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Abstract—Localization in wireless networks presents enormous
challenges for scientists and engineers. Some of the most com-
monly used techniques for localization are based on time of
arrival (ToA), received signal strength (RSS) and angle of arrival
(AoA) of the signals. In this paper we analyze and propose
improvements to the location accuracy of hybrid (AoA-ToA)
localization systems. The location coordinates are obtained using
a linear least squares (LLS) algorithm. A closed form expression
for the mean square error (MSE) of the LLS estimator is derived.
Furthermore, the information present in the covariance of the
incoming signals is utilized and a novel weighted linear least
squares (WLLS) method is proposed. It is shown via simulation
that the theoretical MSE accurately predicts the performance of
the LLS estimator. It is also shown via simulation that the WLLS
algorithm exhibits better performance than the LLS algorithm.

I. INTRODUCTION

Wireless communication has been one of the most chal-
lenging area of research for scientists in the past few decades.
Previously the main application of wireless communication
was telephony, but with the passage of time and with the
emergence of new technologies, the applications of wireless
communication have increased significantly. Localization of
wireless nodes introduce many new applications. One way of
estimating node position is to equip each node with a global
positioning system (GPS) chip. However due to the high cost
in terms of power consumption and price of the GPS chip and
unavailability of direct line of sight (LoS) to the satellite, GPS
positioning is not always favored. Hence alternative methods
to obtain node location are employed. Various techniques
have been developed to localize wireless nodes. These can be
classed as receive signal strength (RSS) [1] based positioning
that rely on the attenuation of the signal, time of arrival (ToA)
[2] that is based on the delay of the incoming signal and
angle of arrival (AoA) [3] method capitalizing on the angle of
the impinging signal. Most location algorithms use the known
location of a certain number of so called anchor nodes (ANs)
to locate the target node (TN). Moreover the localization
scheme can be either iterative [4] or non-iterative [5], or it
can be co-operative [6] or non-cooperative [7]. Positioning of
nodes via RSS, ToA and AoA have their own advantages and
disadvantages however a new trend is to use all the available
information and hence researchers are also working on hybrid
systems which combine two or more of these measurements
to make one robust and accurate system.

In this paper we study the performance of a linear least
squares (LLS) estimator for hybrid AoA-ToA systems [8], we

develop a theoretical mean square error (MSE) equation and
propose a weighted linear least squares (WLLS) algorithm that
shows better performance than the LLS algorithm. The arrival
angles can be estimated by a number of methods. One way
is by using an array of antennas as in [9] another technique
is based on rotating beam of radiation [10]. Similarly a
number of techniques are developed for estimating the distance
between TNs and ANs via ToA [5], [11]. The techniques
used for angle and time estimation are beyond the scope of
this paper. This paper deals with optimal utilization of these
estimated angles and delays in order to accurately localize the
TN.

The rest of the paper is organized as follows. In section II,
basic ToA, AoA and the hybrid system are reviewed. Section
III deals with the derivation of the covariance matrix and the
theoretical MSE expression. The WLLS algorithm is proposed
in IV. In Section V we compare the results of LLS with WLLS
algorithm and section VI concludes the paper.

II. TOA, AOA AND HYBRID LOCALIZATION

For future use, we define the following notations R is a set
of n dimensional real number, (.)T is the transpose operator,
Tr(M) is the trace of matrix M, E(.) refer to the expectation
operator.

1) Time of Arrival. If only delay estimates are available,
at least 3 or 4 ANs are required for 2d or 3d localization
respectively. ToA algorithms are based on the delay of the
signal from TN to AN to estimated the distance. Each distance
estimate can be represented as the radius of a circle, the center
of which is the ANs location. Hence we get a number of circles
depending upon the number of ANs. The point of intersection
of all these circles is the position of the TN.

Let (x, y) be the coordinates of the unknown TN and (z;, y;)
be the coordinates of i** AN, i = 1,2,3....N. N being the
number of ANs, then the distance between TN and AN is

di = /(& — )2+ (y — v:)> + i, ()]
where n; is the noise which is a modeled as zero mean
Gaussian i.e. n; ~ (N (O,crf”)).

