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Abstract — Design techniques for microwave bandpass filters 
using re-entrant resonators are presented. The key feature is that 
each re-entrant resonator in the filter generates a passband 
resonance and a finite frequency transmission zero, above the 
passband. Thus an Nth degree filter can have N finite frequency 
transmission zeros with a simple physical realization. A 
physically symmetrical 5 pole re-entrant bandpass filter 
prototype with 5 transmission zeros above the passband was 
designed and fabricated. Measured results showed good 
correspondence with theories.  
 

Index Terms—In-line, Pseudo-elliptic filters, Re-entrant 
Resonator, Transmission Zeros 

I. INTRODUCTION 

    Finite transmission zeros are routinely used to increase the 

selectivity of bandpass filters. Currently, there are two ways in 

which transmission zeroes are physically realized. The first 

one is through multipaths created within the filter structure 

which produces destructive interference at some desired 

frequencies called transmission zero frequencies. This is 

normally achieved by means of cross-coupling between non-

adjacent nodes or resonators in the filter structure. The second 

way involves the creation of the transmission zero generating 

elements which are then cascaded together to form higher 

order networks or mixed with other elements. These 

techniques are well explained in [1]. However, these methods 

often lead to bulky filters due to high number of elements 

required and sometimes inconvenient topologies.  

      In this paper, a re-entrant resonator is used to create a 

bandpass resonance with an integrated finite frequency 

transmission zero. The concept of the re-entrant line was first 

introduced by Cohn in the design of couplers [2] and similar 

configurations were further applied in [3] for the design of 
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wide bandpass and bandstop filters. The re-entrant cross 

section has also been used in [4] where the dual resonance and 

finite frequency transmission zero produced by a single 

resonator was exploited for dual bandpass applications.  In this 

paper, the re-entrant line is used in the design of small 

percentage bandwidth bandpass filters, particularly with 

transmission zeros above the passband. Transmission zeros 

below the passband are also theoretically possible using this 

approach but impractical to realize in real systems. The 

proposed design offer a simple and easy implementation for 

pseudo elliptic filters where a higher level of attenuation is 

required on the high side of the passband than can be provided 

by conventional coaxial filters. This type of filter is useful for 

interference rejection in cellular base stations.  

      The concept of a re-entrant line resonator is developed in 

section II to generate bandpass resonators with integrated 

transmission zeros thus realizing finite frequency transmission 

zeros without the need for complicated cross couplings. In 

section III, development of the design technique for bandpass 

filters with transmission zeros above the passband is 

presented. Comparisons of the re-entrant resonator to the 

coaxial resonator and their merits in terms of size, loss and 

stopband responses are also discussed. Some design examples 

are given in section IV and a prototype re-entrant bandpass 

filter was built and laboratory tested. 

II. RE-ENTRANT RESONATORS 

    The basic concept of a re-entrant transmission line is that it 

is a form of triaxial transmission line with three concentric 

conductors one of which is grounded. Fig. 1 shows an 

example of an air filled re-entrant resonator. Because the inner 

conductor has zero admittance to ground, a re-entrant 

transmission line makes for practical and convenient 
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realization as a microwave filter element. In fact this unique 

property alone makes the re-entrant line very useful as 

opposed to conventional two conductor transmission lines.  

   

Fig. 1.  A physical re-entrant transmission line: (a) top and cross section view 

(b) isometric view 

 

Fig. 2.  A re-entrant line equivalent circuit (a) Physical transmission line (b) 

Graph representation (c) two series-connected transmission lines 

Although, the conductors used in Fig. 1 are of cylindrical 

profile, other profiles such as square or rectangular coaxial 

may be employed where convenient. Furthermore, Fig. 1 also 

shows that a basic re-entrant transmission line is a four port 

transmission line. It is also readily seen from Fig. 1 that the 

equivalent circuit for the re-entrant line is two series 

connected transmission line networks of commensurate length 

as depicted in Fig. 2. Here ௥ܻ (ߠ)  is the admittance to ground 

of the middle conductor, ௥ܻ௜ is the admittance between the 

middle conductor and the inner center conductor and ݎ 

indicates ݎth resonator in the filter. This equivalent circuit may 

be used to derive useful filtering elements by appropriately 

terminating two of the four ports in either short or open 

circuits. The choice of the termination depends on the physical 

realisability and required transmission characteristics. 

