3 T(TF) XTr T(T*F) — R.
Asnoted in [28], A(]-,-{7r) is nondegenerate, and therefore induces an isomorphism Ir: A(T*T") —

A(TT)V of double vector bundles, where A(TT)" is the dual of A(TT) — A. Now dualizing
opt: TA — A(TT) over A, we define

s = (op ) o Ir: A(T*T) — T*A.

This is an isomorphism of double vector bundles preserving the side bundles. The Lie alge-
broids T*A — A* and A(T*T") — A* are isomorphic via ¢ [28].

The Lie algebroid of the direct sum Ppr =TT & T*I is equal to
A(Pr) = T;*Pr,

where we write U for the unit space of Pr; i.e. U := TM & A*. By the considerations above,
we have a Lie algebroid morphism ¥r = (or,sr):

A id y A
/ /
A(Pr) o » PA=TA®T*A
J
M id M
/ /
TM & A* - y TM @ A*

preserving the side bundles A and TM @ A*.
Recall that we also have a map
Y= (a,g): TPF — PTI‘~

Lemma 2.11. Let I'=2M be a Lie groupoid and u an element of A(Pt) C TPt projecting to
am € A and (v, ) € Ty M x AY. Then, if Xr(u) = (vq,,, Ya,,) € Palam) and X(u) =
(Vap» Qar,) € Prr(am), we have Twvg,, = 0q,, and o, = Gq,,|T,, A

m

See Remark [3:32] below for an interpretation of this lemma.

Proof. The first equality follows immediately from the definition of or.

Choose Tg,, A 3 w,,, = or(y) for some y € A(TT) C T(TIT) and 1, := Tiw,,,. Write also
u = (z,&) with z € A(TT) and § € A(T*T") C T(T*T), i.e. ag, = sr(§). Then we have
A(pr)(y) = Aler)(€) = am and we can compute
(Waps @ap STa =1y, Ir(€)Sacrry = AL+, - J7r) (9 €)
=y, &))rr = 1y, 1(§) Sy

- 2 U(y)’ g(g)SpTF - zwthm &amSpTF - zwam’ L*&am SPA . O
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The pairing (-, -)r is a groupoid morphism Ppr xp Pr — R. Hence, we can consider the Lie
algebroid morphism
A((-,r): A(Pr) x4 A(Pr) = A(R) =R.
We have
A((- s )r) = (pro T, -)r) [A(Pr)x aA(PL)-
We can see from the proof of the last lemma that A(]-,- {7r) coincides with {-,- {74 under the

isomorphism Xp. Hence, A((-, -)r) coincides with the pairing (-, -)4: P4 x4 P4 — R, under
the canonical isomorphism A(Pr) = P 4.

3. MULTIPLICATIVE GENERALIZED COMPLEX GEOMETRY

3.1. Glanon groupoids.

Definition 3.1. Let I'=M be a Lie groupoid with Lie algebroid A — M. A generalized
almost complex structure J on I' is multiplicative if it is an automorphism of the Lie groupoid
TT & T = TM @ A*. We call the pair (I'=M,J) a generalized almost complex groupoid.
We use the symbol j to denote the induced automorphism of the unit space TM & A*:

J

Tre T T Tr o T*T .
Ttllﬂ‘s Ttllﬁl‘s
TM & A* - TM @ A*

If J is a generalized complex structure, then we call the pair (=M, J) a Glanon groupoid.

This is equivalent to D7 and D7, the eigenspaces of J: (TT @ T*'T) @ C — (ITT @ T*T) ® C
corresponding to the eigenvalues i and —i being multiplicative Dirac structures on I'==M [31].

Note also that 7 is a Lie groupoid morphism if and only if the maps N: TT' — TT, nf: T*T' —
TT, N*: T*T' — T*T and «”: TT — T*T such that

N rf
(3 %)
are all Lie groupoid morphisms. In particular, we have the following proposition.

Proposition 3.2. If " is a Glanon groupoid, then I' is naturally a Poisson groupoid.

Example 3.3 (Glanon groups). Let G=2{x} be a Glanon Lie group. Since any multiplicative
two-form must vanish (see for instance [17]), the underlying generalized complex structure
on (G Is equivalent to a multiplicative holomorphic Poisson structure. Therefore, Glanon Lie
groups are in bijection with complex Poisson Lie groups.

Example 3.4 (Symplectic groupoids). Consider a Lie groupoid I'=M equipped with a non-
degenerate two-form w. Then the map

(2 W),

where w”: TT' — T*T is the bundle map X +— ixw, defines a Glanon groupoid structure on
I'=M if and only if (I',w) is a symplectic groupoid.
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Example 3.5 (Holomorphic Lie groupoids). Let I' be a holomorphic Lie groupoid and Jp: TT —
TT its complex structure. Then the map

(0
7=(0 %)

defines a Glanon groupoid structure on T'.

3.2. Glanon Lie algebroids. Let A be a Lie algebroid over M. Recall that P4 =TA®T*A
has the structure of a Lie algebroid over TM & A*.

Definition 3.6. A Glanon Lie algebroid is a Lie algebroid A endowed with a generalized
complex structure J4: Pa — P4 that is a Lie algebroid morphism.

The induced Poisson structure 7 on A in that case is linear, and the map 7f: T*A — T'A is a
Lie algebroid morphism over some map A* — TM. The linear Poisson structure on A is then
equivalent to a Lie algebroid structure on A*, such that (A, A*) is a Lie bialgebroid [2§].

Proposition 3.7. If A is a Glanon Lie algebroid, then (A, A*) is a Lie bialgebroid.

Example 3.8 (Glanon Lie algebras). Let g be a Lie algebra. Then Py = g x (g ® g*) is a Lie
algebroid over g*. Hence, a map

J: Py — Py,

j(‘r?yag) = (‘T?j%E(yvé)ajw,g* (yvf))

can only be a Lie algebroid morphism over j: g* — g* if J, ¢ does not depend on the g-
component. That is, the map J,: {x} x g x g* — {x} x g x g* has the matrix

ne
0 —-ni)’

It thus follows that it must be equivalent to a complex Lie bialgebra.

Example 3.9 (Symplectic Lie algebroids). Let (M, ) be a Poisson manifold. Let A be the
cotangent Lie algebroid A = (T*M),. Then the map

(o <wz>‘1>
wZ‘ 0

where w4 is the canonical cotangent symplectic structure on A, defines a Glanon Lie algebroid
structure on A.

