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Spectral properties of truncated Toeplitz operators
by equivalence after extension

M. Cristina Camara* and Jonathan R. Partington'

August 5, 2015

Abstract

We study truncated Toeplitz operators in model spaces K} for
1 < p < oo, with essentially bounded symbols in a class including
the algebra C'(Rs ) + HZL, as well as sums of analytic and anti-analytic
functions satisfying a #-separation condition, using their equivalence
after extension to Toeplitz operators with 2 x 2 matrix symbols. We
establish Fredholmness and invertibility criteria for truncated Toeplitz
operators with f-separated symbols and, in particular, we identify a
class of operators for which semi-Fredholmness is equivalent to invert-
ibility. For symbols in C(Ru) + HY, we extend to all p € (1,00) the
spectral mapping theorem for the essential spectrum. Stronger results
are obtained in the case of operators with rational symbols, or if the

underlying model space is finite-dimensional.

Keywords: Truncated Toeplitz operator, Toeplitz operator, equivalence by
extension, model space.
MSC: 47B35, 30H10.

1 Introduction

This paper is concerned with truncated Toeplitz operators (TTO), a natural
generalisation of finite Toeplitz matrices; these have received much attention
since they were introduced by Sarason [27]: see, for instance, [2] and the
recent survey [17]. They are encountered in various contexts, for example in
the study of finite Toeplitz matrices and finite-time convolution operators.
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By using the equivalence after extension of TTO to block Toeplitz operators
of a particular form ([10]), the corona theorem, and the solutions to certain
associated Riemann—Hilbert problems, we study here the invertibility and
Fredholmness of several classes of TTO, together with their spectra and
essential spectra.

Here our context is the Hardy space H; of the upper half-plane for 1 <
p < oo, rather than simply H;' . Considering different values of p in (1, c0)
naturally requires new approaches to the study of TTO, providing alterna-
tives to Hilbert space methods. By doing so, we not only obtain various
results that are new even for p = 2, but we also shed light on whether the
properties that are studied, namely spectral properties of TTO, depend on
the existence of an underlying Hilbert space structure, or on the value of p.
In fact, properties such as Fredholmness, invertibility and the dimensions
of the kernels and the cokernels of Toeplitz operators in the Hardy spaces
H; may depend on the value of p € (1,00); it is easy to find examples
of this behaviour by considering piecewise continuous symbols of the form

9a(&) = (%)O‘ ([12, 21, 23]. One would expect the same to hold for TTO

defined in a model space Ky := H N6H, , where 6 is an inner function;
however, somewhat surprisingly, the results obtained for the various classes
of TTO considered in this paper do not depend on p. Note however, that in
general the space K g on which the TTO are defined does depend on p: see,
for example [8, 14]. For example, this is the case for any infinite Blaschke
product # whose zeroes are not bounded away from the real axis. Thus the
kernel of a TTO will in general depend on p.

We first consider here TTO with essentially bounded symbols of the form
g=01a_+6a, , are M=,

where, denoting by R the set of all rational functions in Le(R), MZE :=
Hfo + R and 67 and 65 are inner functions such that 6 divides 61 65. An
important property of this class of TTO is that it is possible to determine a
solution to an associated Riemann—Hilbert problem, which makes it easier to
study; in fact, the study of general TTO presents great difficulties. Moreover
this class of symbols, which we call 0-separated, includes all functions in
HI UH_UR, and its study reveals some remarkable properties and raises
new questions.

For bounded analytic symbols we determine the spectrum of TTO on K, g for
each p € (1,00), a result previously established only for p = 2 (Fuhrmann’s
extension [16] of the Livsic-Moeller theorem [22, 24, 25]). The results ob-
tained for symbols in M7 allow us to describe the essential spectra of TTO



with symbols in C'(Rs) + HY,
acting on K} for all p € (1,00).
Furthermore, for rational symbols we establish necessary and sufficient con-
ditions for invertibility of the associated TTO, which enables us to give
a more geometric description of the point spectrum and the spectrum of
a TTO whose symbol R admits only one pole, and to obtain an explicit
expression for the resolvent operator (A% — M)~ if X ¢ o(A%).

Finally, for TTO defined in finite-dimensional model spaces (in which case
the space does not depend on p), we characterise the operator’s kernel and
invertibility properties, and we illustrate the results by giving a simple de-
scription of the eigenvalues and the corresponding eigenspaces of a TTO
defined in a model space with dimension 2. Those results show in particular
that, while the general case of TTO with discontinuous symbols of the form
Jo mentioned above is yet to be fully investigated, in the particular case
where the model space is defined by a finite Blaschke product the dimen-
sions of the kernel and the cokernel of a TTO with a symbol of that type
(or any other symbol in L) do not depend on p. This is not the case for
more general model spaces, as we show in Example 3.6.

extending Bessonov’s results [5] to TTO

The paper is organised as follows. The equivalence after extension of TTO
to block Toeplitz operators of a particular form is explained in Section 2,
along with the remaining preliminary material. In Section 3 we discuss a
class of TTO with #-separated symbols, and analyse their kernels and their
Fredholm properties. Section 4 is concerned with analytic symbols, and
Section 5 with C'(R) + HY (and, in particular, rational) symbols. Finally,
in Section 6 we consider the case when the underlying model space is finite-
dimensional.

2 Preliminaries

For 1 < p < oo we let H;E denote the Hardy spaces of the upper and
lower half-planes, recalling that for 1 < p < oo we have the decomposition
Ly(R) = Hf © H, with associated projections Py and P_. In what follows
we take p € (1,00), unless stated otherwise. For g € Lo (R) the standard
Toeplitz operator Ty is defined on H;‘ by

Ty = Py (gu), u € H;‘,

and this will be extended in the obvious way to operators T on (H, )? with
essentially bounded matricial symbol G € (Lo (R))%*2.



