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Abstract )

This paper presents a symbolic manipulation approach for modelling and performance analysis
of a flexible manipulator system using finite element methods. A constrained planar single-link
flexible manipulator is considered. A symbolic algorithm characterising the dynamic behaviour
of the system is developed using a symbolic language. Using this approach, the system transfer
functions are obtained in symbolic forms. Analyses and investigations in terms of system
stability, time response to an input command and vibration frequencies are presented. Numeric

and experimental results are presented for validation and assessment of the symbolic model.

Keywords: Dynamic modelling, finite element method, flexible manipulator, symbolic

manipulation.
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1. Introduction

.' Flexible robot manipulators exhibit several advantages over their rigid counterparts: they
require less material, are lighter in weight, consume less power, require smaller actuators, are
more manoeuvrable and transportable, have less overall cost and higher payload to robot
weight ratio (Azad, 1995). However, control of flexible manipulators to maintain accurate
positioning is an extremely challenging problem. Due to the flexible nature of the system, the
dynamics are highly non-linear and complex. Problems arise due to difficulties in sensing the
end-point displacement, vibration due to system ﬂexibility, precise positioning requirement and
the difficulty in obtaining accurate model for thé system (Piedboeuf et al., 1993; Yurkovich,
1992). Therefore, flexible manipulators have not been favoured in production industries, due
to un-attained end-point positional accuracy in response to input commands. Thus, a control
mechanism that accounts for both rigid body and flexural motions of the system is required.

The complexity of this problem increases dramatically when a flexible manipulator
carries a payload. Practically, robots are required to perform a single or sequential task such as
to pick up a payload, move to a specified location or along a pre-planned trajectory and place

K the payload. Previous investigations have shown that the dynamic behaviour of the
manipulator is significantly affected by payload variations (Menq and Chen, 1988; Poerwanto,
1998). Thus, the effects of payload on the dynamic characteristics of the manipulator have to
be studied and identified. If the advantages associated with lightness are not to be sacrificed,
accurate models and efficient controllers have to be developed.

Various approaches have previously been developed for modelling of flexible
manipulators (Azad, 1995). These include assumed modes (Book, 1984; Cannon and
Schmitz, 1984; Hasting and Book, 1987), finite difference (FD) (Tokhi and Azad, 1995) and
finite element (FE) methods (Aoustin et al., 1994; Tokhi et al., 1997; Usoro et al., 1986) to
solve the partial differential equation characterising the dynamic behaviour of a flexible
manipulator system. Previous investigations have shown that the FE method can be utilised in
obtaining a good representation of the system. It has also been reported that in using FE
methods, a single element is sufficient to describe the dynamic behaviour of a flexible

manipulator reasonably well. Using a single element, the first two modes of vibration are well

described (Aoustin et al., 1994). Moreover, the FE method exhibits several advantages over
the FD method (Tokhi et al., 1997).
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Most of the investigations involving the FE method are numerical-based. Dynamic
characteristics of the manipulator including stability, time response and vibration frequencies
are interpreted on the basis of a single particular case, with no provision for any generality.
Moreover, numerical systems must operate using numeric approximations, whose precision is
limited by the computer hardware. Alternatively, exact quantities can be obtained by retaining
the computations in a symbolic form. A distinguishing feature of symbolic-based methods is
the mathematically comprehensive output they generate, so that the significance of individual
terms, or group of terms, may be identified. This brings with it the opportunity to gain insights
into the model that would otherwise not be available. A symbolic manipulation will open up
the possibility of analysing a system in both new and interesting ways. It can be seen that the
trend over time has been away from fully numeric methods of formulation towards those with
a strong and total symbolic flavour to them. This is due to the overwhelmingly rapid
improvements in computer hardware technology in general and in computer algebra software
in particular (Larcombe and Brown, 1997).

Symbolic approaches for modelling and simulation of flexible manipulators have
previously been investigated. Most of these investigations have developed automated symbolic
derivations of dynamic equations of motion of rigid and flexible manipulators utilising
Lagrangian formulation and assumed mode methods (Cetinkunt and Ittop, 1992; De Luca et
al., 1988; Lin and Lewis, 1994), Hamilton’s principle and non-linear integro-differential
equations (Low and Vidyasagar, 1988) and FD approximations (Tzes et al., 1989). These
have demonstrated that the approach has some advantages, such as allowing independent
variation of flexure parameters. However, in utilising this manipulation approach, not much
work has been done on modelling and analysis of a flexible manipulator using FE methods.
Moreover, relations between system parameters including payload and hub inertia and the
system characteristics have not been adequately addressed. The effect of payload on the
manipulator is important for modelling and control purposes, as successful implementation of
a flexible manipulator control is contingent upon achieving acceptable uniform performance in
the presence of payload variations.

The aim of the work presented in this paper is to investigate the application of a
symbolic manipulation approach for modelling and analysis of a flexible manipulator system
using FE methods. In this work, a single-link flexible manipulator is considered. Using such an
approach, a good approximation of the transfer function representing the actual flexible

manipulator is obtained in a symbolic form. Based on these results, analyses are carried out to
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investigate the relations between the physical parameters and the poles, zeros, stability,
vibration frequencies and time response of the system. Experimental results using an
experimental rig are presented to demonstrate the performance of the symbolic algorithm for
modelling and analysis of a flexible manipulator. The rest of the paper is structured as follows:
Section 2 provides a brief description of the flexible manipulator system and the FE methods
considered in this study. Section 3 describes the development of the symbolic simulation
algorithm. An assessment, analysis and numeric simulation of the algorithm is given in Section

4. Experimental results are presented in Section 5 and the paper is concluded in Section 6.

2. The Flexible Manipulator System And The Finite Element Method

This section describes the flexible manipulator system and the FE method used in this study.
Several assumptions utilised in the process of obtaining the dynamic equations of motion of
the system are briefly discussed. A description of the single-link flexible manipulator system

considered in this work, is shown in Figure 1, where XOQY and POQ represent the stationary
and moving co-ordinates respectively, 7 represents the applied torque at the hub. E, L, I,
p, A, I, and M, represent the Young modulus, length, area moment of inertia, mass density

per unit volume, cross sectional area, hub inertia and payload of the manipulator respectively.
In this work, the motion of the manipulator is confined to the XOY plane. Since the
manipulator is long and slender, transverse shear and rotary inertia effects are neglected. This
allows the use of the Bernoulli-Euler beam theory to model the elastic behaviour of the
manipulator. The manipulator is assumed to be stiff in vertical bending and torsion, allowing it
to vibrate dominantly in the horizontal direction and thus, the gravity effects are neglected.
Moreover, the manipulator is considered to have constant cross section and uniform material
properties throughout.

The FE method has widely been used in solving material and structural problems. Since
its introduction in the 1950s, the method has been continually developed and improved (Rao,
1989). The method involves decomposing a structure into several simple pieces or elements.
The elements are assumed to be interconnected at certain points, known as nodes. For each
element, an equation describing the behaviour of the element is obtained through an
approximation technique. The elemental equations are then assembled to form the system

equation. It is found that by reducing the element size of the structure, that is, increasing the

number of elements, the overall solution of the system equation can be made to converge to
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the exact solution. In this application, the flexible manipulator is treated as an assemblage of n
elements and the development of the algorithm can be divided into four main parts: the FE
analysis, state-space representation, obtaining the system transfer function and assessment of

the results.

3. Development Of The Symbolic Algorithm

This section focuses on the development of the symbolic algorithm in characterising the
dynamic behaviour of the flexible manipulator system. In this work, a single element of FE
method is used and structural damping is ignored. Formulations to obtain the mass and
stiffness matrices of the dynamic equations of motion of the system utilising the Lagrange
equation are also presented. The procedure is further extended to incorporate the payload and
hub inertia into the dynamic model. The equations are then expressed in a state-space form
and solved to obtain the system transfer function. Two transfer functions, namely, from torque
input to end-point displacement and from torque input to hub-angle of the manipulator are
obtained. In this approach, all the manipulations are carried out symbolically using Macsyma,

the symbolic algebraic manipulation language.

