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❆❜str❛❝t✳ ❋♦r ♦s❝✐❧❧❛t♦r② ❢✉♥❝t✐♦♥s ♦♥ ❧♦❝❛❧ ✜❡❧❞s ❝♦♠✐♥❣ ❢r♦♠ ♠♦✲

t✐✈✐❝ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥s✱ ✇❡ s❤♦✇ t❤❛t ✐♥t❡❣r❛❜✐❧✐t② ♦✈❡r Qn
p ✐♠♣❧✐❡s

✐♥t❡❣r❛❜✐❧✐t② ♦✈❡r Fp((t))n
❢♦r ❧❛r❣❡ p✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱

t❤❡ ✐♥t❡❣r❛❜✐❧✐t② ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss ♦❢ t❤❡ r❡s✐❞✉❡

✜❡❧❞ ♦❢ t❤❡ ❧♦❝❛❧ ✜❡❧❞✱ ♦♥❝❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ r❡s✐❞✉❡ ✜❡❧❞ ✐s

❧❛r❣❡ ❡♥♦✉❣❤✳ ❚❤✐s ♣r✐♥❝✐♣❧❡ ②✐❡❧❞s ❣❡♥❡r❛❧ ❧♦❝❛❧ ✐♥t❡❣r❛❜✐❧✐t② r❡s✉❧ts

❢♦r ❍❛r✐s❤✲❈❤❛♥❞r❛ ❝❤❛r❛❝t❡rs ✐♥ ♣♦s✐t✐✈❡ ❝❤❛r❛❝t❡r✐st✐❝ ❛s ✇❡ s❤♦✇ ✐♥

♦t❤❡r ✇♦r❦✳ ❚r❛♥s❢❡r ♣r✐♥❝✐♣❧❡s ❢♦r r❡❧❛t❡❞ ❝♦♥❞✐t✐♦♥s s✉❝❤ ❛s ❜♦✉♥❞✲

❡❞♥❡ss ❛♥❞ ❧♦❝❛❧ ✐♥t❡❣r❛❜✐❧✐t② ❛r❡ ❛❧s♦ ♦❜t❛✐♥❡❞✳ ❚❤❡ ♣r♦♦❢s r❡❧② ♦♥ ❛

t❤♦r♦✉❣❤ st✉❞② ♦❢ ❧♦❝✐ ♦❢ ✐♥t❡❣r❛❜✐❧✐t②✱ t♦ ✇❤✐❝❤ ✇❡ ❣✐✈❡ ❛ ❣❡♦♠❡tr✐❝

♠❡❛♥✐♥❣ ❜② r❡❧❛t✐♥❣ t❤❡♠ t♦ ③❡r♦ ❧♦❝✐ ♦❢ ❢✉♥❝t✐♦♥s ♦❢ ❛ s♣❡❝✐✜❝ ❦✐♥❞✳

✶✳ ■♥tr♦❞✉❝t✐♦♥

■♥t❡❣r❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ♦❢ ♦s❝✐❧❧❛t♦r② ❢✉♥❝t✐♦♥s ❛r❡ ♦❢t❡♥ ✐♠♣♦rt❛♥t ❜✉t
❞✐✣❝✉❧t t♦ ❝♦♥tr♦❧✳ ❚❤❡ ✐❞❡❛ t♦ r❡❧❛t❡ ✐♥t❡❣r❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ♦✈❡r Fp((t))

n

t♦ ✐♥t❡❣r❛❜✐❧✐t② ♦✈❡r Qn
p ♠❛② s♦✉♥❞ tr✐❝❦②✱ t❤❡ ♠♦r❡ s♦ s✐♥❝❡ ✐♥t❡❣r❛❜✐❧✐t②

✐s ♥♦t ❛ ✜rst ♦r❞❡r ♣r♦♣❡rt② ✭✐♥ ❛♥② s❡❡♠✐♥❣❧② ♥❛t✉r❛❧ ❧❛♥❣✉❛❣❡✮✱ ❛♥❞ t❤✉s
♣❧❛②s ❛t ❛ ❞✐✛❡r❡♥t ❧❡✈❡❧ t❤❛♥✱ s❛②✱ t❤❡ ❝❧❛ss✐❝❛❧ ❆①✲❑♦❝❤❡♥ ♣r✐♥❝✐♣❧❡ ❬❄❪✳ ■♥
♦r❞❡r t♦ r❡❧❛t❡ ✐♥t❡❣r❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ♦✈❡r ❞✐✛❡r❡♥t ❧♦❝❛❧ ✜❡❧❞s ♦♥❡ ♠✉st
✜rst r❡❧❛t❡ ♦s❝✐❧❧❛t♦r② ❢✉♥❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✜❡❧❞s✳ ❚♦ t❤✐s
❡♥❞✱ ✇❡ ✉s❡ t❤❡ ♠♦t✐✈✐❝ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥s ♦❢ ❬❄❪✱ ✇❤✐❝❤ s♣❡❝✐❛❧✐③❡ ♥❛t✉✲
r❛❧❧② t♦ ♦s❝✐❧❧❛t♦r② ❢✉♥❝t✐♦♥s ♦♥ ♥♦♥✲❛r❝❤✐♠❡❞❡❛♥ ❧♦❝❛❧ ✜❡❧❞s✳ ❙✉❝❤ ♠♦t✐✈✐❝
❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥s ♣❧❛② ❛♥ ✐♥❝r❡❛s✐♥❣❧② ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ r❡♣r❡s❡♥t❛t✐♦♥
t❤❡♦r②✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡② ♣❧❛②❡❞ ❛ ❝r✉❝✐❛❧ r♦❧❡ ✐♥ ♦♥❡ ♦❢ t❤❡ ♠❡t❤♦❞s ❢♦r
♦❜t❛✐♥✐♥❣ t❤❡ ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛ ♦❢ t❤❡ ▲❛♥❣❧❛♥❞s ♣r♦❣r❛♠ ❛♥❞ ♠❛♥② ♦❢
✐ts ✈❛r✐❛♥ts ✐♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦ ❝❛s❡✱ s❡❡ ❬❄❪ ❛♥❞ t❤❡ ❛♣♣❡♥❞✐① ♦❢ ❬❄❪✳

❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ♣❛♣❡r ✐s t❤❡ tr❛♥s❢❡r ♣r✐♥❝✐♣❧❡ t❤❛t r❡❧❛t❡s L1✲
✐♥t❡❣r❛❜✐❧✐t② ♦✈❡r Fp((t))

n t♦ L1✲✐♥t❡❣r❛❜✐❧✐t② ♦✈❡r Qn
p ❢♦r s♣❡❝✐❛❧✐③❛t✐♦♥s ♦❢

♠♦t✐✈✐❝ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥s✱ ❛♥❞ s✐♠✐❧❛r❧② ❢♦r ❛♥② ♣❛✐r ♦❢ ❧♦❝❛❧ ✜❡❧❞s ✇✐t❤
✐s♦♠♦r♣❤✐❝ r❡s✐❞✉❡ ✜❡❧❞s✳ ❚❤❡ ✜rst ❛♣♣❧✐❝❛t✐♦♥ ✐s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧♦❝❛❧
✐♥t❡❣r❛❜✐❧✐t② ♦❢ ❍❛r✐s❤✲❈❤❛♥❞r❛ ❝❤❛r❛❝t❡rs ✐♥ ♣♦s✐t✐✈❡ ✭❧❛r❣❡✮ ❝❤❛r❛❝t❡r✐st✐❝✱
t❤❛t ✇❡ ❣✐✈❡ ✐♥ ❬❄❪✳

✷✵✵✵ ▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥✳ Pr✐♠❛r② ✶✹❊✶✽❀ ❙❡❝♦♥❞❛r② ✷✷❊✺✵✱ ✹✵❏✾✾✳

❑❡② ✇♦r❞s ❛♥❞ ♣❤r❛s❡s✳ ❚r❛♥s❢❡r ♣r✐♥❝✐♣❧❡s ❢♦r ♠♦t✐✈✐❝ ✐♥t❡❣r❛❧s✱ L1✲✐♥t❡❣r❛❜✐❧✐t②✱ ♠♦✲

t✐✈✐❝ ✐♥t❡❣r❛t✐♦♥✱ ❍❛r✐s❤✲❈❤❛♥❞r❛ ❝❤❛r❛❝t❡rs✱ ♠♦t✐✈✐❝ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥s✳

✶
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❚❤❡ ♣r♦♦❢s ✐♥✈♦❧✈❡ ❛ ♣r❡❝✐s❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ✇❤❛t ✇❡ ❝❛❧❧ ✏❧♦❝✐ ♦❢ ✐♥✲
t❡❣r❛❜✐❧✐t②✑✿ ❢♦r ❛ ❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥s fx ✇✐t❤ ♣❛r❛♠❡t❡r x✱ t❤❡ ❧♦❝✉s ♦❢
✐♥t❡❣r❛❜✐❧✐t② ✐s t❤❡ s❡t ♦❢ t❤♦s❡ ♣❛r❛♠❡t❡rs x ❢♦r ✇❤✐❝❤ t❤❡ ❢✉♥❝t✐♦♥ fx ✐s
✐♥t❡❣r❛❜❧❡ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✵✳✶✮✳ ■♥t❡❣r❛❜✐❧✐t② ❜❡✐♥❣ ❛ s✉❜t❧❡ ❛♥❞ ❛♥❛❧②t✐❝
❝♦♥❞✐t✐♦♥✱ ✐t ✐s s✉r♣r✐s✐♥❣ t❤❛t ✇❡ ❝❛♥ r❡❧❛t❡ ✐t ❜❛❝❦ t♦ ❣❡♦♠❡tr②✱ t❤❛t ✐s✱
✇❡ r❡❧❛t❡ ❧♦❝✐ ♦❢ ✐♥t❡❣r❛❜✐❧✐t② t♦ ③❡r♦ ❧♦❝✐ ♦❢ ❢✉♥❝t✐♦♥s ♦❢ s♣❡❝✐✜❝ ❦✐♥❞s✳ ❚❤✐s
❣❡♦♠❡tr✐❝ ✈✐❡✇♣♦✐♥t ♦♥ ❧♦❝✐ ♦❢ ✐♥t❡❣r❛❜✐❧✐t② ✐s ❦❡② t♦ ♣r♦✈✐♥❣ ♦✉r ♥❡✇ tr❛♥s❢❡r
♣r✐♥❝✐♣❧❡s✳

▲❡t ✉s ❡①♣❧❛✐♥ ❜❛s✐❝ ✈❡rs✐♦♥s ♦❢ t❤❡ tr❛♥s❢❡r ♣r✐♥❝✐♣❧❡s ❢♦r ❛ s✐♠♣❧❡ ❦✐♥❞ ♦❢
♠♦t✐✈✐❝ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥s✳ ❈♦♥s✐❞❡r ❛ ❢♦r♠❛❧ ❡①♣r❡ss✐♦♥ F ♦❢ t❤❡ ❢♦r♠

∑

i

|fi| · E(hi),

✇❤❡r❡ E ✐s ❛ ❢♦r♠❛❧ s②♠❜♦❧✱ ❛♥❞ ✇❤❡r❡ t❤❡ fi ❛♥❞ hi ❛r❡ ✭✜rst ♦r❞❡r✮ ❞❡✜♥❛❜❧❡
❢✉♥❝t✐♦♥s ✐♥ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ✈❛❧✉❡❞ ✜❡❧❞s ✇✐t❤ t❤❡ s❛♠❡ ❞♦♠❛✐♥X ❛♥❞ t❛❦✐♥❣
✈❛❧✉❡s ✐♥ t❤❡ ✈❛❧✉❡❞ ✜❡❧❞✳ ❋♦r ❛♥② ♥♦♥✲❛r❝❤✐♠❡❞❡❛♥ ❧♦❝❛❧ ✜❡❧❞ K ❛♥❞ ❢♦r
❛♥② ♥♦♥✲tr✐✈✐❛❧ ❛❞❞✐t✐✈❡ ❝❤❛r❛❝t❡r ψ : K → C× t❤❡ ❡①♣r❡ss✐♦♥ F s♣❡❝✐❛❧✐③❡s
t♦ t❤❡ ♦s❝✐❧❧❛t♦r② ❢✉♥❝t✐♦♥

FK,ψ : XK → C : x 7→
∑

i

|fiK(x)|ψ(hiK(x)),

✇❤❡r❡ | · | ✐s t❤❡ ♥♦r♠ ♦♥ K✱ XK ✐s t❤❡ s✉❜s❡t ♦❢ Kn ❢♦r s♦♠❡ n ♦❜t❛✐♥❡❞
❜② ✐♥t❡r♣r❡t✐♥❣ t❤❡ ❢♦r♠✉❧❛ ❞❡✜♥✐♥❣ X ✐♥ K✱ ❛♥❞ ✇❤❡r❡ t❤❡ fiK : XK ⊂
Kn → K ❛r❡ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥s ✐♥ K ♦❢ t❤❡ fi ❛♥❞ s✐♠✐❧❛r❧② ❢♦r t❤❡ hi✳
❚❤❡r❡ ❛r❡ ♠❛♥② ✇❛②s t♦ ❡♥❞♦✇ XK ✇✐t❤ ❛ ♠❡❛s✉r❡✱ ❛ ❜❛s✐❝ ❡①❛♠♣❧❡ ❜❡✐♥❣
t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ❍❛❛r ♠❡❛s✉r❡ ♦♥ Kn t♦ XK ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ XK ✐s
♦♣❡♥ ✐♥ Kn✳ ❲❡ ❝❛♥ ♥♦✇ st❛t❡ ❛ ❜❛s✐❝ ❢♦r♠ ♦❢ ♦♥❡ ♦❢ ♦✉r ♠❛✐♥ r❡s✉❧ts✳

❚r❛♥s❢❡r ♣r✐♥❝✐♣❧❡ ❢♦r ✐♥t❡❣r❛❜✐❧✐t② ✭❜❛s✐❝ ❢♦r♠✮✳ ❆s
s♦♦♥ ❛s t❤❡ r❡s✐❞✉❡ ✜❡❧❞ kK ♦❢ K ❤❛s s✉✣❝✐❡♥t❧② ❧❛r❣❡ ❝❤❛r✲
❛❝t❡r✐st✐❝✱ ✇❤❡t❤❡r t❤❡ st❛t❡♠❡♥t

FK,ψ ✐s L1✲✐♥t❡❣r❛❜❧❡ ♦✈❡r XK ❢♦r ❡❛❝❤ ψ
❤♦❧❞s ♦r ♥♦t✱ ❞❡♣❡♥❞s ♦♥❧② ♦♥ ✭t❤❡ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss ♦❢✮ kK ✳

❋♦r ❛♣♣❧✐❝❛t✐♦♥s ♦♥❡ t②♣✐❝❛❧❧② ♥❡❡❞s t❤❡ ❢❛♠✐❧② ✈❡rs✐♦♥ ♦❢ t❤✐s tr❛♥s❢❡r ♣r✐♥✲
❝✐♣❧❡ ❛s ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✹✳✹✳✶✳ ❱❛r✐❛♥ts ✇✐t❤ ❝♦♥❞✐t✐♦♥s ❧✐❦❡ ❜♦✉♥❞❡❞♥❡ss✱
❧♦❝❛❧ ✐♥t❡❣r❛❜✐❧✐t②✱ ❛♥❞ ❧♦❝❛❧ ❜♦✉♥❞❡❞♥❡ss ❛r❡ ❛❧s♦ ♦❜t❛✐♥❡❞✱ s❡❡ ❚❤❡♦r❡♠
✹✳✹✳✷✳ ❚❤❛♥❦s t♦ t❤❡ ✉❜✐q✉✐t② ♦❢ ♠♦t✐✈✐❝ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥s✱ t❤❡ r❡s✉❧ts
❛♣♣❧② t♦ ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s ❛r✐s✐♥❣ ✐♥ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r②✱ s✉❝❤ ❛s
t❤❡ ❢✉♥❝t✐♦♥s r❡♣r❡s❡♥t✐♥❣ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠s ♦❢ ♦r❜✐t❛❧ ✐♥t❡❣r❛❧s✳ ■♥
♣❛rt✐❝✉❧❛r ♦✉r r❡s✉❧ts ❧❡❛❞ t♦ t❤❡ ✜rst ❣❡♥❡r❛❧ ♣r♦♦❢ ♦❢ t❤❡ ❧♦❝❛❧ ✐♥t❡❣r❛❜✐❧✲
✐t② ♦❢ ❍❛r✐s❤✲❈❤❛♥❞r❛ ❝❤❛r❛❝t❡rs ✐♥ ❧❛r❣❡ ❝❤❛r❛❝t❡r✐st✐❝s ❬❄❪✱ ❣❡♥❡r❛❧✐③✐♥❣ t❤❡
r❡s✉❧ts ♦❢ ❡✳❣✳ ❬❄❪✳ ❲❤✐❧❡ t❤❡ ✇♦r❦ ♦♥ t❤❡ ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛ ✐♥ ❝❤❛r❛❝✲
t❡r✐st✐❝ ③❡r♦ ♦❢ ❬❄❪ ❛♥❞ t❤❡ ❛♣♣❡♥❞✐① ♦❢ ❬❄❪ ❝♦♠❜✐♥❡ ✐♥s✐❣❤ts ❛❜♦✉t ♠♦t✐✈✐❝
❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥s ✇✐t❤ r❡s✉❧ts ✐♥ ♣♦s✐t✐✈❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❬❄❪ ❛♥❞ ❬❄❪✱
t❤❡ r❡s✉❧ts ♦❢ ❬❄❪ ❝♦♠❜✐♥❡ t❤❡ t❤❡♦r❡♠s ♦❢ ❍❛r✐s❤✲❈❤❛♥❞r❛ ❬❄❪ ✐♥ ❝❤❛r❛❝t❡r✲
✐st✐❝ ③❡r♦ ✇✐t❤ ❚❤❡♦r❡♠ ✹✳✹✳✶ ♦❢ t❤✐s ♣❛♣❡r✳ ❲❛❧❞s♣✉r❣❡r ❬❄❪ ❤❛s ❣✐✈❡♥ ❛♥
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❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ ❢♦r s♦♠❡ r❡s✉❧ts ♦❢ ❬❄❪✱ ❜✉t ✐t r❡♠❛✐♥s t♦ ❜❡ s❤♦✇♥ t❤❛t
t❡❝❤♥✐q✉❡s ♦❢ ❡✳❣✳ ❬❄❪ ♠❛② ❛❧s♦ r❡❝♦✈❡r s♦♠❡ r❡s✉❧ts ♦♥ ✐♥t❡❣r❛❜✐❧✐t② ♦❢ ❬❄❪✳

▲❡t ✉s ❜❡❣✐♥ ✇✐t❤ t❤❡ ❣❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥s ♦❢ ❧♦❝✐ ♦❢ ✐♥t❡❣r❛❜✐❧✐t②✱ ♦❢ ❜♦✉♥❞✲
❡❞♥❡ss✱ ❛♥❞ ♦❢ ✐❞❡♥t✐❝❛❧ ✈❛♥✐s❤✐♥❣✳

❋♦r ❛r❜✐tr❛r② s❡ts A ⊂ X × T ❛♥❞ x ∈ X✱ ✇r✐t❡ Ax ❢♦r t❤❡ s❡t ♦❢ t ∈ T
✇✐t❤ (x, t) ∈ A✳ ❋♦r g : A ⊂ X × T → B ❛ ❢✉♥❝t✐♦♥ ❛♥❞ ❢♦r x ∈ X✱ ✇r✐t❡
g(x, ·) ❢♦r t❤❡ ❢✉♥❝t✐♦♥ Ax → B s❡♥❞✐♥❣ t t♦ g(x, t)✳

▲❡t T ❛♥❞ X ❜❡ ❛r❜✐tr❛r② s❡ts✱ ❛♥❞ ❧❡t f : X × T → C ❜❡ ❛ ❢✉♥❝t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✳✵✳✶✳ ❉❡✜♥❡ t❤❡ ❧♦❝✉s ♦❢ ❜♦✉♥❞❡❞♥❡ss ♦❢ f ✐♥ X ❛s t❤❡ s❡t

Bdd(f,X) := {x ∈ X | f(x, ·) ✐s ❜♦✉♥❞❡❞ ♦♥ T}.

❉❡✜♥❡ t❤❡ ❧♦❝✉s ♦❢ ✐❞❡♥t✐❝❛❧ ✈❛♥✐s❤✐♥❣ ♦❢ f ✐♥ X ❛s t❤❡ s❡t

Iva(f,X) := {x ∈ X | f(x, ·) ✐s ✐❞❡♥t✐❝❛❧❧② ③❡r♦ ♦♥ T}.

■❢ ♠♦r❡♦✈❡r T ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ❝♦♠♣❧❡t❡ ♠❡❛s✉r❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ❧♦❝✉s ♦❢
✐♥t❡❣r❛❜✐❧✐t② ♦❢ f ✐♥ X ❛s t❤❡ s❡t

Int(f,X) := {x ∈ X | f(x, ·) ✐s ♠❡❛s✉r❛❜❧❡ ❛♥❞ ✐♥t❡❣r❛❜❧❡ ♦✈❡r T}.

❲❡ ♣r♦✈❡ t❤❛t ❧♦❝✐ ♦❢ ✐♥t❡❣r❛❜✐❧✐t② ❢♦r ❢✉♥❝t✐♦♥s fK ❝♦♠✐♥❣ ❢r♦♠ ❛ ♠♦✲
t✐✈✐❝ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥ f ♦♥ X × Kn ❛r❡ ❛❝t✉❛❧❧② ③❡r♦ ❧♦❝✐ ♦❢ ❢✉♥❝t✐♦♥s
❝♦♠✐♥❣ ❢r♦♠ ❛ ♠♦t✐✈✐❝ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥ ♦♥ X✱ ❛♥❞ s✐♠✐❧❛r❧② ❢♦r ❧♦❝✐ ♦❢
❜♦✉♥❞❡❞♥❡ss ❛♥❞ ✐❞❡♥t✐❝❛❧ ✈❛♥✐s❤✐♥❣✱ s❡❡ ❚❤❡♦r❡♠ ✹✳✹✳✹✳

■♥ ❢❛❝t✱ ✇❡ ❞❡✈❡❧♦♣ ❛❧❧ ♦✉r r❡s✉❧ts ❣r❛❞✉❛❧❧②✿ ✜rst ✐♥ t❤❡ ❝❛s❡ ♦❢ s✉♠♠❛t✐♦♥
♦✈❡r t❤❡ ✐♥t❡❣❡rs ✐♥ ❙❡❝t✐♦♥ ✷✱ t❤❡♥ ❢♦r p✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✸✱ ❛♥❞
✜♥❛❧❧② ❢♦r ♠♦t✐✈✐❝ ✐♥t❡❣r❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❲❡ ❛❧s♦ s❤❛r♣❡♥ t❤❡ r❡s✉❧ts ♦❢
❬❄❪ ❛♥❞ ❬❄❪ ❛❜♦✉t st❛❜✐❧✐t② ✉♥❞❡r ✐♥t❡❣r❛t✐♦♥✱ s❡❡ ❡✳❣✳ ❚❤❡♦r❡♠s ✸✳✷✳✶ ❛♥❞
✹✳✹✳✸✱ ❛♥❞ ✇❡ ❣✐✈❡ ❣❡♥❡r❛❧ ✐♥t❡r♣♦❧❛t✐♦♥ r❡s✉❧ts ♦❢ ❣✐✈❡♥ ❢✉♥❝t✐♦♥s ❜② ✐♥t❡✲
❣r❛❜❧❡ ❢✉♥❝t✐♦♥s✱ s❡❡ ❡✳❣✳ ❚❤❡♦r❡♠s ✹✳✸✳✶ ❛♥❞ ✹✳✸✳✸✳ ■t ✐s t❤❡ ♣r❡❝✐s❡ st✉❞② ♦❢
t❤❡s❡ ❧♦❝✐ t❤❛t ❛❧❧♦✇s ✉s t♦ ♣r♦✈❡ ♦✉r ♥❡✇ tr❛♥s❢❡r ♣r✐♥❝✐♣❧❡s✳ ❚❤❡ ❜✐❣❣❡st
❝❤❛❧❧❡♥❣❡s t❤❛t ✇❡ ❤❛❞ t♦ ❛❞❞r❡ss ✇❡r❡ ♦❢ ❝♦✉rs❡ r❡❧❛t❡❞ t♦ ♦s❝✐❧❧❛t✐♦♥✱ ✇❤✐❝❤
❛♣♣❡❛rs ❢r♦♠ ❙❡❝t✐♦♥ ✸✳✷ ♦♥✳ ❆♥ ✐♠♣♦rt❛♥t ✐♥❣r❡❞✐❡♥t t♦ ❝♦♥tr♦❧ ♦s❝✐❧❧❛✲
t✐♦♥ ✐s t❤❡ t❡❝❤♥✐❝❛❧ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✺✱ ✇❤✐❝❤✱ ✐♥ ❛ ❝❡rt❛✐♥ s❡♥s❡✱ st❛t❡s t❤❛t
♦s❝✐❧❧❛t✐♦♥ ❝❛♥ ♥♦t ✐♥t❡r❛❝t t♦♦ ❜❛❞❧② ✇✐t❤ ❞❡✜♥❛❜❧❡ ❝♦♥❞✐t✐♦♥s✳

✶✳✶✳ ❈♦♥✈❡♥t✐♦♥s✳ ❋♦r ❛ ❢✉♥❝t✐♦♥ f : A → C✱ ✇❡ ✇r✐t❡ Z(f) ❢♦r t❤❡ ③❡r♦
❧♦❝✉s {a ∈ A | f(a) = 0} ♦❢ f ✱ ❛♥❞ s✐♠✐❧❛r❧② ❢♦r ❛♥ R✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥
f : A→ R ❢♦r ❛♥② r✐♥❣ R✳

❋♦r s❡ts A1, A2, X ❛♥❞ ❢✉♥❝t✐♦♥s fi : Ai → X✱ ❛ ❢✉♥❝t✐♦♥ g : A1 → A2

✐s s❛✐❞ t♦ ❜❡ ♦✈❡r X ✇❤❡♥ f2 ◦ g = f1✳ ❖❢t❡♥✱ t❤❡ fi ✇✐❧❧ ❜❡ ❝♦♦r❞✐♥❛t❡
♣r♦❥❡❝t✐♦♥s t♦ X✳

❉❡✜♥✐t✐♦♥ ✶✳✵✳✶ ✇✐❧❧ t②♣✐❝❛❧❧② ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡ ♦♥ Z✱
t♦ t❤❡ ❍❛❛r ♠❡❛s✉r❡ ♦♥ Qp ♥♦r♠❛❧✐③❡❞ s✉❝❤ t❤❛t Zp ❤❛s ♠❡❛s✉r❡ 1✱ ❛♥❞ t♦
♣r♦❞✉❝t ♠❡❛s✉r❡s ♦♥ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝ts ♦❢ t❤❡s❡ s❡ts✳ ❖✉r r❡s✉❧ts ❛❧s♦ ❛♣♣❧②
♠✉t❛t✐s ♠✉t❛♥❞✐s t♦ ♠❡❛s✉r❡s ♦♥ ✈❛r✐❡t✐❡s V ♦✈❡r OK ❜② ✇♦r❦✐♥❣ ✇✐t❤ ❛✣♥❡
❝❤❛rts ❛♥❞ ✈♦❧✉♠❡ ❢♦r♠s✱ s❡❡ ❬❄❪✱ ❬❄❪✳
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❘❡❝❛❧❧ t❤❛t ❛ ❝♦♠♣❧❡① ✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ✐s ❝❛❧❧❡❞ ❜♦✉♥❞❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts
r❛♥❣❡ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ C✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts✳ ❚❤❡ ❛✉t❤♦rs ❛r❡ ❞❡❡♣❧② ✐♥❞❡❜t❡❞ t♦ ❚✳ ❍❛❧❡s✱ ✇✐t❤✲
♦✉t ✇❤♦s❡ ✐♥✢✉❡♥❝❡ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✇♦✉❧❞ ♥♦t ❤❛✈❡ ❜❡❡♥ ✇r✐tt❡♥ ✐♥ t❤❡
♣r❡s❡♥t ❢♦r♠✳ ❲❡ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ ❋✳ ▲♦❡s❡r ❛♥❞ ❏✳ ❉❡♥❡❢ ❢♦r t❤❡✐r
❞❡❡♣ ✐♥s✐❣❤ts ✐♥ t❤❡ s✉❜❥❡❝t ❛♥❞ ✐♥t❡r❡st✐♥❣ ❞✐s❝✉ss✐♦♥s ❞✉r✐♥❣ t❤❡ ♣r❡♣❛r❛✲
t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r✱ ❛♥❞ t❤❡ r❡❢❡r❡❡ ❢♦r s❡✈❡r❛❧ ✉s❡❢✉❧ ❝♦♠♠❡♥ts✳ ❚❤❡ ❛✉t❤♦rs
✇❡r❡ s✉♣♣♦rt❡❞ ✐♥ ♣❛rt ❜② t❤❡ ❊✉r♦♣❡❛♥ ❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧ ✉♥❞❡r t❤❡ ❊✉r♦✲
♣❡❛♥ ❈♦♠♠✉♥✐t②✬s ❙❡✈❡♥t❤ ❋r❛♠❡✇♦r❦ Pr♦❣r❛♠♠❡ ✭❋P✼✴✷✵✵✼✲✷✵✶✸✮ ✇✐t❤
❊❘❈ ●r❛♥t ❆❣r❡❡♠❡♥t ♥r✳ ✷✹✻✾✵✸ ◆▼◆❆●✱ ❜② t❤❡ ▲❛❜❡① ❈❊▼P■ ✭❆◆❘✲✶✶✲
▲❆❇❳✲✵✵✵✼✲✵✶✮✱ ❜② t❤❡ t❤❡ ❋✉♥❞ ❢♦r ❙❝✐❡♥t✐✜❝ ❘❡s❡❛r❝❤ ♦❢ ❋❧❛♥❞❡rs✱ ❇❡❧❣✐✉♠
✭❣r❛♥t ●✳✵✹✶✺✳✶✵✮✱ ❜② t❤❡ ❙❋❇ ✽✼✽ ♦❢ t❤❡ ❉❡✉ts❝❤❡ ❋♦rs❝❤✉♥❣s❣❡♠❡✐♥s❝❤❛❢t✱
❛♥❞ ❜② ◆❙❊❘❈✳

✷✳ ❙✉♠♠❛❜✐❧✐t② ♦✈❡r t❤❡ ✐♥t❡❣❡rs

❙✉♠♠❛t✐♦♥ ♦✈❡r t❤❡ ✐♥t❡❣❡rs ❛♥❞ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❛r❡
✐♠♣♦rt❛♥t ❢♦r ✉s s✐♥❝❡ t❤❡② ❧✐❡ ❜❡❤✐♥❞ p✲❛❞✐❝ ✐♥t❡❣r❛t✐♦♥✿ s❡✈❡r❛❧ ♦❢ t❤❡ p✲
❛❞✐❝ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✸✱ ❛♥❞ ❡✈❡♥ s♦♠❡ ♦❢ t❤❡ ♠♦t✐✈✐❝ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✹✱
✇✐❧❧ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡ r❡s✉❧ts ♦❢ t❤✐s s❡❝t✐♦♥✳

✷✳✶✳ Pr❡s❜✉r❣❡r ✇✐t❤ ❜❛s❡ q✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ❧❡t q > 1 ❜❡ ❛ ✜①❡❞ r❡❛❧
♥✉♠❜❡r✳

❇② ❛ Pr❡s❜✉r❣❡r s❡t✱ ♦♥❡ ♠❡❛♥s ❛ s✉❜s❡t ♦❢ Zm ❢♦r s♦♠❡ m ≥ 0 ✇❤✐❝❤ ❝❛♥
❜❡ ❞❡s❝r✐❜❡❞ ❜② ❛ ❇♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ s❡ts ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠s

{x ∈ Zm | f(x) ≥ 0}

{x ∈ Zm | g(x) ≡ 0 mod n},

✇❤❡r❡ f ❛♥❞ g ❛r❡ ♣♦❧②♥♦♠✐❛❧s ♦✈❡r Z ♦❢ ❞❡❣r❡❡ ≤ 1✱ ❛♥❞ n > 0 ✐s ❛♥ ✐♥t❡❣❡r✳
❆ Pr❡s❜✉r❣❡r ❢✉♥❝t✐♦♥ ✐s ❛ ❢✉♥❝t✐♦♥ ❜❡t✇❡❡♥ Pr❡s❜✉r❣❡r s❡ts ✇❤♦s❡ ❣r❛♣❤
✐s ❛❧s♦ ❛ Pr❡s❜✉r❣❡r s❡t✳ ❆ Pr❡s❜✉r❣❡r ❢✉♥❝t✐♦♥ ✐s ❝❛❧❧❡❞ ❧✐♥❡❛r ✐❢ ✐t ✐s t❤❡
r❡str✐❝t✐♦♥ ♦❢ ❛♥ ❛✣♥❡ ♠❛♣ Qk → Qℓ✳ ❲❡ ✇r✐t❡ N ❢♦r t❤❡ s❡t ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡
✐♥t❡❣❡rs {z ∈ Z | z ≥ 0}✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✳ ❉❡✜♥❡ t❤❡ s✉❜r✐♥❣ Aq ⊂ R ❛s

Aq = Z

[
q, q−1,

(
1

1 − q−i

)

i∈N, 0<i

]
.

❋♦r S ❛ Pr❡s❜✉r❣❡r s❡t✱ ❧❡t Pq(S) ❜❡ t❤❡ Aq✲❛❧❣❡❜r❛ ♦❢ Aq✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s
♦♥ S ❣❡♥❡r❛t❡❞ ❜②

✭✶✮ ❛❧❧ Pr❡s❜✉r❣❡r ❢✉♥❝t✐♦♥s α : S → Z✱

✭✷✮ t❤❡ ❢✉♥❝t✐♦♥s qβ : S → Aq : s 7→ qβ(s) ❢♦r ❛❧❧ Pr❡s❜✉r❣❡r ❢✉♥❝t✐♦♥s
β : S → Z✳
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❚❤❡ ❢✉♥❝t✐♦♥s ✐♥ Pq(S) ❛r❡ ❝❛❧❧❡❞ Pr❡s❜✉r❣❡r ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ S
✭✇✐t❤ ❜❛s❡ q✮✳ ◆♦t❡ t❤❛t ❛ ❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥ ✐♥ Pq(S) ✐s ♦❢ t❤❡ ❢♦r♠

s 7→

N∑

i=1

aiq
βi(s)

Mi∏

j=1

αij(s),

✇✐t❤ t❤❡ αij ❛♥❞ βi Pr❡s❜✉r❣❡r ❢✉♥❝t✐♦♥s S → Z✱ ❛♥❞ t❤❡ ai ❡❧❡♠❡♥ts ♦❢ Aq✳
❚❤❡ ❝♦♥st❛♥ts 1

1−q−i ❛r❡ ♥❡❡❞❡❞ ✐♥ Aq t♦ ♠❛❦❡ t❤❡ ❢r❛♠❡✇♦r❦ ❝❧♦s❡❞ ✉♥❞❡r

s✉♠♠❛t✐♦♥❀ s❡❡ ❚❤❡♦r❡♠ ✷✳✶✳✻✳
❇② t❤❡ q✉❛♥t✐✜❡r ❡❧✐♠✐♥❛t✐♦♥ r❡s✉❧ts ♦❢ ❬❄❪✱ t❤❡ ✐♠❛❣❡ ♦❢ ❛ Pr❡s❜✉r❣❡r s❡t

✉♥❞❡r ❛ Pr❡s❜✉r❣❡r ❢✉♥❝t✐♦♥ ✐s ❛❣❛✐♥ ❛ Pr❡s❜✉r❣❡r s❡t✱ ❛s ❛r❡ ✜♥✐t❡ ✐♥t❡rs❡❝✲
t✐♦♥s✱ ✜♥✐t❡ ✉♥✐♦♥s✱ ❛♥❞ ❝♦♠♣❧❡♠❡♥ts ♦❢ Pr❡s❜✉r❣❡r s❡ts✳ ❚❤❡ s✐t✉❛t✐♦♥ ❢♦r
③❡r♦ ❧♦❝✐ ♦❢ Pr❡s❜✉r❣❡r ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ✐s ♠✉❝❤ ♠♦r❡ ❞❡❧✐❝❛t❡✳ ❋♦r
✜♥✐t❡ ✉♥✐♦♥s ❛♥❞ ✜♥✐t❡ ✐♥t❡rs❡❝t✐♦♥s t❤❡r❡ ✐s ♥♦ ❞✐✣❝✉❧t②✱ ❛s ❢♦❧❧♦✇s✳

▲❡♠♠❛ ✷✳✶✳✷✳ ▲❡t S ❜❡ ❛ Pr❡s❜✉r❣❡r s❡t ❛♥❞ ❧❡t hi ❜❡ ✐♥ Pq(S) ❢♦r i =
1, . . . , N ✳ ❈♦♥s✐❞❡r ③❡r♦ ❧♦❝✐

Z(hi) = {s ∈ S | hi(s) = 0}.

❚❤❡♥ t❤❡r❡ ❡①✐st f ❛♥❞ g ✐♥ Pq(S) s✉❝❤ t❤❛t

Z(f) =

N⋂

i=1

Z(hi) ❛♥❞ Z(g) =

N⋃

i=1

Z(hi).

Pr♦♦❢✳ ❖♥❡ ❝❛♥ ❥✉st t❛❦❡ t❤❡ s✉♠ ♦❢ t❤❡ sq✉❛r❡s✱ r❡s♣✳ t❤❡ ♣r♦❞✉❝t✱ ♦❢ t❤❡
hi✳ �

◆♦t❡ t❤❛t ❛♥② Pr❡s❜✉r❣❡r s✉❜s❡t A ♦❢ S ❛♣♣❡❛rs ❛s t❤❡ ③❡r♦ ❧♦❝✉s ♦❢ ❛
Pr❡s❜✉r❣❡r ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ S❀ ✐♥❞❡❡❞✱ A = Z(1−χA) ✇✐t❤ χA t❤❡
❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ A ✐♥ S✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♥✈❡rs❡ ✐s ♥♦t tr✉❡✿ t❤❡r❡ ❛r❡
Pr❡s❜✉r❣❡r ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ✇❤♦s❡ ③❡r♦ ❧♦❝✉s ✐s ♥♦t ❛ Pr❡s❜✉r❣❡r s❡t✳
▼♦r❡♦✈❡r✱ ❢♦r h ∈ Pq(S)✱ t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ Z(h) ✐♥ S ✐s ♥♦t ❛❧✇❛②s ❡q✉❛❧ t♦
t❤❡ ③❡r♦ ❧♦❝✉s ♦❢ s♦♠❡ ❢✉♥❝t✐♦♥ ✐♥ Pq(S)✳ ■t t✉r♥s ♦✉t t❤❛t ③❡r♦ ❧♦❝✐ ♦❢ Pr❡s✲
❜✉r❣❡r ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ❛r❡ ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ ❧♦❝✐ ♦❢ ✐♥t❡❣r❛❜✐❧✐t②✱ ♦❢
❜♦✉♥❞❡❞♥❡ss✱ ❛♥❞ ♦❢ ✐❞❡♥t✐❝❛❧ ✈❛♥✐s❤✐♥❣✳ ■♥❞❡❡❞✱ t❤❡ ③❡r♦ ❧♦❝✐ ♦❢ Pr❡s❜✉r❣❡r
❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ❛r❡ ❡①❛❝t❧② t❤❡ s❡ts t❤❛t ❛r✐s❡ ❛s ❧♦❝✐ ♦❢ ✐♥t❡❣r❛❜✐❧✐t②
✭❛❣❛✐♥st t❤❡ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡✮ ♦❢ Pr❡s❜✉r❣❡r ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s✱ ❛♥❞
s✐♠✐❧❛r❧② ❢♦r t❤❡ ❧♦❝✐ ♦❢ ❜♦✉♥❞❡❞♥❡ss ❛♥❞ ♦❢ ✐❞❡♥t✐❝❛❧ ✈❛♥✐s❤✐♥❣✳

❚❤❡♦r❡♠ ✷✳✶✳✸ ✭❈♦rr❡s♣♦♥❞❡♥❝❡s ♦❢ ❧♦❝✐✮✳ ▲❡t f ❜❡ ✐♥ Pq(S×Zm) ❢♦r s♦♠❡
Pr❡s❜✉r❣❡r s❡t S ❛♥❞ s♦♠❡ m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐st h1, h2 ❛♥❞ h3 ✐♥ Pq(S)
s✉❝❤ t❤❛t

✭✷✳✶✳✶✮ Int(f, S) = Z(h1),

✭✷✳✶✳✷✮ Bdd(f, S) = Z(h2),

❛♥❞

✭✷✳✶✳✸✮ Iva(f, S) = Z(h3),
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✇❤❡r❡ ✐♥t❡❣r❛❜✐❧✐t② ✐♥ ✭✷✳✶✳✶✮ ✐s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡ ♦♥ Zm✱
❛♥❞ ✇❤❡r❡ Z(·) st❛♥❞s ❢♦r t❤❡ ③❡r♦ ❧♦❝✉s✳

❘❡♠❛r❦ ✷✳✶✳✹✳ ❚❤❡♦r❡♠ ✷✳✶✳✸ ✐♠♣❧✐❡s t❤❛t t❤❡ ❝❧❛ss❡s ♦❢ s❡ts ✇❤✐❝❤ ❝❛♥ ❛♣✲
♣❡❛r ❛s ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢ ❧♦❝✐ ❢♦r Pr❡s❜✉r❣❡r ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ❛r❡ ❛❧❧
❡q✉❛❧✱ s✐♥❝❡ ❢♦r ❛♥② ❣✐✈❡♥ ❢✉♥❝t✐♦♥ h ✐♥ Pq(S)✱ t❤❡r❡ ❡①✐sts f ∈ Pq(S × Z)
s✉❝❤ t❤❛t

Z(h) = Int(f, S) = Bdd(f, S) = Iva(f, S).