For an inner function 6 € HJ the model space Kj may be defined as
K =HfNo0H, . (2.1)

We will omit the p unless it is necessary for the sake of clarity. We then
have
Ly(R)=H, ® K¢ ® 0H,], (2.2)

and we write P to denote the associated projection Py : L,(R) — Kp.
Then for g € Lo (R) the standard truncated Toeplitz operator (TTO) Ag is
defined as follows:

ALKy Ky, AD=Pygl), = Polg]) (2.3)

P

More generally, if a and 6 are inner functions, we define the operator A;"e :
Kg — Ka by

AG? = Pa(gl),, = Palgl) (2.4)

lPyLp
If o is an inner function that divides 6 in H, (we write this a < 0), let P, g

denote Py — P,, a projection with range equal to the shifted model space
K, ¢ = aKgzp. Then we can define

By = Pag(91)|,, = Pao(9])p,., - (2.5)

The operators Ag"'g and B;’e are particular cases of general Wiener-Hopf
operators (see [28]) in L,(R) (abbreviated to Ly), of the form

P]'AIPQLP ? (26)

where P; and P» are projections and A is an operator in L,. We say that
Ag"e and Bg’e are asymmetric truncated Toeplitz operators (ATTO) in Kp.

One of the main tools that we shall employ in this paper is the notion of
equivalence after extension. This enables to answer some questions about
truncated Toeplitz operators by reducing them to analogous questions about
block Toeplitz operators.

Definition 2.1. /3, 19, 29] The operators T : X — X and S : Y —
Y are said to be (algebraically and topologically) equivalent if and only
if T = ESF where E,F are invertible operators, and we write T ~ S.
More generally, T and S are equivalent after extension if and only if there
exist (possibly trivial) Banach spaces Xo, Yy, called extension spaces, and



invertible bounded linear operators E : ?@Yb - X PXgand F: X & Xy —

Y &Y, such that
T 0 S 0
(0 IXO>_E<O IYO>F. (2.7)

In this case we say that T ~ S.

Theorem 2.2. [3] Let T : X — X, S:Y — Y be operators and assume
that T ~ S. Then

1. kerT ~ ker S;

2. ImT 1s closed if and only if Im .S is closed and, in that case, )N(/ Im7T ~
Y/ImS;

3. if one of the operators T', S is generalised (left, right) invertible, then
the other is generalised (left, right) invertible too;

4. T is Fredholm if and only if S is Fredholm and in that case dimker T' =
dimker S, codimIm 7T = codimIm S.

A key result for our purposes is the following, which was proved in [10].

Theorem 2.3. Ag’g X Ta, where G = < 2 2 ) Here T is a block

Toeplitz operator acting on (Hg)z.

Indeed, for a < 0, the following relations hold:

a,b
Ag 0 - ( PogPy+ Qo 0 ) I, (2.8)
0 Tyt 0 !
where
Fi: Ky®0HS — H & {0} (2.9)
and
By : (Ko ®0H) & {0} » K, ® 0H, (2.10)

are invertible operators (defined in an obvious way), so Ag’e X PogPy+ Qy,
and P,gPy + Qg ~ T because

PagPy + 0
< “9% Qo P+>:E2T0F2, (2.11)



where Fy : (HF)? — (H})? and Ey : (H)? — (K, ® 0H}) x H are
invertible operators which are explicitly defined, as well as their inverses, in
[10]. If 0 < «, the result of Theorem 2.3 can be obtained by considering the
adjoint operators.

We have
o1+ €ker AYY = o1, € Pi(ker T), (2.12)

where P;(z,y) = x. Note that P;(ker T) uniquely defines ker T for G as
in Theorem 2.3.

If a« = 6, the equality (2.11) takes the form

PogPy+Qo 0 \ _ ([ Ty— PygTy Py T Pt 0
0 Pt ) —pPt  1; )¢\ TPt —T,) Pt )

(2.13)
with
Pt o\ "' Pt 0 (2.14)
Ty(PT —T,) P* -\ TPt -1, P '
and .
Ty — PogTy Py \ ™' _ T, 0 (215)
P Ty P+ PpgQo Tp )’ '

where the operators on both sides of the previous equalities are defined in
(H,5)?. Then we have the following.

Theorem 2.4. Ag is invertible if and only if Tg is invertible in (H; )%, with

_ D
G = < 60 ), and in that case
g 6

(A9) ™" = Pol(PogPo + Qo) '] (2.16)

where

-1 _ -1 T7¢1+
(PagPo+ Qo)™ ) =1 1) (T )| @an

for all 1+ € Hf.



Proof. The first part is a consequence of Theorems 2.2 and 2.3. If Ag is
invertible, then from (2.13), (2.14) and (2.15) we have

<P99P9+Q9 0 >_1<1/11+>_
0 Pt Yo )

( Pt 0 >T1 ( Ty i1+ ) _ ( ©1+ )
~Ty(Pt -T,) P* ¢ Y1+ + PogQo b1+ + 0o+ Po+

(2.18)

therefore
_ T5191+ 0

=P Tt 71 ) 2.19

o =Pl K Y+ + PogQo Vr+ > * < 0 o+ ﬂ (2.19)
Now, for

M+ \ ._ 1 0
< Mo+ > =lo ( 0 1ho+ )

we have

m+ \ _ 0 " 90><771+>:< 0 >
TG<772+> <9¢2+>®P (9 0 o+ 0 Yo+ <

6 0 M+ M+
+ = ker Te.
F (9 9><U2+¢2+) O®<U2+T/)2+ € kerda

Since ker Ti; = {0}, we have ;4 = 0. Thus, from (2.18) and (2.19) we have
(2.17), and (2.16) follows from here. O

It is well known that Ty is invertible if and only if G admits a canonical
Wiener-Hopf (or generalised) p-factorisation ([6, 23])

G=G_G}! (2.20)

where, taking Ay () =& +iand 1/p' =1—1/p,

AL'Ga € (Hy)? , AL'Gy e (H )P, (2.21)
G PT*G~'I is defined in a dense subset of (L,(R))? (2.22)
and admits a bounded extension to L, (R)2. '
The inverse is then given by
T =G PYGT L« (H)” — (H) (2.23)



3 Truncated Toeplitz operators with f-separated
symbols

We study here a class of truncated Toeplitz operators AZ with symbol g of
the form B
g=0ra_+6yay , ayc HE, (3.1)

where 07 and 65 are inner functions such that 8 < 6, 6-; by changing a_ and
a4 if necessary, we can assume without loss of generality that

0105 = 0. (3.2)

This class of symbols, which we call 6-separated, includes all analytic symbols
g € HI (take, for instance, a_ = 0,02 = 1) as well as the anti-analytic
symbols g € H (a4 = 0,0; = 1). Later in this section we also study more
general symbols.