3.1  Dynamic Equations of Motion

For an angular displacement &(¢f) and an elastic deflection w(x,f), the total displacement
y(x,2) of a point along the manipulator at a distance x from the hub can be described as a

function of both the rigid body motion and elastic deflection measured from the line OX as

y(x,t) =x0(t) + w(x,t) (D)

Using the standard FE method to solve dynamic problems, leads to the well-known
equation
w(x,1)=N,(x)0,(t) 2)

where N, (x) and Q, (t) represent the shape function and nodal displacement respectively. For

the flexible manipulator under consideration, w(x,t) in equation (2) represents the residual

motion of the system. The manipulator is approximated by partitioning it into n elements. As
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a consequence of using the Bernoulli-Euler beam theory, the FE method requires each node to
possess two degrees of freedom, a transverse deflection and rotation. These necessitate the
use of Hermite cubic basis functions as the element shape function (Ross, 1996). Hence, for

the elemental length [, the shape function can be obtained as

_3x2+2x3 B 2% %3 i 2x° Jc2+x3
I l /A S & I ]?

NQ(X)=[1

For element n the nodal displacement vector is given as

0.00=[w,.®) 6,,®) w,(» 6,0f.
where w, () and w,(¢) are the elastic deflections of the element and 6, () and 6,(¢) are
the corresponding angular displacement. Substituting for w(x,t) from equation (2) into

equation (1) and simplifying yields

1) = N@) Q@) 3)
where N(x)=[x N,(]and 0 =[6®) Q,0)] .
The new shape function N(x) and nodal displacement vector Q(f) in equation (3)

incorporate local and global variables. Among these, the angle 6(¢) and the distance x are

n-1
global variables while N,(x) and Q,(t) are local variables. Defining % =x-—Zl ; as a local

i=1
variable of the nth element, where [, is the length of the ith element, the new shape function

can be expressed as

k2 2k° % OB OW%E % B R
NE) = k+l(n-1) 1-=—+ < IR W - . 5
|: l2 l3 I [2 lz l3 I lz

Accordingly, the kinetic energy of an element can be expressed as

l 2 I T . o T| ! .
T, :IPA{E’Y%} dk:—;—IpAY de:%Q [ij(NTN) dk}Q
0 t 0 0

and the potential energy of the element can be obtained as
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0

_Lpfosten] 1 T L or| (187 By ak
P,,_EIEI{—&T—} dszafEI(BQ) (BO)dk =0 M (B"B)dk |Q

where B

_dzN(k)_[O 12k 6 6k 4 6 12k 6k 2}

dk* PP PEEE F B oLl

Defining M, and K, as

1
M, = J. p A(N"N) dk = element mass matrix 4)
0

]
K, = jEI (B"B) dk = element stiffness matrix (5)
0

and solving equations (4) and (5) for the n elements, the element mass and stiffness matrices

can be obtained as

(1401302 =3n+1) 21(10n-7) 7I(5n-3) 21(10n-3) —7I(5n-2)]
21(10n-7) 156 221 54 —131
M, = 4’% 71(5n-13) 221 4]* 131 ~3)2
21(10n—3) 54 131 156 —221
—71(5n-2) ~131 ~ 3 -221 ar |
0 0 0 0 0]
0 12 6 -12 6l
K, = 53‘7— 0 6 4 -6l 2
! 0 -12 -6 12 -6l
0 6 2 -6 4*

The matrices from above are assembled to obtain mass and stiffness matrices of the
system, M and K, and used in the Lagrange equation to obtain the dynamic equation of the

flexible manipulator as

M Q)+ KQ(t) = F(2) (6)
where F(1) is the vector of applied torques and Q()=[0 w, 6, . . . w, 6,[.

Using a single element, n =1, the dynamic equation of motion of the flexible manipulator

can be obtained as in equation (6) where
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(140> 631 141> 1471 -21°]
631 156 221 54 13l
141> 221 41* 131 37|,
1471 54 131 156 221
21 -131 312 221 4P

o
420

0O 0 0 0 O
0 12 6 -12 6l
K=oz 0 6/ 4 -6 2I*|,
0 -12 -6/ 12 -6l
0 6L 2* -6 4I*)

on=[p w, 6, w, 6] and F)=[r 0 0 0 0].

3.2 Incorporation of Payload and Hub Inertia

For the flexible manipulator under consideration, the system mass matrix can be represented as
M — {MS'B MG’W }
Mn?w Mww
where M, is associated with the elastic degrees of freedom (residual motion), M,,

represents the coupling between these elastic degrees of freedom and the hub angle € and

M ,, is associated with the inertia of the system about the motor axis. By incorporating the

payload and hub inertia of the flexible manipulator, the kinetic energy of the system can be

obtained as (Azad, 1995)

E ) 2
=1[» [ il ”} de+i1, +1Mp[_a>'(k’”]
24 2 2 ot

k=L

Hence

T=2j

0

oy(k,t) 1 1
[ = }dk 2] 6 +2M (L9(r)+w(L 1)*

or

o2 . 2 o

where w, is the elastic deflection at the end-point of the manipulator.
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In equation (7) the second term on the right hand side constitutes the contribution of
hub inertia and payload to the rotary inertia of the system about the motor axis and contributes
to the 1x1 sub-matrix M ,,. The third term demonstrates the effect of payload on the end-
point residual motion of the manipulator and contributes to M, whilst the last term
contributes to the coupling matrix M,,. Utilising equation (7) and the FE formulation
(Meirovitch, 1975), for a single element, a new system mass matrix that incorporates the hub

inertia and payload can be obtained as

(14002 +m, 631 141> 1471+m, -21°]

631 156 221 54 ~131

pAl 9 9 2

M=l 220 4 131 -3l

1471+m, 54 131 156+m, -22I

| —2u* -131 =317 -221 47|
where m, :iz-g(lep +1,), m, :izg(lMp) and m, :@Mp.
pAl pAl PAL

For the manipulator considered as a pinned-free arm, with the applied torque t at the hub,
the flexural and rotational displacements, velocities and accelerations are all zero at the hub at
t = 0. Moreover, in this work, it is assumed that Q(0)=0. Incorporating the initial
conditions, with flexural and rotational displacements at the hub as zero, the second and third

rows and columns in M, K, Q and F are thus ignored. This yields

1400 +m, 1471+m, -211° 0 0 O
PAIL EI
M="—|1471+m, 156+m, -221|, K==|0 12 -6l|,
-212 - 221 41° 0 -6l 4°

o0 =[0 w 6fand Fo)=[r 0 of.

3.3  Transfer Functions

For control purposes, the matrix differential equation in equation (6) is represented in a state-

space form as

y=Cv+Du
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0 I 0,
where A = - 2|, Bz—%, D:[O].
~-M7K |0, M,

° °

4 T
u= [z'] and the state, v= {9 w 6, 8 w 6’1} that is the angular, nodal flexural and

angular displacements and velocities. 0, is a 3x3 null matrix, I, is a 3x3 identity matrix

and 0,,, is a 3x1 null vector. The output matrix C depends on desired transfer functions. For
torque input to end-point displacement output, C :[L 1000 O] whilst for torque

input to hub-angle output, C :[1 0 00O ,O].

