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ABSTRACT. The theory of multi-norms was developed by H. G. Dales and M.
E. Polyakov in a memoir that was published in Dissertationes Mathematicae.
In that memoir, the notion of ‘equivalence’ of multi-norms was defined. In
the present memoir, we make a systematic study of when various pairs of
multi-norms are mutually equivalent.

In particular, we study when (p, ¢)-multi-norms defined on spaces L"(2)
are equivalent, resolving most cases; we have stronger results in the case where
r = 2. We also show that the standard [t]-multi-norm defined on L"(2) is not
equivalent to a (p, ¢)-multi-norm in most cases, leaving some cases open. We
discuss the equivalence of the Hilbert space multi-norm, the (p, ¢)-multi-norm,
and the maximum multi-norm based on a Hilbert space. We calculate the
value of some constants that arise.

Several results depend on the classical theory of (g, p)-summing operators.
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CHAPTER 1

Introduction

The theory of multi-norms was developed by H. G. Dales and M. E. Polyakov in a
memoir [1T], which was published in Dissertationes Mathematicae. One motivation
for the development of this theory was to resolve a question on the injectivity of
the Banach left modules LP(G) over the group algebra L'(G) of a locally compact
group G: indeed, for p > 1, LP(G) is injective if and only if G is amenable [12].

However, the theory of multi-norms developed a life of its own: it is shown in
[11] that the theory has connections with tensor norms on the spaces co ® E, with
the theory of (g,p)-summing operators, and with Banach algebras of operators,
through the concept of a ‘multi-bounded’ operator.

In [11], there are many examples of multi-norms based on a normed space.
For example, this memoir introduced the maximum and minimum multi-norms,
the (p, ¢)-multi-norm based on a normed space (for 1 < p < ¢ < 00), the standard
t-multi-norm based on a space L"(2) (for 1 < r <t < o0), and the Hilbert multi-
norm based on a Hilbert space.

There is a natural notion of ‘equivalence’ of two multi-norms based on the
same normed space, and we find it of interest to establish when various pairs of
the known examples are indeed mutually equivalent. This often leads to questions
of the equality of various classes of summing operators on certain Banach spaces.
However, this relationship to summing operators is not entirely straightforward:
results on such operators in the literature seem to give only partial indications.
For example, in the case of (p, ¢)-multi-norms on a Hilbert space H, we would like
information about II, ,(H, ¢o), but classical results determine II, ,(H).

Some easy results on the equivalences of pairs of multi-norms were given in [11]
and in [12]. In the present paper, we shall present a more systematic study of these
equivalences.

In Chapter 1, we shall recall some background in functional analysis, including
the theory of summing norms and tensor norms. In particular, we shall define the
Banach space (Il ,(E, F'), 74,5 ) of (¢, p)-summing operators between Banach spaces
E and F.

In Chapter 2, we shall give the definition of a multi-norm, and introduce the
notions of the rate of growth (¢, (F)) of a multi-norm based on a space E and our
notion of the mutual equivalence of two multi-norms based on the same normed
space. Two equivalent multi-norms have similar rates of growth, but the converse is,
in general, not true. We shall recall the definitions of the maximum and minimum
multi-norms, (|- [*** : n € N) and (|| -||)" : n € N), based on a normed space.

We shall define the (p, ¢)-multi-norm (|| - ||§lp’q) : n € N) based on such a space
E in the case where 1 < p < ¢ < o0, and we shall related these multi-norms to
certain cg-norms on the algebraic tensor product cq® F; for example, it is shown in

5



6 1. INTRODUCTION

Theorem that the (p,p)-multi-norm corresponds to the Chevet—Saphar norm
on cg ® E. We shall show in Corollary 2.9] that the multi-norms corresponding to
points (p1,¢1) and (p2, g2) are mutually equivalent if and only if the Banach spaces
I, p, (E', co) and 11, p, (E', co) are the same.

We shall begin to study the relations between (p, ¢)-multi-norms in §2.5, giving
first indications in a diagram on page 20} this diagram follows from standard results
on (g, p)-summing operators given by Diestel, Jarchow, and Tonge in the fine text
[14]. In Examples and [ZT7, we shall calculate some explicit (p,q)-multi-
norms; these results will be used later to show that certain (p, ¢)-multi-norms are
not mutually equivalent. It was already known that the (1,1)-multi-norm is the
maximum multi-norm on each normed space.

In §2.6, we shall describe the standard ¢-multi-norm on a Banach space L™ (2, u),
where (£, ) is a measure space; these multi-norms played an important role in [11],
especially in connection with the theory of multi-bounded operators between Ba-
nach lattices. In §2.7, we shall describe the Hilbert multi-norm based on a Hilbert
space; in fact, this is equal to the (2, 2)-multi-norm based on the same space.

Our first aim in Chapter 3 is to determine when two (p, ¢)-multi-norms based
on a space L"({, u) are mutually equivalent; here 1 < p < ¢ < oo and r > 1. In
the case where r = 1, complete results are given in §3.1. The case where r > 1
is more difficult, and there is a clear distinction between the cases where r < 2
and r > 2. To discuss the question, it is helpful to consider certain curves C. and
D., defined for for 0 < ¢ < 1; the union of these curves fills out the ‘triangle’
T ={(p,q): 1 <p<gq}. A picture of these curves in the case where r > 2 is given
on page

We say that two points Py = (p1,¢1) and Py = (p2,¢2) in T are equivalent if
the corresponding (p, ¢)-multi-norms are equivalent on L"(€2). In Theorem BIT]
we shall show that in the ‘upper-left’ of our diagram, P; and P, are mutually
equivalent, and that the corresponding multi-norms are equivalent to the minimum
multi-norm. It is also shown that, otherwise, P; and P, are not equivalent whenever
they lie on distinct curves D.. Thus we must turn to consideration of points on
the same curve D, (for ¢ < 1/7, where 7 = min{2,r}). In §3.6, we shall use
Khintchine’s inequalities to show that P; and P, are not equivalent on the space £7
whenever they are not equivalent on £2, and hence whenever the spaces I, ,, (€ ?)
and I1,, ,,(¢?) are distinct; the latter question is classical, and full results are given
in [I4]. Thus we are able to resolve most questions of mutual equivalence of (p, q)-
multi-norms on L"(£2, ). Results in the case where r € (1,2) are given in Theorem
316l and those in the case where r > 2 are given in Theorem .18 Some cases are
left open in Theorems and BI8 but a full solution is given in the case where
r = 2. Some of the remaining cases will be resolved in [7].

Let Q be a measure space, and take r > 1. In §3.8, we shall consider the
conjecture that the multi-norms (|| - ||£f]) and (|| - |‘§lp7q)) are not mutually equivalent
whenever r > 1 and L"(Q) is infinite dimensional. (By Theorem 220, (|| - ||£f]) =

(- HS’Q)) on L'(Q) for ¢ > 1.) We shall prove this conjecture for many, but not
all, values of p, ¢, and r in Theorem [3.22
Let H be a complex Hilbert space. Then the Hilbert multi-norm, the (p,p)-
multi-norms for p € [1, 2], and the maximum multi-norm based on H are all pairwise
equivalent. In Chapter 4, we shall discuss these norms in more detail. For example,
max

we know that, for each p € [1,2], there is a constant C, such that ||, =
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2| < ¢, 2P for all 2 € H™ and all n € N. In §4.1, we shall show that
2/4/7 is the best value of Cy; this is a consequence of the ‘Little Grothendieck
Theorem’.

In the remainder of Chapter 4, we shall consider the best constant c¢,,, defined
for each fixed n € N, such that [|z|™® < ¢, |2]*? for x € H". We shall show
that co = 1, but that c3 > 1 in the real case; however, a rather long calculation
will show that ¢3 = 1 in the complex case; finally, we shall show in §4.5 that ¢4 > 1

even in the complex case.

Two points left open in the present work will be resolve in [7]; see Remarks

BI7 and B19

We first give some background to the material of this paper, and recall some
definitions from earlier works.

1. Basic notation

The natural numbers and the integers are N and Z, respectively. For n € N,
we set N,, = {1,...,n}. The complex field is C; the unit circle and open unit disc
in C are T and D, respectively.

Let 1 < p < oo. Then the conjugate to p is denoted by p’, so that 1 <p’ < oo
and satisfies 1/p+1/p’ = 1.

Let (o) and (B,) be two sequences of complex numbers. Then («;,) and (8,)
are similar, written a,, ~ 3, if there are constants Cy,Cs > 0 such that

Ch |04n| < |ﬁn| <y |0‘n| (” € N)-

2. Linear and Banach spaces

Let E be a linear space (always taken to be over the complex field, C, unless
otherwise stated).

Let C be a convex set in E. An element x € C is an extreme point if C'\ {z} is
also convex; the set of extreme points of C' is denoted by ex C'. Let € C. Then, to
show that z € ex C, it suffices to show that u = 0 whenever v € F and z +u € C.

For a linear space E' and n € N, we denote by E™ the linear space direct product
of n copies of E. Let F' be another linear space. Then the linear space of all linear
operators from E to F is denoted by L(E, F). The identity operator on F is Ig,
or just I when the space is obvious.

Let E be a normed space. The closed unit ball and unit sphere of E are denoted
by Ejj; and Sg, respectively, so that ex E;) C Sg. We denote the dual space of
E by E’'; the action of A € E’ on an element x € F is written as (x, \), and the
canonical embedding of E into its bidual E” is kg : E — E".

Let E and F be normed spaces. Then B(E, F) is the normed space of all
bounded linear operators from E to F'; it is a Banach space whenever F' is complete.
The ideal of finite-rank operators in B(E, F) is denoted by F(E, F'). We set B(E) =
B(E, E), so that B(E) is a unital normed algebra; it is a Banach algebra whenever
E is complete. The dual of T € B(E,F) is T" € B(F',E’), so that ||T'|| = || T
The closed ideal of B(E) consisting of the compact operators is denoted by K(E).

A closed subspace F' of a normed space E is A-complemented if there exists
P € B(E) with P2 = P, with P(E) = F, and with ||P|| < \.
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We write £ 2 F when two Banach spaces (E, || -||) and (F,| -||) are isometri-
cally isomorphic.

Let (Q, ) be a measure space, and take p > 1. Then we denote by LP(Q) =
LP(Q, p) (or LP(u)) the Banach space of (equivalence classes of) complex-valued,
p—integrable functions on €2, equipped with the norm | - [|,, which is given by

i1, = ([ 1rr du(af)>1/p— ([ du>1/p (f € 7().

We also define the related space L>(2) = L>(£2, ). All these spaces are Dedekind
complete (complex) Banach lattices in the standard way. For some background on
Banach lattices that is sufficient for our purposes, see [11] §1.3].

Let cg and ¢P be the usual Banach spaces of sequences, where 1 < p < co. We
shall write (0,,)52 4 for the standard unit Schauder basis for ¢o and ¢? (when p > 1).
For n € N, we write £;° and ¢? for the linear space C" with the supremum and
¢P norms, respectively; we regard each £° as a subspace of ¢, and hence regard
(0;)7_, as a basis for £2°. The space of all continuous functions on a compact
Hausdorff space K is denoted by C(K).

We shall several times use the following two results.

PROPOSITION 1.1. Take p > 1, and let 2 be a measure space such that LP ()
is infinite dimensional. Then there is an isometric lattice homomorphism J :
P — LP(Q) and a positive contraction of LP(2) onto J(£P), so that J(£P) is 1-
complemented in LP(S2).

PrOOF. This is [4, 4.1], for example. O

PROPOSITION 1.2. Let E be an infinite-dimensional Banach space, and take
€ >0 and n € N. Then there exist x1,...,x, € E such that

l—e<|z,]| <1 (neN)

and

n n 1/2
Zaixi < (Z |ai|2> (al,...,anE(C).
1=1 1=1

PROOF. By Dvoretzky’s theorem, E contains near-isometric copies of £2, and
this gives the result. Actually, our claim is somewhat weaker, and follows from
more elementary arguments, given in [14, Lemma 1.3], for example. O

We shall refer to Lorentz sequence spaces. Suppose that 1 < p < g < co. Then
the Lorentz sequence space £P>% consists of the sequences x = (x,,) € ¢ such that

oo 1/q
ol , = (znw—lumq) .
n=1

where 2* is the decreasing re-arrangement of |z|; the version based on N,, is £2:%.
For this definition, see [14, p. 207], for example. The spaces (¢79,[ -], ) are

Banach spaces. In the case where ¢ = p, we obtain the usual spaces ¢? and ¢F.

We shall also refer to Schatten classes. Let H be a Hilbert space. For p > 1,
the p-th Schatten class S,(H) consists of the compact operators T' € KC(H) such
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that the positive operator (7*T)?/2 has finite trace; the norm || - ||$p on S,(H) is
given by

17ls, = (@ Ty)” (@ es,m).

Equivalently, T € S,(H) if and only if the operator |T| = (T*T)/? is compact
and A = (A,) € £P, where (\,) is the (decreasing) sequence of non-zero eigenvalues
of |T'|, counted according to their multiplicities; now ||T'||s = [[Al[,. The space
(Sp(H), |- |ls,) is a Banach operator ideal in B(H); the ideal Sy(H) coincides with
the space of Hilbert—Schmidt operators on H, and the corresponding norm is the
Hilbert—Schmidt norm.

In the case where 2 < p < ¢ < 00, the space Syq/p,q(H) consists of the operators
T € B(H) such that the above sequence of eigenvalues belongs to the Lorentz
sequence space £24/P4 and so satisfies the condition that

0o 1/q
HT||S2q/p,q = <Z Tl(p/2)1)\$l> < 0.
n=1

Suppose that H is an infinite-dimensional Hilbert space, and let (e,) be an
orthonormal sequence in H. For a > 0, set Tpe, = n~ %, (n € N), so that
T, extends to an operator in B(H) in an obvious way. Then T, € S,(H) if and
only if ap > 1. Thus S,(H) # S,(H) whenever p,q > 1 with p # ¢. Further,
To € Saq/pq(H) if and only if a > p/2q, and so S,.(H) # Szq/p,q(H) whenever
T # 2q/p.

Now suppose that r = 2q/p. We take an infinite subset X of N, and define
T € B(H) by setting Te,, = n~ %, (n € X) and Te, =0 (n € N\ X), where
ga =1 —p/2, and again extending T to belong to B(H). Then T € S,(H) if and

only if

Z n/P)=1 < o

neX
and so T' € S, (H) for a suitably ‘sparse’ set X, noting that (2/p) —1 < 0. However,
T € Saq/p,q(H) if and only if 3 1 < oo, and this is never the case for infinite
X. Thus it is always true that the spaces S,(H) and Syq/p,q(H) are distinct.

Similarly, the spaces Saq/p,q(H) corresponding to pairs (p1,q1) and (p2, g2) are

distinct whenever (p1,q1) # (p2, ¢2)-

3. Summing norms and summing operators

Let E be a normed space, and let n € N. Following the notation of [11], 12} [18],
we define the weak p —summing norm (for 1 < p < 0o0) on E™ by

n 1/17
/L;D,n(m) = sup <Z [{(x;, /\>|p> A E E[/l] ,
=1

where @ = (z1,...,2,) € E". Weset LEP(E)Y = (E™, ipn). It follows from [18]
p. 26] that, for each = (z1,...,2,) € E™, we have

ZQ%‘ 115G €C, Z|§z‘|p/ < 1} .
i=1

=1

(1) tpn(T) = sup {
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We also have
(2) ppn(x) =Ty : L7, — B,

where Ty : (81, .., 0n) — Y1y Biz; belongs to B(¢?,E). Thus the map x — Tj
is an isometric isomorphism from (E™, j1,,.,,) onto B(£? , E). Also, let F be another
normed space, and take T' € B(E, F'). Then clearly
tpn(Tx1,. .., Tan) < |T| ppn(z1,-.s2n) (T1,...,20 € E, n €N).
We note that
Ppr () > pipyn(x) (x € E", neN)
whenever 1 < p; < py < 0.