Clearly (1) is non-linear and can be solved using iterative
techniques, however a linear least squares (LLS) can also be
used by first linearizing (1) [12]. Let d? be the 2d noisy
distance estimates, we have:

A= (z—2)? + (y — yi)% )



then a reference AN is selected and its distance equation is
subtracted from (2) for i = 1,....N (i # r). Let d,. represent
the reference distance of this reference AN. The reference AN
can be randomly chosen or a special criterion can be developed
to choose reference distance as in [13]. Hence we get
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In matrix form we have,
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then (3) can be rewritten in matrix form as
A, u,= 0.5b,. 4)

Moore-Penrose pseudo inverse is taken on both sides to get
the location estimates.

@, =05(ATA)'ATD,. )

2) Angle of Arrival. If angle estimates are only available
then we need only 2 and 3 ANs for 2d and 3d localization
respectively. Each AN forms a line on a 2d plane on which
the AN and TN are situated. Hence we get a number of lines
depending upon the number of ANs. The point of intersection
of these lines is the estimated position of the TN. The AoA
system generally shows good results but the estimation error
increases significantly as the target moves away from the ANs.

Keeping the same notation as for ToA, we have [14].

6; ~ arctan {M

(x — x;)

where m; represents the zero mean Gaussian noise in the
estimate of the i" angle, i.e. m; ~ (N (0,02, )).

if

} +m; (6)
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then (6) can be written in matrix form as

A u,= b,. €

For the standard LLS estimator the solution is given by

w, =(ATA,)'AlD,. (8)

3) Hybrid(AoA-ToA). If both distance and angle estimates
are available then localization can be performed with only
one AN. In order to enhance results more anchors can be
introduced to the system. In this case each AN forms a line,
rather than a circle. At one end of the line the AN is situated
with known position while at opposite end the TN is situated
for which the coordinates are to be estimated. If the slope
(AoA) and the magnitude (ToA) of this line is available, the
TN coordinates can be easily determined. The error in this
case also increases with the increase in distance between AN
and TN.

From ToA and AoA equations given by (1) and (6) respec-
tively we obtain
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where §; = exp ((r?n / 2) . Then the LLS solution for the
hybrid system is given by

a=(ATA)'ATD. )

III. THEORETICAL MSE OF LLS
In this section we derive the theoretical MSE expression
for the linear least squares estimator in (9). The MSE for the
hybrid system is given by

MSE(u) = Tr {E [(ﬁ ) (@ u)T} } (10)

where @ is the erroneous estimated location and w is the
location with no error. Putting (9) in (10) we get



MSE (u) = ATC (u)AT", (11)
where
At = (ATA) AT,
R . T
and C(u) = F {(b —b) (b —b) }, for b representing

the noise free observation. The covariance C (u) can be
partitioned into separate matrices as follows

C (zy) }
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On the other hand, for the non-diagonal terms i.e. i # j, we
have

C (JJ) ij = 0. (15)

C(y)=FE {(Bybﬁ (byby)T} e RVN . (16)

For the diagonal terms i.e. ¢ = j,

A2 o2 d?
C(y) = <?1 + T) exp (02, ) - (é cos 26;
2
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On the other hand, for the non-diagonal terms i.e. i # j, we
have

C(y),; =0. (18)

Similarly,

Clay) = E {(Bm —bI) (By —by)T} ¢ RYY. (10)

for the diagonal terms i.e. i = j,

C(zy),; = (d?—i—aii) cos ; sin 0; exp (—U;i) —d? cos 0; sin 6;.
(20)

On the other hand, for the non-diagonal terms i.e. i # j, we
have
C(zy);; =0. (21

Proof: Appendix. [ ]

IV. WEIGHTED LINEAR LEAST SQUARES ALGORITHM

The results obtained in (9) show a high error because in (9)
the information about the link quality is not utilized. If this
information is available at hand we can use it to improve the
performance of the system. Thus in this section we propose a
weighted linear least squares (WLLS) algorithm by exploiting
the covariance matrix The covariance matrix C (u) gives us
the information about the link quality. Thus the links with high
variance are given less weights and vice versa. The WLLS
solution is obtained by minimizing the cost function.

ewrrs (@) = (b -Aa) C(u) ' (b-As), (22

where C (u)—l is the inverse of the covariance matrix defined
in (12).

