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Fundamental relationships existing between the elsetrical network
problem and least-sguares estimation theory are illustrated, and the
theorems of least-power associated with the eguilibrium conditions of
physical systems are shown to correspond to the mathematical concepts of
least-squares theory. Solution of the electrical network problem based
on Xron's method of tearing and interconncction is considered, and is shown
to incorporate an iterative technique similar to the algorithm developed
for sequential least-squares data fitting. A formulation of the multi-
machine power system problem is shown to incorporate inherently the form
of 2 least-power theorem associated with a potential function related to
machine power losses and network power. A plecewise solution of the
transient problem is alse developed based on a sequential connsction of
generators to the network nodes. imilar methods will have application
for the decomposition of large-scale system problems which can be identi-
fied with dynamic blocks connected to the nodes of a network structure.

The techniques are also shown to apply for analysis of the multivarisable
control system problem based on a sequential connection of control loops,
ahalogous to the interconnection of link admittances in Kron's method of
network tearing. Such analysis can simplify the procedure for control
design based on a sensitivity analysis or by the application of conventicmel
single~loop technigues. The physical significance of tearing and inter-
cormection in the multimachine and multivariable control system problem

and the resulting sequential formulations are illustrated in block diagram

form,




1. Introduction

The fundamental theory of linsar multivariable systems concerned
with least-squares estimation and control can be shown to be asscciated
with concepts originating in electrical network theory., The equations of
mathematical physics concerned with heat and material flow, elasticity,
economics and biology also have a close correspondence with the algebraic
topological properties of electrical networks. The algebraic structure
of the network problem has been shown to be closely related to the
operational structure of the vector calculus1, and numerical solutions of
algebraic and differential equations and the dynamical equaticns of Lagrange
and Hamilton can be associated with electrical networksE, Network asnaloguss
have also been used for representing dielectric and magnetic bodies in an
arbitrary impressed fieldz, and acoustical and mechanical aystemsh, and

physical analogues have been applied in economic theory5e

Electrical network theory is based on the elemental principles
of algebraic topology, with an algebraic structure relating the physical
variables in a topological structure or graph which defines the inter-
connection of the discrete network elements. The topological characteri-
stics are based on Kirchoff's voltage and current laws, and Ohm's law
introduces a transformation between the dual sets of physical variables
associated with the impedance elements. In general, the flow problems of
physical systems will involve a transformation between such sets of
variables, including across (potential) variables defined on the nodes
and through (current) variables defined on the oriented 1inks6. The
existence of mesh and incidence laws in a linear graph will then establish
the analcgy between physical systems and permit the use of similar tech-

niques based on a unified solution7.

The paper illustrates the fundsmental concepts and principles of
electrical network theory which can be associated with the behaviour of
other physical systems. The equilibrium conditions of electrical networks
and other physical processes can be associated with a least-power theorem
which is analogous with the solution of the classical least-squares problem.
The paper emphasises particularly the relationships existing between
electrical network theory and methods of least-sguares estimation which
have a wide application in the analysis of experimental data in many fields

of applied science.




A

ilethods of piecewise analysis have been developed for solution
of the electrical network problem based on an interconnection of subnet-
works and links, as in Kron's method of tearingB. The technigues can be
used Tor reducing the compilexity of a wide range of large-scals system
problems, and thess are now shown to be analogous to the techniques
developed for sequential data fitting based on least-squares estimation
theory. Similar methods are developed for solution of the multimachine
power system problem and the existence of a least-power theorem is
illustrated., The techniques are also extended in order to formulate a
piecewise solution of the transient machine problem, and to investigate a
decomposition of the multivariable control system problem using a seguential

interconnection of ¢ontrol loops.

2., Ilectrical network analogue for least-sguares sstination

Basic electrical network theory can be closely related to the
equilibrium problem associated with other physical systems based on
variational principles applied to an energy or potential function repressu-
ted by a quadratic function of the state coordinates., This relationship,
together with the existence of dual sets of variables, forms the basis for
an intrinsic analogue between electrical networks and other physical systems.
The existence of a least-power theorem in electrical network theory was
illustrated by ﬂaxwell8, and has also been considered by Jeans, Black and
Southwellg, and Ryder10. The theorem states simply that the minimum valus
of a power function corresponds to a current distribution in the network
in accordance with Kirchoff's and Ohm's law. The rate of energy influx,
as a quadratic function of the variables of the linear network, is minimised
by solution of the network problem, and the absolute minimum corresponds to
the unique solution of the equilibrium problem. 4 principle of least
work related to strain energy, analogous to the lsast-power theorem in
electrical network theory, also exists as a free variational problem in
the analysis of equilibrium of statically loaded structures?1. Similar
concepts based on the variation of an energy state function were also used
by Southwell for obtaining the approximate equilibrium solution of systems

of linear egquations based on relaxation techniques,

For the static physical system defined in terms of generalised

coordinates (qi, i =1..n) the equilibrium states can be associated with
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the stationary value of a derived state-function”. Thus the virtusl
work of aprlied forces (Q_) assumed as an exact differential of an energy
d
(potential) function V(g ..qﬁ) can he stated in the vector form
i

. 3
& = Qdg = - (ga) dq (1)

1

The equilibrium states will then be determined by the conditions

The existence of a potential function used in least-power
theorems applied to physical systems is analogous mathematically to the
gquadratic form of residuals used in the methods of least-squares estima-
tion39. Tn the electrical network anslogue of least-squares theory,
total power associated with the complete general network containing inter-
nal sources corresponds to the square of the residual error, and similar
forms of solution exist for the networl variables and for the 'best!
estimate of the system states. Franksen5 also shows that the optimal
solution of a quadratic programming problem with linear constraints which
satisfies the Kuhn-Tucker conditions are statements of ¥Kirchoff's mesh
law for meshes including an ideal rectifier, Kron12 discusses the
exigtence of an analogy between the theory of regressiom used in curve-
fitting and the steady-state solution of electrical networks obtained by
tearing and interconnection. A hypothetical intersection network is
proposed gs an estimating model from which regression coefficients for
curve fitting a given function and also divided differences can be obtained
by & process of tearing and piecewise solution of the network equaticns,
The existence of the analogy and its relationship to the leasti-squares
estimation problem outlined in Section 8.3 is now developed by considering
the interconnection of a number of primitive networks represented by the
voltage equations

V = 2J (3)

where Z is a diagonal impedance matrix for the primitive networlk, The
primitive elements are interconnected using the transformations of egns
97 and 98 which give the general solutions for mesh currents and node-to-
datum voltages of eqns 99 and 101 in Section 8.1. The congtraints

introduced with the topological relations ensure a unigue solution to the
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prozlen vith nositive definite conditions { ohmicress) + These
gsolubions cre analogous to the least-square solution of equ 133 of Section
8.3 {'or state estiuotlion, with the wmeasurement matrix H corresponding to

7 3 5

the branch-mesh matrix € (and branch-node-pair urlA,A), the weighting

6]

matrix V corvesponiing to the primitive impedance uatrix Z {and admittance

matrix Y), and the observed measurement vector y corvesponding +o currents

i =~ Ye (and voltages e - Zi), and estimates X to currents i' (ond volt:
e'). Ths least-squares fitting of data may thus be considered ns a
process which introduces physical structure into the abstract probienm
which is analogous to the topological characteristics of an electrical
retwork or linear graph.