■♥❞❡❡❞✱ ♦♥❡ ❝❛♥ t❛❦❡ f(s, y) = h(s) · y✳ ❍❡♥❝❡ t❤❡ ♥❛♠❡ ❵❝♦rr❡s♣♦♥❞❡♥❝❡s ♦❢
❧♦❝✐✬ ❢♦r ❚❤❡♦r❡♠ ✷✳✶✳✸✳

❖♥❡ ❝❛♥ ✐♥t❡r♣♦❧❛t❡ Pr❡s❜✉r❣❡r ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ❜② Pr❡s❜✉r❣❡r ❝♦♥✲
str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ✇✐t❤ ♠❛①✐♠❛❧ ❧♦❝✉s ♦❢ ✐♥t❡❣r❛❜✐❧✐t②✱ ❛s ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✷✳✶✳✺ ✭■♥t❡r♣♦❧❛t✐♦♥✮✳ ▲❡t f ❜❡ ✐♥ Pq(S×Zm) ❢♦r s♦♠❡ Pr❡s❜✉r❣❡r
s❡t S ❛♥❞ s♦♠❡ m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts g ✐♥ Pq(S×Zm) ✇✐t❤ Int(g, S) = S
❛♥❞ s✉❝❤ t❤❛t f(s, y) = g(s, y) ✇❤❡♥❡✈❡r s ❧✐❡s ✐♥ Int(f, S)✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ♦♥ st❛❜✐❧✐t② ♦❢ Pq ✉♥❞❡r s✉♠♠❛t✐♦♥ ❣❡♥❡r❛❧✐③❡s ❚❤❡♦r❡♠✲
❉❡✜♥✐t✐♦♥ ✹✳✺✳✶ ♦❢ ❬❄❪ ✇❤✐❝❤ ✐♥ t✉r♥ ❣♦❡s ❜❛❝❦ t♦ ▲❡♠♠❛ ✸✳✷ ♦❢ ❬❄❪✳ ❚❤❡♦r❡♠✲
❉❡✜♥✐t✐♦♥ ✹✳✺✳✶ ♦❢ ❬❄❪ ✐s t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✻ ❢♦r ✇❤✐❝❤ Int(f, S) =
S✳

❚❤❡♦r❡♠ ✷✳✶✳✻ ✭■♥t❡❣r❛t✐♦♥✮✳ ▲❡t f ❜❡ ✐♥ Pq(S×Zm) ❢♦r s♦♠❡ Pr❡s❜✉r❣❡r
s❡t S ❛♥❞ s♦♠❡ m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ g ∈ Pq(S) s✉❝❤ t❤❛t

g(s) =
∑

y∈Zm

f(s, y)

✇❤❡♥❡✈❡r s ∈ Int(f, S)✳

❇❡❢♦r❡ ♣r♦✈✐♥❣ ❚❤❡♦r❡♠s ✷✳✶✳✸✱ ✷✳✶✳✺ ❛♥❞ ✷✳✶✳✻✱ ✇❡ ❣✐✈❡ s♦♠❡ ❛✉①✐❧✐❛r②
r❡s✉❧ts✳ ❚❤❡ ✜rst ❛✉①✐❧✐❛r② ❧❡♠♠❛ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s ❛ ❞✐r❡❝t ❝♦r♦❧❧❛r② ♦❢
❲✐❧❦✐❡✬s ❚❤❡♦r❡♠ ♦❢ ❬❄❪ ♦♥ t❤❡ ♦✲♠✐♥✐♠❛❧✐t② ♦❢ t❤❡ r❡❛❧ ♥✉♠❜❡r ✜❡❧❞ ✇✐t❤
t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥✳

▲❡♠♠❛ ✷✳✶✳✼✳ ▲❡t h : R≥0 → R ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠

h(x) =

r∑

i=1

cix
aibxi ,

✇❤❡r❡ t❤❡ ai, bi, ci ❛r❡ r❡❛❧ ♥✉♠❜❡rs✱ t❤❡ ci ❛♥❞ bi ❛r❡ ♥♦♥③❡r♦✱ ❛♥❞ r ≥ 1✳
❙✉♣♣♦s❡ t❤❛t t❤❡ ♣❛✐rs (ai, bi) ❛r❡ ♠✉t✉❛❧❧② ❞✐✛❡r❡♥t ❢♦r ❞✐✛❡r❡♥t i✳ ❚❤❡♥ t❤❡
♥✉♠❜❡r ♦❢ ③❡r♦s ♦❢ f ✐s ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ r✳

Pr♦♦❢✳ ❆❧❧ ❢✉♥❝t✐♦♥s h ♦❢ t❤❡ ❛❜♦✈❡ ❢♦r♠ ❜✉t ✇✐t❤ ✜①❡❞ r ❛r❡ ♠❡♠❜❡rs ♦❢
❛ s✐♥❣❧❡ ❞❡✜♥❛❜❧❡ ❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥s ✇✐t❤ ❞✐s❝r❡t❡ ③❡r♦s ✐♥ t❤❡ ♦✲♠✐♥✐♠❛❧
str✉❝t✉r❡ ♦❢ t❤❡ r❡❛❧ ♥✉♠❜❡r ✜❡❧❞ ❡♥r✐❝❤❡❞ ✇✐t❤ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥✳
◆♦✇ ❥✉st ♥♦t❡ t❤❛t ❞✐s❝r❡t❡ s❡ts ✇❤✐❝❤ ❛♣♣❡❛r ❛s ♠❡♠❜❡rs ♦❢ ❛ ❢❛♠✐❧② ♦❢ s❡ts
✐♥ ❛♥ ♦✲♠✐♥✐♠❛❧ str✉❝t✉r❡ ❛r❡ ✜♥✐t❡ ❛♥❞ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ s✐③❡✱ ❝❢✳ ❬❄❪✳ �
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▲❡♠♠❛ ✷✳✶✳✽✳ ▲❡t h : Nm → R ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠

h(x) =
r∑

i=1

ciq
bi1x1+···bimxm

m∏

j=1

x
aij

j ,

✇❤❡r❡ t❤❡ ci ❛r❡ ♥♦♥③❡r♦ r❡❛❧ ♥✉♠❜❡rs✱ t❤❡ aij ❛♥❞ bij ❛r❡ ✐♥t❡❣❡rs✱ aij ≥ 0✱
m ≥ 1✱ ❛♥❞ r ≥ 1✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ t✉♣❧❡s (ai1, . . . , aim, bi1, . . . , bim) ❛r❡
♠✉t✉❛❧❧② ❞✐✛❡r❡♥t ❢♦r ❞✐✛❡r❡♥t i✳ ❚❤❡♥ h ✐s ♥♦t ✐❞❡♥t✐❝❛❧❧② ③❡r♦✳ ❋✉rt❤❡r✲
♠♦r❡✱ h ✐s s✉♠♠❛❜❧❡ ♦✈❡r Nm ✐❢ ❛♥❞ ♦♥❧② ✐❢ bij ≤ −1 ❢♦r ❛❧❧ i, j✳ ❋✐♥❛❧❧②✱ h
✐s ❜♦✉♥❞❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ s✐♠✉❧t❛♥❡♦✉s❧② ❛❧❧ bij ❛r❡ ≤ 0 ❛♥❞ ❢♦r ❡❛❝❤ i, j ✇✐t❤
bij = 0 ♦♥❡ ❤❛s aij = 0✳

Pr♦♦❢✳ ❚❤❛t h ✐s ♥♦t ✐❞❡♥t✐❝❛❧❧② ③❡r♦ ❡❛s✐❧② ❢♦❧❧♦✇s ❜② ✐♥❞✉❝t✐♦♥ ♦♥ m ❛♥❞
❜② ▲❡♠♠❛ ✷✳✶✳✼ ❢♦r t❤❡ ❝❛s❡ m = 1✳ ■❢ ❛❧❧ t❤❡ bij ❛r❡ < 0 t❤❡♥ ❝❧❡❛r❧② h ✐s
s✉♠♠❛❜❧❡✳ ❋♦r t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥✱ s✉♣♣♦s❡ t❤❛t h ✐s s✉♠♠❛❜❧❡ ❜✉t s♦♠❡
bij ✐s ≥ 0✱ s❛②✱ b11 ≥ 0✳ ❲❡ ♠❛② s✉♣♣♦s❡ t❤❛t b11 ✐s ♠❛①✐♠❛❧ ❛♠♦♥❣ t❤❡ bij ✳
P✉t I = {i | bi1 = b11}✳ ❲❡ ♠❛② s✉♣♣♦s❡ t❤❛t a11 ✐s ♠❛①✐♠❛❧ ❛♠♦♥❣ t❤❡ ai1
✇✐t❤ i ∈ I✳ P✉t J = {i ∈ I | ai1 = a11}✳ ❚❤❡♥ t❤❡ ❢✉♥❝t✐♦♥

x 7→ qb11x1xa11

1

∑

i∈J

ciq
bi2x2+···bimxm

m∏

j=2

x
aij

j

♠✉st ❜❡ ✐❞❡♥t✐❝❛❧❧② ③❡r♦ ♦♥ Nm ❜② t❤❡ s✉♠♠❛❜✐❧✐t② ♦❢ h✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡
❜② t❤❡ ✜rst st❛t❡♠❡♥t ♦❢ t❤❡ ❧❡♠♠❛✳ ❚❤❡ st❛t❡♠❡♥t ❛❜♦✉t ❜♦✉♥❞❡❞♥❡ss ✐s
♦❜t❛✐♥❡❞ s✐♠✐❧❛r❧②✳ �

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ❚❤❡♦r❡♠ ✸ ♦❢ ❬❄❪✱ ✇✐❧❧ ❜❡ t❤❡ ❜❛s✐s ❢♦r t❤❡ ♣r♦♦❢s ♦❢
t❤❡ r❡s✉❧ts ✐♥ t❤✐s s❡❝t✐♦♥✳

❚❤❡♦r❡♠ ✷✳✶✳✾ ✭P❛r❛♠❡tr✐❝ ❘❡❝t✐❧✐♥❡❛r✐③❛t✐♦♥ ❬❄❪✮✳ ▲❡t S ❛♥❞ X ⊂ S×Zm

❜❡ Pr❡s❜✉r❣❡r s❡ts✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ ♣❛rt✐t✐♦♥ ♦❢ X ✐♥t♦ Pr❡s❜✉r❣❡r
s❡ts s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ ♣❛rt A✱ t❤❡r❡ ✐s ❛ Pr❡s❜✉r❣❡r s❡t B ⊂ S × Zm ❛♥❞ ❛
❧✐♥❡❛r Pr❡s❜✉r❣❡r ❜✐❥❡❝t✐♦♥ ρ : A → B ♦✈❡r S s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ s ∈ S✱ t❤❡
s❡t Bs ✐s ❛ s❡t ♦❢ t❤❡ ❢♦r♠ Λs × Nℓ ❢♦r ❛ ✜♥✐t❡ s✉❜s❡t Λs ⊂ Nm−ℓ ❞❡♣❡♥❞✐♥❣
♦♥ s ❛♥❞ ❢♦r ❛♥ ✐♥t❡❣❡r ℓ ≥ 0 ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ A✳

❘❡❝❛❧❧ t❤❛t Bs ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✾ ✐s t❤❡ s❡t {z ∈ Zm | (s, z) ∈ B}✱ ❛♥❞
t❤❛t ❢♦r ρ t♦ ❜❡ ♦✈❡r S ♠❡❛♥s t❤❛t ρ ♠❛❦❡s ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ✇✐t❤ t❤❡
♣r♦❥❡❝t✐♦♥s ❢r♦♠ A ❛♥❞ B t♦ S✱ s❡❡ ❙❡❝t✐♦♥ ✶✳✶✳ ❙♦♠❡ ❞✐r❡❝t ❣❡♥❡r❛❧✐③❛t✐♦♥s
♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✾ ✇✐❧❧ ❜❡ st❛t❡❞ ❛s ❚❤❡♦r❡♠ ✸✳✹✳✹ ✐♥ ❛ p✲❛❞✐❝ s❡tt✐♥❣✱ ❛♥❞ ❛s
❚❤❡♦r❡♠ ✹✳✺✳✹ ✐♥ ❛ ✉♥✐❢♦r♠ p✲❛❞✐❝ s❡tt✐♥❣✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✷✳✶✳✸ ❛♥❞ ✷✳✶✳✺✳ ❲❡ ✜rst ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ h3 ❛s ✐♥
✭✷✳✶✳✸✮✱ t❤❛t ✐s✱ ✇❡ ✜rst ♣r♦✈❡ t❤❡ r❡s✉❧t ❢♦r Iva(f, S)✳ ❙✐♥❝❡ t❤❡ st❛t❡♠❡♥t
❢♦r m = 1 ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ s✉❝❝❡ss✐✈❡❧②✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❡ ❝❛s❡ m = 1✳
❇② ❚❤❡♦r❡♠ ✷✳✶✳✾ ❛♥❞ s✐♥❝❡ Pr❡s❜✉r❣❡r ❢✉♥❝t✐♦♥s ❛r❡ ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r✱ t❤❡r❡
❡①✐sts ❛ ✜♥✐t❡ ♣❛rt✐t✐♦♥ ♦❢ S × Z ❛♥❞ ❢♦r ❡❛❝❤ ♣❛rt A ❛ Pr❡s❜✉r❣❡r ❜✐❥❡❝t✐♦♥
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ρ : A→ B ♦✈❡r S s✉❝❤ t❤❛t ❡✐t❤❡r Bx = N ♦r Bx ✐s ✜♥✐t❡ ❢♦r ❡❛❝❤ x ∈ S ❛♥❞
s✉❝❤ t❤❛t f ◦ ρ−1 ✐s ♦❢ t❤❡ ❢♦r♠

(x, t) 7→
r∑

i=1

ci(x)t
aiqbit

❢♦r s♦♠❡ ✐♥t❡❣❡rs ai, bi ✇✐t❤ ai ≥ 0✱ ❛♥❞ s♦♠❡ Pr❡s❜✉r❣❡r ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝✲
t✐♦♥s ci✱ ❛♥❞ ✇❤❡r❡ t❤❡ ♣❛✐rs (ai, bi) ❛r❡ ♠✉t✉❛❧❧② ❞✐✛❡r❡♥t ❢♦r ❞✐✛❡r❡♥t i✳
❉❡♥♦t❡ t❤❡ ✐♠❛❣❡ ♦❢ A ✉♥❞❡r t❤❡ ♣r♦❥❡❝t✐♦♥ ♠❛♣ A→ S ❜② SA✳ ❇② ▲❡♠♠❛
✷✳✶✳✼ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥tM ≥ 0 s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ ✜①❡❞ ✈❛❧✉❡ ♦❢ x✱ ❡✐t❤❡r
t❤❡ ci(x) ❛r❡ ❛❧❧ ③❡r♦ ❢♦r i = 1, . . . , r✱ ♦r✱ t❤❡ ❢✉♥❝t✐♦♥ t 7→

∑r
i=1 ci(x)t

aiqbit

❤❛s ❛t ♠♦st M ③❡r♦s✳ ❲r✐t❡ SA,1 ❢♦r t❤❡ s❡t ♦❢ x ∈ SA s✉❝❤ t❤❛t |Bx| ≤M ✱
❛♥❞ ❧❡t SA,2 ❜❡ SA \ SA,1✳ ◆♦t❡ t❤❛t SA,1 ❛♥❞ SA,2 ❛r❡ Pr❡s❜✉r❣❡r s❡ts✳ ❲❡
t❛❦❡ M Pr❡s❜✉r❣❡r ❢✉♥❝t✐♦♥s H1, . . . ,HM ♦♥ SA,1 s✉❝❤ t❤❛t t❤❡ ✉♥✐♦♥ ♦❢ t❤❡
❣r❛♣❤s ♦❢ t❤❡ Hj ❡q✉❛❧s B ∩ (SA,1 × Z)✳ ❲❡ ✇r✐t❡

QA := {x ∈ SA,1 |
∧

j∈{1,...,M}

(
r∑

i=1

ci(x)Hj(x)
aiqbiHj(x) = 0)},

❛♥❞

RA := {x ∈ SA,2 |
∧

i∈{1,...,r}

(ci(x) = 0)}.

❇② ▲❡♠♠❛ ✷✳✶✳✷ ❡❛❝❤ ♦❢ t❤❡ s❡ts QA ❛♥❞ RA ✐s t❤❡ ③❡r♦ ❧♦❝✉s ♦❢ ❛ Pr❡s❜✉r❣❡r
❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ S✳ ◆♦✇ ♦♥❡ ❤❛s

Iva(f, S) =
⋂

A

(QA ∪RA ∪ (S \ SA)).

❇② ▲❡♠♠❛ ✷✳✶✳✷ ❛♥❞ s✐♥❝❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ Pr❡s❜✉r❣❡r s❡ts
S \SA ❛r❡ Pr❡s❜✉r❣❡r ❝♦♥str✉❝t✐❜❧❡✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ h3 ❢♦❧❧♦✇s✳ ❚❤✐s ♣r♦✈❡s
t❤❡ ❡①✐st❡♥❝❡ ♦❢ h3 ❛s ✐♥ ✭✷✳✶✳✸✮ ❢♦r ❛♥② ❣✐✈❡♥ f ∈ Pq(S × Zm)✳

❲❡ ✉s❡ t❤✐s r❡s✉❧t t♦ ♣r♦✈❡ s✐♠✉❧t❛♥❡♦✉s❧② ❚❤❡♦r❡♠ ✷✳✶✳✺ ❛♥❞ t❤❡ ❡①✐st❡♥❝❡
♦❢ h1 ❛♥❞ h2✳ ❚❤❡ st❛t❡♠❡♥ts ❝❧❡❛r❧② ❛❧❧♦✇ ✉s t♦ ♣❛rt✐t✐♦♥ S×Zm ✐♥t♦ ✜♥✐t❡❧②
♠❛♥② ♣✐❡❝❡s A ❛♥❞ t♦ tr❡❛t ❡❛❝❤ ♦♥❡ s❡♣❛r❛t❡❧② ✭❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ h1 ❛♥❞
h2✱ t❤✐s ✉s❡s ▲❡♠♠❛ ✷✳✶✳✷✮✳ ❲❡ ❝❤♦♦s❡ ❛ ♣❛rt✐t✐♦♥ s✉❝❤ t❤❛t ❛❧❧ Pr❡s❜✉r❣❡r
❢✉♥❝t✐♦♥s ✐♥✈♦❧✈❡❞ ✐♥ f ❛r❡ Pr❡s❜✉r❣❡r ❧✐♥❡❛r✱ ✇❡ r❡✜♥❡ t❤✐s ♣❛rt✐t✐♦♥ ✉s✐♥❣
❚❤❡♦r❡♠ ✷✳✶✳✾✱ ❛♥❞ ❝♦♥s✐❞❡r ♦♥❡ r❡s✉❧t✐♥❣ ♣✐❡❝❡ A✳ ❲❡ ❝❛♥ r❡♣❧❛❝❡ A ❜② B
❛♥❞ f ❜② f ◦ ρ−1 ✇✐t❤ ♥♦t❛t✐♦♥ ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✶✳✾✱ s♦ t❤❛t ✐♥ t❤❡ ❡♥❞✱ ✇❡
❣❡t ♦♥❡ Pr❡s❜✉r❣❡r s❡t B ♦♥ ✇❤✐❝❤ ✇❡ ❤❛✈❡

✭✷✳✶✳✹✮ f(s, y) =
r∑

i=1

ci(s)y
aiqbi·y

✇❤❡r❡ ✇❡ ✉s❡ ♠✉❧t✐✲✐♥❞❡① ♥♦t❛t✐♦♥ ❛♥❞ ✇❤❡r❡ ai, bi ∈ Zm ✇✐t❤ aij ≥ 0✱
t❤❡ ci ❛r❡ Pr❡s❜✉r❣❡r ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ✐♥ s ∈ S✱ t❤❡ t✉♣❧❡s (ai, bi)
❛r❡ ♠✉t✉❛❧❧② ❞✐✛❡r❡♥t ❢♦r ❞✐✛❡r❡♥t i✱ ❛♥❞ ✇❤❡r❡ ❢♦r ❡❛❝❤ s ∈ S✱ ♦♥❡ ❤❛s
Bs = Λs × Nℓ ❢♦r ❛ ✜①❡❞ ℓ ≥ 0 ❛♥❞ s♦♠❡ ✜♥✐t❡ s❡t Λs ⊂ Nm−ℓ ❞❡♣❡♥❞✐♥❣
♦♥ s✳ ■♥ ❢❛❝t✱ ♥♦✇ ✇❡ ❛r❡ ❛❧r❡❛❞② ❞♦♥❡ ❜② ▲❡♠♠❛ ✷✳✶✳✽ ❛♥❞ t❤❡ ❡①✐st❡♥❝❡
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♦❢ h3 ✇✐t❤ Z(h3) = Iva(g) ❢♦r ❛♥② ❣✐✈❡♥ g✳ ■♥❞❡❡❞✱ ❧❡t I ❜❡ {i | bij ≥
0 ❢♦r s♦♠❡ j = m− ℓ+ 1, . . . ,m}✳ ❈♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ ♦♥ B

h : (s, y) 7→
∑

i∈I

ci(s)y
aiqbi·y

❢♦r s ∈ S ❛♥❞ y ∈ Bs✳ ▲❡t h̃ ❜❡ t❤❡ ❡①t❡♥s✐♦♥ ❜② ③❡r♦ ♦❢ h t♦ ❛ ❢✉♥❝t✐♦♥ ♦♥
S × Zm✳ ❇② ▲❡♠♠❛ ✷✳✶✳✽✱ ❢♦r s ∈ S✱ t❤❡ ❢❛♠✐❧② {f(s, y)}y✱ ✇❤❡r❡ y ∈ Bs✱ ✐s

s✉♠♠❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ h̃(s, y) = 0 ❢♦r ❛❧❧ y ∈ Zm✳ ❙✐♥❝❡ h̃ ✐s ❛ Pr❡s❜✉r❣❡r
❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ S × Zm✱ ✭✷✳✶✳✶✮ ❢♦❧❧♦✇s ✉s✐♥❣ h1 ✇✐t❤ Z(h1) =

Iva(h̃)✳ ❚❛❦✐♥❣ I ′ = {i | (bij > 0, ♦r✱ (bij = 0 ❛♥❞ aij > 0)) ❢♦r s♦♠❡ j =
m − ℓ + 1, . . . ,m} ✐♥st❡❛❞ ♦❢ I ✐♥ t❤❡ ❛❜♦✈❡ ❝♦♥str✉❝t✐♦♥✱ ♦♥❡ ♦❜t❛✐♥s t❤❡
❡①✐st❡♥❝❡ ♦❢ h2 ❢♦r ✭✷✳✶✳✷✮ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳ ❚❤❡♦r❡♠ ✷✳✶✳✺ ❛❧s♦ ❢♦❧❧♦✇s✱ s✐♥❝❡
✇❡ ❝❛♥ ❞❡✜♥❡ g ♣✐❡❝❡✇✐s❡ ❢♦r (s, y) ✐♥ B ❜②

g(s, y) =
∑

i∈{1,...,r}\I

ci(s)y
aiqbi·y.

�

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✻✳ ❇② t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ r❡s✉❧t ❚❤❡♦r❡♠ ✷✳✶✳✺✱ t❤❡r❡
❡①✐sts g0 ✐♥ Pq(S × Zm) ✇✐t❤ Int(g0, S) = S ❛♥❞ s✉❝❤ t❤❛t f(s, y) = g0(s, y)
✇❤❡♥❡✈❡r s ❧✐❡s ✐♥ Int(f, S)✳ ◆♦✇✱ ❜② ❚❤❡♦r❡♠✲❉❡✜♥✐t✐♦♥ ✹✳✺✳✶ ♦❢ ❬❄❪✱ t❤❡
❢✉♥❝t✐♦♥ g t❤❛t s❡♥❞s s ∈ S t♦

∑
y∈Zm g0(s, y) ❧✐❡s ✐♥ Pq(S)✳ ❈❧❡❛r❧② g ✐s ❛s

r❡q✉✐r❡❞✳ �

❚❤❡ ❛❜♦✈❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✻ ✉s❡s ❚❤❡♦r❡♠✲❉❡✜♥✐t✐♦♥ ✹✳✺✳✶ ♦❢ ❬❄❪✳
❋♦r ❛♥ ❛❧t❡r♥❛t✐✈❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✻ ✇❤✐❝❤ ❞♦❡s ♥♦t r❡❧② ♦♥ ❬❄❪✱ ♦♥❡ ❝❛♥
♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s✳ ❯s❡ ❚❤❡♦r❡♠ ✷✳✶✳✾ t♦ r❡❞✉❝❡ t♦ t❤❡ ❝❛s❡ t❤❛t g ✐s ❛ s✉♠
❛s ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✶✳✹✮✱ ❜✉t ✇✐t❤ m = 1✳ ■❢ y = y1 r✉♥s ♦✈❡r N✱
♦♥❡ ❦♥♦✇s t❤❛t t❤❡ bi ❢r♦♠ ✭✷✳✶✳✹✮ ❛r❡ < 0 ❜② t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✸ ❛♥❞
♦♥❡ ✉s❡s ❡①♣❧✐❝✐t ❢♦r♠✉❧❛s ❢♦r t❤❡ s✉♠♠❛t✐♦♥ ♦❢ ❣❡♦♠❡tr✐❝ ♣♦✇❡r s❡r✐❡s ❛♥❞
t❤❡✐r ❞❡r✐✈❛t✐✈❡s✳ ❲❤❡♥ Λs ⊂ Z ✐s ✜♥✐t❡✱ ✇✐t❤ ♥♦t❛t✐♦♥ ❢r♦♠ ✭✷✳✶✳✹✮✱ ♦♥❡ ♠❛②
❢✉rt❤❡r♠♦r❡ ❛ss✉♠❡ t❤❛t Λs ✐s ♦❢ t❤❡ ❢♦r♠ {z ∈ Z | 0 ≤ z ≤ a(s)}✱ ✇❤❡r❡ a
✐s ❛ ♣♦s✐t✐✈❡❧② ✈❛❧✉❡❞ Pr❡s❜✉r❣❡r ❢✉♥❝t✐♦♥ ✐♥ s ❛♥❞ ♦♥❡ ✉s❡s ❣❡♦♠❡tr✐❝ ♣♦✇❡r
s❡r✐❡s ❛♥❞ t❤❡✐r ❞❡r✐✈❛t✐✈❡s ❛❣❛✐♥ t♦ s✉♠ ♦✈❡r Λs✳

✷✳✷✳ ❯♥✐❢♦r♠✐t② ✐♥ t❤❡ ❜❛s❡ q✳ ❲❡ s❤♦✇ t❤❛t t❤❡ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✷✳✶
❤♦❧❞ ✉♥✐❢♦r♠❧② ✐♥ t❤❡ ❜❛s❡ q✳ ❲❡ ✇✐❧❧ ✉s❡ t❤✐s ✉♥✐❢♦r♠✐t② ✐♥ t❤❡ ♠♦t✐✈✐❝
s❡tt✐♥❣✳ ❲r✐t❡ R>1 ❢♦r {q ∈ R | q > 1}✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✶✳ ❆s ✐♥ ❬❄❪✱ ❞❡✜♥❡ t❤❡ s✉❜r✐♥❣ A ⊂ Q(L) ❛s

Z

[
L,L−1,

(
1

1 − L−i

)

i∈N, 0<i

]
,

✇❤❡r❡ L ✐s ❛ ❢♦r♠❛❧ s②♠❜♦❧✳ ❊❛❝❤ a ∈ A ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❢✉♥❝t✐♦♥

✭✷✳✷✳✶✮ a : R>1 → R : q 7→ a(q)



✶✵ ❘❆❋ ❈▲❯❈❑❊❘❙✱ ❏❯▲■❆ ●❖❘❉❖◆✱ ❆◆❉ ■▼▼❆◆❯❊▲ ❍❆▲❯P❈❩❖❑

♦❜t❛✐♥❡❞ ❜② s❡tt✐♥❣ L = q✳ ❋♦r S ❛ Pr❡s❜✉r❣❡r s❡t✱ ❧❡t Pu(S) ❜❡ t❤❡ A✲
❛❧❣❡❜r❛ ♦❢ R✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ♦♥ S × R>1 ❣❡♥❡r❛t❡❞ ❜②

✭✶✮ t❤❡ ❢✉♥❝t✐♦♥s α : S × R>1 → R : (s, q) 7→ α(s) ❢♦r ❛❧❧ Pr❡s❜✉r❣❡r
❢✉♥❝t✐♦♥s α : S → Z✱

✭✷✮ t❤❡ ❢✉♥❝t✐♦♥s qβ : S × R>1 → R : (s, q) 7→ qβ(s) ❢♦r ❛❧❧ Pr❡s❜✉r❣❡r
❢✉♥❝t✐♦♥ β : S → Z✳

❚❤❡ ❢✉♥❝t✐♦♥s ✐♥ Pu(S) ❛r❡ ❝❛❧❧❡❞ Pr❡s❜✉r❣❡r ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ S
✇✐t❤ ✉♥✐❢♦r♠ ❜❛s❡✳

❚❤❡ r✐♥❣ A ❛♥❞ ❛ ❝❧♦s❡ ✈❛r✐❛♥t ♦❢ t❤❡ r✐♥❣s Pu(S) ❛❧s♦ ❛♣♣❡❛r ✐♥ ❬❄❪✳ ❚❤❡
❛♥❛❧♦❣✉❡s ♦❢ ❚❤❡♦r❡♠s ✷✳✶✳✸✱ ✷✳✶✳✺✱ ❛♥❞ ✷✳✶✳✻ ❤♦❧❞ ✇✐t❤ ❛❧♠♦st t❤❡ s❛♠❡
♣r♦♦❢s✳

❚❤❡♦r❡♠ ✷✳✷✳✷ ✭❈♦rr❡s♣♦♥❞❡♥❝❡s ♦❢ ❧♦❝✐✮✳ ▲❡t S ❜❡ ❛ Pr❡s❜✉r❣❡r s❡t ❛♥❞
❧❡t f ❜❡ ✐♥ Pu(S × Zm) ❢♦r s♦♠❡ m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐st h1, h2 ❛♥❞ h3 ✐♥
Pu(S) s✉❝❤ t❤❛t

Int(f, S × R>1) = Z(h1),

Bdd(f, S × R>1) = Z(h2),

❛♥❞
Iva(f, S × R>1) = Z(h3),

❚❤❡♦r❡♠ ✷✳✷✳✸ ✭■♥t❡r♣♦❧❛t✐♦♥✮✳ ▲❡t f ❜❡ ✐♥ Pu(S×Zm) ❢♦r s♦♠❡ Pr❡s❜✉r❣❡r
s❡t S ❛♥❞ s♦♠❡ m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts g ✐♥ Pu(S × Zm) s✉❝❤ t❤❛t
Int(g, S × R>1) = S × R>1 ❛♥❞ s✉❝❤ t❤❛t f(s, y, q) = g(s, y, q) ✇❤❡♥❡✈❡r
(s, q) ∈ Int(f, S × R>1) ❛♥❞ y ∈ Zm✳

❚❤❡♦r❡♠ ✷✳✷✳✹ ✭■♥t❡❣r❛t✐♦♥✮✳ ▲❡t f ❜❡ ✐♥ Pu(S×Zm) ❢♦r s♦♠❡ Pr❡s❜✉r❣❡r
s❡t S ❛♥❞ s♦♠❡ m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ g ∈ Pu(S) s✉❝❤ t❤❛t

g(s, q) =
∑

y∈Zm

f(s, y, q)

✇❤❡♥❡✈❡r (s, q) ∈ Int(f, S × R>1)✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✷✳✷✳✷✱ ✷✳✷✳✸✱ ✷✳✷✳✹✳ ❙✐♥❝❡ t❤❡ ▲❡♠♠❛s ✷✳✶✳✼ ❛♥❞ ✷✳✶✳✽ ❛r❡
❝♦♠♣❧❡t❡❧② ✉♥✐❢♦r♠ ✐♥ q✱ t❤❡ ♣r♦♦❢s ♦❢ ❙❡❝t✐♦♥ ✷✳✶ ❣♦ t❤r♦✉❣❤ ❛❧♠♦st ❧✐t❡r❛❧❧②
t❤❡ s❛♠❡ ✇❛②✳ �

✸✳ ■♥t❡❣r❛❜✐❧✐t② ♦✈❡r ❛ ❢✐①❡❞ p✲❛❞✐❝ ❢✐❡❧❞

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ❧♦❝✐ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✵✳✶ ❛♥❞ ♦❜t❛✐♥ s✐♠✐❧❛r
r❡s✉❧ts ❛s ✐♥ ❙❡❝t✐♦♥ ✷✱ ❜✉t ♥♦✇ ❢♦r ❢✉♥❝t✐♦♥s ♦♥ ❛ ✜♥✐t❡ ❞❡❣r❡❡ ✜❡❧❞ ❡①t❡♥s✐♦♥
♦❢ Qp✳ ❲❡ ❞♦ t❤✐s ✜rst ✐♥ ❛ s❡tt✐♥❣ ✇✐t❤♦✉t ♦s❝✐❧❧❛t✐♦♥✱ ❛♥❞ t❤❡♥ ✐♥ ❛ s❡tt✐♥❣
✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥s ♠❛② ♦s❝✐❧❧❛t❡ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛❞❞✐t✐✈❡ ❝❤❛r❛❝t❡rs✳
❚❤❡ ❦❡② t❡❝❤♥✐❝❛❧ r❡s✉❧t t♦ ❝♦♥tr♦❧ t❤❡ ❞✐✣❝✉❧t✐❡s r❡❧❛t❡❞ t♦ ♦s❝✐❧❧❛t✐♦♥ ✐s
♣r♦✈✐❞❡❞ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✺✳

▲❡t K ❜❡ ❛ ✜①❡❞ ✜♥✐t❡ ✜❡❧❞ ❡①t❡♥s✐♦♥ ♦❢ Qp ❢♦r ❛ ♣r✐♠❡ ♥✉♠❜❡r p✳ ❲r✐t❡
qK ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ✐♥ t❤❡ r❡s✐❞✉❡ ✜❡❧❞ kK ♦❢ K✱ ❛♥❞ OK ❢♦r
t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ♦❢ K ✇✐t❤ ♠❛①✐♠❛❧ ✐❞❡❛❧ MK ✳ ❋✐① LK t♦ ❜❡ ❡✐t❤❡r t❤❡
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s❡♠✐✲❛❧❣❡❜r❛✐❝ ❧❛♥❣✉❛❣❡ ♦♥ K ✇✐t❤ ❝♦❡✣❝✐❡♥ts ❢r♦♠ K✱ t❤❛t ✐s✱ ▼❛❝✐♥t②r❡✬s
❧❛♥❣✉❛❣❡✱ ♦r t❤❡ s✉❜❛♥❛❧②t✐❝ ❧❛♥❣✉❛❣❡ ♦♥ K ✭❛s ✐♥ ❡✳❣✳ ❬❄❪ ♦r ❬❄❪✮✳ ❘❡❝❛❧❧
t❤❛t ▼❛❝✐♥t②r❡✬s ❧❛♥❣✉❛❣❡ ✐s t❤❡ r✐♥❣ ❧❛♥❣✉❛❣❡ (·,+,−, 0, 1) ❡♥r✐❝❤❡❞ ✇✐t❤
❝♦❡✣❝✐❡♥ts ❢r♦♠ K ❛♥❞✱ ❢♦r ❡❛❝❤ ✐♥t❡❣❡r n > 1✱ ❛ ♦♥❡ ✈❛r✐❛❜❧❡ ♣r❡❞✐❝❛t❡ ❢♦r
t❤❡ s❡t ♦❢ n✲t❤ ♣♦✇❡rs ✐♥ K×✳ ❚❤❡ s✉❜❛♥❛❧②t✐❝ ❧❛♥❣✉❛❣❡ ♦♥ K ✐s ▼❛❝✐♥t②r❡✬s
❧❛♥❣✉❛❣❡ ❡♥r✐❝❤❡❞ ✇✐t❤ t❤❡ ✜❡❧❞ ✐♥✈❡rs❡ −1 ♦♥ K× ❡①t❡♥❞❡❞ ❜② 0−1 = 0✱ ❛♥❞
❢♦r ❡❛❝❤ ❝♦♥✈❡r❣❡♥t ♣♦✇❡r s❡r✐❡s f : On

K → K✱ ❛ ❢✉♥❝t✐♦♥ s②♠❜♦❧ ❢♦r t❤❡
r❡str✐❝t❡❞ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥

x ∈ Kn 7→

{
f(x) ✐❢ x ∈ On

K ,

0 ♦t❤❡r✇✐s❡✳

◆♦t❡ t❤❛t ♦♥❡ ❤❛s q✉❛♥t✐✜❡r ❡❧✐♠✐♥❛t✐♦♥ ✐♥ LK ✱ ❜② ▼❛❝✐♥t②r❡✬s r❡s✉❧t ❬❄❪✱ s❡❡
❛❧s♦ ❬❄❪✱ ❛♥❞ ❜② ❬❄❪ ❢♦r t❤❡ s✉❜❛♥❛❧②t✐❝ ❝❛s❡✳

❲r✐t❡ ̟K ❢♦r ❛ ✜①❡❞ ✉♥✐❢♦r♠✐③❡r ♦❢ K ❛♥❞ ✇r✐t❡ | · | ❢♦r t❤❡ ♥♦r♠ ♦♥ K
✇✐t❤ |̟K | = q−1

K ✳ P✉t t❤❡ ♥♦r♠❛❧✐③❡❞ ❍❛❛r ♠❡❛s✉r❡ ♦♥ Kn✱ ❞❡♥♦t❡❞ ❜②
|dx| ✇❤❡♥❡✈❡r x ❞❡♥♦t❡s ❛ t✉♣❧❡ ♦❢ ✈❛r✐❛❜❧❡s r✉♥♥✐♥❣ ♦✈❡r Kn✱ ❛♥❞ ✇❤❡r❡
t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ✐s s✉❝❤ t❤❛t On

K ❤❛s ♠❡❛s✉r❡ 1✳ ❋♦r ❡❛❝❤ ✐♥t❡❣❡r m > 0

❝♦♥s✐❞❡r t❤❡ ♠❛♣ acm : K → OK/(̟
m
K) s❡♥❞✐♥❣ ♥♦♥③❡r♦ x ∈ K t♦ ̟− ordx

K ·
x mod (̟m

K) ❛♥❞ s❡♥❞✐♥❣ 0 t♦ 0✳ ❲❡ ❛❧s♦ ✇r✐t❡ ac ❢♦r ac1✳ ❚♦ ♠❛❦❡ t❤❡
❧✐♥❦ ✇✐t❤ t❤❡ ♠♦t✐✈✐❝ s❡tt✐♥❣ ❡❛s✐❡r✱ ✇❡ ❝♦♥s✐❞❡r t❤r❡❡ s♦rt❡❞ str✉❝t✉r❡s ❢♦r
♦✉r ✜①❡❞ p✲❛❞✐❝ ✜❡❧❞ K✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ❡♥r✐❝❤ t❤❡ ❧❛♥❣✉❛❣❡ LK ✇✐t❤ t❤❡
s♦rts Z ❢♦r t❤❡ ✈❛❧✉❡ ❣r♦✉♣✱ ❛♥❞ kK ❢♦r t❤❡ r❡s✐❞✉❡ ✜❡❧❞✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡
✈❛❧✉❛t✐♦♥ ♠❛♣ ord : K× → Z ❛♥❞ t❤❡ ❛♥❣✉❧❛r ❝♦♠♣♦♥❡♥t ♠❛♣ ac✳ ▲❡t ✉s
❞❡♥♦t❡ t❤✐s t❤r❡❡✲s♦rt❡❞ ❧❛♥❣✉❛❣❡ ❜② L3

K ✳ ▲❡t ✉s ❢♦r ❡❛❝❤ m > 1 ✐❞❡♥t✐❢② t❤❡
♠❛♣ acm : K → OK/(̟

m
K) ✇✐t❤ ❛ ♠❛♣ K → kmK ✱ ❛❧s♦ ❞❡♥♦t❡❞ ❜② acm✱ ❜②

✉s✐♥❣ ❛ ❜✐❥❡❝t✐♦♥ ♦❢ ✜♥✐t❡ s❡ts OK/(̟
m
K) → kmK ✳

❊♥❞♦✇ Kn×kmK×Zr ✇✐t❤ t❤❡ ♣r♦❞✉❝t t♦♣♦❧♦❣② ♦❢ t❤❡ ✈❛❧✉❛t✐♦♥ t♦♣♦❧♦❣②
♦♥ Kn ❛♥❞ t❤❡ ❞✐s❝r❡t❡ t♦♣♦❧♦❣② ♦♥ kmK × Zr✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ❞❡✜♥❛❜❧❡ ✇✐❧❧
♠❡❛♥ L3