Example 3.10 (Holomorphic Lie algebroids). Let A be a holomorphic Lie algebroid. Let Ag
be its underlying real Lie algebroid and j: T Ar — T AR the corresponding complex structure.

Then the map
7 0
0 —j*

defines a Glanon Lie algebroid structure on Ag.
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3.3. Main theorem. Now we are ready to state the main theorem of this paper.

Theorem 3.11. If T" is a Glanon groupoid with Lie algebroid A, then A is a Glanon Lie
algebroid.

Conversely, given a Glanon Lie algebroid A, if I' is a s-connected and s-simply connected Lie
groupoid integrating A, then I' is a Glanon groupoid.

Remark 3.12. Ortiz shows in his thesis [31] that multiplicative Dirac structures on a Lie
groupoid I'=2M are in one-one correspondence with morphic Dirac structures on its Lie alge-
broid, i.e. Dirac structures D C P4 such that D4 is a subalgebroid of Py — TM @& A* over
aset U CTM @ A*.

By extending this result to complex Dirac structures and using the fact that a multiplicative
generalized complex structure on 'z M is the same as a pair of tranversal, complex conjugate,
multiplicative Dirac structures in the complexified Py, one finds an alternative method for
proving our main theorem. This alternative proof relies crucially on the integration of VB-
algebroids to VB-groupoids described in [5] and hence is far more technical than our approach.

Applying Theorem to Example 3.4]and Example[3.9] we obtain immediately the following

Theorem 3.13. Let (P,7) be a Poisson manifold. If T is a s-connected and s-simply con-
nected Lie groupoid integrating the Lie algebroid (T*P)y, then T' admits a symplectic groupoid
structure.

Similarly, applying Theorem to Examples and we obtain immediately the fol-

lowing theorem.

Theorem 3.14. If I' is an s-connected and s-simply connected Lie groupoid integrating the
underlying real Lie algebroid Ar of a holomorphic Lie algebroid A, then I' is a holomorphic
Lie groupoid.

A Glanon groupoid is automatically a Poisson groupoid, while a Glanon Lie algebroid must
be a Lie bialgebroid. The following result reveals their connection

Theorem 3.15. Let T' be a Glanon groupoid with its Glanon Lie algebroid A, (I',7) and
(A, A*) their induced Poisson groupoid and Lie bialgebroid respectively. Then the corresponding
Lie bialgebroid of (I', ) is isomorphic to (A, A*).

3.4. Tangent Courant algebroid. In [3], Boumaiza-Zaalani proved that the tangent bun-
dle of a Courant algebroid is naturally a Courant algebroid. In this section, we study the
Courant algebroid structure on Ppjs in terms of the isomorphism X: TPy — Pras defined in
Proposition [2.9]

First we need to introduce some notations. For every V € X(M), set TV = o(TV) € X(T'M).
For every a € QY (M), set Ta = ¢(Ta) € QY(TM). For every f € C®°(M), set Tf = pryoT'f €
C(TM,R).

Note that if v, = ¢(0) € T,,M, then

Tf(om) = THEO) = | (Foclt)), (3)

dt |
that is, Tf = df: TM — R.
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Now introduce the map T: I'(Pys) — I'(Pras) given by
T(V,a) = S(TV,Ta) = (TV, Ta),
for all (V,a) € T'(Pay).
The main result of this section is the following:
Proposition 3.16. For any ej,es € I'(Pas), we have
[Tey, Tes] = T [e1,ea], (4)

(Te1, Tez)rar =T ((ex, e2) ) - (5)
The following results show that Tf € C®°(TM), TV € X(TM) and Ta € Q(TM) are the
complete lifts of f € C(M), V € X(M) and a € Q' (M) in the sense of [39].
Lemma 3.17. For all f € C*(M) and V € X(M), we have TV (Tf) =T(V(f)).

Proof. Let ¢ be the flow of V. For any v, = ¢(0) € T, M, we have

(TV(T7) 5n) = (Vo))
(j 5| en) s
-(&] &l chs( <>>) (xf)
- (&, (5 )
B2l di (7 00u) elt)
-4l di (es )
= 5| viem Brvie. =

The following lemma characterizes the sections Ta of QY (T'M).
Lemma 3.18. (a)  Foralla € QY (M) and V € X(M), we have
TV, Tafrrm =T (V. afrum) - (6)
(b)  Given &€ € QYTM), we have £ = 0 if and only if
(TV,&§rrm =0, VYV € X(M).

Proof. (a)  Using 02 = idpras, we get:
v, TO‘SPTM =1o(TV),(¢" o I) (TO‘)SPTM
=TV, I(Ta)S1p),

= (TV,Ta))rar BTV, 0 Srus -
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(b)  Let & € QY(TM) be such that £(TV) = 0 for all V € X(M). For any u € TM with
u#0and v € T,(T M), there exists a vector field V' € X(M) such that TV (u) = v.
This yields £(v) = 0. Therefore, ¢ vanishes at all points of T'M except for the zero
section of T'M. By continuity, we get & = 0. 0

Using this, we can show the following formulas.

Lemma 3.19. (a)  For all V,WW € X(M), we have
[TV, TW] = T[V, W].
(b)  For any o, B € QY (M) and V,W € X(M), we have
£TvT,8 — ideTa =T (fvﬂ — ina) .
Proof. (a)  This is an easy computation, using the fact that if ¢ is the flow of the vector

field V', then T'¢ is the flow of TV (alternatively, see [27]).
(b)  For any U € X(M), we can compute

TU, £1v TS — itwdTalp,.,,

=TV Z Tg,TU SPTIM - ITB,T[V, U] SPTM —-Tw 2 Ta?TUSPTM
+TU [ Ta, TW Sppp + 1T, TIW, Ul Spry

=TV (T18,Ulpy) =T 1B, VU] Sppy =TW (T L o, USpy,)
+TU(T 1, Wipy) + T Lo, [W,U]fp,,

=TV 18,USps) =TUB, [V.U] Sppy =T (W L, Ul )
+T (U La,Wipy,) + T a,[WU]S,,

=T1U, £vB —iwdaf,,,

= | TU,T(£y B — iwda) Jp,,, -

We get
ZTU, T(fvﬁ — ina) — (f'ﬂ'v’]rﬁ — iTWdTO‘)SpTM =0
for all U € X(M) and we can conclude using Lemma O

Proof of Proposition[3.16, Equation (f]) follows immediately from (6].