By cowmparison with the least-squares formulation the network
éblution relates to the minimisation of the scalar norm of weighted sguared

residuals, oi network power function

| " s e o B2 t. ..t
Pﬁ = &(YE - %) =06 Hp = U fe}fz = eYe = e'’'(ATYA)e' (k)

which is associated with the potential function V{(g) of egn 1. The
solution of egn 99 can thus be obtained bty a minimisation of the scalar
function P with respect to basic mesh currents i', thus illustrating the
existence cf a least-power or lsast-squares type theorem in the general
eleetrical network problem.  Similarly, the solution of eqn 101 in the
network problem corresponds to the minimisation of a {dual) potenticl

function

7i = 4 5(c¥zc)ar (5)

i
H

™ i Ein | Koo L2
Py = !i(ZJ."L’:) - J‘.CII’ -

with respect to node-to-datum voltages e'. The network mesh-current

- solution is associated with an 'estinmation error! of the form

o
. (N '-1 t
Ye = {Ih ~¢{cze) cz)(vm - 1)
SPI, SR S -
= Y[Z -~ zZc{c'zc) ¢ zZ}¥E-I) = Y{YE ~ I) (4)
where I. represents a b-dimensionul w.it matrix, Similarly, the voltage
)
soluticn is asscciated with an ana alogous 'estimation error' of the form
A crab =1t = ;
Zi = [Ib - A{A"YA) AY)(ZT - B)
t -1t
r s Y ’ ey e - = =
= &[Y - ¥a(a'¥i) AY]{2I - E) = ZL(ZI - E) (7)

Properties of the dual matrices I, L are discussed in Section 8.1. The

transformed matrices Z' and Y' of eqns 99 and 101 can also be identified




with the dinverse of the ‘error' covariance natrix of eqn 137. The
leasv-sguares matrix H'VH may thus bte given a physical interpretation

in terms of an interconnected nctwerk, and the measurement noise covarisnces
may be associated with the primitive admittance and impedance elements,

The power functions combined with egns 6 and 7 respectively may alsc be
stated in the fornm

% %
P, = (Y8 -I)MMYE ~-1I) = (¥B - I):i(YE - I) (8)

(z1 - B)JC L (2I - &) (9)

v
i

which illustrate the correspondence of the network weighting forms M and

L with the least-squares loss function of Section .3,

The solution of the electrical neitwork problem also introduces
the concept of a minimum-noram generalised inverse. Thus, the form of the
squared residuals (I - Aﬁﬁ) associated with a matrix A end its generalised
inverse At exists in egns 8 and 9 with the symmetrical weighting matrices

given Ly

- il [rd T Fi["lt

M o= (I -1z) = ZX = (1, - o) (10)

L = Y(I, - HY) = YLz = ¥{I - ARt) (11)
= 3 La = A

liatrices T and R are defined in Section 8.1. Eqns 10 and 11 are thus
associated with 'generalised inverses' of the form

c¥ (c¥zc) % . o (12)

£ .
A iy a% - gt (13)

i

i

ik
of orders mxb and pxb respectively, and matrices (Zb = CTt) and (Ib = AR ")

are idempotent,

3. MNetwork tearing and ssguential least-squares estimation

Kron's method of tearing3 simplifies the solution of the electri-
cal network problem by interconnecting the eguations of solution of swmaller
subnetworks with transformations based on comection matrix elements
associated with the interconnecting links. The method decomposes the
system equations according to the network topology, and essentially reduces
the problem of matrix multiplication to the summation of vector and scalar
products.  With partitioning thus based on the network or graph structure
the component solutions can be interconnected directly with other sub-

O | ;
systems. wron - also refers to the methods of regression and tearing




liverating hidden interral constraint variables, or regression coefficients

within a hypothetical 'intersection' systen vwhich acts as an estimating
model for the unlmown internal structure of the overall system, This
analogy between methods of regression and network analysis 1s based
essentially on the correspondence between the methods of solution as
discussed in Section 2, The iterative procedures involved in Kron's
method of tearing are now also shown to be directly analogous to the

sequential algorithms developed for least-squares estimation, identifica-—

tion and control.

3.1 Network tearing and interconnection. The validity and proof of

Kron's method of tearing and interconnection have been established by
15,1613 van4n17’18

detailed explanation of Hron's method and develops a piecewise solution

Roth using topological concepts gives a simple

for the mesh and nodal methods of analysis, Brenin also illustrates the
technique based on elimination - backsubstitution, referred to by Roth as
K-partitioning. The process of tearing has also been considered as a
generalisation of Thevenin's and Necrton's theorems based on the inter-

: o T X )
connection of a set of links 7, and Thevanin's theorem has been shown to
20
be analogous to Gaussian elimination for the solution of linear equations .
7 21 -
Harrison , in a discussion of Kron's methods of tearing, also develops an

iterative algorithm for obtaining an inverse admittance matrix in terms of

previously known quanitities and added interconnection links.

The iterative procedures involved in Xron's method of tearing
and piecewise analysis can be explained simply by considering the inverse
nodal admittance matrix of eqn 121 in Section 8.1.5 in the form

-1 %, T “f o R g
(Y' ) = (;'i.T TAT + i‘LLYLn.L) ( Z_1 + _{[LLYLAL) ( 1 )E-)

The network is torn into my!1 separate subnetworks consisting of a selected
tree and links, The effect of interconnecting the subnetworks and links
is then obtairned by updating thz solufion matrix in accordsnce with the
link or network changes. The mesh impedance matrix may also be

represented, using egn 94, in the partitioned form

. . t,
& ’ -y C ZC = Crf .{';TC: + ZL
% . . v \
= A 7 J - i (
1 (Bp BgBplhy "+ 2 = AZ A7 120

where 4y, represents the tree impedance matrix and ZL the impedance matrix
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of the added m links, The form of eqn 121 may then be used for obtaining

the overall nodal solution mabrix. The iwmpsdance matrix Z, may represent

any network which is to be interconnected to, or augmented ;ith, a set of
links specified by the matrices ZL and AL. Links nay be added successively
between tree branches or across sets of links to obtain a repeated updating.
Thus, the nodal solution matrix after adding the ith set of links across

nodes, without mutual coupling, is given by the augmented form of egn 1k,

-1 o . el b, = -1
' 2 ' ; A = &
(v = (Y« AnTa) = (474 (16)
" [-QT E vy )|
where A, = | A, = o
i % .L1! i My !
by i -
| 14

Link i is connected to the nodes associated with the ith branch, and the

branch-node matrix ALi defines the corresponding row components of the

partitioned link matrix AL. An iterative interconnection algorithm then

follows from eqns 121 or 126

-1 - 4t -1 &
(Y! - 1 —~ {1 / T 1
(vi) = (viy) (Fq) Apglpy + 20T 0 a1 a0y )

-...-‘I s
(17)
With the addition of single links only scalar inversion is required for
updating the inverse pxp nodal admittance matrix coupared with the Ml

matrix inversion required when all links are connected simultaneously.