K✲❞❡✜♥❛❜❧❡✳

✸✳✶✳ ❈♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s✳ ❚❤❡ r✐♥❣ ♦❢ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s C (X)
♦♥ ❛ ❞❡✜♥❛❜❧❡ s❡t X ✐s t❤❡ AqK ✲❛❧❣❡❜r❛ ♦❢ r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ♦♥ X ❣❡♥❡r✲
❛t❡❞ ❜② ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❢♦r♠

✭✶✮ f : X → Z ✇❤❡♥❡✈❡r f ✐s ❛ ❞❡✜♥❛❜❧❡ ❢✉♥❝t✐♦♥✱

✭✷✮ qgK : X → AqK : x 7→ q
g(x)
K ❢♦r ❞❡✜♥❛❜❧❡ ❢✉♥❝t✐♦♥s g : X → Z✳

❚❤❡ ❢✉♥❝t✐♦♥s ✐♥ C (X) ❛r❡ ❝❛❧❧❡❞ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ X✳
◆♦✇ t❤❡ ❛♥❛❧♦❣✉❡s ♦❢ ❚❤❡♦r❡♠s ✷✳✶✳✸✱ ✷✳✶✳✺✱ ❛♥❞ ✷✳✶✳✻ ❤♦❧❞ ✐♥ t❤❡ p✲❛❞✐❝

s❡tt✐♥❣✳ ■♥ ❢❛❝t✱ t❤❡ ✐♥t❡r❡st ✐♥ t❤❡ r✐♥❣s ♦❢ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ❧✐❡s ✐♥
t❤❡✐r st❛❜✐❧✐t② ✉♥❞❡r ✐♥t❡❣r❛t✐♦♥✱ ✇❤✐❝❤ ✇❡ ❣❡♥❡r❛❧✐③❡ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✸✳✶✳✶ ✭■♥t❡❣r❛t✐♦♥✮✳ ▲❡t f ❜❡ ✐♥ C (X ×Km) ❢♦r s♦♠❡ ❞❡✜♥❛❜❧❡
s❡t X ❛♥❞ s♦♠❡ m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts g ∈ C (X) s✉❝❤ t❤❛t

g(x) =

∫

y∈Km

f(x, y)|dy|
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✇❤❡♥❡✈❡r x ∈ Int(f,X)✳

❘❡♠❛r❦ ✸✳✶✳✷✳ ❯♥❞❡r t❤❡ ❡①tr❛ ❝♦♥❞✐t✐♦♥ t❤❛t Int(f,X) = X✱ ❚❤❡♦r❡♠ ✸✳✶✳✶
✇❛s ❦♥♦✇♥✿ ✐♥ t❤❡ s✉❜❛♥❛❧②t✐❝ ❝❛s❡ t❤✐s ✐s ❚❤❡♦r❡♠ ✹✳✷ ♦❢ ❬❄❪ ❛♥❞ t❤❡ s❡♠✐✲
❛❧❣❡❜r❛✐❝ ❝❛s❡ ❤❛s t❤❡ s❛♠❡ ♣r♦♦❢ ❛s ✐♥ ❬❄❪✱ ✉s✐♥❣ t❤❡ s❡♠✐✲❛❧❣❡❜r❛✐❝ ❝❡❧❧
❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥st❡❛❞ ♦❢ t❤❡ s✉❜❛♥❛❧②t✐❝ ❝❡❧❧ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡ ✜rst ❢♦r♠
♦❢ t❤✐s ❦✐♥❞ ♦❢ ✐♥t❡❣r❛t✐♦♥ r❡s✉❧t ✭✇✐t❤ s♦♠❡ ♠♦r❡ ❝♦♥❞✐t✐♦♥s ♦♥ f✮ ❣♦❡s ❜❛❝❦
t♦ t❤❡ ✇♦r❦ ❜② ❉❡♥❡❢ ✐♥ ❬❄❪✱ ✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥s ♦❢ C (X) ✇❡r❡ ✐♥tr♦❞✉❝❡❞
✉♥❞❡r ❛ ❞✐✛❡r❡♥t ♥❛♠❡✳

❚❤❡♦r❡♠ ✸✳✶✳✸ ✭❈♦rr❡s♣♦♥❞❡♥❝❡s ♦❢ ❧♦❝✐✮✳ ▲❡t f ❜❡ ✐♥ C (X×Km) ❢♦r s♦♠❡
❞❡✜♥❛❜❧❡ s❡t X ❛♥❞ s♦♠❡ m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❢✉♥❝t✐♦♥s h1, h2 ❛♥❞ h3

✐♥ C (X) s✉❝❤ t❤❛t t❤❡ ③❡r♦ ❧♦❝✐ ♦❢ hi ❡q✉❛❧ r❡s♣❡❝t✐✈❡❧②

Int(f,X), Bdd(f,X), ❛♥❞ Iva(f,X),

❢♦r i = 1✱ 2✱ r❡s♣✳ 3✱ ❛♥❞ ✇✐t❤ t❤❡ ♥♦r♠❛❧✐③❡❞ ❍❛❛r ♠❡❛s✉r❡ ♦♥ Km✳

❚❤❡♦r❡♠ ✸✳✶✳✸ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✳

❈♦r♦❧❧❛r② ✸✳✶✳✹✳ ▲❡t f ❜❡ ✐♥ C (X × Km) ❢♦r s♦♠❡ ❞❡✜♥❛❜❧❡ s❡t X ❛♥❞
s♦♠❡ m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❢✉♥❝t✐♦♥s h1 ❛♥❞ h2 ✐♥ C (X) s✉❝❤ t❤❛t

✭✸✳✶✳✶✮ {x ∈ X | f(x, ·) ✐s ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ♦♥ Km} = Z(h1)

❛♥❞

✭✸✳✶✳✷✮ {x ∈ X | f(x, ·) ✐s ❧♦❝❛❧❧② ❜♦✉♥❞❡❞ ♦♥ Km} = Z(h2).

Pr♦♦❢✳ ◆♦t❡ t❤❛t ❧♦❝❛❧ ✐♥t❡❣r❛❜✐❧✐t② ✭❛♥❞ s✐♠✐❧❛r❧② ❢♦r ❧♦❝❛❧ ❜♦✉♥❞❡❞♥❡ss✮
❢♦r ❛ ❢✉♥❝t✐♦♥ r ♦♥ Kn ✐s ❡q✉✐✈❛❧❡♥t t♦ 1B · r ❜❡✐♥❣ ✐♥t❡❣r❛❜❧❡ ♦✈❡r Kn

✭r❡s♣✳ ❜♦✉♥❞❡❞ ♦♥ Kn✮ ❢♦r ❡❛❝❤ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝t B ⊂ Kn ♦❢ ❜❛❧❧s ✐♥ K✱
✇✐t❤ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ 1B✳ ◆♦t❡ t❤❛t t❤❡ ❢❛♠✐❧② ♦❢ ❛❧❧ ❜❛❧❧s ❝❛♥ ❜❡
✭♣♦ss✐❜❧② r❡❞✉♥❞❛♥t❧②✮ r❡❛❧✐③❡❞ ❛s t❤❡ ♠❡♠❜❡rs ♦❢ ❛ ❞❡✜♥❛❜❧❡ ❢❛♠✐❧② ✭♣❛✲
r❛♠❡t❡r✐③❡❞ ❜②✱ s❛②✱ t❤❡ r❛❞✐✉s ❛♥❞ ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ❜❛❧❧✮✳ ◆♦✇ t❤❡ ❈♦r♦❧✲
❧❛r② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ t❤r❡❡ st❛t❡♠❡♥ts ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳✸✱ ✇❤❡r❡ t❤❡ ❡①✐st❡♥❝❡
♦❢ h3 ✐s ✉s❡❞ t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ✈❛r✐❛❜❧❡s t❤❛t ✇❡r❡ ✉s❡❞ t♦ ♣❛r❛♠❡t❡r✐③❡ t❤❡
❜❛❧❧s✳ �

❚❤❡♦r❡♠ ✸✳✶✳✺ ✭■♥t❡r♣♦❧❛t✐♦♥✮✳ ▲❡t f ❜❡ ✐♥ C (X×Km) ❢♦r s♦♠❡ ❞❡✜♥❛❜❧❡
s❡t X ❛♥❞ s♦♠❡ m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts g ✐♥ C (X×Km) ✇✐t❤ Int(g,X) =
X ❛♥❞ s✉❝❤ t❤❛t f(x, y) = g(x, y) ✇❤❡♥❡✈❡r x ❧✐❡s ✐♥ Int(f,X)✳

❚❤❡ ❛❜♦✈❡ r❡s✉❧ts ✇✐❧❧ ❜❡ ♣r♦✈❡❞ ✉s✐♥❣ t❤❡ ❈❡❧❧ ❉❡❝♦♠♣♦s✐t✐♦♥ ❚❤❡♦r❡♠
✸✳✸✳✷ ❜❡❧♦✇ ❛♥❞ t❤❡ ❛♥❛❧♦❣♦✉s r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✷✳✶✱ ❜✉t ✜rst ✇❡ st❛t❡ t❤❡
♠❛✐♥ p✲❛❞✐❝ r❡s✉❧ts ✐♥ t❤❡ ❡①♣♦♥❡♥t✐❛❧ s❡tt✐♥❣✱ ✇❤✐❝❤ ✇✐❧❧ ❤❛✈❡ ❝♦♠♣❧❡t❡❧②
❞✐✛❡r❡♥t ❛♥❞ ♠♦r❡ ❞✐✣❝✉❧t ♣r♦♦❢s✳

✸✳✷✳ ❈♦♥str✉❝t✐❜❧❡ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥s✳ ❋✐① ❛♥ ❛❞❞✐t✐✈❡ ❝❤❛r❛❝t❡r ψK :
K → C× ✇❤✐❝❤ ✐s tr✐✈✐❛❧ ♦♥ MK ❜✉t ♥♦♥tr✐✈✐❛❧ ♦♥ OK ✳ ✭❆❧❧ ❝❤❛r❛❝t❡rs ❛r❡
❛ss✉♠❡❞ t♦ ❜❡ ✉♥✐t❛r② ❛♥❞ ❝♦♥t✐♥✉♦✉s✳✮ ❚❤❡ r✐♥❣ ♦❢ ❝♦♥str✉❝t✐❜❧❡ ❡①♣♦♥❡♥t✐❛❧
❢✉♥❝t✐♦♥s C exp(X) ♦♥ ❛ ❞❡✜♥❛❜❧❡ s❡t X ✐s t❤❡ AqK ✲❛❧❣❡❜r❛ ♦❢ ❝♦♠♣❧❡①✲✈❛❧✉❡❞
❢✉♥❝t✐♦♥s ♦♥ X ❣❡♥❡r❛t❡❞ ❜② ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❢♦r♠
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✭✶✮ g ✇✐t❤ g ✐♥ C (X)❀
✭✷✮ ❢✉♥❝t✐♦♥s ψK(f) : X → C : x 7→ ψK(f(x)) ❢♦r ❛♥② ❞❡✜♥❛❜❧❡ ❢✉♥❝t✐♦♥

f : X → K✳

❚❤❡ ❢✉♥❝t✐♦♥s ✐♥ C exp(X) ❛r❡ ❝❛❧❧❡❞ ❝♦♥str✉❝t✐❜❧❡ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥s ♦♥
X✳

❚❤❡♦r❡♠ ✸✳✷✳✶ ✭■♥t❡❣r❛t✐♦♥✮✳ ▲❡t f ❜❡ ✐♥ C exp(X×Km) ❢♦r s♦♠❡ ❞❡✜♥❛❜❧❡
s❡t X ❛♥❞ s♦♠❡ m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts g ∈ C exp(X) s✉❝❤ t❤❛t

g(x) =

∫

y∈Km

f(x, y)|dy|

❢♦r ❛❧❧ x ∈ Int(f,X)✳

■♥ ❬❄❪✱ ❚❤❡♦r❡♠ ✸✳✷✳✶ ✐s ♣r♦✈❡❞ ✉♥❞❡r ❛♥ ❡①tr❛ r❡str✐❝t✐♦♥✿ f ♠✉st ❜❡ ❛
✜♥✐t❡ s✉♠ ♦❢ t❡r♠s ♦❢ t❤❡ ❢♦r♠ f0ψK(f1) ✇✐t❤ f1 : X ×Km → K ❞❡✜♥❛❜❧❡
❛♥❞ f0 ∈ C (X × Km) s❛t✐s❢②✐♥❣ Int(f0, X) = X ✭s❡❡ ❛❧s♦ ❬❄❪ ❢♦r ❛ s✐♠✐❧❛r
r❡s✉❧t ✉♥❞❡r ❛ s✐♠✐❧❛r ❡①tr❛ r❡str✐❝t✐♦♥✮✳

❲❡ ❛❧s♦ ✜♥❞ ❛♥❛❧♦❣✉❡s ♦❢ ❚❤❡♦r❡♠s ✸✳✶✳✸ ❛♥❞ ✸✳✶✳✺ ✐♥ t❤❡ ❡①♣♦♥❡♥t✐❛❧
s❡tt✐♥❣✳

❚❤❡♦r❡♠ ✸✳✷✳✷ ✭❈♦rr❡s♣♦♥❞❡♥❝❡s ♦❢ ❧♦❝✐✮✳ ▲❡t f ❜❡ ✐♥ C exp(X ×Km) ❢♦r
s♦♠❡ ❞❡✜♥❛❜❧❡ s❡t X ❛♥❞ s♦♠❡ m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❢✉♥❝t✐♦♥s h1, h2 ❛♥❞
h3 ✐♥ C exp(X) s✉❝❤ t❤❛t

Int(f,X) = Z(h1),

Bdd(f,X) = Z(h2),

❛♥❞

Iva(f,X) = Z(h3).

❚❤❡♦r❡♠ ✸✳✷✳✸ ✭■♥t❡r♣♦❧❛t✐♦♥✮✳ ▲❡t f ❜❡ ✐♥ C exp(X×Km) ❢♦r s♦♠❡ ❞❡✜♥✲
❛❜❧❡ s❡t X✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts g ✐♥ C exp(X ×Km) ✇✐t❤ Int(g,X) = X ❛♥❞
s✉❝❤ t❤❛t f(x, y) = g(x, y) ✇❤❡♥❡✈❡r x ❧✐❡s ✐♥ Int(f,X)✳ ▼♦r❡♦✈❡r✱ ♦♥❡ ❝❛♥
✇r✐t❡ ❛♥② s✉❝❤ g ❛s ❛ ✜♥✐t❡ s✉♠ ♦❢ t❡r♠s ♦❢ t❤❡ ❢♦r♠

f0ψK(f1)

✇✐t❤ f1 : X×Km → K ❞❡✜♥❛❜❧❡ ❛♥❞ f0 ∈ C (X×Km) s❛t✐s❢②✐♥❣ Int(f0, X) =
X✳

❚❤❡♦r❡♠ ✸✳✷✳✷ ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ❜② t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ❢♦r
❈♦r♦❧❧❛r② ✸✳✶✳✹✳

❈♦r♦❧❧❛r② ✸✳✷✳✹✳ ▲❡t f ❜❡ ✐♥ C exp(X ×Km) ❢♦r s♦♠❡ ❞❡✜♥❛❜❧❡ s❡t X ❛♥❞
s♦♠❡ m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❢✉♥❝t✐♦♥s h1 ❛♥❞ h2 ✐♥ C exp(X) s✉❝❤ t❤❛t

✭✸✳✷✳✶✮ {x ∈ X | f(x, ·) ✐s ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ♦♥ Km} = Z(h1)

❛♥❞

✭✸✳✷✳✷✮ {x ∈ X | f(x, ·) ✐s ❧♦❝❛❧❧② ❜♦✉♥❞❡❞ ♦♥ Km} = Z(h2).
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❚❤❡ ❢♦❧❧♦✇✐♥❣ ❦❡② t❡❝❤♥✐❝❛❧ Pr♦♣♦s✐t✐♦♥ ❡①❝❧✉❞❡s str❛♥❣❡ ♦s❝✐❧❧❛t♦r② ❜❡✲
❤❛✈✐♦r ♦❢ ❡①♣♦♥❡♥t✐❛❧ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s✳ ❚❤✐s ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ r❡❞✉❝❡ t♦
t❤❡ t❡❝❤♥✐q✉❡s ❛♥❞ r❡s✉❧ts ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✺✳ ▲❡tm ≥ 0 ❛♥❞ s ≥ 0 ❜❡ ✐♥t❡❣❡rs✱ ❧❡t X ❛♥❞ U ⊂ X×Km

❜❡ ❞❡✜♥❛❜❧❡✱ ❛♥❞ ❧❡t f1, . . . , fs ❜❡ ✐♥ C exp(U)✳ ❲r✐t❡ x ❢♦r ✈❛r✐❛❜❧❡s r✉♥♥✐♥❣
♦✈❡r X ❛♥❞ y ❢♦r ✈❛r✐❛❜❧❡s r✉♥♥✐♥❣ ♦✈❡r Km✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r
d ≥ 0✱ ❛ ❞❡✜♥❛❜❧❡ s✉r❥❡❝t✐♦♥ ϕ : U → V ⊂ X × Zt ♦✈❡r X ❢♦r s♦♠❡
t ≥ 0✱ ❞❡✜♥❛❜❧❡ ❢✉♥❝t✐♦♥s hℓi : U → K✱ ❛♥❞ ❢✉♥❝t✐♦♥s Gℓi ✐♥ C exp(V ) ❢♦r
ℓ = 1, . . . , s✱ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✳

✶✮ ❋♦r ❡❛❝❤ ℓ ✇✐t❤ 1 ≤ ℓ ≤ s✱ ♦♥❡ ❤❛s

fℓ(x, y) =

Nℓ∑

i=1

Gℓi(ϕ(x, y))ψK(hℓi(x, y)),

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r Nℓ❀
✷✮ ✐❢ ♦♥❡ s❡ts✱ ❢♦r (x, r) ∈ V ✱

Ux,r := {y ∈ Ux | ϕ(x, y) = (x, r)}

❛♥❞

Wx,r := {y ∈ Ux,r | sup
ℓ,i

|Gℓi(x, r)|C ≤ sup
ℓ

|fℓ(x, y)|C},

✇❤❡r❡ | · |C ✐s t❤❡ ❝♦♠♣❧❡① ♠♦❞✉❧✉s✱ t❤❡♥

Vol(Ux,r) ≤ qdK · Vol(Wx,r) < +∞,

✇❤❡r❡ t❤❡ ✈♦❧✉♠❡ Vol ✐s t❛❦❡♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❍❛❛r ♠❡❛s✉r❡ ♦♥
Km✳

❘♦✉❣❤❧②✱ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❢♦r s = 1 s❛②s t❤❛t✱ ✐❢ |f1|C ✐s s♠❛❧❧✱ t❤❡♥ f1 ✐s
t❤❡ s✉♠ ♦❢ s♠❛❧❧ t❡r♠s ♦❢ ❛ ✈❡r② s♣❡❝✐✜❝ ❢♦r♠✳ ■♥❞❡❡❞✱ ❢♦r t❤❡ ❢✉♥❝t✐♦♥s
|G1i(ϕ(x, ·))ψK(h1i(x, ·))|C = |G1i(ϕ(x, ·))|C t♦ ❜❡ s♠❛❧❧✱ ✐t s✉✣❝❡s t♦ ❦♥♦✇
t❤❛t t❤❡② ❛r❡ s♠❛❧❧ ♦♥ t❤❡ s❡tsWx,r✱ s✐♥❝❡ t❤❡② ❛r❡ ❝♦♥st❛♥t ♦♥ ❡❛❝❤ s✉♣❡rs❡t
Ux,r✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐❢ f1 ❝❛♥ ♥♦t ❜❡ ✇r✐tt❡♥ ❛s ❛ s✉♠ ♦❢ s♠❛❧❧ t❡r♠s ❛s ✐♥
✶✮✱ t❤❡♥ |f1|C ❤❛s t♦ ❜❡ ❧❛r❣❡ ♦♥ ❛ r❡❧❛t✐✈❡❧② ❧❛r❣❡ s❡t✱ ♥❛♠❡❧② ♦♥ t❤❡ s❡t
Wx,r✳

❋♦r t❤❡ ♣r♦♣♦s✐t✐♦♥ t♦ ♠❛❦❡ s❡♥s❡✱ t❤❡ s❡ts Ux,r ❛♥❞ Wx,r ❤❛✈❡ t♦ ❜❡ ♠❡❛✲
s✉r❛❜❧❡✱ ❜✉t t❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝ts t❤❛t ❡❛❝❤ ❞❡✜♥❛❜❧❡ s❡t ✐s ♠❡❛s✉r❛❜❧❡✱
❢✉♥❝t✐♦♥s ✐♥ C exp(Z) ❛r❡ ♠❡❛s✉r❛❜❧❡ ❢♦r ❛♥② ❞❡✜♥❛❜❧❡ Z✱ ❛♥❞✱ t❤❛t t❤❡ s♣❛❝❡
♦❢ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s ✐s ❝❧♦s❡❞ ✉♥❞❡r t❛❦✐♥❣ t❤❡ ❝♦♠♣❧❡① ♠♦❞✉❧✉s ❛♥❞ t❤❡
s✉♣r❡♠✉♠✳ ❲❡ ♣r♦✈❡ t❤✐s ♣r♦♣♦s✐t✐♦♥ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ❋✐rst✱ ✇❡ ♥❡❡❞ t♦
s❡t ✉♣ s♦♠❡ ♣r❡❧✐♠✐♥❛r✐❡s✳

✸✳✸✳ Pr❡❧✐♠✐♥❛r✐❡s ❢♦r t❤❡ p✲❛❞✐❝ ♣r♦♦❢s✳ ❲❡ ❣✐✈❡ ❛ ♥♦t✐♦♥ ♦❢ p✲❛❞✐❝
❝❡❧❧s ✇❤✐❝❤ ✐s ❛❞❛♣t❡❞ t♦ t❤❡ t❤r❡❡ s♦rts ✐♥ L3

K ❛♥❞ ✇❤✐❝❤ ✜ts ❜❡tt❡r ✇✐t❤ t❤❡
♠♦t✐✈✐❝ ❛♣♣r♦❛❝❤ ❜❡❧♦✇ t❤❛♥ s♦♠❡ ♣r❡✈✐♦✉s❧② ✉s❡❞ ♥♦t✐♦♥s ♦❢ p✲❛❞✐❝ ❝❡❧❧s✱
s❡❡ ❡s♣❡❝✐❛❧❧② t❤❡ ✉s❛❣❡ ♦❢ ξ ✐♥ t❤❡ ♥❡①t ❞❡✜♥✐t✐♦♥✳
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❉❡✜♥✐t✐♦♥ ✸✳✸✳✶ ✭p✲❛❞✐❝ ❝❡❧❧s✮✳ ▲❡t Y ❜❡ ❛ ❞❡✜♥❛❜❧❡ s❡t✳ ❆ 1✲❝❡❧❧ A ⊂ Y ×K
♦✈❡r Y ✐s ❛ ✭♥♦♥❡♠♣t②✮ s❡t ♦❢ t❤❡ ❢♦r♠

A = {(y, t) ∈ Y ′ ×K | α(y) �1 ord(t− c(y)) �2 β(y),✭✸✳✸✳✶✮

ord(t− c(y)) ∈ a+ nZ, acm(t− c(y)) = ξ(y)},

✇✐t❤ Y ′ ❛ ❞❡✜♥❛❜❧❡ s✉❜s❡t ♦❢ Y ✱ ✐♥t❡❣❡rs a ≥ 0✱ n > 0✱ m > 0✱ α, β : Y ′ → Z

❛♥❞ ξ : Y ′ → (OK/(̟
m
K))× ❞❡✜♥❛❜❧❡✱ c : Y ′ → K ❞❡✜♥❛❜❧❡✱ ❛♥❞ �i ❡✐t❤❡r <

♦r ♥♦ ❝♦♥❞✐t✐♦♥✱ ❛♥❞ s✉❝❤ t❤❛t A ♣r♦❥❡❝ts s✉r❥❡❝t✐✈❡❧② ♦♥t♦ Y ′✳ ❲❡ ❝❛❧❧ c t❤❡
❝❡♥t❡r✱ ξ t❤❡ ❛♥❣✉❧❛r ❝♦♠♣♦♥❡♥t✱ a+ nZ t❤❡ ❝♦s❡t✱ α ❛♥❞ β t❤❡ ❜♦✉♥❞❛r✐❡s✱
❛♥❞ Y ′ t❤❡ ❜❛s❡ ♦❢ A✳ ❆ 0✲❝❡❧❧ A ⊂ Y ×K ♦✈❡r Y ✐s ❛ ✭♥♦♥❡♠♣t②✮ s❡t ♦❢ t❤❡
❢♦r♠

A = {(y, t) ∈ Y ′ ×K | t = c(y)},✭✸✳✸✳✷✮

✇✐t❤ Y ′ ❛ ❞❡✜♥❛❜❧❡ s✉❜s❡t ♦❢ Y ✱ ❛♥❞ c : Y ′ → K ❞❡✜♥❛❜❧❡✳ ■♥ ❜♦t❤ ❝❛s❡s ✇❡
❝❛❧❧ A ❛ ❝❡❧❧ ♦✈❡r Y ✇✐t❤ ❝❡♥t❡r c✳

❆❧s♦ ♦✉r ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❝❡❧❧ ❞❡❝♦♠♣♦s✐t✐♦♥ r❡s✉❧t ✐s s♦♠❡❤♦✇ ♠♦r❡
r❡❧❛①❡❞ t❤❛♥ ✉s✉❛❧✱ ❞✉❡ t♦ ❤❛✈✐♥❣ t❤r❡❡ s♦rts✳ ❋♦r ❛ s❧✐❣❤t❧② str♦♥❣❡r ❝❡❧❧ ❞❡✲
❝♦♠♣♦s✐t✐♦♥ r❡s✉❧t t❤❛♥ ❚❤❡♦r❡♠ ✸✳✸✳✷ ❛♥❞ r❡❢❡r❡♥❝❡s✱ s❡❡ ❡✳❣✳ ❬❄❪✱ ❚❤❡♦r❡♠
✸✳✸✳

❚❤❡♦r❡♠ ✸✳✸✳✷ ✭p✲❛❞✐❝ ❈❡❧❧ ❉❡❝♦♠♣♦s✐t✐♦♥ ❬❄❪✱ ❬❄❪✮✳ ▲❡t X ⊂ Y ×K ❛♥❞
fj : X → Z ❜❡ ❞❡✜♥❛❜❧❡ ❢♦r s♦♠❡ ❞❡✜♥❛❜❧❡ s❡t Y ❛♥❞ j = 1, . . . , r✳ ❚❤❡♥
t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ ♣❛rt✐t✐♦♥ ♦❢ X ✐♥t♦ ❝❡❧❧s Ai ✭♦✈❡r Y ✮ ✇✐t❤ ❝❡♥t❡r ci s✉❝❤
t❤❛t ❢♦r ❡❛❝❤ ♦❝❝✉rr✐♥❣ 1✲❝❡❧❧ Ai ✇✐t❤ ❝♦s❡t ai + niZ ❛♥❞ ❜❛s❡ Y ′

i ♦♥❡ ❤❛s

fj(y, t) = hij(y) + aij
ord(t− ci(y)) − ai

ni
, ❢♦r ❡❛❝❤ (y, t) ∈ Ai,

✇✐t❤ ✐♥t❡❣❡rs aij ❛♥❞ hij : Y ′
i → Z ❞❡✜♥❛❜❧❡ ❢✉♥❝t✐♦♥s ❢♦r j = 1, . . . , r✳

▼♦r❡♦✈❡r✱ ✐❢ ❛❧s♦ gj ∈ C (X) ❛r❡ ❣✐✈❡♥ ❢♦r j = 1, . . . , r′✱ t❤❡♥ t❤❡ ❝❡❧❧s Ai ❝❛♥
❜❡ t❛❦❡♥ s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ y ∈ y✱ t❤❡ ❢✉♥❝t✐♦♥ gi(y, ·) ✐s ❝♦♥st❛♥t ♦♥ ❡❛❝❤
❜❛❧❧ ❝♦♥t❛✐♥❡❞ ✐♥ Aiy✳

❋♦r X ⊂ K ♦♣❡♥✱ ❛ ❢✉♥❝t✐♦♥ f : X → K ✐s ❝❛❧❧❡❞ C1 ✐❢ f ✐s ❞✐✛❡r❡♥t✐❛❜❧❡
❛t ❡❛❝❤ ♣♦✐♥t ♦❢ X ❛♥❞ t❤❡ ❞❡r✐✈❛t✐✈❡ f ′ : X → K ♦❢ f ✐s ❝♦♥t✐♥✉♦✉s✳ ✭❚❤✐s
♥♦t✐♦♥ ♦❢ C1✱ ❛❧t❤♦✉❣❤ ♠♦r❡ ♥❛✐✈❡ t❤❛♥ t❤❡ ♦♥❡s ✐♥ ❡✳❣✳ ❬❄❪✱ s✉✣❝❡s ❢♦r ♦✉r
♣✉r♣♦s❡s✳✮ ❆ ❜❛❧❧ ✐♥ K ✐s ❜② ❞❡✜♥✐t✐♦♥ ❛ s❡t ♦❢ t❤❡ ❢♦r♠ {t ∈ K | ord(t−a) ≥
z} ❢♦r s♦♠❡ a ∈ K ❛♥❞ s♦♠❡ z ∈ Z✳ ❋♦r X ❛ s✉❜s❡t ♦❢ K✱ ❜② ❛ ♠❛①✐♠❛❧
❜❛❧❧ ❝♦♥t❛✐♥❡❞ ✐♥ X ✇❡ ♠❡❛♥ ❛ ❜❛❧❧ B ⊂ X ✇❤✐❝❤ ✐s ♠❛①✐♠❛❧ ✇✐t❤ r❡s♣❡❝t
t♦ ✐♥❝❧✉s✐♦♥ ❛♠♦♥❣ ❛❧❧ ❜❛❧❧s ❝♦♥t❛✐♥❡❞ ✐♥ X✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳✸ ✭❏❛❝♦❜✐❛♥ ♣r♦♣❡rt②✮✳ ▲❡t f : B1 → B2 ❜❡ ❛ ❢✉♥❝t✐♦♥ ✇✐t❤
B1, B2 ⊂ K✳ ❙❛② t❤❛t f ❤❛s t❤❡ ❏❛❝♦❜✐❛♥ ♣r♦♣❡rt② ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s
❛✮ ✉♣ t♦ ❞✮ ❤♦❧❞✿

❛✮ f ✐s ❛ ❜✐❥❡❝t✐♦♥ ❢r♦♠ B1 ♦♥t♦ B2 ❛♥❞ B1 ❛♥❞ B2 ❛r❡ ❜❛❧❧s ✐♥ K❀
❜✮ f ✐s C1 ♦♥ B1 ✇✐t❤ ♥♦♥✈❛♥✐s❤✐♥❣ ❞❡r✐✈❛t✐✈❡ f ′❀
❝✮ |f ′| ✐s ❝♦♥st❛♥t ♦♥ B1❀
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❞✮ ❢♦r ❛❧❧ x, y ∈ B1 ♦♥❡ ❤❛s

|(x− y) · f ′| = |f(x) − f(y)|.

❉❡✜♥✐t✐♦♥ ✸✳✸✳✹ ✭1✲❏❛❝♦❜✐❛♥ ♣r♦♣❡rt②✮✳ ▲❡t f : B1 → B2 ❜❡ ❛ ❢✉♥❝t✐♦♥ ✇✐t❤
B1, B2 ⊂ K✳ ❙❛② t❤❛t f ❤❛s t❤❡ 1✲❏❛❝♦❜✐❛♥ ♣r♦♣❡rt② ✐❢ f ❤❛s t❤❡ ❏❛❝♦❜✐❛♥
♣r♦♣❡rt② ❛♥❞ ♠♦r❡♦✈❡r ❡✮ ❛♥❞ ❢✮ ❤♦❧❞✿

❡✮ ac(f ′) ✐s ❝♦♥st❛♥t ♦♥ B1❀
❢✮ ❢♦r ❛❧❧ x, y ∈ B1 ♦♥❡ ❤❛s

ac(f ′) · ac(x− y) = ac(f(x) − f(y)).

❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ r❡s✉❧ts ✇✐❧❧ ❜❡ ✐♠♣♦rt❛♥t ❢♦r t❤❡ ♣r♦♦❢s ✐♥ t❤❡ ❡①♣♦♥❡♥✲
t✐❛❧ s❡tt✐♥❣✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✺ ✭❬❄❪✱ ❙❡❝t✐♦♥ ✻✮✳ ▲❡t Y ❛♥❞ X ⊂ Y × K ❜❡ ❞❡✜♥❛❜❧❡
s❡ts ❛♥❞ ❧❡t F : X → K ❜❡ ❛ ❞❡✜♥❛❜❧❡ ❢✉♥❝t✐♦♥✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡
♣❛rt✐t✐♦♥ ♦❢ X ✐♥t♦ ❝❡❧❧s Ai ♦✈❡r Y s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ i ❛♥❞ ❡❛❝❤ y ∈ Y ✱
t❤❡ r❡str✐❝t✐♦♥ ♦❢ F (y, ·) t♦ Aiy := {t ∈ K | (y, t) ∈ Ai} ✐s ❡✐t❤❡r ❝♦♥st❛♥t
♦r ✐♥❥❡❝t✐✈❡✱ ❛♥❞ s✉❝❤ t❤❛t ✐♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ ❢♦r ❡❛❝❤ ❜❛❧❧ B ⊂ K s✉❝❤ t❤❛t
{y} × B ✐s ❝♦♥t❛✐♥❡❞ ✐♥ Ai✱ t❤❡r❡ ✐s ❛ ❜❛❧❧ B∗ ⊂ K s✉❝❤ t❤❛t F (y,B) = B∗

❛♥❞ s✉❝❤ t❤❛t t❤❡ ♠❛♣

FB : B → B∗ : t 7→ F (y, t)

❤❛s t❤❡ 1✲❏❛❝♦❜✐❛♥ ♣r♦♣❡rt②✳

▲❡♠♠❛ ✸✳✸✳✻✳ ▲❡t A ⊂ Y × K ❛♥❞ h : A → K ❜❡ ❞❡✜♥❛❜❧❡ ❢♦r s♦♠❡
❞❡✜♥❛❜❧❡ s❡t Y ✳ ❙✉♣♣♦s❡ t❤❛t ❢♦r ❡❛❝❤ y ∈ Y ✱ ❛♥❞ ❢♦r ❡❛❝❤ ♠❛①✐♠❛❧ ❜❛❧❧ B
❝♦♥t❛✐♥❡❞ ✐♥ Ay✱ h(y, ·) ✐s ❝♦♥st❛♥t ♠♦❞✉❧♦ (̟K) ♦♥ B✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛
✜♥✐t❡ ♣❛rt✐t✐♦♥ ♦❢ A ✐♥t♦ ❞❡✜♥❛❜❧❡ s❡ts Aj ❛♥❞ ❞❡✜♥❛❜❧❡ ❢✉♥❝t✐♦♥s hj : Y → K
s✉❝❤ t❤❛t

|h(y, t) − hj(y)| ≤ 1

❤♦❧❞s ❢♦r ❡❛❝❤ (y, t) ∈ Aj ❛♥❞ ❢♦r ❡❛❝❤ j✳

❘❡♠❛r❦ ✸✳✸✳✼✳ ❲❡ st❛t❡ t❤❡ ❧❡♠♠❛ ✐♥ ✐ts ♣r❡s❡♥t ❢♦r♠ ❛♥❞ ♣r♦✈❡ ✐t ✐♥ s✉❝❤
❛ ✇❛② t❤❛t ♠❛❦❡s ✐t ❡❛s② t♦ ❛❞❛♣t t♦ t❤❡ ♠♦t✐✈✐❝ ❝❛s❡ ❜❡❧♦✇✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✸✳✻✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✷ ♦❢
❬❄❪ ❛♥❞ ❣♦❡s ❛s ❢♦❧❧♦✇s✳ ❯♣ t♦ ❛ ✜♥✐t❡ ♣❛rt✐t✐♦♥ ♦❢ A✱ ✇❡ ♠❛② s✉♣♣♦s❡ t❤❛t
❢♦r ❡❛❝❤ y ∈ Y ✱ t❤❡ ❢✉♥❝t✐♦♥ h(y, ·) ✐s ✐♥❥❡❝t✐✈❡ ✭s❡❡ ❡✳❣✳ ❈♦r♦❧❧❛r② ✸✳✼ ♦❢ ❬❄❪✮✳
❙✐♠✐❧❛r❧② ✇❡ ♠❛② s✉♣♣♦s❡ t❤❛t h ✐s ❛s F ✐♥ t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥
✸✳✸✳✺ ❛❧r❡❛❞② ♦♥ t❤❡ ✇❤♦❧❡ ♦❢ A✳ ❲❡ ♠❛② ♠♦r❡♦✈❡r ❢♦r ❡❛❝❤ t✇♦ ❜❛❧❧s {y} ×
B1 ❛♥❞ {y} × B2 ❝♦♥t❛✐♥❡❞ ✐♥ A ❛ss✉♠❡ t❤❛t t❤❡ ✐♠❛❣❡s h({y} × B1) ❛♥❞
h({y} ×B2) ❛r❡ ❜❛❧❧s ✇✐t❤ ❞✐✛❡r❡♥t r❛❞✐✐✱ ❢♦r ❡①❛♠♣❧❡ ❜② ✐♥✈♦❦✐♥❣ ❚❤❡♦r❡♠
✸✳✸✳✷✳ ◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❣r❛♣❤ ♦❢ h ✐♥ A × K✱ ❛♥❞ ✐ts ✐♠❛❣❡ W ⊂ Y × K
✉♥❞❡r t❤❡ ❝♦♦r❞✐♥❛t❡ ♣r♦❥❡❝t✐♦♥ s❡♥❞✐♥❣ (y, t, h(y, t)) t♦ (y, h(y, t))✳ ❚❛❦❡ ❛
❝❡❧❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛s ✐♥ ❚❤❡♦r❡♠ ✸✳✸✳✷ ♦❢ W ✐♥t♦ ❝❡❧❧s Cj ✳ ❲r✐t❡ cj ❢♦r t❤❡
❝❡♥t❡r ♦❢ Cj ✳ ▲❡t ✉s ✜① mj > 0 s✉❝❤ t❤❛t t❤❡ ❛♥❣✉❧❛r ❝♦♠♣♦♥❡♥t ♦❢ Cj ✭✐✳❡✳✱

t❤❡ ♠❛♣ ❞❡♥♦t❡❞ ❜② ξ ✐♥ ❉❡✜♥✐t✐♦♥ ✸✳✸✳✶✮ t❛❦❡s ✈❛❧✉❡s ✐♥ OK/(̟
mj

K ) ✐♥ t❤❡
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❝❛s❡ t❤❛t Cj ✐s ❛ 1✲❝❡❧❧✱ ❛♥❞ s✉❝❤ t❤❛t mj = 1 ✐❢ Cj ✐s ❛ 0✲❝❡❧❧✳ ◆♦✇ ✐t ❢♦❧❧♦✇s
❢♦r ❛❧❧ (y, t) ∈ A ✇✐t❤ h(y, t) ∈ Cj t❤❛t

|h(y, t) − cj(y)| ≤ q
mj−1
K .