Formula for the Dorfman bracket on sections of Ppryy = T(TM) & T*(T M) follows from
Lemma [3.19 0

3.5. Nijenhuis torsion. Now let J: Py — Pjs be a vector bundle morphism over the iden-
tity. Consider the map T : TPy; — TPjs and the map T.J defined by the commutative
diagram

TPy —T TPy,

5| E

Pruv Ewas Prum

ie. T =X oTJ oX~!. Then, by definition, we get, for all e € T'(Pyy),
TJ (Te) = (X0 TJ)(Te) = 5(T(I(e)) = T(T (e))- (7)

The following lemma is immediate.
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Lemma 3.20. (a) T(@dp,,) =idp,,,-
(b)  We have T(J2) = (T(J))? for every base-preserving endomorphism J of the vector
bundle Pyy.

If 7: Py — Py is now a generalized complex structure, the Nijenhuis torsion is a tensor and
hence can be seen as a vector bundle map

./\/:y: PM X M PM—> PM.
We consider as above
T./\/:71 TPM XTM TPM — TPM.
Define TN 7: Pras Xpar Prar — Pras by the following commutative diagram:

TN

TPM XTMTPM TPM .

x| E

Prar Xras Pray ———— P
TM XTM "TM N TM

An easy computation using and yields
TNJ (']Tel, Teg) = /\/11’] (Tel, Teg)

for all e1,e5 € T'(Pj). As in the proof of Lemma this implies that TNV7 and N7 coincide
at all points of T'"M outside the zero section of TM. By continuity, we obtain the following
theorem.

Theorem 3.21. Let J: Py — Py be a vector bundle morphism. Then TNy = Nt7.

Let '=M and I'=M’ be Lie groupoids. Recall that a map ®: I' — I" is a groupoid morphism
if and only if the map ® x & x & restricts to a map Ar — Ap/, where Ap and A are the
graphs of the multiplications in =M and respectively IV=M".

Consider the graphs of the multiplications on TT and T7T":
Arr = {(vg, vh,vg % vp) | vg,vp € TT, Tt(vy) = Ts(vg)} = T'Ar
and
Aper = {(ag, an,ag * ap) | ag, ap, € T*T, tay) = ()}
Recall that if
(Arer)? = {(ag, an, —(ag * an)) | ag,a, € T*T, t(an) = 3(ay)},
i.e.
Arr &ap (A1) = (idp, X idp. XZr) (Arr & Arer) |
then
(Apsr)°® = (T'Ar)°.

A map J: Pr — Pr is a groupoid morphism if and only if Apr @A A7+r is stable under the
map J x J x J. This yields:

Lemma 3.22. The map J is a groupoid morphism if and only if Arr ©ap (A1) is stable
under the map J X J X J, where J is defined by .
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Since Apr = TAr and (Apsp)? = (T'Ar)°, we get that J is multiplicative if and only if
TAr & (TAr)° is stable under J x J x J.

Further, if J is orthogonal relative to (-,-)r and satisfies 72 = —idp,. (i.e. if J is a generalized
almost complex structure), then we say for short that the Nijenhuis torsion N7: PpxpPpr — Pr
is multiplicative if it is a Lie groupoid morphism. Similarly as above, we find that the Nijenhuis
torsion N7 is multiplicative if and only if N7 x N7 x N7 restricts to a map

(Arr @ap Arsr) Xap (A7r ©Ap ATer) = ATr @A ATHT
Lemma 3.23. The map Nz is multiplicative if and only if Ny x Nz x N7 restricts to a map
(TAr @A, (TAr)°) xap (TAr @ap (TAr)°) — TAr & (TAr)°.

The following lemma is easy to prove.

Lemma 3.24. If M is a smooth manifold and N a submanifold of M, then the Courant-
Dorfman bracket on Py restricts to sections of TN @ (T'N)°.

Note that TN @ (T'N)° is a generalized Dirac structure in the sense of [I].

We get the following theorem.

Theorem 3.25. Let (=M, J) be a generalized almost complex groupoid. Then the Nijenhuis
tensor N7 is a Lie groupoid morphism Nz : Pr xp Pr — Pr.

Proof. Choose sections &1,&2,&3,m1,72,m3 € I'(Pr) such that (£1,82,83)[ar and (71,72, 13)[Ar
belong to T(TAr @a,. (TAr)°). Then (J&1, T2, TEs)|ar and (T 1, Tn2, Ins)|ae belong to
I(TAr @A, (TAr)?). From Lemma it follows that

(N7 x Ng x N7) ((€1,€2,€3), (1, m2,m3))

takes values in
TAr DAr (TAF)O

on Ar. By Lemma [3:23] the proof is complete. O

3.6. Infinitesimal multiplicative Nijenhuis tensor.
Definition 3.26. Let J: Pr — Pr be a Lie groupoid morphism. The map
A(T): Pa— Py
1s defined by the commutative diagram
A(Pr) —25 Py
A(T) im(J) :

A(Pr) —— Pa

The following lemma can be found in [5].

Lemma 3.27. Let J : Pr — Pr be a multiplicative map. Then A(J) is an endomorphism of
the vector bundle P4 if and only if J is an endomorphism of the vector bundle Pr.
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Now assume that J is orthogonal relative to (-, -)p and that J? = — idp,.. Since the map
N7: Pr xp Pr — Pp is then also a Lie groupoid morphism by Theorem we can also
consider

Ql(Nj): PA X A PA — PA
defined by

2
A(Pr) x4 A(Pr) T, PaxaPy

AN | lmwm :
(Pr

A )E—F>PA

The main result of this section is the following.

Theorem 3.28. Suppose that a map J : Pr — Pr is simultaneously a vector bundle morphism
and a Lie groupoid morphism.

(a)  Then the map A(J) is (-, -) a-orthogonal if and only if J is (-, -)p-orthogonal.
(b)  Moreover,if J is orthogonal w.r.t. (-,-)r and J* = —idp., then A(Nz) = Ny(7).-

For the proof, we need a couple of lemmas.
Definition 3.29. Let M be a smooth manifold and v: N — M a submanifold of M.

(a) A section ey =: Xn + an is t-related to epy = Xpr + anr if Xy = Xy|v and
any = fapr. We write then ey ~, epr.