The effect of connecting an elemental change iyi across a palr of
nodes defined by the branch-node matrix row Ai nay also be obtained from the
additive form of egn 14. The resulting differential change in the nodal
solution matrix (Y')"1 = Z_, with respect to changes in the branch admittance

parameter, will then be gziven by

ot g -1
e { [} i A
o+ 2 = (AYh 4 A 4y, “i)
o F -1t
= 7 = , A£77 A 8
o " EMI(ary) "+ AZ AT a3 Wk

requiring only scalar inversion with a single element change. Tith

differential changes included on 21l branch elements

t -1 R
az, = -ZAT[(aY) 4 az AT Az (19)

i
Branin ' considers the effect of a series change dzi in the element zy

equivalent to the parallel addition of the link element z = 1/iyi- The
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above relations apply similarly with dyi = mdzi/(ziZ 5 zidzi). The
elemental change d¥, together with changes in supply voltages and currents,
will produce a differential change in the node-to-datum voltages of eqn
101, given by

-1t
det = ~(¥') A

(dY)A(Y’)_JjAt(I-YE) 5 (Y')'11at[a1 - Y(4E)~(a¥)E1 (20)
and de = Ade' = -l(dY)M(I-YE) + #[aI - Y(dB) - (d¥)E] (21)

Hatrix M is defined by eaqn 105 and has a significant role in both the
electrical network and least-squares estimation problems. It is also

associated with the propertises
MYM = K, M(ay)i = -du (22)

(Y = I.)A = 0, M(av)A = ~(ai)ya i )]

(1 I M
Similar relations follow for the partial derivative of the mesh solution
matrix with respect to admittance changes of the ith branch, associated
with the ith row of the branch-mesh connection matrix Ci' Egns 20, 21
will have application in determining combinations of element changes

required for reducing disturbance changes in the response variables,

The above method of piecewise analysis may be applied for
obtaining the solution of any set of linear equations requiring the inverse
of a coefficient matrix corresponding to Z' or ¥'. If the system is
partitioned or torn into comstituent units in accordance with the system
structure then the added components used for updating the previous-stage
inverse solution will usually be of particularly simple form. The
methods of tearing and piecewise intercomnection appear to have been
applied only in steady-state problems17, although Kron22 has discussed
the possible tearing of a nonlinear bleock diagram system representation
with the nonlinear subsystem equations solved using conventional iterative
methods. The methods may also be extended for interconnecting the
transient solutions of interconnected subsystems, and also for the possible
sequential design of interacting multi-loop control systems as discussed

in Sections 4 and 5.

23-29

3.2 BSequentigl least-squares estimation The sequential processing

of online data and the recursive updating of coefficients based on previous
parameter estimates avoids recurrent computation with matrix inversion when

additional observations are combined with all past data, thus reducing
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storage and computational requirements, particularly for estimation in

the dynamic system. This can be achieved by imbedding the fundamental

least-sguare solutions into the overall problem. Similar algorithms

associated with the appearance of additional observations were developsd

by Gauss (1823) and Plackett (1950)23,33n%1the results appear inherently
s

in the Kalman-Bucy filtering equations

Now using the measurement process of egn 131 and the solution

of eqn 13% for the static system, the optimal estimate for min J, , when

& i+
the total measurement vector yi is augmented by a new measurement
yi+1(= Hi+1x) at period is1 will be given by
~ =t = = -1=t =
i - 2
*et CHP LAY N A (24)
- jl I:ii 4 - a —i : = , .;’i l
wnere hi+'1 i~} E ' i 3 V1+1 — I " l‘, yi-l-1 = L ;
LAt s { =N s
- =t= = t -1, =t= - t
: = v H 1.3 ; 25
B2 %1 (HViH + Hy (Vs g8y ) (HVys + Hy (Ve 4y ) (25)
(‘k#l ;i 2 Y
Thus, in general, the optimal estimate X for min llfo Ty ixi%!Vi%
B ]
based on the observation data sequence %y RV y§}1§ is
E ot ko
% = 1 V He 26
et ‘.‘E}V B Vi) (LHvy + B VT 1280
1=0 i=0
k t "'1 ’
Now define P, = [Z(uv.H)I] (27)
k . 111
1=0
=1 t 1=1
= H n
Pl [Py * Byq Vieq Hyy) (28)
and using the matrix inversion identity of eqn 126 gives
t 4 t ~1
= P - 7 uH P 2
Pt = B Pl g + B B ) Hp Py (25)

Now combining egns 26 and 28 and inciuding the solution for kk from the
form of eqn 26 gives

% -1 A *,.JG . (
= P P i L 0
1 ot P T+ B Vi 4 Tiy) 30)

and then using egn 28

-\, 4 t A -
X = X P H - H 31
it ¥ Pt Vet Vet 11 %) (31)
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Eqns 29 and 31 represent the sequential algorithm for obtaining
an updated estimate at stage k+1 based on the previous-stage estimate,
the current-stage covariance matrix Pk+ ” and the additional data Vit ®
iy Tyt is processed as single data the nxn matrix inversion is reduced
to the inversion of & scalar guantity. The estimate may also be specified
in the form
- -1 t

5 y % ~1 A
— - P e _H X 2
Ty BT Pkﬁk+1(vk+1 + Mg ka$1) Tkt k»1¥k) (32)

The form of egn 134 in the classical least-squares solution may also be

identified in the sequential estimate by using eqn 131 in egn 26 to give

P ki
= b
X B Bivi (%)
1=0
|
t e T T t i
where B, = [2(HV.H)l BV, = P_,HV, (34)
i a Jd dJd J i & kel 101
3=0
k1
and OB H e (35)
: q 5 n
1=0
latrix Bk 42 defined by egn 34, represents a weighting or filter-gain
+
matrix in eqn *., Also from eqns 28 and 34
-1
B H = I
Prpiti * Bty n (36)

From egn 33 the covariance-of-error matrix
" % . = ke k1 &
Py = Bl(x - xk+1)(x - xk}1) ] = L[(i%OBivi)(i§oBivi) eitay)

and with an independent inter-sample noise sequence
R £ k1 t
Bl 2 B,v.v.B] = BT (
Pt = EL Z BV, v;B ] 2 BB, (38)
i=o i-o

which is similar to the form of egn 136.

Hatrices HiBi are analogous to the linesr transformation of
eqn 130.  The sequential algorithm of eqn 31 may be considered as a
descent scheme operating to reduce the instantaneous residue between the

new measurement Vi and the expected value ¥ = with the

%
ke K+l k?

weighting matrix B transforming or apportioning the residue to the new

ks
improved estimate.

The formulation of the dynamic multistage estimation problem is
basically similar to that of the single-stage static problem, with the

Inl

. : i . o 23
state changing according to the state differential or difference equations ~,
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The estimate of the state of the linear dynamic system based on
neasurements corrupted by additive Gaussian noise are given by the
Kalman-Bucy filter equations5o’31, which reduce, for the static systen,
to the original form of Plackett's equationszB. The form of the
sequential optimal filter is of fundamentai importance in problems of
estimation, filtering, prediction and identification. Sequential
methods of statistical decision and estimation theory also have applica-

tions in problems of pattern recognition and machine learning” .

3.3 Analogv of network tearing with sequential least-squares estimation

Kron's method of tearing and interconnection for solution of
the electrical network problem can be shown to be analogous to the tech-
nigques of sequential least-squares estimation, identifiication and control,
with the addition of link elements corresponding to the augmenting of the
least-squares solutions with a discrete data sequence. The analogy is
illustrated by a comparison of egns 17 and 29 representing the updated
nodal solution matrix (Y;.L)—'JE and the discrete-time covariance matrix Pk
respectively. The measurement matrix Hk and welghting matrix Vk in the
least~squares sclution are seen to correspond with the branch-node matrix

ALi and admittance of the added links YLi respectively.

Augnenting the least-squares solution with the data sequence

e and weighting V thus corresponds to the addition of admittance com-

k

ponents Y., and link voltages bLk\ (e-zi) ) in the solution for the
node-to-datum voltages of eqn 101. Thus
k~1 k-1
e':(AtY{_A+ZAY by )(erapzﬂy
k T s b Li L1 Lk Lk Lk LR 11 Li 1°14
+ ALkY keLk) (39)

The identity of egn 28 also corresponds to the form of egn 16, However,
the analogy of convergence inherent in the least-squares problem does not
extend to the electrical network problem, in which the process is termina-
ted with the addition of the final link element. An updated-type soluticn
may also be obtained for the node-to-datum voltages. Thus, proceeding

as in the sequential least-squares formulation, and combining eqn 39 for

the solution of eﬁ and eé 3 and egn 16 gives
t
o= (Y 40
o = & k) (Y%t * A Yrae ®nac) (40)
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and then using the form of egn 16 gives

P T R ~ el ) (1)

1 -
o S K il ™ A

1
k =]
Egqns 17 and 41 now give a sequential algorithm for updating the node-to-
datum voltages at stage k based on the previous-stage 'estimate', the
current-stage nodal solution matrix and the link voltages i corresponding
to an additional data segquence. With the processing of individual links
matrix inversion is reduced to the inversion of a scalar quantity.