We first address the question of describing ker Ag.

It is clear from Theorems 2.2 and 2.3 and from (2.12) that ¢14 € ker Ag’e,
where «, 6 are inner functions, if and only if there are o € H;r , P1—, Pa— €
H,; such that G = ¢ with p1 = (¢14+, p24) and G defined as in Theorem
2.3. Having this in mind, and considering the form of the symbol g in (3.1),
we start with the following result.

Theorem 3.1. If g1 € Lo, ayx € HY and 0,02 are inner functions with
0y = 0, then for every p14 € H; the following propositions are equivalent:
(i) there exist gt € H;r, $1-,p2- € H, such that

(o ) (20)=(2) 09

(i) there exist Yoy € Hy , 1,12 € H, such that

(o) (20)=() (3.4

and B

¢2+ —ayrP14+ € 992Hp+ (35)
If (i) and (ii) hold, then o, = 00 (Yo — ayrp14), @1- =1 and Yo =
Y-



Proof. We have

0 0 g 0 1 0
<91+92a+ 9>_<91 92><a+ 9§2>. (3'6)

Thus, if (i) holds, then 1o = aypiy + 002902, € H and from (3.6) it
follows that (3.4) is satisfied with ¥ = p1_ and Y9 = pa_.

Conversely, if (i) holds, then it follows from (3.5) that oy = 009 (o —
arp1y) € Hf and, by (3.6), the equality (3.3) is satisfied with @1 = 91
and @2 = 9o O

Theorem 3.2. Let 01,02 and 6 be inner functions with 61605 = 6 and let
a_ € H . Then

02,0
ker Ae_fa, = Kﬁgl (37)
with '
B=GCD(a",0s)ifa_#0, pB=0zifa_ =0, (3.8)
where @’ is the inner factor of the inner-outer factorisation a_ = a* a® .

Proof. Taking (2.12) into account, we study the solutions of the Riemann—
Hilbert problem (3.4) with g1 = 61a_. We have

{  Op =1
tha_p1y + O2tpay = 1ho,

which is equivalent to
Gpry = p1-
- 3.9
{ a—p1- + Yoy = O21pa_, (3:9)

and the second equation in (3.9) implies that

Yoy = —a_p1- + égl/)g_ = 0. (310)

It is easy to see, from Lemma 3.3 below and the first equation in (3.9), that
the solutions of (3.9) are defined by P1— € Kgzy, o with 3 given by (3.8),
i.e., taking the first equation of (3.9) into account, @14 € Kpgy,. O

Lemma 3.3. Suppose that g+ € HE and 0 is inner. Then for ¢ € H; we
have B
g+p+ € OH, < o1 € BOH,S

with f = GCD(gi, 0), where gi is the inner factor of the inner-outer fac-
torization g4 = gi 9%, if g+ #0, and B =0 if gy = 0.



Theorem 3.4. Let g be given by (3.1)~(3.2) with ax € HE. Then

keI‘Az = K9131791ﬁ == 0161 K5ﬁ17 (311)
where B is defined by (3.8) and
B1=GCD(a'y,01)if ay #0, p1 =0 if ay = 0. (3.12)

Proof. From Theorem 3.1, with g; = 61a_, we conclude that @14 € ker Ag
if and only if 14 € ker Ag?f_ and (3.5) is satisfied with ¢ = 0, taking

(3.10) into account. Therefore p14 € ker Ag if and only if 14 € Ky, g with
B defined by (3.8), by Theorem 3.2, and moreover

a1 = bhpay (3.13)

with @9, € H;‘. By Lemma 3.3, (3.13) holds if and only if ¢;4 € 9151H2‘;F
with 8 defined by (3.12). B
Thus ] € ker A% if and only if ¢ € Ky, g N 0181 HS = Ky 5, 4,5 - D

Corollary 3.5. With the same assumptions as in Theorem 3.4, ker Ag 18
finite dimensional if and only if B and (1 are finite Blaschke products, and
the operator Ag is injective if and only if B and By are constant. In partic-
ular, if ax # 0, Ag is injective if and only if (@', 62) and (a’., 01) are pairs
of relatively prime inner functions.

Example 3.6. For general inner functions 6 the question whether a trun-
cated Toeplitz operator Az is injective on Kg can depend on p, as the fol-
lowing example shows.

Let 2 < p; < p2 < o0, and suppose that 1/p; + 1/pa = 1/r, where r > 1.
Let § € HE be the Blaschke product with zero set {i/k? : k = 1,2,...}. We
may choose a positive sequence (ay) such that the series

.
)
P E+i/k

converges in H;l to a function f € K} that is outer (consider its imaginary
part) and not in HI‘)’;. Let g = fi/f+, and consider Ag. Regarded as an
operator on K., it has fy in its kernel.

Now, if ¢4 € K} lies in ker Ag (for p = py or pa), then gp+ = ¢_ + O, for
some p_ € H, and ¢ € H;r and so frpy = fro_ + f100,.

We see that 1. = 0 and so ¢4 € kerT,. However, it follows easily from
[9, Thm 5.3] (with M = 0) that, with p = p; or py, all functions in ker T}
are constant multiples of f. Hence the K g ! kernel of Ag is one-dimensional,
while the K}? kernel is trivial.
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Truncated Toeplitz operators associated to a singular inner function are
particularly interesting, given their close connection with finite interval con-
volution equations when 6 is of the form 0(¢) = e, € R. We have the
following:

Corollary 3.7. If 0 is a singular inner function and g is given by (3.1)-
(3.2) with ax € HE , then ker Ag and ker AY are either both equal to {0} or
infinite dimensional, and Ag is Fredholm if and only if it is invertible.