(b) Two wvector bundle morphisms Jn: Pn — Px and Jar: Pyr — P are said to be
t-related if for each section eyn of Py, there exists a section ey € Pps such that

en ~, ey and Jy(en) ~, Tu(em)-

(¢)  Two vector bundle morphisms Ny: Py xny Py — Py and Nyr: Py xp Py —
Par are w-related if for each pair of sections ey, fy € T'(Pn), there exist sections
em, fu € T(Par) such that en ~, ey, fn ~, fu and Nn(en, fn) ~ Nu(enr, fur)-

Lemma 3.30. Let M be a manifold and N C M a submanifold. If ey, fv € T'(Py) are
t-related to epr, far € T'(Par), then [en, fN] ~. [enr, far], for the Courant-Dorfman bracket.

Proof. This is an easy computation, see also [33]. O

Lemma 3.31. Let M be a manifold, N C M a submanifold and Jn: Py — Py and
JIv: Py — Par two c-related generalized almost complex structures. Then the generalized
Nijenhuis tensors Nz, and Nz, are i-related.

Proof. This follows immediately from Lemma and the definition. O

Recall that the Lie algebroid A of a Lie groupoid I'=2M is an embedded submanifold of 7T,
t: A—TT.

Remark 3.32. Note that Lemma states that if u € T'4(A(Pr)) and @ € T'rp(TPr) is an
extension of u, then Xp ou ~, ¥ o .

Lemma 3.33. Let I'=M be a Lie groupoid and J: Pr — Pr a vector bundle morphism. If
J is multiplicative, then

(a) A(T): Pa— Py and TJT: Prr — Ppr are t-related, and
(b)  if T is a generalized almost complex structure, then A(N7) and TNy are t-related.
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Proof. (a)  Choose a section e4 of P,4. Then we have X' (e4) =: u € T(A(Pr)) and since
A(Pr) C TPy, we find a section @ of TPr such that @ restricts to u. Set epr := Xo4.
By Lemma we have then e4 ~, epp. Furthermore, by construction of A(J),
we know that A(J)ou = (TJ)ouon TM & A* =TM ®TM° C Ppr. We have then

WA(T)(ea) =3roA(T)our~, XoTT ou=TJT(err).
(b) By definition of A(N7), this can be shown in the same manner. O

Proof of Theorem[3.28 (a)  The map A(J) is (-, -) a-orthogonal if and only if
(5)ae (UT), AT)) = (5 )a
We have
(ya=2A(,)r) = A, )r) o (Bp1 B0
by definition and so

(-, hao (AT),A(T))
=A((-,)r) o (Sph,Bph) o <2r,2r> o (A(J),A(T)) o (51", 211

=A((-,)ro(J,T)) o (S0,
Since Xr: A(Pr) — P4 is an isomorphism, we get that A(J) is (-, -) 4-orthogonal if
and only if

A, ) = A, )ro (T, T))

and we can conclude.

(b)  Choose sections ey, fa € T'(P4) and u,v € T'4(A(Pr)) such that eq = Xpowu, fq =
Yr ov. Choose as in the proof of Lemma two extensions 4 and v € I'pp(TPr)
of uw and v and set epp := X o4 and frp := X o0 € I'(Ppp). Then we have

€A ~, eTT, fa~. frr,
A(T)(ea) ~ TI (err), A(T)(fa) ~ TI (frr), (8)
and A(N7)(ea, fa) ~, TNz (err, frr).

But by Lemma yields also
Naz)(eas fa) ~ Nrg(err, frr).
Since Nps = TN by Theorem we get that
A(N7)(ea, fa) ~ Nog(err, frr) and  Ny(g(ea, fa) ~ Nrg(err, frr).
This yields

(NJ)(eA7fA) J (eAafA)
and the proof is complete. O

The following corollary is immediate.

Corollary 3.34. Let J: Pr — Pr be a multiplicative generalized almost complex structure.
Then Ny = 0 if and only if N7 = 0.
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3.7. Proof of the integration theorem.

Proof of Theorem|[3.11] By Lemma the map 20(J): P4 — P4 is a vector bundle mor-
phism. Since J? = —idp,, it follows from Lemma that (A(J))*> = —idp,. From
Corollary and Theorem we infer that Ny 7) = 0 and 2(J) is (-, -) a-orthogonal.

Since

APr) —2T APy

l |

TM ¢ A* —TM & A*

is a Lie algebroid morphism and

3|
/_\(pr) L P4

TM ® A* ——=TM ¢ A*
is a Lie algebroid isomorphism over the identity, the map
1 —
A(T) = Slapp) 0 AT) o (Elapry) = Elapp) ©AT) 0 S e,

is a Lie algebroid morphism

b
Pa Y b,

| |

TM ¢ A* —TM @ A*

For the second part, consider the map
Az =3%""p, 0 Ja0Z|app: A(Pr) = A(Pr).

Since Ja: P4 — P4 is a Lie algebroid morphism, A7 is a Lie algebroid morphism and there
is a unique Lie groupoid morphism J: Pr — Pr such that A7y = A(J). By Lemma J
is a morphism of vector bundles.

We get then immediately J4 = (7). Since J5 = —id, we get A(J?) = —ida = A(—idp,.)
and we can conclude by Theorem [3.28 O

4. APPLICATION

4.1. Holomorphic Lie bialgebroids. Given a complex manifold X, let © x denote the sheaf
of holomorphic vector fields on X.

Let A — X be a holomorphic vector bundle and let p: A — Tx be a holomorphic vector
bundle map, which we call anchor. When the sheaf A of holomorphic sections of A — X is a
sheaf of complex Lie algebras, the anchor map p induces a homorphism of sheaves of complex
Lie algebras from A to ©x, and the Leibniz identity

[V, fW] = (p(V)[f) - W + f[V,W]
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holds for all VW € A(U), f € Ox(U), and all open subsets U of X, we say that A is a
holomorphic Lie algebroid. Holomorphic Lie algebroids were studied in various contexts, see
for instance [4} 12} 23], [16] [36].

Since the sheaf A locally generates the C'°°(X)-module of all smooth sections of A, each
holomorphic Lie algebroid structure on a holomorphic vector bundle A — X determines a
unique smooth real Lie algebroid structure on A.

Proposition 4.1 (|23]). Let A — X be a holomorphic vector bundle and let p: A — Tx be
a holomorphic vector bundle map. Given a structure of holomorphic Lie algebroid on A with
anchor p, there exists a unique structure of smooth real Lie algebroid on A with the same
anchor p such that the inclusion of the sheaf of holomorphic sections into the sheaf of smooth
sections is a morphism of sheaves of Lie algebras over R.