Similarly, the 'estimate' of egqn 41 may also be specified in the fornm

Op = Py # <Y1'{-1)_1Afk”£; K ALk(Y}'cﬂ)%A;k]%(eLk Py, (2)
In the sequential solution the & priori and current-stage
admittance matrices summate in the form of egn 16, ard represent the link
admittances entering the connected network at every stage. It is
interesiing to note the 'measurement' process included in eqns 41 and 42
correspondimg to the form of the voltage relation of egqn 97. A filter-
gain-type matrix corresponding with eqn 34 may also be identified in the
network problem., Thus from eqn 39 with Aj representing the row components

of matrix A

-1 t
e! = (Y (28.Y..8.) % 5B _a,
o= () Sy 5 S B, e, (43)
dJ
where B, = (Y')-1 A? X, (L)
J k Jiod
and ZB,A, = I {}_{5)
3 4 d b

The matrix Bj thus represents a weighting or filter-gain matrix which
transforms a voltage difference to the new 'estimate' and possesses

properties similar to those in the least-squares formulation.

The relations developed for sequential least-squares estimation
thus extend for application to the piecewise solution of the electrical
network problem. Also by analogy with the piecewise solution of the
network problem, the sequential least-squares estimator may be given a
physical interpretation in terms of the addition of structural elements
with weighting Vk in a linear graph using 'connection matrix! elements Hk'
The piecewise solution of the network problem with the addition of link
elements is not analogous tc sequential estimation in the linear dynanic
system involving a state transition. The methods, however, appear to be
applicable for the piecewise analysis of the transient problem formulated
in block diagram form or in terms of an interconnection of dynamic units

in a linear graph.
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multimachine power system problem

Formulation of the

b

The formulation of the multimachine power system problem can be
associated with a least-power theorem, and the overall dynamic problem
may also be defined in terms of & sequential connection of generators at
the network nodes which is analogous to the recursive solution for least-
squares estimation. Such a formulation may have important applications
for cobtaining a pilecewise transient solution of large machine systems

and also in the design of multivariable control systems.

The interconnection of synchronous generators with the general

equations of a nultinode linear passive network is considered in a form

33,34

suitable for the study of load-frequency control”™ "’ ", The equivalent

network containing only generator nodes is represented by the n-node

equations
il\? = YN ?\FI_\T (46)
where YN is a ZnxZn symmetrical matrix of eguivalent dr iving-point and
R [ 1
transfer admittances with real partitioned elements ii gijx. The
R B

shunt currents to neutral will include the

B
Q1

generator node voltages and

}Ju

)
:
; zxes common to all

P Vs o s E
components v., = !lef, iy = W1th D, Q reference

l._l
P-H-

5.‘15
nodes, - v -

The synchronous nachines are represented by Fark's voltage

equations referred to direct- and guadrature-axes in the machine rotor

positions,
T 3 = it ; —t L }Ts i
! A é = i Cai } - !0 xqi! a3 | OF ¥, = 0l g e
- = '; 5 b ; - QR 07 [ .
vl Lm0 ) l3g )]
: (47)
PRI ¢ A ' R P IR B
[a] R W], 15 L [
é . { 5. Ki Efe | o K?]i'v : Kii =
T A R A A e
(48)
. i & i
ar e, = F1 ei + F2 v, + G e
i} 7 = =x /(' x K = -x I = 1/t
where £1 vﬂ'(tqo q) 3 12 /( K5 /?do
i o - 1 ’(-\,: ! - - 1 ot !
s (xq xq)/‘(‘qc-vq) : A (xy - =)/(%, %)
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Synchronous machine outnput P .= M 1. (49)

For small changes of machine and syster speed, the balance of synchronous,
asynchronous, mechanical and inertial powers is represented by

Ry @ . a2 Py »P =0 o, , A, = (50)

i i

where constants Mi represent effective rotary inertias and Tdi the per-
unit demping-torgue coeificients for small deviations.
Turbine-governor-valve control, with provision for speed resetiing, is
represented by

i
z = 1 K
d.. = =kad 0+ YBd

(51)

si

G
I.J

—t
I
-
N

In the steady state each machine maintains a constant phase
displacement of its intermal voltage. With a system load change momen-
tary changes in machine speeds will occur for repositioning the rotor load
angles, and the system will settie at a meintained synchronous speed,

With load angles A, between the quadrature field axcs of each machine and
the common D, Q ne%work reference axes, machine i terminal voltage will

be related to the j-node network voltage components by the rotational

transformation
. 115 ) Ecos%i sinﬁil : i_iji (52)
. 3 NG - L i—sin%i cos&ii > wy T LVQJJ *
With m machines connected to n network nodss
Vo= A(8)vy (53)

The connection ma@gix A(8) of order mxn, with m 3 n in general, contains
elements Aij = (e 'i, 0) if the ith machine is incident or not on the Jth
node, and corresponds to the tree-branch-node matrix AT of Section 8.1.1
containing elements (+1, =1, 0). It deseribes the topology of inter-
connection and also the displacement of the machine axes from a common
network reference frame. The machine and network currents are similarly
related by

he o= AC(A)L (5%)

3

Bqns 48, 47, 53 and 54 defining the intercomnected system may
now be combined to give the network voltages in terms of internal machine
voltages,

< t a « ','"1.t \ o
= [lN + A (ﬂ)YTﬂ(*)‘ A(R)Y, e (55)
gt

AL

N
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B s 3 g : ;
whers A (h)YVA(ﬁ) with rezl components is a 2nx2n diagonal matrix of 2x2

suomatrices. The generator voltages may then be specified as

v

n

A(R)[YN + At(S)YﬁA(R)]H1At{ﬁ)ywe = M(R)er (56)

M(A) is a symmetrical mxm matrix and corresponds with the similar forms
of egqns 105 and 130 in the network and leasi-square problems. Lagn 55
also corresponds to the solution for node-to-datum voltages in the zgeneral
network analysis of Section 8.1. The m-individual machine relations of
eqn 48 in diagonal form mey now be interconnected with the transformation
of egn 56, giving

é = [31 + P, B-.'I(R)Y}E]e + G (57)

Matrix (&) thus introduces interaction in association with the machins

terminal voltage matrix F2. The overall state-variable representation

of the interconnected machine system, including component machine voltages
.., © ., load angles #_, turbine speed change «, ., and governor-valve
di® qi i ti

position for the ith machine is then given by equn 57 combined with the

vector forms of egns 50 and 51, and with

W s
Pop = 7y Tysley - vy) (58)
. %
A s s e H i i
Also P, = £1Pei = i= eYI‘i[Im l.L\s)Yﬂh(ﬁ:)YHe (59)

The state derivatives are related to linear functions of the state

variables and also to nonlinear relations involving implicit algebra

associated with the network solution for a specified set of load angles

and internal machine voltages. Control is applied by movement of the

governor valves and speeder-motor positions dsi and by unit excitation

& ;e Integrated control may be investigated for restoring equilibrium '

conditions in some specified optimal manner following load disturbances””.
The form of eqn 55 corresponds to the least-sguares solution

of eqn 138 incorporating a priori information concerning the unknown

estimate, The solution for network voltages can thus be similarly

related to the minimisation of a quadratic function

42 L ¢
== — v 1 ta = 1 v O
P o= lje-ax e, * e Yy i gt Wy )

e The formulation of the multimochine power

with respect to voltages vI
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system problem thus includes inherently the form of a least-power theorem
associated with a potential function related to machine power losses and
power supplied to the network, which can be used to define the inter-
conneoted network voltages. Lgn 55 also includes a summation of admit-
tance elements with the connection of generators to the network nodes
which correésponds with the interconnection of link elements in Kron's
method of tearing. The general methods of network analysis based on
tearing and interconnection and the techniques of sequential least-squares
estimation will thus extend for application to the piecewise solution of

the multimachine power gystem problem.