▲❡t Aj ❜❡ t❤❡ s❡t ❝♦♥s✐st✐♥❣ ♦❢ (y, t) ∈ A ✇✐t❤ h(y, t) ∈ Cj ✳ ■❢ mj = 1 ✇❡ ❛r❡
❞♦♥❡ ❜② t❛❦✐♥❣ hj = cj ♦♥ Aj ✳ ■❢mj > 1 ✇❡ ❝❛♥ ✜♥✐s❤ ❜② ❢✉rt❤❡r ♣❛rt✐t✐♦♥✐♥❣
✉s✐♥❣ t❤❡ ✜♥✐t❡♥❡ss ♦❢ t❤❡ r❡s✐❞✉❡ ✜❡❧❞✳ �

✸✳✹✳ ❚❤❡ p✲❛❞✐❝ ♣r♦♦❢s ❢♦r ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s✳ ❋♦r p✲❛❞✐❝ ❝♦♥✲
str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ✭t❤✉s ✇✐t❤♦✉t ❛❞❞✐t✐✈❡ ❝❤❛r❛❝t❡r✮✱ t❤❡ ♣r♦♦❢s r❡❞✉❝❡ t♦
t❤❡ Pr❡s❜✉r❣❡r ❝❛s❡s ♦❢ ❙❡❝t✐♦♥ ✷✳✶ ✇✐t❤ q = qK ✱ ✈✐❛ p✲❛❞✐❝ ❝❡❧❧ ❞❡❝♦♠♣♦s✐t✐♦♥
❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡s✉❧ts✳

❉❡✜♥✐t✐♦♥ ✸✳✹✳✶✳ ■❢ fj : X ⊂ Km+1 → Z ❛♥❞ t❤❡ Ai ❛r❡ ❛s ✐♥ ❚❤❡♦r❡♠
✸✳✸✳✷✱ t❤❡♥ ❝❛❧❧ fj ♣r❡♣❛r❡❞ ♦♥ t❤❡ ❝❡❧❧s Ai✳ ❲❡ ❝❛❧❧ Ai ❛ ❢✉❧❧ ❝❡❧❧ ❛♥❞ ✇❡
❝❛❧❧ fj ❢✉❧❧② ♣r❡♣❛r❡❞ ♦♥ t❤❡ Ai ✐❢ t❤❡ ❜❛s❡ ♦❢ Ai ✐s ✐ts❡❧❢ ❛ ❝❡❧❧ ♦♥ ✇❤✐❝❤
t❤❡ hij(x)✖✇✐t❤ ♥♦t❛t✐♦♥ ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✸✳✷ ❢♦r 1✲❝❡❧❧s ❛♥❞ ✇✐t❤ hij = fj
✐♥ t❤❡ ❝❛s❡ ♦❢ 0✲❝❡❧❧s✖❛♥❞ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ Ai ❛r❡ ♣r❡♣❛r❡❞✱ ❛♥❞ s♦ ♦♥ m
t✐♠❡s✳ ■t ✐s ❛❧s♦ ❝❧❡❛r ✇❤❛t ✇❡ ♠❡❛♥ ❜② ❛ ❢✉❧❧ ❝❡❧❧ A ⊂ Y ×Km+1 ♦✈❡r s♦♠❡
❞❡✜♥❛❜❧❡ s❡t Y ✱ ✐♥ ❛♥❛❧♦❣② t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ❝❡❧❧s ♦✈❡r Y ♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✸✳✶✳
❇② t❤❡ ❝❡♥t❡rs ♦❢ ❛ ❢✉❧❧ ❝❡❧❧✱ ✇❡ ♠❡❛♥ ❛ t✉♣❧❡ ♦❢ ❝❡♥t❡rs✱ ❝♦♥s✐st✐♥❣ ♦❢ t❤❡
❝❡♥t❡r ♦❢ t❤❡ ❝❡❧❧ A ♦✈❡r Y ✱ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❜❛s❡ A′ ♦❢ A✱ t❤❡ ❝❡♥t❡r ♦❢ t❤❡
❜❛s❡ ♦❢ A′ ❛♥❞ s♦ ♦♥✳

❉❡✜♥✐t✐♦♥ ✸✳✹✳✷✳ ▲❡t A ⊂ Km ❜❡ ❛ ❢✉❧❧ ❝❡❧❧ ✇✐t❤ ❝❡♥t❡r cm ✐♥ t❤❡ ❧❛st
❝♦♦r❞✐♥❛t❡✱ ✉♣ t♦ ❝❡♥t❡r c1 ∈ K ❢♦r t❤❡ ✜rst ❝♦♦r❞✐♥❛t❡✳ ❚❤❡ s❦❡❧❡t♦♥ ♦❢ A
✐s t❤❡♥ t❤❡ s✉❜s❡t S(A) ♦❢ (Z ∪ {+∞})m ✇❤✐❝❤ ✐s t❤❡ ✐♠❛❣❡ ♦❢ A ✉♥❞❡r t❤❡
♠❛♣

x ∈ A 7→ (ord(x1 − c1), ord(x2 − c2(x1)), . . . , ord(xm − cm(x1, . . . , xm−1)),

✇❤❡r❡ ✇❡ ❤❛✈❡ ❡①t❡♥❞❡❞ ord t♦ ❛ ♠❛♣ ord : K → Z ∪ {+∞}✳ ❲r✐t❡ sA ❢♦r
t❤❡ ♥❛t✉r❛❧ ♠❛♣ A → S(A) ✇❤✐❝❤ ✇❡ ❝❛❧❧ t❤❡ s❦❡❧❡t♦♥ ♠❛♣✳ ▲✐❦❡✇✐s❡✱ ✐❢
A ⊂ Y ×Kℓ ✐s ❛ ❢✉❧❧ ❝❡❧❧ ♦✈❡r Y ❢♦r s♦♠❡ ❞❡✜♥❛❜❧❡ s❡t Y ✱ ✐t ✐s ❝❧❡❛r ✇❤❛t ✇❡
♠❡❛♥ ❜② t❤❡ s❦❡❧❡t♦♥ S/Y (A) ♦✈❡r Y ❛♥❞ t❤❡ s❦❡❧❡t♦♥ ♠❛♣ sA/Y ♦❢ A ♦✈❡r
Y ✳

❘❡♠❛r❦ ✸✳✹✳✸✳ ❋♦r A ⊂ Km ❛ ❢✉❧❧ ❝❡❧❧✱ ❛♥② ✜❜❡r ♦❢ t❤❡ s❦❡❧❡t♦♥ ♠❛♣ sA ✐s
❛ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦❢ s✐♥❣❧❡t♦♥s ❛♥❞ ❜❛❧❧s✱ ❛♥❞ ❤❡♥❝❡✱ t❤❡ ✈♦❧✉♠❡ ♦❢ s✉❝❤

❛ ✜❜❡r s−1
A (r) ❡q✉❛❧s 0 ❢♦r ❡❛❝❤ r✱ ♦r✱ ❡q✉❛❧s q

α(r)
K ❢♦r ❛ ❞❡✜♥❛❜❧❡ ❢✉♥❝t✐♦♥

α : A → Z✳ ❈❧❡❛r❧② t❤❡ s❡t ♦❢ r s✉❝❤ t❤❛t s−1
A (r) ❤❛s ✈♦❧✉♠❡ ③❡r♦ ✐s ❛

❞❡✜♥❛❜❧❡ s❡t✳

❈❛❧❧ ❛ ❞❡✜♥❛❜❧❡ ❢✉♥❝t✐♦♥ f : X ⊂ Y ×Zm → Y ×Zℓ ❧✐♥❡❛r ♦✈❡r Y ✐❢ t❤❡r❡
✐s ❛ ❞❡✜♥❛❜❧❡ ❢✉♥❝t✐♦♥ a : Y → Zℓ ❛♥❞ ❛♥ ❛✣♥❡ ♠❛♣ g : Qm → Qℓ s✉❝❤ t❤❛t
f(y, z) = (y, g(z) + a(y)) ❢♦r ❛❧❧ (y, z) ∈ X✳

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✹ ✭P❛r❛♠❡tr✐❝ ❘❡❝t✐❧✐♥❡❛r✐③❛t✐♦♥ ❢♦r L3
K✮✳ ▲❡t Y ❛♥❞ X ⊂

Y × Zm ❜❡ ❞❡✜♥❛❜❧❡ s❡ts✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ ♣❛rt✐t✐♦♥ ♦❢ X ✐♥t♦
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❞❡✜♥❛❜❧❡ s❡ts s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ ♣❛rt A✱ t❤❡r❡ ✐s ❛ s❡t B ⊂ Y × Zm ❛♥❞
❛ ❞❡✜♥❛❜❧❡ ❜✐❥❡❝t✐♦♥ ρ : A → B ✇❤✐❝❤ ✐s ❧✐♥❡❛r ♦✈❡r Y s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤
y ∈ Y ✱ t❤❡ s❡t By ✐s ❛ s❡t ♦❢ t❤❡ ❢♦r♠ Λy ×Nℓ ❢♦r ❛ ✜♥✐t❡ s✉❜s❡t Λy ⊂ Nm−ℓ

❞❡♣❡♥❞✐♥❣ ♦♥ y ❛♥❞ ❢♦r ❛♥ ✐♥t❡❣❡r ℓ ≥ 0 ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ A✳

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✶✳✾ ❛s ❢♦❧❧♦✇s✳ ■❢ Y ⊂ Zr t❤❡♥ t❤✐s ✐s
❚❤❡♦r❡♠ ✷✳✶✳✾✳ ■❢ Y ⊂ Zr × knK ✱ t❤❡♥ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✶✳✾
❛♥❞ ♦rt❤♦❣♦♥❛❧✐t② ❜❡t✇❡❡♥ t❤❡ kK✲s♦rt ❛♥❞ t❤❡ Z✲s♦rt✳ ✭❚❤✐s ♦rt❤♦❣♦♥❛❧✐t②
✐s t❤❡ ♣r♦♣❡rt② t❤❛t ❛♥② ❞❡✜♥❛❜❧❡ s✉❜s❡t ♦❢ Zr × knK ❡q✉❛❧s ❛ ✜♥✐t❡ ✉♥✐♦♥
♦❢ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝ts ♦❢ ❞❡✜♥❛❜❧❡ s✉❜s❡ts ♦❢ Zr ❛♥❞ ♦❢ knK ❀ t❤✐s ♣r♦♣❡rt②
❢♦❧❧♦✇s ❢r♦♠ q✉❛♥t✐✜❡r ❡❧✐♠✐♥❛t✐♦♥ ♦❢ K✲✈❛r✐❛❜❧❡s✳✮ ◆♦✇ s✉♣♣♦s❡ t❤❛t Y ⊂
Zr ×Kℓ × knK ✳ ❇② q✉❛♥t✐✜❡r ❡❧✐♠✐♥❛t✐♦♥ ♦❢ K✲✈❛r✐❛❜❧❡s✱ t❤❡r❡ ❡①✐st s ❛♥❞ t✱
❛ ❞❡✜♥❛❜❧❡ ❢✉♥❝t✐♦♥

ν : Y → ktK × Zs,

❛♥❞ ❛ ❞❡✜♥❛❜❧❡ s❡t

X ′ ⊂ ktK × Zs+m,

s✉❝❤ t❤❛t Xy ❡q✉❛❧s X ′
ν(y) ❢♦r ❡✈❡r② y ∈ Y ✳ ❆♣♣❧②✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡ t♦

t❤❡ s❡t X ′ ②✐❡❧❞s ❛ ♣❛rt✐t✐♦♥ ♦❢ X ′ ✐♥t♦ ♣❛rts A′ ✇✐t❤ t❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt✐❡s✳
▲❡t κ ❜❡ t❤❡ ❢✉♥❝t✐♦♥

κ : X → X ′ : (y, w) 7→ (ν(y), w).

◆♦✇ t❤❡ s❡ts κ−1(A′) ❢♦r♠ ❛ ♣❛rt✐t✐♦♥ ♦❢ X ✇✐t❤ t❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt✐❡s✳ ✭❆s
❛♥ ❛❧t❡r♥❛t✐✈❡ ♣r♦♦❢ ♦♥❡ ♠❛② ❛❞❛♣t t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸ ♦❢ ❬❄❪✳✮ �

❲❡ ♥♦✇ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛♥ts ♦❢ t❤❡ Pr❡s❜✉r❣❡r ❚❤❡♦r❡♠s ✷✳✶✳✸ ❛♥❞
✷✳✶✳✺✳

❈♦r♦❧❧❛r② ✸✳✹✳✺✳ ▲❡t f ❜❡ ✐♥ C (X×Zm) ❢♦r s♦♠❡ ❞❡✜♥❛❜❧❡ s❡t X ❛♥❞ s♦♠❡
m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐st h1, h2 ❛♥❞ h3 ✐♥ C (X) s✉❝❤ t❤❛t

✭✸✳✹✳✶✮ Int(f,X) = Z(h1),

✭✸✳✹✳✷✮ Bdd(f,X) = Z(h2),

❛♥❞

✭✸✳✹✳✸✮ Iva(f,X) = Z(h3),

✇❤❡r❡ ✐♥t❡❣r❛❜✐❧✐t② ✐♥ ✭✸✳✹✳✶✮ ✐s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡ ♦♥ Zm✳

❈♦r♦❧❧❛r② ✸✳✹✳✻ ✭■♥t❡r♣♦❧❛t✐♦♥✮✳ ▲❡t f ❜❡ ✐♥ C (X×Zm) ❢♦r s♦♠❡ ❞❡✜♥❛❜❧❡
s❡t X ❛♥❞ s♦♠❡m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts g ✐♥ C (X×Zm) ✇✐t❤ Int(g,X) = X
❛♥❞ s✉❝❤ t❤❛t f(x, y) = g(x, y) ✇❤❡♥❡✈❡r x ❧✐❡s ✐♥ Int(f,X)✳

Pr♦♦❢s ♦❢ ❈♦r♦❧❧❛r✐❡s ✸✳✹✳✺ ❛♥❞ ✸✳✹✳✻✳ ❚❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✷✳✶✳✸ ❛♥❞ ✷✳✶✳✺
❛♣♣❧② ❛❧s♦ ✐♥ t❤✐s s❡tt✐♥❣✱ ✇❤❡r❡ ♦♥❡ ✉s❡s ❚❤❡♦r❡♠ ✸✳✹✳✹ ✐♥st❡❛❞ ♦❢ ❚❤❡♦r❡♠
✷✳✶✳✾✳ �
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Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✸✳✶✳✸ ❛♥❞ ✸✳✶✳✺✳ ❇② ❛♥ ✐♥❞✉❝t✐✈❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❈❡❧❧
❉❡❝♦♠♣♦s✐t✐♦♥ ❚❤❡♦r❡♠ ✸✳✸✳✷✱ ♣❛rt✐t✐♦♥ X × Km ✐♥t♦ ✜♥✐t❡❧② ♠❛♥② ❢✉❧❧
❝❡❧❧s Ai ♦✈❡r X s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ i✱ t❤❡ r❡str✐❝t✐♦♥ f|Ai

❢❛❝t♦rs t❤r♦✉❣❤
t❤❡ s❦❡❧❡t♦♥ ♠❛♣ sAi/X ♦❢ Ai ♦✈❡r X✳ ▲❡t ✉s ✐❞❡♥t✐❢② ❡❛❝❤ s❦❡❧❡t♦♥ ✇✐t❤
❛ ❞❡✜♥❛❜❧❡ s❡t✱ ❢♦r ❡①❛♠♣❧❡ ❜② r❡♣❧❛❝✐♥❣ {+∞} ❜② ❛ ❞✐s❥♦✐♥t ❝♦♣② ♦❢ t❤❡
s✐♥❣❧❡t♦♥ {0}✳ ▲❡t ✉s ✇r✐t❡ fi ❢♦r t❤❡ ♠❛♣ ❢r♦♠ t❤❡ s❦❡❧❡t♦♥ S/X(Ai) ♦❢ Ai
♦✈❡r X t♦ AqK ✐♥❞✉❝❡❞ ❜② f|Ai

✳ ❚❤❡♥ fi ❧✐❡s ✐♥ PqK (S/X(Ai)) ❢♦r ❡❛❝❤ i✳ ❚❤❡

❢✉♥❝t✐♦♥ M s❡♥❞✐♥❣ z ∈ S/X(Ai) t♦ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ✜❜❡r (sAi/X)−1(z)✱

t❛❦❡♥ ✐♥s✐❞❡ Km✱ ❡✐t❤❡r ✐s ✐❞❡♥t✐❝❛❧❧② ③❡r♦ ♦♥ S/X(Ai) ♦r ✐s ♦❢ t❤❡ ❢♦r♠ q
αi(z)
K

♦♥ S/X(Ai) ❢♦r s♦♠❡ ❞❡✜♥❛❜❧❡ ❢✉♥❝t✐♦♥ αi✱ s✐♥❝❡ t❤❡ ✜❜❡rs ♦❢ sAi/X ❛r❡ ♦❢ ❛

✈❡r② s✐♠♣❧❡ ❢♦r♠✱ s❡❡ ❘❡♠❛r❦ ✸✳✹✳✸✳ ❍❡♥❝❡✱ f̃i ❣✐✈❡♥ ❜② z 7→ fi(z) ·M(z) ❧✐❡s
✐♥ C (S/X(Ai))✳ ❋♦r ❡❛❝❤ i✱ ❧❡t Xi ❜❡ t❤❡ ✐♠❛❣❡ ♦❢ Ai ✉♥❞❡r t❤❡ ♣r♦❥❡❝t✐♦♥
t♦ X✳ ◆♦t❡ t❤❛t Xi ❛❧s♦ ❡q✉❛❧s t❤❡ ✐♠❛❣❡ ♦❢ S/X(Ai) ✉♥❞❡r t❤❡ ♣r♦❥❡❝t✐♦♥
t♦ X✳ ❇② ❈♦r♦❧❧❛r② ✸✳✹✳✺✱ ✇❡ ♥♦✇ ♦❜t❛✐♥ ❢♦r ❡❛❝❤ i t❤❛t t❤❡r❡ ❛r❡ hi1✱ hi2
❛♥❞ hi3 ✐♥ C (Xi) s✉❝❤ t❤❛t

Int(f̃i, Xi) = Z(hi1),

Bdd(fi, Xi) = Z(hi2),

❛♥❞
Iva(fi, Xi) = Z(hi3).

❊①t❡♥❞ ❡❛❝❤ ♦❢ t❤❡ hij ❜② ③❡r♦ t♦ ❛ ❢✉♥❝t✐♦♥ h̃ij ✐♥ C (X)✱ t❤✉s ❞❡✜♥❡❞ ♦♥
t❤❡ ✇❤♦❧❡ ♦❢ X✳ ◆♦✇ ❢♦r j = 1, 2, ♦r 3✱ ❧❡t hj ❜❡ t❤❡ ❢✉♥❝t✐♦♥

∑

i

h̃2
ij .

❚❤❡♥ t❤❡ hj ❢♦r j = 1, 2, 3 ❛r❡ ❛s r❡q✉✐r❡❞✳
❋♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ g ❛s ❞❡s✐r❡❞ ❢♦r ❚❤❡♦r❡♠ ✸✳✶✳✺ ♦♥❡ ♣r♦❝❡❡❞s ❛s

❢♦❧❧♦✇s✳ ❇② ❈♦r♦❧❧❛r② ✸✳✹✳✻ ♦♥❡ ✜♥❞s ❢♦r ❡❛❝❤ i ❛ ❢✉♥❝t✐♦♥ gi ✐♥ C (S/X(Ai))

✇✐t❤ Int(gi, Xi) = Xi ❛♥❞ s✉❝❤ t❤❛t f̃i(x, s) = gi(x, s) ✇❤❡♥❡✈❡r x ❧✐❡s ✐♥

Int(f̃i, Xi)✳ ◆♦✇ ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ g ♦♥ X×Km ❛s ❢♦❧❧♦✇s✳ ❋♦r (x, y) ∈
Ai✱ ❧❡t z = sAi/X(x, y)✱ ❛♥❞ ❧❡t g(x, y) := f(x, y) ✐❢ M(z) = 0✱ ❛♥❞ t❤❡
q✉♦t✐❡♥t g(x, y) := gi(z)/M(z) ✇❤❡♥ M(z) 6= 0✳ ◆♦t❡ t❤❛t ❝♦♥str✉❝t✐❜❧❡
❢✉♥❝t✐♦♥s st❛② ❝♦♥str✉❝t✐❜❧❡ ✇❤❡♥ ❞✐✈✐❞❡❞ ❜② M ✇❤❡♥❡✈❡r M ✐s ♥♦♥③❡r♦✱ ❜②
✐ts s✐♠♣❧❡ ❢♦r♠ qαi

K ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ❚❤❡ ❢✉♥❝t✐♦♥ g ✐s ❛s r❡q✉✐r❡❞✳ �

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳✶✳ ❚❤❡ t❤❡♦r❡♠ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✶✳✺ ❛♥❞ ❬❄✱
❚❤❡♦r❡♠ ✹✳✷❪✱ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ❚❤❡♦r❡♠ ✷✳✶✳✻ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠
✷✳✶✳✺ ❛♥❞ ❬❄✱ ❚❤❡♦r❡♠✲❉❡✜♥✐t✐♦♥ ✹✳✺✳✶ ❪✳ ■♥❞❡❡❞✱ ❜② t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ r❡s✉❧t
❚❤❡♦r❡♠ ✸✳✶✳✺✱ t❤❡r❡ ❡①✐sts g0 ✐♥ C (X ×Km) ✇✐t❤ Int(g0, X) = X ❛♥❞ s✉❝❤
t❤❛t f(x, y) = g0(x, y) ✇❤❡♥❡✈❡r x ❧✐❡s ✐♥ Int(f,X)✳ ◆♦✇✱ ❜② ❬❄✱ ❚❤❡♦r❡♠
✹✳✷❪ ❛♥❞ ❜② ❘❡♠❛r❦ ✸✳✶✳✷ ❢♦r t❤❡ s❡♠✐✲❛❧❣❡❜r❛✐❝ ❝❛s❡✱ t❤❡ ❢✉♥❝t✐♦♥ g ✇❤✐❝❤
s❡♥❞s x ∈ X t♦

∫
Km g0(x, y)|dy| ❧✐❡s ✐♥ C (X)✳ ❈❧❡❛r❧② g ✐s ❛s r❡q✉✐r❡❞✳ �

■♥ ❢❛❝t✱ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✸✳✶✳✸ ❛♥❞ ✸✳✶✳✺ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ s❧✐❣❤t❧②
♠♦r❡ ❣❡♥❡r❛❧ ✈❛r✐❛♥t✳
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❈♦r♦❧❧❛r② ✸✳✹✳✼✳ ▲❡t f ❜❡ ✐♥ H(X) ⊗C (X) C (X ×Km) ❢♦r s♦♠❡ ❞❡✜♥❛❜❧❡
s❡t X✱ s♦♠❡ m ≥ 0✱ ❛♥❞ s♦♠❡ ✐♥❝❧✉s✐♦♥ C (X) ⊂ H(X) ♦❢ Aq✲❛❧❣❡❜r❛s ♦❢
❝♦♠♣❧❡① ✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ♦♥ X✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❢✉♥❝t✐♦♥s h1, h2✱ h3 ✐♥
H(X) ❛♥❞ g ✐♥ H(X) ⊗C (X) C (X × Km) s✉❝❤ t❤❛t t❤❡ ③❡r♦ ❧♦❝✐ ♦❢ t❤❡ hi
❡q✉❛❧ r❡s♣❡❝t✐✈❡❧②

Int(f,X), Bdd(f,X), ❛♥❞ Iva(f,X),

❛♥❞ s✉❝❤ t❤❛t Int(g,X) = X ❛♥❞ f(x, y) = g(x, y) ✇❤❡♥❡✈❡r x ❧✐❡s ✐♥
Int(f,X)✳ ▼♦r❡♦✈❡r✱ ❛♥② s✉❝❤ g ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ✜♥✐t❡ s✉♠ ♦❢ t❡r♠s
♦❢ t❤❡ ❢♦r♠

hi · fi
✇✐t❤ hi ∈ H(X) ❛♥❞ fi ∈ C (X ×Km) s❛t✐s❢②✐♥❣ Int(fi, X) = X✳

✸✳✺✳ ❚❤❡ p✲❛❞✐❝ ♣r♦♦❢s ❢♦r ❝♦♥str✉❝t✐❜❧❡ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥s✳ ❈♦♥✲
s✐❞❡r ❛ ✜♥✐t❡ ✜❡❧❞ Fq ✇✐t❤ ❛ ♥♦♥tr✐✈✐❛❧ ❛❞❞✐t✐✈❡ ❝❤❛r❛❝t❡r ψ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
❧❡♠♠❛ ❛♥❞ ✐ts ❝♦r♦❧❧❛r② ❛r❡ ❝❧❛ss✐❝❛❧ ❡①❡r❝✐s❡s✳

▲❡♠♠❛ ✸✳✺✳✶✳ ❋♦r ❛♥② ❢✉♥❝t✐♦♥ f : Fq → C ♦♥❡ ❤❛s

1

q
‖f̂‖sup ≤ ‖f‖sup ≤ ‖f̂‖sup

✇❤❡r❡ ‖ · ‖sup ✐s t❤❡ s✉♣r❡♠✉♠ ♥♦r♠ ❛♥❞ f̂ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ f ✱

f̂(y) =
∑

x∈Fq

f(x)ψ(−xy).

❈♦r♦❧❧❛r② ✸✳✺✳✷✳ ❈♦♥s✐❞❡r ❛ ❢✉♥❝t✐♦♥

f : Fq → C : y 7→

s∑

j=1

cjψ(bjy)

❢♦r s♦♠❡ ❝♦♠♣❧❡① ♥✉♠❜❡rs cj ❛♥❞ s♦♠❡ ❞✐st✐♥❝t bj ∈ Fq✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts
y0 ∈ Fq ✇✐t❤

s
sup
j=1

|cj |C ≤ |f(y0)|C.

▲❡♠♠❛ ✸✳✺✳✸✳ ▲❡t X ❜❡ ❛ ❞❡✜♥❛❜❧❡ s❡t ❛♥❞ ❧❡t f ❜❡ ✐♥ C exp(X)✳ ❚❤❡♥ t❤❡r❡
❡①✐sts ❛ ❢✉♥❝t✐♦♥ g ✐♥ C exp(X) s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ x ∈ X✱ f(x) ❛♥❞ g(x) ❛r❡
❝♦♥❥✉❣❛t❡ ❝♦♠♣❧❡① ♥✉♠❜❡rs✳ ■♥ ♣❛rt✐❝✉❧❛r✱ f(x)g(x) ❡q✉❛❧s t❤❡ sq✉❛r❡ ♦❢ t❤❡
❝♦♠♣❧❡① ♥♦r♠ ♦❢ f(x) ❢♦r ❡❛❝❤ x ∈ X✱ ❛♥❞ t❤✉s ✐♥ ♣❛rt✐❝✉❧❛r Z(f) = Z(fg)✳

Pr♦♦❢✳ ❚❤❡ ❢✉♥❝t✐♦♥ g ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ f ❜② ♣✉tt✐♥❣ ❛ ♠✐♥✉s s✐❣♥ ✐♥ ❡❛❝❤
♦❢ t❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ❛❞❞✐t✐✈❡ ❝❤❛r❛❝t❡rs ✇❤✐❝❤ ♦❝❝✉r ✐♥ f ✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
✇r✐t❡ f ❛s ❛ ✜♥✐t❡ s✉♠ ♦❢ t❡r♠s ♦❢ t❤❡ ❢♦r♠ giψK(hi) ❢♦r gi ✐♥ C (X) ❛♥❞
❞❡✜♥❛❜❧❡ ❢✉♥❝t✐♦♥s hi : X → K✱ ❛♥❞ ❞❡✜♥❡ g ❛s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉♠ ✇✐t❤
t❡r♠s giψK(−hi)✳ ❙✐♥❝❡ t❤❡ gi t❛❦❡ r❡❛❧ ✈❛❧✉❡s✱ g ✐s ❛s ❞❡s✐r❡❞✳ �

❚❤✐s ▲❡♠♠❛ ②✐❡❧❞s t❤❛t ❛♥② ✜♥✐t❡ ✐♥t❡rs❡❝t✐♦♥ ♦r ✜♥✐t❡ ✉♥✐♦♥ ♦❢ ③❡r♦ ❧♦❝✐
♦❢ ❢✉♥❝t✐♦♥s ✐♥ C exp(X) ✐s ❛❣❛✐♥ ❛ ③❡r♦ ❧♦❝✉s ♦❢ ❛ ❢✉♥❝t✐♦♥ ✐♥ C exp(X)✱
❛♥❛❧♦❣♦✉s t♦ ▲❡♠♠❛ ✷✳✶✳✷✳
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❈♦r♦❧❧❛r② ✸✳✺✳✹✳ ▲❡t X ❜❡ ❛ ❞❡✜♥❛❜❧❡ s❡t ❛♥❞ ❧❡t hi ❜❡ ✐♥ C exp(X) ❢♦r
i = 1, . . . , N ✳ ❚❤❡♥ t❤❡r❡ ❡①✐st f ❛♥❞ g ✐♥ C exp(X) s✉❝❤ t❤❛t

Z(f) =
N⋂

i=1

Z(hi) ❛♥❞ Z(g) =
N⋃

i=1

Z(hi).

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st❛t❡♠❡♥t ❢♦r hi ✐♥ C (X) ❛❧s♦ ❤♦❧❞s✱ ②✐❡❧❞✐♥❣ f, g ∈ C (X)✳

Pr♦♦❢✳ ❋♦r f ♦♥❡ ❝❛♥ t❛❦❡
∑N

i=1 hihi✱ ✇❤❡r❡ hi ✐s t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡ ♦❢
hi ❛s ❣✐✈❡♥ ❜② ▲❡♠♠❛ ✸✳✺✳✸✳ ❋♦r g ♦♥❡ s✐♠♣❧② t❛❦❡s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ hi✳
❋♦r hi ✐♥ C (X) ♦♥❡ t❛❦❡s t❤❡ s✉♠ ♦❢ t❤❡ sq✉❛r❡s ♦❢ t❤❡ hi ❢♦r f ❛♥❞ t❤❡
♣r♦❞✉❝t ❢♦r g✳ �

❆s ❢♦r Pr❡s❜✉r❣❡r ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s✱ t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ Z(h) ✐♥ X
❢♦r h ∈ C (X) ✐s ♥♦t ❛❧✇❛②s ❡q✉❛❧ t♦ t❤❡ ③❡r♦ ❧♦❝✉s ♦❢ s♦♠❡ ❢✉♥❝t✐♦♥ ✐♥ C (X)✱
❛♥❞ s✐♠✐❧❛r❧② ❢♦r h ✐♥ C exp(X)✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✺ ❢♦r m = 1✳ ❚❤❡ st❛t❡♠❡♥t t❤❛t ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡
❝❧❡❛r❧② ❛❧❧♦✇s ✉s t♦ ✇♦r❦ ♣✐❡❝❡✇✐s❡❀ ✐❢ ✇❡ ❤❛✈❡ ❛ ✜♥✐t❡ ♣❛rt✐t✐♦♥ ♦❢ U ✐♥t♦
❞❡✜♥❛❜❧❡ ♣❛rts A✱ t❤❡♥ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❢♦r fℓ r❡str✐❝t❡❞
t♦ ❡❛❝❤ ♣❛rt A✳ ❲❡ ❛❝t✉❛❧❧② ♣r♦✈❡ s♦♠❡t❤✐♥❣ s❧✐❣❤t❧② str♦♥❣❡r t❤❛♥ Pr♦♣♦✲
s✐t✐♦♥ ✸✳✷✳✺ ❢♦r t❤❡ ❝❛s❡ m = 1✳ ❚❤❛t ✐s✱ ❢♦r ❛ ❣✐✈❡♥ ❞❡✜♥❛❜❧❡ ❢✉♥❝t✐♦♥
ϕ0 : U → X × Zt0 ♦✈❡r X✱ ✇❡ ♣r♦✈❡ t❤❛t ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❝♦♥❝❧✉s✐♦♥s ✶✮
❛♥❞ ✷✮ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✱ ✇❡ ❝❛♥ r❡q✉✐r❡ t❤❛t ❛❧s♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s
✸✮ ❛♥❞ ✹✮ ❤♦❧❞ ❢♦r ❡❛❝❤ x ∈ X✳

✸✮ ❊❛❝❤ ♦❢ t❤❡ s❡ts Ux,r ✐s ❡✐t❤❡r ❛ s✐♥❣❧❡t♦♥✱ ♦r✱ ❡q✉❛❧ t♦ ❛ ♠❛①✐♠❛❧ ❜❛❧❧
❝♦♥t❛✐♥❡❞ ✐♥ Ux✳

✹✮ ❚❤❡ ❢✉♥❝t✐♦♥ ϕ0 ❢❛❝t♦rs t❤r♦✉❣❤ ϕ✱ t❤❛t ✐s✱ ϕ0 = θ ◦ ϕ ❢♦r s♦♠❡
❞❡✜♥❛❜❧❡ ❢✉♥❝t✐♦♥ θ✳

❙♦✱ ❧❡t ❛ ❞❡✜♥❛❜❧❡ ❢✉♥❝t✐♦♥ ϕ0 : U → X × Zt0 ♦✈❡r X ❜❡ ❣✐✈❡♥✳ ❇②
❞❡✜♥✐t✐♦♥ ♦❢ C exp✱ t❤❡ fℓ ❛r❡ ✜♥✐t❡ s✉♠s ♦❢ t❡r♠s ♦❢ t❤❡ ❢♦r♠ gψK(h) ❢♦r
s♦♠❡ g ∈ C (U) ❛♥❞ s♦♠❡ ❞❡✜♥❛❜❧❡ h : U → K✳ ❆♣♣❧② ❚❤❡♦r❡♠ ✸✳✸✳✷ t♦
t❤❡s❡ ❢✉♥❝t✐♦♥s g ∈ C (U) ❛♥❞ t♦ t❤❡ ❧❛st t0 ❝♦♠♣♦♥❡♥t ❢✉♥❝t✐♦♥s ♦❢ ϕ0✳ ❇②
✇♦r❦✐♥❣ ♣✐❡❝❡✇✐s❡✱ ✇❡ ♠❛② s✉♣♣♦s❡ t❤❛t U ✐s ♦♥❡ ♦❢ t❤❡ s♦✲♦❜t❛✐♥❡❞ ❝❡❧❧s✳
■❢ U ✐s ❛ 0✲❝❡❧❧ ♦✈❡r X✱ t❤❡r❡ ✐s ♥♦t❤✐♥❣ t♦ ♣r♦✈❡✳ ■❢ U ✐s ❛ 1✲❝❡❧❧ ♦✈❡r X✱
s❛②✱ ✇✐t❤ ❝❡♥t❡r c✱ t❤❡♥ ❧❡t ϕ1 : U → V1 ⊂ X × Z ❜❡ t❤❡ ❞❡✜♥❛❜❧❡ s✉r❥❡❝t✐✈❡
❢✉♥❝t✐♦♥ s❡♥❞✐♥❣ (x, y) ✐♥ U t♦ (x, ord(y − c(x))✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❛r❡
❞❡✜♥❛❜❧❡ ❢✉♥❝t✐♦♥s hℓi : U → K ❛♥❞ ❢✉♥❝t✐♦♥s Gℓi ✐♥ C exp(V1) s✉❝❤ t❤❛t ❢♦r
❡❛❝❤ ℓ ♦♥❡ ❤❛s

✭✸✳✺✳✶✮ fℓ(x, y) =

Nℓ∑

i=1

Gℓi(ϕ1(x, y))ψK(hℓi(x, y)),

❛♥❞ t❤❛t✱ ❢♦r ❡❛❝❤ x✱ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ t❤❡ s❡ts U1
x,r := {y ∈ Ux | ϕ1(x, y) =

(x, r)} ❡q✉❛❧s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♠❛①✐♠❛❧ ❜❛❧❧s ❝♦♥t❛✐♥❡❞ ✐♥ Ux✳ ❚❤✉s✱ t❤❡
❝♦♥❞✐t✐♦♥s ✶✮✱ ✸✮ ❛♥❞ ✹✮ ❛❧r❡❛❞② ❤♦❧❞ ❢♦r ϕ1✳ ❲❡ ♥♦✇ ❝♦♥str✉❝t ϕ ✭❛♥❞
♠♦❞✐❢② Gℓi ❛♥❞ hℓi ❛❝❝♦r❞✐♥❣❧②✮ s✉❝❤ t❤❛t ♠♦r❡♦✈❡r ✷✮ ❤♦❧❞s✳
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❲❡ ✇✐❧❧ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ N :=
∑s

ℓ=1(Nℓ−1)✳ ◆❛♠❡❧②✱ ❛ss✉♠❡ t❤❛t
❢♦r ❛♥② ✜♥✐t❡ ❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥s {fℓ} ♦♥ ❛ ❞❡✜♥❛❜❧❡ s❡t U ✭♥♦t ♥❡❝❡ss❛r✐❧②
t❤❡ s❛♠❡ ❢❛♠✐❧② ❛♥❞ t❤❡ s❛♠❡ s❡t ❛s t❤❡ ❣✐✈❡♥ ♦♥❡✮✱ s✉❝❤ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s
fℓ ❤❛✈❡ ❛ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ ✭✸✳✺✳✶✮ ❛♥❞ s❛t✐s❢②✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ✶✮✱
✸✮✱ ❛♥❞ ✹✮✱ ❛♥❞ ✇✐t❤

∑
(Nℓ − 1) < N ✱ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ ϕ s✉❝❤ t❤❛t

t❤❡ ♣r♦♣❡rt② ✷✮ ❤♦❧❞s ❛s ✇❡❧❧✳ ❚❤❡♥ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❡ s❛♠❡ ❢♦r ❛♥② s✉❝❤
❢❛♠✐❧② ❛♥❞ ♣r❡s❡♥t❛t✐♦♥ ✇✐t❤

∑
(Nℓ − 1) = N ✳ ❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡

✐♥❞✉❝t✐♦♥ st❡♣ ✐s t♦ ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ❢❛♠✐❧② ✇✐t❤♦✉t
✐♥❝r❡❛s✐♥❣ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ t❡r♠s ✐♥ t❤❡✐r ♣r❡s❡♥t❛t✐♦♥s ✭✸✳✺✳✶✮✱ ❛♥❞ t❤✉s
❞❡❝r❡❛s❡

∑
(Nℓ − 1)✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s✱ ♦♥❡ ✐s st✐❧❧ ❛❧❧♦✇❡❞ t♦ ✇♦r❦ ♣✐❡❝❡✇✐s❡✱

✐✳❡✳✱ t♦ r❡♣❧❛❝❡ U ✇✐t❤ ❛ s✉❜s❡t t❤❛t ❝♦♠❡s ❢r♦♠ ✉s✐♥❣ ❝❡❧❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛s
❛❜♦✈❡✳ ◆♦t❡ t❤❛t t❤❡ ❝♦♥st❛♥t d ❛♣♣❡❛r✐♥❣ ✐♥ ✷✮ ✇✐❧❧ ✐♥❝r❡❛s❡ ❜② ❛t ♠♦st 1
✐♥ ❡❛❝❤ ✐♥❞✉❝t✐♦♥ st❡♣✱ s♦ t❤❛t ✇❡ ❛❝t✉❛❧❧② ♦❜t❛✐♥ d ≤ N ✳

■❢ N = 0✱ t❤❡♥ ❛❧❧ Nℓ = 1✱ ❛♥❞ ♦♥❡ ✐s ❞♦♥❡✱ t❛❦✐♥❣ ϕ = ϕ1 ❛♥❞ d = 0✳
■♥❞❡❡❞✱ ✐❢ Nℓ = 1✱ t❤❡♥ |Gℓ1(x, r)|C ❡q✉❛❧s |fℓ(x, y)|C✱ ❛♥❞ t❤✉s✱ ✐❢ N = 0✱
t❤❡♥ Ux,r = Wx,r✳

❋♦r ❣❡♥❡r❛❧ N > 0 ✇❡ st❛rt ❜② ♣✉❧❧✐♥❣ ♦✉t t❤❡ ❢❛❝t♦r ψK(hℓ1(x, y)) ♦✉t ♦❢
✭✸✳✺✳✶✮✱ ✐✳❡✳✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t hℓ1(x, y) = 0 ❢♦r ❛❧❧ ℓ ❛♥❞ ❛❧❧ (x, y) ∈ U ✳
❇② Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✺ ✇❡ ♠❛② ♠♦r❡♦✈❡r s✉♣♣♦s❡ t❤❛t ❢♦r ❡❛❝❤ (x, r) ∈ V1✱
❡❛❝❤ ℓ✱ ❛♥❞ ❡❛❝❤ i ❡✐t❤❡r hℓi(x, ·) ✐s ❝♦♥st❛♥t ♦♥ U1

x,r✱ ♦r hℓi(x, ·) r❡str✐❝t❡❞

t♦ U1
x,r ❤❛s t❤❡ 1✲❏❛❝♦❜✐❛♥ ♣r♦♣❡rt②✳ ❍❡♥❝❡✱ ❢♦r ❡❛❝❤ (x, r) ∈ V1 t❤❡r❡ ❡①✐st

❝♦♥st❛♥ts bx,r,ℓ,i ∈ K s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ y1, y2 ∈ U1
x,r ❛♥❞ ❛❧❧ ℓ, i✱

ord(hℓi(x, y1) − hℓi(x, y2)) = ord(bx,r,ℓ,i · (y1 − y2)),✭✸✳✺✳✷✮

ac(hℓi(x, y1) − hℓi(x, y2)) = ac(bx,r,ℓ,i · (y1 − y2)),✭✸✳✺✳✸✮

✇❤❡r❡ bx,r,ℓ,1 = 0 ❜② ❛ ♣r❡✈✐♦✉s ❛ss✉♠♣t✐♦♥✱ ❛♥❞ ✇❤❡r❡ ✇❡ ✇r✐t❡ ord : K →
Z∪ {+∞}✳ ■❢ ❢♦r ❛❧❧ ℓ, i, x, r✱ t❤❡ ❢✉♥❝t✐♦♥ hℓi(x, ·) ✐s ❝♦♥st❛♥t ♠♦❞✉❧♦ (̟K)
♦♥ U1

x,r✱ t❤❡♥✱ ✉♣ t♦ ❛ ❢✉rt❤❡r ✜♥✐t❡ ♣❛rt✐t✐♦♥ ♦❢ U ✱ ▲❡♠♠❛ ✸✳✸✳✻ ❛♣♣❧✐❡❞ t♦
❡❛❝❤ ♦❢ t❤❡ hℓi ❜r✐♥❣s ✉s ❜❛❝❦ t♦ t❤❡ ❝❛s❡ N = 0✳ ❲❡ ♠❛② t❤✉s ✐♥ ♣❛rt✐❝✉❧❛r
❛ss✉♠❡ t❤❛t ❢♦r ❡❛❝❤ (x, r) ✐♥ V1✱ t❤❡r❡ ❡①✐st ℓ, i ✇✐t❤ bx,r,ℓ,i 6= 0✳ ❈❤♦♦s❡
γx,r ∈ K ✇✐t❤

|γx,r| · max
ℓ,i

|bx,r,ℓ,i| = 1.