We also define the weak p —summing norm of a sequence © = (z;) of elements
in F by

1/p
,up —sup <Z | Ty A ) tAE E[Il] = nhﬁngo ,up,n(xla cee ,In) ;

thus u,(x) takes values in [0, 00]. The sequences @ such that u,(x) < co are the
weakly p -summable sequences in E, and the space of these sequences is £P(E)Y;
see [14, p. 32] and [23] p. 134], where pu,(-) is denoted by |- ||Wcak and [ -],

respectively. It follows from [I8] p. 26] that, for each sequence = (z;) in E, we

have
Z G € (¢ )[1] } .

(3) pp(T) = sup {

Suppose that 1 < p < g < co. We recall from [14], Chapter 10] that an operator
T from a normed space F into another normed space F' is (g, p)-summing if there
exists a constant C such that

n 1/a
(Z |T$i||q> < Cpupn(xi,...,zn) (z1,...,2, € E, n€N).
i=1

The smallest such constant C'is denoted by 7y, (T"). The set of these (¢, p)-summing
operators, which is denoted by II, ,(E, F), is a linear subspace of B(E,F') and a
normed space when equipped with the norm m,,; (I, ,(E, F'),m,,) is a Banach
space when E and F' are Banach spaces. In the case where p = ¢, we shall write II,
and 7, instead of II, ,, and m, ,, respectively. The space (IL,, m,) of all p —~summing
operators has been studied by many authors; see [13}, 14, 17, 18| 23], for example.
In the case where E = F, we shall write I, ,(F) instead of I, ,(E, E), mg,(E)
instead of 7, ,(E, E), .. .etc.

A basic inclusion theorem [14, Theorem 2.8] shows that II,(E, F) C I1,(E, F)
whenever 1 < p < ¢ < oo. A more complicated inclusion theorem [I4] Theorem
10.4] will be used in Theorem [2.11] given below.

Let us make some obvious remarks about summing operators. Let F, F', and
G be Banach spaces, and take T' € B(E, F') and 1 < p < g < co. Then:

o T €1l ,(E, F) if and only if S o T € II, ,(E, G), with equal norm, for
any isometry S : F — G;

o I'cIl, ,(E,F)if and only if T o P € II; ,(G, F'), with equal norm, for
any contractive projection P : G — E.
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These remarks will be used implicitly at some future points.

The Pietsch domination theorem can be stated in the following way (c¢f. the
discussion after [23] Theorem 6.18]). Take p > 1. A map T € B(E,F) is p—
summing if and only if we can find a non-empty, compact Hausdorff space K and
a probability measure p on K, together with operators V € B(E,C(K)) and U €
B(LP(u),£>°(I)) such that the following diagram commutes:

E—L o FC s p(])
Y
C(K) LP(p) .

Here the map C(K) — LP(u) is the canonical inclusion map, I is a suitable index
set, and £°°(I) can be replaced by any injective Banach space G such that F is
isometric to a subspace of G.

Let E and F be normed spaces. Take n € N, and suppose that 1 < p < ¢ < 0.
Then the (g, p)-summing constants of the operator T' € B(E, F) are the numbers

n 1/q
w((zf;)(T) := sup (Z ||Txi|q> DX,y € By pip (21,0, 2,) <1
i=1

Further, m(zf;) (F) = wl(fq) (Ig); these are the (g, p)-summing constants of the normed
space E. We write wl(jn) (T) for 7r,<,7,2 (T) and m(jn)(E) for 7r,<,7,2 (E). Tt follows that

n 1/q
4) wt(lfzg(E) = sup (Z ||a:1||q> DX, 8n € B, ppn(z,. ., 2,) <1
i=1

PROPOSITION 1.3. Suppose that 1 < p < q < oo and that n € N. Then:
(i) w,gflp) (E) < n'4 for each normed space E;

(i) w,gflp) (E) = n'% for each infinite-dimensional normed space E whenever
p=2;

(iii) m(;fp) (E) > n'/2=Yr+l/a for each infinite-dimensional normed space E
whenever p < 2 ;

(iv) 7T¢(17p) (£%) = n'/9 whenever s € [1,00] and p > min {s’,2} .

PROOF. (i) This is immediate.
(ii) Take € > 0, and choose 1, ..., x, € E to be as specified in Proposition [[.2]
For each (1,...,¢, € C with )21 1 [P <1, we have

n n 1/2 n 1/
San < (Sr) < (Ser)

i=1 i=1 i=1
because p’ < 2. Thus, by equation (@), pn(1,...,2,) <1, and so
m{(E) > (1 —e)n*/e.

This holds true for each € > 0, and so ﬂ'((zf;) (E) > n'/%. By (i), w,gflp) (E) =nl'/4.
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(iii) Take € > 0 and choose x1,...,x, € F as in (ii). Now, since p’ > 2, the
argument in (i) shows that g, (z1,...,2z,) < /2712 and so

m"(E) > (1 —e)nt/271 /Pt

for every € > 0. Hence m(:p) (E) > nl/2-1/pt1/a,

(iv) In the case where p > 2, this follows from (ii). Now suppose that p > s’
Take z; = 6; (j € N,,). As in the proof of (ii), we see that pp,(x1,...,2,) < 1,

and so m(zﬁu)(fs) > nl/a, O

We shall also need the following simple interpolation result.

PROPOSITION 1.4. Let E be a normed space. Suppose that 1 < p < q; < q¢ <
g2 < 00, so that

q q1 qz

1 1-6 6

for some 6 € (0,1). Then

(B < () (E))H : (wgg}p(E))e (n€N).

ProOOF. Take z1,...,z, € E with ppn(x1,...,2,) < 1. Using a version of
Hoélder’s inequality, we see that

n 1/q n (1-6)/q1 n 0/q2
E 1-6 1-6 0100 /0
( |xi|q> < (E :H%H( ) lar/( )]) ) (E :H%H la2/ ])
=l i=1 i=1

< (w,m) - (Z@)

which implies the result. O

4. Tensor norms

Let FE and F be linear spaces. Then F® F' denotes the algebraic tensor product
of £ and F.

Let E1, Es, F1, F5 be linear spaces, and take S € L(E1, Es) and T € L(Fy, F»).
Then S ® T denotes the unique linear operator from E; ® F} to Es ® F5 such that

SN (rey)=SrTy (xekE,yel).

In particular, we have defined A ® p whenever A and p are linear functionals on F;
and F}, respectively.

Now suppose that E and F' are normed spaces. We shall discuss various norms
on the space E ® F. For the definitions and properties stated below, see [13]
Chapter I}, [14], and [23] Section 6.1], for example.

We shall often regard E ® F as a linear subspace of B(F”, E) by setting

(z@y)N) =y, Nz (reE, yeF, NeF');

in this way, we identify E® F with F(F’, E) C B(F’, E). Similarly, we can identify
E® F with F(E',F) C B(E', F).
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The injective and projective tensor norms on E ® F are denoted by || - ||, and
|| -1, respectively; the completions of E®F with respect to these norms are denoted
by

(EQF[-].) and (EQF|-|,),
respectively.

For p € (E®F)', define T}, by

(y, Tyx) = (@ @y, p) (z€E, yeF).
Then T,z € F' (x € E), T, € B(E,F’), and the map

(5) /L’_)T#a (E®F)/—>B(E5F/)v
is an isometric isomorphism, and so (E® F)' = B(E, F').
A norm ||| on E® F is a sub-cross-norm if

lz@yl <llz|llyll (z€E, y€eF)
and a cross-norm if
lz@yll=lz|lyl (z€E yeF).

Further, a sub-cross-norm ||-|| on E ® F is a reasonable cross-norm if the linear
functional A ® p is bounded and ||[A ® p|| < ||A|l ||p]| for each A € E” and pu € F'. In
fact, a sub-cross-norm is reasonable if and only if

Izlle < M1zl < llzll, (2 € E® F).

Let a be a reasonable cross-norm on F® F'. Then the completion of the normed
space (E®F, ) is denoted by E ®, F. The map in () identifies the dual of E ®, F
with a linear subspace of B(E, F”).

A uniform cross-norm is an assignment of a cross-norm to E® F for all pairs of
Banach spaces (E, F), with the property that, for each operator S € B(E1, E») and
T € B(F1, Fy), the linear map S® T : By ® Fi — E3 ® F, is bounded, with norm
at most ||S||||T||, with respect to the assigned norms on Fy ® F} and E; ® Fy. The
projective and injective tensor norms are uniform cross-norms. For further details,
see [13] §12.1] and [23] §6.1].

For Banach spaces E and F, the (right) Chevet-Saphar norm d, on E ® F is
defined as

n 1/p n
dp(z) = inf < fipr n(21,...,2n) <Z ||yl||p> tz = le @y e EQF 5 ;
i=1

eN
" i—1

see, for example, [13] Chapter 12] and [23] p. 135]. This norm is a reasonable
cross-norm; in fact, it is a uniform cross-norm.

Given a tensor z € E ® F, let 2! be the ‘flipped’ tensor in F ® E. We define
the left Chevet—Sapher norm g, by g,(z) = d,,(z") [23| p. 135].

Let a be a uniform cross-norm. Following [23] Chapter 7], we define the Schat-
ten dual tensor norm o’ by

a®(z) =sup{[{(z, )| : A€ E'®@F', a(A\) <1} (:€E®F),
using the obvious dual pairing between £ ® F and E’ ® F’. In general, this does

not lead to a satisfactory duality theory, as it may happen that («®)® # «. To
correct this, we define the dual tensor norm o' by first setting o’ = a® on E® F
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whenever E and F are finite-dimensional spaces, and then extend o/ to all Banach
spaces by finite generation. The details are technical, and we refer the reader to
[13] Chapter II] and [23] Chapter 7] for further information.

We say that a uniform cross-norm « is totally accessible if the embedding of
E®F into (E' ® o F') induces the norm a on E® F for all Banach spaces E and
F. That is, « is totally accessible if (¢/)® = . In the case where this is true under
the additional hypothesis that at least one of the two spaces F or F' has the metric
approximation property, « is said to be accessible. For us, it is important that cg
has the metric approximation property and that many norms « on spaces F ® F'
are accessible. For example, by [23] Proposition 7.21], g, is an accessible norm for
any p (and hence the same is true of dp).

Let E and F be normed spaces. A bounded operator T : E — F' is p -integral
if it gives a bounded linear functional on the space £ ® 9, F’, and the p-integral
norm of T, denoted by i,(T), is defined to be the norm of this functional; see
[23] §7.3]. Such maps have a representation theory which is analogous to the
Pietsch representation theorem for p-summing operators; see [23, Theorem 7.22],
for example. Indeed, we can factor such an operator T as

E—L op_ " _pn

| |

CK) —————Ly(w).

Comparing this to the factorisation result above for p-summing maps, we see that
the only difference is that here we embed F into its bidual F”, but for a p-summing
map, we embed F' into an injective space. Thus every p-integral map is p-summing.
In the special case where F' = cg, we know that F” = £°°, and so we conclude with
the following proposition.

PROPOSITION 1.5. Let E be a normed space. Then the classes of p -summing
and p -integral maps from E to cq coincide, with equal norms. (Il



CHAPTER 2

Basic facts on multi-normed spaces

1. Multi-normed spaces

The following definition is due to Dales and Polyakov. For a full account of the
theory of multi-normed spaces, see [11], and, for further work, see [12]. The main
definition is taken from [I1] Definition 2.1].

DEFINITION 2.1. Let (E, | -||) be a normed space, and let (|| -/, : n € N) be
a sequence such that ||-||, is a norm on E™ for each n € N, with |-[|; = ||-||
on E = E'. Then the sequence (|| -]/, : n € N) is a multi-norm if the following
axioms hold (where in each case the axiom is required to hold for all n € N and all
Z1y...,2n € E):

(A1) H(xg(l), . ,xg(n))Hn = ||(z1,...,2n)|, for each permutation o of N;
(A2) |[(crzy, ... anzy)l),, < maxien, |l ||(z1,. .., 2z0)],, (a1,..., 0, € C");
(A3) (@1, oy 2n, 0)[py = N1y )l

(Ad) ||(z1, -y X1, Tn, :1c,l)||nJr1 = (1, -, Tn-1,Zn)l,-

The space E equipped with a multi-norm is a multi-normed space, written in full
as ((E™, || -,,) - n € N); we say that the multi-norm is based on E.

In the case where E is a Banach space, (E™, | -||,,) is a Banach space for each
n € N, and we refer to a multi-Banach space.

Let (]| - H:l :n € N) and (]| - ||fI :n € N) be two multi-norms based on a normed
space E. Then, following [11], Definition 2.23], we write

1 2
(1) < (- 11)
if Ha:H}1 < ||a:|\f1 for each @ € E™ and n € N, and write
1 2
(- 1) = (- 117%)
if |2]|) = [|&|? for each # € E" and n € N. The multi-norm (||-[?> : n € N)
dominates a multi-norm (|| - ||711 :n € N) if there is a constant C' > 0 such that

(6) lzl, < Cllally  (zeE", neN),
and, in this case, we write
(1) < 1-112)
The two multi-norms are equivalent, written
(REE(RHE
if each dominates the other; if the two multi-norms are not equivalent, we shall

write (]| [l,) % (Il 117)-

15
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We shall be interested in determining when one multi-norm dominates the other
(and, in this case, in the best value of the constant C in equation (@) and when
two multi-norms are equivalent.

Let ((E™,]-l,) : » € N) be a multi-normed space. For n € N, define

on(E) =sup{||(z1,...,2n)|, s 21,. .., 20 € Epy}.
Then the sequence (¢, (E)) is the rate of growth corresponding to the multi-norm
[11] Definition 3.1]. This sequence depends on both E and the specific multi-norm.

2. Multi-norms as a tensor norms

In [12], we explained how multi-norms correspond to certain tensor norms. We
recall this briefly; details are given in [12] §3].

DEFINITION 2.2. Let F be a normed space. Then a norm ||-|| on ¢o ® F is
a co-norm if |61 @ z|| = ||z|| for each x € E and if the linear operator T’ ® Ig is
bounded on (¢o ® E, || - ||), with norm at most | T||, for each T € K(cp).

Similarly, a norm ||| on £*° ® E is an £*°-norm if ||§; ® z|| = ||z| for each

x € E and if T ® Ig is bounded on (£ ® E, ||-||), with norm at most ||T||, for
each T € k().

By [12] Lemma 3.3], each co-norm on c¢o ® E and each ¢ *°-norm on £*° ® E is
a reasonable cross-norm.
Suppose that || - || is a ¢p-norm on ¢o ® E, and set

i 0; @ x;
i=1

Then (|| - [|,, : 7 € N) is a multi-norm based on FE.
A more general and detailed version of the following theorem is given as [12]
Theorem 3.4].

THEOREM 2.3. Let E be a normed space. Then the above construction defines
a bijection from the family of co-norms on cqg ® E to the family of multi-norms
based on E. ]

We shall be interested in uniform cross-norms, restricted to tensor products of
the form c¢o ® E. This motivates us to give the following definition.

(z1,....z0)|l,, = (21,...,2n € E, n € N).

DEFINITION 2.4. A uniform co-norm is an assignment of a cg-norm || - || to
co ® E for all Banach spaces E such that the operator I @ T : co® E — ¢cg ® F
is bounded with respect to the two corresponding norms, with norm ||T||, for each
normed spaces F and F' and each T' € B(E, F).