Conversely, given a real Lie algebroid A — X, it is a holomorphic Lie algebroid if A — X
is a holomorphic vector bundle, with the sheaf of holomorphic sections denoted A, such that
the Lie bracket on smooth sections induces a C-linear bracket on A(U), for all open subsets
U C X. We write AR to denote the real Lie algebroid underlying a holomorphic Lie algebroid
A.

Assume that (A — X, p,[,+]) is a holomorphic Lie algebroid. Multiplication by the scalar
v/—1 in each fiber of A determines an automorphism j of the vector bundle A. It is simple
to see that the Nijenhuis torsion of j vanishes [23]. Hence one can define a new (real) Lie
algebroid structure on A (see [21I]), with anchor p o j and Lie bracket

[Vv W]j = [jV, W] + [V7jW] _j[V7 W] = —j[jV,jW], YV, W € F(A)v (9)

which we call underlying imaginary Lie algebroid of A and write A;. It follows immediately
that j: A; — Ap is an isomorphism of Lie algebroids [21].

Given a holomorphic vector bundle A — X, we use the symbols A, A*, and A® to denote the
sheaves of holomorphic sections of the holomorphic vector bundle A — X, its k-th exterior
power AFA — X, and the Whithney sum Do ( AF A) respectively.

Definition 4.2. If a holomorphic vector bundle A (with sheaf of holomorphic sections A) and
its dual A* are both holomorphic Lie algebroids and the Chevalley-Filenberg differential dy of
the Lie algebroid A* is a derivation of the (sheaf of) complex Lie algebras A®, i.e.

A [V, W] = [d,V, W] + [V,d, W], VV,W € A*(U) (10)

for all open subsets U of the base manifold X, we say that the pair (A, A*) is a holomorphic
Lie bialgebroid.

As in the smooth case, a holomorphic vector bundle A — X is a holomorphic Lie algebroid if
and only if (A®*, A, [-,+]) is a sheaf of Gerstenhaber algebras [23].

Proposition 4.3. Let A — X be a holomorphic vector bundle. The pair (A, A*) is a holo-
morphic Lie bialgebroid if and only if (A®, A, [-,-],ds) is a sheaf of differential Gerstenhaber
algebras over X.

Proof. Since the proof is exactly the same as in the smooth case |38 25, 20], we only sketch
it briefly. If (A, A*) is a holomorphic Lie bialgebroid, the holomorphic Lie algebroid structure
on A* induces a complex of sheaves d,: AF — AFtL gver X. Since d, is a derivation with
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respect to the exterior multiplication, it follows immediately, as in [20], from the compatibility
condition that

di| X, f] = [di X, f]+ [X.dof], VX € AU), f € Ox(U). (11)

Therefore, since the exterior algebra A® is generated by its homogeneous elements of degree 0
and 1, we have

d X, Y] =[d X, Y]+ [X,d.Y], VX,Y € A*(U).
Thus (A®, A, [, -], d.) is a sheaf of differential Gerstenhaber algebras over X. The converse is
obvious. O

Proposition 4.4. Let (A, A*) be a holomorphic Lie bialgebroid with anchors p: A — Tx and
ps: A* = Tx. Then

(a)  LgV = —[def,V] for any f € Ox(U) and V € A(U);

a
(¢)  po(ps)* = —psop*. Therefore,the holomorphic bundle map

7T?<E =po(ps): Tx — Tx.
is skew-symmetric and defines a holomorphic Poisson bivector on X.

Proof. The proof is similar to the proofs of Proposition 3.4, Corollary 3.5 and Proposition 3.6
in [2). 0

4.2. Associated real Lie bialgebroids. Given a holomorphic Lie algebroid A, we denote
its underlying real and imaginary Lie algebroids by Ar and A and their respective Chevalley-
Eilenberg differentials by d and d/. When the dual A* of A is also a holomorphic Lie
algebroid, its underlying real and imaginary Lie algebroids are written A} and A} and their
respective Chevalley-Eilenberg differentials df and dZ.

Lemma 4.5. Let A be a holomorphic Lie algebroid over a complex manifold X. Then

(a) dla = —(j%d®j5*)a, for all a € T(A*);
(b)  dlf = (j*d®)f, for all f € C®(M).

Proof. For all VW € T'(A), we have
(@' )(V) = pr(V)(f) = pGV)(f) = (@) (GV)
and
(d'(j* ) (V. W) = pI(V)a(J'W) —p1(W)a(jV) = a(j[V,W]))
GV)a(GW) = p(i(W))a(V) — a([j(V), 5(W)])
( a)((V),i(W)). O

If the dual A* of a holomorphic Lie algebroid A — X is also endowed with a holomorphic Lie
algebroid structure, we can conclude that

dlV = —(jodfej)V, VYV €T(A), (12)
dif = (Jod*R).ﬂ vf € COO(X)7
since j* is the multiplication by the scalar v/—1 in each fiber of A*.
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Proposition 4.6. Let A be a holomorphic vector bundle over a complex manifold X. Assume
that A and its dual A* are both holomorphic Lie algebroids. The following assertions are
equivalent:

(a) (A, A*) is a holomorphic Lie bialgebroid;
(b)  (Ar,A}) is a Lie bialgebroid;
(c) (AR, A}) is a Lie bialgebroid.

Proof. (b)=(a) It is clear that if (Ag, A}) is a real Lie bialgebroid then the compatibility
condition for (A, A*) to be a holomorphic Lie bialgebroid is automatically satisfied.

(a)=(b) Fix an arbitrary open subset U of X and an arbitrary holomorphic section V' € A(U).
Consider the operator C*°(U,C) — I'(Ag|y ® C) defined by

Ly f=dlV, f]—[diV, f] - [V,di f] (13)

for all f € C°°(U,C). Here df: T(A\*Ar ® C) — I'(A*t1 AR ® C) is the Chevalley-Eilenberg
differential with the trivial complex coefficients of the Lie algebroid A%, and V is seen as a
section of Ag|y. It is simple to check that Ly is a derivation, i.e.

Lv(fg) = fLvg+gLlvf.