L1 Sequential formulation of the multimachine power system problem

The analysis of the high-order system model will introduce
considerable computational difficulties which may be reduced by considering
a piecewise interconnection of the dyaamic units with the network structure.
The solution for network voltages may be considered in piecewise form with
a sequential connection of m generators represented by

(o), = [fo+ 3 a%0v 20770z a¥a)r o)  (61)
N’m ST i e L T T TN g MRS

izl i=1

with the connection matriy A(R) partitioned into rows

r.:‘.\. 8 1 A, )
[MEOT TR0
A(R) = l Ai(ﬁi) b= . ;. Thus with the connection of the kth
! = |
£ i H
LAm(ﬁm)J .”A (8 )i
generator, the n-component network voltages,
§ " HICA
, 5= _t(% Atf Mi' ’ '.Ti
\JI\Ik = (Yk) "}L'I\V'])..-k\&k)J; °Y_ fl’e |
; Mk ! Tk ! =
L ki - (’o:_)
- )V By E s
k k7 Tk Tk
’ "1
he ' - BT | }‘\ N
where (1)) = [Lk_1 % 1\ T)I 1Ak( 3 . B =t (63)
il -1 s -1t el
2 f (V! 1 e
SR AN (B AN TP RACH)
=1
A (A !
A k><Yk_1> (64)
Eqn 62 may also be considered in the sumnated forn
) =
(fphe = () [ Z (R Hyses * “z(r e L62)
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and including the form for (VN)b_1 gives

4,

sy
(v - 7! ' &. A
(ned = () o4 Wit * iy (66)
and including eqn 63 gives
=1t
bt = + {7 AR )Y - A (8
(V) (demy + () (A o~ A iy ] (67)

Eqn 67 represents an updating of the network node voltages with the
addition of & single machine defined in terms of the internal voltags and
admittance matrix of the kth generator and the connection matrix row
1k(£ ) which identifies the particular node connection. Vith the
addition of the kth machine, the k generpuor terminal voltages from egn 53

are

1
s

and these may be stated as a function of the generator internal voltages

{61..ek)(=e?), or as a function of the previcus-stage network voltage

(V'N)k_1 end the geuerator voltage e, . Thus from ean &2,
- < 1:"%‘ o N =3
Yk T YT 8 = By (69)
or from egn 67
= . R (! , : -4 (s (
e = A g R O g )rgley - £,0)(n)y 1 (70)

The lkth machine power may then be obtained using eqn 58 and the kth row

voltage component of eqn 69. The matrix Hk+1(5) associated with lt1

connected gens: ﬂators may also be updated by
| A (s) 1

1

i :. B R
W, ,(8) b po(xr L) [ag(mal (s, )]
P a ! A o\ ,
k1 i_ik}1( k}1)i ity k 1y ki
B (8)(1 ik 8), & (8)(¥r ) Tk (® F
k kel” Tk k k1! Pt ket (71)

i ,_J.__, ‘] 't i
8 (s (& (8 (5,
k+1< PREA k+1) '1:‘ )y A e ‘«:+‘I)(Yk+1) e ;:-5-1)

The dynsmic analysis of the multimachine power system problen
may now be considered in a piecewise form based on the sequential inter-
" e P
connection of gemerators 1..m. Zgn 71, with the updated (Y‘ ) will

permit the nonlinear functions zssociated with the state uGTLthiVES of
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egn 57 te be obtained piecewise during each stage of the integration
process. The problem of repeated mxm complex matrix inversion is also
reduced to complex scalar inversion in egn 64. The decomposition of the
multimachine system thus appears to be feasible under dynamic operating
conditions using techniques similar to Kron's method of tearing. The
formulation will have application in the analysis of general large-scale
system models which can be defined in terms of dynamic units interconnected
with the nodes of a linear graph. The methods will permit a detailed
study of the effects of interaction and will extend for investigating
integrated control system design on a sequential or multi-lavel-type
basis, The methods also appesr to have particular application for the
tearing and interconnection of the transfer matrix representation of the

multivariable control system.

5. A sequential formulation of the multivariable control problem

A pilecewise analysis of the multi-loop control system illustrated
in FIG. 1 may be considered using technigques anzlogous to the method of
tearing and interconnsction in the eleetrical network problem. The
general problem includes forward and feedback controllers C{s) and X(s)
respectively, contirolling a process represented by the open-loop transfer

matrix G(s). A4 set of transformed reference input variables r(s) specify

the required behaviour of ihe output variables x(s).

o o ol L by
T\b/\ 3{37_"*+ﬁ ggié)k’"f“:::j:~ % S)f:?:?:zzj‘ ?(5)
i : ' : | {nxm {
(et - ??(nxﬂ) e { et ) | AR I (nx1)
{ el !
e —— ) I P
L (o) D ]

FIG. 1. Multivariable control system representation

Vith transformed inputs u(s) the open-loop behaviour of the
process is represented by
x(8) = G(s) u(s) (72)
The closed-loop performance of the system is then given by

x(s) = (1_+ oK) 'eox(s) = & (s)x(s) (73)

where Go{s) is the overall system trensfer matrix.
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It is of interest to note that, with the reference input r(s) restricted
to n components, and with the forward controller of order mxm and with
the corresponding mxn feedback controller defined by XK(s) EiGﬁ(s), the
solution For the closed-loop response can be associated with the least-

gquares estimation problem. Thus, considering a performance index

3(s) ie@ﬂ§+x%ﬂﬂ£

"

= [r{s) - kx(8)]%C[r{s) - Kx(s)] + x (s)x(s) (74)
then 3J(s)/2x(s) = 0 gives
x(s) = (I + k%) T k"G r(s), & = (o +_Gt)/2 (75)

Thus the closed-loop response of the particular transfer matrix control
problem is analogous to a least-squares solution asscciated with a 'poten-
tial function' J(s). The squared outputs in the multivariable control
problem also correspond with the generator output powers in the multi-
nachine problem. Thus by analogy with ean 58

I, = (K‘A‘:)t C(r - Kx) = xt}{tCe = x'x (76)

The solution for neitwork voltages in the multimachine power
system problem given by egn 55 may also be represented in the form of a

multivariable feedback control system, as in FIG. 2.