Let E be a normed space. As in [11] and [12], there is a maxzimum multi-norm
based on E; it is denoted by (|| | : n € N), and is defined by the property that

lll,, < llzl;™ (z€E" neN)

n
for every multi-norm (|| - ||,, : » € N) based on E. This multi-norm corresponds to
the projective tensor norm || - ||,. on c¢o ® E via the above correspondence. By [11]
Theorem 3.33], for each n € N and © = (x1,...,2,) € E™, we have

@ =l = sup{ PCEY

I)\l,...,)\nEE/g Ml,n()\lu"'v)"ﬂ)gl} .
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The rate of growth sequence corresponding to the maximum multi-norm based
on FE is intrinsic to F; it is denoted by (p®*(E)). The value of this sequence
for various examples is calculated in [11] §3.6]. For example, for n € N, we have
emax(¢p) = pl/P for p € [1,2] and EP**(£P) = n'/2 for p € [2,00] 11, Theorem
3.54]. It is shown in [L1] Theorem 3.58] that v/n < ¢**(E) < n (n € N) for each
infinite-dimensional Banach space F.

Similarly, there is a minimum multi-norm (|| -||,,

space E. As in [11] Definition 3.2], it is defined by

:n € N) based on a normed

Hmin
n

[(x1,...,2n) =max ||z;]| (x1,...,2n, € E).
ieN

The minimum multi-norm based on E corresponds to the injective tensor norm
| -]l on co ® E in the above correspondence, and so the minimum multi-norm on
co ® E is the relative norm on F(E’, ¢g) from (B(E’, o), | - ||). Of course, the rate
of growth sequence of the minimum multi-norm is the constant sequence 1.

3. The (p,q)-multi-norm

We recall the definition of the (p, ¢)-multi-norm based on a normed space E.
Let E be a normed space, and take p,q € [1,00). Following [11] Definition
4.1.1] and [12] §1], for each n € N and each & = (x1,...,z,) € E™, we define

n 1/q
]| P9 = sup (Z |<xi,Ai>|‘Z> pn(A) <13,
=1

where the supremum is take over all A = (A1,...,\,) € (E')". It is clear that

I|- Hglp’q) is a norm on E". As noted in [11, Theorem 4.1], (|| - Hglp’q) :n € N)is a
multi-norm based on E whenever 1 < p < ¢ < o0.

DEFINITION 2.5. Let E be a normed space, and suppose that 1 < p < ¢ < oc.

Then the multi-norm (]| - ||£Lp"q) : n € N) described above is the (p, q)-multi-norm
over E. The corresponding co-norm on ¢o ® E is || - | .

The rate of growth sequence corresponding to the above (p, ¢)-multi-norm is
denoted by (goslp’q) (E)), as in [11l Definition 4.2].

We shall use the following remark, from [11] Proposition 4.3]. Let F be a 1-
complemented subspace of a Banach space E, and take z1,...,z, € F. Then the
value of ||(x1,... ,xn)Hflp ) is independent of whether it be calculated with respect
to For E.

Let E and F be normed spaces, and take T' € B(E, F'). Then clearly

(T, ..., Tz) "D < T (21, ..., 2)|P?  (21,...,20 € B, n €N).

The following theorem refers to multi-bounded sets in and multi-bounded oper-
ators on multi-normed spaces; for background information, see [12], and, in more
detail, [11, Chapter 6]. For example, the multi-bound of a multi-bounded set B is
defined by

cg =sup{||(z1,..., )|, : ®1,..., 25 € B}.
neN
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THEOREM 2.6. Let E be a normed space, and suppose that 1 < p < q < oc.
Then the (p, q)-multi-norm induces the norm on c¢o @ E given by embedding co @ E
into I, ,(E', co). This norm is a uniform co-norm on co ® E.

PROOF. We start by observing that [12] Theorem 4.2] shows that the £-norm
(that is, the dual multi-norm) on ¢! ® E’ norms ¢y ® E. The converse is also true,
so that we have ¢! ® E' C (¢co ® E)’, and the embedding is an isometry.

In [12] Definition 5.4], we defined B, ,(¢', E)) to be the set of those T € B(¢!, E)
which are multi-bounded when we take the minimum multi-norm based on £ and
the (p, ¢)-multi-norm based on E. The norm on the space B, ,(¢!, E) is denoted
by ap.q, so that oy o(T) is equal to the multi-bound cp of the set B := {T'(dx) :
k € N}. Thus the natural inclusion of ¢ ® E into By 4(¢1, E) (where we identify
co® E with F(¢1, E)) induces the (p, ¢)-multi-norm on co® E. It follows from [12]
Proposition 5.5] that T' belongs to B, (¢!, F) if and only if the dual operator T’
belongs to II, ,(E’, £>°), with equal norms. The combination of these two results
immediately gives the result.

It remains to show that the resulting norm is a uniform cg-norm. Let T €
B(E, F'), and consider the operator I ® T': ¢co ® E — ¢o ® F. It is easy to see that
we have the following commutative diagram:

co®E—"2T L ®F

| |

Hq,p(E/a co) — Hq,p(F/a co) -

Here ¢ is the map S — S o T’. Since the vertical arrows are isometries, it suffices
to show that [|¢|| < ||T|| = ||7’||. But this follows immediately from properties of
(¢, p)-summing maps; see [14, Proposition 10.2]. O

REMARK 2.7. A refinement of the above argument shows that, for each normed
space E, the (p, q)-multi-norm based on E’ induces the norm on ¢q ® E’ given by
embedding ¢o ® E’ into I, ,(E, co).

It follows immediately from Theorem and the closed graph theorem that
the (p1,q1)- and (p2, ¢2)-multi-norms are equivalent on E whenever

HQ17P1 (El? CO) = HQ27;D2 (Ela CO) ;

moreover, ¢g can be replaced by any infinite-dimensional C'(K)-space. The converse
is also true; this is a special case of the following theorem.

THEOREM 2.8. Let E be a Banach space, and take p1,q1,p2,qe such that 1 <
p1<q <0 and 1 < py < go < 00. Suppose that the (p1,q1)- and (p2, g2)-multi-
norms are mutually equivalent on E. Then

g, p (ElvF) = g, p, (ElvF)
for every Banach space F.

PRrROOF. Let F' be a Banach space. It is standard that there is an isometry ¢ :
F — £°°(I) for some index set I. For each finite subset A C I, let Py : £°°(I) — co
be the projection map
£°°(I) = £%°(A) C co.
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Assume towards a contradiction that we have Il p, (E', F) ¢ g, 5, (E', F),
and take T € Iy, ,, (E', F)\Ilg, p, (E', F'). From the definition of the (g, p)-summing
norm, we see that

Tgp(T) = Tgp(p o T) = sgp Tgp(Pa o @oT);

here we take the supremum over all finite subsets A C I. Hence there exists a
sequence (A,,) of finite subsets of I such that

N Tgi,p (Tn) < Tga,p2 (Tn) (n € N) )

where T}, ;== Py, o o o T : E' — £>°(A,,) C co -
Take n € N. Since T,, € F(E', ¢g), the operator T, is induced by a tensor
Tn € co @ B”. Remark 27 and the previous paragraph then show that

(p1,q1)

(p2,92)
mall e =[]

:n.ﬂ-‘hapl(T ) <7qu P2 co®E" "

In fact, since A,, is finite, the tensor 7,, can be identified with an element x, €
(E")y™™) for some m(n) € N. Thus, this shows that the identity operator

(B, 20 ) — ((Bym e, |- | Eee))
has norm at least n. By [11] Corollary 4.14], it follows that the identity operator
(B 1) = (B, - i)

has norm at least n. This is true for every n € N. But this contradicts the
assumption that the (p1, ¢1)- and the (pa2, g2)-multi-norms are equivalent on E.

COROLLARY 2.9. Let E be a Banach space, and suppose that 1 < p; < ¢ < o0
and 1 < py < go < 00. Then the following are equivalent:

@) (- 1% ne Ny = (|- |P>%) . n e N) on B;
(b) thpl (Elv CO) = Hq27;02 (Elv CO) . O

4. The (p, p)-multi-norm

We now give another description of the (p, p)-multi-norm.

THEOREM 2.10. Let E be a normed space. Then the tensor norm on cy @ E
induced from the (p,p)-multi-norm is the Chevet=Saphar norm d, on ¢y ® E.

PrOOF. By Theorem [2.6] the embedding of ¢y ® E into II,(E’, c¢¢) induces
the (p, p)-multi-norm. By Proposition L35l II,(E’, ¢o) agrees isometrically with the
class of p-integral maps from E’ to cqg. By definition, the p-integral norm, i,(7"), of
amap T : E' — cg is the norm of the induced functional on E’ (EA@%W =0'® a B
Hence the natural map

(CO ®E,|- ||(P7P)) N (61 @)%E/)/

is an isometry. Since cg has the metric approximation property and d,, is an accessi-

‘(P-,P)

ble tensor norm, as explained in the introduction, it follows that the || - | -norm

on co ® F is just the d, norm, as claimed.
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Thus we have another description of the (p, p)-multi-norm based on a normed
space E. The value of this result is that it gives an excellent description of the dual

I (10710))

space to (co ® E, || - , namely as

E)/ = Hp/(CO, E/) s

the collection of p’-summing maps from cq to E’; see [23] Proposition 6.11]. The
maps in T (co, E') are usually rather well understood.

In the general case where ¢ > p, we can give an abstract description of the dual
space of (¢co ® E, || - ||(p’q)), as [11, §4.1.4], but we lack a good concrete description
of this dual space, and this means that we are unable to adapt the arguments of
this section to the more general case.

5. Relations between (p, ¢)-multi-norms

Let E be a normed space, and consider the above (p, ¢)-multi-norms based on
E, where 1 < p < ¢q < oo. It is clear that, for each fixed p > 1 and ¢1 > g2 > p,
we have (|| |y < (]|-]|%P%)), and, for each fixed ¢ > 1 and p; < py < g,
we have (|| |7y < (||-|P>9). Further, it is proved in [IT} Theorem 4.4] that
(- Hglp,p)) > (|- ||5f’Q)) whenever 1 < p < ¢ < oo, and so (|| - Hgll’l)) is the maximum
among these multi-norms; by (), it is the maximum multi-norm.

The following theorem, which follows immediately from Theorem and the
analogous result for (g, p)-summing operators that is given in [14], Theorem 10.4],
for example, gives more information about the relations between (p, ¢)-multinorms.

To picture the theorem, consider the following. We write T for the extended
‘triangle’ given by

T={(p.g) eR*:1<p<gq},

and, for ¢ € [0,1), we consider the curve

¢.~{poeT:

we have
T=J{C:cel0.1)}.

Then the multi-norm (|| - Hglp ) increases as we move down a fixed curve Ce, and it
increases when we move to a lower point on a curve to the right.
In the diagram, arrows indicate increasing multi-norms in the ordering <.
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q Cc CO

(p,p)

(1,1) P

THEOREM 2.11. Let E be a normed space, and take (p1,q1) and (p2,q2) in
T. Then (|- ||7(f1’q1)) <(- ||51p2’qz)) whenever both 1/ps — 1/g2 < 1/p1 — 1/q1 and
2 < q- O

It is easy to see that "7 (E) = (") (E') for each normed space E and each
n € N [11], Theorem 4.4], and so the following result is immediate from Proposition

T3

PROPOSITION 2.12. Suppose that (p,q) is in T and that n € N. Then:

(i) cpﬁf"” (E) < n'4 for each normed space E;

(i) cpﬁf’q) (E) = n'/4 for each infinite-dimensional normed space E whenever
p=2;

(iii) PP (E) > n!/2=YP+1/49 for cach infinite-dimensional normed space E
whenever p < 2;

(iv) w%p’q) (¢7) = n/9 whenever r > 1 and p > min {r, 2} . O

In Theorem 310, we shall improve clause (iv) of the above proposition by giving
(asymptotic) values of ¢P*?(¢7) for all values of p and q with 1 < p < ¢ < oo in

the case where r > 1.

COROLLARY 2.13. Let E be an infinite-dimensional Banach space, and take
(p1,q1) and (p2,q2) in T. Then the (p1,q1)- and (p2, q2)-multi-norms based on E
are not equivalent whenever p1,p2 > 2 and q1 # qo. O

Combining the previous proposition with Theorem 2.11] we obtain the follow-
ing.

COROLLARY 2.14. Let E be an infinite-dimensional Banach space. Suppose
that (p,q) is in T.

(i) The (p,q)- and the mazimum multi-norms based on E are not equivalent
whenever q > 2.
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(it ) The (p,q)- and the minimum multi-norms based on E are not equivalent
whenever 1/p—1/q < 1/2.
PROOF. (i) Take p; € (2,q). Then
: , 2,2
(1) < ) < 1)

However, (]| - ||§lp1’p1)) 2 (- ||§l2’2)) on E by Proposition [212(ii), and so this implies
that (|| [,) % (|| ;) on E.
(ii) This follows from Proposition O

We shall compare the (p, ¢)-multi-norms on L"(2), and, when r > 1, we shall

compute <p(p ) (£™) asymptotically for all other values of p and ¢ later. For these
calculations, we shall need to use the following proposition, which is an immediate
consequence of Proposition [[L4

ProprosITION 2.15. Let E be a normed space. Suppose that 1 < p < q; < q <
q2 < 00, so that

¢ @ @

1 1-6 6
= +
for some 6 € (0,1). Then

9 (B) < (60(B) - (e @) men). -

The following calculations of some specific (p, ¢)-multi-norms will also be useful.

EXAMPLE 2.16. Let 7 > 1, set s = r’, and take (p,q) € T. Then

1001, -, 0n ‘(pq)iHZQ@g CO®W_HZ& Iy (€7, co)

for each n € N, where I, is the formal identity map from ¢° to £°°. Here we are
now writing (6;) and (e;) for the standard bases in £” and cq, respectively.

= Tg,p(In)

The value of [|(d1, ..., 5n)||5lp’q) based on the Banach space £ is calculated for
certain values of p and ¢ in [11], Example 4.8]. We now calculate this value for all
(p,q) € T by elementary means.

Fix n € N, and, for (p,q) € T, write

(8) An(p,q) = 181,81
Set s =1’ and u = p’. Then

1/q
A, (p, q) = sup (ZM”) Sy A €L tpn(A, . A) <1

and so, using (2], we see that

1/q
(9) An(p,q) = sup (ZI/\HI"> b (Nig)ij=1 € B, 43

We now use [21], Proposition 1.c.8], which states the following: Suppose that a
matrix (A; j)7';—; defines a contraction from £, to £;. Then the ‘diagonal’ operator
obtained by setting all the off-diagonal terms of our matrix to 0 also defines a
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contraction between the same spaces. As the sum in (@) involves only the terms
Aij with j =i, we see that we can make this change without changing the value of
A, (p,q), and thus we can say that

An(p.q) =sup{|lallg: Da € B L3},

where Doz = (o121, ..., anx,) for each o, x € C™.
We claim that

nl/a when u < s,
An(p,q) = { nt/att/u=l/s when u > s and 1/g+ 1/u>1/s,
1 when 1/g+1/u<1/s.

Indeed, suppose first that u > s. Then there exists ¢ > 1 such that 1/s =
1/u+1/t. Let « = (aq,...,a,) € C*. A version of Holder’s inequality implies that

n 1/s n 1/t n 1/u
(Damr) s(Dam) (zw)
=1 =1 =1

for every (z;) € . Moreover, equality is attained for a suitable choice of (z;), and
so we see that

[Da ity = L3l =lale  (aeCm).
Thus the problem now is to compute

An(p,q) =sup {llafly: o€ (C)y} -

If t > ¢, the supremum occurs when a = («;) is the constant sequence (n_l/t), in
which case we obtain

n 1/a
<Z |ai|¢Z> = (n - n~ YV = pl/al/t = pl/att/u=1/s,
i=1

If t < g, the supremum occurs at a point mass, in which case we obtain |||, = 1.
Finally, suppose that u < s. Then we see that

n 1/s n 1/u n 1/u
(zmr) s<z|aixi|u) < ol (zw) ,
=1 =1 =1

and equality occurs when (x1,...,2,) is a point mass. Thus
[Da:ly = Lol =llalle  (@eC™).
It follows that
An(p,q) =sup {llafly: a€ @)y} =n'".
This establishes the claim.