Proof. 1t is clear that, in this case, § and 1 are either constant or singular
inner functions, so the first part follows from (3.11). Since T, with

G:<§ g) (3.14)

has Fredholm index 0 whenever T is Fredholm, the same happens with Ag;
thus it must be invertible if it is Fredholm. O

From Theorem 3.4 we see in particular that, if g = a;. € HE \ {0}, we have
ker A =08 Kz, with B=GCD(d),0) (3.15)

and, if g =a_ € H_ \ {0},
ker A = Kg, with §=GCD(a",9). (3.16)

Since (A9)* = Al : K — K with 1/p+1/g=1and g = 6ya; +61a_, it
also follows from Theorem 3.4 that

ker Ay = 6181 K55, ker(A))* = 638 K, . (3.17)
In the case that Kgﬁl = K,g’ﬁl as vector spaces, we see from the closed graph
theorem that the L, and L, norms are equivalent on this space. Thus we
have:

Theorem 3.8. Let g take the form (3.1) with ar € HE and 01,04 satisfying

(3.2). Then ker A and ker(A9)* are isomorphic whenever Kis = Kjg -

Apart from the obvious cases that p = 2 or 31 is a finite Blaschke product,
necessary and sufficient conditions for the property K gb’l = K,g’ﬂl are given
by Dyakonov [13] (see also [14, 15]) and some further equivalent conditions
are given in [8]. Under these circumstances, ;3 ker Ag = 023 ker(Ag)*.

Using the same notation, an immediate consequence of Theorem 3.8 and
Corollary 3.7 is the following.

11



Corollary 3.9. With the same assumptions as in Theorem 3.8, Ag 18 Fred-
holm if and only if it is semi-Fredholm; if 0 is a singular inner function, Ag
1s invertible if and only if it is semi-Fredholm .

Note that, for all g € Lo (R), we also have that Ag is Fredholm if and only
if it is semi-Fredholm when p = 2. In fact, on the one hand, the equiva-
lence between Fredholmness and semi-Fredholmness for Toeplitz operators
defined in (H,)**2, with symbols whose determinants admit a bounded fac-
torisation, was proved in [1], Corollary 3.13; on the other hand, it is easy to
see from (2.12) that the conjugate-linear operator Cy defined by

Colp+) =0Pgpr , i€ Hy, (3.18)

which maps Ky onto Ky isometrically, also maps ker Ag onto ker(Ag)* =
ker Ag isometrically when p = 2. Whether Fredholmness and semi-Fred-
holmness are equivalent for TTO in all H,, settings is an open question, to
the authors’ knowledge.

By Theorems 2.2 and 2.3, we can obtain conditions for Fredholmness and
invertibility of Ag by using the relations between the corresponding proper-
ties for Toeplitz operators with matrix symbols and the solutions of certain
associated Riemann-Hilbert problems ([4],[6]).

We define

CPy i= {(fie: fo) € (HE): int, (1fra(2)] + |fox(2)]) > 0} (3.09)

By the corona theorem, (fi+, for) € CPy if and only if there exists a pair
(hi+,hoy) € (HL)? such that

fiz(2) hix(2) + fox(2) hos(2) =1 forall z € C*. (3.20)

Now let
ME=Hf+R (3.21)

where R denotes the set of all rational functions in Lo (R). We have
a+ EMi@ai:sAi with SEQR,AiEHg;

where GR denotes the group of invertible elements of R.
We denote by CPM the set of all pairs (o}, pdl) € (MZ)? such that
cpjt = rjf]i,j = 1,2, with r]j-ﬂ € R and (f, f5) € CPy.

Identifying a pair of the form (fi, f2) with [f1  f2]7, we have the following,
which is a direct consequence of Theorems 4.1 and 4.5 in [6]:

12



Theorem 3.10. Let G € (Loo(R))?*2 with det G admitting a canonical p-
factorisation and assume that (fy, f—) is a solution to the Riemann—Hilbert
problem Gfy = f_, fx € MZL. Then Tg is Fredholm if f+ € CPM, and
Ind T = 0 ; moreover, Tq is invertible if f+ € CP4.

It is clear that the determinant of any G of the form (3.14) with g € Lo (R)
admits a canonical p-factorisation, since det G = 1.
We will also need the following result.

Theorem 3.11. Let G € (Loo(R))?*2 with det G admitting a canonical p-
factorisation, and let f+ € (HEL)? satisfy G fy = f_. If f+ € CPy, then Tg
is invertible if and only if f— € CP_; analogously, if f— € CP_, then Tg is
invertible if and only if f1 € CPy.

Proof. Assume that f = (fi+, for) € CP4. Then, by Theorem 3.10, f_ €
CP_ is a sufficient condition for T to be invertible; it is left to show that
f— = (fi-, fo—) € CP_ is a necessary condition for the invertibility of T,
i.e., for the existence of a canonical p-factorisation of the symbol G. Let
hi4,hoy € HY satisfy (3.20); then

[ hiy hay +12x2
e = ( —far  fi+ ) € G(HL)™

and, if G admits a canonical p-factorisation, GH;1 also admits a canonical
p-factorisation. We have

GH{'(Hyfy)=f- < GH,' < (1) > =f-,

thus f_ is equal to the first column in GH;l. If f- ¢ CP_, then for ev-
ery € > 0 there exists zop € C~ such that |fi—(z0)| + |fe—(20)] < €. Let
G, be the matrix function obtained by subtracting f_(zp) from the first
column of GH;l; for sufficiently small €, by the stability of the canoni-
cal p-factorization, G, also admits a canonical p-factorization, i.e., T, is
invertible. On the other hand, we have

6 (§) =5 s et (3) = L

Z— 20 Z — 20

and since

13



we conclude that ker Ty, # {0}, which is impossible. Thus we must have
f-eCP_.

Regarding the second part of the theorem, it is enough to apply the first
part to G—1 instead of G. O

We now apply these results to truncated Toeplitz operators.