❋♦r ❡❛❝❤ x✱ r ❛♥❞ ℓ✱ ♣❛rt✐t✐♦♥ {1, . . . , Nℓ} ✐♥t♦ ♥♦♥✲❡♠♣t② s✉❜s❡ts Sℓj(x, r)✱
j ≥ 1✱ ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t i1, i2 ❧✐❡ ✐♥ t❤❡ s❛♠❡ ♣❛rt Sℓj(x, r) ❢♦r s♦♠❡ j
✐❢ ❛♥❞ ♦♥❧② ✐❢

✭✸✳✺✳✹✮ res(γx,rbx,r,ℓ,i1) = res(γx,rbx,r,ℓ,i2),

✇❤❡r❡ res : OK → kK ✐s t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥✳ ❇② ❝✉tt✐♥❣ U ✐♥t♦ ✜♥✐t❡❧②
♠❛♥② ♣✐❡❝❡s ❛❣❛✐♥✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t t❤❡ s❡ts Sℓj := Sℓj(x, r) ❞♦ ♥♦t
❞❡♣❡♥❞ ♦♥ (x, r)✳ ❙✐♥❝❡ bx,r,ℓ,1 = 0✱ ❛t ❧❡❛st ❢♦r ♦♥❡ ℓ t❤❡r❡ ❛r❡ ❛t ❧❡❛st t✇♦
❞✐✛❡r❡♥t s❡ts Sℓ,j , Sℓ,j′ ✳ ❉❡✜♥❡ ❢♦r ❡❛❝❤ ℓ, j ❛♥❞ ❢♦r (x, y) ∈ U

fℓj(x, y) :=
∑

i∈Sℓj

Gℓi(ϕ(x, y))ψK(hℓi(x, y))
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❛♥❞ ❝♦♥s✐❞❡r t❤❡s❡ ❢✉♥❝t✐♦♥s (fℓj)ℓ,j ❛s ❛ s✐♥❣❧❡ ❢❛♠✐❧②✳ ❚❤❡ t♦t❛❧ ♥✉♠❜❡r
♦❢ s✉♠♠❛♥❞s ♦❢ t❤❡ ❢❛♠✐❧② (fℓj)ℓ,j ✐s t❤❡ s❛♠❡ ❛s ❢♦r t❤❡ ❢✉♥❝t✐♦♥s fℓ✱ ❜✉t
t❤❡r❡ ❛r❡ ♠♦r❡ ❢✉♥❝t✐♦♥s fℓj t❤❛♥ fj ✱ s♦ ✇❡ ❝❛♥ ❛♣♣❧② ✐♥❞✉❝t✐♦♥ ♦♥ N t♦
t❤✐s ❢❛♠✐❧② (fℓj)ℓ,j ✱ ✇✐t❤ t❤❡ ❡①tr❛ ❝♦♥❞✐t✐♦♥ ✸✮ ❛♥❞ ✹✮ ❢♦r ϕ1 ❛s ♣❛rt ♦❢ t❤❡
❞❡s✐r❡❞ ♣r♦♣❡rt✐❡s✳ ❚❤✉s ✇❡ ✜♥❞ ❛♥ ✐♥t❡❣❡r d ≥ 0✱ ❛ ❞❡✜♥❛❜❧❡ s✉r❥❡❝t✐♦♥
ϕ : U → V ♦✈❡r X✱ ❞❡✜♥❛❜❧❡ ❢✉♥❝t✐♦♥s hℓji : U → K✱ ❛♥❞ ❢✉♥❝t✐♦♥s Gℓji
✇✐t❤ ♣r♦♣❡rt✐❡s ✶✮✱ ✷✮✱ ✸✮ ❛♥❞ ✹✮ ❢♦r ϕ1 ❛♥❞ ❢♦r t❤✐s ❢❛♠✐❧②✳

▲❡t ✉s ✇r✐t❡ Ux,r ❢♦r t❤❡ s❡ts ❞❡✜♥❡❞ ❜② ϕ ❛s ✐♥ ❝♦♥❞✐t✐♦♥ ✷✮✳ ❙✐♥❝❡
ϕ1 = θ ◦ ϕ ❢♦r s♦♠❡ ❞❡✜♥❛❜❧❡ θ✱ ♦♥❡ ❤❛s Ux,r ⊂ U1

x,r′ ❢♦r ❡❛❝❤ (x, r) ❛♥❞

(x, r′) = θ(x, r)✳ ❇② ❝✉tt✐♥❣ U ✐♥t♦ ♣✐❡❝❡s ❛s ❜❡❢♦r❡✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t✱
❢♦r ❡❛❝❤ x ❛♥❞ r✱ ♥♦t ❛❧❧ hℓi(x, ·) ❛r❡ ❝♦♥st❛♥t ♠♦❞✉❧♦ (̟K) ♦♥ Ux,r✱ s✐♥❝❡✱
❛s ❜❡❢♦r❡✱ t❤✐s ✇♦✉❧❞ ❜r✐♥❣ ✉s ❜❛❝❦ t♦ t❤❡ ❝❛s❡ N = 0 ❢♦r ♦✉r ♦r✐❣✐♥❛❧ ❢❛♠✐❧②
(fℓ)ℓ ✈✐❛ ▲❡♠♠❛ ✸✳✸✳✻✳

❲❡ ✇✐❧❧ ♥♦✇ s❤♦✇ t❤❛t t❤❡ s✉❜s❡t Mx,r ♦❢ Ux,r ❝♦♥s✐st✐♥❣ ♦❢ t❤♦s❡ y s❛t✲
✐s❢②✐♥❣ ❜♦t❤ ✐♥❡q✉❛❧✐t✐❡s

✭✸✳✺✳✺✮ sup
ℓ,j,i

|Gℓji(x, r)|C ≤ sup
ℓ,j

|fℓj(x, y)|C ≤ sup
ℓ

|fℓ(x, y)|C

❤❛s ❜✐❣ ✈♦❧✉♠❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t

✭✸✳✺✳✻✮ Vol(Ux,r) ≤ qd+1
K Vol(Mx,r).

❖♥❝❡ t❤✐s ✐s ♣r♦✈❡❞✱ ✇❡ ❛r❡ ❞♦♥❡ ❢♦r ♦✉r ♦r✐❣✐♥❛❧ ❢❛♠✐❧② (fℓ)ℓ ❜② r❡♣❧❛❝✐♥❣
d ✇✐t❤ d+ 1 ✇❤✐❧❡ ❦❡❡♣✐♥❣ t❤❡ ❞❛t❛ ♦❢ t❤❡ ϕ✱ Gℓji✱ ❛♥❞ hℓji✳

❚❤✉s✱ t♦ ✜♥✐s❤ t❤❡ ♣r♦♦❢✱ ✇❡ ✜① x ❛♥❞ r ❛♥❞ ✐t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t Mx,r

❛s ❣✐✈❡♥ ❜② ✭✸✳✺✳✺✮ ❤❛s t❤❡ ♣r♦♣❡rt② ✭✸✳✺✳✻✮✳ ❈♦♥s✐❞❡r t❤❡ ♣❛rt✐t✐♦♥ ♦❢ t❤❡
❜❛❧❧ Ux,r ✐♥t♦ t❤❡ ❜❛❧❧s Bξ ♦❢ t❤❡ ❢♦r♠ ξ+ γx,rOK ✳ ✭❚❤❡ ❜❛❧❧ Ux,r ✐s ✐♥❞❡❡❞ ❛
✉♥✐♦♥ ♦❢ s✉❝❤ ❜❛❧❧s Bξ ❜② ♦✉r ❝❤♦✐❝❡ ♦❢ γx,r s✐♥❝❡ t❤❡r❡ ❡①✐sts ❛ hℓi(x, ·) t❤❛t
✐s ♥♦♥✲❝♦♥st❛♥t ♠♦❞✉❧♦ (̟K) ♦♥ Ux,r✳✮ ❋✐rst❧② ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t |fℓj(x, ·)|C
✐s ❝♦♥st❛♥t ♦♥ ❡❛❝❤ s✉❝❤ Bξ✳ ❙❡❝♦♥❞❧② ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ❢♦r ❡❛❝❤ s✉❝❤ Bξ
t❤❡r❡ ✐s ❛ s✉❜✲❜❛❧❧ B′

ξ ⊂ Bξ ✇✐t❤ Vol(Bξ) = qK · Vol(B′
ξ) ❛♥❞ s✉❝❤ t❤❛t t❤❡

s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ♦❢ ✭✸✳✺✳✺✮ ❤♦❧❞s ❢♦r ❛❧❧ y ∈ B′
ξ✳ ❚❤❡s❡ t✇♦ ❢❛❝ts t♦❣❡t❤❡r

✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ✐♠♣❧② ✭✸✳✺✳✻✮ ❛♥❞
t❤✉s ✜♥✐s❤ t❤❡ ♣r♦♦❢ ❢♦r m = 1✳ ❋✐① Bξ ⊂ Ux,r ❛♥❞ ✇r✐t❡ y = ξ+ γx,ry

′ ∈ Bξ
❢♦r y′ ∈ OK ✳ ❇② ✭✸✳✺✳✷✮✱ ✭✸✳✺✳✸✮✱ ❛♥❞ ✭✸✳✺✳✹✮✱ ❢♦r ❡❛❝❤ ℓ ❛♥❞ j t❤❡r❡ ✐s ❛
❝♦♥st❛♥t cℓj ∈ C s✉❝❤ t❤❛t

fℓj(x, y) = cℓjψK(b′ℓjy
′),

✇❤❡r❡ ✇❡ ❝❛♥ t❛❦❡ b′ℓj = γx,rbx,r′,ℓ,i ❢♦r ❛♥② i ∈ Sℓj ✇❤❡r❡ r′ ✐s s✉❝❤ t❤❛t

Ux,r ⊂ U1
x,r′ ✳ ❚❤✐s s❤♦✇s t❤❛t |fℓj(x, ·)|C ✐s ❝♦♥st❛♥t ♦♥ Bξ✳ ❲❡ ♥♦✇ ♦♥❧②

❤❛✈❡ t♦ ❝♦♥str✉❝t B′
ξ✳ ❇② r❡♥✉♠❜❡r✐♥❣✱ ✇❡ ❝❛♥ s✉♣♣♦s❡ t❤❛t ♦♥ Bξ✱ |f1,1|C ✐s

♠❛①✐♠❛❧ ❛♠♦♥❣ t❤❡ |fℓj |C✱ s♦ t❤❛t t❤❡ ♠✐❞❞❧❡ ❡①♣r❡ss✐♦♥ ♦❢ ✭✸✳✺✳✺✮ ✐s ❡q✉❛❧ t♦
|f1,1|C✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t s✉✣❝❡s t♦ ❝❤♦♦s❡ B′

ξ s✉❝❤ t❤❛t |f1,1|C ≤ |f1(x, y)|C
❢♦r ❛❧❧ y ∈ B′

ξ✳ ◆♦✇ ❧❡t ψ ❜❡ t❤❡ ❛❞❞✐t✐✈❡ ❝❤❛r❛❝t❡r ♦❢ FqK s❛t✐s❢②✐♥❣ ψK(y′) =

ψ(res(y′)) ❢♦r y′ ∈ OK ✳ ❇② ✭✸✳✺✳✹✮✱ ✇❡ ❤❛✈❡ res(b′1j) 6= res(b′1j′) ❢♦r ❡❛❝❤
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j 6= j′✱ s♦ ✇❡ ❝❛♥ ❛♣♣❧② ❈♦r♦❧❧❛r② ✸✳✺✳✷ t♦

f̃ : FqK → C : ỹ 7→
∑

j

c1jψ(res(b′1j) · ỹ)

❛♥❞ ❣❡t ❛♥ ỹ0 ∈ FqK ✇✐t❤ |c1,1|C ≤ |f̃(ỹ0)|C✳ ❙❡t B′
ξ := {ξ + γx,ry

′ | y′ ∈

res−1(ỹ0)}✳ ❙✐♥❝❡ f1(x, y) = f̃(res(y′)) ❛♥❞ |f1,1|C = |c1,1|C✱ ✇❡ ❛r❡ ❞♦♥❡✳ �

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✺ ❢♦r m > 1✳ ❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ m✳ ❉❡✲
♥♦t❡ (y1, . . . , ym−1) ❜② ŷ✳ ❆♣♣❧② t❤❡ m = 1 ❝❛s❡ ✉s✐♥❣ (x, ŷ) ❛s ♣❛r❛♠❡t❡rs
❛♥❞ ym ❛s t❤❡ ♦♥❧② y✲✈❛r✐❛❜❧❡✳ ❚❤✐s ②✐❡❧❞s ✐♥ ♣❛rt✐❝✉❧❛r ❛♥ ✐♥t❡❣❡r d1 > 0✱
❛ s✉r❥❡❝t✐♦♥ ϕ1 : U → V1 ⊂ X ×Km−1 × Zt1 ✱ ❛♥❞ ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ ❡❛❝❤ fℓ
❛s ❛ s✉♠ ♦❢ t❡r♠s ♦❢ t❤❡ ❢♦r♠ G1(ϕ1(x, y))ψK(h1(x, y))✱ ✇❤❡r❡ ✇❡ ♦♠✐t t❤❡
✐♥❞✐❝❡s ℓ, i t♦ s✐♠♣❧✐❢② ♥♦t❛t✐♦♥✳

◆♦✇ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s t♦ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥s G1✱ t❤✐s
t✐♠❡ ✉s✐♥❣ ŷ ❛s t❤❡ y✲✈❛r✐❛❜❧❡s✱ ❛♥❞ t❤❡ ✈❛r✐❛❜❧❡s (x, r1) ❛s ♣❛r❛♠❡t❡rs✱ ✇❤❡r❡
r1 ✐s t❤❡ ✈❛r✐❛❜❧❡ r✉♥♥✐♥❣ ♦✈❡r Zt1 ✳ ❚❤✐s ②✐❡❧❞s ❛♥ ✐♥t❡❣❡r d2✱ ❛ s✉r❥❡❝t✐♦♥
ϕ2 : V1 → V2 ⊂ X × Zt1 × Zt2 ✱ ❛♥❞ ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ ❡❛❝❤ G1 ❛s ❛ s✉♠ ♦❢
t❡r♠s ♦❢ t❤❡ ❢♦r♠ G2(ϕ2(x, ŷ, r1))ψK(h2(x, ŷ, r1))✳

◆♦✇ ❞❡✜♥❡ ϕ ❛s ϕ2 ◦ ϕ1 ❛♥❞ d = d1 + d2✳ ❚❤❡♥ ❡❛❝❤ fℓ ✐s ❛ s✉♠ ♦❢ t❡r♠s
♦❢ t❤❡ ❢♦r♠ G2(ϕ(x, y))ψK(h1(x, y) + h2(φ1(x, y)))✱ s♦ ✶✮ ✐s s❛t✐s✜❡❞ ❛♥❞ ✷✮
❛❧s♦ ❢♦❧❧♦✇s ❡❛s✐❧②✳ �

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✸✳✷✳✷ ❛♥❞ ✸✳✷✳✸✳ ▲❡t f ❜❡ ✐♥ C exp(X ×Km) ❢♦r s♦♠❡ ❞❡✲

✜♥❛❜❧❡ s❡t X ❛♥❞ ✇r✐t❡ f ❛s
∑N

i=1Gi(ϕ(x, y))ψK(hi(x, y)) ❛s ✐♥ Pr♦♣♦s✐t✐♦♥
✸✳✷✳✺ ✇✐t❤ s = 1✱ f1 = f ✱ ❛♥❞ U = X × Km✱ s♦ t❤❛t ✐♥ ♣❛rt✐❝✉❧❛r t❤❡
hi : X ×Km → K ❛♥❞ ϕ : U → V ❛r❡ ❞❡✜♥❛❜❧❡ ❢✉♥❝t✐♦♥s✱ ❛♥❞ t❤❡ Gi(x, y)
❧✐❡ ✐♥ C exp(V )✳ ❋♦r ❡❛❝❤ i ❧❡t Hi ❜❡ t❤❡ ❢✉♥❝t✐♦♥ Gi◦ϕ✳ ❙✐♥❝❡ K✲✈❛❧✉❡❞ ❢✉♥❝✲
t✐♦♥s ❝❛♥ ♦♥❧② ❞❡♣❡♥❞ ♣✐❡❝❡✇✐s❡ tr✐✈✐❛❧❧② ♦♥ Z✲✈❛r✐❛❜❧❡s✱ ♦♥❡ ❤❛s ❛ ♥❛t✉r❛❧
✐s♦♠♦r♣❤✐s♠

C
exp(V ) ∼= C

exp(X) ⊗C (X) C (V )

♦❢ C (X)✲❛❧❣❡❜r❛s✱ ❛♥❞ t❤✉s✱ t❤❡ Hi ♠❛② ❜❡ ❛ss✉♠❡❞ t♦ ❧✐❡ ✐♥ C exp(X)⊗C (X)

C (X × Km)✳ ❚♦ ❞❡✜♥❡ t❤❡s❡ t❡♥s♦r ♣r♦❞✉❝ts ♦❢ Aq✲❛❧❣❡❜r❛s ✇❡ ✉s❡ t❤❡
♥❛t✉r❛❧ ✐♥❝❧✉s✐♦♥s C (X) ⊂ C (V )✱ C (X) ⊂ C exp(X)✱ ❛♥❞ C (X) ⊂ C (X ×
Km)✱ ✇❤✐❝❤ ❛r❡ ✐♥❝❧✉s✐♦♥s ♦❢ ❛❧❣❡❜r❛s ♦❢ C✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s✳

■t ✐s ❝❧❡❛r t❤❛t ❢♦r ❛♥② x ∈ X✱ ✐❢ x ∈ Iva(Hi, X) ❢♦r ❛❧❧ i✱ t❤❡♥ x ∈ Iva(f,X)✳
❱✐❝❡ ✈❡rs❛✱ ✐❢ f(x, ·) ✐s ✐❞❡♥t✐❝❛❧❧② ③❡r♦✱ t❤❡♥ Hi(x, ·) ✐s ③❡r♦ ♦♥ ❡❛❝❤ s❡tWx,r✱
❛♥❞ s✐♥❝❡ ✐t ✐s ❝♦♥st❛♥t ♦♥ ❡❛❝❤ s❡t Ux,r✱ Hi(x, ·) ✐s ✐❞❡♥t✐❝❛❧❧② ③❡r♦✳ ❚❤✉s ✇❡
❥✉st s❤♦✇❡❞✿

✭✸✳✺✳✼✮ Iva(f,X) =
⋂

i

Iva(Hi, X).

❆ s✐♠✐❧❛r ❛r❣✉♠❡♥t s❤♦✇s

✭✸✳✺✳✽✮ Bdd(f,X) =
⋂

i

Bdd(Hi, X) ❛♥❞ Int(f,X) =
⋂

i

Int(Hi, X),
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✇❤❡r❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ Int(f,X)✱ ✇❡ ✉s❡ t❤❡ ✐♥❡q✉❛❧✐t② ❜❡t✇❡❡♥ t❤❡ ✈♦❧✉♠❡s ♦❢
Wx,r ❛♥❞ Ux,r ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✺✳ ❇② ❈♦r♦❧❧❛r② ✸✳✹✳✼ ✇✐t❤ H(X) =
C exp(X)✱ ❛♣♣❧✐❡❞ t♦ ❡❛❝❤ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s Hi✱ ✇❡ ✜♥❞ t❤❛t ❡❛❝❤ ♦❢ t❤❡ s❡ts
Int(Hi, X)✱ Bdd(Hi, X)✱ Iva(Hi, X) ✐s ❡q✉❛❧ t♦ ❛ ③❡r♦ ❧♦❝✉s ♦❢ ❛ ❢✉♥❝t✐♦♥ ✐♥
C exp(X)✳ ❇② ❈♦r♦❧❧❛r② ✸✳✺✳✹ ❛♣♣❧✐❡❞ t♦ t❤❡ ✐♥t❡rs❡❝t✐♦♥s ❢r♦♠ ✭✸✳✺✳✼✮ ❛♥❞
✭✸✳✺✳✽✮✱ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✷ ✐s ✜♥✐s❤❡❞✳

❋✐♥❛❧❧② ❛♣♣❧② ❈♦r♦❧❧❛r② ✸✳✹✳✼ ✇✐t❤ H(X) = C exp(X) t♦ ❡❛❝❤ ♦❢ t❤❡ ❢✉♥❝✲
t✐♦♥s Hi t♦ ♦❜t❛✐♥ gi ✐♥ C exp(X × Km) s✉❝❤ t❤❛t Int(gi, X) = X ❛♥❞
Hi(x, y) = gi(x, y) ✇❤❡♥❡✈❡r x ❧✐❡s ✐♥ Int(Hi, X)✳ ◆♦✇ t❛❦❡ g =

∑
i giψK(hi)

❛s r❡q✉✐r❡❞ ❢♦r ❚❤❡♦r❡♠ ✸✳✷✳✸✳ �

❋♦r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✶ ✇❡ ✇✐❧❧ ❛♣♣❧② ❚❤❡♦r❡♠ ✽✳✻✳✶ ✭✶✮ ♦❢ ❬❄❪✱
✇❤✐❝❤ ❤❛s str✐♥❣❡♥t ✐♥t❡❣r❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s✳ ❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ s❛t✐s✲
✜❡❞ ❜② t❤❡ ❧❛st ♣❛rt ♦❢ t❤❡ st❛t❡♠❡♥t ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✸✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✶✳ ▲❡t g ❜❡ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✸✳✷✳✸✳ ❙✐♥❝❡✱ ❜② t❤❡
s❛♠❡ t❤❡♦r❡♠✱ g ✐s ❛ ✜♥✐t❡ s✉♠ ♦❢ t❡r♠s ♦❢ t❤❡ ❢♦r♠

f0ψK(f1)

✇✐t❤ f1 : X×Km → K ❞❡✜♥❛❜❧❡ ❛♥❞ f0 ∈ C (X×Km) s❛t✐s❢②✐♥❣ Int(f0, X) =
X✱ t❤❡ ❢✉♥❝t✐♦♥ g ❢❛❧❧s ✉♥❞❡r t❤❡ s❝♦♣❡ ♦❢ ❚❤❡♦r❡♠ ✽✳✻✳✶ ✭✶✮ ♦❢ ❬❄❪✱ ✇❤✐❝❤
②✐❡❧❞s t❤❡ ❞❡s✐r❡❞ ❝♦♥❝❧✉s✐♦♥✳ �

✹✳ ❚r❛♥s❢❡r ♣r✐♥❝✐♣❧❡s ❢♦r ✐♥t❡❣r❛❜✐❧✐t② ❛♥❞ ❜♦✉♥❞❡❞♥❡ss

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✉s❡ ♠♦t✐✈✐❝ ❢✉♥❝t✐♦♥s ❢r♦♠ ❬❄❪ ❛♥❞ ❬❄❪ t♦ st✉❞② ❧♦❝✐
♦❢ ✐♥t❡❣r❛❜✐❧✐t② ❛♥❞ ♦t❤❡r ❧♦❝✐✱ ✉♥✐❢♦r♠❧② ✐♥ ❛❧❧ ❧♦❝❛❧ ♥♦♥✲❛r❝❤✐♠❡❞❡❛♥ ✜❡❧❞s
✇❤♦s❡ r❡s✐❞✉❡ ✜❡❧❞s ❤❛✈❡ ❧❛r❣❡ ❝❤❛r❛❝t❡r✐st✐❝ ✭✐♥❝❧✉❞✐♥❣ Fq((t))✮✳ ❲❡ ❣✐✈❡
✉♥✐❢♦r♠ ❛♥❛❧♦❣✉❡s ♦❢ t❤❡ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✸✳ ❚❤✐s ✜♥❛❧❧② ❧❡❛❞s t♦ t❤❡ ♠❛✐♥
r❡s✉❧ts ♦❢ t❤❡ ♣❛♣❡r✿ t❤❡ tr❛♥s❢❡r ♣r✐♥❝✐♣❧❡s ❢♦r ✐♥t❡❣r❛❜✐❧✐t② ❛♥❞ ❜♦✉♥❞❡❞♥❡ss✳
❆❣❛✐♥✱ ✇❡ ✜rst ♣r♦✈❡ t❤❡ r❡s✉❧ts ✇✐t❤♦✉t ♦s❝✐❧❧❛t✐♦♥ ✉s✐♥❣ t❤❡ ❝♦♥str✉❝t✐❜❧❡
♠♦t✐✈✐❝ ❢✉♥❝t✐♦♥s ❢r♦♠ ❬❄❪✱ ❛♥❞ s✉❜s❡q✉❡♥t❧② ✐♥ ❛ s❡tt✐♥❣ ✇✐t❤ ♦s❝✐❧❧❛t✐♦♥
✉s✐♥❣ t❤❡ ♠♦t✐✈✐❝ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥s ❢r♦♠ ❬❄❪✳ ❲❡ st❛rt ❜② r❡❝❛❧❧✐♥❣ t❤❡
♥❡❝❡ss❛r② ❞❡✜♥✐t✐♦♥s✳

✹✳✶✳ ◆♦t❛t✐♦♥✳ ▲❡t O ❜❡ ❛ r✐♥❣ ♦❢ ✐♥t❡❣❡rs ♦❢ ❛ ♥✉♠❜❡r ✜❡❧❞✳ ❲❡ ✇✐❧❧
✉s❡ t❤❡ ✜rst ♦r❞❡r ❧❛♥❣✉❛❣❡ ♦❢ ❉❡♥❡❢✲P❛s ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ O[[t]]✱ ❛♥❞
❞❡♥♦t❡ ✐t ❜② LDP✳ ❇② ❞❡✜♥❛❜❧❡ ✇❡ ✇✐❧❧ ❢r♦♠ ♥♦✇ ♦♥ ♠❡❛♥ LDP✲❞❡✜♥❛❜❧❡✱
✇✐t❤♦✉t ✉s✐♥❣ ♦t❤❡r ❝♦❡✣❝✐❡♥ts t❤❛♥ t❤♦s❡ ❢r♦♠ O[[t]]✳ ❘❡❝❛❧❧ t❤❛t LDP

❤❛s t❤r❡❡ s♦rts✿ t❤❡ ✈❛❧✉❡❞ ✜❡❧❞✱ t❤❡ r❡s✐❞✉❡ ✜❡❧❞✱ ❛♥❞ t❤❡ ✈❛❧✉❡ ❣r♦✉♣✳ ❚❤❡
❧❛♥❣✉❛❣❡ LDP ❤❛s ❛s s②♠❜♦❧s t❤❡ ✉s✉❛❧ ❧♦❣✐❝❛❧ s②♠❜♦❧s✱ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ r✐♥❣s
(+,−, ·, 0, 1) ✇✐t❤ ❝♦❡✣❝✐❡♥ts ❢r♦♠ O[[t]] ❢♦r t❤❡ ✈❛❧✉❡❞ ✜❡❧❞✱ ❛♥♦t❤❡r ❝♦♣② ♦❢
t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ r✐♥❣s ❢♦r t❤❡ r❡s✐❞✉❡ ✜❡❧❞✱ t❤❡ Pr❡s❜✉r❣❡r ❧❛♥❣✉❛❣❡ (+,−,≤
, {· ≡ · mod n}n>1, 0, 1) ❢♦r t❤❡ ✈❛❧✉❡ ❣r♦✉♣✱ t❤❡ s②♠❜♦❧ ord ❢♦r t❤❡ ✈❛❧✉❛t✐♦♥
♠❛♣ ♦♥ t❤❡ ♥♦♥③❡r♦ ❡❧❡♠❡♥ts ♦❢ t❤❡ ✈❛❧✉❡❞ ✜❡❧❞✱ ❛♥❞ t❤❡ s②♠❜♦❧ ac ❢♦r ❛♥
❛♥❣✉❧❛r ❝♦♠♣♦♥❡♥t ♠❛♣✳ ❆❧❧ str✉❝t✉r❡s ❢♦r LDP t❤❛t ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛r❡
tr✐♣❧❡s (L, kL,Z) ✇✐t❤ L ❛ ❝♦♠♣❧❡t❡ ❞✐s❝r❡t❡❧② ✈❛❧✉❡❞ ✜❡❧❞✱ OL ✐ts ✈❛❧✉❛t✐♦♥
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r✐♥❣ ✇✐t❤ r❡s✐❞✉❡ ✜❡❧❞ kL✱ ❛♥❞ ✈❛❧✉❡ ❣r♦✉♣ ✐❞❡♥t✐✜❡❞ ✇✐t❤ Z✱ t♦❣❡t❤❡r ✇✐t❤
t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❤♦✇ t❤❡ s②♠❜♦❧s ♦❢ LDP ❛r❡ ✐♥t❡r♣r❡t❡❞ ✐♥ t❤✐s tr✐♣❧❡✳
❚♦ ✜① t❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ s②♠❜♦❧s ♦❢ LDP ♦♥❡ ✜①❡s ❛ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠
λO,L : O[[t]] → OL r❡s♣❡❝t✐♥❣ 1 ❛♥❞ s❡♥❞✐♥❣ t t♦ ❛ ✉♥✐❢♦r♠✐③❡r ̟ ♦❢ OL✳
■❢ ♦♥❡ ✜①❡s s✉❝❤ λO,L t❤❡♥ ❛❧❧ t❤❡ s②♠❜♦❧s ♦❢ LDP ❤❛✈❡ ❛ ✉♥✐q✉❡ ♠❡❛♥✐♥❣
✇❤❡r❡ ✇❡ r❡q✉✐r❡ t❤❛t ac : L → kL ✐s t❤❡ ✉♥✐q✉❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♠❛♣ ✇❤✐❝❤
❡①t❡♥❞s t❤❡ ♣r♦❥❡❝t✐♦♥ O×

L → k×L ❛♥❞ s❡♥❞s ̟ t♦ 1❀ ✐t ✐s ❣✐✈❡♥ ❜②

ac : L→ kL :

{
x̟− ordx mod (̟) ✐❢ x 6= 0✱

0 ✐❢ x = 0,

✭t❤❡ ♦t❤❡r s②♠❜♦❧s ❤❛✈❡ t❤❡✐r ♥❛t✉r❛❧ ♠❡❛♥✐♥❣✮✳ ◆♦t❡ t❤❛t✱ ❜② t❤❡ ❝♦♠♣❧❡t❡✲
♥❡ss ♦❢ L✱ ❛ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠ O → OL ❛♥❞ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✉♥✐❢♦r♠✐③❡r
̟ ♦❢ OL ❞❡t❡r♠✐♥❡ ❛ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠ O[[t]] → OL s❡♥❞✐♥❣ t t♦ ̟✳

▲❡t AO ❜❡ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♥♦♥✲❆r❝❤✐♠❡❞❡❛♥ ❧♦❝❛❧ ✜❡❧❞s K ♦❢ ❝❤❛r❛❝t❡r✲
✐st✐❝ ③❡r♦ ✇✐t❤ ❛ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠ O → K ❛♥❞ ❛ ✉♥✐❢♦r♠✐③❡r ̟K ♦❢ OK ✳
▲❡t BO ❜❡ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ ❧♦❝❛❧ ✜❡❧❞s K ♦❢ ♣♦s✐t✐✈❡ ❝❤❛r❛❝t❡r✐st✐❝ ✇✐t❤
❛ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠ O → K ❛♥❞ ❛ ✉♥✐❢♦r♠✐③❡r ̟K ♦❢ OK ✳ ▲❡t CO ❜❡
t❤❡ ✉♥✐♦♥ ♦❢ AO ❛♥❞ BO✳ ❋♦r ❛♥ ✐♥t❡❣❡r M > 0✱ ❞❡♥♦t❡ ❜② AO,M ✱ BO,M ✱
r❡s♣✳ CO,M t❤♦s❡ ✜❡❧❞s ✐♥ AO✱ BO✱ r❡s♣✳ CO t❤❛t ❤❛✈❡ r❡s✐❞✉❡ ❝❤❛r❛❝t❡r✐st✐❝
❧❛r❣❡r t❤❛♥ M ✳ ❋♦r K ✐♥ CO✱ ✇r✐t❡ MK ❢♦r t❤❡ ♠❛①✐♠❛❧ ✐❞❡❛❧ ♦❢ OK ✱ kK
❢♦r t❤❡ r❡s✐❞✉❡ ✜❡❧❞ ❛♥❞ qK ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ♦❢ kK ✳ ❋♦r x ∈ OK ✱
❞❡♥♦t❡ ❜② x ∈ kK t❤❡ r❡❞✉❝t✐♦♥ ♦❢ x ♠♦❞✉❧♦ (̟K)✳

❋♦rK ∈ CO✱ ✇r✐t❡DK ❢♦r t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❞❞✐t✐✈❡ ❝❤❛r❛❝t❡rs ψ : K → C×

✇❤✐❝❤ ❛r❡ tr✐✈✐❛❧ ♦♥ t❤❡ ♠❛①✐♠❛❧ ✐❞❡❛❧ MK ❛♥❞ ✇❤✐❝❤ ❝♦✐♥❝✐❞❡ ♦♥ OK ✇✐t❤
t❤❡ ❝❤❛r❛❝t❡r s❡♥❞✐♥❣ x ∈ OK t♦

exp(
2πi

p
TrkK

(x̄)),

✇❤❡r❡ TrkK
✐s t❤❡ tr❛❝❡ ♦❢ kK ♦✈❡r ✐ts ♣r✐♠❡ s✉❜✜❡❧❞ ❛♥❞ p ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝

♦❢ kK ✳ ◆♦t❡ t❤❛t t❤❡r❡ ✐s ♥♦ r❡str✐❝t✐♦♥ ✐♥ ♦♥❧② ❝♦♥s✐❞❡r✐♥❣ ❛❞❞✐t✐✈❡ ❝❤❛r❛❝t❡rs
❧②✐♥❣ ✐♥ DK ✱ s✐♥❝❡✱ ✐♥ ♦✉r s❡t✲✉♣✱ ❛❧❧ ♦t❤❡r ❛❞❞✐t✐✈❡ ❝❤❛r❛❝t❡rs ♦♥ K ❝❛♥
❛♣♣❡❛r ♥❛t✉r❛❧❧② ❜② ✉s✐♥❣ ❛ ♣❛r❛♠❡t❡r ♦✈❡r t❤❡ ✈❛❧✉❡❞ ✜❡❧❞✳

❋♦r ❛♥② K ∈ CO✱ t❤❡ ♠❡❛s✉r❡ ✇❡ ♣✉t ♦♥ Kn × kmK × Zr ✐s t❤❡ ♣r♦❞✉❝t
♠❡❛s✉r❡ ♦❢ t❤❡ ❍❛❛r ♠❡❛s✉r❡ ♦♥ Kn ♥♦r♠❛❧✐③❡❞ s♦ t❤❛t On

K ❤❛s ♠❡❛s✉r❡ 1
✇✐t❤ t❤❡ ❞✐s❝r❡t❡ ♠❡❛s✉r❡ ✭t❤❡ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡✮ ♦♥ kmK × Zr✳ ▲✐❦❡✇✐s❡✱ ✇❡
❡♥❞♦✇ Kn × kmK × Zr ✇✐t❤ t❤❡ ♣r♦❞✉❝t t♦♣♦❧♦❣② ♦❢ t❤❡ ✈❛❧✉❛t✐♦♥ t♦♣♦❧♦❣②
♦♥ Kn ✇✐t❤ t❤❡ ❞✐s❝r❡t❡ t♦♣♦❧♦❣② ♦♥ kmK × Zr✳

✹✳✷✳ ❚❤❡ ♠♦t✐✈✐❝ s❡tt✐♥❣✳ ❲❡ r❡❝❛❧❧ t❤❡ t❡r♠✐♥♦❧♦❣② ❛♥❞ ♥♦t❛t✐♦♥ ❢r♦♠
❬❄❪ ❛♥❞ ❬❄❪✳

✹✳✷✳✶✳ ❉❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥ts✳ ❋♦r ❛♥② ✜❡❧❞ k ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦✱ ✇❡
❝♦♥s✐❞❡r t❤❡ ▲❛✉r❡♥t s❡r✐❡s ✜❡❧❞ k((t)) ♦✈❡r k ✇✐t❤ t❤❡ ✉♥✐❢♦r♠✐③❡r t ❛♥❞ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❛♥❣✉❧❛r ❝♦♠♣♦♥❡♥t ♠❛♣ ❛♥❞ ❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥✳

❆♥② LDP✲❢♦r♠✉❧❛ ϕ ✐♥ m ❢r❡❡ ✈❛❧✉❡❞ ✜❡❧❞ ✈❛r✐❛❜❧❡s✱ n ❢r❡❡ r❡s✐❞✉❡ ✜❡❧❞
✈❛r✐❛❜❧❡s✱ ❛♥❞ r ❢r❡❡ ✈❛❧✉❡ ❣r♦✉♣ ✈❛r✐❛❜❧❡s✱ ❛♥❞ ❛♥② ✜❡❧❞ k ♦❢ ❝❤❛r❛❝t❡r✐st✐❝
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③❡r♦ ✇❤✐❝❤ ❝♦♥t❛✐♥s ♦✉r ✜①❡❞ r✐♥❣ ♦❢ ✐♥t❡❣❡rs O ❛s ❛ s✉❜r✐♥❣ ❣✐✈❡s r✐s❡ t♦ ❛
s✉❜s❡t ♦❢

k((t))m×kn × Zr

❝♦♥s✐st✐♥❣ ♦❢ t❤❡ ♣♦✐♥ts s❛t✐s❢②✐♥❣ ϕ✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ s②♠❜♦❧✐❝❛❧❧② ❛s
❢♦❧❧♦✇s✿

{(x, y, z) ∈ k((t))m×kn × Zr | ϕ(x, y, z)};

t❤✐s s✉❜s❡t ✐s ❞❡♥♦t❡❞ ❜② ϕk((t))✳
❇② ❛ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t ✇❡ ♠❡❛♥ t❤❡ ♠❛♣ X ✇❤✐❝❤ s❡♥❞s k t♦

X(k) := ϕk((t)) ❢♦r s♦♠❡ LDP✲❢♦r♠✉❧❛ ϕ✱ ✇❤❡r❡ k r✉♥s ♦✈❡r ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦
✜❡❧❞s ✇❤✐❝❤ ❝♦♥t❛✐♥ O ❛s ❛ s✉❜r✐♥❣✳ ❉❡♥♦t❡ ❜② h t❤❡ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥✲
♠❡♥t ✇❤✐❝❤ s❡♥❞s k t♦ t❤❡ s✐♥❣❧❡t♦♥ {0}✱ ❛❧s♦ ✇r✐tt❡♥ ❛s k((t))0×k0×Z0✳ ✭❋♦r
r❡❛❞❡rs ❢❛♠✐❧✐❛r ✇✐t❤ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ♠♦❞❡❧ t❤❡♦r②✱ ♥♦t❡ t❤❛t t✇♦ ❢♦r♠✉❧❛s ϕ
❛♥❞ ϕ′ ②✐❡❧❞ t❤❡ s❛♠❡ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t ✐✛ t❤❡② ❛r❡ ❡q✉✐✈❛❧❡♥t ♠♦❞✉❧♦
t❤❡ t❤❡♦r② ♦❢ ❍❡♥s❡❧✐❛♥ ✈❛❧✉❡❞ ✜❡❧❞s ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ (0, 0) ✇✐t❤ ✈❛❧✉❡ ❣r♦✉♣
❡❧❡♠❡♥t❛r② ❡q✉✐✈❛❧❡♥t t♦ Z ❛♥❞ ✇❤♦s❡ r❡s✐❞✉❡ ✜❡❧❞s ❝♦♥t❛✐♥ O ❛s ❛ s✉❜r✐♥❣✳✮

❋♦r ❛♥② ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t X✱ ❛♥❞ ❢♦r ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs m,n, r✱
✇r✐t❡ X[m,n, r] ❢♦r t❤❡ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t s❡♥❞✐♥❣ k t♦

X(k) × k((t))m×kn × Zr.