A more useful and convenient equivalent circuit is obtained 

from Sato’s two-wire equivalent circuit of coupled-lines [5] 

consisting of short circuited series stubs and transmission lines 

as depicted in Fig. 3. The four port numbers in [5] are replaced 

by variables (i.e. ݎ ,݅ ,ݎԢ and ݅Ԣ as in Fig. 2). In this case, the 

only condition imposed on the inner conductor is that it has no 

admittance to ground i.e. ௜ܻ௜ ൌ ௥ܻ௜ . 

 
Fig. 3.  Graph representation of the equivalent circuit of re-entrant line using 

Sato’s equivalent circuit of two coupled lines 

A. Re-entrant Resonator producing a transmission zero 
above the passband 

To realize a transmission zero above the passband, two 
convenient re-entrant structures may be used. For case 1, the 
two ports on one end of the re-entrant line in Fig. 3 i.e. port ݎᇱ 
and ݅ᇱ, are short-circuited to the ground yielding the equivalent 
circuit as shown in Fig. 4(a) consisting of short-circuited 
stubs. This can be verified by inspection of the equivalent 
circuit shown in Fig. 2(c). Resonance is achieved by 
capacitively loading port ݅ as shown in Fig. 4(b) and Fig. 5.  

 
Fig. 4.  Case 1 - Re-entrant resonator realizing a transmission zero above the 

passband (a) derivation of the equivalent circuit (b) resonance circuit. 



TMTT-2014-06-0603 3 

 
Fig. 5.  Cross section of a physical realization of circuit of Fig. 4 (b) 

 
Fig. 6.  Reactance function ௜ܺ௡ሺ߱ሻ plot corresponding to circuit of Fig. 4 (b) 

The input impedance of circuit of Fig. 4(b) may be computed 
as ܼ௜௡ሺ݆߱ሻ ൌ ݆ ܼ௥ tanሺܽ߱ሻ ሺ߱ܥ௜ܼ௥௜ tanሺܽ߱ሻ െ ͳሻͳ െ ௜ሺܼ௥ܥ߱ ൅ ܼ௥௜ሻ tanሺܽ߱ሻ  (1) 

where ܽ ൌ  ௢߱௢ (2)ߠ

and  ܥ௜ ൌ ͳ߱௭ܼ௥௜  ሺܽ߱௭ሻ݊ܽݐ

ܼ௥ ൌ ܼ௥௜ ቆ߱௢ ሺܽ߱௢ሻ߱௭݊ܽݐ ሺܽ߱௭ሻ݊ܽݐ െ ͳቇǤ (3) 

Where, ߱௢ ൌ ߨʹ ௢݂, ߱௭ ൌ ߨʹ ௭݂, and ߠ௢ are the center 
frequency, the position of the transmission  zero frequency 
and the electrical length at the center frequency respectively. 
Circuit element values are obtained for example if ௢݂ ൌʹ ݖܪܩ, ௭݂ ൌ ʹǤʹ ߠ ,ݖܪܩ௢ ൌ and ܼ௥௜ ,݀ܽݎ  Ȁ͸ߨ ൌ ͹͹ ߗ, then 
using (2) - (3), ܥ௜ ൌ ͳǤͶͷ ܨ݌ and ܼ௥ ൌ ͳͺǤʹ͹ ߗ. Plot of a 
reactance ௜ܺ௡ሺ߱ሻ of ܼ௜௡ሺ݆߱ሻ against frequency is shown in 
Fig. 6. The presence of the parasitic capacitance in Fig. 5 
results in the second passband very close to the first passband.  