Theorem 3.12. The operator Ag, with g of the form (3.1) and ax. € MZE,
1s Fredholm if B
(2,a_) € CPM | (01,a4) € CPM. (3.22)

Moreowver, Ag 1s tnwvertible if

(02,a_) € CP_, (61,a4) € CPy. (3.23)
Proof. Let -
6 0
G—<g 9>. (3.24)

We have Gy, = ¢_, where p, = (01,—a.),p_ = (fa,a_). If (3.22) is
satisfied then, by Theorem 3.10, T is Fredholm; consequently, the same is
true for Ag by Theorems 2.2 and 2.3. If (3.23) holds then 3, 8; € C and, by

Corollary 3.7, AZ is injective and, therefore, invertible. O

Note that, by Theorem 2.8 in [6], condition (3.22) is equivalent to having
cpi/[ = s4+hg with h4 € CPy and s € GR N Hgto, where GR denotes the
group of invertible elements in R. Since #; and 5 are inner functions, we
must then have s, = 1, s_ = .

Corollary 3.13. Az is Fredholm if one of the elements in each pair (f2,a_),
(01,a4) belongs to GR.

Proof. In this case condition (3.22) is satisfied because the meromorphic
corona problems with data (2,a—) and (61,a+) (see [6]) obviously have a
solution and therefore (f2,a_) € CPM and (61,a1) € CPM . O

Moreover, we have the following.

Theorem 3.14. Let one of the following conditions hold:
(Z) (0717 a-‘r) S CPJﬁJ ;

(ii) (B, a_) € CPM.,
Then condition (3.22) is necessary and sufficient for Fredholmness of Az.
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Proof. Taking Theorem 3.12 into account, it is left to show that, under these
assumptions, Fredholmness of Ag implies that (3.22) holds.

Let us first consider the case where ax € HZ, and let 3,31 be defined by
(3.8) and (3.12), respectively. Assume for instance that (i) holds. If Ag is
Fredholm, so is T with G given by (3.24), and S, 3; are finite Blaschke

products. Let G = M_GM,, with

_ 50 )
M—<a_92<6—6> B) € M

— _ @1 0 +
My = < ay01(B1—p1) B > € GMo,

ie.,

G = ( @@ o0 ) _
0B tahs U

By Theorem 3.10 in [21], T is also Fredholm. Moreover, by Corollary 3.7,

T is injective; so it is invertible. Since

01 02\
~ E _ (72)
o( 4 )-(F)

and (i) is equivalent to (31(61,a;) € CPY, then by Theorem 3.11 we must
have ((f2,a_) € CP~ and thus (i) must hold.

Assume now that ay € MZ and (i) holds. Then, by Theorem 2.6 in [6],
there exists R € GR such that R(01,ay) = (71,a+) € CPT. On the other
hand there exists a Blaschke product B such that B(f2,a_) = (32,a_) €
(HZ)?. Thus, if we replace 8 by B and f; by R in the expressions of My
above, then G = M_GM, is of the form (3.24) with g satisfying (3.1), and
we can conclude by the previous reasoning that (Yo,a_) € CPM, and thus

(92,(17) € Cpi\/[ ]

A simple example where at least one of the conditions (i) and (ii) of Theorem
3.14 is satisfied is the case where a; or a_ are rational functions in GR.
Another case will be considered in the next section.

Analogously, we have the following.

Theorem 3.15. Let one of the following conditions hold:

(i) (01,a4) € CP*;

(ii) (02,a_) € OP~;

then (3.23) is a necessary and sufficient condition for invertibility of Ag.
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4 Fredholmness, invertibility and spectra for TTO
with analytic symbols

We now apply the results of the previous section to study truncated Toeplitz
operators with analytic symbols g € HY and, in particular, the restricted
shift A%, For any g € L (R), we use the notation

Gg:<§0>. (4.1)

g 0

Recall that for p = 2, the classical Livsic-Moeller theorem [22, 24, 25] de-
scribes the spectrum of A? in terms of the spectrum (), which may be
defined by

Y(0) :={£ € CTURy : liminf [6(z)] =0}, (4.2)

z—€,2€Ct

where Ry, = RU {oc0}. A generalization to Ag . for g4 € HY was given by
Fuhrmann [16], using Hilbert-space methods. We start by generalising this
result to arbitrary p.

Theorem 4.1. The operator Ag+ is invertible if and only if (0,94) € CP™T.
The spectrum of Ag L 18

o(Af,) = A€ C: inf (10(z)]+ [g+(2) M) = 0}

Proof. The invertibility condition is a direct consequence of Theorem 3.15,
taking #1 = 0 and 02 = 1. In fact since, for A € C, we have A§+_)\ &
Tg,, _,, then by Theorem 3.15 (since in this case (f2,a_) = (1,0) € CP_)
the operator Ag _, Is invertible if and only if (6,94 — X) € CPT, ie,

. =+
inf,ec+ (16(2)] + [g+(2) = Al) # 0. B
For f € HY let

fes(D(0) == A€ T2 int (0| +17()-A) =0} (43
fess(E(0)NR) :={A e C: ngzien(cf+ (16(z)| + |f(z) = Al) = 0forsome & € Ry }.
(4.4)

If f is continuous in Ct U Ry, then fess(X(0)) defined by (4.3) coincides
with the image of ¥(#) by f, and analogously for fess(3(6) N Roo). With
these definitions, we have:
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Corollary 4.2. If g € HY, then
0(A5,) = (g+)ess (5(6))-

To describe the point spectrum and the essential spectrum of Ag Lo We define
By = GCD(0, (g4 — A)") (4.5)

where (g, — A)? denotes the inner factor in an inner-outer factorisation of
g+ — X if the latter is not the zero function, and (g — \)® = @ otherwise.

Theorem 4.3. The point spectrum of Ag+ 1s the set
op(42,) = A€ C: 4 ¢ C)

and, for each X\ € Up(Ag+), the corresponding eigenspace is the shifted model
space ~
E)\ — KB}\&G - ,6)\0 KﬁA

Proof. 1t is clear from Theorem 3.4 that a necessary and sufficient condition
for the kernel of the operator Ag+_ , to be non-zero is that 3, is a non-
constant inner function; on the other hand, from (3.11), we have E) =
ker AgJﬁ ) given as above. O

Theorem 4.4. The operator Ag+ is Fredholm if and only if

Be€ FBP and j(0,9+) € CPT, (4.6)

where § = GC’D(G,gi) and FBP denotes the set of all finite Blaschke prod-
ucts. The essential spectrum of Ag+ is
UeSS(AfH) = (94)ess(2(0) N Roo).