The elements of (12) are dependent on the real values of
distance and angles which are not available. Thus we use
the estimated values to get the estimated covariance matrix
C (@) ~'. The WLLS solution is obtained as follows,

6wirs= A"bB", (23)
where .
AT = [ATC(a)A] AT and b" = C(@)b.

V. SIMULATION RESULTS

In this section, results obtained by Monte Carlo simulation
are compared to the theoretical MSE derived in the previous
section. Also performance of LLS and WLLS algorithms are
compared. Furthermore system performance is analyzed by
changing variables like angle noise variance, distance noise
variance and number of ANs. All the simulations are run
independently 77 number of times and the noise variance of
all communication links is considered same.

In Fig. 1 the average root mean square error (Avg. RMSE)
in the location estimates of TN is plotted against the angle and
distance noise variance. Fig. 1 compares the results obtained
by theoretical MSE with Monte Carlo simulation for LLS.
Five TNs are taken at random locations and the performance
of the system is plotted for 4, 6, 8 and 10 ANs. From Fig. 1
it is seen that the theoretical analysis accurately predicts the
system performance.

In Fig. 2 the Avg. RMSE is obtained for LLS and WLLS
algorithms. The performance of the system is plotted for 4,
6, 8 and 10 ANs while 5 TNs are taken at random locations.
As expected the performance is improved by increasing the
number of ANs. Also expected is the improved performance
of WLLS compared to LLS.

In Fig. 3 the Avg. RMSE is plotted against different
number of ANs, while keeping the angle and distance noise
variance fixed. The figure shows the improvement in system
performance with the addition of more ANs to the network.
Again with utilization of weights the system shows improved
performance.

In order to analyze the effect of angle noise variance and
distance noise variance on location estimate, a 3D plot is
generated in Fig. 4 where the Avg. RMSE for LLS and
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WLLS is plotted against distance noise variance along x-
axis and angle noise variance along y-axis. From Fig. 4 it
is seen that the angle noise variance has a bigger impact
on performance degradation as compared to distance noise
variance. This is because the angle noise variance is distance
dependent and introduces a large error if the TNs are located
at large distance from the ANs. The figure also shows the
improved performance of WLLS as compared to LLS.

VI. CONCLUSION

In this paper a hybrid AoA-ToA localization system was
analyzed. TN’s locations were estimated using a least square
approach. To predict the systems performance a covariance
matrix for the LS model was developed and an analytical MSE
equation was derived. Performance was improved by intro-
ducing weights to the communication links, hence a WLLS
algorithm which exploits the covariance matrix was proposed.
Via simulation it was shown that the analytical MSE accurately
predicts the system performance. It was also shown through
simulation that the proposed WLLS algorithm shows better
performance than its LLS counterpart. The derived algorithm

Avg. RMSE (m)

4 5
No of Anchors

Figure 3. Performance comparison between LLS and WLLS 02 = 7m,
0'3” = Tdegrees, Network 40 x 40, Number of Anchors=[2,3,4,5,6,7,8], n =
2000.
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Figure 4. Performance comparison between LLS and WLLS against range
error and angle error on x-axis and y-axis receptively, 17 = 3000.

will be analyzed for AoA-RSS hybrid model which will reduce
the systems complexity. In order to achieve better accuracy a
combined PLE/location estimator will also be developed using
Ao0A-RSS model in the future.

APPENDIX

Proof of (14) and (15): Putting values of b, and b, in
(13) for diagonal terms i.e i = j.

i —d; COSH }

2

d COSG)

C (@), = Em,n: {(di + n) Cos( )
= By, {(d + n)zcos 8; + m)}

— 26; (di cos 61-) (di + nl> cos (91- + mi) ,
(24)
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. (cosQ(Gi) cos(m:) —cos(8:) sin(0;) sin(mi)> }

(25)
(25) is obtained from (24) by using the identity cos? () =

0.5+0.5 cos (2t) . Also using the expectation E,,,, [sin (m;)] =
0 and E,,, [sin (2m;)] = 0, (28) is obtained.

