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Optimality in the fregquency domain

with cross-product weighting

Summary

The frequency domain representation of the steady-state matrix
Riccati equation which defines the solution of the linear optimal control
problem is illustrated with a cross-product weighting term included in
the quadratic performance index. Conditions which have been applied to
the magnitude of the return-difference matrix in the complex plane2 are

shown to apply similarly with such weighting.

Introduction The linear optimal control problem with an infinite-time

quadratic performance index is associated with a steady-state matrix
Riccatl equation, and can also be defined in terms of an equivalent
equation in the frequency domainl—&° Conditions imposed by the steady-
state matrix Riccati equation have been given in terms of the magnitude
of the determinant of the return-~difference function in the complex
frequency plane, for both the single—1 and multiple—input2 cases with
quadratic'weighting of the states and inputs. A similar condition is
now investigated with the performance index containing cross-product
weighting of the states and inpuls, which can be associated with the
minimisation of a power function for the physical system4° Similar
weilghting also appears in the model following problem5° It can then
be shown that the previous condition on the magnitude of the return-
difference matrix in the frequency plane applies similarly with cross-

product weighting.
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Linear optimal control vwith cross-product weighting. Consider the

problem of determining the control vector u(t) in the n-state; r-input,

m-output linear system

#(t) = Ax + Bu , y = Cx (1)
which minimises the quadratic performance functional
1!
" t t E
J = fo(y(t),u(t))dt 5 fo = (yQy +# U Ru + 2y Wwu)/2 (2)
t
o

where Q is an mxm positive semi-definite matrix and R is an rxr positive
definite matrix. A scalar product of the state and control variables is
included with the mxr matrix W. In the meximum principle a Hamiltonian
is defined

H(p,x;u) = pofo + ptf (2)

o

with b R — aH;’Bp 3 f) = ~3aH/3x

For the linear system with quadratic performance and appropriate boundary
conditions

1 £

it

_fo 3 pt(gx + Bu) , fO s (xtC QCx + utRu + 2xFCth)/2 (4)

yo

CtQCx + CTHu - Atp (8)

I}

2
Then differentiation of eqn 4 with respect to u gives
e Ry L Y (6)

The optimal Hamiltonian system may be represented in terms of the state

and adjoint variables by the 2n-dimensional differential equations

-~y

¢ B wtc) , B |
_Ct(Q—WR_iwt)C , »(At_ctwR‘lat)J

X.l or BA(t) = Mh(t)
LB (7)

$(t)) g 1ig*

ﬁ(t)“

The optimally regulated trajectory is then given by the solution of

eqn 7 with the two-point boundary conditions, x(to) = 0, p(Tf) = O.
Including a state-adjoint variable relation p(t) = -Px(t) in egn 7 gives
the nonlinear matrix Riccati disferential equation

Bt t t

R = (PB4 ctw)R“i( Do+ wtc) -~ PA - AP a.CQC (8)

where the nxn symmetrical matrix P is a unique positive definite solution

for all positive definite matrices Q = Ct(Q - WRfiwt)Co
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A frequency-domain representation of the infinite-time linear
optimal control problem associated with the performance functional of
eqn 2 may now be developed using the steady-state matrix Riccatl equation
from eqn 8, which may be stated in the form

oy itp + PBR"iatp = Q (9)

where Roag- K BR_lwtC , Q = Ct(Q - WR*iwt)c
1
Then by the usual procedure,
e o n o
P(sT = A) + (-sI - At)P = Q - PBER 13 P (10)

and multiplying from the left by B (st - A%)~1 and from the right by

(sI -~ R)” "B gives

a5t e 4+ B (aL-A) B = st e 2t et (our W cs-B) 18
- Bt(usz-ﬁt)'ipsR‘iatP(sI_K)'15 (144}