Proof. Taking 65 =1,a_ =0and f_ = 1,h_ = 0 as in the proof of Theorem
4.1, it is clear that condition (ii) in Theorem 3.14 is satisfied, so Ag L s

Fredholm if and only if (01,a4) = (0,94) € CPJ]rV[ , which is equivalent to
(4.6). Replacing g+ by g+ — A with A € C, we conclude that the essential
spectrum of AZ . is the union of the sets

S1={\eC:p\¢ FBP}
and

$={\eC: B € FBP, inf (1(Bx0)(2)] + |(Balgs = A))(2)] ) = 0}.
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If X € Sq, 1. e, B\ ¢ FBP, then 3(5)) N Ry is not empty and, for some

€ € Ry, we must have hrgn 1nf (10(2)] + |g+(z) — Al) = 05 it follows that
A€ (g4 )ess(2(0) NRy). If7)\ € Sy, then X € (g4 )ess(2(0) N R) because,

when g\ € FBP,
int (O] +(Balgs — () =0« (4.7

liminf (|0(2)] + |g+(2) — A]) =0 for some £ € Ry
z—&,2€C+

Therefore S1 U Sy C (g4 )ess(2(0) NRoo). Conversely, if A € (g4 )ess(X(0) N
Rs), then either 8y ¢ FBP, or 5 € FBP and in this case A € Sy by
(4.7). O

For the restricted shift A% defined in K b, the previous results yield, for all
p € (1,00):

Corollary 4.5.
(A7) = r(2(0)),

ap(47) = r(X(0))
UeSS(A ) =1(2(0))

)

NnD
NnT

5 Truncated Toeplitz operators with C(R,) + H,
symbols

We start by generalising (4.4) for f € C(Ro) + HE. Let f = f1 + fo with
f1 € C(Ry) and fo € HY; then we define fess(X(0) NRy) as

{(AeC: liminf (10(z)] +[f1(§) + f2(2) = Al) = 0 for some £ € Roo .

z—&,z2€
(5.1)
It is clear that fess(X(0) NRs) coincides with the image of ¥(0) "R by f
if f € C(Ry), and with the set defined in (4.4) if f € HL.
Let us first consider g € M | with g = s +hy where s; € R and hy € HE,
(see (3.21)). We can write

g=sgs withs € GR, g, € HE,
([6], Proposition 2.3). Thus, with G, as defined in (4.1), we have

Gy = diag(1, s) Gy, diag(1,s™), (5.2)
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where diag(1, s*!) € GR**?. Therefore, T, is Fredholm if and only if Ta,,
is Fredholm and, by Theorem 4.4 and (4.4), this is equivalent to

liminf (]0(2)] +|g9+(2)]) >0 for all { € Ry. (5.3)
z—€,2€Ct
Since s € GR, there exists € > 0 such that st are analytic and bounded in
the strip S defined by 0 < 3z < ¢, and (5.3) is equivalent to

liminf (16(2)| + [s(2)g+(2)]) >0 for all £ € Ry
z—€,2€S

& liminf (]60(2)| +[s1(§) + h(2)]) >0 for all £ € Ry.

z—€,2€Ct

Therefore we conclude that A,_y is not Fredholm if and only if

liminf (]0(2)] +[s1(§) + h4(2) = A]) =0 for some & € Ry

z2—€,2€Ct
We have thus proved the following.

Theorem 5.1. If g € MY, then oess(Af) = gess(E(0) NRoo), for all p €
(1,00).

Corollary 5.2. Let R € R. A% is Fredholm if and only if R(§) # 0 for all
€ € 3(0) NRoo, and oess(A%) = R (2(0) NRe).

In particular we see that O'ess(A%) =g if X(0)NRy =T or R € GR.

We are now ready to calculate the essential spectrum of Ag where g is a
symbol in C(Ru) + HE. The Hj version of the following result (formulated
on the disc) may be found in [5]; the special case g € C(Ry) is much older
and appears in [25, Cor. V.4.1].

Theorem 5.3. For all p € (1,00) and for g € C(Ry) + HE, we have
Tess(A%) = gess(2(0) NRoo).

Proof. We prove that aess(Az) D gess(X(0) N Ry) by an approximation
argument. For if g = g. + h with g. € C(Rx) and h € HZL, then we
may take rational functions f,, € C'(Ry) tending to g. uniformly, so that
A, = A?‘n+h tends to Ag in norm. We write g, = f, + h, with g, € M.
Now if w ¢ aess(Ag), then since the complement of the essential spectrum
is open we see that there is a disc D(w,€) which is disjoint from oss(Ay)

for sufficiently large n. This is a contradiction if w € gess(X(0) MRy ), since
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then (gn)ess(2(0) N Ry) meets this disc for large n, and by Theorem 5.1,
(gn)ess(z(e) N IRoo) = Uess(An)-
For the reverse inclusion o S(Ag) C gess(X(0)NR ), one may adapt Bessonov’s
argument from [5, Lem. 2.3]; namely, for w € C\ gess(X(6) "Ro) one can use
the corona theorem in HY + C(Ry) to find functions hy, hy € HL + C(Ry)
with

(9 —w)hi +6hy =1 a.e. on R.

We now have
Aj (A —wI) =T+ K, (AY —wI)A}, =1+ Kg,

where K, and Kg are compact; for the results needed for this calculation,
that

° Ag =0, and

o for g € C(Rs) and h € L®(R) the semi-commutators AgAZ - Agh
and AZAz - Agh are compact (see [18]),

hold for H;r as well.
]

For rational symbols, we can establish invertibility conditions and thus say
more about the spectrum of A%, with R € R. This leads to the question of
characterising the kernel of T(;,, bearing in mind that, if A% is Fredholm,
then it is invertible if and only if ker A% = {0}, which is equivalent to
ker T, = {0}.