We conclude as follows. Suppose that » > 1 and (p,q) € T. Then the (p, q)-
multi-norm based on ¢" satisfies the following equation for each n € N:

n/m1/a=1/P  swhen p < r and 1/p—1/q < 1/r,
(10)  [|(61,-..,8,)| PV = 1 when 1/p—1/q > 1/r,

nl/a when p > r.
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We can also write the above formula more concisely as follows:

101, 8)IPY =n®  (neN),

(-G

Here, 27 = max {x,0} for each z € R. O

where

EXAMPLE 2.17. Suppose that » > 1 and (p,q) € T. Set s =/ and v = p/, as
before.
Fix n € N. For ¢ € N,,, take

| I vy 1 —i s—2i —ni r
fl:mzlg ]6J:W(C 7< 7"'7< 70707"')€£ )
i=
where ¢ = exp(27i/n), so that ||fil|,» =1 (i € Ny,), and then set f = (f1,..., fn)-

Next take A = (A1,...,\,), where

n

A= s = (¢ ¢, CM,0,0,...) € 60

j=1
Note that

n 1/q
) <Z|<fi, /\i>|q> _ plH1/a-1/r
i=1

We take i, ..., ¢n € C with 700, G <1, and set z; = Y27, (¢ (i € Ny),
Z|Zz|2 :”Z|<i|2 and ZQ)\i
i1 i1 i1

so that
n 1/s
0s =1
Now suppose that » > 2, so that 1 < s < 2.

In the case where p > 2, so that u < 2, we have Y " | 1G)? < S lalt <1,

and so
nl/s n 5 1s
Np,nO‘) < iz Z |ZZ| <n’".
i=1
Hence, by (),
n1+1/q
1G> 2 e,

In the case where 1 < p < 2, so that u > 2, we have

" 1/2 " 1/u

2 n'/? u 1/2—1/u
>l < >l <n :
i=1 i=1

and so

nl/s

n 1/2
tip,n(A) < iz <Z |Z7,|2> < pl/2+Y/s=1/u
=1
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Hence, again by (LTI,

14+1/g+1/u
n _ pL/2=1pt1/a

(p:9)
£ > e =

It is always true that Hf||5f’q> > 1.
We conclude that, in the case where r > 2, we have the following estimates,
which hold for each n € N:

nt/2=1/P+1/4 when 1 <p<2and 1/p—1/¢<1/2,
(12) IFIL? > 1 when 1/p—1/q>1/2,

nl/d when p > 2.

We shall see from Theorem BI0, given below, that || f|| Slp D s always equal to
the term on the right-hand side of (I2) to within a constant independent of n. O

6. The standard t-multi-norm on L"-spaces

Let (€, u) be a measure space, take r > 1, and suppose that r < ¢t < co. In [11]
§4.2] and [12] §6], there is a definition and discussion of the standard ¢-multi-norm
on the Banach space L"(£2). We recall the definition.

Take n € N. For each ordered partition X = (X, ..., X,,) of Q into measurable
subsets and each f1,..., f, € L"(2), we define

(e ) = (i)

Here Px, : f — f | X, is the projection of L"(2) onto L"(X;), and ||| is the
L™-norm. Then we define

mnmnW=?mwhwmm

where the supremum is taken over all such measurable ordered partitions X.

As in [11] §4.2.1], we see that (]| - ||£f] : n € N) is a multi-norm based on L"(2);
it is the standard ¢ -multi-norm on L" ().

Clearly the norms || - || g] decrease as a function of ¢ € [r,00), and so the maxi-
mum among these norms is | - ||£:]
For example, by [11], (4.9)], we have

t t tl/
1 FIE = (A0 170 e

whenever fi,..., f, in L"(Q2) have pairwise disjoint supports, and, in particular,
61,6 =0t (neN).

As remarked in [I1], it appears that the definition of the standard ¢-multi-
norm depends on the concrete representation of the space L" (). However, in [11]
§4.2.8], there is a definition of an ‘abstract t-multi-norm based on a o-Dedekind
complete Banach lattice E’, and it is shown in [11, Theorem 4.36] that the standard
t-multi-norm based on a Banach lattice L"(€2) depends on only the norm and the
lattice structure of the space. For a related result, see [11], Theorem 4.40].
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The rate of growth of the standard t-multi-norm based on L"(2) is denoted by
wg] (L7(£2)), as in [11] Definition 4.21]. In fact, it is easily seen that

(13) PRI () = n'/!

for every infinite-dimensional L"(§2)-space.
In the special case where t = r, we have
1/r

(14) |uhu¢mw—(4mﬂv~wnw)

for n € N and elements f1,..., f, € L"(Q); this is equation (4.12) in [11].

For a Banach space E and r > 1, the space L"(Q, E) consists of (equivalence
classes of) p-measurable functions F' : Q@ — E such that the function s — ||F(s)]|
on 2 belongs to the space LP(2); with respect to the norm || - || specified by

1/r
|WH—<AHH@WdM@> (Fe N E)).

the space L"(€), E) is a Banach space. The tensor product L"(2) ® E can be
identified with a dense subspace of L" (2, E)). Indeed, f®x € L"(2)® F corresponds
to the function s — f(s)x. See [13} Chapter 7] and [23] §2.3].

Now take n € N and f1,..., f, € L"(Q). Then (f1,..., fn) corresponds to the
element > 1", 6; ® f; in co ® L"(£2), and hence to the function

s — z": fi(s)d; € L"(2, co),

i=1

and its norm in L"(Q, ¢q) is exactly ||(f1,-.., fn)||£f] by equation (I4]).

Thus, in the case where t = r, we can regard the standard r-multi-norm on
L"(Q) simply as that given by the embedding of ¢o ® L"(Q) in L"(L, ¢g).

There seems to be no similarly useful representation of the standard t-multi-
norm on L"(€) in the case where ¢ > r.

7. The Hilbert multi-norm

We now recall an alternative description of the (2, 2)-multi-norm based on a Hilbert
space. This involves the Hilbert multi-norm that was introduced in [11] §4.1.5].

Let H be a Hilbert space, with inner-product denoted by [-, -]. For n € N, we
write

H=H &, @1 Hy

when Hy, ..., H, are pairwise-orthogonal (closed) subspaces of H.

Take n € N. For each family H = {Hy,...,H,} such that H=H, @, --- ®,
H,, we set

1/2
ra((@rwn)) = (1Pl + 4 [ Pazal) T = 1Py + -+ Pa

for z1,...,xz, € H, where P; : H — H; is the orthogonal projection for i € N,,.
Then we set

2l = supra(@) (o e H").
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where the supremum is taken over all orthogonal decompositions H of H. As in
11l Theorem 4.15], (|| - ||f : n € N) is a multi-norm based on H; it is called the
Hilbert multi-norm.

The following result is [11, Theorem 4.19].
THEOREM 2.18. Let H be a Hilbert space. Then (|| - ||f) = (|- ||512’2)). O

8. Relations between multi-norms

In this subsection, we shall first summarize some results about the relationships
between multi-norms that were already established in [1].

THEOREM 2.19. Let E be a normed space. Then (|| - ||7(11’1)) = (|- |I*).

n

PRrROOF. This is [11] Theorem 4.6]. O

THEOREM 2.20. Take r,t with 1 <r <t < oo, and let ) be a measure space.
Then
t r,t r
-0 < A1) on - 27(9).
Moreover, when r = 1, these two multi-norms are equal on L'(Q) whenever t €

[1,00). Further, (|- [y = (|- ) on L}(%2).

n

PROOF. This combines [11], Theorems 4.22, 4.23, and 4.26]. O

By ([@3)), different standard t-multi-norms on an infinite-dimensional L"(2)
space are not equivalent to each other, and they are never equivalent to the min-
imum multi-norm; we shall see in Theorem that they are never equivalent to
the maximum multi-norm.

THEOREM 2.21. Take r > 1, and suppose that r < t < co. Suppose that either
2<r<torthatl <r <2andr <t <r/(2—r). Then the multi-norms

(- HE] :n €N) and (|| - ||7(:’t) :n € N) based on £" are not equivalent.
PRrROOF. This is [11] Theorem 4.27]. O

We shall extend and complement the above results in the present memoir.






CHAPTER 3

Comparing (p, ¢)-multi-norms on L spaces

In this section, we aspire to determine when two (p,¢)-multi-norms based on a
space L"(Q2) are equivalent; we shall obtain a reasonably complete classification,
but cannot give a fully comprehensive account.

1. The case where r =1

In this section, we investigate the equivalence of various (p, ¢)-multi-norms on spaces
of the form L'(Q).

By Example 216 (|| - Hglpl"“)) is not equivalent to (|| - ||51p27q2)) on L*(Q2) when-
ever L'(Q) is infinite dimensional and ¢; # g2 because A, (p,q) = n'/? (n € N) for
each (p,q) € T, in the notation of that example; it remains to investigate the case
where ¢1 = g».

The following result is [12) Theorem 5.6]. It is also a consequence of Theo-
rem [2.6] and the corresponding result in [14] Theorem 10.9).

THEOREM 3.1. Let Q be a measure space, and take p,q,s € R with 1 < p <
q<s<oo. Then

U122y 2= (- 15y = (- 18) on ZH(R). 0

The following result shows that the condition ‘p < ¢’ in the above theorem is
sharp. Note also that

161, 812D = |81, ..., 6) D (=09 (neN),

for ¢ > 1, and so the above equation is not sufficient to enforce the non-equivalence
) 1,
of (|- [[;*) and (|- [l;).

THEOREM 3.2. Let Q be a measure space such that L'(Q) is infinite dimen-

silanal. Take ¢ > 1. Then (|| - ||§lq’q)) > (|- Hf}"’)), but (|| - Hf;z,q)) Z (- HS’@) on
L'(Q).

PRrOOF. First, suppose that our multi-norms are based on ¢'.
Take n € N, and let I,, be the identity map from ¢2° to the Lorentz space £
A calculation of Montgomery-Smith [22] (see [9] for a statement of this example)
shows that
Tgq(Ln) ~nY9(1 +logn)t =1 7,1 (1) ~n'/9.
For each n € N, we can find m = m(n) € N, with m(n) > n, and an operator
I Coviny With

1
(1 - E) ”IHQ,I < lon(®)]loo < ”IHQJ (z € 6311)'

29
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Let py, : £°° — £°° be the natural projection, and define

1
Tnzmgo,IOInOpn:f(’O%E;f(n)Cco.

From the definition of the (g, p)-summing norm, it follows that
1 1 1
<1 - ﬁ) mﬂ'qm(ln) < map(Th) < mﬂ'qm(ln)

whenever 1 < p < ¢ < oo. In particular, 74 1(T,) ~ 1, but mg4(Tn) ~ (1 +
logn)'—1/4,
Since T,, = T}, o p,, we see that T}, is the image of

Ty = iTn(ez) ® 51
i=1

via the natural inclusion ¢ ® £1 < B(£*°, c¢q). The previous paragraph and The-
orem imply that

,1 i B
Hw"H(ci@a)el ~1, but |z, (cqr);;)ll ~ (1 +1logn)t~1/4.
) 1,
Hence (| [|$9) 2 (|| -[|$) on £1.
For a general measure space €, the result follows from Theorem [} 0

We summarize the situation for (p,q)-multi-norms based on L*(£2). In this
special case, we have a full solution to the question of equivalences.

THEOREM 3.3. Let Q be a measure space such that L'(Q) is infinite dim-
ensional, and suppose that (p1,q1), (p2,q2) € T

(i) Suppose that g2 > q1. Then (|| - ||51p1’(n)) = (] - ||51p2’q2)), and these multi-
norms are not equivalent on L' (£2).

(i) Suppose that qs = q1 = g and po > pi. Then (||| V) = (|- |7");
these multi-norms are equivalent on L*()) when also pa < q, but they are

not equivalent to (|| - ||§lq7q)). "

COROLLARY 3.4. Let Q be a measure space such that L*(Q) is infinite dimen-
sional, and suppose that (p,q) € T. Then the (p,q)-multi-norm on L'(Q2) is not
equivalent to the minimum multi-norm, and it is equivalent to the maximum multi-
norm if and only if p = q = 1, in which case, it is actually equal to the maximum
multi-norm. O

2. The case where r > 1

In this case, it is more difficult to determine when the (p,q)-multi-norms are
equivalent on L" ().

Throughout we suppose that L"() is infinite dimensional.

In this section, it is convenient to continue to use the earlier notation C, for the
curve

Cc:{(paq)ET:l_l:c}u
p

q
whenever ¢ € [0,1). This curve is contained in the triangle 7.
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We shall consider points P; and P in T, and shall say ‘P and P» are equivalent
(respectively, not equivalent) on E’ to mean that the multi-norms (|| - ||fzp1"“)) and
(- ||7(f 2"12)) based on a Banach space E are equivalent (respectively, not equivalent).

The first result, which shows that various pairs of multi-norms are not equiv-

alent, follows directly from Proposition 2.12] and the calculation given in Example
Indeed, (i) follows from Proposition[ZI2(iv) and (ii)—(iv) follow from equation

PROPOSITION 3.5. Let 2 be a measure space, and take v > 1. Then two points
Py €C., and Py € C., are not equivalent on L™ () in the following cases:
(1) P1,D2 2 min {T‘, 2}7 and q1 7& q2;
(ii) p1,p2 <7, min{c1,c2} < 1/r, and ¢1 # co;
(iii) p1 <7 < pa, and

(iv) p1 > 7> po, and
R R O

We now concentrate on the (p, p)-multi-norms and the maximum multi-norm
on L"(Q).

Let E be a normed space. We recall that it follows from Theorem 2.10 that the
dual space of (co®E, |- ||P")) is ILy (co, E'); the dual of the maximum multi-norm,
identified with (co ® E, ||-1|,.), is B(co, E').

PROPOSITION 3.6. Let Q2 be a measure space. Suppose that
either 1<p<2<r<oo or 1<p<r<2.
Then (|| - | 7)) is equivalent to (|| - ™) on L™ ().

n

PROOF. In the case where 1 < p < 2 < r < oo, so that ' € (1,2], we
use [14, Theorem 3.7], which tells us that every operator T : ¢o — L" () is 2-
summing, with me(T) < K¢g|T||, where K¢ is the Grothendieck constant. Since
II5(co, E) C Iy (co, E) is a norm-decreasing inclusion (for any Banach space E),
we conclude that

(co® L' (Q), || -|#) =Ty (co, L (Q)) = B(co, L7 () = (co ® L™(9), || - ™)',

which gives the result.
Similarly, in the case where 1 < p < r < 2, so that ' > 2, we appeal to
[14, Corollary 10.10], which shows in particular that we have Ly (co, L™ (Q)) =

/

B(co, L™ (€2)). The result follows. O

PROPOSITION 3.7. Let 2 be a measure space such that L™(Q) is infinite dimen-
sional. Suppose that 1 <r < 2. Then (]| - Hf:’r)) 2 (|- 17%) on L7(£2).

n

PROOF. Here we appeal to [20, Theorem 7, clause 2], which, using an exam-
ple of Schwartz [24], shows that II;(co,£®) # B(co,¢®) for s > 2. The required
conclusion follows. O



32 3. COMPARING (p, q)-MULTI-NORMS ON L" SPACES

Thus we have a complete classification of the (p, p)-multi-norms on L"(€2) into
equivalence classes, summarized in the following theorem.