C(a),, {( ) (d;> €08 20; Eypn, {cob (Zmz)}r B, {Tﬂ
+ B, {”3 } {cos 2ml)} }53 i <dz- cos (g&)

28, cos(0)) T eos(on)]

(28)
Finally, using expectations
2
E, [cos (m;)] = exp ( g”) : (29)
Ey,, [cos (2m;)] = exp (—202,) (30)

we conclude the proof by obtaining (14).
For non-diagonal terms i.e. ¢ # j, putting values of b, and
b, in (13).

C (ac)” = En, n,{ |:(di +ni> cos (91' —i—mi) d; —d; cos 91}

X {(d‘j + nj> cos(t?j + mj)éj —dj cos HJ} },

which yields (26) and then (27) given at the top of next page.
The derivation of C (y) is similar to C (z) other than that
x coordinates are replaced by y.

Proof of (20) and (21): Putting values of b,, b, b, and
b, in (19) for diagonal terms i.e. i = j.

C(xy);; = Em, nz{ {(dl + ni> cos (91- —i—mi) §; —d; cos 91}

% {(dl + ni) sin(@i + mi) d; — d;sin 91} },

m“nl{{ d +n COS<9i+—n%)sh1(0i4_n%>}5?
{dz<d 1) cos (0 +mz>sln0} { (d+n)

sin (Gi —i—mi) cos 61}51- + df cos #; sin 8; } .

(€29

Using the identities cos(a+b) = cos(a)cos(b) -
sin (a) sin (b), sin (a +b) = sin (a) cos (b) + cos (a) sin (b),
cos’t — sin®?t = cos2t and then taking expectation
E., [sin (m;)] = 0, (32) is obtained.

c<xy>ii:{(d2+gn 2]} o () i (2) B fos (2mi)}}5g
- {dg cos (3) B fos )] s (ei)}ai - {dg n (o)
B fos(m)] cos(2) }o 4 contsind

(32)

Finally, using expectation (29) and (30) we conclude the proof
by obtaining (20).

For non-diagonal terms i.e. 7 # j, putting values of BI, b,,
b, and b, in (19).

C (xy)” = Emzj.,ni,{ |:<di+ni) cos <9¢+mi>6i —d; cos Gi}

X {(dj—i-nj) sin <9j+mj) (5j —dj sin 9{| } s
which yields (33) and then (34) given at the top of next page.

REFERENCES

[1] Xinrong Li, "Performance study of RSS-based location estimation
techniques for wireless sensor networks," Military Communications
Conference, 2005. MILCOM 2005. IEEE , vol., no., pp.1064,1068 Vol.
2, 17-20 Oct. 2005.

[2] Humphrey, D.; Hedley, M., "Super-Resolution Time of Arrival for Indoor
Localization," Communications, 2008. ICC ’08. IEEE International
Conference on , vol., no., pp.3286,3290, 19-23 May 2008.

[3] Niculescu, D.; Nath, B., "Ad hoc positioning system (APS) using
AOA," INFOCOM 2003. Twenty-Second Annual Joint Conference of
the IEEE Computer and Communications. IEEE Societies , vol.3, no.,
pp-1734,1743 vol.3, 30 March-3 April 2003

[4] Zheng Yang; Yunhao Liu, "Quality of Trilateration: Confidence Based
Iterative Localization," Distributed Computing Systems, 2008. ICDCS
’08. The 28th International Conference on , vol., no., pp.446,453, 17-20
June 2008.

[5] Sathyan, T.; Humphrey, D.; Hedley, M., "WASP: A System and Al-
gorithms for Accurate Radio Localization Using Low-Cost Hardware,"
Systems, Man, and Cybernetics, Part C: Applications and Reviews, IEEE
Transactions on , vol.41, no.2, pp.211,222, March 2011.