As a result using a single element, the matrix A can be obtained as

A { O I } :
AZI 03
With « = EI representing the flexural rigidity and S = pAl representing the weight of the

manipulator, the sub-matrix A,, can be obtained as

0 a, a;
Ay ==|0 ay any

@

0 ay,, asy
where
@ = (15al® +36001,)M , +a’I* +300al,,
_ 12(3600IM , +270ad)  6(900M , —90cx)

a, =
12 ’
& &

_ 4(900M , —90a)  6(3600IM , +270cl)
B I ) 2
6(9001°M , —15al* +198001,,) —12(36001*M , +255al* +36001 )
-_— l3 5
_ 6(36001°M , +255a1” +36001, ) — 4(9001°M , —15al® +198001 , )

a
2 2
[

7

Ay

6(1800al® +378001 , )M , +495a*1* +140400ad,, 12(900*M , —15ad* +198001 ,,)
al’ -
o = 6(9001°M , —15a1”* +198007,) 4(1800al” +378001,)M , +495a*1* +140400al ,
33 la - al:‘l »

Similarly, the matrix B can be obtained as
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1 0
B =
(15ad* +36001,)M , +a*I* +300ad,, | 300a +3600M ,
— 2700 — 3600M ,1
90a —900M ,

Using equation (8) the transfer function of the system can be expressed as

Y(s)
U(s)

G(s) = =C(sI-A)"'B+D )

where s is the Laplace variable and I is the identity matrix.
For the transfer function from torque input to end-point displacement, substituting for
the matrices A, B, C and D from equation (8) into equation (9) and simplifying yields
G,(s) = (30a’l’s* — 48600aB1"s* + 4536(}!00[3’21!)/&[((1Soﬁl3 +3600al°I, )M, +
a’l® +300a*1°1,)s* + ((39600aBI° +151200081°1 ,) )M , +5220a> BI° + (10)
36720051’ ,;)s* + (4536000 8°1*M , +1512000a°1* +45360008°1 )]

Similarly, the transfer function from torque input to hub-angle output of the manipulator can
be obtained as

G, (s) = (3600ad°M , +300a*1°)s* + (1512000 8°M , +367200c3°)s* + 45360005° /s>
[(15a°I® +3600al’l,)M , + a’I* +300a1°1,)s* + ((39600aBl’ +151200080°1,) )M,  (11)
+5220a° BI° +367200apB’1,;)s” + (4536000 8°1°M , +1512000a8°1> + 4536000 5°1 )]

Further, the transfer functions from torque input to end-point acceleration and hub-velocity

can be obtained by differentiating G, (s) and G, (s) respectively.

4. Analysis

In this section, the transfer functions obtained in the previous section are analysed and
assessed in the dynamic characterisation of the flexible manipulator system. This involves
obtaining and investigating the system characteristics including poles, zeros, stability, vibration
frequency and time response to an input command. Relationships between the physical

parameters and the system characteristics are then investigated. Note that in this work, the

10
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effect of damping is ignored. Therefore, the system is expected to be marginally stable,
exhibiting a response of oscillatory nature.

It is noted from the transfer function G, (s) in equation (10) that the hub inertia and
payload terms are not in the numerator of the transfer function. Therefore, they do not affect
the system zeros. The zeros will determine whether the system exhibits minimum-phase or
non-minimum phase behaviour and will determine the magnitude of response of the system.
The system poles, on the other hand, are affected by the payload and the hub inertia, see
equation (10). Conversely, for the transfer function G, (s) in equation (11), it is noted that the
zeros are affected by the payload. Furthermore, it is noted that the flexible manipulator is a
type two system, which implies that zero steady-state error can only be achieved using step
and ramp command inputs to the system.

By equating the numerator of transfer function G, (s) to zero and solving yields the
ZEros as

=+38.9944 A _+9.9718 B

§=x

r a P Va
It is noted that, with any a, f and [ values, two zeros lie on the right half of s-plane (rhp)
and the others on the left half of s-plane (lhp). Thus, the system is non-minimum phase and
undershoot is expected at the start in the end-point displacement response. This agrees, with
the result reported earlier in respect to a system incorporating non-collocated sensors and
actuators (Cannon and Schmitz, 1984; Tokhi et al., 1997).
To investigate the effects of payload and hub inertia on the dynamic behaviour of the

system, the transfer functions G,(s) and G,(s) were solved with a system constituting a
flexible arm of dimensions 900x3.2004x19.008 mm, E =71x10° N/m?, I =5.1924x107"
m* and p = 2710 kg/m’. These parameters correspond to those of a physical flexible

manipulator experimental rig, which will be introduced later in the paper. Thus, the transfer
function from the torque input to end-point displacement can be obtained as
G, (s) = (0.325* —17669.9s” +5.69x107)/s*[((283.921,, +0.14)M , +

3.511, +0.0014)s* + ((41167801,, +12960.4)M , +148368.81,, + (12)
253.53)s% + (5.13x10" M , +2535290)]

and the transfer function from torque input to hub-angle can be obtained as
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G,,(s) = ((283.86M , +3.51)s* + (4116760M , +148339.8)s” +6.33x10") /s>
[((283.921,, +3.511, +0.0014)s" + ((41167801 +12960.4)M , + (13)
148368.81,, +253.53)s” + (5.13x10" M , +2535290)]

By factorising the denominator of the system transfer functions G, (s) and G, (s), the

system poles in terms of payload and hub inertia can be obtained as

5, = 6.00 }647 _609/ Sl o =g (P00
h,
.= —6.09 /‘647” $,=0,5,=0 (14)

2.12x10°1,°M,* +605827.81,M,° +1733.88M ,*
h = |+1.44x10"1,°M , +28705.31,M , + 60.47M ,

+263847.61,,° +490.471,, +0.62)
—(94119.51,M , +296.31M , +3392.061,, +5.8)

where

and h, = 480.821,M , +0.24M , +5.95I,, +0.0024.
Further, with the hub inertia 7,, = 5.8598x107* kgmz, the denominator of the system transfer

functions can be obtained as

(0.3M , +0.0035)s° + (15370.2M , +340.36)s* +(5.13x10" M , +2571860)s>  (15)

Therefore, the poles in terms of payload can be obtained as

4 4 .
5, = 6.09 Lol 6= G000 N ey . O
0.5M , +0.006 ’ 0.5M , +0.006 " 0.5M , +0.006

—6.4
5, = —6.09 08T __ o =05, =0 (16)
0.5M , +0.006 "

where b, =+2161.6M," +82.2M, +1.0)~351.5M , —7.8.

Note that for a single element, the system has six poles, two of which are at the origin. Since
for M, =0, the term in the square roots of equation (16) is negative, the remaining poles are
purely imaginary and lie on the imaginary axis of the s-plane. These resulted in, as expected for
a system without damping, a marginally stable system.

Thus, the system poles give the system vibration frequencies. These, in turn, determine

vibration modes of the system and the effects of payload and hub inertia on the vibration
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! frequency can be investigated by solving equations (14) and (16). Figures 2 and 3 demonstrate
the relation between payload and hub inertia with system vibration frequencies for modes 1
and 2 respectively. It is noted that with increasing payload and hub inertia, the vibration
frequencies decrease significantly. These are further evidenced in Figures 4 and 5 that
demonstrate the relation of payload, hub inertia and vibration frequencies for modes 1 and 2
respectively.

For the transfer function G, (s), factorising the numerator yields the zeros as

o 235 [356h —2108M, -Slaf  _-35 [3.5ph,-210fM,-51ap
Lo 12aIM, + R 12aIM , +a’l ’

o =38 [129n-7843M,-28.2672 . ~_-38 [-129h —7843M,—28.2672
- 1.6M , +0.02

" 0 1.6M , +0.02 ;

where h, =+/3675M ,” +1680a M, +208a” and h = \/3675M > +249.3a M , + 4.6

Similarly, since for positive values of all parameters, the term in square roots are negative, all
zeros lie on the imaginary axis. Thus, as expected of a system with collocated sensors and
actuator, the transfer function from torque input to hub-angle response exhibits a minimum
phase system. Figure 6 shows the relation between the system zeros and the payload. It is
noted that the zeros move towards the origin of the s-plane with increasing payload.

Since control of a system with non-minimum phase characteristic is a difficult problem,
this aspect is further analysed in this section. For the transfer function from the torque input to
end-point displacement that shows a non-minimum phase characteristic, it is important to
investigate whether the zeros can be relocated to the lhp by altering any physical parameters of
the system. If so, in designing a flexible manipulator, certain parameter values can be used to
make the system minimum phase. In this work, the analyses are carried out using the Routh-
Hurtwiz (RH) criterion (Nise, 1995). Accordingly, if there is no sign change in the first
column of RH table, then all roots of the polynomial will be on the lhp. Utilising RH criterion,

the first column of RH table for numerator of G, (s) is shown in Table 1. It is noted that there

are two sign changes, proving that two zeros exist on the rhp. Furthermore, the result shows
that, since all terms are single, the zeros cannot be relocated by altering any parameter value.