❋♦r ❡①❛♠♣❧❡✱ h[m,n, r] s❡♥❞s k t♦ k((t))m×kn×Zr✳ ❲❡ ✇✐❧❧ ❛❧s♦ ✇r✐t❡ X×Zr

❢♦r X[0, 0, r]✳
❆ ♣♦✐♥t ♦♥ ❛ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t X ❝♦♥s✐sts ♦❢ ❛ ♣❛✐r (x, k) ✇✐t❤ k

❛ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦ ✜❡❧❞ ❤❛✈✐♥❣ O ❛s ❛ s✉❜r✐♥❣ ❛♥❞ ✇✐t❤ x ❛♥ ❡❧❡♠❡♥t ♦❢
X(k)✳ ❲❡ ✇r✐t❡ |X| ❢♦r t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ ♣♦✐♥ts t❤❛t ❧✐❡ ♦♥ X✳ ✭❲❡ ❧❡❛✈❡
✐t t♦ t❤❡ r❡❛❞❡r t♦ ❝❤♦♦s❡ ✇❤❡t❤❡r t♦ ❝♦♥s✐❞❡r |X| ❛s ❛♥ ❛❝t✉❛❧ ❝❧❛ss ♦r t♦
✇♦r❦ ✐♥ ❛ ✜①❡❞ ❧❛r❣❡ ✉♥✐✈❡rs❡✳✮

❚❤❡ ✉s✉❛❧ s❡t✲t❤❡♦r❡t✐❝ ♦♣❡r❛t✐♦♥s ♠❛❦❡ s❡♥s❡ ❢♦r ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥✲
♠❡♥ts✳ ■❢ X(k) ⊂ Y (k) ❢♦r ❡❛❝❤ k✱ t❤❡♥ ✇❡ ❛❧s♦ ❝❛❧❧ X ❛ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥✲
♠❡♥t ♦❢ Y ✳

❇② ❛ ❞❡✜♥❛❜❧❡ ♠♦r♣❤✐s♠ f : X → Y ❜❡t✇❡❡♥ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥ts
X ❛♥❞ Y ✇❡ ♠❡❛♥ ❛ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t G ⊂ X × Y s✉❝❤ t❤❛t G(k)
✐s t❤❡ ❣r❛♣❤ ♦❢ ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ X(k) t♦ Y (k) ❢♦r ❡❛❝❤ k ❛♥❞ ✇❡ ❝❛❧❧ G t❤❡
❣r❛♣❤ ♦❢ f ✳ ❲❡ ✇r✐t❡ fk ❢♦r t❤❡ ❢✉♥❝t✐♦♥ ❢r♦♠ X(k) t♦ Y (k) ✇✐t❤ t❤❡ ❣r❛♣❤
G(k)✳

❲r✐t❡ Def ❢♦r t❤❡ ❝❛t❡❣♦r② ♦❢ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥ts ✇✐t❤ ❞❡✜♥❛❜❧❡
♠♦r♣❤✐s♠s ❛s ♠♦r♣❤✐s♠s✳

✹✳✷✳✷✳ ❉❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥ts ❛♥❞ ❧♦❝❛❧ ✜❡❧❞s✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t ❜❡❤✐♥❞
❛ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t X ❧✐❡s ❛♥ LDP✲❢♦r♠✉❧❛ ϕ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ s❡ts
X(k)✳ ❈❧❡❛r❧② s✉❝❤ ❛ ❢♦r♠✉❧❛ ϕ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ X ✐s ♥♦t ✉♥✐q✉❡✳ ❍♦✇❡✈❡r✱
✐❢ ✇❡ ✜① s✉❝❤ ❛ ϕ ❢♦r ❛ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t X ♦❢ h[m,n, r]✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧
✜①✐♥❣ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢X✱ t❤❡♥ ❢♦r ❡❛❝❤K ∈ CO✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ s✉❜s❡t
ϕK ♦❢ Km × knK × Zr ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ ♣♦✐♥ts s❛t✐s❢②✐♥❣ ϕ✳ ■♥❞❡❡❞✱ ❛❧❧ t❤❡
s②♠❜♦❧s ♦❢ LDP ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ✐♥ t❤❡ t❤r❡❡ s♦rtsK, kK ,Z✱ ✇❤❡r❡ ❡❧❡♠❡♥ts
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♦❢ O[[t]] ❛r❡ ✐♥t❡r♣r❡t❡❞ ✐♥ K ✈✐❛ t❤❡ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠ O[[t]] → K ❝♦♠✐♥❣
❢r♦♠ t❤❡ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠ O → K ❛♥❞ s❡♥❞✐♥❣ t t♦ t❤❡ ✉♥✐❢♦r♠✐③❡r ̟K ✳

❋♦r ❛❧❧ ♠♦t✐✈✐❝ ♦❜❥❡❝ts ✐♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✇✐❧❧ ♠❛❦❡ ❛ ❧✐♥❦ ✇✐t❤ ♦❜❥❡❝ts
✭✉s✉❛❧❧② s❡ts ❛♥❞ ❢✉♥❝t✐♦♥s✮ ♦♥ ❧♦❝❛❧ ✜❡❧❞s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❣✐✈❡♥ ❛ ❞❡✜♥❛❜❧❡
s✉❜❛ss✐❣♥♠❡♥t X✱ ✇❡ ✇✐❧❧ ♦❢t❡♥ ✐♠♣❧✐❝✐t❧② ✜① ❛ r❡♣r❡s❡♥t❛t✐✈❡ ϕ ❛♥❞ ✇r✐t❡
XK ✐♥st❡❛❞ ♦❢ ϕK ❢♦r K ✐♥ CO,M ✇✐t❤ s✉✣❝✐❡♥t❧② ❧❛r❣❡ M ✳ ❆❧t❤♦✉❣❤ XK

❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ϕ✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❤❡♥♦♠❡♥♦♥✿

❋♦r ❛♥② t✇♦ r❡♣r❡s❡♥t❛t✐✈❡s ϕ ❛♥❞ ϕ′ ♦❢ ❛ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥✲
♠❡♥t X✱ t❤❡r❡ ❡①✐sts M > 0 s✉❝❤ t❤❛t ϕK = ϕ′

K ❢♦r ❛❧❧ K ✐♥
CO,M ✳

❘❡♠❛r❦ ✹✳✷✳✸✳ ❚❤❡ ♦♣❡r❛t✐♦♥ ♦❢ t❛❦✐♥❣ r❡♣r❡s❡♥t❛t✐✈❡s ✐♥ t❤✐s ❝♦♥t❡①t ✐s
s✐♠✐❧❛r t♦ t❤❡ ♥♦t✐♦♥ ♦❢ t❛❦✐♥❣ ❛ ♠♦❞❡❧ ♦✈❡r Z ♦❢ ❛ ✈❛r✐❡t② ❞❡✜♥❡❞ ♦✈❡r Q

✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛❧❣❡❜r❛✐❝ ❣❡♦♠❡tr②✱ ❛s ♦♥❡ t②♣✐❝❛❧❧② ❞♦❡s ❢♦r ❝♦✉♥t✐♥❣ t❤❡
♥✉♠❜❡r ♦❢ Fq✲r❛t✐♦♥❛❧ ♣♦✐♥ts✳

❙✐♠✐❧❛r❧②✱ ❛♥② ❞❡✜♥❛❜❧❡ ♠♦r♣❤✐s♠ f : X → Y ❜❡t✇❡❡♥ ❞❡✜♥❛❜❧❡ s✉❜✲
❛ss✐❣♥♠❡♥ts ❣✐✈❡s r✐s❡✱ ✉♣ t♦ ✜①✐♥❣ ❛ ❢♦r♠✉❧❛ γ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❣r❛♣❤
♦❢ f ✱ t♦ ❛ ❢✉♥❝t✐♦♥

fK : XK → YK ,

✇❤♦s❡ ❣r❛♣❤ ✐s γK ❢♦r ❛♥② K ✐♥ CO,M ✇✐t❤ M s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ✭■❢ t❤❡
❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ r❡s✐❞✉❡ ✜❡❧❞ ♦❢ K ✐s s♠❛❧❧✱ t❤❡♥ γK ♠✐❣❤t ♥♦t ❞❡✜♥❡ t❤❡
❣r❛♣❤ ♦❢ ❛ ❢✉♥❝t✐♦♥ ❛♥❞ ♦♥❡ ♠❛② ❞❡✜♥❡ fK ❛s ❜❡✐♥❣ t❤❡ ③❡r♦ ❢✉♥❝t✐♦♥ ✐♥ t❤✐s
❝❛s❡✱ ❜② ❝♦♥✈❡♥t✐♦♥✳✮

✹✳✷✳✹✳ ❈♦♥str✉❝t✐❜❧❡ ♠♦t✐✈✐❝ ❢✉♥❝t✐♦♥s✳ ❘❡❝❛❧❧ t❤❛t h[0, 0, 1] ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞
✇✐t❤ Z✱ s✐♥❝❡ h[0, 0, 1](k) = Z ❢♦r ❛❧❧ k✳ ▲❡t X ❜❡ ✐♥ Def✱ t❤❛t ✐s✱ ❧❡t X ❜❡ ❛
❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t✳ ❆ ❞❡✜♥❛❜❧❡ ♠♦r♣❤✐s♠ α : X → h[0, 0, 1] ❣✐✈❡s r✐s❡
t♦ ❛ ❢✉♥❝t✐♦♥ |X| → Z ✭❛❧s♦ ❞❡♥♦t❡❞ ❜② α✮ s❡♥❞✐♥❣ ❛ ♣♦✐♥t (x, k) ♦♥ X t♦
αk(x)✳ ▲✐❦❡✇✐s❡✱ s✉❝❤ α ❣✐✈❡s r✐s❡ t♦ t❤❡ ❢✉♥❝t✐♦♥ Lα ❢r♦♠ |X| t♦ A ✇❤✐❝❤

s❡♥❞s ❛ ♣♦✐♥t (x, k) ♦♥ X t♦ Lαk(x)✱ ❛♥❞ ✇❤❡r❡ A ✐s ❛s ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳
❋♦❧❧♦✇✐♥❣ ❬❄❪✱ ✇❡ ❞❡✜♥❡ t❤❡ r✐♥❣ P(X) ♦❢ ❝♦♥str✉❝t✐❜❧❡ Pr❡s❜✉r❣❡r ❢✉♥❝✲

t✐♦♥s ♦♥ X ❛s t❤❡ s✉❜r✐♥❣ ♦❢ t❤❡ r✐♥❣ ♦❢ ❢✉♥❝t✐♦♥s |X| → A ❣❡♥❡r❛t❡❞ ❜②

✭✶✮ ❛❧❧ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s ✐♥t♦ A✱
✭✷✮ ❛❧❧ ❢✉♥❝t✐♦♥s α : |X| → Z ✇✐t❤ α : X → h[0, 0, 1] ❛ ❞❡✜♥❛❜❧❡ ♠♦r✲

♣❤✐s♠✱
✭✸✮ ❛❧❧ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❢♦r♠ Lβ ✇✐t❤ β : X → h[0, 0, 1] ❛ ❞❡✜♥❛❜❧❡

♠♦r♣❤✐s♠✳

◆♦t❡ t❤❛t ❛❧t❤♦✉❣❤ |X| ✐s ♥♦t ❛ s❡t✱ P(X) ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ❛ s❡t s✐♥❝❡
✐t ❤❛s ♥♦t t♦♦ ♠❛♥② ❣❡♥❡r❛t♦rs✳

❋♦r Y ❛ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t ♦❢ X✱ ✇r✐t❡ 1Y ❢♦r t❤❡ ❝❤❛r❛❝t❡r✐st✐❝
❢✉♥❝t✐♦♥ ♦❢ Y ✱ s❡♥❞✐♥❣ ❛ ♣♦✐♥t (x, k) ♦♥ X t♦ 1 ✐❢ ✐t ❧✐❡s ♦♥ Y ❛♥❞ t♦ ③❡r♦
♦t❤❡r✇✐s❡✳

❉❡✜♥❡ t❤❡ ❣r♦✉♣ Q(X) ❛s t❤❡ q✉♦t✐❡♥t ♦❢ t❤❡ ❢r❡❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ ♦✈❡r
s②♠❜♦❧s [Y ] ✇✐t❤ Y ❛ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t ♦❢ X[0,m, 0] ❢♦r s♦♠❡ m ≥ 0✱
❜② t❤❡ ❢♦❧❧♦✇✐♥❣ s❝✐ss♦r r❡❧❛t✐♦♥s✳
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✭✹✳✷✳✶✮ [Y ] = [Y ′]

✐❢ t❤❡r❡ ❡①✐sts ❛ ❞❡✜♥❛❜❧❡ ✐s♦♠♦r♣❤✐s♠ Y → Y ′ ✇❤✐❝❤ ❝♦♠♠✉t❡s ✇✐t❤
t❤❡ ♣r♦❥❡❝t✐♦♥s Y → X ❛♥❞ Y ′ → X✳

✭✹✳✷✳✷✮ [Y1 ∪ Y2] + [Y1 ∩ Y2] = [Y1] + [Y2]

❢♦r Y1 ❛♥❞ Y2 ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥ts ♦❢ ❛ ❝♦♠♠♦♥ X[0,m, 0] ❢♦r
s♦♠❡ m✳

❲❡ ✇✐❧❧ st✐❧❧ ✇r✐t❡ [Y ] ❢♦r t❤❡ ❝❧❛ss ♦❢ [Y ] ✐♥ Q(X) ❢♦r Y ⊂ X[0,m, 0]✳ ◆♦t❡
t❤❛t ✐♥ ❬❄❪ ❛♥❞ ❬❄❪✱ t❤❡ ♥♦t❛t✐♦♥ K0(RDefX) ✐s ✉s❡❞ ✐♥st❡❛❞ ♦❢ Q(X)✳ ❉❡♥♦t❡
❜② P0(X) t❤❡ s✉❜r✐♥❣ ♦❢ P(X) ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥s 1Y

❢♦r ❛❧❧ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥ts Y ♦❢ X ❛♥❞ ❜② t❤❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ L✳
❯s✐♥❣ t❤❡ ❝❛♥♦♥✐❝❛❧ r✐♥❣ ♠♦r♣❤✐s♠ P0(X) → Q(X)✱ s❡♥❞✐♥❣ 1Y t♦ [Y ] ❛♥❞
L t♦ t❤❡ ❝❧❛ss ♦❢ X[0, 1, 0]✱ ✇❡ ❞❡✜♥❡ t❤❡ r✐♥❣ C (X) ❛s

P(X) ⊗P0(X) Q(X).

❊❧❡♠❡♥ts ♦❢ C (X) ❛r❡ ❝❛❧❧❡❞ ❝♦♥str✉❝t✐❜❧❡ ♠♦t✐✈✐❝ ❢✉♥❝t✐♦♥s ♦♥ X✳
▲❡t F ❜❡ ❛ ❢✉♥❝t✐♦♥ ✐♥ C (X[m, 0, 0]) ❢♦r s♦♠❡ m ≥ 0✳ ❯s✐♥❣ ♥♦t❛t✐♦♥

❢r♦♠ ❬❄❪ ❙❡❝t✐♦♥ ✶✸✳✷✱ ✇❡ s❛② t❤❛t F ✐s ♠♦t✐✈✐❝❛❧❧② X✲✐♥t❡❣r❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧②
✐❢ ✐ts ❝❧❛ss ✐♥ Cm(X[m, 0, 0] → X) ❧✐❡s ✐♥ IXC(X[m, 0, 0] → X)✱ ✇❤❡r❡
X[m, 0, 0] → X ✐s t❤❡ ♣r♦❥❡❝t✐♦♥✳ ❲❡ ❞♦ ♥♦t ♥❡❡❞ t❤❡ ♥♦t✐♦♥ ♦❢ ♠♦t✐✈✐❝ ✐♥t❡✲
❣r❛❜✐❧✐t② ❢♦r t❤❡ tr❛♥s❢❡r ♣r✐♥❝✐♣❧❡s✱ ❛♥❞ ✇❡ r❡❢❡r t♦ ❬❄❪ ❢♦r ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ❞❡❢✲
✐♥✐t✐♦♥✳ ▲❡t ✉s ❥✉st ❣✐✈❡ ❛♥ ✐♥t✉✐t✐✈❡ ❡①♣❧❛♥❛t✐♦♥ ♦❢ ♠♦t✐✈✐❝ X✲✐♥t❡❣r❛❜✐❧✐t②✳
❚❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r F t♦ ❜❡ ♠♦t✐✈✐❝❛❧❧② X✲✐♥t❡❣r❛❜❧❡ ✐s ❛ str♦♥❣ ✉♥✐❢♦r♠ ❢♦r♠
♦❢ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t ❢♦r ❛❧❧ K ✐♥ CO,M ✇✐t❤ M s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ FK(x, ·) ✐s
✐♥t❡❣r❛❜❧❡ ♦✈❡r Km ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❍❛❛r ♠❡❛s✉r❡✱ ❢♦r ❡❛❝❤ x ∈ XK ✳ ❚❤✐s
♠♦t✐✈✐❝ ❝♦♥❞✐t✐♦♥ ✐s ❞❡✜♥❡❞✱ ✈✐❛ ❝❡❧❧ ❞❡❝♦♠♣♦s✐t✐♦♥ t❡❝❤♥✐q✉❡s✱ ✐♥ t❡r♠s ♦❢
X✲✐♥t❡❣r❛❜✐❧✐t② ♦❢ ❢✉♥❝t✐♦♥s G ✐♥ P(X × Zm)✱ ❛♥❞ r❡❞✉❝❡s t♦ s✉♠♠❛❜✐❧✐t②
♦✈❡r Zm✱ ❛s ❢♦❧❧♦✇s✳ ❆ ❢✉♥❝t✐♦♥ G ✐♥ P(X ×Zm) ✐s ❝♦♥s✐❞❡r❡❞ X✲✐♥t❡❣r❛❜❧❡
✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❡❛❝❤ (x, k) ∈ |X|✱ t❤❡ ❢❛♠✐❧②

(Gk(x, z)(q))z∈Zm

✐s s✉♠♠❛❜❧❡ ✭✐♥ t❤❡ ✉s✉❛❧ s❡♥s❡✮ ❢♦r ❡❛❝❤ r❡❛❧ q > 1✱ ✇❤❡r❡ ✇❡ ✉s❡ ❡✈❛❧✉❛t✐♦♥
❛t L = q ❛s ✐♥ ✭✷✳✷✳✶✮✳ ■♥ ❢❛❝t✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ g ❛s ✐♥ ✭❄❄✮ ♦❢ ❚❤❡♦r❡♠
✹✳✸✳✸ ❣✐✈❡s ❛ ♣r❡❝✐s❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ✐♥t❡❣r❛❜✐❧✐t② ♦✈❡r ❧♦❝❛❧ ✜❡❧❞s ✇✐t❤ ❧❛r❣❡
r❡s✐❞✉❡ ✜❡❧❞ ❝❤❛r❛❝t❡r✐st✐❝ ❛♥❞ ♠♦t✐✈✐❝ ✐♥t❡❣r❛❜✐❧✐t②✳

✹✳✷✳✺✳ ❈♦♥str✉❝t✐❜❧❡ ♠♦t✐✈✐❝ ❢✉♥❝t✐♦♥s ❛♥❞ ❧♦❝❛❧ ✜❡❧❞s✳ ❊❛❝❤ f ✐♥ P(X)✱ ✇✐t❤
X ❛ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t✱ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ✜♥✐t❡ s✉♠ ♦❢ t❡r♠s ♦❢ t❤❡

❢♦r♠ aLβ
∏ℓ
i=1 αi ✇✐t❤ a ∈ A✱ ❛♥❞ t❤❡ αi ❛♥❞ β ❞❡✜♥❛❜❧❡ ♠♦r♣❤✐s♠s ❢r♦♠ X

t♦ h[0, 0, 1] = Z✳ ▲❡t ✉s t❛❦❡ r❡♣r❡s❡♥t❛t✐✈❡s α′
i ❛♥❞ β

′ ♦❢ t❤❡ αi ❛♥❞ β✱ t❤❛t
✐s✱ t❤❡ LDP✲❢♦r♠✉❧❛s ❞❡s❝r✐❜✐♥❣ t❤❡ ❣r❛♣❤s✳ ❲❡ ❤❛✈❡ s❡❡♥ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳✷
t❤❛t✱ ❢♦r K ✐♥ CO,M ✇✐t❤ M s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ α′

iK ❛♥❞ β′K ❛r❡ t❤❡ ❣r❛♣❤s
♦❢ ❢✉♥❝t✐♦♥s ❢r♦♠ XK t♦ Z ❛♥❞ ✇❡ ❤❛✈❡ ❞❡♥♦t❡❞ t❤❡s❡ ❢✉♥❝t✐♦♥s ❜② αiK ❛♥❞
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βK ✳ ◆♦✇ ✇❡ ❡①t❡♥❞ t❤✐s ♥♦t❛t✐♦♥ t♦ ❡❧❡♠❡♥ts f ♦❢ P(X)✱ ✇❤❡r❡ ✇❡ ✇r✐t❡ fK
❢♦r t❤❡ ❢✉♥❝t✐♦♥ s❡♥❞✐♥❣ x ∈ XK t♦

∑

j

aj(qK)q
βjK(x)
K

ℓj∏

i=1

αijK(x),

✇❤❡♥❡✈❡r f ❡q✉❛❧s

∑

j

ajL
βj

ℓj∏

i=1

αij ,

✇❤❡r❡ aj ∈ A✱ aj(qK) ✐s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ aj ❛t L = qK ❛s ✐♥ ✭✷✳✷✳✶✮✱ ❛♥❞ t❤❡
αij ❛♥❞ βj ❛r❡ ❞❡✜♥❛❜❧❡ ♠♦r♣❤✐s♠s ❢r♦♠ X t♦ Z✳ ■♥ ❛ s✐♠✐❧❛r s❡♥s❡ ❛s ✐♥
❙❡❝t✐♦♥ ✹✳✷✳✷✱ t❤❡ ❢✉♥❝t✐♦♥ fK : XK → Q ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡
r❡♣r❡s❡♥t❛t✐✈❡s ❢♦r t❤❡ αij ❛♥❞ βi ✇❤❡♥❡✈❡r K ✐s ✐♥ CO,M ✇✐t❤M s✉✣❝✐❡♥t❧②
❧❛r❣❡✳

▲✐❦❡✇✐s❡✱ s✐♥❝❡ ❡❛❝❤ g ✐♥ Q(X) ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s [Y ] − [Z] ❢♦r s♦♠❡
❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥ts Y ⊂ X[0, n, 0] ❛♥❞ Z ⊂ X[0, n′, 0]✱ ❜② t❛❦✐♥❣ r❡♣✲
r❡s❡♥t❛t✐✈❡s✱ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r YK ❛♥❞ ZK ❢♦r K ✐♥ CO,M ✇✐t❤ M s✉✣❝✐❡♥t❧②
❧❛r❣❡✱ ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② gK t❤❡ ❢✉♥❝t✐♦♥ ♦♥ XK s❡♥❞✐♥❣ x ∈ XK t♦

#Yx − #Zx,

✇❤❡r❡ Yx ✐s t❤❡ ✭✜♥✐t❡✮ s❡t {r ∈ knK | (x, r) ∈ YK} ♦❢ s✐③❡ #Yx ❛♥❞ ❧✐❦❡✇✐s❡
❢♦r Zx✳

❙✐♥❝❡ ❢♦r f ∈ P0(X) ❛♥❞ f ′ ✐ts ✐♠❛❣❡ ✐♥ Q(X) ♦♥❡ ❤❛s fK = f ′K ❢♦r ❛❧❧ K
✐♥ CO,M ✇✐t❤ M s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ ♦♥❡ ❝❛♥ ❞❡✜♥❡ ❢♦r F ✐♥ C (X) ❛♥❞ ❢♦r K
✐♥ CO,M ✇✐t❤ M s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ t❤❡ ❢✉♥❝t✐♦♥ FK ❛s

FK : XK → Q : x 7→
∑

i

aiK(x)biK(x)

✇❤❡♥❡✈❡r F =
∑

i ai⊗bi ✇✐t❤ ai ∈ P(X) ❛♥❞ bi ∈ Q(X)✳ ■♥ ♦✉r ✉s✉❛❧ s❡♥s❡✱
t❤✐s ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ r❡♣r❡s❡♥t❛t✐✈❡s ✇❤❡♥ K ✐s ✐♥ CO,M ✇✐t❤
M s✉✣❝✐❡♥t❧② ❧❛r❣❡✳

✹✳✷✳✻✳ ▼♦t✐✈✐❝ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥s✳ ▲❡t X ❜❡ ✐♥ Def✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❛t❡✲
❣♦r② Qexp

X ✇❤♦s❡ ♦❜❥❡❝ts ❛r❡ t❤❡ tr✐♣❧❡s (Y, ξ, g) ✇✐t❤ Y ❛ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥✲
♠❡♥t ♦❢ X[0, n, 0] ❢♦r s♦♠❡ n ≥ 0✱ ❛♥❞ ξ : Y → h[0, 1, 0] ❛♥❞ g : Y → h[1, 0, 0]
❞❡✜♥❛❜❧❡ ♠♦r♣❤✐s♠s✳ ❆ ♠♦r♣❤✐s♠ (Y ′, ξ′, g′) → (Y, ξ, g) ✐♥ Qexp

X ✐s ❛ ❞❡✜♥✲
❛❜❧❡ ♠♦r♣❤✐s♠ h : Y ′ → Y ✇❤✐❝❤ ♠❛❦❡s ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ✇✐t❤ t❤❡
♣r♦❥❡❝t✐♦♥s t♦ X ❛♥❞ s✉❝❤ t❤❛t ξ′ = ξ ◦ h ❛♥❞ g′ = g ◦ h✳

❚♦ t❤❡ ❝❛t❡❣♦r② Qexp
X ♦♥❡ ❛ss✐❣♥s ❛ r✐♥❣ Qexp(X) ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❆s

❛♥ ❛❜❡❧✐❛♥ ❣r♦✉♣ ✐t ✐s t❤❡ q✉♦t✐❡♥t ♦❢ t❤❡ ❢r❡❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ ♦✈❡r t❤❡ s②♠❜♦❧s
[Y, ξ, g] ✇✐t❤ (Y, ξ, g) ✐♥ Qexp

X ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦✉r r❡❧❛t✐♦♥s

✭✹✳✷✳✸✮ [Y, ξ, g] = [Y ′, ξ′, g′]
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❢♦r (Y, ξ, g) ✐s♦♠♦r♣❤✐❝ t♦ (Y ′, ξ′, g′)✱

[Y ∪ Y ′, ξ, g] + [Y ∩ Y ′, ξ|Y ∩Y ′ , g|Y ∩Y ′ ]

= [Y, ξ|Y , g|Y ] + [Y ′, ξ|Y ′ , g|Y ′ ]
✭✹✳✷✳✹✮

❢♦r Y ❛♥❞ Y ′ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥ts ♦❢ s♦♠❡ ❝♦♠♠♦♥ X[0, n, 0] ❢♦r s♦♠❡
n ≥ 0 ❛♥❞ ξ✱ g ❞❡✜♥❡❞ ♦♥ Y ∪ Y ′✱

✭✹✳✷✳✺✮ [Y, ξ, g + g′] = [Y, ξ + ḡ, g′]

❢♦r g : Y → h[1, 0, 0] ❛ ❞❡✜♥❛❜❧❡ ♠♦r♣❤✐s♠ ✇✐t❤ ord(g(y)) ≥ 0 ❢♦r ❛❧❧ y ✐♥ Y
❛♥❞ ḡ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ g ♠♦❞✉❧♦ t❤❡ ♠❛①✐♠❛❧ ✐❞❡❛❧✱ ❛♥❞

✭✹✳✷✳✻✮ [Y [0, 1, 0], ξ + p, g] = 0

✇❤❡♥ p : Y [0, 1, 0] → h[0, 1, 0] ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ❛♥❞ ✇❤❡♥ g ❛♥❞ ξ ❢❛❝t♦r✐③❡
t❤r♦✉❣❤ t❤❡ ♣r♦❥❡❝t✐♦♥ Y [0, 1, 0] → Y ✳

▲❡♠♠❛ ✹✳✷✳✼ ✭❬❄❪✱ ▲❡♠♠❛ ✸✳✶✳✶✮✳ ❲❡ ♠❛② ❡♥❞♦✇ Qexp(X) ✇✐t❤ ❛ r✐♥❣
str✉❝t✉r❡ ❜② s❡tt✐♥❣

[Y, ξ, g] · [Y ′, ξ′, g′] = [Y ⊗X Y ′, ξ ◦ pY + ξ′ ◦ pY ′ , g ◦ pY + g′ ◦ pY ′ ],

✇❤❡r❡ Y ⊗X Y
′ ✐s t❤❡ ✜❜❡r ♣r♦❞✉❝t ♦❢ Y ❛♥❞ Y ′✱ pY t❤❡ ♣r♦❥❡❝t✐♦♥ t♦ Y ✱ ❛♥❞

pY ′ t❤❡ ♣r♦❥❡❝t✐♦♥ t♦ Y ′✳

❇② ▲❡♠♠❛ ✸✳✶✳✸ ♦❢ ❬❄❪ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐♥❥❡❝t✐♦♥ ♦❢ r✐♥❣s Q(X) →
Qexp(X) s❡♥❞✐♥❣ [Y ] t♦ [Y, 0, 0]✳ ❍❡♥❝❡✱ ✇❡ ♠❛② ❞❡✜♥❡ t❤❡ r✐♥❣ C exp(X)
♦❢ ♠♦t✐✈✐❝ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥s ❜②

✭✹✳✷✳✼✮ C
exp(X) := C (X) ⊗Q(X) Q

exp(X).

❘❡♠❛r❦ ✹✳✷✳✽✳ ◆♦t❡ t❤❛t ✐♥ ❬❄❪✱ Q(X) ✐s ❞❡♥♦t❡❞ ❜② K0(RDefX)✱ Qexp(X)
✐s ❞❡♥♦t❡❞ ❜② K0(RDefexp

X )✱ ❛♥❞ C exp(X) ✐s ❞❡♥♦t❡❞ ❜② C (X)exp✳

▲❡t F ❜❡ ❛ ♠♦t✐✈✐❝ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥ ✐♥ C exp(X[m, 0, 0]) ❢♦r s♦♠❡ m ≥
0✳ ❯s✐♥❣ ♥♦t❛t✐♦♥ ❢r♦♠ ❬❄❪✱ ✇❡ s❛② t❤❛t F ✐s ♠♦t✐✈✐❝❛❧❧② X✲✐♥t❡❣r❛❜❧❡ ✐❢ ❛♥❞
♦♥❧② ✐❢ ✐ts ❝❧❛ss ✐♥ Cm(X[m, 0, 0] → X)exp ❧✐❡s ✐♥ IXC(X[m, 0, 0] → X)exp✱
✇❤❡r❡ X[m, 0, 0] → X ✐s t❤❡ ♣r♦❥❡❝t✐♦♥✳ ❆❣❛✐♥ t❤❡ ♥♦t✐♦♥ ♦❢ X✲✐♥t❡❣r❛❜✐❧✐t②
❡ss❡♥t✐❛❧❧② ❜♦✐❧s ❞♦✇♥ t♦ t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ s✉♠♠❛❜✐❧✐t② ❢♦r ❝♦✉♥t❛❜❧❡ ❢❛♠✐❧✐❡s✱
s✐♠✐❧❛r❧② ❛s ❡①♣❧❛✐♥❡❞ ❛t t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✹✳✷✳✹✳ Pr♦♣❡rt② ✭✸✮ ♦❢ ❚❤❡♦r❡♠
✹✳✸✳✸ ❣✐✈❡s ❛ ♣r❡❝✐s❡ ❛♥❞ ♥❡✇ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ✐♥t❡❣r❛❜✐❧✐t② ♦✈❡r ❧♦❝❛❧ ✜❡❧❞s
✇✐t❤ ❧❛r❣❡ r❡s✐❞✉❡ ✜❡❧❞ ❝❤❛r❛❝t❡r✐st✐❝ ❛♥❞ ♠♦t✐✈✐❝ ✐♥t❡❣r❛❜✐❧✐t②✳

✹✳✷✳✾✳ ▼♦t✐✈✐❝ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥s ❛♥❞ ❧♦❝❛❧ ✜❡❧❞s✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❡①✲
♣❧❛✐♥✱ ❢♦❧❧♦✇✐♥❣ ❬❄❪✱ ❤♦✇ t♦ ✜♥❞ ❛❝t✉❛❧ ❢✉♥❝t✐♦♥s fK,ψ : XK → C ❢♦r f ∈
C exp(X)✱ K ✐♥ CO,M ✇✐t❤ M s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ ψ ∈ DK ✱ ❛♥❞ X ❛ ❞❡✜♥❛❜❧❡
s✉❜❛ss✐❣♥♠❡♥t✳ ❋♦r f ✐♥ C (X) t❤✐s ✐s ❛❧r❡❛❞② ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡ ✐♥ ❙❡❝t✐♦♥
✹✳✷✳✺✳ ❚❛❦❡ G = [Y, ξ, g] ✐♥ Qexp(X)✱ ✇✐t❤ Y ⊂ X[0, n, 0]✱ t❛❦❡ r❡♣r❡s❡♥t❛✲
t✐✈❡s ♦❢ Y ✱ ξ✱ ❛♥❞ g✱ ❛♥❞ ❧❡t K ❜❡ ✐♥ CO,M ✇✐t❤ M s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ s♦ t❤❛t
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ξK ❛♥❞ gK ❛r❡ ❢✉♥❝t✐♦♥s ❢r♦♠ YK t♦ kK ✱ r❡s♣✳ t♦ K✳ ❚❤❡♥ ✇❡ ❞❡✜♥❡ GK,ψ
❛s t❤❡ ❢✉♥❝t✐♦♥ s❡♥❞✐♥❣ x ∈ XK t♦ t❤❡ ❡①♣♦♥❡♥t✐❛❧ s✉♠

∑

r∈Yx

ψ(ξK(x, r) + gK(x, r)),

✇❤✐❝❤ ✐s ✇❡❧❧ ❞❡✜♥❡❞ s✐♥❝❡ ψ ✐s tr✐✈✐❛❧ ♦♥ MK ✱ ❛♥❞ s✐♥❝❡ ξK(x, r) ❝❛♥ ❜❡
❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ❡❧❡♠❡♥t ♦❢ OK mod MK ✳ ❋✐♥❛❧❧②✱ ❢♦r f ∈ C exp(X)✱ K ✐♥
CO,M ✇✐t❤ M s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ ❛♥❞ ψ ∈ DK ✱ ✇❡ ❞❡✜♥❡ fK,ψ ❜②

fK,ψ : XK → C : x 7→
∑

i

aiK(x)biK,ψ(x)

✇❤❡♥❡✈❡r f =
∑

i ai ⊗ bi ✇✐t❤ ai ∈ C (X) ❛♥❞ bi ∈ Qexp(X)✳
❲❡ r❡❝❛♣✐t✉❧❛t❡ ❤♦✇ fK,ψ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ r❡♣r❡s❡♥t❛t✐✈❡s

❢♦r K ✐♥ CO,M ✇✐t❤ M s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ❋♦r ❛♥② t✇♦ ❞✐✛❡r❡♥t ❝♦❧❧❡❝t✐♦♥s C1

❛♥❞ C2 ♦❢ r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ t❤❡ LDP✲❢♦r♠✉❧❛s t❤❛t ❣♦ ✐♥t♦ t❤❡ ❞❡s❝r✐♣t✐♦♥
♦❢ f ✱ t❤❡r❡ ❡①✐sts M ′ s✉❝❤ t❤❛t ❢♦r ❛❧❧ K ✐♥ CO,M ′ ❛♥❞ ❛❧❧ ψ ∈ DK ✱ ♦♥❡ ❤❛s
t❤❛t fK,ψ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ❜❡t✇❡❡♥ C1 ❛♥❞ C2✳

✹✳✸✳ ❚❤❡ ❝♦♥str✉❝t✐❜❧❡ s❡tt✐♥❣✳ ❲❡ ✜♥❞ ♠♦t✐✈✐❝ ❛♥❛❧♦❣✉❡s ♦❢ ♦✉r t❤❡✲
♠❛t✐❝ r❡s✉❧ts✱ ♥❛♠❡❧② t❤❡ ❛♥❛❧♦❣✉❡s ♦❢ t❤❡ p✲❛❞✐❝ ❚❤❡♦r❡♠s ✸✳✶✳✶✱ ✸✳✶✳✸✱ ❛♥❞
✸✳✶✳✺✳

❚❤❡♦r❡♠ ✹✳✸✳✶ ✭■♥t❡❣r❛t✐♦♥✮✳ ▲❡t f ❜❡ ✐♥ C (X[m, 0, 0]) ❢♦r s♦♠❡ m ≥ 0
❛♥❞ s♦♠❡ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t X✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts g ✐♥ C (X) s✉❝❤ t❤❛t
❢♦r ❛❧❧ K ✐♥ CO ✇✐t❤ ❧❛r❣❡ ❡♥♦✉❣❤ r❡s✐❞✉❡ ✜❡❧❞ ❝❤❛r❛❝t❡r✐st✐❝✱

gK(x) =

∫

y∈Km

fK(x, y),

✇❤❡♥❡✈❡r x ∈ Int(fK , XK)✳

❚❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤❡ ❛❜♦✈❡ t❤❡♦r❡♠ ✇❤❡♥ f ✐s ♠♦t✐✈✐❝❛❧❧② X✲✐♥t❡❣r❛❜❧❡
❢♦❧❧♦✇s ❢r♦♠ ❬❄❪ ❛♥❞ ❬❄❪✳

❚❤❡♦r❡♠ ✹✳✸✳✷ ✭❈♦rr❡s♣♦♥❞❡♥❝❡s ♦❢ ❧♦❝✐✮✳ ▲❡t f ❜❡ ✐♥ C (X[m, 0, 0]) ❢♦r
s♦♠❡ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t X ❛♥❞ s♦♠❡m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts h1, h2, h3 ∈
C (X) s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ K ✐♥ CO ✇✐t❤ ❧❛r❣❡ ❡♥♦✉❣❤ r❡s✐❞✉❡ ✜❡❧❞ ❝❤❛r❛❝t❡r✲
✐st✐❝✱ t❤❡ ③❡r♦ ❧♦❝✉s ♦❢ hiK ✐♥ XK ❡q✉❛❧s Int(fK , XK)✱ r❡s♣✳ Bdd(fK , XK)
r❡s♣✳ Iva(fK , XK)✱ ✇❤❡♥ i ✐s 1✱ 2✱ ♦r 3✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡♦r❡♠ ✹✳✸✳✸ ✭■♥t❡r♣♦❧❛t✐♦♥✮✳ ▲❡t f ❜❡ ✐♥ C (X[m, 0, 0]) ❢♦r s♦♠❡ m ≥ 0
❛♥❞ s♦♠❡ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t X✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts g ✐♥ C (X[m, 0, 0])
s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞ ❢♦r K ✐♥ CO ✇✐t❤ ❧❛r❣❡ ❡♥♦✉❣❤ r❡s✐❞✉❡ ✜❡❧❞
❝❤❛r❛❝t❡r✐st✐❝✳

✭✶✮ fK(x, y) = gK(x, y) ✇❤❡♥❡✈❡r x ∈ Int(fK , XK)✱ ❛♥❞ ❢♦r ❛❧❧ y ∈ Km✱
✭✷✮ Int(gK , XK) = XK ✱
✭✸✮ g ✐s ♠♦t✐✈✐❝❛❧❧② X✲✐♥t❡❣r❛❜❧❡✳
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✹✳✹✳ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧ s❡tt✐♥❣ ❛♥❞ tr❛♥s❢❡r ♣r✐♥❝✐♣❧❡s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
t✇♦ t❤❡♦r❡♠s ❝♦♥st✐t✉t❡ t❤❡ ♥❡✇ ❣❡♥❡r❛❧ tr❛♥s❢❡r ♣r✐♥❝✐♣❧❡s ♦❢ t❤✐s ♣❛♣❡r✱ ❢♦r
✐♥t❡❣r❛❜✐❧✐t②✱ ❧♦❝❛❧ ✐♥t❡❣r❛❜✐❧✐t②✱ ❜♦✉♥❞❡❞♥❡ss✱ ❛♥❞ ❧♦❝❛❧ ❜♦✉♥❞❡❞♥❡ss✳

❚❤❡♦r❡♠ ✹✳✹✳✶ ✭❚r❛♥s❢❡r ♣r✐♥❝✐♣❧❡ ❢♦r ✐♥t❡❣r❛❜✐❧✐t②✮✳ ▲❡t f ❜❡ ✐♥ C exp(X[m, 0, 0])
❢♦r s♦♠❡ m ≥ 0 ❛♥❞ s♦♠❡ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t X✳ ❚❤❡♥✱ ❢♦r ❛❧❧ K ∈
CO,M ❢♦r s♦♠❡ ❧❛r❣❡ M ✱ t❤❡ tr✉t❤ ♦❢ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❞❡♣❡♥❞s
♦♥❧② ♦♥ ✭t❤❡ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss ♦❢✮ t❤❡ r❡s✐❞✉❡ ✜❡❧❞ ♦❢ K✳

✭✶✮ ❋♦r ❛❧❧ x ∈ XK ❛♥❞ ❢♦r ❛❧❧ ψ ∈ DK ✱ t❤❡ ❢✉♥❝t✐♦♥ fK,ψ(x, ·) ✐s ✐♥t❡✲
❣r❛❜❧❡ ♦✈❡r Km✱ t❤❛t ✐s✱ Int(XK , fK,ψ) = XK ❢♦r ❛❧❧ ψ ∈ DK ✳