RN 1 5.y
Lo e oy ) ot : M ,:r:rﬂ\lg_(gﬂ—~~"c4 ZH F:;}:_w? i
Machines %¥ T : § Network
| il
! S ]
K -".}A(g) L e |
Vi o P i

TIG. 2, Fultimachine powey system representation

The block diagram arrangement illustrates the transformation between the
network-machine voltages in a feedback loop,and also the dual transforma-
tion between the machine admittance and network impedance matrices in the
forward path., The leazt-squares sstimate of ega 133 may similarly be
represented with matrix blocks R—1, Ht and S in the forward path and with
a feedback block representing ths matrix H between the estimate x and the
observation y, The piscewise solution of the machine problem may also be

considered in the form of FIG. 3 associated with eqn €1 in the form
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§ 2 )
= 3, (! - & 08 )(s :
(ndy = o A(85 %[0y = 4,080 () 1y (77)
|
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FiG. 3, Decompositionh of multimachine

power system problem

The piecewise analvsis is based on the equivalent tearing of the systen
configuration, as shown, with a sequential interconnection of the indivi-
dval machine blocks., The single-stage updating may also be illustrated
&8 in FIG. 4 using a combined form of egns 62 and 63 to give the equivalent

single-loop feedback reprcsentation

ety
(gl = (i)

-
v

t )
A(5 - A (A A
15538 + (ATt = &S k)(vl\l)kJ; .78)

— interconnected

B, et machine Network
s - 3
. ; i
IHachines i e e e S L B
_ . T R e

FIG, 4. Decomposition of multimschine power system

problem with singla-stage updating
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The multivariable control system representation in the frequency
domain is complicated by the inversion of transfer function matrices in
eqn 73. These difficulties may be reduced by considering a piecewise
analysis with a sequential connection of the transfer function control
lcoops, analogous to the interconnection of the link admittances in the
method of network tearing. This may simplify the design procedure for
determining the system controllers, possibly by the application of conven-
tional single-loop freguency domain techniques for compensation of the
overall system in accordance with certain desired performance specifica-
tions., It will also lead to & more detailed understanding of the signi-

ficance of interaction introduced by the individual contrel loops.

Now with a columm and row partitioning of the matrices G and
C, X respectively, defined by

T

e
t C .f.\.,l ‘l

= I e 1 ! - 7 i fe

G o= [, Gyeel 1, = | ?2 % K = %2 2 (79)
l G P B
m . LT 7 e !

we can consider the effective piecewise addition of m control loops and
specify the output states in the form

: L m n -, mon

() = (6)r = (I_+ if1jf1gicijﬂi) (ii1j§1uicijrj) (80)
The partitioned plant and forward controller transfer function components
are now associlated with a particular individual input, and the feedback
controller elements with each of the measured output componznts. The
previous methods of piecewise solution based on a decomposition of matrix
products into intercomnecting 'link! elements msy now be used by consider—
ing eagn 80, associated with the addition of k inputs, in the form

k-1 n

p
b, = .r y { C
(%) ,.(Yk)p] 1121 icrl Tk jf1Gkajr,j) (81)

where p represents the pth outlput and

frt = r ! G C < = .o
\Yk)p ‘Yk)p-1 " kphp " B el
(82)
. r 1 - 1
(Yi)o . In ? (1k)c - (Yk~1)n
-1 1 =t 1. gl
T ik ! - - = Y' -,
hen [(Yk)P] = [(7y) = N Ty ) Gk\ckp+ry[( k)p~1‘ 6,
- fart ']"1 g
I‘\.p[\ {1{)‘9—1 ! (8:))
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The calculation for the oversll system transfer matrix can now be simpli-
fied with matrix inversion reduced to the inversion of a single transfer
function element in eqn 83, The dscomposition of the control problem
given by egqn 80 may also be represented in partitioned block diagram form
sinilar to FIG., 3 for the multimachine problem. Such a structural
representation illustrates, particulerly, the physical significance of
tearing and interconnection in the multivariable control problem. A
plecewise representation incorporating a single fesdback loop may also

be obt amned as in the multimachine problem by combining eqns 81 and 82 to
give

x| -1 E

n
+ ‘ o - EL
2GEC,.»r. + ZGC T + kckp[rp Kp(x)k j

{k
(x)y = (Yl'cp § z
‘\. '.'.'

(8k)

Thus, for a system of dimensionn = 3, m = 2 with = 2, the interconnection
Y ) »

Y

of the single loop (G ) corresponding to k = 2 may be represented as in

FIG*- 5-

2 22

Wi S — interzonnected
1 $—_*L£§H"—“““ T == controllier
element

- !
R o i l
SR [

FIG. 5, Decomposition of multivariable control system

problem with singls-loop interconnection

The formulation of the piecewise solution will simplify with
the system including a diagonal controller C(s) of order mxm and with the
feedback controller matrix X{s) of order mxn associated with m reference
inputs. The sequential addition of k control loops will then result in
the transformed output states

k ik

-1
= = { 8
(x)k (Go)kr (In + 1219_0 hi) (i§1Giciiri) (85)
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Tign 85 is analogous to the piscewise solution for network
voltages in the multimachine power system problem given by eqn 61, with
the network admittance matrix (Y ) corresponding to the unit matrix, the
connection matrix A(S) to the feedback controller and its transpose to
the plant transfer matrix G(s). The machine admittance matrix %
corresponds similarly to the forward diagonal controller C(s), and the
internal machine voltages e to the transformed input reference signals
r(s). The performance criterion of eqn 74 in the equivalent least-squares
solution corresponds similarly with the machine system performance index
of egn 60. The 'topology' of the transfer matrix representation of the
multivarisble control problem may thus be defined in terms of the parti-
tioned structure of the plant transfer function matrix G(s) which inter-
connects the equivaleut 'machine! parameters Cii(s) associated with the
'internal' inputs r{s) with the equivalent unit matrix 'network'. A
comparison of the corresponding block diagrams and of the piecewise solu-
tions illustrates the particular difficulties of the general nultivariable
feedback control problem which will include off-diagonal forward controller

terms which do not appesr to exist in the machine-network problem.

The piecewise solution of the multivariable control problem will
pernit the effects of individual inputs produced by the addition of the
columns of the plant matrix G(s) to be studied. Thus, by analogy with
N the

n-component transformed output states with the addition of k inputs

the solution of the multima.hine problem for network voltages v

associated with the plant transfer matr1£ of order nxk will be given by

-~

g l
(x) () e . el | i E%r1 ! (86)
X = G‘ o e l\¥ 14 ® | :
k A ko C ;}r ;
i ki }§ 7k
-1
’ 1 . ' o] _ T
where (Yk) = (Yk_ + FkaEK‘) Yé = in (87)
Then from the form of ean &7
-1 r
= 3 1 - 1
(e = (Bl + () 7 &0, I - K (0), 428)

Also by analogy with the generator voltages of eqns 68 and 69 the measured
feedback variables with the addition of k loops may be obtained in the

form

Fr
1

11

(%),

(x), = K (x) (89)

Fle e
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= ROTE SR, - B0k (90)
or from eqn 70
(Kx)y = Kylx)yy + ik(YI'c)_1Gkak[rk - =) (91)
The matrix ii, may also be obtained in updated form as in eqn 71 and

k
possesses properties similar to those of the li-matrices in the network

and least-squares problems.

Control design may now proceed by considering the cumulative
effects of the individual feedback controller loops and the forward
controller elements for desired overall performance of the output
variables. Such a method of analysis with a piecewise connection of
controller elements is directly analogous to Kron's method of tearing and
interconnection which has found important application for solution of the
electrical network and other large-scale system problems. It reduces
the computational problem of inverting relatively high-order transfer
matrices to the scalar inversion of single transfer function elements by
effectively decomposing matrix products of transfer functions into a sum
of outer vector components, The method illustrates particularly the
interconnection of the system elements with an underlying topological
structure and can be related to a dynamic programming type of algorithm
for solution of the linear optimal control prdblem29. The particular
form of piecewise analysis will not provide a direct solution for contrel
design but it will give greater insight into the process of trial-and-
error design, with the effects of individual controller elements summated
into the overall desired solution. It can also form the basis for design
based on a sensitivity analysis,as in the network problem of Section 3.1,
which may be used for determining the changes produced in the overall
system response or in the input-output coupling,with differential changes

in the forward controller eleraenis.
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6. Conclusions

Fundamental concepts based on the elemental principles of
algebraic topology originating in electrical network theory, and the
existence of o theorem of least power establish the basis for a direct
analogy between the performance of the electrical network and other
rhysical systems. A unifying mathematical basis is shown to exist in
classical least-squares estimation theory with the quadratic form of
residuals corresponding to a potential function in the physical system.
The steady state network solution based on Kron's method of tearing and
interconnection is also shown to be directly analogous to the methods
developed for sequential least-squsres data fitting. The least-squares
problem may thus be given a physical interpretation in terms of an inter-
connected network, and may be considered as a process which introduces

physical structure into the abstract formulation.