For the transfer function G, (s), the effect of payload on the location of zeros can be

investigated. Table 2 shows the first column of RH table for the numerator of G, (s). Since
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the numerator is an even polynomial, a row of zeros exists at s°. Thus, if there are no sign
change, all zeros of the transfer function lie on the imaginary axis. It is noted, as all the
physical parameters, including the payload are positive, no sign change occurs in the first
column of RH table. This implies that all the system zeros lie on the imaginary axis and the
system is minimum phase.

Similarly, the effect of payload on the system poles and stability can be studied.
Furthermore, a range of payloads that ensures system stability can be determined. Table 3
shows the first column of RH table for the denominator of the transfer function, equation (15).
Again, as the denominator is an even polynomial, a row of zeros exists at s°. It is noted that,
no sign change occurs. This implies that all poles of the system lie on the imaginary axis and
the system is marginally stable.

The effect of payload on the dynamic behaviour of the system is further analysed by
obtaining the time responses of the end-point displacement and hub-angle of the manipulator.
Both transfer functions G, (s) and G, (s) are considered. In this work, a bang-bang torque is
applied at the hub of the manipulator. A bang-bang torque has positive (acceleration) and
negative (deceleration) period allowing the manipulator to initially accelerate and decelerate
and eventually stop at a target location. The input torque can be expressed in the time-domain
as

u(t)=ru,(t—a)—2ru (t—b)+ru,(t-c)
where u,(¢)is the unit step function and a, b, ¢ and r are constants. In the frequency-domain,

the input torque can be written as
1
U(s) ==(re™™ —2re™ +re™) (17)
s

Multiplying the transfer functions in equations (10) and (11) with the input torque in equation
(17) and utilising the inverse Laplace transform yield the time-domain expressions for the
system responses. The end-point displacement, y, () and hub-angle, y, (f) thus obtained are
given in Appendix A.

To demonstrate the performance of the developed symbolic algorithm, simulated

exercises with the flexible manipulator system described in section 4 and I, =5.8598x10™

kgm® were carried out. In these exercises, a bang-bang input torque as shown in Figure 7 with

amplitude of 0.3 Nm, ¢=0.2,b=0.5,¢=0.8 and r = 0.3 was used. The system responses at

the end-point and hub-angle were obtained over a period of 3 sec. Figures 8 and 9 show the
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» simulated responses of the end-point displacement and hub-angle respectively with a payload
of 20 grams. It is noted that the responses of the system achieved steady-state values of 0.43
m and 28° within 0.9 sec with persistent oscillations. The end-point response demonstrates
that the system is non-minimum phase, as the response slightly undershoots at start up. This
agrees with the symbolic results that were discussed earlier.

To investigate the effect of payload on the system response, steady-state values of the
system responses were monitored with various payloads. Based on the assumption, that the
manipulator achieves a steady-state value after 4 sec., the relations between payload and
steady-state values of end-point displacement and hub-angle are shown in Figures 10 and 11
respectively. In both cases, the output levels decrease significantly with increasing payload.
The results demonstrate that controllers that are capable to adapt with changing system

characteristics have to be developed.

5 Experiments

To validate the developed symbolic model of the flexible manipulator for use in simulation and
control, experimental investigations using an experimental rig are carried out and the results
are presented in this section. Performance of the symbolic manipulation approach is

accordingly assessed by comparing the symbolic, simulation and experimental results.

5.1  The Experimental Rig

The experimental rig used in this work consists of three main parts: a flexible arm, measuring
devices and a processor. A schematic diagram of the experimental rig is shown in Figure 12.
The flexible arm is constructed using a piece of thin aluminium alloy with parameters as
described in the earlier section. The test-rig is equipped with U9M4AT type printed circuit
motor at the hub driving the flexible manipulator. The motor is chosen as the drive actuator
due to its low inertia, low inductance and physical structure (PMI Motion Technologies,
1988). In this work, a linear drive amplifier LA5600 manufactured by Electro-Craft
Corporation is used as a motor driver (Electrocraft Corporation, 1985). The motor drive
amplifier produces a current proportional to the input voltage.

The measuring devices used in this work are the shaft encoder, tachometer and an
accelerometer along the arm. The shaft encoder, with a resolution of 2048 pulses, is used for

measurement of hub-angle of the manipulator. A precision interface circuit consisting of a
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TCHT2000 incremental encoder interface chip and MP7636A double buffered 16 bit
multiplexing digital to analogue (D/A) converter is used to convert the shaft encoder output to
an analogue signal. The tachometer is used for measurement of the hub-velocity. A miniature
integrated circuit piezoelectric accelerometer 303A03 is located at the end-point of the flexible
arm and used for measurement of the end-point acceleration. The accelerometer has a built-in
FET source follower that lowers the output impedance level. The low impedance output
allows the use of long cables without an appreciable signal loss or distortion.

The processor used for this experimental rig is an IBM-PC compatible based on
486DX2 50 MHz processor. Data acquisition and control are accomplished through the
utilisation of RTI - 815 I/O board. This board can provide a direct interface between the
processor, actuator and sensors. The experimental set-up requires one analogue output to the
motor driver amplifier and four analogue inputs from the hub- angle, hub-velocity, end-point
acceleration and motor current sensor. The interface board is used with a conversion speed of

25 u sec for A/D conversion and settling time of 20 usec for D/A conversion, which are

adequate for the system under consideration.

5.2 Experimental Results

In the experiments, a bang-bang input torque as shown in Figure 7 was used. The hub-angle,
hub-velocity and end-point acceleration responses were measured and the corresponding
power spectral densities (SDs) were obtained. Figure 13 shows the hub-angle, hub-velocity,
end-point acceleration, with the SDs, of the flexible manipulator without payload. It is noted
that for the hub-angle, the steady-state level of 38° was achieved within 1.8 sec. The first three
modes of vibration were obtained as 11.72 Hz, 35.15 Hz and 65.60 Hz. Furthermore, it is
noted that the hub-angle response is minimum phase as proved in the analysis using symbolic
manipulation. However, with a single element of FE method, the symbolic approach gave the
first two modes of vibration frequencies as shown in Figure 2 as 14 Hz and 47.5 Hz. More
accurate results can be obtained with increasing number of elements (Tokhi et al., 1997).

To investigate the effect of payload on the performance of the manipulator,
experiments were performed using various payloads ranging from 10 grams to 60 grams.
Figure 14 shows the hub-angle, hub-velocity and end-point acceleration with the SDs, of the

flexible manipulator with payloads of 20 grams and 60 grams. Similar to the results with

symbolic manipulation, it is noted that level of hub-angle decreases with increasing payloads.
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’ The steady-state levels of hub-angle reached 31° and 24° with a payload of 20 grams and 60
grams respectively. Moreover, a reasonably close agreement between symbolic and
experimental results in the time response was achieved. Analysing the SDs, it is also noted that
the resonance frequencies of the system decrease with increasing payloads. Experimental
modes of vibration for the manipulator with a payload of 20 grams were obtained as 10.3 Hz,
33 Hz and 59.4 Hz. On the other hand, sélving equation (16) yields the first two calculated
modes of vibration as 12.6 Hz and 39.8 Hz respectively. This validates the symbolic model in
characterising the dynamic behaviour of a flexible manipulator for development of suitable
control strategies. However, comparing Figures 9 and 14, a difference of 3° is noted between
the steady-state values of the hub-angle with payload Of 20 grams. The difference, which is
considered negligibly small, could mainly be due to the gravity effect, which was ignored in the
simulation, whereas a payload that might be affected by gravity was used in the experiments.

Moreover, payload rotary inertia was ignored in the simulation.

6. Conclusion

The application of a symbolic manipulation approach for modelling and analysis of a flexible
manipulator system has been presented. It has been demonstrated that the approach can be
utilised in characterising the dynamic behaviour of the manipulator, and to assess the stability,
response and vibration frequency of the system. The system transfer functions have been
obtained in a symbolic form and thus inter-relations between payload, hub inertia and system
characteristics have been investigated. Simulation and experimental results have been
presented demonstrating the performance of the symbolic approach in modelling and analysis

of a flexible manipulator system.
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Appendix A

In this section @, fand M, are represented as A, B and M respectively.
For signum , if

x(0, signum(x) = -1
x=0,signum(x) =0

x)0, signum(x)=1.