✭✷✮ ❋♦r ❛❧❧ x ∈ XK ❛♥❞ ❢♦r ❛❧❧ ψ ∈ DK ✱ t❤❡ ❢✉♥❝t✐♦♥ fK,ψ(x, ·) ✐s ❧♦❝❛❧❧②
✐♥t❡❣r❛❜❧❡ ♦♥ Km✳

❚❤❡♦r❡♠ ✹✳✹✳✷ ✭❚r❛♥s❢❡r ♣r✐♥❝✐♣❧❡ ❢♦r ❜♦✉♥❞❡❞♥❡ss✮✳ ▲❡t f ❜❡ ✐♥ C exp(X[m, 0, 0])
❢♦r s♦♠❡ m ≥ 0 ❛♥❞ s♦♠❡ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t X✳ ❚❤❡♥✱ ❢♦r ❛❧❧ K ∈
CO,M ❢♦r s♦♠❡ ❧❛r❣❡ M ✱ t❤❡ tr✉t❤ ♦❢ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❞❡♣❡♥❞s
♦♥❧② ♦♥ ✭t❤❡ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss ♦❢✮ t❤❡ r❡s✐❞✉❡ ✜❡❧❞ ♦❢ K✳

✭✶✮ ❋♦r ❛❧❧ x ∈ XK ❛♥❞ ❢♦r ❛❧❧ ψ ∈ DK ✱ t❤❡ ❢✉♥❝t✐♦♥ fK,ψ(x, ·) ✐s ❜♦✉♥❞❡❞
♦♥ Km✳

✭✷✮ ❋♦r ❛❧❧ x ∈ XK ❛♥❞ ❢♦r ❛❧❧ ψ ∈ DK ✱ t❤❡ ❢✉♥❝t✐♦♥ fK,ψ(x, ·) ✐s ❧♦❝❛❧❧②
❜♦✉♥❞❡❞ ♦♥ Km✳

❚❤❡ tr❛♥s❢❡r ♣r✐♥❝✐♣❧❡s ✇✐❧❧ ❢♦❧❧♦✇ ❢r♦♠ ♠♦t✐✈✐❝ ❛♥❛❧♦❣✉❡s ♦❢ ♦✉r t❤❡♠❛t✐❝
r❡s✉❧ts✱ ✇❤✐❝❤ ✇❡ ♥♦✇ st❛t❡ ✐♥ ♦✉r ✜♥❛❧✱ ❡①♣♦♥❡♥t✐❛❧ s❡tt✐♥❣✳

❚❤❡♦r❡♠ ✹✳✹✳✸ ✭■♥t❡❣r❛t✐♦♥✮✳ ▲❡t f ❜❡ ✐♥ C exp(X[m, 0, 0]) ❢♦r s♦♠❡ m ≥
0 ❛♥❞ s♦♠❡ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t X✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts g ✐♥ C exp(X)
s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s ❢♦r ❛❧❧ K ✐♥ CO ✇✐t❤ ❧❛r❣❡ ❡♥♦✉❣❤ r❡s✐❞✉❡ ✜❡❧❞
❝❤❛r❛❝t❡r✐st✐❝✱ ❛♥❞ ❢♦r ❛❧❧ ψ ∈ DK ✱

gK,ψ(x) =

∫

y∈Km

fK,ψ(x, y),

✇❤❡♥❡✈❡r x ∈ Int(fK,ψ, XK)✳

❚❤❡♦r❡♠ ✹✳✹✳✹ ✭❈♦rr❡s♣♦♥❞❡♥❝❡s ♦❢ ❧♦❝✐✮✳ ▲❡t f ❜❡ ✐♥ C exp(X[m, 0, 0])
❢♦r s♦♠❡ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t X ❛♥❞ s♦♠❡ m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐st
h1, h2, h3 ∈ C exp(X) s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ K ✐♥ CO ✇✐t❤ ❧❛r❣❡ ❡♥♦✉❣❤ r❡s✐❞✉❡
✜❡❧❞ ❝❤❛r❛❝t❡r✐st✐❝ ❛♥❞ ❢♦r ❡❛❝❤ ψ ∈ DK ✱ t❤❡ ③❡r♦ ❧♦❝✉s ♦❢ hiK,ψ ✐♥ XK ❡q✉❛❧s
r❡s♣❡❝t✐✈❡❧② Int(XK , fK,ψ), Bdd(XK , fK,ψ), ❛♥❞ Iva(XK , fK,ψ), ❢♦r i = 1✱ 2✱
♦r 3 r❡s♣❡❝t✐✈❡❧②✳

❚❤❡♦r❡♠ ✹✳✹✳✹ ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ❜② t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ❢♦r
❈♦r♦❧❧❛r② ✸✳✷✳✹✳ ❚❤❡ ❛♥❛❧♦❣✉❡ ♦❢ ❈♦r♦❧❧❛r② ✸✳✶✳✹ ✭✐✳❡✳✱ t❤❡ st❛t❡♠❡♥t ✇✐t❤♦✉t
t❤❡ ❡①♣♦♥❡♥t✐❛❧s✮ ✐♥ t❤❡ ♠♦t✐✈✐❝ ❝♦♥t❡①t ❤♦❧❞s s✐♠✐❧❛r❧② ❜✉t ✐s ❧❡❢t t♦ t❤❡
r❡❛❞❡r✳

❈♦r♦❧❧❛r② ✹✳✹✳✺✳ ▲❡t f ❜❡ ✐♥ C exp(X[m, 0, 0]) ❢♦r s♦♠❡ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥✲
♠❡♥t X ❛♥❞ s♦♠❡ m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❢✉♥❝t✐♦♥s h1 ❛♥❞ h2 ✐♥ C exp(X)
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s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ K ✐♥ CO ✇✐t❤ ❧❛r❣❡ ❡♥♦✉❣❤ r❡s✐❞✉❡ ✜❡❧❞ ❝❤❛r❛❝t❡r✐st✐❝ ❛♥❞
❢♦r ❡❛❝❤ ψ ∈ DK ✱ t❤❡ ③❡r♦ ❧♦❝✉s ♦❢ h1K,ψ ✐♥ XK ❡q✉❛❧s

{x ∈ XK | fK,ψ(x, ·) ✐s ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ♦♥ Km},

❛♥❞ t❤❡ ③❡r♦ ❧♦❝✉s ♦❢ h2K,ψ ✐♥ XK ❡q✉❛❧s

{x ∈ XK | fK,ψ(x, ·) ✐s ❧♦❝❛❧❧② ❜♦✉♥❞❡❞ ♦♥ Km}.

❚❤❡♦r❡♠ ✹✳✹✳✻ ✭■♥t❡r♣♦❧❛t✐♦♥✮✳ ▲❡t f ❜❡ ✐♥ C exp(X[m, 0, 0]) ❢♦r s♦♠❡ ❞❡✜♥✲
❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t X ❛♥❞ s♦♠❡m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐st g ✐♥ C exp(X[m, 0, 0])
❛♥❞ M > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ K ✐♥ CO,M ❛♥❞ ❛❧❧ ψ ∈ DK ♦♥❡ ❤❛s

✭✶✮ fK,ψ(x, y) = gK,ψ(x, y) ✇❤❡♥❡✈❡r x ❧✐❡s ✐♥ Int(XK , fK,ψ)✱
✭✷✮ Int(XK , gK,ψ) = XK ✱
✭✸✮ g ✐s ♠♦t✐✈✐❝❛❧❧② X✲✐♥t❡❣r❛❜❧❡✳

❘❡♠❛r❦ ✹✳✹✳✼✳ ❇② st❛♥❞❛r❞ t❡❝❤♥✐q✉❡s ♦❢ ♠♦t✐✈✐❝ ✐♥t❡❣r❛t✐♦♥✱ ❛❧❧ t❤❡ ❛❜♦✈❡
r❡s✉❧ts ✭✹✳✹✳✶ t♦ ✹✳✹✳✻✱ ❛♥❞ s✐♠✐❧❛r❧② ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✮ ✐♠♣❧② t❤❡ ❝♦rr❡✲
s♣♦♥❞✐♥❣ r❡s✉❧ts ✇❤❡r❡ X[m, 0, 0] ✐s r❡♣❧❛❝❡❞ ❜② ❛♥ ❛r❜✐tr❛r② s✉❜❛ss✐❣♥♠❡♥t
U ⊂ X[m, 0, 0]✳

✹✳✺✳ Pr♦♦❢s ♦❢ t❤❡ ♠♦t✐✈✐❝ r❡s✉❧ts✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ s♦♠❡ ♣r❡❧✐♠✐♥❛r✐❡s✳

❉❡✜♥✐t✐♦♥ ✹✳✺✳✶✳ ❈♦♥s✐❞❡r ❛ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t X✳ ❆ r❡s✐❞✉❛❧ ♣❛✲
r❛♠❡t❡r✐③❛t✐♦♥ ♦❢ X ✐s ❜② ❞❡✜♥✐t✐♦♥ ❛ ❞❡✜♥❛❜❧❡ ✐s♦♠♦r♣❤✐s♠ ♦✈❡r X ♦❢ t❤❡
❢♦r♠

σ : X → Xpar ⊂ X[0,m, 0]

❢♦r s♦♠❡ m ≥ 0✳ ❋♦r F : X → Y ❛ ❞❡✜♥❛❜❧❡ ♠♦r♣❤✐s♠✱ ✇r✐t❡ Fpar ❢♦r t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❞❡✜♥❛❜❧❡ ♠♦r♣❤✐s♠ F ◦ σ−1 : Xpar → Y ✳ ▲✐❦❡✇✐s❡✱ ❣✐✈❡♥ f ∈
C exp(X)✱ ✇r✐t❡ fpar ❢♦r t❤❡ ♥❛t✉r❛❧ ❝♦rr❡s♣♦♥❞✐♥❣ ❢✉♥❝t✐♦♥ ✐♥ C exp(Xpar)✱
❛♥❞ s♦ ♦♥✳

◆♦t❡ t❤❛t ♣❛r❛♠❡t❡r✐③✐♥❣ ✐s ❛ ✇❛② ♦❢ ✇♦r❦✐♥❣ ♣✐❡❝❡✇✐s❡ ✐♥ ❛ ✉♥✐❢♦r♠ ✇❛②
✭❝r❡❛t✐♥❣✱ ❢♦r ❡❛❝❤ K✱ ❛t ♠♦st #ksK ♣✐❡❝❡s ❢♦r ❛ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ σ ✇❤✐❝❤
✐♥tr♦❞✉❝❡s s ♥❡✇ r❡s✐❞✉❡ ✜❡❧❞ ✈❛r✐❛❜❧❡s✱ t❤❡ ♣✐❡❝❡s ❜❡✐♥❣ t❤❡ ✜❜❡rs ✐♥ ♦❢ t❤❡
❝♦♦r❞✐♥❛t❡ ♣r♦❥❡❝t✐♦♥ t♦ ksK✮✳ ■♥ ❬❄❪✱ ❢♦r σ : X → Xpar ❛♥❞ f ∈ C exp(X)✱ ♦♥❡
❞❡♥♦t❡s fpar ❜② (σ−1)∗(f)✱ ✇❤✐❝❤ ✐s t❤❡ ❝♦♠♣♦s✐t✐♦♥❛❧ ♣✉❧❧✲❜❛❝❦ ♦❢ f ❛❧♦♥❣

σ−1 ❛♥❞ ✇❤✐❝❤ ❜❡❝♦♠❡s t❤❡ ❛❝t✉❛❧ ❝♦♠♣♦s✐t✐♦♥ fK ◦ σ−1
K ✇❤❡♥ s♣❡❝✐❛❧✐③✐♥❣

❢♦r K ✐♥ CO,M ✳ ❯♣ t♦ r❡s✐❞✉❛❧ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ ✭✐✳❡✳✱ ✉♣ t♦ r❡♣❧❛❝✐♥❣ X ❜②
Xpar ❢♦r ❛ ✇❡❧❧✲❝❤♦s❡♥ r❡s✐❞✉❛❧ ♣❛r❛♠❡t❡r✐③❛t✐♦♥✮✱ ❛❧❧ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✸✳✸
❣♦ t❤r♦✉❣❤ ✐♥ ❛ ✉♥✐❢♦r♠ ✇❛②✱ ❛s ✇❡ ♥♦✇ ❡①♣❧❛✐♥✳

❉❡✜♥✐t✐♦♥ ✹✳✺✳✷ ✭❯♥✐❢♦r♠ ❝❡❧❧s✮✳ ❈♦♥s✐❞❡r A ⊂ Λ[1, 0, 0] ❢♦r s♦♠❡ ❞❡✜♥❛❜❧❡
s✉❜❛ss✐❣♥♠❡♥t Λ✳ ❚❤❡♥ A ✐s ❝❛❧❧❡❞ ❛ ✉♥✐❢♦r♠ 1✲❝❡❧❧✱ r❡s♣✳ ❛ ✉♥✐❢♦r♠ 0✲❝❡❧❧✱
♦✈❡r Λ ✐❢ t❤❡r❡ ❡①✐sts M > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ K ✐♥ AO,M ♦♥❡ ❤❛s t❤❛t AK
✐s ❛ p✲❛❞✐❝ 1✲❝❡❧❧✱ r❡s♣✳ ❛ p✲❛❞✐❝ 0✲❝❡❧❧✱ ♦✈❡r ΛK ✳

❚❤❡ ♥❡①t t❤❡♦r❡♠ ❢♦❧❧♦✇s ❢r♦♠ ❉❡♥❡❢✲P❛s ❝❡❧❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ❬❄❪ ❛♥❞ t❤❡
r❡s✉❧ts ♦❢ ❬❄❪✱ ❙❡❝t✐♦♥ ✻✳
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❚❤❡♦r❡♠ ✹✳✺✳✸ ✭❯♥✐❢♦r♠ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝❡❧❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ❚❤❡♦r❡♠ ✸✳✸✳✷
❛♥❞ t❤❡ ❏❛❝♦❜✐❛♥ ♣r♦♣❡rt② Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✺✮✳ ❈♦♥s✐❞❡r X ⊂ Λ[1, 0, 0] ✇✐t❤
Λ ❛♥❞ X ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥ts ❛♥❞ ❧❡t fj : X → h[0, 0, 1] ❛♥❞ F : X →
h[1, 0, 0] ❜❡ ❞❡✜♥❛❜❧❡ ♠♦r♣❤✐s♠s ❛♥❞ ❧❡t gj ❜❡ ✐♥ C (X)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts
❛ r❡s✐❞✉❛❧ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ σ : X → Xpar ⊂ X[0,m, 0] ❢♦r s♦♠❡ m ≥ 0✱
s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳ ❚❤❡r❡ ❡①✐st M > 0 ❛♥❞ ❛ ✜♥✐t❡ ♣❛rt✐t✐♦♥ ♦❢
Xpar ✐♥t♦ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥ts A s✉❝❤ t❤❛t ❢♦r ❛❧❧ K ✐♥ AO,M ✱ ♦♥❡ ❤❛s
t❤❛t t❤❡ s❡ts AK ❛♥❞ t❤❡ r❡str✐❝t✐♦♥s ♦❢ t❤❡ ❢✉♥❝t✐♦♥s fj,par,K ❛♥❞ gj,par,K ✱
r❡s♣✳ Fpar,K ✱ t♦ AK ❛r❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✸✳✸✳✷✱ r❡s♣✳ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✺✱ ✇✐t❤
Y = Λ[0,m, 0]K ✳

❋r♦♠ ♥♦✇ ♦♥ ✇❡ ✇✐❧❧ ✇♦r❦ ❛♥❞ ♣r♦✈❡ r❡s✉❧ts ❢♦r ❛❧❧ K ✐♥ CO,M ❢♦r s♦♠❡
M ✱ ✐♥st❡❛❞ ♦❢ ♦♥❧② ✐♥ AO,M ✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❛❧❧♦✇❡❞ ❜② t❤❡ ✉♥✐❢♦r♠ ♥❛t✉r❡
♦❢ t❤❡ ❛❜♦✈❡ r❡s✉❧ts ❛♥❞ ❜② t❤❡ ❝❧❛ss✐❝❛❧ ❆①✲❑♦❝❤❡♥ ♣r✐♥❝✐♣❧❡ ♦❢ ❬❄❪ ❢♦r ✜rst
♦r❞❡r st❛t❡♠❡♥ts ✐♥ t❤❡ ❧❛♥❣✉❛❣❡ LDP✳ ❚❤✐s ✈❛r✐❛♥t ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❆①✲
❑♦❝❤❡♥ ♣r✐♥❝✐♣❧❡ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ q✉❛♥t✐✜❡r ❡❧✐♠✐♥❛t✐♦♥ r❡s✉❧t ♦❢
❬❄❪❀ ✇❡ ✇✐❧❧ ✉s❡ t❤✐s ✈❛r✐❛♥t✱ ❢♦r ✜rst ♦r❞❡r st❛t❡♠❡♥ts ✐♥ t❤❡ ❧❛♥❣✉❛❣❡ LDP✱
❛s ❛♥ ✐♥❣r❡❞✐❡♥t ✐♥ ♦✉r ♣r♦♦❢s✳ ❋♦r ❛ r❡❝❡♥t ❣❡♦♠❡tr✐❝ tr❡❛t♠❡♥t ♦❢ ❝❧❛ss✐❝❛❧
❆①✲❑♦❝❤❡♥ ♣r✐♥❝✐♣❧❡s✱ s❡❡ ❬❄❪✳

❲❡ ❣✐✈❡ ✉♥✐❢♦r♠ ✈❛r✐❛♥ts ♦❢ s♦♠❡ Pr❡s❜✉r❣❡r r❡s✉❧ts✳

Pr♦♣♦s✐t✐♦♥ ✹✳✺✳✹ ✭❯♥✐❢♦r♠ ❘❡❝t✐❧✐♥❡❛r✐③❛t✐♦♥✮✳ ▲❡t Y ❛♥❞ X ⊂ Y × Zm

❜❡ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥ts✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ✜♥✐t❡❧② ♠❛♥② ❞❡✜♥❛❜❧❡ s✉❜✲
❛ss✐❣♥♠❡♥ts Ai ⊂ Y × Zm ❛♥❞ Bi ⊂ Y × Zm ❛♥❞ ❞❡✜♥❛❜❧❡ ✐s♦♠♦r♣❤✐s♠s
ρi : Ai → Bi ♦✈❡r Y s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s ❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ M ❛♥❞
❡❛❝❤ K ✐♥ CO,M ✳ ❚❤❡ s❡ts Ai,K ❛r❡ ❞✐s❥♦✐♥t ❛♥❞ t❤❡✐r ✉♥✐♦♥ ❡q✉❛❧s XK ✱ ❛♥❞
❢♦r ❡✈❡r② i✱ t❤❡ ❢✉♥❝t✐♦♥ ρi,K ✐s ❧✐♥❡❛r ♦✈❡r YK ❛♥❞ ❢♦r ❡❛❝❤ y ∈ YK ✱ t❤❡ s❡t

Bi,K,y ✐s ❛ s❡t ♦❢ t❤❡ ❢♦r♠ Λy×Nℓi ❢♦r ❛ ✜♥✐t❡ s✉❜s❡t Λy ⊂ Nm−ℓi ❞❡♣❡♥❞✐♥❣
♦♥ y✱ ✇✐t❤ ❛♥ ✐♥t❡❣❡r ℓi ≥ 0 ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ i✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❣♦❡s ❡①❛❝t❧② t❤❡ s❛♠❡ ✇❛② ❛s t❤❡ ♦♥❡ ❢♦r Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✹✱
✉s✐♥❣ t❤❡ q✉❛♥t✐✜❡r ❡❧✐♠✐♥❛t✐♦♥ r❡s✉❧t ❢♦r ✈❛❧✉❡❞ ✜❡❧❞ ✈❛r✐❛❜❧❡s ♦❢ ❬❄❪ ✐♥st❡❛❞
♦❢ t❤❡ ♦♥❡ ❢♦r ✜①❡❞ K✳ ✭❆s ❛♥ ❛❧t❡r♥❛t✐✈❡ ♣r♦♦❢ ♦♥❡ ♠❛② ❛❣❛✐♥ ❛❞❛♣t t❤❡
♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸ ♦❢ ❬❄❪✳✮ �

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✉♥✐❢♦r♠ ✈❛r✐❛♥ts ♦❢ ❈♦r♦❧❧❛r✐❡s ✸✳✹✳✺ ❛♥❞ ✸✳✹✳✻ ✇✐❧❧ ❜❡ ✉s❡❞
t♦ ♣r♦✈❡ ❚❤❡♦r❡♠s ✹✳✸✳✷ ❛♥❞ ✹✳✸✳✸✳

❈♦r♦❧❧❛r② ✹✳✺✳✺✳ ▲❡t f ❜❡ ✐♥ C (X ×Zm) ❢♦r s♦♠❡ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t
X ❛♥❞ s♦♠❡ m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐st h1, h2 ❛♥❞ h3 ✐♥ C (X) s✉❝❤ t❤❛t ❢♦r
❧❛r❣❡ ❡♥♦✉❣❤ M ❛♥❞ ❡❛❝❤ K ✐♥ CO,M

✭✹✳✺✳✶✮ Int(fK , XK) = Z(h1,K),

✭✹✳✺✳✷✮ Bdd(fK , XK) = Z(h2,K),

❛♥❞

✭✹✳✺✳✸✮ Iva(fK , XK) = Z(h3,K).
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❈♦r♦❧❧❛r② ✹✳✺✳✻✳ ▲❡t f ❜❡ ✐♥ C (X ×Zm) ❢♦r s♦♠❡ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t
X ❛♥❞ s♦♠❡ m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts g ✐♥ C (X × Zm) ✇✐t❤ Int(g,X) = X
❛♥❞ s✉❝❤ t❤❛t ❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ M ❛♥❞ ❡❛❝❤ K ✐♥ CO,M ♦♥❡ ❤❛s fK(x, y) =
gK(x, y) ✇❤❡♥❡✈❡r x ❧✐❡s ✐♥ Int(fK , XK)✳ ▼♦r❡♦✈❡r✱ ♦♥❡ ❝❛♥ t❛❦❡ g ♠♦t✐✈✐✲
❝❛❧❧② X✲✐♥t❡❣r❛❜❧❡✳

Pr♦♦❢s ♦❢ ❈♦r♦❧❧❛r✐❡s ✹✳✺✳✺ ❛♥❞ ✹✳✺✳✻✳ ❚❤❡ s❛♠❡ ♣r♦♦❢s ❛s t❤♦s❡ ♦❢ ❈♦r♦❧❧❛r✲
✐❡s ✸✳✹✳✺ ❛♥❞ ✸✳✹✳✻ ❛♣♣❧②✱ ✇❤❡r❡ ♦♥❡ ✉s❡s ❚❤❡♦r❡♠ ✹✳✺✳✹ ✐♥st❡❛❞ ♦❢ ❚❤❡♦r❡♠
✸✳✹✳✹✳ ❲❡ ✉s ❣✐✈❡ s♦♠❡ ❡①tr❛ ❞❡t❛✐❧s ❤♦✇ ♦♥❡ ❝❛♥ ❡♥s✉r❡ t❤❛t g ❝❛♥ ❜❡ t❛❦❡♥
♠♦t✐✈✐❝❛❧❧② X✲✐♥t❡❣r❛❜❧❡✳ ■❢ X ⊂ h[0, n, r] ❢♦r s♦♠❡ n ❛♥❞ s♦♠❡ r✱ t❤❡♥
t❤❡ ♣r♦♦❢s ♦❢ ❈♦r♦❧❧❛r✐❡s ✸✳✹✳✺ ❛♥❞ ✸✳✹✳✻ ❞✐r❡❝t❧② ❛❞❛♣t ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
C (h[0, n, r]) ❛♥❞ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❜❡t✇❡❡♥ t❤❡ ✈❛❧✉❡ ❣r♦✉♣ ❛♥❞ r❡s✐❞✉❡ ✜❡❧❞
✐♥ LDP✳ ✭❚❤✐s ♦rt❤♦❣♦♥❛❧✐t② ✐s t❤❡ ♣r♦♣❡rt② t❤❛t ❛♥② ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥✲
♠❡♥t ♦❢ h[0, n, r]] ❡q✉❛❧s ❛ ✜♥✐t❡ ✉♥✐♦♥ ♦❢ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝ts ♦❢ ❞❡✜♥❛❜❧❡
s✉❜s❡ts ♦❢ Zr ❛♥❞ ♦❢ h[0, n, 0] ✇❤✐❝❤ ❢♦❧❧♦✇s ❢r♦♠ q✉❛♥t✐✜❡r ❡❧✐♠✐♥❛t✐♦♥ ♦❢
✈❛❧✉❡❞ ✜❡❧❞ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❧❛♥❣✉❛❣❡ LDP✱ s❡❡ ❬❄❪✳✮ ❚❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ❢♦❧❧♦✇s
❢r♦♠ t❤❡ ♦❜s❡r✈❛t✐♦♥✱ ✇❤✐❝❤ ❛❧s♦ ❢♦❧❧♦✇s ❢r♦♠ q✉❛♥t✐✜❡r ❡❧✐♠✐♥❛t✐♦♥ ♦❢ ✈❛❧✉❡❞
✜❡❧❞ ✈❛r✐❛❜❧❡s ✐♥ LDP✱ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❞❡✜♥❛❜❧❡ ♠♦r♣❤✐s♠

∆ : X[0, 0,m] → h[0, n, r +m]

♦✈❡r Zm✱ ❛♥❞ ❛ ♠♦t✐✈✐❝ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ H ✐♥ C (h[0, n, r +m])✱ s✉❝❤
t❤❛t t❤❡ ❝♦♠♣♦s✐t✐♦♥❛❧ ♣✉❧❧✲❜❛❝❦ ∆∗(H) ✭✇✐t❤ ♥♦t❛t✐♦♥ ❢r♦♠ ❬❄❪✮ ❡q✉❛❧s f ✳
❚❤❡ ❥✉st ♦❜t❛✐♥❡❞ s♣❡❝✐❛❧ ❝❛s❡ t❤❛t X ⊂ h[0, n, r]✱ ❛♣♣❧✐❡❞ t♦ H✱ ②✐❡❧❞s ❛
♠♦t✐✈✐❝❛❧❧② h[0, n, r]✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ gH ✐♥ C (h[0, n, r+m])✳ ❚❤✐s ❛❧❧♦✇s
✉s t♦ ♣✉t g = ∆∗(gH) ❛s r❡q✉✐r❡❞ ❜② ❈♦r♦❧❧❛r② ✹✳✺✳✻✳ �

❚❤❡ ✉♥✐❢♦r♠ ❛♥❛❧♦❣✉❡ ♦❢ ▲❡♠♠❛ ✸✳✸✳✻ ❣♦❡s ❛s ❢♦❧❧♦✇s✳

▲❡♠♠❛ ✹✳✺✳✼✳ ▲❡t A0 ⊂ Y 0[1, 0, 0] ❜❡ ❛ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t✱ ❛♥❞ ❧❡t
h0 : A0 → h[1, 0, 0] ❜❡ ❛ ❞❡✜♥❛❜❧❡ ♠♦r♣❤✐s♠ ❢♦r s♦♠❡ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t
Y 0✳ ▲❡tM0 ≥ 0 ❜❡ ❣✐✈❡♥✳ ❙✉♣♣♦s❡ t❤❛t ❢♦r ❡❛❝❤ K ∈ CO,M0

✱ ❢♦r ❡❛❝❤ y ∈ Y 0
K ✱

❛♥❞ ❢♦r ❡❛❝❤ ♠❛①✐♠❛❧ ❜❛❧❧ B ❝♦♥t❛✐♥❡❞ ✐♥ A0
K,y✱ h

0
K(y, ·) ✐s ❝♦♥st❛♥t ♠♦❞✉❧♦

(̟K) ♦♥ B✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ r❡s✐❞✉❛❧ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ σ : A0 → A0
par ⊂

A0[0, s, 0] ❢♦r s♦♠❡ s ≥ 0✱ s✉❝❤ t❤❛t✱ ✐❢ ✇❡ ✇r✐t❡ A ❢♦r A0
par✱ Y ❢♦r Y 0[0, s, 0]

❛♥❞ h ❢♦r h0 ◦ σ−1✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳ ❚❤❡r❡ ❡①✐st M ≥ M0✱ ❛ ✜♥✐t❡
♣❛rt✐t✐♦♥ ♦❢ A ✐♥t♦ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥ts Aj ❛♥❞ ❞❡✜♥❛❜❧❡ ♠♦r♣❤✐s♠s
hj : Y → h[1, 0, 0] s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ K ✐♥ CO,M

|hK(y, t) − hj,K(y)| ≤ 1

❤♦❧❞s ❢♦r ❡❛❝❤ (y, t) ∈ Aj,K ❛♥❞ ❢♦r ❡❛❝❤ j✳

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✷✳✷ ♦❢ ❬❄❪✱ ♦r✱ ❛❧t❡r♥❛t✐✈❡❧②✱ ❢r♦♠ t❤❡
s❛♠❡ ♣r♦♦❢ ❛s t❤❡ ♦♥❡ ♦❢ ▲❡♠♠❛ ✸✳✸✳✻✱ ✇❤❡r❡ ❛✉t♦♠❛t✐❝❛❧❧② ❛❧❧ t❤❡ mj ❛r❡
❡q✉❛❧ t♦ 1 ❛t t❤❡ ❡♥❞ ♦❢ t❤❛t ♣r♦♦❢✳ �

❯♣ t♦ ✉s✐♥❣ ❛ r❡s✐❞✉❛❧ ♣❛r❛♠❡t❡r✐③❛t✐♦♥✱ t❤❡ ✉♥✐❢♦r♠ ✈❡rs✐♦♥ ♦❢ Pr♦♣♦s✐✲
t✐♦♥ ✸✳✷✳✺ ❛❧s♦ ❤♦❧❞s✱ ❛s ❢♦❧❧♦✇s✳
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Pr♦♣♦s✐t✐♦♥ ✹✳✺✳✽✳ ▲❡t X0 ❛♥❞ U0 ⊂ X0[m, 0, 0] ❜❡ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥✲
♠❡♥ts ❛♥❞ ❧❡t f0

1 , . . . , f
0
s ❜❡ ✐♥ C exp(U0)✳ ❚❤❡r❡ ❡①✐sts ❛ r❡s✐❞✉❛❧ ♣❛r❛♠❡t❡r✲

✐③❛t✐♦♥ σ : U0 → U0
par ⊂ U0[0, s, 0] ❢♦r s♦♠❡ s ≥ 0✱ s✉❝❤ t❤❛t✱ ✐❢ ✇❡ ✇r✐t❡

X ❢♦r X0[0, s, 0]✱ U ❢♦r U0
par ❛♥❞ fℓ ❢♦r f0

ℓ ◦ σ−1✱ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳
❚❤❡r❡ ❡①✐st ❛♥ ✐♥t❡❣❡r d ≥ 0✱ ❞❡✜♥❛❜❧❡ ♠♦r♣❤✐s♠s hℓi : U → h[1, 0, 0]✱ ❛
❞❡✜♥❛❜❧❡ s✉r❥❡❝t✐♦♥ ϕ : U → V ⊂ X[0, 0, t] ❢♦r s♦♠❡ t ≥ 0✱ ❛♥❞ ❢✉♥❝t✐♦♥s
Gℓi ✐♥ C exp(V ) s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ K ✐♥ CO ✇✐t❤ ❧❛r❣❡ ❡♥♦✉❣❤ r❡s✐❞✉❡ ✜❡❧❞
❝❤❛r❛❝t❡r✐st✐❝ ❛♥❞ ❢♦r ❡❛❝❤ ψ ✐♥ DK ✱ ❝♦♥❞✐t✐♦♥s ✶✮ ❛♥❞ ✷✮ ♦❢ Pr♦♣♦s✐t✐♦♥
✸✳✷✳✺ ❤♦❧❞ ❢♦r d✱ fℓK,ψ✱ UK ✱ VK ✱ ϕK ✱ hℓiK ✱ ❛♥❞ GℓiK,ψ✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✺ ✇♦r❦s ✉♥✐❢♦r♠❧② ✐♥ K ✐♥ AO,M ❢♦r
❧❛r❣❡ ❡♥♦✉❣❤ M ✱ ✇❤❡r❡ ♦♥❡ ✉s❡s ▲❡♠♠❛ ✹✳✺✳✼ ❛♥❞ r❡❧❛t✐♦♥ ✭✹✳✷✳✺✮ ✐♥st❡❛❞ ♦❢
▲❡♠♠❛ ✸✳✸✳✻✱ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✺✳✸ ✐♥st❡❛❞ ♦❢ ❜♦t❤ ❚❤❡♦r❡♠ ✸✳✸✳✷ ❛♥❞ Pr♦♣♦✲
s✐t✐♦♥ ✸✳✸✳✺✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ✉♥✐❢♦r♠ ♣r♦♦❢ ✐s t❤❛t ✇❡ ❤❛✈❡ t♦
✉s❡ r❡s✐❞✉❛❧ ♣❛r❛♠❡t❡r✐③❛t✐♦♥s✳ ❊❛❝❤ t✐♠❡ ✇❡ ♥❡❡❞ ❛ ♣❛r❛♠❡t❡r✐③❛t✐♦♥✱ ❢♦r
t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣r♦♦❢ ✇❡ r❡♣❧❛❝❡ ❛❧❧ ♦❜❥❡❝ts ✭s❡ts ❛♥❞ ❢✉♥❝t✐♦♥s✮ ❜② t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ♣❛r❛♠❡t❡r✐③❡❞ ♦❜❥❡❝ts✱ s✐♠✐❧❛r❧② ❛s ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡
♣r♦♣♦s✐t✐♦♥✳ ❚❤✐s ❤❛♣♣❡♥s ✇❤❡♥ ✇❡ ❛♣♣❧② ❚❤❡♦r❡♠ ✹✳✺✳✸✱ ❚❤❡♦r❡♠ ✹✳✺✳✼✱
▲❡♠♠❛ ✹✳✺✳✼✱ ♦r t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✳ �

▲❡♠♠❛ ✹✳✺✳✾✳ ▲❡t X ❜❡ ❛ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t ❛♥❞ ❧❡t f ❜❡ ✐♥ C exp(X)✳
❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ g ✐♥ C exp(X) s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ K ✐♥ CO,M ✱
❡❛❝❤ ψ ✐♥ DK ✱ ❛♥❞ ❡❛❝❤ x ∈ XK ✱ fK,ψ(x) ❛♥❞ gK,ψ(x) ❛r❡ ❝♦♥❥✉❣❛t❡ ❝♦♠♣❧❡①
♥✉♠❜❡rs✳

Pr♦♦❢✳ ❋♦r ❡❛❝❤K ✐♥ CO,M ❢♦r ❧❛r❣❡ ❡♥♦✉❣❤M t❤❡ ❢✉♥❝t✐♦♥ g ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞
❢r♦♠ f ❜② ♣✉tt✐♥❣ ❛ ♠✐♥✉s s✐❣♥ ✐♥ ❡❛❝❤ ♦❢ t❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ❛❞❞✐t✐✈❡
❝❤❛r❛❝t❡rs ✇❤✐❝❤ ♦❝❝✉r ✐♥ f ✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇r✐t❡ f ❛s ❛ ✜♥✐t❡ s✉♠ ♦❢ t❡r♠s
♦❢ t❤❡ ❢♦r♠ gi ⊗ [Yi, ξi, hi] ❢♦r gi ✐♥ C (X)✱ Yi ❛ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t ♦❢
X[0, ni, 0] ❢♦r s♦♠❡ ni ❛♥❞ ❞❡✜♥❛❜❧❡ ❢✉♥❝t✐♦♥s ξi, hi ♦♥ Yi✱ ❛♥❞ ❞❡✜♥❡ g ❛s
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉♠ ✇✐t❤ t❡r♠s gi⊗ [Yi,−ξi,−hi]✳ ❙✐♥❝❡ t❤❡ giK t❛❦❡ r❡❛❧
✈❛❧✉❡s✱ g ✐s ❛s ❞❡s✐r❡❞✳ �

❚❤❡ ❛♥❛❧♦❣✉❡ ♦❢ ❈♦r♦❧❧❛r② ✸✳✺✳✹ ❛❧s♦ ❤♦❧❞s✳

❈♦r♦❧❧❛r② ✹✳✺✳✶✵✳ ▲❡t X ❜❡ ❛ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t ❛♥❞ ❧❡t hi ❜❡ ✐♥
C exp(X) ❢♦r i = 1, . . . , N ✳ ❚❤❡♥ t❤❡r❡ ❡①✐st f ❛♥❞ g ✐♥ C exp(X) ❛♥❞ M > 0
s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ K ✐♥ CO,M ❛♥❞ ❡❛❝❤ ψ ✐♥ DK ✱

Z(fK,ψ) =
N⋂

i=1

Z(hi,K,ψ) ❛♥❞ Z(gK,ψ) =
N⋃

i=1

Z(hi,K,ψ).

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st❛t❡♠❡♥t ❢♦r hi ✐♥ C (X) ❛❧s♦ ❤♦❧❞s✱ ②✐❡❧❞✐♥❣ f, g ∈ C (X)✳

Pr♦♦❢✳ ❋♦r f ♦♥❡ ❝❛♥ t❛❦❡
∑N

i=1 hihi✱ ✇❤❡r❡ hi ✐s t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡ ♦❢ hi
❛s ❣✐✈❡♥ ❜② ▲❡♠♠❛ ✸✳✺✳✸✳ ❋♦r g ♦♥❡ s✐♠♣❧② t❛❦❡s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ hi✳ �

❚❤❡ ✜♥❛❧ ✐♥❣r❡❞✐❡♥ts ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜❛s✐❝ ❢♦r♠s ♦❢ t❤❡ ❚r❛♥s❢❡r Pr✐♥❝✐♣❧❡
❛♥❞ t❤❡ ❙♣❡❝✐❛❧✐③❛t✐♦♥ Pr✐♥❝✐♣❧❡ ♦❢ ❬❄❪✳ ❚❤❡ tr❛♥s❢❡r ♣r✐♥❝✐♣❧❡ ❡♥❛❜❧❡s ♦♥❡ t♦
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❝❤❛♥❣❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ K ❢♦r ❡q✉❛❧✐t✐❡s ❜❡t✇❡❡♥ t❤❡ s♣❡❝✐❛❧✐③❛t✐♦♥s ♦❢
❡①♣♦♥❡♥t✐❛❧ ♠♦t✐✈✐❝ ❢✉♥❝t✐♦♥s✳ ❚❤❡ s♣❡❝✐❛❧✐③❛t✐♦♥ ♣r✐♥❝✐♣❧❡ ♦❢ ❬❄❪ st❛t❡s t❤❛t
t❛❦✐♥❣ ♠♦t✐✈✐❝ ✐♥t❡❣r❛❧s ❝♦♠♠✉t❡s ✇✐t❤ t❛❦✐♥❣ s♣❡❝✐❛❧✐③❛t✐♦♥s t♦ ❧♦❝❛❧ ✜❡❧❞s
❛♥❞ t❛❦✐♥❣ t❤❡ ❝❧❛ss✐❝❛❧ ✐♥t❡❣r❛❧ ♦✈❡r t❤❡ ❧♦❝❛❧ ✜❡❧❞✳

Pr♦♣♦s✐t✐♦♥ ✹✳✺✳✶✶ ✭❬❄❪✱ Pr♦♣♦s✐t✐♦♥ ✾✳✷✳✶✮✳ ▲❡t ϕ ❜❡ ✐♥ C exp(X) ❢♦r s♦♠❡
❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t X✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r M s✉❝❤ t❤❛t ❢♦r ❛❧❧
K1,K2 ✐♥ CO,M ✇✐t❤ ✐s♦♠♦r♣❤✐❝ r❡s✐❞✉❡ ✜❡❧❞s kK1

✱ kK2
✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

ϕK1,ψK1
= 0 ❢♦r ❛❧❧ ψK1

∈ DK1

✐❢ ❛♥❞ ♦♥❧② ✐❢

ϕK2,ψK2
= 0 ❢♦r ❛❧❧ ψK2

∈ DK2
.