Since (A, A*) is a holomorphic Lie bialgebroid, it follows from that Ly f = 0, for all
f € Ox(U). Here we use the fact that d.f = dff for all f € Ox(U). On the other hand,
we also have Ly f = 0 for all f € Ox(U) since each term of vanishes [23]|. Therefore, we
have Ly f = 0 for all f € C*°(U,C). Finally, since the restricted vector bundle A|y is trivial
and I'(A|y ® C) is C*°(U, C)-linearly spanned by A(U) when the subset U is contractible, it
follows that d.[X,Y] = [d. X, Y]+ [X,d,Y] for any X,Y € I'(A|y ® C). Hence (Ag, A}) is a
real Lie bialgebroid.

(a)<(c) The equivalence between (a) and (c) can be proved similarly, using the equality
dlf =i-d.f for all fe A(U). O

It is well known that Lie bialgebroids are symmetric, viz. (Ag, A%) is a Lie bialgebroid if and
only if (A}, Ag) is a Lie bialgebroid. This is obviously still true in the holomorphic setting.

Proposition 4.7. The pair (A, A*) is a holomorphic Lie bialgebroid iff the pair (A*, A) is a
holomorphic Lie bialgebroid.

Proposition 4.8. Let A be a holomorphic vector bundle over a complex manifold X. Assume
A and its dual A* are both holomorphic Lie algebroids.

(a)  (Ag,A}R) is a Lie bialgebroid if and only if (Ar, A}) is a Lie bialgebroid,
(b)  (Ar,A}) is a Lie bialgebroid if and only if (A1, A}) is a Lie bialgebroid.

Proof. Recall from @ that the Lie bracket on Ay is given by [V, W]; = —j[jV, jW] for all
V.W e F(A 1).



GLANON GROUPOIDS 25
(a)  Assume that (Ag, A}) is a Lie bialgebroid. Then, for all VW € I'(A;), we have

AV w); @ GedBg) (V. WY) = (Ged) (VW)
= j ([dF(GV),iW] + [V, dE(GW)])

D i (@), iw] + v idw))

_ 1 I
= [dV, W]j + [V, d*W]j,
which shows that (A, A7) is a Lie bialgebroid. The converse can be shown in the
same manner.
(b)  Assume that (A, A};) is a Lie bialgebroid. Then, for all V,W € I'(ARr), we have
d [V, W] = —(jedief) ([V, W]) = = (jodiTej) (=[5 (V), 5(W)];)
~(jed)([I(V), i (W)];)
= =GV, W) = GV, G
= =i li(dV) W5 = 513V, (W)
= [BV, W]+ [V, dW],
which shows that (Ag, A7) is a Lie bialgebroid. The converse can be proved similarly.

O

Proposition 4.9. Let A be a holomorphic vector bundle over a complexr manifold X. Assume
A and its dual A* are both holomorphic Lie algebroids. Then (Ag, A}) is a Lie bialgebroid if
and only if Ag is a Glanon Lie algebroid when endowed with the generalized complex structure
TJap: Pap — Pa, with block-matriz representation

Jag 7T£i4*
e I
Tan ( 0 —Ji,

(where Tax 18 the Poisson structure on Ap that is induced by the Lie algebroid structure on

A%).

Proof. Assume first that (Ag, Ja,) is a Glanon Lie algebroid. Then the map W?“? is a morphism
of Lie algebroids T*A — T'A, and it follows that (Ag, A7) is a Lie bialgebroid [29].

Conversely, if (A, A7) is a Lie bialgebroid, the map 7'['?47 is a morphism of Lie algebroids T*A —

T'A. According to Proposition 3.12 in [24] up to a scalar, ma(-,-) = 7z (-, -)+imas (J} -, -) is the
holomorphic Lie Poisson structure on A induced by the holomorphic Lie algebroid A*. By [23]
Theorem 2.7|, Ja,, is hence a generalized complex structure. Since A is a holomorphic Lie
algebroid, the map Jy,: TAr — T'Ag is a morphism of Lie algebroids according to [24]. O

We summarize our results in the following:

Theorem 4.10. Let A be a holomorphic vector bundle over a complex manifold X. Assume A
and its dual A* are both holomorphic Lie algebroids. The following assertions are equivalent:

(a) (A, A*) is a holomorphic Lie bialgebroid;
(b)  (Ar,A}) is a Lie bialgebroid;
(c) (AR, A7) is a Lie bialgebroid;
(d) (A, A%R) is a Lie bialgebroid;
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(e) (A1, A}) is a Lie bialgebroid;
(f)  the Lie algebroid Ap endowed with the map Ja,: Pa, = Pag,

Ja t
Jag = < r A1 )
R 0 —Ji,

is a Glanon Lie algebroid.

Example 4.11. Given a holomorphic Poisson tensor 1 = nr+ir; € T(A?T19X) on a complex
manifold X, let A denote the canonical holomorphic Lie algebroid structure on the tangent
bundle of X and let A* denote the holomorphic Lie algebroid structure associated to w on
the cotangent bundle of X. Then (A, A*) is a holomorphic Lie bialgebroid with Ap = Ty,
Ar=(Tx)y, Ay = (Tx)4y, and A} = (Tx)}

AT Amre

4.3. Holomorphic Poisson groupoids.

Definition 4.12 ([35] 28,37]). A holomorphic Poisson groupoid is a holomorphic Lie groupoid
I'=M endowed with a holomorphic Poisson tensor mp € I'(A?TYOT) such that the graph A of
the groupoid multiplication is a coisotropic submanifold of T x I' x T, where T' stands for T’
endowed with the opposite Poisson structure.

Many properties of (smooth) Poisson groupoids generalize in a straightforward manner to the
holomorphic setting. In particular, if I'=X is a holomorphic Poisson groupoid, then X is
naturally a holomorphic Poisson manifold. More precisely, there exists a unique holomorphic
Poisson tensor on X with respect to which the source map s: I' — X is a holomorphic Poisson
map and the target map is an anti-Poisson map.

Theorem 4.13 ([37, 25]). Let ' = X be a holomorphic Lie groupoid with associated Lie
algebroid A — X and let mr be a holomorphic Poisson tensor on I'. Then mr is multiplicative
if and only if ﬂ'l#i T*T" — TT is a morphism of holomorphic groupoids. In this case, the

restriction of the groupoid morphism 71'1#: T*I" — TT to the unit spaces is a map A* — TX.

For any open subset U C M and X € A¥(U), it follows as in [37, Theorem 3.1] that [ X", 7] is
a right-invariant holomorphic (k + 1)-vector field on T'Y. Hence it defines an element, denoted
d. X, in AFTYU), ie. (dX)" = [X",7r]. Asin [38], one proves that (A®, A, [-,-],d,) is a sheaf
of differential Gerstenhaber algebras over M. This proves the following proposition.