Theorem 5.4. Let R = Pcf%ﬁ € Lo, where Py is a polynomial of degree

N and Pg+ are polynomials with zeroes in CF, at most, with degrees NT,
respectively (N < Nt + N~ ). We have ker Ti,, # {0} if and only if there
are polynomials Q1 and Q2, with deg @1 < Nt and deg Q2 < N~ such that

Q1FPc- + Q2Pc+0 Q1Pc-0 + QaPc+ _
Pr € HS\ {0}, Pr e Hy \{0}. (5.4

Proof. We have oy € ker Tg,, if and only if ¢, € (H, )2 is a solution to the
Riemann-Hilbert problem

Gro+=¢—, ¢+€ (HI)? (5.5)

Taking o1+ = (¢14, P2+ ), (5.5) is equivalent to
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§<P1+ = P1-
5.6
{ Roit +0pat = o (5:6)

From the second equation in (5.6) we have

Q1
Py’

Ro14 +0pay = o =

where Q1 is a polynomial with deg @ < N7, and taking into account the
first equation in(5.6), we also obtain

where ()2 is a polynomial with deg Q2 < N~. It follows that we must have

Pe- + Q2Pc+0

oy = LT PNQ2 CC e Hy (5.7)
Pc-0+ Q2P -

O (5.8)

and it is clear that a necessary and sufficient condition for the kernel of
Ty (or, equivalently, A%) to be nontrivial is that, for some polynomials Q1
and @2, with deg@1 < N* and deg@Qy < N, the conditions in (5.4) are
satisfied. O

It follows that A € o(A%) if and only if either A € R (2(f) N Ry, or there
are polynomials ()1 and ()2 such that

Q1 Pc- + Q2Pc+0 Q1Pc-0 + Q2Pc+
Py — APe+ Pe- Py — APe+ Pe-

€ H;L \ {0}, € H, \ {0}. (5.9)
Remark 5.5. Although (5.9) does not immediately provide a clear geometric
description of the spectrum of A% for rational symbols with more than one
pole, it nevertheless provides a simple criterion to know whether a particular
value of A € C belongs to a(A%). Thus, for instance, if 0(€) = € and
R(&) = %, we easily see that 0 & o(A%), i.e., A% is invertible.
From these conditions we easily obtain a simple geometric description of
the spectrum U(A%) when R is a rational function with just one pole, as in
Corollary 4.5 for the restricted shift A% . Assuming that

A+ B
E—z

R(E)

(5.10)
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with Az + B # 0, z9 € C\ R, the function

ZoA+ B
A—A

F:Co — Coo, F(\) =

is a bijection and we have
A=R() < E=F(\).

Let I'r denote the closed contour defined by w = R(£),§ € R, and let T
be its image in the complex plane, i.e., I';, = R(R«). Note that

AeTh e F()) € Ry

and, if A ¢ I'};, we have, for zg € CT,

1
AentTg < ———dw # 0 F(\) € CE
FR'IU—)\

Theorem 5.6. For all p € (1,00) and for R given by (5.10), we have
0(A}) = 0ess(A%) Uop(AY) = R(2(0)) with

Oess(A%) = R(Z(A) NRoo) = R(X(F)) NI, (5.11)
op(A%) = R(Z() NCT) = R(X(0)) N Int Tp. (5.12)

Proof. The equality in (5.11) is an immediate consequence of the previous
results. Now let, for example, zp € C™ in (5.10). From (5.9) it follows that
ker A%, # {0} if and only if there exists Q2 € C\ {0} such that

_ Q20 +
P T A NEL Broam S (5.13)
@ - (5.14)

_ "
P T A NE+Biam P

If A € C\ IntT'g, then the denominator in (5.14) vanishes for £ = F(\) €
Ro UC™ and thus (5.14) is satisfied only if Q2 = 0. If A € IntI'g, then
F()\) € CT and (5.14) is satisfied for any Q2 € C, but (5.13) implies that we
must have (F()\)) = 0. Therefore ker Ag_» # {0} if and only if F(\) € C*
and 0(F(\)) =0, so that (5.12) holds.

The case zg € C* is similar, or can be deduced from the above by considering
adjoints. O
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If A belongs to the resolvent of A%, an analogous approach allows us, more-
over, to determine (A% — A)~! from (Tg,_,)~! by means of (2.8) and
(2.11). For those values of A\, Gr_) admits a canonical Wiener-Hopf (or
generalised) p-factorisation (see (2.20)-(2.22))

Gr-r=G_G}! (5.15)
and the inverse of T, , is given by
(Tapy) ' =GLPYGT'LL : (HS)® — (H)% (5.16)

The factors G+ can be explicitly determined by solving the Riemann—Hilbert
problem

Groafy = [, Je € ()", (5.17)
where we assume that A\ ¢ o(A%) = R(X(#)). In this case the Riemann-—
Hilbert problem (5.17) admits two linearly independent solutions (f1+, fi—)
and (fo4, fo—), and we can take (fi4, fo4) (respectively, (fi—, fo—)) as the
two columns of G;l (respectively, G_), according to the following result,
which was proved in [11] for p = 2, but is equally valid for any p € (1, 00).

Theorem 5.7. Let G possess a canonical generalised p-factorisation. Then,
if (p4,0-) and (Y4,v_) are two solutions to the equation

Goy =rp_ , pu € (HE)?

such that det|py, 4] (€) # 0 for some & € C*, then we can choose the
factors in (2.20) to be G4 = [+, Y+].

As an illustration we consider the case of the truncated shift, with R = r.
Using Theorem 5.7, we obtain, for G4 in (5.15), assuming that A ¢ o(A%) =
r(5(6): ) o

G- = [g_]k] ) G+ = [gjk] ) ]7k € {1’2}7

where, defining &, 1= i115 and 0\ = 0(&,) if [A| < 1, 0y = 0(Ey) if [A| > 1:
(i) for A # 1

+ 0+ —O0\(E+17) +__1-A
n G+iE-—&) = T e
L 08 £i) — 06N (E+ 1) o (1=M¢
12 G+E—6) = BT T Ter
~ (Gt -0+ —_ (=X
n G+iE-& = = G ti
_ o ti) - 0a(E+i)0 — (=08
2 G+iE-&) = GSti

23



(ii) for A =1

2 2i¢

91=1,05,=0,95,=[1— é@(oo)]f — ié@(oo), Gop = 2i0(00).