THEOREM 3.8. Let §) be a measure space such that L™ () is infinite dimen-
sional, where r > 1. Set T = min{2,r}. Then:

@) (- 119y 2 (|| - [197) on L7 () whenever p,q > T and p # q;
) (|- 187) 2 (|| - ) on L7 () whenever p > T;

(i) (|- 1) 2= (|| - ) on L7() whenever 1 < p < T;

@) (- 1Y) = (] 12 on L7(92);

v) ifl<r<2, then”™=r and (r.r) maxy om LT(Q):
(v) if , (- || ;
vi) if r>2, then™ =2 and 2,2) ARy on LT(9).

(Vi) if r > 2, (-1 .

PRrROOF. Notice that (ii) follows by applying (i) with ¢ = 7 and (iv) is just a
special case of Theorem O

3. The role of Orlicz’s theorem

We shall now determine when the (p, ¢)-multi-norm based on L"(2) is equiva-
lent to the minimum multi-norm. For this, we shall need a form of Orlicz’s theo-
rem. Indeed, a generalization of Orlicz’s theorem given in [14], Theorem 10.7] shows
that, for each s € [1,00), the identity operator on L*(€) is (§,1)-summing, where
5 := max{s,2}. In the case where s = 2, so that § = 2 also, the (2,1)-summing
norm of the identity operator on L?() is equal to 1.

Now suppose that r > 1, and again set ¥ = min {2, r}. Set s =/, the conjugate
of r, so that

Then, since the identity operator on L*(§2) belongs to Il 1(L*(2)), we obtain
B(L*(R), F) =1I51(L°(Q), F)

for each Banach space F'; in the case where r = 2, we have equality of the norms
as well.

It follows from Theorem [2.6] that the tensor norm on c¢o ® L"(€2) induced from
the (1,7’)-multi-norm is equivalent to the injective tensor norm, which is induced
by B(L*(Q2), c¢g). That is, the (1,7’)- and the minimum multi-norms on L"(f2) are
equivalent. This and Theorem 2.I11]imply the following.

THEOREM 3.9. Let Q be a measure space, take r > 1, and set 7 := min {r, 2}.
Suppose that 1 < p < q < co. Then (|- HSf’q‘])) = (|| [I"™) on L"(2) whenever
1/p—1/q > 1/7. Moreover (|- Hslp’Q)) = (]| Hfm) on L*(Q) whenever 1/p—1/q >
1/2. O
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4. Asymptotic estimates

The next stage of our analysis is to give a complete asymptotic estimate for
<p$3” ) (£7) for all relevant values of p, ¢ when r > 1.

THEOREM 3.10. Let Q be a measure space such that L"(Q) is infinite dimen-
sional, where r > 1. Set ¥ = min {r, 2}, and suppose that 1 < p < q < oo. Then:

(i) @"? (L7() ~ 1 when 1/p—1/q > 1/7;
ii cpglp’q) L7(Q)) = n'/9 when p > 7;
(i)
(iii) <p§lp’q) (L"(Q)) ~ /TPt a yhen 1/p—1/¢<1/7 and p <T.

In the case where r = 2, all three estimates are actual equalities.

PROOF. Statements (i) and (ii) follow from Theorem[B.9and PropositionZI2(iv),
respectively.

(iii) Suppose now that 1/p — 1/¢ < 1/7 and that p < 7. Again, we need to
consider only the space £”. By Proposition 2I2(iii) (when r > 2) or by Example
(when r < 2), we see that

QPO () > /TP (g e N).
When ¢ = p, we know by Theorem B.8[(iii) that (|| - Hflp’p)) = (|- I3™), and so
P ~ G ()
by [11l, Theorem 3.54]. Thus we need to consider only the case where ¢ > p.

Set ¢ = p and ¢o = pF/(F — p), so that 1/p — 1/q2 = 1/7. We also see that

q1 < q < g2, and so
1 1-6 6
i + ,
q a1 42

where § = 7(1/p—1/q). Using Proposition215 we deduce from (i) and the previous

paragraph that

1-0 0 . ,
PP (g7 < (<p§lp7p)(gr)) . (wglp,qz)(gr)) < C.n=0/" = ¢ pt/T-1/rtl/a

for all n € N, where C,. is a constant depending only on r; when r = 2, this constant
can be taken to be 1.
This completes the proof. (I

We now obtain the following asymptotic estimates, where f is as in Example
217 and the multi-norm is calculated with respect to £”, where r > 2:
nl/2=1/PH1/4 when 1 <p<2and 1/p—1/¢<1/2,

15  IFIP? ~ 1 when 1/p — 1/ > 1/2,

nt/a when p > 2.

It is interesting to see where the maximum rate of growth is attained. Indeed,
suppose that (p,q) € T and we are considering the rate of growth of the (p,q)-
multi-norm on 7, where r > 1. Then it follows from equation (I0) in Example
2.16] that

PPIT) ~ 31y, S)IP? when <2
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and from equation (I2)) in Example 217 that

PP ~ N (froee s FIPD when 7> 2,

where, for ¢ € N,,, we are setting

fi= # Z ¢45;  with ¢ = exp(27i/n).

Jj=1

Thus the maximum rate of growth is attained at either (41, ...,d,) orat (fi,..., fn)-

5. Classification theorem

We now give our main classification result obtained in the case where r > 1.

For this,

let us modify the curves C. to obtain curves D, for 0 < ¢ < 1 as follows.

Set 7 = min {2,7}.

(1)
(i)

(iii)

The case where ¢ € [1/7,1): Set D, = C..

The case where ¢ € [0,1/r): Set u. = r/(1 — cr), so that C. meets the
vertical line p = r at (r,u.). Set

De={(p,q) €Cc:p € [Lr]} U{(p,uc): p € [r,ucl} -

Thus D, agrees with C. on the interval [1,r] and is the horizontal line
q = uc on the interval [r,u.]. In the case where r < 2 and ¢ € (1/2,1/r),
the point at which the line ¢ = u, meets the curve C;, is denoted by z.,
so that r < x. < 2.

Note that Dy is the diagonal line segment {(p,p): 1 <p < r}.

The case where ¢ € [1/r,1/2) (which only occurs when r > 2): Set v, =
2/(1 — 2¢), so that C. meets the vertical line p = 2 at (2,v.), and set
we := 10/ (r — ve), so that the horizontal line ¢ = v, meets the curve Cl/r
at (we,ve). Set

D. ={(p,q) €Cc: pe[1,2]} U{(p,ve): p € [2,wc]} .

Thus D, agrees with the old curve C. on the interval [1,2], and then it
becomes the horizontal line ¢ = v, until this line meets the curve C, ., at
which point it terminates. Note that D;, is the curve Cy, restricted to
the interval [1, 2].

Note that (J{D.: 0 < c< 1} = 7. Note also that, unlike the curves C., the
curves D, depend on the value of r. The case where r > 2 is illustrated in the
diagram, in which we present in bold the curves D. when ¢ > 1/2, when ¢ €
(1/r,1/2), when ¢ = 1/r, when ¢ € (0,1/7), and when ¢ = 0.
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Cl/g Cir Co

(1,1) 2 r P

THEOREM 3.11. Take r > 1, let Q be a measure space such that L"(Q) is
infinite dimensional, and set ¥ = min{2,r}. Take c1,c2 € [0,1), and consider
points Py € D., and Py € D,,, respectively.

(i) Suppose that c1,co € [1/7,1). Then Py and P2 are equivalent (and the
corresponding (p, q)-multi-norms are equivalent to the minimum multi-
norm) on L"(Q).

(ii) Suppose that ¢1 € [1/7,1) and co € [0,1/7). Then Py and P, are not
equivalent on L™ (Q).

(i) Suppose that ci,co € [0,1/F) and that ¢; # co. Then Py and Py are not
equivalent on L™ (Q).

PRrROOF. Clause (i) follows from Theorem B.9] whereas (ii) follows from Theo-
rem

It remains to prove clause (iii). For this, we suppose that ¢1,cq € [0,1/7) and
that C1 7§ C2.

Assume towards a contradiction that P; and P» are equivalent on L"(2).

Case 1: p1,p2 < 7. In this case, the desired contradiction follows from Theorem
B.I0(iii), noting that P; € C,, for both i =1 and 7 = 2 in this case.

Case 2: p1,p2 > 7. In this case, we must have ¢; = ¢2 by Theorem BI0(ii).
From the definition of the curves D., this can happen (with ¢; # ¢3) only when
min {p1,p2} < r, and so r > 2, and min {c1, ¢} < 1/r. In particular, we must have
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7 = 2. By Proposition B.5(i), we must have max {p1,p2} > r. Thus, without loss
of generality, suppose that p; > r > ps > 2. Proposition B.3[iv) then implies that

1 1 1 1

rop2 g q_l '
Since q; = ¢2, this implies that po = r, a contradiction.

It remains to consider the case where p; < 7 < pa; the case where p; > 7 > pa
is dealt with similarly. We divide this case further into the following two cases.

Case 3: r < 2,s0 that 7 = r, and p; < r < p2. In this case, it follows from either
Theorem B.10] or Proposition B5[(iii) that

1 1 1 1

r D1 q1 q2

This implies first that (r,q2) € C.; N Dy, and then that (p2,q2) € D, by the
definition of D.,, a contradiction of the assumption that c¢; # ca.

Case 4: r > 2,s0 that 7 = 2, and p; < 2 < po. In this case, it follows from Theorem

that
1 1 1 1

2 ;o @
This implies that (2,¢2) € C; N De,. So it follows from the definition of D, and
the assumption that (p2,qz2) ¢ D., that co < 1/r. By Proposition[B5(i), we deduce
that pa > r. But then Proposition B5[(iii) implies that

1 1 1 1

LA 25 RS @’
and so r = 2, again a contradiction.
This concludes the proof of the theorem. O

6. The role of Khintchine’s inequalities

The previous theorem reduces our problem to that of determining the equiva-
lence of two points P; and P; lying on the same curve D., where ¢ € [1,1/7). For
further progress, we shall use Khintchine’s inequalities, for which see [17, Chapter
12], for example.

Let n € N. We shall consider (¢; ;) to be a fixed n x 2" matrix with entries
in {—1,1} such that its 2" columns range over all possible choices of n-tuples of
+1. The Khintchine inequality tells us that, for each r > 1, there exist constants
A, B, > 0, depending only on 7 (but not on n), such that

" r\ /7" " 1/2
Zfi,jai < B, <Z |ai|2>
i=1

i=1
for every ai,...,a, € C and every n € N. These constants are those specified in
the next lemma.

on

n 1/2 )
(Ser) < (53
=1

Jj=1

LEMMA 3.12. Letr > 1, and take n € N. Then there exists a linear monomor-
phism Ry, : {2 — (" such that

5= M@ e[ P7 < | Buzr, - Ruza) |77 < By (@, -7
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whenever 1 <p < q < oo and x1,...,T, € L2.

PROOF. Set s = r/, the conjugate index to r, so that 1 < s < co. For each
i € N,, set

1 1

g9i = 2n/r(511,.-.,51'12",0,07---)EKT and <P’L'_2n/5(511;'";gi,Q"aovoa"')665'

The maps §; — g; and &; — ¢; extend linearly to linear operators R : £2 — ¢ and
S : €2 — ¢° respectively. Moreover, by the Khintchine inequality, we see that

Arllzll,2 < [|Rzll,r < Br|lfl,2 and  Agllzll,. < |[S2ll,. < By |lal,2 (z € (7)),
so that, in particular, both R and S are linear monomorphisms. We see also that
(Ra,Sy) = (z,y)  (v,yely),

where we identify (¢2)' = ¢2 in an obvious manner.
Take p,q € T and take 1, ...,7, € £2. We then see that

|(Rz1,. .., Rzy)|| P

M:

1/q
= sup |RI’L; Z|> : )\15"'7)\716657 /L;D,n(Alv"'v)\n)Sl

Il
-

;
at
|

3

M:

1/q
[{z;, R'\;) |> M, A €L (A, M) <1

Il
-

| /\

M:

1/q
|I17yz ) : ylv"'aynegia ,up.,n(yla"'ayn)SBT

Il
-

= By ||, w) [P0

On the other hand, from the first equation above, we also see that

|(Rz1,..., Rzy)|| P

n 1/q
> sup <Z (Rxi, Syi)| > S YLy Un €2, tpn (Y1, yn) < 1/B;

n 1/‘1
= sup <Z|<xi,yi>lq> LYl Yn € Oy ppn(Yis- s yn) < 1/Bs

1

_ (p,q)
5 Iz 29
Thus, setting R, := R, we obtain the desired operator. O

THEOREM 3.13. Suppose that (p1,q1), (p2,q2) € T. Assume that the (p1,q1)-
and (p2,qz)-multi-norms are not equivalent on 2. Then, for every r > 1, the
(p1,q1)- and (p2, g2)-multi-norms are not equivalent on £7.
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PRrROOF. Take r > 1. Without loss of generality, by the assumption, we see that
there exist a sequence () in (0, 00) with a,, * 0o and a sequence (x,,) where, for

eachn € N, z,, = (1, ..,Znn) € (£?)", such that
@t @) [P0 > o (@, a) 77
It is obvious that we may consider x,1,..., %, as belonging to £2. Now set

Yn,i = Rpxy; for each i € N,,, where R,, is the map defined in the previous lemma.
We then obtain, for each n € N, a tuple (yn,1,...,Ynn) € (£7)" such that

(pr.1)  _On
[Wnts- - Y [| P21 > o

Thus (|| - ||£Lp17q1)) and (|| - |\5f“q1>) are not equivalent on ¢£”. This completes the
proof. O

H(yn,l, - ,ynm)Hng,%) '

COROLLARY 3.14. Let (p1,q1),(p2,q2) € T. Suppose that W, ,, ((% F) #
Uy, 5o (0%, F) for some Banach space F. Then, for each r > 1, the (p1,q1)- and
(p2, q2)-multi-norms are not equivalent on £7.

PRrOOF. This follows from the previous theorem and Theorem 2.8 using the
Riesz representation theorem. O

7. Final classification

Theorem suggests that we study more closely the spaces II, ,(H), where
H is a Hilbert space, and this we shall do to obtain the final classification that we
can achieve.

We first state some results that identify II,,(H). Clause (i) of the following
theorem combines Corollaries 3.16 and 4.13 of [14], and the remaining clauses are
stated on page 207 of [14]. In fact, clauses (ii) and (iii) of the following theorem
originate in [19] Theorem 2] (where this result is attributed to Mitjagin), and (iv)
is from [5] and [6, Theorem 3]. Recall that S,.(H) and Syq/p q(H) were defined in

2

THEOREM 3.15. Let H be a Hilbert space, and take (p,q) € T.
(i) Suppose that p=gq. Then II,(H) =1(H) = S2(H).
(ii) Suppose that p <2 and 1/p—1/q <1/2. Then I, ,(H) = S.(H), where
1/r=1/¢q—1/p+1/2.
(ili) Suppose that 1/p—1/q > 1/2. Then 11, ,(H) = B(H).
(iv) Suppose that 2 < p < q < oo. Then Il ,(H) = Saq/p,q(H). O

In connection with clause (i), we note that the exact constants that determine
the relations between the 7, -norm and the 7 -norm on (real and complex) Hilbert
spaces of various dimensions are calculated in [15].