[6] Chengqun Wang; Jiming Chen; Youxian Sun; Xuemin Shen, "Wireless
Sensor Networks Localization with Isomap," Communications, 2009.
ICC ’09. IEEE International Conference on , vol., no., pp.1,5, 14-18
June 2009.



C(2);;=Emy,ny |:<didj+dinj —|—djni—|—ninj) (cos (8;) cos (m;)+sin (8;) sin (ml)) (cos (8;) cos (m;)+sin (4;) sin (mj)) 617}

{(didj + djni) (cos (;) cos (8;) cos (m;) + sin (8;) cos (8;) sin (mz)) 51}

- |:(didj + dinj) (cos (8;) cos (8;) cos (m;) + sin (6;) cos (8;) sin (mj)) @} +d;d; cos (8;) cos (8;) p, (26)

where (jij = (SZCSJ
Taking expectations in (26), we obtain

C (2);; = did; cos (6;) cos (8;) — d;d;j cos (6;) cos (0;) — did; cos (8;) cos (6;)
+d;d; cos (8;) cos (A;) = 0.

27)

C(2y);;=Emi;ni; {(did‘j—i—dmj—kdjni—kninj)(cos (6;) cos (m;)—sin (6;) sin (ml)) (sin (8;) cos (m;)+cos (#;) sin (mj)) 6”}

_ {(didj + djni) (cos (6;) sin (A;) cos (m;) + sin (0;) sin (0;) sin (mz)> 61}

- {(didj + dmj) (cos (8;) sin (8;) cos (m;) + cos (6;) cos (;) sin (mj)) (5]} +d;d;cos (8;)sin(6;) p. (33)

Taking expectations in (33), we get

C (2y),; = did;j cos (6;) sin (6;) — d;d; cos (6;) sin
+d;d; cos (9;) sin (8;) =

(
0.

Gj) — dldj COS (91) sin (93)

(34)

(71

(8]

(91

[10]

(1]

[12]

[13]

[14]

Salman, N.; Ghogho, M.; Kemp, A.H., "On the Joint Estimation of the
RSS-Based Location and Path-loss Exponent," Wireless Communica-
tions Letters, IEEE , vol.1, no.1, pp.34,37, February 2012.

Kegen Yu, "3-d localization error analysis in wireless networks,"
Wireless Communications, IEEE Transactions on , vol.6, no.10,
pp-3472,3481, October 2007.

Hsieh-Chung Chen, Tsung-Han Lin, H. T. Kung, Chit-Kwan Lin,
Youngjune Gwon, “Determining RF Angle of Arrival Using COTS
Antenna Arrays: A Field Evaluation”, 2013.

Asis Nasipuri and Kai Li, “A Directionality based Location Discovery
Scheme for Wireless Sensor Networks”, WSNA’02 September 28, 2002,
Atlanta, Georgia, USA.

Guvenc, I.; Chia-Chin Chong; Watanabe, F., "Analysis of a Linear Least-
Squares Localization Technique in LOS and NLOS Environments,"
Vehicular Technology Conference, 2007. VTC2007-Spring. IEEE 65th
, vol., no., pp.1886,1890, 22-25 April 2007

J. J. Caffery, “A new approach to the geometry of TOA location,” in
Proc. IEEE Veh. Technol. Conf. (VTC), vol. 4, Boston, MA, Sep. 2000,
pp- 1943-1949.

I. Guvenc, S. Gezici, F. Watanabe, and H. Inamura, “Enhancements
to linear least squares localization through reference selection and
ML estimation,” in Proc. IEEE Wireless Commun. Networking Conf.
(WCNC), Las Vegas, NV, Apr. 2008, pp. 284-289.

Pawet Kutakowski, Javier Vales-Alonso, Esteban Egea-Ldpez, Wiestaw
Ludwin, Joan Garcia-Haro, “Angle-of-arrival localization based on an-
tenna arrays for wireless sensor networks”, Computers & Electrical
Engineering, Volume 36, Issue 6, November 2010, Pages 1181-1186.