Pr♦♣♦s✐t✐♦♥ ✹✳✺✳✶✷ ✭❬❄❪✱ ❚❤❡♦r❡♠ ✾✳✶✳✹✮✳ ▲❡t ϕ ❜❡ ✐♥ C exp(X ⊂ Λ[m, 0, 0])
❢♦r s♦♠❡ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥ts X✱ Λ ❛♥❞ s♦♠❡ m ≥ 0✳ ❙✉♣♣♦s❡ t❤❛t ϕ
✐s ♠♦t✐✈✐❝❛❧❧② Λ✲✐♥t❡❣r❛❜❧❡✱ ♥❛♠❡❧②✱ ✇✐t❤ ♥♦t❛t✐♦♥ ❢r♦♠ ❬❄❪✱ t❤❡ ❝❧❛ss ϕ ♦❢ ϕ
✐♥ Cm(X → Λ)exp ❧✐❡s ✐♥ IC(X → Λ)exp✳ ▲❡t θ ∈ C exp(Λ) ❜❡ t❤❡ ♠♦t✐✈✐❝
✐♥t❡❣r❛❧ ♦❢ ϕ r❡❧❛t✐✈❡ t♦ t❤❡ ♣r♦❥❡❝t✐♦♥ X → Λ✱ ♥❛♠❡❧②✱ θ = µΛ(ϕ) ✇✐t❤
♥♦t❛t✐♦♥ ❢r♦♠ ✭✽✳✼✳✶✵✮ ♦❢ ❬❄❪✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r M s✉❝❤ t❤❛t ❢♦r
❛❧❧ K ✐♥ CO,M ❛♥❞ ❛❧❧ ψ ✐♥ DK t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s ❢♦r ❡❛❝❤ λ ∈ ΛK ✳ ❚❤❡
❢✉♥❝t✐♦♥ w 7→ ϕK,ψ(λ,w) ✐s ✐♥t❡❣r❛❜❧❡ ♦✈❡r XK,λ ❛❣❛✐♥st t❤❡ ❍❛❛r ♠❡❛s✉r❡
♦♥ Km✱ ❛♥❞✱

∫

w∈XK,λ

ϕK,ψ(λ,w)|dw| = θK,ψ(λ),

✇✐t❤ |dw| t❤❡ ♥♦r♠❛❧✐③❡❞ ❍❛❛r ♠❡❛s✉r❡ ♦♥ Km✳

❲✐t❤ ❛❧❧ t❤✐s ❛t ❤❛♥❞✱ ✇❡ ❛r❡ r❡❛❞② t♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢s ♦❢ ♦✉r ♠❛✐♥
r❡s✉❧ts✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✸✳✷✳ ▲❡t X ❛♥❞ f ∈ C (X[m, 0, 0]) ❜❡ ❣✐✈❡♥ ❛s ✐♥ t❤❡
t❤❡♦r❡♠✳ ❚❤❡ ♣r♦♦❢ ❣♦❡s ✐♥ t✇♦ st❡♣s✳ ❋✐rst ✇❡ s❤♦✇ t❤❛t t❤❡r❡ ✐s ❛ s✉✐t❛❜❧❡
r❡s✐❞✉❛❧ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ σ ♦❢ X[m, 0, 0] s✉❝❤ t❤❛t t❤❡ t❤❡♦r❡♠ ❤♦❧❞s ❢♦r t❤❡
❢✉♥❝t✐♦♥ fpar ✐♥ C (X[m, 0, 0]par)✱ ✇❤❡r❡✱ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✺✳✶✱ X[m, 0, 0]par
❛♥❞ fpar ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ X[m, 0, 0] ❛♥❞ f ✉s✐♥❣ σ✳ ■♥ t❤❡ s❡❝♦♥❞ st❡♣✱ ✇❡
s❤♦✇ t❤❛t t❤❡ r❡s✉❧t ❢♦rX[m, 0, 0]par ❛♥❞ fpar ✐♠♣❧✐❡s t❤❡ r❡s✉❧t ❢♦rX[m, 0, 0]
❛♥❞ f ✐ts❡❧❢✳

▲❡t ✉s ♥♦✇ tr❡❛t t❤❡ ✜rst st❡♣✳ ❲❡ ❢♦❧❧♦✇ t❤❡ st❡♣s ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠
✸✳✶✳✸✳ ❇② ❛♥ ✐♥❞✉❝t✐✈❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❈❡❧❧ ❉❡❝♦♠♣♦s✐t✐♦♥ ❚❤❡♦r❡♠ ✹✳✺✳✸✱
✇❡ ✜♥❞ ❛ r❡s✐❞✉❛❧ ♣❛r❛♠❡t❡r✐③❛t✐♦♥

σ : X[m, 0, 0] → X[m, 0, 0]par ⊂ X[m, s, 0]

♦❢ X[m, 0, 0] ❢♦r s♦♠❡ s✱ ❛ ✜♥✐t❡ ♣❛rt✐t✐♦♥ ♦❢ X[m, 0, 0]par ✐♥t♦ ❞❡✜♥❛❜❧❡
s✉❜❛ss✐❣♥♠❡♥ts Ai✱ ❛♥❞ ❛♥ M > 0✱ s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ K ∈ CO,M t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ❤♦❧❞s✱ ✇❤❡r❡ ✇❡ ✇r✐t❡ X ′ ❢♦r X[0, s, 0]✳ ❚❤❡ ♥♦♥❡♠♣t② s❡ts ❛♠♦♥❣
t❤❡ Ai,K ❛r❡ ❢✉❧❧ ❝❡❧❧s ♦✈❡r X ′

K ✇❤✐❝❤ t♦❣❡t❤❡r ❢♦r♠ ❛ ✜♥✐t❡ ♣❛rt✐t✐♦♥ ♦❢
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(X[m, 0, 0]par)K ✱ ❛♥❞✱ ❢♦r ♥♦♥❡♠♣t② Ai,K ✱ t❤❡ r❡str✐❝t✐♦♥ (fpar,K)|Ai,K
❢❛❝✲

t♦rs t❤r♦✉❣❤ t❤❡ s❦❡❧❡t♦♥ ♠❛♣ sAi,K/X
′

K
♦❢ Ai,K ♦✈❡r X ′

K ✳ ❆s ✐♥ t❤❡ ♣r♦♦❢
♦❢ ❚❤❡♦r❡♠ ✸✳✶✳✸✱ ✇❡ ✐❞❡♥t✐❢② ❡❛❝❤ s❦❡❧❡t♦♥ ✇✐t❤ ❛ ❞❡✜♥❛❜❧❡ s❡t✱ ❢♦r ❡①❛♠♣❧❡
❜② r❡♣❧❛❝✐♥❣ {+∞} ❜② ❛ ❞✐s❥♦✐♥t ❝♦♣② ♦❢ t❤❡ s✐♥❣❧❡t♦♥ {0}✳ ▲❡t ✉s ✇r✐t❡
fi,K ❢♦r t❤❡ ♠❛♣ ❢r♦♠ t❤❡ s❦❡❧❡t♦♥ S/X′

K
(Ai,K) ♦❢ Ai,K ♦✈❡r X ′

K t♦ AqK

✐♥❞✉❝❡❞ ❜② fpar,K|Ai,K
✳ ❚❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ fi,K ❧✐❡s ✐♥ PqK (S/X′

K
(Ai,K)) ❢♦r

❡❛❝❤ i✳ ❚❤❡ ❢✉♥❝t✐♦♥ M0,K s❡♥❞✐♥❣ z ∈ S/X′

K
(Ai,K) t♦ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡

✜❜❡r (sAi,K/X
′

K
)−1(z)✱ t❛❦❡♥ ✐♥s✐❞❡ Km✱ ❧✐❡s ✐♥ C (S/X′

K
(Ai,K)) ❛♥❞ ❝❧❡❛r❧②

✐s t❤❡ s♣❡❝✐❛❧✐③❛t✐♦♥ ♦❢ ❛ ♠♦t✐✈✐❝ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✐s t❤❡ ♣r♦❞✲
✉❝t ♦❢ ❛ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ ❛ ❞❡✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t ❛♥❞ ❛ ♠♦t✐✈✐❝
❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠ Lα ❢♦r s♦♠❡ ❞❡✜♥❛❜❧❡ ♠♦r♣❤✐s♠ α ✭s❡❡
❘❡♠❛r❦ ✸✳✹✳✸✮✳ ❍❡♥❝❡✱ ❛❧s♦ z 7→ fi,K(z) · M0,K(z) ❧✐❡s ✐♥ C (S/X′

K
(Ai,K))

❛♥❞ ✐s t❤❡ s♣❡❝✐❛❧✐③❛t✐♦♥ ♦❢ ❛ ♠♦t✐✈✐❝ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ f̃i✳ ❋♦r ❡❛❝❤ i✱
❧❡t X ′

i ❜❡ t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ s✉❜❛ss✐❣♥♠❡♥t Ai ✉♥❞❡r t❤❡ ♣r♦❥❡❝t✐♦♥ t♦ t❤❡
s✉❜❛ss✐❣♥♠❡♥t X ′✳ ❇② ❈♦r♦❧❧❛r② ✹✳✺✳✺✱ ✇❡ ♥♦✇ ♦❜t❛✐♥ ❢♦r ❡❛❝❤ i t❤❛t t❤❡r❡
❛r❡ hi1✱ hi2 ❛♥❞ hi3 ✐♥ C (X ′

i) s✉❝❤ t❤❛t

Int(f̃i,K , X
′
i,K) = Z(hi1,K),

Bdd(f̃i,K , X
′
i,K) = Z(hi2,K),

❛♥❞

Iva(f̃i,K , X
′
i,K) = Z(hi3,K).

❊①t❡♥❞ ❡❛❝❤ ♦❢ t❤❡ hij ❜② ③❡r♦ t♦ ❛ ❢✉♥❝t✐♦♥ h̃ij ✐♥ C (X ′)✳ ◆♦✇ ❢♦r j = 1, 2,
♦r 3✱ ❧❡t hj ❜❡ t❤❡ ❢✉♥❝t✐♦♥ ∑

i

h̃2
ij .

❚❤❡♥ t❤❡ hj ∈ C (X ′) ❢♦r j = 1, 2, 3 ❛r❡ ❛s r❡q✉✐r❡❞ ❜② t❤❡ t❤❡♦r❡♠ ❢♦r fpar
❛♥❞ X[m, 0, 0]par ✐♥st❡❛❞ ♦❢ ❢♦r f ❛♥❞ X[m, 0, 0]✳ ❚❤✐s ✜♥✐s❤❡s t❤❡ ✜rst st❡♣✳

■♥ t❤❡ s❡❝♦♥❞ ❛♥❞ ✜♥❛❧ st❡♣ ✇❡ s❤♦✇ ❤♦✇ t♦ ❣❡t r✐❞ ♦❢ t❤❡ r❡s✐❞✉❡ ✜❡❧❞
♣❛r❛♠❡t❡rs t❤❛t ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ✇✐t❤ σ✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② hj,par t❤❡ ❢✉♥❝✲
t✐♦♥s ♦❜t❛✐♥❡❞ ❢r♦♠ st❡♣ ♦♥❡✱ ✇❤✐❝❤ ❛r❡ ❛s ❞❡s✐r❡❞ ❜② t❤❡ t❤❡♦r❡♠ ❜✉t ❢♦r
fpar ❛♥❞ X[m, 0, 0]par ✐♥st❡❛❞ ♦❢ ❢♦r f ❛♥❞ X[m, 0, 0]✱ ✇✐t❤ r❡s✐❞✉❛❧ ♣❛r❛♠❡✲
t❡r✐③❛t✐♦♥ σ✳ ▲❡t ✉s ✇r✐t❡ v : X ′ = X[0, s, 0] → X ❢♦r t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥✳
❖❜s❡r✈❡ t❤❛t v ✐s ❛ ❝♦♦r❞✐♥❛t❡ ♣r♦❥❡❝t✐♦♥ ✇❤✐❝❤ ♦♥❧② ♦♠✐ts s♦♠❡ r❡s✐❞✉❡
✜❡❧❞ ✈❛r✐❛❜❧❡s✳ ◆♦✇ ✇❡ ❞❡✜♥❡ hj ❛s t❤❡ ♠♦t✐✈✐❝ ✐♥t❡❣r❛❧ ♦❢ h2

j,par r❡❧❛t✐✈❡

t♦ v : X ′ → X✱ ♥❛♠❡❧②✱ µX(h2
j,par) ✇✐t❤ ♥♦t❛t✐♦♥ ❢r♦♠ ❙❡❝t✐♦♥ ✶✹✳✷ ♦❢ ❬❄❪

✭✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ ♥♦t❛t✐♦♥ ❢r♦♠ ✭✽✳✼✳✶✵✮ ♦❢ ❬❄❪✱ ❛♥❞ ✇❤✐❝❤ ✐♥ t❤✐s ❝❛s❡
❝♦✐♥❝✐❞❡s ✇✐t❤ v!(h

2
j,par) ♦❢ ❙❡❝t✐♦♥ ✺✳✻ ♦❢ ❬❄❪✮✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✺✳✶✷✱ hj,K(x)

❢♦r x ∈ XK ❡q✉❛❧s t❤❡ s✉♠ ♦❢ t❤❡ t❡r♠s h2
j,par,K(x, ξ)✱ ✇❤❡r❡ ξ r✉♥s ♦✈❡r t❤❡

✜❜❡r v−1
K (x) ⊂ X ′

K ✱ ✇❤✐❝❤ ✐s ❛ ✜♥✐t❡ s❡t ♦❢ s✐③❡ ❛t ♠♦st qsK ✳ ❙✐♥❝❡ ❛ s✉♠
♦❢ sq✉❛r❡s ♦❢ r❡❛❧ ♥✉♠❜❡rs ✐s ♥♦♥③❡r♦ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡❛❝❤ ♦❢ t❤❡ r❡❛❧ ♥✉♠✲
❜❡rs ✐s ♥♦♥③❡r♦✱ t❤❡ hi ❛r❡ ❛s ❞❡s✐r❡❞✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠
✹✳✸✳✷✳ �
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Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✸✳✸✳ ▲❡t X ❛♥❞ f ∈ C (C[m, 0, 0]) ❜❡ ❣✐✈❡♥ ❛s ✐♥ t❤❡
t❤❡♦r❡♠✳ ❚❤❡ ♣r♦♦❢ ❣♦❡s ❛❣❛✐♥ ✐♥ t✇♦ st❡♣s✱ s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡✲
♦r❡♠ ✹✳✸✳✷✳ ❋✐rst ✇❡ s❤♦✇ t❤❛t t❤❡r❡ ✐s ❛ s✉✐t❛❜❧❡ r❡s✐❞✉❛❧ ♣❛r❛♠❡t❡r✐③❛✲
t✐♦♥ σ ♦❢ X[m, 0, 0] s✉❝❤ t❤❛t t❤❡ t❤❡♦r❡♠ ❤♦❧❞s ❢♦r t❤❡ ❢✉♥❝t✐♦♥ fpar ✐♥
C (X[m, 0, 0]par)✱ ✇❤❡r❡ X[m, 0, 0]par ❛♥❞ fpar✳ ■♥ t❤❡ s❡❝♦♥❞ st❡♣✱ ✇❡ ❛❣❛✐♥
s❤♦✇ t❤❛t t❤❡ r❡s✉❧t ❢♦rX[m, 0, 0]par ❛♥❞ fpar ✐♠♣❧✐❡s t❤❡ r❡s✉❧t ❢♦rX[m, 0, 0]
❛♥❞ f ✐ts❡❧❢✳ ❋♦r t❤❡ ✜rst st❡♣✱ ♦♥❡ r❡♣❡❛ts t❤❡ ✜rst st❡♣ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦✲
r❡♠ ✹✳✸✳✷ ✉♣ t♦ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡X ′

i❀ ✇❡ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❛s ✐♥ t❤❡
♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✸✳✷✳ ❖♥❡ t❤❡♥ ♣r♦❝❡❡❞s ❛s ❢♦❧❧♦✇s✳ ❇② ❈♦r♦❧❧❛r② ✹✳✺✳✻✱
♦♥❡ ✜♥❞s ❢♦r ❡❛❝❤ i ❛ ❢✉♥❝t✐♦♥ gi ✐♥ C (S/X(Ai)) s✉❝❤ t❤❛t gi ✐s ♠♦t✐✈✐❝❛❧❧②
X ′
i✲✐♥t❡❣r❛❜❧❡ ❛♥❞✱ ❢♦r ❛❧❧ K ✐♥ CO,M ❢♦r ❛ ❧❛r❣❡ M ✱ Int(gi,K , X

′
i,K) = X ′

i

❛♥❞ f̃i,K(x, s) = gi,K(x, s) ✇❤❡♥❡✈❡r x ❧✐❡s ✐♥ Int(f̃i,K , X
′
i,K)✳ ◆♦✇ ❢♦r g ♦♥❡

t❛❦❡s t❤❡ ❢✉♥❝t✐♦♥ ✐♥ C (X[m, 0, 0]par) ✇❤✐❝❤ ❡q✉❛❧s fpar ♦♥ t❤❡ ❞❡✜♥❛❜❧❡
s✉❜❛ss✐❣♥♠❡♥t ✇❤❡r❡ M0 = 0 ❛♥❞ ✇❤✐❝❤ ❡q✉❛❧s gi

M0
❡❧s❡✇❤❡r❡✳ ❚❤❡♥ t❤✐s

g ✐s ❛s ❞❡s✐r❡❞ ❜② ❚❤❡♦r❡♠ ✹✳✸✳✸ ❢♦r fpar ❛♥❞ X[m, 0, 0]par ✐♥st❡❛❞ ♦❢ ❢♦r f
❛♥❞ X[m, 0, 0]✳ ✭❙❡❡ ❘❡♠❛r❦ ✸✳✹✳✸ t♦ s❡❡ t❤❛t ❞✐✈✐❞✐♥❣ ❜② M0 ✐♥ t❤✐s ✇❛② ✐s
❤❛r♠❧❡ss✳✮ ❚❤✐s ✜♥✐s❤❡s t❤❡ ✜rst st❡♣✳

❋♦r t❤❡ s❡❝♦♥❞ st❡♣✱ ❧❡t ✉s ❞❡♥♦t❡ ❜② gpar t❤❡ ❢✉♥❝t✐♦♥ ♦❜t❛✐♥❡❞ ❢r♦♠
st❡♣ ♦♥❡✱ ✇❤✐❝❤ ✐s ❛s ❞❡s✐r❡❞ ❜② t❤❡ t❤❡♦r❡♠ ❜✉t ❢♦r fpar ❛♥❞ X[m, 0, 0]par
✐♥st❡❛❞ ♦❢ ❢♦r f ❛♥❞ X[m, 0, 0]✱ ❛♥❞ ✇✐t❤ r❡s✐❞✉❛❧ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ σ✳ ❙✐♥❝❡
σ ✐s ❛ ❞❡✜♥❛❜❧❡ ✐s♦♠♦r♣❤✐s♠ ✇❤✐❝❤ ✐s ♠♦r❡♦✈❡r ❛ ❝♦♦r❞✐♥❛t❡ ♣r♦❥❡❝t✐♦♥ ✇❤✐❝❤
♦♠✐ts ♦♥❧② r❡s✐❞✉❡ ✜❡❧❞ ✈❛r✐❛❜❧❡s✱ ✇❡ ❝❛♥ ❞❡✜♥❡ g ❛s σ∗(gpar)✱ ❜❡✐♥❣ ♥♦t❤✐♥❣
❡❧s❡ t❤❛♥ t❤❡ ♣✉❧❧✲❜❛❝❦ ♦❢ gpar ✐♥ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ❬❄❪✳ ❋♦r K ✐♥ CO,M ❢♦r
❧❛r❣❡ M ✱ gK ❡q✉❛❧s t❤❡ ❝♦♠♣♦s✐t✐♦♥ gpar,K ◦ σK ✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♣✉❧❧✲
❜❛❝❦✳ ❍❡♥❝❡✱ t❤❡ ✐♥t❡❣r❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r ❡❛❝❤ K ✐♥ CO,M ❢♦r ❧❛r❣❡ M
❛r❡ ♣r❡s❡r✈❡❞✳ ❇② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♠♦t✐✈✐❝ ✐♥t❡❣r❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s✱ ❛❧s♦
♠♦t✐✈✐❝ ✐♥t❡❣r❛❜✐❧✐t② ✐s ♣r❡s❡r✈❡❞ ✇❤❡♥ ♣❛ss✐♥❣ ❢r♦♠ gpar t♦ g✱ ✐♥ t❤❡ ❢♦r♠

❞❡s✐r❡❞ ❜② t❤❡ t❤❡♦r❡♠✳ ❘❡❝❛❧❧ t❤❛t fpar,K ❡q✉❛❧s fK ◦σ−1
K ✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥

♦❢ fpar✳ ❍❡♥❝❡✱ t❤❡ ❡q✉❛❧✐t② ❜❡t✇❡❡♥ t❤❡ gpar,K ❛♥❞ fpar,K ♦♥ t❤❡ ✐♥t❡❣r❛❜❧❡
❧♦❝✉s ♦❢ fpar,K ②✐❡❧❞s t❤❡ ❞❡s✐r❡❞ ❡q✉❛❧✐t② ❜❡t✇❡❡♥ t❤❡ gK ❛♥❞ t❤❡ fK ♦♥ t❤❡
✐♥t❡❣r❛❜❧❡ ❧♦❝✉s ♦❢ fK ✳ ❍❡♥❝❡✱ g ✐s ❛s ❞❡s✐r❡❞ ❜② t❤❡ t❤❡♦r❡♠ ❢♦r f ✳ �

❙✐♠✐❧❛r❧② t♦ t❤❡ p✲❛❞✐❝ ❝❛s❡✱ t❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✹✳✸✳✷ ❛♥❞ ✹✳✸✳✸ ②✐❡❧❞
t❤❡ ❢♦❧❧♦✇✐♥❣ s❧✐❣❤t❧② ♠♦r❡ ❣❡♥❡r❛❧ ✈❛r✐❛♥t✳

❈♦r♦❧❧❛r② ✹✳✺✳✶✸✳ ▲❡t f ❜❡ ✐♥ C exp(X) ⊗C (X) C (X[m, 0, 0]) ❢♦r s♦♠❡ ❞❡✲
✜♥❛❜❧❡ s✉❜❛ss✐❣♥♠❡♥t X ❛♥❞ s♦♠❡ m ≥ 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐st M ≥ 0✱ h1, h2✱
h3 ✐♥ C exp(X) ❛♥❞ g ✐♥ C exp(X) ⊗C (X) C (X[m, 0, 0]) s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ K
✐♥ CO,M ❛♥❞ ❡❛❝❤ ψ ✐♥ DK ✱ t❤❡ ③❡r♦ ❧♦❝✐ ♦❢ t❤❡ hi,K,ψ ❡q✉❛❧ r❡s♣❡❝t✐✈❡❧②

Int(fK,ψ, XK), Bdd(fK,ψ, XK), ❛♥❞ Iva(fK,ψ, XK),

❛♥❞ s✉❝❤ t❤❛t Int(gK,ψ, XK) = XK ❛♥❞ fK,ψ(x, y) = gK,ψ(x, y) ✇❤❡♥❡✈❡r x
❧✐❡s ✐♥ Int(fK,ψ, XK)✳ ▼♦r❡♦✈❡r✱ ❛♥② s✉❝❤ g ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ✜♥✐t❡ s✉♠
♦❢ t❡r♠s ♦❢ t❤❡ ❢♦r♠

hi · fi
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✇✐t❤ hi ∈ C exp(X) ❛♥❞ fi ∈ C (X[m, 0, 0]) s❛t✐s❢②✐♥❣ Int(fi,K,ψ, XK) = XK ✱
❛♥❞ s✉❝❤ t❤❛t t❤❡ fi ❛r❡ ♠♦t✐✈✐❝❛❧❧② X✲✐♥t❡❣r❛❜❧❡✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✹✳✹✳✹ ❛♥❞ ✹✳✹✳✻✳ ❚❤❡ ♣r♦♦❢ ❝♦♥s✐sts ♦❢ t❤❡ t✇♦ ✉s✉❛❧ st❡♣s✱
❛s ✐♥ t❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✹✳✸✳✷ ❛♥❞ ✹✳✸✳✸✳ ■♥ t❤❡ ✜rst st❡♣✱ ✇❡ ♣r♦✈❡ t❤❡
r❡s✉❧t ✉♣ t♦ ❛ r❡s✐❞✉❛❧ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ σ✳ ❋♦r t❤❛t st❡♣✱ ❧❡t ✉s ❝❤❛♥❣❡ t❤❡
♥♦t❛t✐♦♥✿ ❞❡♥♦t❡ t❤❡ ❣✐✈❡♥ ❢✉♥❝t✐♦♥ f ∈ C exp(X[m, 0, 0]) ❜② f0✱ ❛♥❞ ❧❡t ✉s
✇r✐t❡ X0 ❢♦r X ❛♥❞ U0 ❢♦r X0[m, 0, 0]✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✺✳✽✱ t❤❡r❡ ❡①✐sts ❛
r❡s✐❞✉❛❧ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ σ : U0 → U0

par ⊂ X0[0, s, 0] s✉❝❤ t❤❛t✱ ✐❢ ✇❡ ✇r✐t❡

X ❢♦r X0[0, s, 0]✱ U ❢♦r U0
par ❛♥❞ f ❢♦r f0 ◦ σ−1✱ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳

❚❤❡r❡ ❡①✐st ❛♥ ✐♥t❡❣❡r d ≥ 0✱ ❞❡✜♥❛❜❧❡ ♠♦r♣❤✐s♠s hi : U → h[1, 0, 0]✱ ❛
❞❡✜♥❛❜❧❡ s✉r❥❡❝t✐♦♥ ϕ : U → V ⊂ X[0, 0, t] ❢♦r s♦♠❡ t ≥ 0✱ ❛♥❞ ❢✉♥❝t✐♦♥s
Gi ✐♥ C exp(V ) s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ K ✐♥ CO ✇✐t❤ ❧❛r❣❡ ❡♥♦✉❣❤ r❡s✐❞✉❡ ✜❡❧❞
❝❤❛r❛❝t❡r✐st✐❝ ❛♥❞ ❢♦r ❡❛❝❤ ψ ✐♥ DK ✱ ❝♦♥❞✐t✐♦♥s ✶✮ ❛♥❞ ✷✮ ♦❢ Pr♦♣♦s✐t✐♦♥
✸✳✷✳✺ ❤♦❧❞ ❢♦r d✱ fK,ψ✱ UK ✱ VK ✱ ϕK ✱ hiK ✱ ❛♥❞ GiK,ψ✳ ❋♦r ❡❛❝❤ i ❧❡t Hi ❜❡ t❤❡
❢✉♥❝t✐♦♥ Gi ◦ ϕ✳ ❇② ✭✸✳✸✳✶✮ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✷ ♦❢ ❬❄❪✱ ♦♥❡ ❤❛s ❛ ♥❛t✉r❛❧
✐s♦♠♦r♣❤✐s♠

C
exp(V ) ∼= C

exp(X) ⊗C (X) C (V )

♦❢ C (X)✲❛❧❣❡❜r❛s✱ ❛♥❞ t❤✉s✱ t❤❡Hi ♠❛② ❜❡ ❝♦♥s✐❞❡r❡❞ t♦ ❧✐❡ ✐♥ C exp(X)⊗C (X)

C (X[m, 0, 0])✳ ❋♦r t❤❡s❡ t❡♥s♦r ♣r♦❞✉❝ts ♦❢ C (X)✲❛❧❣❡❜r❛s ✇❡ ✉s❡ t❤❡ ♥❛t✲
✉r❛❧ ✐♥❝❧✉s✐♦♥s ♦❢ C (X)✲❛❧❣❡❜r❛s C (X) ⊂ C (V )✱ C (X) ⊂ C exp(X)✱ ❛♥❞
C (X) ⊂ C (X[m, 0, 0])✳ ❋r♦♠ ❤❛✈✐♥❣ ✷✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✺ ❢♦r t❤❡ ♠❡♥✲
t✐♦♥❡❞ ❞❛t❛✱ ✐t ❢♦❧❧♦✇s t❤❛t ❢♦r K ✐♥ CO,M ✱ ❛♥② ψ ✐♥ DK ❛♥❞ ❢♦r ❛♥② x ∈ XK ✱
✐❢ x ∈ Iva(Hi,K,ψ, XK) ❢♦r ❛❧❧ i✱ t❤❡♥ x ∈ Iva(fK , XK)✳ ❱✐❝❡ ✈❡rs❛✱ ✐❢ fK(x, ·)
✐s ✐❞❡♥t✐❝❛❧❧② ③❡r♦✱ t❤❡♥ Hi,K,ψ(x, ·) ✐s ③❡r♦ ♦♥ ❡❛❝❤ s❡t WK,x,r✱ ❛♥❞ s✐♥❝❡
t❤❡ ❢✉♥❝t✐♦♥ Hi,K,ψ(x, ·) ✐s ❝♦♥st❛♥t ♦♥ ❡❛❝❤ s❡t UK,x,r✱ ✐t ✐s ✐❞❡♥t✐❝❛❧❧② ③❡r♦✳
❚❤✉s ✇❡ ❥✉st s❤♦✇❡❞✿

Iva(fK,ψ, XK) =
⋂

i

Iva(Hi,K,ψ, XK).

❆ s✐♠✐❧❛r ❛r❣✉♠❡♥t s❤♦✇s

Bdd(fK,ψ, XK) =
⋂

i

Bdd(Hi,K,ψ, XK),

Int(fK,ψ, XK) =
⋂

i

Int(Hi,K,ψ, XK),

✇❤❡r❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ Int(fK,ψ, XK)✱ ✇❡ ✉s❡ t❤❡ ✐♥❡q✉❛❧✐t② ❜❡t✇❡❡♥ t❤❡ ✈♦❧✉♠❡s
♦❢WK,x,r ❛♥❞ UK,x,r ❢r♦♠ ✷✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✺✳ ◆♦✇ ❛♣♣❧② ❈♦r♦❧❧❛r② ✹✳✺✳✶✸
t♦ ❡❛❝❤ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s Hi t♦ ✜♥❞ hij ✐♥ C exp(X) ❢♦r j = 1, 2, 3 ❛♥❞ gi ✐♥
C exp(X × Km)✳ ❇② ❈♦r♦❧❧❛r② ✹✳✺✳✶✵ ❢♦r t❤❡ ✜♥✐t❡ ✐♥t❡rs❡❝t✐♦♥s ❞✐s♣❧❛②❡❞
❛❜♦✈❡✱ ❚❤❡♦r❡♠ ✹✳✹✳✹ ❤♦❧❞s ❢♦r fpar✳ ❋♦r g ❛s r❡q✉✐r❡❞ ❜② t❤❡♦r❡♠ ✹✳✹✳✻ ❢♦r
fpar ♦♥❡ t❛❦❡s t❤❡ ♦❜✈✐♦✉s ❢✉♥❝t✐♦♥ ✐♥ C exp(X[m, 0, 0]) ✇❤✐❝❤ s♣❡❝✐❛❧✐③❡s t♦∑

i gi,Kψ(hi,K) ❢♦r K ✐♥ CO,M ❛♥❞ ψ ✐♥ DK ✱ ♥❛♠❡❧② t❤❡ ♠♦t✐✈✐❝ ❡①♣♦♥❡♥t✐❛❧
❢✉♥❝t✐♦♥

∑
i gi · [X, 0, hi]✳ ❚❤✐s ✜♥✐s❤❡s t❤❡ ✜rst st❡♣ ♦❢ t❤❡ ♣r♦♦❢s✳
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■♥ t❤❡ s❡❝♦♥❞ st❡♣✱ ✇❤❡r❡ ✇❡ r❡♠♦✈❡ t❤❡ r❡s✐❞✉❛❧ ♣❛r❛♠❡t❡r✐③❛t✐♦♥✱ ✇❡
♣r♦❝❡❡❞ ❞✐✛❡r❡♥t❧② ❢♦r t❤❡ t✇♦ t❤❡♦r❡♠s✳ ❋♦r ❚❤❡♦r❡♠ ✹✳✹✳✹✱ ❧❡t hj,par ❢♦r
j = 1, 2, 3 ❜❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ✜rst st❡♣✱ ✉s✐♥❣ ❛ r❡s✐❞✉❛❧ ♣❛r❛♠❡t❡r✐③❛t✐♦♥
σ✳ ❚❤❡s❡ hj,par ❧✐✈❡ ✐♥ C exp(X[0, s, 0]) ✇❤❡r❡ t❤❡ s r❡s✐❞✉❡ ✜❡❧❞ ✈❛r✐❛❜❧❡s ✇❡r❡

✐♥tr♦❞✉❝❡❞ ✇✐t❤ σ✳ ❲❡ ❞❡✜♥❡ t❤❡ ✜♥❛❧ hj ❜② µX(hjhj)✱ ✇❤❡r❡ hj ✐s ❣✐✈❡♥
❜② ▲❡♠♠❛ ✹✳✺✳✾✱ ❛♥❞ ✇❤❡r❡ µX ✐s ❛s ✐♥ ✭✽✳✼✳✶✵✮ ♦❢ ❬❄❪ ❢♦r t❤❡ ❝♦♦r❞✐♥❛t❡
♣r♦❥❡❝t✐♦♥ ❢r♦♠ X[0, s, 0] t♦ X ✭t❤✐s ✐s ✐♥t❡❣r❛t✐♦♥ ♦♥ t❤❡ ✜❜❡rs ✇❤✐❝❤ ✐♥
♦✉r ❝❛s❡ ♠❡❛♥s ✐♥t❡❣r❛t✐♦♥ ♦✈❡r t❤❡ s r❡s✐❞✉❡ ✈❛r✐❛❜❧❡s✮✳ ❙✐♠✐❧❛r❧② t♦ t❤❡
❛r❣✉♠❡♥t ❡♥❞✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✸✳✷✱ t❤❡s❡ hj ❛r❡ ❛s ❞❡s✐r❡❞ ❜②
❚❤❡♦r❡♠ ✹✳✹✳✹ ❢♦r f ✳ ❋♦r ❚❤❡♦r❡♠ ✹✳✹✳✻✱ ❧❡t gpar ❜❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡
✜rst st❡♣ ✇✐t❤ r❡s✐❞✉❛❧ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ σ✳ ❖♥❡ ❞❡✜♥❡s g ❛s σ∗(gpar) ❛♥❞
❝♦♥❝❧✉❞❡s ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✸✳✸✳ �

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✹✳✸✳✶ ❛♥❞ ✹✳✹✳✸✳ ❚❤❡ ❙♣❡❝✐❛❧✐③❛t✐♦♥ Pr✐♥❝✐♣❧❡ ✹✳✺✳✶✷ ②✐❡❧❞s
t❤❛t t❛❦✐♥❣ ♠♦t✐✈✐❝ ✐♥t❡❣r❛❧s✱ ❢♦r ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s✱ ❝♦♠♠✉t❡s ✇✐t❤ s♣❡✲
❝✐❛❧✐③❛t✐♦♥ ❢♦r K ❛♥❞ ψ ❢♦r ❛❧❧ K ∈ CO,M ❛♥❞ ψ ✐♥ DK ✱ ❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ M ✳
◆♦✇ t❤❡ r❡s✉❧ts ❢♦❧❧♦✇ ❢r♦♠ ❚❤❡♦r❡♠s ✹✳✸✳✸ ❛♥❞ ✹✳✹✳✻✱ ✐♥ ❡①❛❝t❧② t❤❡ s❛♠❡
✇❛② ❛s ❚❤❡♦r❡♠s ✸✳✶✳✶ ❛♥❞ ✸✳✷✳✶ ❢♦❧❧♦✇ ❢r♦♠ ❚❤❡♦r❡♠s ✸✳✶✳✺ ❛♥❞ ✸✳✷✳✸✳ �

❋✐♥❛❧❧②✱ ✇❡ ❝❛♥ ❝❛♥ ❣✐✈❡ t❤❡ ♣r♦♦❢ ♦❢ ♦✉r ♥❡✇ tr❛♥s❢❡r ♣r✐♥❝✐♣❧❡s✱ ✇❤✐❝❤
❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✇♦r❦ ✇❡ ❤❛✈❡ ❞♦♥❡✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✹✳✹✳✶ ❛♥❞ ✹✳✹✳✷✳ ❋♦r t❤❡ ✜rst st❛t❡♠❡♥t ♦❢ ❚❤❡♦r❡♠ ✹✳✹✳✶✱
r❡s♣✳ ♦❢ ❚❤❡♦r❡♠ ✹✳✹✳✷✱ t❛❦❡ h1✱ r❡s♣✳ h2✱ ❛s ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✹✳✹✳✹✳ ❋♦r t❤❡
s❡❝♦♥❞ st❛t❡♠❡♥t ♦❢ ❚❤❡♦r❡♠ ✹✳✹✳✶✱ r❡s♣✳ ♦❢ ❚❤❡♦r❡♠ ✹✳✹✳✷✱ t❛❦❡ h1✱ r❡s♣✳
h2✱ ❛s ❣✐✈❡♥ ❜② ❈♦r♦❧❧❛r② ✹✳✹✳✺✳ ■♥ ❛❧❧ ❝❛s❡s t❤❡ ♣r♦♦❢ ✐s ✜♥✐s❤❡❞ ❜② ❛♣♣❧②✐♥❣
Pr♦♣♦s✐t✐♦♥ ✹✳✺✳✶✶ t♦ h1✱ r❡s♣✳ t♦ h2✳ �

◆♦t❡ t❤❛t t❤❡ ❜❛s✐❝ ❢♦r♠ ♦❢ t❤❡ tr❛♥s❢❡r ♣r✐♥❝✐♣❧❡ ❢♦r ✐♥t❡❣r❛❜✐❧✐t② ❛s st❛t❡❞
✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✹✳✹✳✶✳ ■♥❞❡❡❞✱ ✐♥ t❤❛t ❜❛s✐❝ ❢♦r♠✱
t❤❡ ❢✉♥❝t✐♦♥s FK,ψ ❢♦r K ✐♥ CO ❛r❡ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❢✉♥❝t✐♦♥s t❤❛t ❝♦♠❡
❢r♦♠ ❛ ♠♦t✐✈✐❝ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥ s✐♥❝❡ LDP ✐s r✐❝❤❡r t❤❛♥ t❤❡ ❧❛♥❣✉❛❣❡
♦❢ ✈❛❧✉❡❞ ✜❡❧❞s t❤❛t ✐s ✉s❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✳ ▼♦r❡♦✈❡r✱ t❤❡ ❢❛♠✐❧② ♦❢
❛❞❞✐t✐✈❡ ❝❤❛r❛❝t❡rs x 7→ ψ(yx) ✇✐t❤ ♥♦♥③❡r♦ ♣❛r❛♠❡t❡r y ✐♥ t❤❡ ✈❛❧✉❡❞ ✜❡❧❞
❛♥❞ ❢♦r ψ ∈ DK ❝❧❡❛r❧② ❛❧❧♦✇s ♦♥❡ t♦ ❞❡❞✉❝❡ t❤❡ ❜❛s✐❝ ❢♦r♠ ✭✇❤✐❝❤ ❞♦❡s ♥♦t
✐♠♣♦s❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❝♦♥❞✉❝t♦r✮ ❢r♦♠ t❤❡ r❡s✉❧ts ✇❡ ❤❛✈❡ ❡st❛❜❧✐s❤❡❞✳
❋✐rst ✉s❡ ❚❤❡♦r❡♠ ✹✳✹✳✹✱ ❢♦r t❤❡ ❢❛♠✐❧② ✇✐t❤ ♥♦♥③❡r♦ y ❛s ♣❛r❛♠❡t❡r ✐♥ t❤❡
❝❤❛r❛❝t❡r ❛s ✇❡ ❥✉st ❞❡s❝r✐❜❡❞✱ t♦ ✜♥❞ h1 ✐♥ C exp(h[1, 0, 0]✱ ❡①t❡♥❞❡❞ ❜②
③❡r♦ ♦♥ ③❡r♦✳ ❯s❡ ❚❤❡♦r❡♠ ✹✳✹✳✹ ❢♦r t❤✐s h1 t♦ ✜♥❞ ❛ ♥❡✇ ❢✉♥❝t✐♦♥ h3 ✐♥
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C exp(h[0, 0, 0])✳ ❋✐♥❛❧❧② ❛♣♣❧② Pr♦♣♦s✐t✐♦♥ ✹✳✺✳✶✶ t♦ h3 t♦ r❡❝♦✈❡r t❤❡ ❢♦r♠
♦❢ t❤❡ tr❛♥s❢❡r ♣r✐♥❝✐♣❧❡ ❛s st❛t❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✳

❯♥✐✈❡rs✐té ▲✐❧❧❡ ✶✱ ▲❛❜♦r❛t♦✐r❡ P❛✐♥❧❡✈é✱ ❈◆❘❙ ✲ ❯▼❘ ✽✺✷✹✱ ❈✐té ❙❝✐❡♥✲

t✐❢✐q✉❡✱ ✺✾✻✺✺ ❱✐❧❧❡♥❡✉✈❡ ❞✬❆s❝q ❈❡❞❡①✱ ❋r❛♥❝❡✱ ❛♥❞✱ ❑❯ ▲❡✉✈❡♥✱ ❉❡♣❛rt✲

♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ❈❡❧❡st✐❥♥❡♥❧❛❛♥ ✷✵✵❇✱ ❇✲✸✵✵✶ ▲❡✉✈❡♥✱ ❇❡❧❣✐✉♠

❊✲♠❛✐❧ ❛❞❞r❡ss✿ ❘❛❢✳❈❧✉❝❦❡rs❅♠❛t❤✳✉♥✐✈✲❧✐❧❧❡✶✳❢r

❯❘▲✿ ❤tt♣✿✴✴♠❛t❤✳✉♥✐✈✲❧✐❧❧❡✶✳❢r✴∼❝❧✉❝❦❡rs

❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ❯♥✐✈❡rs✐t② ♦❢ ❇r✐t✐s❤ ❈♦❧✉♠❜✐❛✱ ❱❛♥❝♦✉✈❡r

❇❈ ❱✻❚ ✶❩✷ ❈❛♥❛❞❛

❊✲♠❛✐❧ ❛❞❞r❡ss✿ ❣♦r❅♠❛t❤✳✉❜❝✳❝❛

❯❘▲✿ ❤tt♣✿✴✴✇✇✇✳♠❛t❤✳✉❜❝✳❝❛✴∼❣♦r
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