Al.  End-point Displacement

End-point displacement, y, (t) =

~((sqrt(360000*M**2+84600* A*M+5889* A**2)*(3 1400* A*K*L**3*¥M*+2+
12100* A**2¥ k¥ L*%3*M+1106* A**3*k*L**3) *signum(t-c)+sqrt(360000*M**2+

84600* A*M-+5889% A*¥2)*(31400* A*K*L**3*M**2+12100* A**2*¥k¥L**3*M+1106* A**
FHFL* *3))*cos((sqrt(15*A*L*M+A**Z*L)*sqrt(30*B*sqrt(360000*M**2+84600*A*M+5
889% A**2)+19800*B*M+2610* A*B)*t-c*sqrt(15* A*L*M+A**2*L)*
sqrt(SO*B*sqrt(360000*M**2+84600*A*M+5889*A**2)+19800*B*M+26IO*A*B))/( 15*A
H*RDF M4 AR*2*L¥%2))+(sqrt(360000*M**2+84600* A*M+5889* A**2)*(-

31400* A*K*L**3¥M**2-12100* A*¥*2*k*L**3*M-1106* A**3*k*L**3)*signum(t-
C)+sqrt(360000*¥M**2+84600* A*M+5889* A**2)*(-31400* AFKHFLF*FHM**2-

12100* A**2*k*L¥*3*M-1106% A**3*¥k*L**3))*cos((sqrt(15* A¥L¥M+A**2*L) *sqrt(-
30*B*sqrt(360000*M**2+84600* A*M+5889* A**2)+19800*B*M+26 10*A*B)*1-

c*sqrt(15* A*L*M+A**2*L)*sqrt(-30*B*sqrt(360000*M**2+84600* A*M

+5889* A**2)+19800*B*M+2610* A*B))/(15* A*L**2*¥M+A**2*L**2))+((-

8400000* A*k*L**3*M**3+sqrt(120000¥M**2+28200* A*M+1963* A**2)*(-
15400*sqrt(3)* A*K*L**3¥M**2-5770%sqrt(3)* A**2 ¥k *L**3*M-493*sqrt(3)* A

ok JREH $#3)-4014000* A**2¥KHFLHF*3¥M**2-616810* A*+3*k*¥L**3*M-33371

* A%k 4xk*L*F*3)*gignum(t-c)-8400000* AFk*L**3*M**3+sqrt(120000*M**2

+28200* A*M+1963* A**2)*(-15400%sqrt(3)* A¥k*L**3*M**2-5770*sqrt(3)*A**2
FFLF*3*M-93*sqrt(3)* A**3¥k*L**3)-4014000* A**2 k¥ L**3*M**2-6168 10* A

#R R F*3HM-3337 1 AR*F4¥K*LHA+3)*cos((sqrt(7128000000*B*M**3+sqrt
(360000*M**2+84600* A*M+5889* A**2)*(10800000*B*M**2+2538000* A*B*M+17667
0* A**2*B)+2614680000* A*B*M**2+337408200* A**2*B*M+15370290*A**3*B)*t-
c*sqrt(7128000000%B*M**3+sqrt(360000*M**2+84600* A*M+5889* A
#%2)%(10800000*B*M**2+2538000*A*¥B*M+176670* A**2*B)+2614680000* A*B*M**2
+337408200* A**2*B*M+15370290* A**3*B))/(L*sqrt(15* A*L*M+A**2*L)*sqrt(360000
*M**2+84600* A*M+5889* A**2)))+((-8400000* A*K*¥L**3*M**3+
sqrt(120000%M**2+28200*A*M+1963* A* #2)*(15400*sqrt(3)* A*k*L**3*M**2+5770%sqr
t(3)*F AR KL * 3R M+493*sqrt(3)* A**3FKFL*#3)-40 14000 A**2*KHLH*3*M*#2-

6168 10% A**3*k*L**3+¥M-3337 1 * A**4*k**¥*3)*signum(t-c)-

8400000* A¥k*L*+3*M**3+sqrt(120000*M**2+28200* A*M+1963* A**2)*(15400*sqrt(3)
# AFKHLF*3RM*H24+5770%sqrt(3)* A**2*k*FL**3*M+493*sqrt(3)* A**3*k*L**3)-

4014000% A**2¥KHL**3*M**2-616810% A**3+¥k*¥L **3*¥M-3337 1 * A**4*k*
L**3)*cos((sqrt(7128000000*B*M* *3+sqrt(360000+M**2+84600* A¥M+5889* A**2)*(-
10800000*B*M**2-2538000* A*B*M-176670* A**2*B)+2614680000* A*B*M
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#%24337408200% A**2*B*M+15370290% A**3*B)*t-c*sqrt(7128000000*B*M**3+
sqre(360000*M**2+84600* A*M+5889% A*+2)*(-10800000*B*M**2-2538000*A*B  *M-
176670 A**¥2%B)4+26 14680000 A*B*M**2+337408200* A**2*B*M+

15370290% A**3*B))/(L*sqrt(15* A*L*M+A**2*L)*sqri(3600004M**2+84600* A*M+5889
* A%%2)))+((-432000000*B*k*M**3-245520000% A*B*k*M**2-40906800* A**2*B*k*M-
2355600* A**3*B*k)***2+(864000000* B *c*k*M**3+
491040000 A*B*c*k *M**2+81813600% A**2¥B*c*k*M+4711200* A**3*B*c*k)*t+(1680
0000* A*K*L**3-432000000%B*c*#2%k) xM**3+(8028000% A%+ 2k ¥ **3.-

245520000 A*BH*c*#2 %K) ¥M*#2+(1233620* A**3+K L *%3-40906800* A**2
*BHCHHDEK)EM466T42* A**4FHL*¥¥3-2355600* A**3¥B*c**2%k)*signum(t-c)+(-
432000000%B*k*M**3-245520000* A*B*k*M**2-40906800* A**2*B*k* M-

2355600% A**3*B*k)*1**2+(864000000*B*c*k*M#**3+491040000% A*B*c*k*M**2+8181
3600% A**2*B*cHk ¥ M+4711200% A**3*B*ckk)*(+(16800000* A*K*L**3-
432000000%B*c#*2 k) ¥M**3.+(8028000% A**2¥k*L ¥¥3-245520000* A*B*c**2+k)
V241233620 A**3HKHL#%3-40006800% A% ¥ 2¥ B+ *2¥Kk) ¥ M+66742% A%+ 4+ Kk L##3-
2355600% A**3*B*c**2#k)/(1728000000*B*L*M#*4+1558080000* A*B*L*
M#**34490087200% A**2*B*L ¥M**2+63964800* A**3*B*L*M+3140800* A**4*B*L)+2%(
(sqri(360000*M**2+84600* A*M+5889* A**2)*(31400% A*Kk*L#*3xM**2412100% A**2xk*
L**3%Mu+1106* A**3*k*L**3)*signum(t-b)+sqrt(360000*M**2+

84600* A*M+5880% A**2)%(31400% AFKFL**3¥M*%2.+12 1 00* A¥*2¥K¥L*¥*3%M-+1106* A**
IHHFL##3))kcos((sqrt( 1 5* AL M+A*¥2*L)*sqrt(30*B*sqrt(360000*M**2-+84600* A*M+5
889* A*+2)+19800%B*M+2610* A*B)*t-b*sqrt(1S* A*L¥M+A**2*
L)*sqrt(30*B*sqrt(360000*M**2+84600% A*M+5889* A**2)+19800*B*M+2610* A*B))/(1
5% AFLFHDFM4A¥F2¥L#42))+(sqrt(360000*M*+2+84600% A*M-+5880* A**2) (-