Proposition 4.14. LetI' = X be a holomorphic Lie groupoid and let A — X be the associated
holomorphic Lie algebroid. If T' = X is a holomorphic Poisson groupoid, then the pair (A, A*)
18 a holomorphic Lie bialgebroid.

The notation A(I' = X, 7r) = (A, A*) means that (I' = X, 7r) is a Poisson groupoid and
(A, A*) is its associated Lie bialgebroid.

Proposition 4.15. If mr is a multiplicative Poisson tensor on a holomorphic groupoid I' = X,

7R and 7; are the real and imaginary parts of mr € T(A2TYOT), and A(T' = X, 7r) = (A, A*),

then (T=X,7g) and (T=X,77) are smooth Poisson groupoids, AT=X,7wRr) = (AR,AER),
4

and A(=M,mp) = (Ag, A% ;). Here AT , (respectively A% ) stands for the Lie algebroid
4 4 4

(A%, %[ ) ']A*R7 %,OAE) (respectively (A7, i[ , .]A,;, ipA’;))-
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Proof. If wr is a multiplicative holomorphic Poisson structure on I'=2M, then its real and
imaginary parts are also multiplicative. It is shown in [23] that both 7r and 7; are Poisson
bivector fields.

We have Im((T*I') ) = (T7T")ar, and Re((T"T)r.) = (T7T)ar, [23]. The Lie algebroid
structure on (T7I"). restricts to the holomorphic Lie algebroid structure on A* as follows;
the map p: A* — TM is just the restriction of mpf to A* = TM?® seen as a subbundle of
Ty, I, and the bracket on T™I" restricts to a bracket on A*. In the same manner, the Lie

groupoid (I'=M, 71’%) induces a Lie algebroid structure on (Agr)* that is the restriction of the
Lie algebroid structure on (7*I'),,. Hence, we can conclude easily. O

Proposition 4.16. (a)  Ewvery holomorphic Poisson groupoid (I' = X, 7) inherits a
canonical Glanon groupoid structure: the automorphism Jr of Pr given by the matrix

Jr 7T§
0 —Jp

(where Jp denotes the complex structure of T') is a multiplicative generalized complex
structure on I'.

(b)  The matriz representation of the Lie algebroid morphism A(Jz): Pa — Pa (see
Definition |5.26]) is

i

JAR T‘—A*
1
e )
*
0 —Ji,.
where A% is the linear Poisson structure on Ar determined by the Lie algebroid
gt
A%
b

Proof. (a) By |23 Theorem 2.7|, 7, is a generalized complex structure. Since (I'=2X, Jr)
is a holomorphic Lie groupoid and (I'=X, n7) is a Poisson groupoid, Jr: TT — TT,
its dual Jf: T*I' — T*TI', and 7r§: T*T' = TT are multiplicative maps.

(b) Tt isshown in [24] that oroA(Jr)oop ' = Ja,, and in [29] that CFOA(ﬂ'g)OQITl = 71'?4*1 ,

N

4
since (Ag, A7 ;) is the Lie bialgebroid of (I'=M, ), where op: A(TT) — T'A and
4
¢r: A(T*T") — T* A are the morphisms of Lie algebroids defined in Section g

A holomorphic Lie bialgebroid (A, A*) is said to be integrable if there exists a holomorphic
Poisson groupoid (I' = X, 7) such that A(I' = X, 7) = (A, A%).

As a consequence of Theorem [3.11] and Proposition we finally obtain the main result of
this section:

Theorem 4.17. Given a holomorphic Lie bialgebroid (A, A*), if the underlying real Lie al-
gebroid Ag integrates to a s-connected and s-simply connected Lie groupoid I', then T' is a
holomorphic Poisson groupoid.

Remark 4.18. This result was proved in [24] in the special case where (A, A*) is the holo-
morphic Lie bialgebroid ((T*X )., TX) associated to a holomorphic Poisson manifold (X, 7).



28

(1]
2]

3l
(4]
]
[6]
7]
o
(10]
(11]
(12]
(13]
[14]
[15]
[16]
(17]
(18]
(19]
20]

[21]
22]

23]

[24]
[25]

[26]
27]
28]
[29]

30]
(31]

MADELEINE JOTZ LEAN, MATHIEU STIENON, AND PING XU

REFERENCES

A. Alekseev and P. Xu, Courant algebroids and derived brackets, unpublished manuscript (2001).

J. Barton and M. Stiénon, Generalized complex submanifolds., Pac. J. Math. 236 (2008), no. 1, 23-44
(English).

M. Boumaiza and N. Zaalani, Reléevement d’une algébroide de Courant, C. R. Math. Acad. Sci. Paris 347
(2009), no. 3-4, 177-182.

M. N. Boyom, KV-cohomology of Koszul-Vinberg algebroids and Poisson manifolds, Internat. J. Math. 16
(2005), no. 9, 1033-1061.

H. Bursztyn, A. Cabrera, and M. del Hoyo, Vector bundles over Lie groupoids and algebroids,
arXiv:1410.5135.

A. S. Cattaneo and G. Felder, Poisson sigma models and symplectic groupoids, Quantization of sin-
gular symplectic quotients, Progr. Math., vol. 198, Birkh&user, Basel, 2001, pp. 61-93. MR 1938552
(2003h:53116)

A. Coste, P. Dazord, and A. Weinstein, Groupoides symplectiques, Publications du Département de Math-
ématiques. Nouvelle Série. A, Vol. 2, Publ. Dép. Math. Nouvelle Sér. A, vol. 87, Univ. Claude-Bernard,
Lyon, 1987, pp. i-ii, 1-62.

T. J. Courant, Dirac manifolds., Trans. Am. Math. Soc. 319 (1990), no. 2, 631-661.

M. Crainic, Generalized complex structures and Lie brackets, Bull. Braz. Math. Soc. (N.S.) 42 (2011),
no. 4, 559-578. MR 2861779

M. Crainic and R. L. Fernandes, Integrability of Poisson brackets, J. Differential Geom. 66 (2004), no. 1,
71-137.

V. G. Drinfel'd, Quantum groups, Proceedings of the International Congress of Mathematicians, Vol. 1, 2
(Berkeley, Calif., 1986) (Providence, RI), Amer. Math. Soc., 1987, pp. 798-820.