Although case 1 is the easiest form of realization, it does 
present a challenge in the filter to control the lumped 
capacitance at port ݅ as well as the shortening of the open-
circuit end of port ݎ (parasitic capacitance). This may easily be 
solved in case 2 by short-circuiting the alternate ends of the 
inner and middle conductor of Fig. 2 i.e. port ݎᇱ and ݅. The 
equivalent circuit for case 2 is found from the two-wire 

admittance matrix for coupled lines as [6], 

൦ ௜ᇲܫ௥ᇲܫ௜ܫ௥ܫ
൪ ൌ ͳݐ ێێێۏ

ۍ    ௥ܻ௥ െ ௥ܻ௜    ௥ܻ௥ᇱ െ ௥ܻ௜ ᇱെ ௜ܻ௥   ௜ܻ௜ െ ௜ܻ௥ ᇱ    ௜ܻ௜ ᇱ ௥ܻ௥ᇱെ ௜ܻ௥ ᇱ  െ ௥ܻ௜ᇱ
௜ܻ௜ ᇱ  ௥ܻ௥   െ ௥ܻ௜െ ௜ܻ௥    ௜ܻ௜ ۑۑۑے

ې ൦ ௥ܸܸ௜௥ܸᇲ௜ܸᇲ
൪ǡ (4) 

where,        ௡ܻ௠ᇱ ൌ െ൫ξͳ െ ଶ൯ݐ ௡ܻ௠ǡ ݊ and ݉ are indices as in (4) (5) 

ݐ  ൌ  ܫ is the complex frequency variable, and ݌ ,ሻ݌ሺ݄ܽ݊ܽݐ݆
and ܸ are port current and voltage. Now, for case 2 port ݎᇱand ݅ are short-circuited to ground so that ௜ܸ ൌ ௥ܸᇲ ൌ Ͳ in (4). 
Thus (4) may be re-written for a two-port as 

൤ ௜ᇲ൨ܫ௥ܫ ൌ ێێێۏ
ۍ ௥ܻ ൅ ௥ܻ௜ݐ  ൫ξͳ െ ଶ൯ݐ ௥ܻ௜ݐ൫ξͳ െ ଶ൯ݐ ௥ܻ௜ݐ ௥ܻ௜ݐ ۑۑۑے 

ې ൤ ௥ܸܸ௜ᇲ൨Ǥ (6) 

Where the substitution   ௥ܻ௥ ൌ  ௥ܻ ൅  ௥ܻ௜   ௜ܻ௜ ൌ  ௥ܻ௜  ௥ܻ௜ ൌ  ௜ܻ௥  
(7) 

was made to arrive at (6). The two-port admittance matrix 
between port ݎ and ݅Ԣ from (6) is 

ሾܻሿ ൌ ێێێۏ
ۍ ௥ܻ ൅ ௥ܻ௜ݐ  ൫ξͳ െ ଶ൯ݐ ௥ܻ௜ݐ൫ξͳ െ ଶ൯ݐ ௥ܻ௜ݐ ௥ܻ௜ݐ ۑۑۑے 

 Ǥ (8)ې

This may be converted to ABCD matrix as 

ሾܦܥܤܣሿ ൌ ͳξͳ െ ଶݐ ێێۏ
ۍ െͳ െ ௥௜െݐܻ ൬ ௥ܻݐ ൅ ௥ܻ௜ݐ൰ െ ൬ ௥ܻ௥ܻ௜ ൅ ͳ൰ۑۑے

 Ǥ (9)ې

Which may further be decomposed into ሾܦܥܤܣሿ ൌ ൥ ͳ Ͳ ௥ܻݐ ͳ൩ ቂെͳ ͲͲ െͳቃ ͳξͳ െ ଶݐ ቎ ͳ ܻݐ௥௜௥ܻ௜ݐ ͳ ቏Ǥ (10) 

This ABCD matrix represents the series connection of a shunt 
short-circuited stub of characteristic admittance ௥ܻ, a unit 
admittance ͳͺͲ௢ phase shifter and a transmission line of 
characteristic admittance ௥ܻ௜. Thus the equivalent circuit of 
case 2 is as shown in Fig 7(a). Resonance is achieved at node ݎ by capacitively loading port ݅ᇱ as shown in Fig. 7(b) and Fig. 
8. This is a convenient form of realization because the lumped 
fringing capacitance at the bottom end of the inner line (port ݅ᇱ) and the open-circuit end of the middle line (port ݎ) may be 
independently controlled allowing independent tuning of the 
resonant frequency and the transmission zero location 
associated with each resonator. 