31400* A*KFL**3FM**2-12100* A*#2¥k*L**3*M-1106* A**3¥k*L**3)*signum(i-
b)+sqrt(360000¥M**2+84600* A*M-+5889% A%*2)*(-31400% Ak **3%M*+2-

12100% A*¥2¥K*L¥*3%M-1106* A**3*k*L**3))*cos((sqrt(15* A*L*M+A**2*L)*sqrt(-
30*B*sqrt(360000*M**2+84600* A*M+5889*A**2)+19800*B*M+2610* A*B)*(-
b*sqri(15* A¥L*M+A**2*L)*sqri(-30*B*sqrt(360000%M**2-+

84600* A*M+5889* A**2)+19800*B*M+2610*A*B))/(15* AXL**2¥ M+ A**2¥L*¥2))+((-
8400000* A*Kk*L**3*M**3+5qrt(120000¥M**2+28200* A*M-+1963* A**2)*(-
15400%sqrt(3)* A¥K*L**3*M#*%2-5770%sqrt(3)* A¥¥2¥k¥ L **3*M-493*sqrt(3)* A**
BHKHLH%3)-4014000% A¥FDHHL ¥ 3EM#*#2-6168 L0k A**3*k*¥L#*¥3¥M-3337 [ ¥ A**4
+RHL**#3)*signum(t-b)-8400000% A*¥k*L**3*M**3+sqrt(120000*M**2+28200* A*
M-+1963% A%¥2)*(-15400%sqrt(3)* A¥K*L**3*M#*2-5770%*sqrt(3)* A¥¥2 ¥k ¥L¥*3%M-
493%sqrt(3)* A**3FKHL#%3)-4014000% A% * 2 IHL##3¥M**2-6 168 10* A** 3+ L#*3¥M-
3337 ¥ A**4*K*L**3)*cos((sqrt(7128000000%B*M**3+sqrt(360000*M**2

+84600* A*M+5889* A**2)*(10800000*B*M*#2+2538000* A*B*M+176670* A*+2*B)+26
14680000* A*B*M#**2+337408200* A**2*B*M+15370200* A**3%B)*t-b*
sqrt(7128000000%B*M#**3+5qrt(360000*M**2+84600* A*M+5889* A**2)*(10800000*B*
M#*¥2+2538000* A*B*M+176670* A**2+B)+2614680000* A*B*M##2+337408200%* A**2*
B*M+15370290% A**3*B))/(L*sqrt(15* A¥L*M+A**2*¥L)*sqrt(360000¥M**2+84600* A*M
+5889*% A**#2)))+((-8400000* A*k*L**3*M#**3+sqrt(120000%

M##2+28200% A*M+1963*A**2)*(15400*sqrt(3)* A¥k¥L**3*M**2+5770%sqrt(3)* A**2#k
*LA*35M+493*sqre(3)* A**3¥k*L+%3)-4014000% A** 2Kk LA+ 3k M##2-

6168 10 A**3*k*F#+3¥M-3337 | ¥ A¥¥4*K*L#+3)*signum(t-b)-8400000* A*k*L

% 3RM**345qrt(120000%M**2+28200% A*¥M+1963* A*#2)*(15400*sqrt(3)* A*k*L+*3+ M
*2+5770%sqrt(3)* A**F2HLF*3¥M+493*sqrt(3)* A**3*k*L++3)-4014000*
AFFDHKHKLFHRM*H2-616810% A**3FKHL#%3¥M-3337 1 ¥ A**4*Kk*¥L*¥*3)*cos((sqrt
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(7128000000*B*M**3+sqrt(360000*M**2+84600* A*M+5889* A**2)*(-
10800000*B*M**2-2538000* A*B*M-176670* A**2*B)+2614680000* A*B*M**2
+337408200* A**2*B*M+15370290* A**3*B)*t-b*sqrt(7128000000*B*M**3+sqrt
(360000*M**2+84600* A*M+5889* A**2)*(-10800000* B*M**2-2538000* A*B*M-
176670* A**2*B)+2614680000* A*B*M**2+337408200* A**2*B*M+15370290*
A**3%B))/(L*sqrt(15* A*L*M+A**2*L)*sqrt(360000*M**2+84600* A*M+5889* A**2)))+(
(-432000000*B*k*M**3-245520000* A*B*k*M**2-40906800* A**2*B*k*M-

2355600* A**3*B*k)*t**2+(864000000*b*B*k*M**3+491040000* A*b*B*k

*M**2+81813600* ALPHA**2*b*B*k*M+4711200*% A**3*b*B*k)*t+(16800000* A*k*L**
3-432000000*b**2*B*k)*M**3+(8028000* A**2*k*L**3-245520000* A

¥Rk RBHK)RM**2+(1233620* A**3*k*¥L**3-40906800* A**2*b**2*B*k)* M+

66742 A¥*4*k* **3-2355600% A**3*b**2*B*k)*signum(t-b)+(-432000000*B*k *M**3-
245520000* A*B*k*M**2-40906800* A**2*B*k*M-2355600* A**3*B*k)
***2+(864000000%b*B*k*M**3+491040000* A*b*B*k*M**2+81813600* A**2*b*B*k*
M+4711200* A**3*b*B*k)*(+(16800000* A*k*L**3-432000000*b**2*B
*k)*M**3+(8028000* A**2*¥k**%3-245520000* A*b**2*B*k)*M**2+(1233620*
AXEFHRH*%3.40006800% A**2*b**2*B*Kk)*M+66742* A**4*k*[ **3-2355600* A
**3xph**k2*B*k)/(1728000000*B*L*M**4+1558080000* A*B*L*M**3+490987200* A**2*
B*L*M*#*2+63964800* A**3*B*L*M+3140800* A**4*B*L)-(sqrt(360000*

M**2484600*% A*M+5889* A**2)*(((31400* A*k*L**3*M**2+12100* A**2*k* **3*M+11
06* A**3*k*[ **3)*gignum(t-a)+31400* A*k*L**3*M**2+12100* A**2*k

*L*A*3*M+1106* A**3*¥k*¥**3)*cos(sqrt(15* A*L*M+A**2*L)*sqrt(30*B*sqrt(360000*M
**2+84600* A*M+5889* A**2)+19800*B*M+2610*A*B)*(t-a)/(15* A*L**
2¥M+AF*FLFL*%2))+((-31400* A¥K*L**3*¥M**2-12100* A**2*k*L**3*M-1106* A
**FJFRF**3)ksignum(t-a)-31400* A*k*L**3*M**2-12100*¥ A**2*k*L**3*M-1106

* A*FJFRFL**3)kcos(sqri(15* A*LF*M+A**2*L)*sqrt(-30*B*sqrt(360000*M**2+
84600*A*M+5889* A**2)+19800*B*M+2610*A*B)*(t-a)/(15* A*L**2*M+A**2*L,
*%2))+sqrt(120000*M**2+28200* A*M+1963* A*#2)*(((-15400*sqrt(3)* A*k*L**3
*M**2-5770*sqrt(3)* A**2*k*L*#*3*M-493*sqrt(3)* A**3*k*L**3)*signum(t-a)-
15400*sqrt(3)* A¥k*L**3*M**2-5770*sqrt(3)* A**2 ¥k *L**3*M-493*sqrt(3) * A**
3*¥k*L**3)*cos(sqrt(7128000000*B*M**3+sqrt(360000*M**2+84600* A*M+5889* A**2)*
(10800000*B*M**2+2538000*A*B*M+176670* A**2*B)+2614680000* A*B*M**2+3374
08200*A**2*B*M+15370290* A**3*B)*(t-a)/(L*sqrt(15* A*L*M+
A**2*[)*sqrt(360000*M**2+84600* A*M+5889* A**2)))+((15400*sqrt(3)* A*k*L**3*M*
*2+5770*sqrt(3)* A**2*k*L**3*M+493*sqrt(3)* A**3*k*L**3 ) *signum(t-
a)+15400*sqrt(3)* A*k*L**3*M**2+5770%sqrt(3)* A**2*k*L**3*M+493*sqrt(3) * A**3*k*
L**3)*cos(sqrt(7128000000*B*M**3+sqrt(360000¥M**2+84600* A*M+5889* A**2)*(-
10800000*B*M**2-2538000* A*B*M-176670* A**2*B)+2614680000
*A*B*M**2+337408200* A**2*B*M+15370290* A**3*B)*(t-a)/(L*sqrt(15* A*L*
M+A**2*L)*sqrt(360000*M**2+84600* A*M+5889* A**2))))+((-8400000* A*k*L
**3JFM**3-4014000* A** 2K **3¥M**2-616810* A**3*k*[ **3*M-33371* A**4
*k*L**3)*signum(t-a)-8400000* A¥k*L**3*M**3-4014000% A**2 ¥k ¥ ** 3 ¥ M**2-