Similar methods of analysis have been applied in the multi-
machine power system problem based on a sequential interconnection of
generators. A piecewise solution of the transient machine problem is
developed using a process of tearing and interconnection which has
previously been applied only to the steady-state electrical network
problem. This development based on the topological concepts of electri-
cal network theory could form the basis for the decomposition and piece-~
wise solution of many large-scale system problems, such as encountered
in the modelling of economic systems and company operations. A decompo-
sition of the multivariable control system problem has also been formulated
using an interconnection of control loop elements as in Kron's methods of
network tearing. Such methods of piecewise analysis and subdivision will
provide a greater insight into system structure and could form the basis
for a simplified sequential design of multi-loop control systems or for

the design of hierarchical multilevel control.
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8. Anpendix

8.1 The electrical network problem. The general electrical network is

considered with interconnected branches consisting of linear passive self

impedance or admittance elements and ideal voltage and current sources as

: 1
iy FIG: 6 ?.
Lk " . !
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FIZ, 6. rth network branch

The branch currents and voltages in the unconnected (primitive) network
are represented by the b-dimensional vector equations

BE+e = AT+1),I+3i = Y(E+e)orV=27, 7= (92
where the mutually reciprocal and symmetrical matrices Z and Y represent
the bxb dimensional primitive network impedance and admittance matrices
respectively., The equations representing the primitive network in terms

of all branch variables are linearly dependent.

1:,17:18.21,35

8.1.1 Topologiesl structure The topological structure of

the connected network or linear graph is specified in terms of connection
natrices [&kj], where ﬁkj is +1, -1 or O depending on the directed branch-
node-mesh relationships.
graph of FIG. 7(a).

These may be illustrated by reference to the
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A is the branch-node incidence matrix with linearly dependent columns.
4 is the branch-node-pair matrix {(with the datum node column deleted),

with submatrices i,, A referring to tree branches (containing all the
oL

L
nodes and no meshes) and links (shown dotted) respectively. BT is the
node-to-datum path metrix with elements ékj = (+1, -1, 0) if the kth

branch is (positively, negatively, not) included in the Jjth node-to-
datum tree path. The branch-mesh matriz C contains elements

ekj = (+1, -1, 0) if the kth branch is (positively, negatively, not)
included in the jth basic mesn obtained by adding links to a tree. The
columns of C 1ndlcatﬂ the brAnches included in each mesh, and with
grouping of the basic meshe s with the defining links, the submatrix GL
referring to the linxs i$>a unit matrix. For any linear graph the

connection matrices are related by

i Bk e B (93)
and partld¢on;ng A
e * SR i S ; t o~ . ] t
CT I—-— BTAL n’lth .'.:‘.T = BT (9l|-)
Kren' refers-j in 93 as e ‘orthogenality condition' of node-pair
potentials ar& g atbd If the linear graph contains b branches,

'; n ‘node palzs, ii basic meshes and k sub-graphs, then

m@, P = 'n=k, U = b-n+ (95)
dlatrices A, -gd_g are of dimensions bxn, bxp and bxm respectively, and
rank A" x@ﬁx C;é'm., ihe tree uniquely defines p open paths with P

independenit across variables, and the links uniquely define m closed paths
: P

with.m independent through varisbles ,

Bulwl “,gebral :stfﬁbxura. The linear graph or network imposes constraiat

on the branch

represente&fbyjf{
St .

P A 1 = 0 (96)

the Lranch voltages around each basic mesh, and all

H
]

These rela%ién‘-
the branch gurre s leaving each necde, and impose m and p constraints
respec ulVElfa © The intercormection of the primitive elements introduces
a trananymatlon between the branch voltages and currents e, i ('old!
variableé) and the nede-to-datum voltages e' and the currents in the
basic meshes i' ('new' wvuriables), given by

e = he! | i = Cit €]

o
(7S]
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The variables e', i' represent linearly independent sets and constitute
a 'basis' for determining the branch variables e, i1 g In ean 97 only
p branch voltages and m mesh currents are linearly independent,  With
additional guantities E, I zssigned to the unconnected branches the
equivalent induced mesh vecltage and nodal current sources are given by
B - o' . It = Atz (98)
The electrical network problem is stated - Given a connected
network defined by the topological matrices A and C and the primitive
impedance matrixz Z (or Y), and given the arbitrary source vectors E and

I, determine the branch voltages and currents e, i.

8.1.%3 lesh solutiomn. Combining the voltage relations of egns 92 and 96

and the current relation of eqn 97 for eliminating e gives the general

solution for mesh currents

ivo= (20 'ctavmn) , oz - oz, lzd £ o (99)
where Z' is the mesh impedance matrix. Branch currsnts i will then be
given by eqn 97, and from egns 92 and 99,

e = [7 - zc(z')'1ct21(z - YE) (100)

; 5 ~% . B g : "
The symmetrical matrix C(Z') ¢~ (=L) is the branch admittance matrix (of
driving point and transfer admittances) relating branch currents i to the

equivalent branch voltage sources (E-ZI). The symmetrical matrix

[z - zc(z!) e z] (=i1) is similarly the branch impedance matrix.

8.1.4 Node solution. Combiring the current relations of egns 92 and 96

and the voltage relation of egqn 97 for eliminating i gives the solution
for node-to-datum voltages

7 —'.t t
et = (Y%) e ¥(ZI -E) , Y¥' = AY (101)

where Y' is the nodal admittance matrix., The branch voltages e will be

given by eqn 97, and from equs 92 and 101,

-1t .,
i = [y - ya(yr) 1y ¥i (B - 21) (102)

Contributions to the coil variables J, V from the assumed given

E', I' can be obtained from eqns 92, 97, 99 and 101 in the form

;'V'E _ ZC(Z');1 A(Y')u1 gi Eté - P T FR-H E'i {103)
3 = i -4 3 : H ' :
!_JJ L C(2') TA(YY) 1;51'5 | YT R;I']
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Using the identities obtained from egns 99, 102 and 100, 101 gives

v o) by . ciz) et L (1o4)

z-26(2') 6% = a(r)e® - ow (105)
Then Y~-YY = L, %2 - ZlZ = W (106)
and with matrices R and T defined by eqn 103, egns 104, 105 give

I = ar® + Tct = MY + ZL (107)
Also ) - ’hm , (z')"1 - i (108)

Harrison21 derives eqns 106-108, associated with the topological character-
istics of the linear graph, using the rank and algebraic properties of
metrices equivalent to A and C. For the network problem, with mutually
reciprocal matrices Z and ¥, a simpler derivation follows directly as

above using the mesh and nodal solution equations.

6
8.1.5 Xron's 'orthogonal network' solution 17 Kron defines the network

problem using both mesh and nodal representations with nonsingular trans-
formations and derives formulas for interconnecting solutions based on an
'orthogonal network' concept. For purposes of interconnection the
impressed sources are confined to the links and node-to-datum paths of

the tree by the relations

.- —_ i
E 0 M1 BT

.a

!
L=
|

I! (109)

-
H
]
., .