Now define the 'plant' and dual-system transfer matrices

Acey el ttsT = B I8 4 Brles) = Bh(astos AN (12)
and including the centrol-law matrix from eq 5

e R Yeate s whe) (43
for eliminating P gives

e s 35 2wt - ctiy + (RR = We) (ST - i e (14)

g i - = e ] E --.--'1
- gtes) (Rt - ot (cst-it) " Tk Er-cti)R Lreowte) (s1-3)""B

Then

Et(~s)(Q—WR"1Wt)@(s)+R = [L % Bt(“sI—EF)'1(Kt-ctwR“ﬁﬂR[IKK_Rfiwtc)(sI*E)“isj
(15)

or sts)q - v WE)E(s) + R = Fr(=s)RF(s) (16)

where F(s) defines a return-difference-type matrix for the optimally
controlled system= Eqn 16 represents the condition for optimality in
the frequency domain and inclules nxx nonlinear algebraic equations which
can, in principle, be used for detarmining the elements of the control

matrix K. However, the solution will usually be difficult and not unigue.

The transfer matrices G(s) and G (-s) may be related to the

conventional plant transfer matrices G(s) = C(sI—A)ﬁiB and

t 1 - i
G(-s) =B (-sI—At) et by expanding the forms of egn 12 using the matrix
inversion identity, to give .

G(s) = cl(sT-a) + (B)R“i(wtC}]*ia = G(g) ~ G(s)[R+WtG(s)]_1WtG(s) (1973

§?—S)= Gt(—s) - Gt(—s)w[R + Gt(—s)w]—iGt(ms) (18)




Now the combined optimally regulated system matrix M of eqn 7

has a characteristic equation given by

; | s1-7 --BR_iBtl
|s1 - M} = ] i L (19)
|i -0 3 sI+A !
L 6
Then using the result for partitioned determinants
‘P Q) . |p-asTiRlis| (20)
IR S!
we obtain
| sI-M| = i (BT=A) = BRfiBt(sI+§t) llsI+ t‘ (21)

I - BR B (SI-i-At) L t(Q WR 111 Yelgt<R) ok sI~-A l I+A (22)
I

i1

1t

| 2+ £ 16t (ms) (0™ W)6 () || sT-R || sT4A"| (23)
Then from egn 16

| sT-m|

- | F o [|Fes)l = 1D (24)
isI—AI,sI AT

where L(s‘) is a scalar function ¢f the sguared complex frequency szo

The eigenvalues of the matrix Mvare symmetrically disposed abgut the
imaginary axis and, for s = jw, the function L is real for all w. Also,
the magnitude idet F(jm)! is real, thus illustrating the existence of a
zero quadrature compenent of phase shift in the Hamiltonian system, with
the dual system acting as a phase compensator, as previously discussed.,2
The form of the optimally controlled system with cross-product welghting
is shown in FIG 1 which illustrates, particularly, the corresponding roles

of the matrices wt and W in the system and dual system respectively.
System

u o] +

e Wil JPIE

{
TS I

g
)“"‘—-—"“ -1 ---m——-—--—»--—| T e
v R LY | e
| » | P L QMR W
i i st
R A —M"'"*’__J"" i i |
e B -3 e IR —r=  + Kk |
1 = lq._...___; IR T S R O ~ -
St ! | ! N s et + 4 l__ o
|
. R f
—_— =B e cia Ddcll S‘_\[qtf-‘m

FIG 1. Optimally controlled linear system including cross-product welghting




S -

Now since det F(s), and alsc det G(s), are complex quantities

det §(5)| 2.4 i det F(s) det Ft(-sJI (25)