616810* A**3Fk*L**3*M-33371* A**4*k* [ **3)*cos(sqrt(7128000000*B*M**3+
sqrt(360000*M**2+84600* A*M+5889* A**2)*(10800000*B*M**2+2538000* A*B*M+17
6670* A**2*B)+2614680000* A*B*M**2+337408200* A**2*B*M+15370290* A**3*B)*(t-
a)/(L*sqrt(15* A*L*M+A**2*L)*sqrt(360000*M**2+84600* A*M+ 5889* A**2)))+((-
8400000* A*k*L**3*M**3-4014000* A**2¥k*L#*3*¥M**2-6168 10* A**J*k*_ **3*M-
33371* A**4*k*L**3)*signum(t-a)-8400000* A¥K*L**3 *M**3-
4014000% A**2*k* **3EM*#2-61 68 10* A*¥*F*¥k*L**3*¥M-3337 1 * A**4*k*
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L**3)*cos(sqrt(7128000000*B*M**3+sqrt(360000*M**2+84600* A*¥*M+5889* A**2)*(-
10800000*B*M**2-2538000* A*B*M-176670* A**2*B)+2614680000* A*B*M
*%24337408200* A**2*B*M+15370290* A**3*B)*(t-a)/(L*sqrt(15* A*L*¥*M+A**2*
L)*sqrt(360000¥M**2+84600* A*M+5889* A**2)))+((-432000000*B*k*M**3-
245520000* A*B*k*M**2-40906800* A**2*B*k*M-2355600* A**3*B*k)*t**2+
(864000000*a*B*k*M**3+491040000*a* A*B*k*M**2+81813600*a* A**2*B*k*M+4711
200*a* A**3*B*k)*t+(16800000* A*k*L**3-432000000*a**2*B*k)*M

*%34(8028000* A**2*k*L**3-245520000%a**2* A*B*k)*M**2+(1233620* A**3* k*L**3-
40906800%a**2* A**2*B*k)*M+66742* A**4*k*L **3-2355600%a**2* A
**3*B*k)*signum(t-a)+(-432000000*B*k*M**3-245520000% A*B*k*M**2-

40906800* A**2*B*k*M-2355600* A**3*B*k)*t**2+(864000000*a*BA*k*M**3+
491040000*a* A*B*k*M**2+81813600*a* A**2*B*k*M+4711200*a* A**3*B*k)*t+(1680
0000* A*k*[ **3-432000000*a**2*B*k)*M**3+(8028000* A**2*k*L **3-
245520000*a**2* A*B*k)*M**2+(1233620* A**3*¥k*L**3-40906800*a**2* A**2*
B*k)*M+66742* A**4*k ¥ **3-2355600*a**2* A**3*B*k)/(1728000000*B*L*M**
4+1558080000* A*B*L*M**3+490987200* A**2*B*L*M**2+63964800* A**3*B*L*M+3
140800* A**4*B*L)

A2. The hub-angle

The hub-angle output in the time-domain, y, (f) can be obtained as

y,&)=y,(,a)-2y,(@b)+y,(t.c)

where

y,(t,a)=

(sqrt(360000*M**2+84600* A*M+5889* A**2)*(((384000*k*L**3*M**3+252600* A*k*L
*EJEM**2+55440% A** 2Rk **3*¥M+4074* A**3*k*L**3)*signum(t-a)+
384000*k*L**3*M**3+4252600* A*¥Kk*L**3*M**2+55440* A** 2k **3*M+

4074* A**3*k*L**3)*cos(sqrt(15* A*L*M+A**2*L)*sqrt(30*B*sqrt(360000*M**2+84600
*A*M+5889* A**2)+19800*B*M+2610*A*BETA)*(t-a)/(15* A*L**2*M+

AFFQF *%9))4((-384000*k*L**3*¥M**3-252600* A*k*L**3*¥M**2-5544(0* A**2*¥k *[ **3*
M-4074* ALPHA**3*k*L**3)*signum(t-a)-384000*k*L**3*M**3-252600

* ARRFLF*3*M**2-55440*% A*¥*Q*k*L**3*M-4074* A**3*¥k*L**3)*cos(sqrt(15* A*
L*M+A**2*] )*sqrt(-30*B*sqrt(360000*M**2+84600* A*M+5889* A**2)+19800*
B*M+2610* A*B)*(t-a)/(15* A*L**2*M+A**2*[*%2)))+sqrt(120000¥M**2+28200
*ALPHA*M+1963* A**2)*(((-264000*sqrt(3.0)*k*L**3*M**3-180000*sqrt(3.0)*A
*RF*ZEM**2-39600*sqrt(3.0)* A**¥2*k*L**3*M-2697*sqrt(3.0)* A**F K+ **3)*
signum(t-a)-264000*sqrt(3.0)*k*L**3*M**3-180000*sqrt(3.0)* A*¥k*L**3*M**2-
39600*sqrt(3.0)* A**2*¥k*L **3*M-2697*sqrt(3.0)* A**3*k*L**3)*cos(sqrt
(7128000000*B*M**3+sqrt(360000*M**2+84600* A*M+5889* A**2)*(10800000*B*M**
2+2538000*A*BETA*M+176670* A**2*B)+2614680000* A*B*M**2+337408200* A**2*
B*M+15370290* A**3*B)*(t-a)/(L*sqrt(15* A*L*M+A**2*L)*sqrt
(360000*M**2+84600* A*M+5889* A**2)))+((264000*sqrt(3.0) *k *L**3*M*+*3+180000%*s
qrt(3.0)* A*k*L**3*M**2+439600*sqrt(3.0)* A**2*k*L**3*M+2697*sqrt(3.0)* A**3* K+ *
*3)*signum(t-a)+264000*sqrt(3.0)*k *L**3*M**3+180000*sqrt(3.0)*
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AFKFLHF*3EM**2+39600%sqrt(3.0) ¥ A**2¥k L #*3¥M+2697*sqrt(3.0)* A¥*3*k*L*#3)*cos(s
qrt(7128000000%B*M**3+5qrt(360000*M**2+84600% A*M-+5889* A**2)* (-
10800000*B*M**2-2538000* A*B*M-176670* A**2¥B)+2614680000* A*B*M**
2+337408200% A**¥2*B*M+15370290* A**3*B)*(t-a)/(L*sqrt(15* A*L*M+A**2*L)
*sqrt(360000%M**2+84600* A*M-+5889* A*%2))))+((-144000000%k*L**3*M**4-

113040000% A*K*L**3*M*%3-32127600% A**2¥ k¥ L#*3¥M*#2-3918180* A**3*k*L
#*3*M-182550* A**4*k*L**3)*gignum(t-a)- 144000000¥k*L**3*M**4-113040000

* AFKHL R ZRM*%3.32 [ 27600% A**2FKFLF¥ 3 M*%2-301 81 80* A%*FHK [ **3% M-

182550% A%*4*k*L**3)*cos(sqrt(7128000000*B*M**3-+sqrt(360000*M**2+84600* A*M-+
5889* A**2)*(10800000*B*M**2+2538000* A*B*M+176670* A**2*B)+2614680000*A*B
*M*#2+337408200% A**2*B*¥M+15370290% A**3%B)*(t-a)/(L*sqrt