B! | = |
' I | l

U L |

O P et

{ B
i L

Then coil variables, including the constraints of eqn 97,

A 0 7‘ e [ef]
T )
V = e+ E = ! Q! i = aJ (110)
__AL Ui_ 3E{j ! LB
[B. € FEY I
Ts Tef = | B G | = 8| = W (111)
l_.o Cp il Lit)
iV e gt? -1 Tt % B it
giving Lot _ q7las | T o stas T L 1T (112)
[ B it | AN AR
T -1 Fat™l t Tat PN
ol I Yo ° | = Q'vg|°® - s L | (113)
B3 LB oL e
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[z, o~ [*, 0]
Now assuming £ u | s F o= | (114)
io ZLJ Lo YLj
and using eqn 94,
- < t .t T Pt B
I 7 ; -7 i 7 B -7 &
SO R B Pofplp o “BAL | BBy s <BAL
2 = l = 545 = » At = + i
Z -A_Z Z_ i -/ 7 i
A A N TR (o e S O
e v !A v 4 4y 4 AtY “J’AtYA Aty 1
el ! = o S » » - 1, .
$ .19 25 . ol - | TTT L LL L} ) LL{ (416)
A r [ A o |
L I3 X L % . ) 1w |
Egns 112 and 113 can also e solved in terms of the partitioned components
of Z and Y to give
-1 -1 =
sy » Rt - 7 T et = L =~ 7.7 . I! ZoZ it
-1 ; =1
o= ' - Y E! 'o= Y -YY B g X Lk 118
e Y, (Z ¥, Y 5 3 ( 3 Y2) + 1.1, (118)
Egns 117 and 118 form the basis of Kron's work on network tearing and
interconnection. Now setting ¥ = 0 and comparing eqn 117 with 101 gives

the nodal solution matrix

-1 -1
-v-' " & (rd 174
(1)~ = 2 -2 Zy (119)
Similarly, setting I = 0 and comparing egns 118 and 99 gives
-1
t = - Y Y Y (120
(2') Y, - LY, (120)
Then from egns 115, 116, 118 and 119 and using eqn 9
-1 =k
' E w7 A
(¥y') = z, [AL7 A Z, 1 Al s I = B %08y (121)
-1 t b
! _ ATA A
(21) = Y - YA LAY A, LYLAL] At
- ~Y.C +C Y
= ¥ -1 T[Y g LCT] c T (122)

Egqn 121 forms the basis for interconnecting solutions associated with

added links and subnetworks.

e o 13,21,36 :
8.2 K-partitioning ayelad The X(Kron) method of partitioning is

considered independent of the network topology

A AT

21|
or b
H

3 44 L

Ax = (123)

p

Thus direct solution of
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with nonsingular matrix A, leads to

1
. . =4 . -1, 3. -
x| o w T
x‘j ; | A1 4 A, AZE&BA‘S ) A.1 \2}:% ] le s _ e !
{ = | ! i, E = A AA A (122)
x, | -Ea AT B | L
B ’ ALP ]
A similar solution is given by
i~ ] 7
- | G » —GAA .
A : = [ - _12 b -1 _1%, G = (A - Azz'a;_fi ) 1 [125)
[—ALI_A}G s A o+ A CAGAAT 1 3

b L3724

The method generally requires less computational effort than direct matrix

inversion, It has also been referred to as the escalator method of

37

inversion”™ ., Decreasing the size of the subunits reduces the number of
6

multiplicgtions and results in a Gaussian elimination scheme3 which

represents the most efficient form of K-partitioning. A comparison of

the elements of egns 124 and 125 gives the Householder formulaja, referred

17

3

~1

to as the method of modified matrices

=1

= 3 ~1 =1,
(F + GHK) = F —F1G-(H +KF1G) KF (126)

Egn 126 is used extensively with covariance error matrix calculations in
least-squares theory, and also has application for inverting large
matrices in terms of a known inverse and an additional outer producta?.
It is also included inherently in Kron's method of tearing and inter-

connection.

8.3 Least-squares estimation

The least-squares estimation of parameters or states from a
static set of correlated data represents a classical problem of fundamental
importance, and provides an important basis for the solution of the
estimation, identification and control problem associated with the linear
dynamic system29. The basic linear least~squares problem is formulated
in terms of a relation between an observed m-vector ¥y and an unkncwn n-
parameter or state vector x stated as a measurement process of the Form

y = Hx (127)
where H is a known mxn matrix. If the data is exact and the natrix H
is nonsingular, i.e., m = n = rank H, a unique solution is given by the
direct inverse of matrix H. If H is of maximal rank n (< m) with

linearly independent columns associated with a set of overdetermined




B 4

- 36 -

equations, with more rows than columns, a vector x cannot be found to
satisfy eqn 127 exactly. 1In this case a 'best! approximate solution in
the sense of minimising the scalar Euclidean norm or squared residual-
error function

I s (r-EDy-an =y 2| (128)
can be obtained, Setting HJ/BX = O then gives the least-squares estimate

2

as the solution of a set of normal equations

4 t _’; t

x = (HH) H y (129)
If m<n, with fewer equations than unknowns, a 'best' solution must be
defined in terms of a generalised inverse HT. If the columns of H are

t i

linearly independent, matrix H H is symmetric and positive definite and
thus nonsingular. The solution of eqn 129 corresponds to a linear trans-
formation of y of the form

t -1 _t
z = H(HH)1H y = My (130)

2

M =

b

[

The matrix M is symmetric and idempotent, i,e,, Mt = M, I M,

In a statistical framework the estimation problem is formulated
by including an additive m-vector of uncorrelated random measurement
errors Ve Thus the observed data is assumed to be in error and related
to the true measurement vector X, at stage i by

y; = Hixi+vi ) w0z 1 s (131)
Vectors v, are assumed to represent independent Gaussian random white
noise sequences which introduce uncertainty or residual errors into the
output measurements. They are defined with Zero mean and a covariance
matrix specified by

E[v.1=0, E[vivg'l = Risij, sij =yt 1= , waere B is the

lO i35

expectation operator and R is a positive definite symmetric matrix.
The general state estlmatlon probiem is defined in terms of sstamatmng,
in some optimal sense, the sequence of states Ex ,..x,,..xk,..x
based on the observed finite sequence {y g zs . " k*1j

k)
131.  We now seek the unbiased least- squares estimate of x, such that

and the measurement eqn

E[%X] = E[x], and consider the minimisation of the scalar sum of weighted

squared residuals

7= Blly -l 2 (132)
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where V is a symmetric positive-definite mxn weighting matrix,

E’Iinimi sa-—
tion of J(Z) with 2J/3% = 0 gives the 'best' linear least-squares estimate
; t -1 _t
£ = (HVH) HVy = By (133)
or X = x4 Bv (134)

representing a linear unbiased estimate with BY = HtBt = In. In this
case the transformation matrix ¥ = HB is not symmetric, Combining egns
132 and 133 gives

I o= yV(I-m)y (135)

The error covariance matrix for the least-squares estimate is
a t t_t t
P = E[(x-2x)(x-2)"]=E[Brw B"] = B (136)

and with the least-squares weighting matrix equal to the inverse of the
error covariance matrix of the additive noise in the measurement process,
. -1
i.e. V=R s
t -
P = (R H) (137)

The estimate R given by eqn 133 with V = R | then possesses minimum

1oon =1

covariance-of'-error and defines the Gauss-Karkov theoremdé. The least~
squares unbiased estimate is not necessarily optimal and is a special case
of the linear minimum-variance estimate, It requires, however, no a
priori information on residual errors and is the most widely used method
of estimation. With a rriori information concerning the previously
assumed unknown vector x, represcnted by E[xxt] = 8, E[vxt] = 0, the
linear estimate associated with min %i%y—ngf? +I!x}]§§ is

ks

1y [
A t_~1 -t=1 .t ~1
x = (HR H+5 ) HR y = PHR y (138)

26

giving reduced error variance P .