The input impedance of circuit of Fig. 7(b) may be 
computed as 

ܼ௜௡ሺ݆߱ሻ ൌ ݆ ܼ௥ܼ௥௜ሺ߱ܥ௥ܼ௥௜ tanሺܽ߱ሻ െ ͳሻ tanሺܽ߱ሻܼ௥ tanଶሺܽ߱ሻ െ ܼ௥௜ ൅ ௥ܼ௥௜ሺܼ௥ܥ߱ ൅ ܼ௥௜ሻ tanሺܽ߱ሻ (11) 

where 
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ܽ ൌ  ௢߱௢ (12)ߠ

And 

 
Fig. 7.  Case 2 - Re-entrant resonator circuit realizing a transmission zero 

above passband (a) equivalent circuit (b) resonance circuit 

 
Fig. 8.  Cross section of a physical realization of circuit of Fig. 7 (b) 

 
Fig. 9.  Reactance function ௜ܺ௡ሺ߱ሻ plot corresponding to circuit of Fig. 7 (b) 

௥ܥ ൌ ͳ߱௭ܼ௥௜  ሺܽ߱௭ሻ݊ܽݐ

ܼ௥ ൌ ܼ௥௜ሺͳ െ ߱௢ܥ௥ܼ௥௜ tanሺܽ߱ሻሻ݊ܽݐሺܽ߱௢ሻ ሺ݊ܽݐሺܽ߱௢ሻ ൅ ߱௢ܥ௥ܼ௥௜ሻ 

(13) 

Similarly, circuit element values are obtained for example if ௢݂ ൌ ௭݂ ,ݖܪܩ ʹ ൌ ʹǤʹ ߠ ,ݖܪܩ௢ ൌ and ܼ௥௜ ,݀ܽݎ  Ȁ͸ߨ ൌ ͹͹ ߗ, 
then using (12) - (13), ܥ௥ ൌ ͳǤͶͷ ܨ݌ and ܼ௥ ൌ ͳʹǤͻͶ  ߗ. The 
plot of the reactance function ௜ܺ௡ሺ߱ሻ of ܼ௜௡ሺ݆߱ሻ against 

frequency is shown in Fig. 9 for the above example. 

B. Re-entrant Resonator producing a transmission zero 
below the passband 

     A transmission zero below the passband may be achieved 
by terminating port ݎԢ and port ݅ᇱ of the re-entrant line in Fig. 
2 with an  open-circuit and short-circuit respectively. The 
equivalent circuit of the resulting two port network is found by 
reducing the four port admittance matrix of the re-entrant line 
to a two-port admittance matrix as was done for case 2 of 
section II (A). The equivalent circuit between port ݎ and ݅ may 
then be obtained directly from the 2-port admittance matrix or 
conversion into ABCD matrix as shown in Fig. 10(a). 
Capacitively loading port ݅ produces the resonant circuit as 
shown in Fig. 10(b) and Fig. 11.  

 
Fig. 10.  Re-entrant resonator circuit that realizes transmission zero below the 

passband (a) equivalent circuit (b) resonance circuit 

The input impedance of circuit of Fig. 10(b) may be 
computed as ܼ௜௡ሺ݆߱ሻ ൌ ݆ ܼ௥ܼ௥௜ െ ܼ௥ଶ tanଶሺܽ߱ሻ െ ܼ߱௥ܼ௥௜ܥ௜ሺܼ௥ ൅ ܼ௥௜ሻ tanሺܽ߱ሻሺܼ௥ ൅ ܼ௥௜ሻ tanሺܽ߱ሻ ሺ߱ܥ௜ሺܼ௥ ൅ ܼ௥௜ሻ tanሺܽ߱ሻ െ ͳሻ  (14) 

where ܽ ൌ  ௢߱௢ (15)ߠ

and ܼ௥ ൌ ሺ߱௢ tanሺܽ߱௢ሻ െ ߱௭ tanሺܽ߱௭ሻሻ߱௢ tanሺܽ߱௢ሻ ଶሺܽ߱௭ሻ݊ܽݐ ܼ௥௜  

௜ܥ ൌ ͳ߱௢ሺܼ௥ ൅ ܼ௥௜ሻ tanሺܽ߱௢ሻ 

(16) 

Circuit element values are obtained for example if ௢݂ ൌʹ ݖܪܩ, ௭݂ ൌ ͳǤͻͷ ߠ ,ݖܪܩ௢ ൌ and ܼ௥௜ ,݀ܽݎ  Ȁ͸ߨ ൌ ͹͹ ߗ, then 
using (15) - (16), ܼ௥ ൌ ͳ͵Ǥ͵ʹ ߗ and ܥ௜ ൌ ͳǤͷ͵  ܨ݌. Finally, 
the plot of the reactance function ௜ܺ௡ሺ߱ሻ of ܼ௜௡ሺ݆߱ሻ against 
frequency is shown in Fig. 12. 