Recall that the point z. € (r,u.) was defined on page B4l

THEOREM 3.16. Take r € (1,2), and let 2 be a measure space such that L"(€2)
is infinite dimensional. Suppose that two distinct points Py = (p1,q1) and Py =
(p2,q2) in T are equivalent on L"(2). Then one of the following cases must occur.
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(i) The points P1 and Py both lie in the region
{(pg) €T:1/p=1/q=1/r};

in this case, the (p,q)-multi-norms corresponding to points in this region
are all equivalent to the minimum multi-norm on L (£2).

(ii) The points Py and Py both lie on the same curve {(p,q) € D.: 1/p—1/q > 1/2}

for some ¢ € [1/2,1/r). Further, p1,p2 € [1,z¢].
(iii) The points Py and Py both lie on the same curve {(p,q) € C.: 1 <p <r}
for some ¢ € (0,1/2).

(iv) The points Py and Pa both lie on the line segment {(p,p): 1 <p < r};
in this case, the (p,p)-multi-norms corresponding to points on this line
segment are all equivalent to the mazimum multi-norm on L™ (§2).

ProOF. By Theorems 3.8 and B.11] all that remains to be considered is the
case where P, and P» both lie on the same curve D, where 0 < ¢ < 1/r. Without
loss of generality, we may suppose that p; < p2, and so p; < ¢; and

1/pr—1/q1 > 1/p2—1/qo.

Case 1: c € [1/2,1/r) and 1/p; — 1/q; < 1/2 for both i = 1,2. Then, by Theorem
BI5(i), (ii), or (iv), we have, for each i = 1,2,

Iy, . (fz) = either Soq, /p, (62) or S, (fz) ,

where 1/r; = 1/2 — 1/p; + 1/¢;. Note that, since ¢ > 1/2 and P; # P,, we must
have 1/p; — 1/q1 # 1/p2 — 1/q2, and so r1 # ro. Thus we see, by a remark on page
@ that 1Ly, p, (€2) # I, 4, (€?), and hence, by Corollary BI4, P; and P, are not
equivalent on ¢". This contradicts the hypothesis, and so this case cannot occur.
Case 2: c € [1/2,1/r) and 1/p2 —1/q2 < 1/2 < 1/p1 — 1/q1. Then, by Theorem
BI85, we have
g, p, (€%) = either Sog, /py 0. (£2) o1 Spy(€7),

where 1/rg = 1/2—1/pa+1/g2. On the other hand, the same theorem implies that
gy, , (0%) = B(£?). So again we see that I, ,, (¢2) # Iy, »,(£?), and hence, by
Corollary[3.14, P; and P, are not equivalent on £”. This contradicts the hypothesis,
and so this case cannot occur.

We have shown in the above two cases that we cannot have both 1/ps —1/¢2 <
1/2 and ¢ € [1/2,1/r), and so necessarily 1 < p; < ps < z, when ¢ € [1/2,1/r).
Case 3: c € (0,1/2). Now 1/p; —1/q; < 1/2 for each i = 1,2, and so, by Theorem
BI85, we have

Iy, p, (€%) = either Say, /p, 4 (£?) o1 Sy (£7),

for each i = 1,2, where 1/r; =1/2 — 1/p; + 1/q;. Note that r1 and r9 cannot both
be equal to 2. Thus, since P; and P, are equivalent on £, by Corollary B.14, we
must have II,, ,, (?) = I, ,,(¢?). The only way this can happen, by the remark
on page[d is when p; <2 (i = 1,2) and 1/p; —1/q1 = 1/p2—1/go. By the definition
of the curve D, this can happen only if p; <r (i = 1,2).

The three cases above complete the proof. (I
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REMARK 3.17. In [7], it will be shown that P, and P, are equivalent whenever
1 < r < 2 and both points lie on the same curve C. for some ¢ € (0,1/r). Thus
we know in every case whether P; and P, are equivalent, save for the case where
both points lie on the same horizontal line ¢ = u, and where r < p; < py < z.. In
this case, Iy, ,, (¢2) = I, ,»,(£?), a necessary condition for equivalence of the two
multi-norms by Theorems 2.8 and O

THEOREM 3.18. Take r > 2, and let 2 be a measure space such that L" ()
is infinite dimensional. Suppose that two distinct points Py = (p1,q1) and Py =
(p2,q2) in T are equivalent on L™ (). Then one of the following cases must occur.

(i) The points Py and Py both lie in the region

{(pg) eT:1/p=1/q=1/2};

in this case, the (p,q)-multi-norms corresponding to points in this region
are all equivalent to the minimum multi-norm on L™ (£2).

(ii) The points Py and Py both lie on the same curve {(p,q) € C.: 1 <p <2}
for some c € (0,1/2).

(iii) The points Py and Py both lie on the line segment {(p,p): 1 <p < 2};
in this case, the (p,p)-multi-norms corresponding to points on this line
segment are all equivalent to the mazimum multi-norm on L" ().

PROOF. As in Theorem [B.16] all that remains to be considered is the case
where P; and P, both lie on the same curve D., where 0 < ¢ < 1/2. We again
need to consider only the space £”. For this, suppose without loss of generality that
p1 < p2, and so p; < ¢1. Assume towards a contradiction that ps > 2. Then, by
Theorem B.I5(i) or (iv), we have

My, p, (£%) = either S242 /pa.as (£2) or Sy(£?).
First, suppose that p; > 2. Then, by Theorem B.I5{(iv), we have

H‘IlvPl (62) = 82111/1717(11 :

But we know that Sag, /p, 4, (£2) is never equal to either Say, /p, 4, (€2) or Sa(£2),
and so P; and P; are not equivalent on £" by Corollary [3.14]

Second, suppose that p; < 2. Then Il,, ,, (¢?) = S,, (¢?) by Theorem BI5(ii),
where 1/r1 = 1/2—c, and so r; > 2. Thus again we see that Iy, ,, (£2) # I, 1, (£?)
by a remark on page

In both cases, we arrive at a contradiction to the assumption that P; and P»
are equivalent on ¢”. Therefore ps < 2, and the proof is completed. O

In the Hilbert spaces case, i.e. when r = 2, using Theorems 2.I8, we see
that the (p, p)-multi-norms corresponding to points in the clause (iii) above are all
equivalent to the Hilbert space multi-norm.

REMARK 3.19. There remains the case where P;, P, both lie on a curve C.
such that 0 < ¢ < 1/2 and p1,p2 € [1,2]. Then again I, ,, (¢2) = Iy, p, (¢2), a
necessary condition for equivalence by Theorems 2.8 and BI3 In [7], it will be
shown that P; and P, are indeed equivalent whenever » > 2 and both points lie
on the same curve C. for some ¢ € (0,1/2). Thus we have a complete classification
whenever r > 2. O
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8. The relation with standard t-multi-norms

Let 2 be a measure space, and take 7 > 1. Then we have defined the standard
t-multi-norm (|| - ||£f]) on L"(Q2) whenever ¢ > r, and we have defined the (p,q)-
multi-norm (|| - ||51p’q)) on L"(Q) whenever (p,q) € T. We conjecture that (]| - HE?) %
(I Hglp’q)) whenever r > 1 and L"(Q) is infinite dimensional.

The first result proves rather more than the conjecture, but only in the special
case in which ¢ = r. In the following theorem, we suppose that co ® L"(Q) C
L"(Q, ¢p) has the norm from L"(£2, ¢¢) corresponding to the standard r -multi-norm
based on L" () in the manner explained above.

THEOREM 3.20. Let Q be a measure space, and take r > 1. Suppose that L" ()
is an infinite-dimensional space. Then the co-norm on co @ L"(Q) induced by the
standard r -multi-norm (|| - HE:]

uniform cgo-norm.

:n € N) based on L"(QY) is not equivalent to any

PROOF. The following theorem is proved in [I3] Section 7.3]. Suppose that
S € B(L"(2)). Then the operator I ® S : ¢ ® L"(2) — co ® L"(2) extends to
a bounded operator on L"(2, ¢p) if and only if S is regular, in the sense that it is
a linear combination of positive operators on the Banach lattice L"(2). However,
since L"(2) is an infinite-dimensional space, not all the operators S € B(L"(2)) are
regular.

Indeed, for a concrete example of an operator in B(L"(2)) which is not regular,
we follow [13] Section 7.6]. Set s =1/, and let S : £°(Z) — £°(Z) be the discrete
Hilbert transform given by

1
S(61) _n%:km_kam (keN).
Then S is bounded on £#(Z), but I ® S is not bounded on the space ¢! ® ¢£%(Z) C
05(Z,£%). By duality, we see that I ® S’ is not bounded on the space co® £"(Z) C
¢"(Z, cp). In the case where L"(2) is infinite dimensional, this latter space contains
a l-complemented copy of £"(Z), and so we obtain an example of an operator on
L"(9) that is not regular.

For a stronger example, it is shown by Arendt and Voigt [4] that the subalgebra
of regular operators on L"(2) is not even dense in B(L"(€2)) whenever r > 1 and
L"(9) is infinite dimensional.

We conclude that the standard r-multi-norm cannot be equivalent to any uni-
form cg-norm on c¢o ® L"(12). O

COROLLARY 3.21. Let Q) be a measure space, and take r > 1. Suppose that
L"(Q) is an infinite-dimensional space. Then the standard r -multi-norm is not
equivalent to the mazimum or minimum multi-norms or to any (p, q)-multi-norm

on L"(S2) for (p,q) € T.

PRrROOF. This follows from the theorem because the projective, injective, and
Chevet—Saphar norms are uniform cg-norms. O

Again suppose that  is a measure space. Since L(f2) is Dedekind complete
as a Banach lattice, it follows from a remark on page 13 of [2] that every order-
bounded operator on L!'(f2) is regular. Since L'(Q) is an AL-space, and hence a
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K B-space (see [2]), it follows from [2] Theorem 15.3] that every bounded operator
on L'() is order-bounded. Thus, in this case, every S € B(L'(Q2)) is regular.
Thus the argument of the above proof does not apply. Indeed, the conclusion of

the preceding paragraph does not hold: by Theorem 220, (|| - ||£lq]) = (II- ||§ll’q)) on
LY(Q) for every ¢ > 1 (c¢f. Theorem [3.3)).
The following theorem subsumes Theorem 2.21] and part of Corollary B21]

THEOREM 3.22. Let Q be a measure space, and take r > 1, where L"(Q) is
infinite dimensional. Suppose that t > r and that (p,q) € T, and assume that

(1) = 1) on L7(9).
Then r < 2, t > 2r/(2 —r), and (p,q) lies on the same curve D, as (r,t) with
p < 2t/(2+1t), so that 1/p —1/q > 1/2. Moreover, we must also have (|| - ||£f]) =
(I 177) on L7(9).

PROOF. We need to consider only the space £7. Set 7 = min {r, 2}, as before.
By ([@3), wg] (¢7) = n'/* and so it follows from Theorem B.I0 that one of the
following must happen:
(i) either p > 7 and q = t;
(i) orp<7fand 1/t=1/F—1/p+1/q.
Let n € N, and take g = (g1,...,9n) € (7)™ to be as in the proof of Lemma
Then we see that

1 T T 1/t n
|| = Wsup{(mi/ e ) Domy ey =2 } :
Since t/r > 1, we have mi/r +-+ mZ/T < 2™/" and so ||g||£f] < 1. On the other
hand, Lemma tells us that

gl ~1|(51,- ., 6) |,

where (01, is the standard basis sequence for £2. These and Example imply
that 1/p—1/¢ > 1/2.
The previous two paragraphs now imply the claimed result. O
Thus (]| - ||£Lp’q)) is not equivalent to (]| - ||£f]) on L"(£2) in each of the following
cases:
(i) r=>2;
(i) 1<r<2and t <2r/(2—71);
(i) 1/p—1/q <1/2;
(iv) (p,q) and (r,t) lie on different curves D,.
Moreover, our conjecture would be established if we could prove that || - ||£f] 2
II- ||£:’t) on " for any ¢t > r; this is open only when 1 < r < 2 and ¢ > 2r/(2 — r).
Some further partial results will be given in [7].



CHAPTER 4

The Hilbert space multi-norm

1. Equivalent norms

Let H be a (complex) Hilbert space with inner product denoted by [-, -], and
take p € [1,2]. We know from Propositions B.6] 2.19] and 2.I§] that there is a
constant C, such that

H 2,2 S max 1,1 s n

el = el < 2l < llel™ = el < Gy el (@ H)

for all n € N. Our first theorem gives the best value of Cs.

THEOREM 4.1. Let H be an infinite-dimensional, complex Hilbert space. Then

n =

. 2
It =zl < o™ < ZZ lell™ - (= € H7, m e M)

the constant 2//T is best-possible in this inequality.

PRrROOF. By Theorem [Z10, the (2,2)-multi-norm on H is the Chevet—Saphar
norm dy on ¢o®H. Thus the dual space of (co @ H, || - ||™) is the space Iy (co, H') =
y(co, H), where H is the conjugate of H. Thus, by duality, the claim is equivalent
to showing that

1T < mo(T) < % IT|| (T € B(co, H)).

The ‘Little Grothendieck Theorem’ says that every T' € B(£:°, H) is 2-summing,
with mo(T) < (2/y/7)|| T for each n € N. See [13, Theorem 11.11] for the esti-
mate, and [13], Section 20.19], where it is shown that this constant is the best
possible (when the scalars are the complex numbers). In particular, we see that
each operator T' € B(co, H) is such that mo(T") < (2/4/7)||T||; it follows that

sup{ma(T)/||T| : T € B(co, H)} = 2/\/T,

and this gives the required estimate. ([

The function p — Cp, [1,2] — [1,2/y/7], is increasing, with C; = 1 and
Cy = 2//m; we do not have a formula for C,,.

2. Equivalence at level n
We now consider the best constant c¢,,, defined for each n € N, such that

<cnlz|P? (e H™).

]
n

n

We know that (c,,) is an increasing sequence in [1,2/4/7] with ¢; = 1 and that
lim ¢, =2/V7.
n—r oo

43
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We wonder which is the smallest value of n such that ¢, > 1?7 The first fact that
we can offer is that co = c3 = 1, so that

2,2 H n
= || = 2| (xeH")

max

],

forn=1,2,3.
We start with some preliminary results. The following is a slight generalization
of [18], Proposition 2.8]. In the result, we define r by

11 1 1 1

r p 2 2 p
in the case where 1 < p < 2, so that p =2r/(r + 2).

PROPOSITION 4.2. Let 1 < p < 00, and let (x1,...,x,) be an orthogonal n-tuple
in a Hilbert space. Then

max {|oi]| i € Na} (> 2)
" 1/r
oy w) = (i llzilr) © (G <p<2),
n 1/2
(i lal?) ™ =1,

Proor. We calculate simply that

n
Upn(Z1,...,2n) =sUp {H g ;T
i=1

el <1
i=1
n 1/2 n ,
:sup{(Z|ai|2||:Ei||2) :Z|ai|p gl}.
i=1 i=1

Suppose that p > 2. Then p’ < 2, and we see that the supremum is attained
when (a;) = (d;,4,) for some ig € N,,.

