eprints@whiterose.ac.uk

Whlte Rose https://eprints.whiterose.ac.uk

N
(@) Rresearch onii
N’ esearc niine Universities of Leeds, Sheffield and York

Deposited via The University of Sheffield.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/id/eprint/86425/

Monograph:
Atherton, D.P. and Owens, D.H. (1979) Boundedness Properties of Non-Linear Multi-
Variable Feedback Systems. Research Report. ACSE Research Report 92 . Department of

Automatic Control and Systems Engineering

Reuse

Items deposited in White Rose Research Online are protected by copyright, with all rights reserved unless
indicated otherwise. They may be downloaded and/or printed for private study, or other acts as permitted by
national copyright laws. The publisher or other rights holders may allow further reproduction and re-use of
the full text version. This is indicated by the licence information on the White Rose Research Online record

for the item.

Takedown
If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

ﬁ <&, | University of
<’ Sheffield

UNIVERSITY OF LEEDS



mailto:eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk/id/eprint/86425/
https://eprints.whiterose.ac.uk/

- Qo sCs)

BOUN

MULT LVAR

1 ) { \.R.(
Tl
€ 1Cy
o
11 h
;lL Ll !

ingas. PhieDy, "D.Sc. ., CoEng,, M EVE,

PROPERTIES OF NONLINEAR

DT T

IABLE FEEDBACK SYSTEMS

S.y Ph.D.; A FIL.MuA., C.Efg., M, L. EyEe

June 1979

University of New Brunswick, Canada,




of memoryless

investigating

=

SHE

[l o A
!

-

Abstract

A boundedness theorem is derived for a commonly encountered
nonlinearities in multivariable feedback s

useful when absolute stability cannot be proved or
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existence of limit cycles.

5 QEiL203 01

oLIGE o)

class
ystems. The
when

I m

L

IR
I\E
JivN

I
t
e

N T
o




The determination of the stability of nonlimear feedback systems is a

fundamental problem of systems and control theory. Several exact and
approximate methods are known for stability assessment for single variable
systems. TFor applications in engineering, the techniques based on frequencv
domain concepts are very often the most useful. These include absolute
stability methods such as the Popov and circle criterialr and apnroXimate
methods such as the use of describing function52 and the Aizerman and Kalman

conjectures ’

In addition, when absolute stability is not guaranteed,
several criteria are known for assessing the frequency of possible limit
Gl =0 A ?
cycles whilst others assess the boundedness of the autonomous’ system
response, Recently, significant efforts have been made to extend these
. , 289
procedures to multivariable systems P
ALl mathematical models of physical systems are valid only over a limited
range of system variables. It is often important, however, to be able to ohtain
boundedness results for specific mathematical representations. If, for example
boundedness of the response (but not necessarily absolute stability) can be
proved, then techniques such as the use of the describing function (really
a method for the evaluation of limit cycles) are more easily justified for
stability investigations. In addition, sophisticated computational tech-
. 2 YL ; T . . 0,11
niques for the precise evaluation of periodic modes in general nounlinear
; . 12
and relay systems can be invoked .
The contribution of this note is to produce a houndedness result for

multivariable feedback systems containing a commonly encountered class of

nonlinearities. The feedback system is shown in Fig. 1 with output y and

N T
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demand signal r. The linear element L is assumed to take the form of a

(possibly unstable) state space model S(A,B,C) of the form

; n
x(t) = A x(t) + B e(t) . x(t) ¢ R 13
; m m
y(t) = € x(t) y(t) 2R, e(t) e R
e s, % n ; ; e

with some arbitrary initial condition x(0) € R, The nonlinear element > is
taken to be a time-invariant, memoryless element described by the map f
m m 2 i . L - .
R* + R of the form £(y) = {fl(yl""’ym)"'"Em(yl""’ym)l with the
property that

EQy) =Ky "+ ely) (2)
where K is a constant mxm matrix and there exists a real constant M1-> 0
such that

ax suf . g M L)
R PR
lgjgm  y g R
A
More compactly, if !’yli £ max ‘y.| is taken as norm on Rm, the nonlinearity
lgjsm
satisfies the condition
| -
sup || £(y) - Ky] rm & M, (4)

y € R
Typical examples of such nonlinearities are when each of the fi is a dea’zone
and/or measurement quantization effect. These are commonly encountered in
practice and often induce limit cycle behaviour. The following result
however ensures the houndedness of the response.

Theorem 1
If the linear system S(A - BKC,B,C) obtained by replacing the nonlinearity
by the linear gain K is asymptotically stable, then the solutions of the

nonlinear feedback system

Ax(t) + B(r(t) - f(y(t)))

x(t)

n

y{t) Cxls) (53

are bounded for each choice of bounded input r(t) and initial condition (o).




Eroog

Suppose that Xl(t) and yL(t) are the responses of the linear system
S(A - BKC,B,C) to the demand r(t) from the initial condition. Asymptotic

stability guarantees the existence of scalars M, > 0, M3 > 0 such that

2
sr IO, < My [[x©)] ], + 4y swp [|r@)]] (6)
t>o tzo

A o ~ Lo ] ~ e
TE x(t) = xL(t)'+ x(t) and y(t) 4 yL(t) + y(t) then it is easily verified
that %(t) and'y(t) are the state and output responses of S(A - BKC,B,C) from
zero initial conditions to the "input' Ky(t) - flv(t)). Using (4) and (6)

sup [|F(e) [ < M, sup ||RyCe) - £(y(e))

t>»o0 t»o ‘ ,m

<M M1 & P (7)

3

so that ; is bounded. It follows directly that y = vy * y.is bounded if r

is bounded which proves the result,

A particular case of interest is as follows and is a partial seneralization

: 7 ; A
of theorem 4 of Vogt’' to the multivariable case.

Iheorem %

Theorem 1 is valid if f is continuous and
lim sup efv) =0 (8)
i o 1),
. e
(In effect, the closed-loop responses are bounded if the nonlinearity 'looks
linear' at aniformly high' input),
Proof

Choose R > 0 such that sup !f g(y);ln <1 and note that the continuity
vy |]2R

of f ensures the houndedness of ¢ = £ - K on the compact ball []y([m SRR

Probably the most useful interpretation of the results is for a system with

a diagonal nonlinearity of the form Abp ot ijﬂ
i T ¥
FLIED SL“:{\’”"
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L 2z 4. .&m (9)

when K = diag {kl’kZ""’km}' In such cases it may be particularly simple

to interpret theorem 1 in terms of desirable properties of the linear element L.
Consider, for example, the case of m = 2 and suppose that the linear element

L has been designed such that the unity negative feedback system (obtained

from Fig. 1) by replacing the nonlinearity by a unity gain) is stable.

Suppose also that, at implementation, the measurement of v, is subject to
saturation. We can represent this situation by the introduction of the

4 ; . +T \
diagonal nonlinearity f(y) = [yl,fz(yz)J where £, 1s a unit slope element

2

saturating at y2| =M, say. More precisely the condition of equation (&)
is satisfied with e(y) = VO, fz(yz)YT and
Kos o, o] (10)
{ 0 0

when theorem 1 states that the closed-loop nonlinear system has a bounded
response if the original linear feedback system is stable in the presence of

3 : iks
sensor failure in loop two .
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