, gy = [0 — 0(c0)]¢ —i0(c0) , g

We remark that G4 € G(HZL)?*2, i.e., the canonical factorisation is bounded
and does not depend on p. Thus the operator G+P+G:1[+ is defined in
(szr)2 and (A?)~! is given by (2.16), (2.17) and (2.23), with G defined as
above, for all p € (1,00).

6 Truncated Toeplitz operators on finite-dimensional
model spaces

Let B be a finite Blaschke product
N £z \™ N
7=1 7=1

and let Af be a TTO with symbol g € Lo, defined in K. By Theorem 2.3

AELTG where G—(? g) (6.2)

It is clear that Af is Fredholm with index zero for any g € L, thus it is
invertible if and only if ker AZ = {0}, i.e., ker T = {0}. Now, characterising
ker T¢; is equivalent to solving the Riemann—Hilbert problem

Gos =9, pu € (HE)?, (6.3)

which, taking o1 = (p14, p2+), can be written as

B<P1+ = P1-
6.4
{ gp1y + Bpay = pa_ . (64)

From the first equation we have

N
P . s
P14+ = P_nil with Pn—l S Pn—l y P217~-~’2N = H(Z — Zj)m] (65)

Z1,.,ZN

24



and, substituting in the second equation of (6.4), we get

P, _ P,
P+< ”>+B =_P ( ">+ 9- =0.
gPEh...,EN S02+ gPZ1,...,2N 4
Therefore,
P,_
Bpay = PT (anl) (6.6)
Z15-92ZN

and it follows that (6.3) has a nonzero solution if and only if the function
on the right-hand side of (6.6) has a zero of order m; at each point z;, j =
1,2,..., N. Writing

P, 1=Co+Ci&+..+Cp_1&

where Cy, (1, ...,C,n—1 € C, that condition is equivalent to the existence of
a nontrivial solution to the linear system

[My)C =0, C=][CoCh, ... ,Cp]" (6.7)
with J
My, = [ ok P+(§lg)] o kl=0,1,...n—1, (6.8)
gz (wg)

where s; and w;, are defined by

sk:k,wk:zl, if k:0,...,m1—1,
Sp=k—mq,w, =29, if k=mq,...,mi+mo—1,

sk=k—(mi1+..+my_1), wp=2n, if k=mi+..+my_1.

We have thus proved the following. (o)
Theorem 6.1. The operator Af is invertible if and only if
det [M}, 1]k 1=0,....n—1 7# 0 (6.10)
where the entries My, are defined by (6.8) and (6.9).
Using the factorisation
B=h_r"hy (6.11)

with n € N,he € G(RN HZL) and h~!' = hy, we also have:
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Theorem 6.2. The operator Af s invertible in Kp if and only if Agn 1S

invertible in K,n, where
G=nh"tgh,. (6.12)

Proof. From (6.11) it follows that G can be factorised as

[ hy O T 0 h— 0
G—<0 h_><§ >(0 h+). (6.13)
Denoting by G the middle factor on the right-hand side of (6.13), and taking

into account that the left-hand side factor is invertible in (HZ)?*2, while
the right-hand side factor is invertible in (H1)%?*2, we have

Af is invertible < T is invertible < T is invertible < Ag is invertible.

O
Corollary 6.3. The operator Af 1s invertible in Kg if and only if
det [gx ]k 1=0,..n—1 7# 0 (6.14)
where
_ (=+\(k) . o 9 L B
9kl = (91 )(z) with g9 = P (75_'_ ; r ) ,Il==0,....,n—1.

Proof. Following the proof of Theorem 6.1 with § and r™ instead of g and
B, respectively, equation (6.6) becomes

oy = —PF <§ (g’i_;)n> : (6.15)

Using the equality

P, 1 o Ag+ Air+ ...+ An_l’l“nil
€+ §+1i

where Ag, Ay, ..., Ap—1 € C, the matrix equation (6.7) can be replaced by
[gk,l]A =0 ) A == [AO A17 7An—1]T

which has a nontrivial solution if and only if (6.14) holds. O
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Note that, using the relation

29
-+
where f € L, and f* = P* £, all the elements g in (6.14) can be expressed

in terms of ggc = p* <

PE(rf) =rf*F =1, (6.16)

9
§+i
The invertibility criteria of Theorem 6.2 and Corollary 6.3 enable us to deter-

mine the n eigenvalues (counting their multiplicity) of Ag and to characterise
the corresponding eigenspaces, as illustrated in the following example.

> and their derivatives at +i, respectively.

Example Let B =12, g € L. By Corollary 6.3, and using (6.16), for any
A € C the operator AZQ_ y is invertible if and only if

93) @) — 3 —(90) -9
det < 95) + @ 2606 — 5) + (99) -] 70

Thus, the eigenvalues of Agz are the zeroes of the second degree polynomial
in A \
D) = [(99)) = 55° + (90 = (96 + 2095 o)
If
(99) @) + 2i(95) () = 0, (6.17)

then we have a double zero
Mo = 2i(g7 ) a)- (6.18)

The corresponding eigenspace ker Agi Ao 18 determined by the solutions of
the equation

(96 ) — 32 —(90 ) (- Ao\ _ (O
< 90w + oz 29w — 35 + (90) -] < Ay > B < 0 )

(6.19)
It is easy to see that
. 1 -
ker AgQ_)\O = span{?}, if (g9 )(—i) # 0 (6.20)
i
ker A7\ =Ko, if (95)(_s) = 0. (6.21)

If (6.17) is not satisfied, then AgQ has two simple eigenvalues, and the cor-
responding eigenspaces can be determined analogously from (6.19).
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