S. Evens, J.-H. Lu, and A. Weinstein, Transverse measures, the modular class and a cohomology pairing
for Lie algebroids, Quart. J. Math. Oxford Ser. (2) 50 (1999), no. 200, 417-436. MR 1726784 (2000i:53114)
A. Gracia-Saz and R. A. Mehta, Lie algebroid structures on double vector bundles and representation
theory of Lie algebroids, Adv. Math. 223 (2010), no. 4, 1236-1275.

M. Gualtieri, Generalized complex geometry, Ph.D. thesis, 2003.

N. Hitchin, Generalized Calabi- Yau manifolds, Q. J. Math. 54 (2003), no. 3, 281-308.

J. Huebschmann, Duality for Lie-Rinehart algebras and the modular class, J. Reine Angew. Math. 510
(1999), 103-1509.

M. Jotz, Homogeneous spaces of Dirac groupoids, New version of the preprint arXiv:1009.0713, available
at http://www.jotz-lean.staff.shef.ac.uk/ (2013).

M. Jotz Lean, Dirac groupoids and Dirac bialgebroids, Preprint (2014).

M. V. Karasév, The Maslov quantization conditions in higher cohomology and analogs of notions developed
in Lie theory for canonical fibre bundles of symplectic manifolds. I, II, Selecta Math. Soviet. 8 (1989),
no. 3, 213-234, 235258, Translated from the Russian by Pavel Buzytsky, Selected translations.

Y. Kosmann-Schwarzbach, Ezact Gerstenhaber algebras and Lie bialgebroids, Acta Appl. Math. 41 (1995),
no. 1-3, 153-165, Geometric and algebraic structures in differential equations.

, The Lie bialgebroid of a Poisson-Nijenhuis manifold, Lett. Math. Phys. 38 (1996), no. 4, 421-428.
, Courant algebroids. A short history, SIGMA Symmetry Integrability Geom. Methods Appl. 9
(2013), Paper 014, 8. MR 3033556

C. Laurent-Gengoux, M. Stiénon, and P. Xu, Holomorphic Poisson manifolds and holomorphic Lie alge-
broids, Int. Math. Res. Not. IMRN (2008), Art. ID rnn 088, 46.

__, Integration of holomorphic Lie algebroids, Math. Ann. 345 (2009), no. 4, 895-923.

, Lectures on Poisson groupoids, Lectures on Poisson geometry, Geom. Topol. Monogr., vol. 17,
Geom. Topol. Publ., Coventry, 2011, pp. 473-502. MR 2795155

K. C. H. Mackenzie, Double Lie algebroids and second-order geometry. I, Adv. Math. 94 (1992), no. 2,
180-239.

, General Theory of Lie Groupoids and Lie Algebroids, London Mathematical Society Lecture Note
Series, vol. 213, Cambridge University Press, Cambridge, 2005.

K. C. H. Mackenzie and P. Xu, Lie bialgebroids and Poisson groupoids., Duke Math. J. 73 (1994), no. 2,
415-452.

__, Integration of Lie bialgebroids., Topology 39 (2000), no. 3, 445-467.

R. A. Mehta, Q-groupoids and their cohomology, Pacific J. Math. 242 (2009), no. 2, 311-332.

C. Ortiz, Multiplicative Dirac structures, Pacific J. Math. 266 (2013), no. 2, 329-365. MR 3130627




32]
33]
34]

[35]
[36]

[37]
[38]

[39]
[40]

[41]

GLANON GROUPOIDS 29

J. Pradines, Remarque sur le groupoide cotangent de Weinstein-Dazord, C. R. Acad. Sci. Paris Sér. I Math.
306 (1988), no. 13, 557-560.

M. Stiénon and P. Xu, Reduction of generalized complex structures, J. Geom. Phys. 58 (2008), no. 1,
105-121.

A. Weinstein, Symplectic groupoids and Poisson manifolds, Bull. Amer. Math. Soc. (N.S.) 16 (1987), no. 1,
101-104. MR 866024 (88¢:58019)

, Coisotropic calculus and Poisson groupoids., J. Math. Soc. Japan 40 (1988), no. 4, 705-727.

, The integration problem for complex Lie algebroids, From geometry to quantum mechanics, Progr.
Math., vol. 252, Birkh&user Boston, Boston, MA, 2007, pp. 93-109.

P. Xu, On Poisson groupoids, Internat. J. Math. 6 (1995), no. 1, 101-124.

, Gerstenhaber algebras and BV-algebras in Poisson geometry, Comm. Math. Phys. 200 (1999),
no. 3, 545-560.

K. Yano and S. Ishihara, Tangent and Cotangent Bundles: Differential Geometry, Marcel Dekker Inc.,
New York, 1973, Pure and Applied Mathematics, No. 16.

S. Zakrzewski, Quantum and classical pseudogroups. 1. Union pseudogroups and their quantization, Comm.
Math. Phys. 134 (1990), no. 2, 347-370.

, Quantum and classical pseudogroups. I1. Differential and symplectic pseudogroups, Comm. Math.
Phys. 134 (1990), no. 2, 371-395.

SCHOOL OF MATHEMATICS AND STATISTICS, THE UNIVERSITY OF SHEFFIELD

E-mail address: M.Jotz-Lean@sheffield.ac.uk

DEPARTMENT OF MATHEMATICS, PENN STATE UNIVERSITY

E-mail address: |stienon@math.psu.edu

DEPARTMENT OF MATHEMATICS, PENN STATE UNIVERSITY

E-mail address: ping@math.psu.edu


mailto:M.Jotz-Lean@sheffield.ac.uk
mailto:stienon@math.psu.edu
mailto:ping@math.psu.edu

	1. Introduction
	Acknowledgments
	Notation

	2. Preliminaries
	2.1. Dirac structures
	2.2. Generalized complex structures
	2.3. Pontryagin bundle over a Lie groupoid
	2.4. Pontryagin bundle over a Lie algebroid
	2.5. Canonical identifications
	2.6. Lie functor from P to PA

	3. Multiplicative generalized complex geometry
	3.1. Glanon groupoids
	3.2. Glanon Lie algebroids
	3.3. Main theorem
	3.4. Tangent Courant algebroid
	3.5. Nijenhuis torsion
	3.6. Infinitesimal multiplicative Nijenhuis tensor
	3.7. Proof of the integration theorem

	4. Application
	4.1. Holomorphic Lie bialgebroids
	4.2. Associated real Lie bialgebroids
	4.3. Holomorphic Poisson groupoids

	References