Next, suppose that 1 < p < 2, so that 2 < p’ < co. We set R = r/2, so that
R=7p'/(p —2) and R’ = p//2 > 1. Then, by (E—¢% -duality, we see that

- 2R VR - 2 2 < 2R’ 2
(D lal®) " =sup { 3 Jaul?laall? 3 Jei2™ <1} = pipn(ans -y a)
i=1 i=1 i=1

1=

because 2R’ = p’, and hence

n 1/r
<Z|xl||r> = ftpn (@1, Tn)
i=1

Suppose that p = 1. Then we are really taking the supremum over the collection
of sequence («;) such that ;| <1 (i € N,,), and the result follows immediately.
The result follows in each case. O

Let H be a Hilbert space, and take r with 2 < r < co. For n € N, we denote by
SI' C H™ the set of all orthogonal n-tuples (z1,- -+ ,z,) € H™ with Y1, [Ja;]|” = 1.
In particular, we have
52 = {(z;) € H" : (z;) orthogonal and |21 + -+ + 2, || = 1} .
By Proposition 2] with r as defined for some p € (1,2), we have

(S5) C (H™, ppn)pa] -
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That is, the closed convex hull of S}, is a subset of the closed unit ball of H"
equipped with the norm p,, ,,. By Proposition[4.2] this result also holds when p =1
and r = 2, and it holds for 7 = co and any p > 2. For us, it is actually these cases
which are of most interest:

(S°) C(H™, po)ys  (SR) C(H™, pan)py -
The Russo—Dye theorem [10, Theorem 3.2.18(iii)] can be used to show that the
closed unit ball (H", ji2 )] is precisely (S5°). Thus we could ask for which n € N

is it true that (S2) = (H", p1,n)11? We shall show shortly that this is equivalent
to asking if the Hilbert multi-norm and the maximum multi-norm agree at level n.

LEMMA 4.3. Let H be a Hilbert space, and suppose that 2 <r < oo and n € N.
Then

Sy Cex(Sry.
In the case where H is a finite dimensional, S, = ex (ST).

PROOF. Let X be the space H"™ with the norm || - || given by

n 1/r
(@)l x = <Z |$z‘||r> ((z:) € X).

Then S], is a subset of the closed unit ball of X, and hence also (ST) is a subset of
the closed unit ball of X. The space X is strictly convex (see, for example [8]).

Assume towards a contradiction that (y;) € S),, but that (y;) is not an extreme
point of (S7), so that we can find z,z € (S7) with z # 2 and 2y = x 4+ 2. We then
have

1
L= llyllx < SUlzlx +zllx) < 1,

and so ||z]|x = ||z|]|x = 1. By the strict convexity of X, we have [|(x + 2)/2|] < 1
because = # z, a contradiction, as required.
Now suppose that H is finite dimensional. Then the set .S), is closed, and so,

by Mil’'man’s converse to the Krein—-Mil’'man theorem, S = ex (ST). O

Finally, we show the link with the Hilbert multi-norm. In the result, we identify
(anti-linearly) the dual space of H™ with H™; a sequence (x,,) in a Hilbert space is
orthogonal if [z;, x;] = 0 whenever i # j.

THEOREM 4.4. Let H be a Hilbert space, and let n € N. Then:
(i) the unit ball of the dual of (H™, ||| is (S2);
(i) the unit ball of the dual of (H™,||-|[}*) is the unit ball of (H™, p11,n).

In particular, || - ||f = [|- [ on H™ whenever S7 = ex ((H™, pa,n)pj)-

PRrOOF. For (i), let y = (y;) € H™ be an orthogonal family with > |ly;||* <
1. Let z = (z;) € H" satisfy ||z||f < 1, and then choose a family (P;)", of
mutually orthogonal projections summing to Iy with P;(y;) =v; (i € N,,). Then

) = | St P < (1P (o l) " < et < 1.

Thus the norm of y as a functional on (H™, || - ||) is at most 1. We conclude that
52 C (H" |- |y, and hence (52) ¢ (H™ |||y,
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Conversely, assume towards a contradiction that (S2) C (H™, || ||£I)E1] Then
there exists x € (H™, || - ||f

(S2). By the Hahn-Banach theorem, there exists z = (z;) € H™ and v € R such

that
R (Z[%%]) <y <R (Z[%Zﬁ]) ((yi) € @) .

i=1 =1

)El] such that a small open ball about z is disjoint from

Since (S2) is absolutely convex, we see that v < 0, and so actually

—R (Z[%,%]) > |yl > ‘Z[zuyl]

i=1
sup {

is greater than or equal to

((yi) € <S—721>) .

Now observe that
n

> [z, vi]

=1

) m}

n

> 2]

i=1

sup

with the supremum taken over all orthogonal sequences in H with > | [|ly:]|* <1,
and that this supremum is equal to

n

Z Q5 [Zi, 61']

i=1

sup

taken over all orthonormal sequences (e;) in H and all sequences (a;) with 1, [a;]* <
1. In its turn, this supremum is equal to

" 1/2
sup (Z |[zi,ei]|2>
=1

taken over all orthonormal sequences (e;) in H, and hence, finally, to ||(z;)||Z. Thus

—R (Z[m—,m]) > |1 (z) 15

i=1
But this contradicts the fact that (z;) € (H™, | - Hf)'m Thus (i) holds.
For (i), we know that (H™, | -||7"*) = ¢2° ® H, and that the dual of the latter

space is £} @ H' = B(H,¢}). By definition, the space (H", j11.,) can be identified
with B(H, /), and so (ii) follows.
In conclusion, it follows that || - |7 = || - |7 if and only if (SZ) = (H™, fu1,n)1]-

By the previous lemma, this equality holds whenever S? = ex(H", P10 )] O

We shall show that indeed S2? = ex(H™, p1,n)p1] Wwhen n = 2 or n = 3; thus, in
these cases, we have a description of the dual space of (H™, u1 ), which may be of
independent interest.
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3. Calculation of ¢y

We begin with an elementary result that shows that co = 1.

max

THEOREM 4.5. Let H be a complex Hilbert space. Then || - ||§I = |37 on
H2,

PROOF. It is sufficient to prove the result in the case where the dimension of
H is at least 2.

Set L := (H?, p1,2)p1], and recall that

p1,2(y1,y2) = sup{[|[Gyr + Gzl : G, G2 € T (y1,y2 € H) .
Let (y1,y2) € exL. By replacing y; and yo by n1y1 and nays, respectively, for
suitable 71,72 € T, we may suppose that ||y1 + y2|| = 1, and so
2 2 = 2 2
Ny ll™ + Myl + 2R(GCalyr, y2l) < llyall™ + llyzll”™ + 2R[y1, y2] = 1

for each (1,2 € T. We have R(C[y1, y2]) < R[y1, y2] (¢ € T), and so [y1, y2] > 0.

Assume towards a contradiction that [y1,y2] > 0.

Choose v € H with |lu]| = 1 such that [y1,u] = [u, y2], and then choose € > 0
with €2 < [y1,y2]- Set w1 = y1 + eu and we = yo — eu. Then we have

2 2 2 2
[ [I* + flwa[I* = [y I” + lly2ll” + 2¢2

because [y1, u] = [u, y2], and

R (¢, v2] — €2)) < [y1, y2] — €2 = [w, ws]
for each (1,(2 € T because [y1,92] — &2 > 0. Hence

[Grwr + G| < flwy +waf =1 (G, €T),
and so (y1 + eu, y2 — eu) € L. Similarly, (y1 — eu, y2 + eu) € L. However

2(y1,y2) = (1 +eu, y2 —eu) + (y1 — €u, y2 +€u) .

It follows that (y1,y2) is not an extreme point of L, the required contradiction.

We have shown that (yi,y2) € S53. Thus exL C S3, and so L C (S2). This
implies that L = (S2) (and, by Lemma L3 we must also have ex L = S3.) O

4. Calculation of c3

Next we consider the case where n = 3. In fact, there is now a difference
between real and complex Hilbert spaces.

PROPOSITION 4.6. Let H be a real Hilbert space of dimension at least 3. Then
H max 3
|15 and |- |3 are not equal on H".

PROOF. It is sufficient to consider H to be the real 3-dimensional Hilbert space
fg(R) Set L = (HB,M1)3)[1].
For y1,y2,y3 € H, we now have

p1,3(Y1, Y2, y3) = sup{|[tiyr + taye + taysl| : t1,to, t3 € {£1}}.

Consider the vectors

1
Y1 = —(17050)7

\/ﬁ (15170)5 Ys =

(-1,2,1).

E“H
—

1
Y2 = —Tl
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We see that [y1, y2] = [y2,y3] = 1/11 and [y1,y3] = —1/11, and so

3
s + 92+ sl = 3 Iyl + 2Dl sl = 20 +2 - 1) =1.
j=1 i<j

For each ty,to, t5 € {1}, we have t1to—t1t3+tats < 1, and so it follows immediately
that w13(y1,92,y3) = 1, showing that (y1,y2,y3) € L. Note that the expression
tito — titz + tots takes its maximum value of 1 when t; = ¢t = t3 = 1, when
tl = t2 =1 and tg = —1, and when tl =1 and t2 = tg =—-1.

We claim that y := (y1,y2,ys3) is an extreme point of L.

Assume towards a contradiction that there exists u € H3 with u # 0 such that
y+u € L, say u = (u1,us,us), with uy,us,uz € H.

Take t1,ta,t3 € {1} with t1ta—t1t5+tats = 1. Then clearly ||t1y1 + toy2 + t3ys|| =
1. However

[t1(y1 +ur) +t2(y2 + u2) +t3(ys +us)|| < 1
and
[t (y1 — ur) + t2(y2 — uz) + ta(ys —us)|| < 1.

Since H is strictly convex, it follows that tyu; + tous 4+ tsug = 0. By taking the
various possibilities for t1,to, t3 such that t1to — t1t3 + tot3 = 1 specified above, we
see that uq + us + ug = 0, that uq +uo — ug = 0, and that u; — uy — ug = 0. Thus
u1 = ug = ug = 0, a contradiction. Hence (y1,y2,y3) € ex L.

Since {y1,y2,ys} is manifestly not an orthogonal set in H, it follows that vy is
not in the set S7, and so the two multi-norms are not equal. O

‘We shall now show that we obtain a different result from the above in the case

where H is a complex Hilbert space. Indeed |- || = |- [* on each complex

Hilbert space H. But now the (elementary) calculations seem to be much more
challenging.

LEMMA 4.7. Take (y1,y2,y3) € H®. Suppose that (&1,&2,&3) € T? is such that

[€1y1 + Loyo + &yl = max {|mys + n2y2 + n3ysl| = (n1,m2,m3) € T?}.
Then
S [€1y1, S2y2] = I [€2y2, §3vs] = S [E3y3, &uyn] -
PRrROOF. We see that ||m1y1 + n2y2 + n3ys|| for (n1,1m2,m3) € T3 attains its max-
imum at the pOint (7717 12, 773) = (515 527 53) whenever
R (mm2 [y1, ya]) + R (7273 [y2, ys]) + R (9371 [ys, y1])

attains its maximum at (91, 72,73) = (&1, &2,&3).

Next set [y1, y2] = aexp(ia), [y2, y3] = bexp(i), and [y3,y1] = cexp(i7y), where
a,b,c >0 and «, 8,7 € R. Also, take t1,ts,t3 € R with n; = exp(it;) for i = 1,2, 3.
Then the fact that the real-valued function

F: (t1,ta,t3) — acos(ty — ta + ) + beos(ta — t3 + B) + ccos(ts — t1 + )
attains its maximum at (¢1,te,t3) implies that

oF OF OF
0= —(t1,t2,t3) = =—(t1,t2,t3) = —(t1,12,1
atl( 1,02, 3) 6t2( 1,02, 3) 6t3( 1,02, 3)5
and hence that

asin(t; —ta + o) = bsin(ta — t3 + 8) = csin(ts — t1 +7) .
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This gives the specified equations. O

In the following lemmas, A is the angle at the vertex A of the triangle ABC,
and BC is the length of the side from B to C, etc. In the first two lemmas, ABC
is a triangle (if such a triangle exists) with BC = 1/a, CA = 1/b, and AB = 1/e¢,
where a, b, c > 0. Further, we shall consider the function

F:(r,s,t)— acosr +bcoss +ccost, R>—=R.

LEMMA 4.8. Consider F, to be the restriction of F to the set
{(r,s,t) eER3:7+s+t=x (mod2n)}.

(i) Suppose that the triangle ABC exists. Then Fy attains its mazimum at
exactly two points (r,s,t) = (A,B,C) or (r,s,t) = (—A,—B,—C) (mod
2m).

(ii) Suppose that the triangle ABC does not ezist and that a < b < c¢. Then
F. attains its mazimum at exactly the point (r,s,t) = (7,0,0) (mod 27).

Proor. This is elementary. O

LEMMA 4.9. Suppose that M # © (mod 27), and consider Fas to be the restric-
tion of F to the set
{(r,s,t) ER3:r+s+t=M (mod 27)}.
Then Fyr attains its mazimum at exactly one tuple (r,s,t) (mod 27).

PRrROOF. Without loss of generality, we may suppose that a < b < ¢. The case
where M = 0 (mod 27) is obvious. Replacing M by M + 2k or 2km — M, if
necessary, we may suppose that 0 < M < w. Note that the maximum of F}; is at
least

acosM +b+c>b+c—a>c.
Set
p = arcsin(a/b) and ¢ = arcsin(a/c),

so that we have the picture below.

Suppose that (r, s,t) is any point where Fj; attains its maximum; say r,s,t €
(—m, w]. We have seen that (r, s, t) must satisfy

(16) asinT = bsins = csint as wellas r+ s+t =M (mod 27).
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Set h = asinr. Then h # 0 and

/ h? h? h?
cosr==H4/1—-—, coss=%£4/1--5, and cost==x4/1-—.
a b2 c2

Since a < b < ¢ and Fy(r,s,t) > ¢, we deduce that

h? h?
cos s = l—b—2 and cost = 1—0—27
so that s = arcsin(h/b) and ¢ = arcsin(h/c). In particular, we must have
lsl<p and [t|<q.

Assume toward a contradiction that h < 0. In the case where cosr > 0, we see
that r,s,t € [-7/2,0) and so r + s +t = M — 2x. This implies that
T

3
> s T
ptaz- 2

In particular, we must have 1/b*+1/c¢? > 1/a?, so that ABC is an (acute) triangle.
Since 37/2 <27m+r < 7w — s —t < 27, we see that
Fu(r,s,t) = Fy(2m +1,8,t) < F(m —s—t,s,t) < F(A,B,C) < F(A",B',C"),

where the second inequality follows from Lemma .8 and where A" € (0, 4), B’ €
(0,B), and C" € (0,C) are such that A’ + B’ + C/ = M (this is possible since
0 < M < 7). This contradicts the assumption that Fj; attains its maximum at
(r,s,t).

In the case where cosr < 0, we see that r € (—w,—m/2), whereas s,t €
[-7/2,0), and so r + s+t = M — 27. It follows that 7 > —r > M — 71 —r =
m+s+t>0, and so

Fur(r,s,t) < acos(m+ s +t) +bcos(—s) + ccos(—t) = F(m + s+ t,—s,—1).
Choosing v € (0,7 + s +1), v € (0,—s), and w € (0, —t) such that v + v+ w = M,
which is possible since 0 < M < m, the above implies that

Fur(r,s,t) < Faur(u,v,w).
This again contradicts the assumption that F; attains its maximum at (r, s, t).

Thus we must have h > 0, so that r € (0,7), s € (0,p], and t € (0,q]. We
consider the following two cases.