For the system without cross—product weighting (v = 0), eqn 25 thus leads
| I i ;
to the condition that ]det F(jw)|2 (= det[F(jw)F (-jw)]) is always a
; . ; 1
positive number for all w, and, as in the single variable case ,

det F(jm)y>.1 for all w. Tor the system with W3 0, this condition will Gl

exict with a positive fefinite matrix Q. Ter exertile, comsider the syshen
. Sneea ) 1 0]
Mo e |}{ + u
I_O Oui WO T
it t t 5
with V = j’[ (xx +uus+2ebu)dt , C=I,R=I,C=12IyW= diag[wi]
Then 3 o - 5
- e 1=-w 0 g
A= OiL W v B = O1 1-w 2'
k T2 | 2 |
B SN [ mili o ]
? & S o i S 9
G(s) = (sl—ﬁ)*i | sy (s+w1)(a+w2) ) Gt(-S} =| s=,
5 " 1 1
! W A - ! o
3 S+l | ‘h(q w, ) (s=w_) S- 2J
5+k11 11—m1+k12(s+w1) 1
b it ? v."f
By = SHW, 2(s+w Y(s+w,.)
kzi s +s(w1+k2,,)+;c21 9%
) s
s+, (u+wi)(s+w2) J
o o 1 fa
5-K1q o1
i ? —T
t(—s) i 2 ‘1 <! w,l
2
kﬂi—wL—L (s—w ) s -*5(w1+]c?°)+}c21+k22w1
v 1A L ? o {5
' ) (= ml)(s w2) (s wi){ Wg)
L 2 R
det F(s) = [s } s : j
: [s% + s(:{1 ) b KRR F Ky k21k123/[(s + wl)(e W, Y]
=t 2
det F — - L - = Y —
(-5) = [s (k11 ) * kKo + Ry, = kgl 12_1/[(5 wy) (s = w, )]

Then for the optimally controlled combined system

| 1 1 0 |
. \ o 0 1 ‘
l 1~w O W o |
| 2 1 l
i ] 1w ~1 Wyl

A
28]
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giving the characteristic equation

s+w1 -1 -1 0
0 S+W, o) i i
| 2 . sk
| sI-M s 2_1 0 St 0 = 5 28 + 2 W,1
4 > 1
;0 w2 -1 1 s~w2

Thus the eigenvalues for the particular combined system are not affected

by the cross~product camponent'wzo Also

lsI-Kl = (s+w1)(s+w2), ‘sI+§tt = (s—wi)(s-wz)

S Eb i) T = aetFTles)ER(a)] = (8" = 287 Buih )/

2 . Piaed
[(s ~w, ") (87w, )]
which checks with eqn 24. Then
2 2

det[FC(«jo)FGw)] = 1 + [w2(2-w12-w22)+(2—w12~w1 w, 21/ 4w, ) ($re,2) ]
Thus the magnitude conditioni det F(jw)‘%} 1 will exist for all w with the
elements of W Grlpresentexd)Sm&2<:1) ensuring that Q is positive definite,
and, for optimality with cross-product weighting, the plot for det F(jw)
does not enter the interior of the unit circle.

Acknowledgments

Discussions with Professor A. G. J. MacFarlane of the University
of Manchester Institute of Science and Technology on the effects of cross-
product weighting are gratefully acknowledged.

References

1.  KALMAN, RoE.. 'When is a linear control system optimal?', Trans.
Amer. Soc. Mech. Engrs., 1964, 86D, pp.51-60.

2. MACFARLANE, A.G.J.: 'Multivariable-control-system design techniques:
a guided tour', Proc. IEE, 1970, 117, 5, pp.1035-1047.

3. MACFARLANE, A.G.J.- 'Return-~difference and return-ratio matrices and
their use in analysis and design of multivariable feedback control
systems', ibid, 1970, 117, 10, pp.2037-2049.

4. NICHOLSON, H.. 'Concepts of general system theory in the linear
optimal control problem', Dept. of Control Eng., Uniw of Sheffield,
research report No. 5, 1970.

5. TYLER, J.S.. 'The characteristics of model-following systems as
synthesized by optimal centrol', Trans. IEEE AC-9, 1964, 4,
pp-485-498,

6. MACFARLANE, A.G.J.: 'Dual-system methods in dynamical analysis,

Part 2 -- optimal regulators and optimal servomechanisms', Proc.
IEE, 1569, 116, 8, pp-1458-1462.

7. SCHULTZ, DeG., and MELSA, J.L.. 'State functions and linear control

systems', M.H., 1967, p.284.

B