(15% A*L*M-+A**2*¥L)*sqrt(360000*M**2+84600* A*M+5889* A**2)))+((-
144000000%k*L**3%M**4-113040000% A¥k*L**3¥M**3-32127600% A*# 2Kk #+3 *M*:*2-
3918180% A*#3*k*L¥*¥3*M-182559% A**4*k*L**3)*signum(t-a)-144000000
FKL#*3EM*#4-113040000% A*KFL*+34M*%3-32127600% A** 2Rk * ¥ 3k N#*2-

3918 180% A*#3HK*L*¥*¥3%M-182559% A¥*4*k* L ¥*3)*cos(sqrt(7128000000*B*M**3
+sqrt(360000*M**2+84600* A*M+5889* ALPHA**2)*(-10800000*B*M?**2-

2538000* A*B*M-176670% A**2%¥B)+2614680000* A*B*M*+*2+337408200* A**2*
B*M+15370290* A%*3%B)*(t-a)/(L*sqrt(15* A*L*M+A**2%L) *sqrt(360000*M**2+

84600* A*M+5889% A**2)))+((432000000*B*k*M**3+245520000* A*B*k*M**2+4090680
0* A**2*BET A*¥k*M+2355600% A**3*B*k)*t+*2+(-864000000*a* Bk M**3-
491040000* A* A*B*k*M**2-81813600* A* A**2¥B+k*M-4711200* A* A**3*B

k) *t+288000000*k*L#*3*M**4+(226080000* A¥k*L**3+432000000% A**2 *B*k)*M**3+
(64255200% A**2+k*L*%3+245520000% A**2* A*B*k)*M**2+(7836360% A**3*k ¥ **3+40
006800* A**2* A¥*2*¥B¥Kk)¥M+365118* A*+4*k* #%342355600% A**2% A¥*3*B*k)*signum
(t-2)+(432000000%B*k*M**3+245520000% A*B*k*M**2+

40906800* A**2*B*k*M+2355600* A**3¥B*k)*1**2.+(-864000000* A* Bk *M**3-
491040000* A* A¥B*k*M#**2-81813600* A* A**2*B*k*M-4711200% A* A**3*B*k)
*1+288000000*k*L**3*M**4-+(226080000* A*k*L**3+432000000* A**2 ¥B*k)*M**3+(64
255200% A%*2*k*L#%3+245520000% A**2* A*BHk)*M**2+(7836360* A**3*k*L*+3+40906
8O0 A*¥2% A% Q¥ BHK)¥M+3651 18* A**4*k ¥ ¥¥342355600% A%*2% A**3*B*k)/(17280000
00*B*L**2¥M**4+1558080000* A*B*L**2*M**3+490987200% A**¥2 ¥ B*L**2*M**2+639
64800% A**3*BHL#+¥2*M+3140800* A**4*B+L**2)

Similarly, y,(z,b) and y, (t,c) can be obtained by replaciing a with b and ¢ respectively in

the above expression.
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» TABLES

Table 1: The first column of RH table for the

numerator of G, (s).

5t ' 30a?l’

53 120 2l !

5 —24300a pl1*

5! ~74800a p1*

s° 4536I000ﬁ2l

Table 2: The first column of RH table for the numerator of
G,(s).
s 30al®(12M , + @)
s’ 120al°(12M , + )
s° 1080081° 17a: +70M ,)
5! 57600(B1°(17a +70M )
17a+70M,
5° 45360004
Table 3: The first column of RH table for denominator of the system.
s° 0.3M , +0.0035
5’ 1.9M , +0.0208
st 51234M , +113.5
s’ 7.6x10°M ,* +3.0x10” M , +356584.8
15370.2M , +340.4
s 14x107M > +1.3x10° M ,* +3.4x10% M, +3.3x10%
6.1x10° M ;> +2.4x10"* M , + 2.8 x10'
i 1.0x10° M, +5143720
s° 0

25




Mohamed and Tokhi (2001)

FIGURES

o™ T X

N f
L .
> ;
(&)
2 -
3 .
e ) e i e I
E [ '
= : : 1
T | T e T Ik o
- : '. .
o : . .
> M-
¢ 72| O WS A MRy ¥ 3 3 - p — .
0 : 1 : : ; ' ' :

0O 10 20 30 40 50 60 70 80 90 100
Payload (gram)

Figure 2. Effect of payload on the vibration frequency of the end-point response using
I, =5.8598x107 kgm’.
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Figure 3. Effect of hub inertia on the vibration frequency of the end-point response using
M, = 30 grams.
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Figure 4. Relationship between hub inertia, payload and vibration frequency of mode 1.
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Figure 6. Effect of payload on the zeros of hub-angle response.
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Figure 7. The bang-bang input torque.
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Figure 8. Simulated end-point displacement response of the flexible manipulator

(M, = 20 grams).
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Figure 9. Simulated hub-angle response of the flexible manipulator (M, = 20 grams).
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Figure 10. Effect of payload on the steady-state value of end-point displacement response
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Figure 11. Effect of payload on the steady-state value of hub-angle response (7 = 4 sec).

Figure 12. Schematic diagram of the experimental rig.
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Figure 13. Response of the flexible manipulator experimental rig without payload.
32



~~
2 — 8 _ 8 _ T 2
g ! e o] I W _ " m
[=]N=) i ] =
m | © [ i e = gn
\ ! =]
, 2 . k- || ST [ | ettt I -
= : : ' ! 2 w0 i o = 4
5 v L s _ S TR WG T 3 o
” . = MD . i lﬂl.u st e W e N = m 1m.
2 -i8% § g T B s wre @ F 9 =
g sl | B oS el ek sinas e N G =
=
= B m e . s = ' = \ ‘ s .5 b
) 5 = . g 5 WO e g
i e e e N = 2 = e i e NS i e I ©Q ="
M o Sy T ' =] 5> o o
WoLhos L onigrln g _omgnig ey _osgnipn gy o m m o - X o o Gy R LT ST TV W A, Lot g e g i AO.. m 1 i o)
W o W ™ D C1= m o T T ' w Jm .w
muee e [T IR S i, D (TR R [RTTR R 1 e
R wle & T A i P . -
Ems as 18 T pmiiims@onoroiil® 403
maee oy LRI O e IO 1 ' wrree ﬂ e
manraoy LR T CETE R w0 1 e p—
- o g b 7 - © o - = T b N
£ &E &= '8 @ g ° e e %= o o 2 2. @ B @ g ) 4
(zH/Bep,6ap) epnyubepy (zH/((oos/Bap),(oes/Bap)) epniubepy (zH/((o85/905/W),(0085/005/W)) @pnyubep 5 g
i
25 2
S8
[afye]
_ e . @ E5
2 R 22, . Co =)
N © ' ' ' ' o @ ' ' 0 ' Q
L o B alell oats el e § o o oo L ]w I R By L S T ¥ = I.m.
IR EEE R : NIk RERE FIN -
o i W i Pog ¢ .m 5
i v be X oA o5y ) P P g W
....... T S IR Y : R T -* R Y Q
) ' ' \ i ' \ Q = y \ ' h ' Q =
' ' f ' ' ' ' - 50 5 o f f ' ' ' ' = [5) =
' , . . . ' : : 5 M) Q i i i s 1) Q Gy
@ M [ — [} Q o
R T T, N I ; o an R < R P} ]
! ! ! i ' ' -0 O o 4 el ) h 0 e %
' ' . " ' ' ' E = E £ " [ ' ' ' E .m =
' ' ' [ H [ u " ' ' ' 0 = (@] o
' . o w W =) o oo o =9 o
F= v = == = 1 = I e B T (.@ —~ o Ny A o] | T My S # g YU 1& %
' ' f ' ' ' .I.C\ . ' f ' f ' =] R
" i i - B ¥ ¢ B 3 . ot
A o T [ E i i T -
im T da o i . A ¥ L
Pt e - o v ol en
o
w (=] un o wn [=] wn (=] 's] [=] Qo (=] (=] (=] (=] (=] o (=] Q o (=] F
< <+ « @ o o - = wn [=] wn o w0 :... o ﬁ o wn
(Bap) a|Bue-gn o I T o

(oes/bap) b_oo_m?n:._._ . (22s/2@s/w) uojeia|aaoe Jujod-pug