Case 1: M < 7/2+ p+ g. Assume toward a contradiction that cosr < 0.
Then r € (n/2,7), whereas s,t € (0,7/2], and so r + s +t = M. Consider the
function g defined by

g(k) = m — arcsin <E> + arcsin (%) + arcsin (E) (0<k<a).
a

c
Then g(h) = M and g(a) = 7/2+p+q. Iif p+q > 7/2, then g(h) < 7 < g(a), and
so there exists k € (h,a] such that g(k) = w. But this means that = — arcsin(k/a),
arcsin(k/b), and arcsin(k/c) are three angles of a triangle whose sides are 1/a, 1/b
and 1/c. In particular, this implies that ABC is a triangle with A > 7/2, so that
1/a® > 1/b*+1/c?, which means that p+ ¢ < 7/2. Thus we must have p+q < /2
anyways, so that 1/a? > 1/b% 4+ 1/c2.
We see that

1 1 1
g'(k) =—

- - ,
Va2 =k VIE—k2 JE k2
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and, for k € (0, a), since 1/a® > 1/b? + 1/c?, we have

Sk = — k N k N k
(a2 _ k2)3/2 (b2 _ k2)3/2 (02 _ k2)3/2
k/a® k /b k/c

o k2 3/2+ k2 3/2+ k2 3/2<0
@‘ﬁ) @‘ﬁ) O‘ﬁ)

Note that ¢’(0) > 0 and ¢'(a) = —co. So we see that there exists a unique kg € (0, a)
such that ¢’ (ko) = 0, g is strictly increasing on (0, kg), and g is strictly decreasing on
(ko,a). In particular, since h € (0, a), we must have M = g(h) > min {¢(0), g(a)} =
7/2+ p+ ¢; a contradiction of the assumption of Case 1.

Thus we must have cosr > 0, and so r,s,t € (0,7/2]. Hence (r,s,t) must be
the unique triple (a, 8,7) that satisfies (I6) and such that «, 5,7 € (0,7/2] (see
the picture).

Case 2: M > 7/2+ p+ q. In this case, there exists no triple («, 3,7) that
satisfies (I6) and such that a, 8,7 € (0,7/2], and so r € (n/2,n]. It follows that
r+ s+t = M. We also see from the assumption that p + ¢ < 7/2, so that
1/a% > 1/b*+1/c?. Consider the function g defined as in Case 1. Then g(h) = M.
We again find a unique kg € (0,a) such that g is strictly increasing on (0, ko), and
g is strictly decreasing on (ko,a). Since g(a) = 7/2+p+q < M < g(0) ==, h
is the unique point [ € (ko,a) such that g(I) = M. This shows that (r,s,t) is the
unique triple (mod 27) at which F), attains its maximum. (]

We summarize the above lemmas in the setting of our problem as follows.
Let (y1,y2,y3) € L, where L = (H3,u1,3)[1]. For (n1,m2,m3) € T3, set

N(n1,m2,m3) = lmy1 + n2y2 + n3ys||

and

F(ni,m2,m3) = R (M2 [y1, y2]) + R (0273 [y2, y3]) + R (0371 [ys, v1])

so that N and F attain their maxima at the same tuple(s) (91, n2,73).

We shall now use square bracket-notation [, 12, n3] to denote the class of all
tuples (¢n1,Cn2,C¢n3) (¢ € T); we shall also call [n1,72,n3] a ‘tuple’, with the
understanding that we are identifying all those [(n1, (12, (s3] for which ¢ € T.

Set

a=|[ly,y2]l, b=1[[y2,u3]l, c=1[ly1,92] ],
and then set M = arg [y, yo] + arg [y2, y3] + arg [ys, y1]-

Suppose that we have a,b,c¢ > 0. Then, by the previous three lemmas (and
inspecting their proofs as well), we have max F (11, 12,n3) > max {a, b, ¢}, and there
are the following cases:

I) M =0 (mod 27): N attains its maximum at the unique [{1,&2,&3] in
']I‘?’_satisfying the conditions that & &3 [y1,y2] > 0, that £2€3 [y2,y3] > 0, and that
&&1 [ys,y1] > 0. (Actually, if any two of these inequalities hold, then the third

must also hold.)
II) M =7 (mod 27) and 1/a, 1/b, and 1/c are the sides of a triangle:
N attains its maximum at those [£1, &2, &3] in T3 such that

S(&&2 [y1,y2]) = S(&283 [y2, y3]) = S(&s&1 [ys, 1)) = k #0.
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There are exactly 2 such tuples [£1, €2, &3], and, moreover, for one such tuple, k > 0
and, for the other, & < 0.
III) M = 7 (mod 27) and 1/a, 1/b, 1/c cannot be the sides of any
triangle: N attains its maximum at the unique [£1, &2, &3] in T2 such that
(&2 [y1, y2]) = S(&283 [y2, y3]) = S(&s&1 [ys, 1)) = 0.

IV) 0 < M <7 (mod 27): N attains its maximum at the unique [¢1, &2, &3]
in T3 such that

S(&&2 [y1,y2]) = S(&283 [y2, y3]) = S(&sé1 [ys, 1)) = k> 0.

V) 7 < M < 27 (mod 27): N attains maximum at the unique [{1,&2,&3] in
T3 such that

S(&1& [y1,12)) = (&8s [y2,y3]) = (& [ys,11]) = k < 0.

Now take (y1,%2,%3) € L, and suppose that N attains its maximum on T? at
the point (&1, &2,&3) € T3, Consider the elements u = (u1, uz, u3) € H® with u # 0,
if any, such that
(y1 + cu1, Yo + cug, ys +cuz) € L
for e = —1 and ¢ = 1, and hence, by convexity, for all € € [—1,1]. Since
§1y1 + &ay2 + &3y € ex Hyyy,
it follows that & uy + &aus 4+ €3us = 0. So, for each ¢ € [—1, 1], the function

(n1,m2,m3) = |lm(y1 + eur) + na(y2 + euz) +n3(ys +eus)||, T? = R,

also attains its maximum at (£, &2, &3). Lemma [T then implies that

(6162 [y1 + cur, yo + cuz)) = (&8s [y2 + ua, Y3 + cus]) = (€38 [ys + cusz, y1 +euy)) .

Since &1u1 + &ug + E3uz = 0, the coefficients of €2 are equal. Comparing the
coeflicients of €, we see that the above equalities are equivalent to

[ui, 191 + E2y2 + &3y3] = 0 (i=1,2,3).

THEOREM 4.10. Let H be a complex Hilbert space. Then eX(H3,,u1_,3)[1] =53,
H max 3
and || |l3 = || I3 on H?.
PRrROOF. It is sufficient to consider only the case where H has dimension at
least 3.
Let (y1,y2,y3) € ex L, where L = (H3,u173)[1] as before. For (ny,m2,713) € T3,
we define N(n1,m2,n3) and F(n1,12,13), and then a,b, ¢, M, as before.
Suppose that N attains its maximum, which is 1, at [£1,&,&3] in T3, Let
(u1,u2,u3) in H® be non-zero and such that
§rur + §ouz + §3uz =0
[ui, §1y1 + &ay2 + &3y3] =0 (i € N3).
In the case where N attains maximum at another (different) tuple [(1, (2, (3] in T3,
we require, further, that (u1,us, us) also satisfies
Crur + Gauz + (3uz =0
[ui, Ciy1 + Cay2 + G3ys] =0 (i € N3).
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It is easy to see that such (u1,ug,us) always exists.
For each € € R, set y; . = y; + cu;. For (n1,m2,m3) € T3, set

Ne(m1,m2,m3) = |my1e + m2y2,e + n3Y3.¢|

and

Fe(ni,m2,m3) = R (72 [Y1,e, y2,¢]) + R (0273 [y2,6, Ys.e]) + R (0371 [y3.6,¥1,]) -

Finally, set

Qe = | [yl,€7y2,€] | , be= | [y2,€7y3,€] | , Ce = | [yS,aa yl,a] | ,

and set M = arg [y1,e, Y2,e] + arg [y2,¢, Ys.e] + arg [ys.e, y1,¢]- Then we see that
N.(&1,82,83) = Ne(Cr, G2, (3) =1,

and, from the discussion preceding this theorem, we have

%(515_2[?41,573/2,5]) = %(525_3 [Y2,e,Y3.e]) = C5(535_1 (Y3, Y1,e]) = L
%(Clg [yl,aa y2,€]) = S(C2<_3 [y?,aa yS,a]) = %(CBC_I [y3,€7 yl,a]) = Ja .

(The above equalities about [(1, (2, (3] are considered only when the relevant tuple
exists.)

First, we claim that, in the case where both Iy = 0 and F(&1,&2,&3) > 0, for
le| sufficiently small, the sign of I. and the sign of

3( Wi, Y2.6] [Y2,00 Y3,2) [Ys,es U1e] ) =9 (615_2 [Yi,e,Y2,e) £2&3 [Y2,e, Y] €381 (Y36, Y e] )

are the same. Indeed, since Iy = 0, this can be verified by considering the cases
where the coefficients of ¢ or €2 in I, are non-zero. This claim implies that, in the
case where both Iy = 0 and F(&1,&2,&3) > 0:

(i) 0 < M. < 7 (mod 27) implies that I. > 0;

(ii) 7 < M. < 27 (mod 27) implies that I. < 0;

(iii) M =0 or m (mod 27) implies that I. = 0.

Assume toward a contradiction that a,b,c¢ > 0. Then, for |¢| sufficiently small,

we have a., b, c. > 0. As discussed above, there are five cases:

Case 1: (y1, 92, ys) falls in class I. Then, for sufficiently small |¢|, we also have

%(515_2 [yl,aa y2,€]) >0 ) %(526_3 [y2,€7 y3,€]) >0 ) %(535_1 [y3,aa yl,a]) >0 )
F.(&1,82,&3) > max{ac,be,cc}, and M. is ‘close’ to 0 mod 2.

By the claim, if 0 < M. < 7 (mod 27), then I. > 0, so that (Yi.e,Y2.e,Y3.)
belongs to class IV, and N, attains its maximum at [§1,&2,&3]. Uf 7 < M. < 27
(mod 27), then I. < 0, so that (y1.¢,y2,e,ys3,c) belongs to class V, and N, attains
its maximum at [¢1,&2,&3]. Finally, if M, = 0 (mod 27), then I. = 0, so that
(Y1.6,Y2.e, Y3,e) belongs to class I, and N, again attains its maximum at [£1, &2, &3]
Thus we always have (y1.¢,Y2.¢,Ys,c) € L for |e| sufficiently small, and so (y1, 2, y3)
cannot be an extreme point of L.
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Case 2: (y1,y2,ys) falls into class II. Suppose that Iy > 0 and Jy < 0. Then,
for sufficiently small ||, we also have

1/ac,1/be,1/c. are the sides of a triangle, I. >0, J.<0,

F€(§17§27§3) > maX{a/EabEaCE} ) FE(C17<27C3) > max{aaubaucé‘} )
and M. is ‘close’ to ™ mod 27 .

If 0 < M. < (mod 27), then (y1,¢,Y2.,Y3,c) belongs to class IV, and N, attains
its maximum at [£1, &2, &3], If 7 < M. < 27 (mod 27), then (y1.c, Y2, ¥3,c) belongs
to class V, and N, attains its maximum at [(1, (2, (3]. Finally, if M. = 7 (mod
27), then (Y1.e,Y2., ys,e) belongs to class IT, and N, attains its maximum at both
[€1,&2, &3] and (1, C2, C3]. Thus we always have (y1.¢,Y2.¢, ys.e) € L for |e| sufficiently
small, and so (y1,y2,y3) cannot be an extreme point of L.

The other cases where (y1,y2,ys) falls into classes ITII, IV, V can be covered
by similar arguments to obtain contradictions.

Thus we have proved that one of a,b,c must be 0. Say a = 0. Assume to-
ward a contradiction that b,c¢ > 0. Then we see that IV attains its maximum at
the unique [¢1, &, &3] in T3 such that €&z [y2,y3] > 0 and €36 [ys,y1] > 0. We
also see easily that F(&1,&2,&3) > max{a=0,b,c}. If a. = 0, then obviously,
when || is sufficiently small N, again attains its maximum at [£1, &2, &3], and so
(Y1,6,Y2,e,Y3,e) € L, hence (y1,y2,y3) cannot be an extreme point of L. So a. # 0
for sufficiently small |¢|. Again, we can argue as above, checking (y1.e,Y2.c, Y3.c)
against each of the classes I and ITI-V (we can avoid class IT) and the case where
[Y1,e, yY2,] = 0 to arrive at a contradiction.

Now we have proved that two of a, b, or ¢ must be 0. We can now argue as
above to show that all a, b, ¢ are 0. Hence (y1,y2,y3) € S2.

Thus we have proved that ex L C S3. This implies that L C (S3) C L. Hence
ex L = 5% and the proof is complete. O

5. Calculation of ¢4

We can give some information about the constant c,.

THEOREM 4.11. Let H be a complex Hilbert space of dimension at least 3. Then

N s not equal to || - | on H™ for every n > 4.
n

PROOF. It is sufficient to consider the case where n = 4 and H = £3. Set
L .= (H s M1, 4)[1]. Set I = (1,0,0), T = (—1,2,0), Tr3 = (—1,—1,3), and Ty =
(-1 —1). Then we have [z;,z;] = —1 for every i,j € Ny with ¢ # j. For each
( 1,52,53,54) S T4 we have

i<j
with the minimum attained at those (£1, &2, &3,&4) € T* for which & +---+& = 0,
and so it follows that the function

(61,62,6,60) = a1 + - + &azal| , T' =R,
attains its maximum at each (&1,&2,£3,&4) € S, where we set
S ={(€1,&,8, &) eT &+ +& =0}
={(&,&, =&, —&) and (&1, &2, &2, —&): &,& €T}
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Let y = (y1,-..,y4) be ascaling of (x1,...,x4) such that 3 4((y1,...,94)) = 1.

In particular, y € L\ S7. We also have
lé1yr + - -+ &aya] <1

for every (&1,&2,&3,£4) € T, and the equality is attained whenever (£1,&a,&3,&4) €
S.

Suppose that u = (uy,...,us) € H* is such that y = u € L. Then, for every
(€1,&9,63,&4) € T* and every € € [—1, 1], we have

[€1(y1 +eur) + -+ + &alya +eua)|| < 1.

In particular, for each (&1,&2,&3,84) € S, since &1y1 + - -+ + 44, being of norm 1,
is an extreme point of H[y), we obtain

Sur+ -+ &us =0.
This implies that uy = --- = ugq =: u.
Fix an ¢ € R with || sufficiently small so that a;,b; > 0 and A;,B; €

(r/2,37/2) (i € N3) can be chosen to satisfy the following equations:

a;exp(id;) = [y; + eu,ya +eu] (1 =1,2,3) by exp(iB1) = [y2 + eu, y3 + eul,
boexp(iB2) = [ys + eu,y1 +eu], and bsexp(iBs) = [y1 + eu,y2 + cul;
this can be done since [y;,y;] < 0 for every ¢,j € Ny with ¢ # j. Using

& =exp(i;) (1€N3z), and & =1,
the previous paragraph then implies that the function f : R? — R defined by
f(ag,as,a3) :=ay cos(ay + A1) + az cos(as + Az) + az cos(as + As)
+ b1 cos(ae — ag + By) + by cos(ag — ag + Bz) + b cos(an — as + Bs),

attains its maximum at (a, 7, «+7) and (7, o, a+ ) for every o € R. In particular,
these triples must be solutions of the equations
_9f
= E(
This implies that Az =B, =7 (Z S Ng) and a1 = ag = az = by =by = bg.

Thus we have shown that, for each ¢ € R with sufficiently small ||, all the
numbers

0 al,ag,ag,):@(al,ag,ag):@(al,ag,a3).

lvi +eu,y; +eul (3,7 € Ny, i 5 )
are equal to the same negative real number. Thus, the numbers
[yi,u] + [u,y;] (5 € Na, i # j)
are all equal, and since y = (y1,...,y4) is a scaling of (x1,...,24), we deduce that
[u, 21] = [u, 23] = [u, z3] = [u, z4] .
Solving these linear equations, we obtain v = 0. This implies that y is an extreme

point of L. Hence S? C ex L, and so || - |3 # || - [ on H*. O

=

The above calculation shows that 1 < ¢4 < ¢, < 2/4/7 for all n > 4. However,
we have not calculated the actual value of ¢4, or of any ¢, for n > 4.
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