Though, it is theoretically possible to realize transmission 
zeros below the passband using the re-entrant structure of Fig. 
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11, its physical construction is impractical for real applications 
as it requires the suspension of the middle conductor. For this 
reason, design theory has only been fully developed for case 2 
of section II (A) for re-entrant bandpass filters with 
transmission zeroes above the passband. 

 
Fig. 11.  Cross section of a physical realization of circuit of Fig. 10 (b) 

 
Fig. 12.  Reactance function ௜ܺ௡ሺ߱ሻ plot corresponding to circuit of Fig. 10 

(b) 

III. DESIGN THEORY 

Having obtained the equivalent circuit of a re-entrant 
resonator, design theory to obtain the re-entrant line element 
values for bandpass filter design is now derived.  

A. Re-entrant Bandpass Filter Equivalent Circuit 

The equivalent circuit of two coupled nodes in the re-entrant 
bandpass filter with case 2 resonators may easily be obtained 
from [5] by considering two middle transmission lines of the 
re-entrant  resonators, short-circuited at one end and then 
superimposing the equivalent circuit towards the inner 
transmission lines at node ݎ and  ݎ ൅ ͳ. This is synonymous to 
a combline bandpass filter except for the inner transmission 
lines. Therefore, the equivalent circuit of the ܰ௧௛ re-entrant 
bandpass filter is simply the interconnection of ܰ re-entrant 
resonator circuits of Fig. 7 (b) in section II (A) by coupling 
series short-circuited stubs. Fig. 13 shows the equivalent 
circuit of the ܰ௧௛ degree re-entrant bandpass filter. Note that 
the ͳͺͲ௢ phase shifters in Fig. 7 (b) may be ignored as they 
only account for the phase and have no effect on the 
magnitude response. Admittance inverters may be formed by 
adding shunt short-circuited stubs at ݎ௧௛ and ሺݎ ൅ ͳሻ௧௛ nodes 
as in Fig. 14 where,   

௥ǡ௥ାଵܭ ൌ  ൯Ǥ (17)ߠ൅ͳtan ൫ݎǡݎܻ

The positive shunt short-circuited stub admittances in circuit 
of Fig. 14 are absorbed at the surrounding nodes leading to the 
final equivalent circuit as shown in Fig. 15 where, 

ଵܻଵ ൌ ଵܻ ൅ ଵܻଶ ௥ܻ௥ ൌ ௥ܻ ൅ ௥ܻିଵǡ௥ ൅ ௥ܻǡ௥ାଵ ேܻே ൌ ேܻ ൅ ேܻିଵǡே 
(18) 

It is now left to derive the frequency transformation from a 
suitable lowpass prototype that preserves the frequency 
response so that the bandpass elements in (17) and (18) may 
be determined. 

B. Lowpass Prototype 

One suitable lowpass prototype is shown in Fig. 17 
consisting of a shunt frequency invariant reactance (ܤ௥) in 
parallel with a shunt series of an inductor (ͳȀܾ௥) with 
frequency invariant reactance (െ߱௥Ȁܾ௥) separated by 
frequency invariant admittance inverters ܭԢ௥ିଵǡ௥ and ܭԢ௥ǡ௥ାଵ. 
Techniques found in [6] coupled with some circuit 
transformations may be used to derive this lowpass prototype. 
For transmission zeros that are all at a single frequency ߱௥ 
rad/s, however, an asymmetric frequency transformation 
defined by 

߱ ՜ ͳ െ ߱௥߱߱ െ ߱௥ ǡ (19) 

may be used on an all-pole Chebyshev filter characteristic 
shown in Fig. 16 to produce the required lowpass elements as 
in Fig. 17. This transformation transforms all the transmission 
zeros at infinite to a single finite frequency ߱௥ rad/s in the 
lowpass domain. Thus the Chebyshev all-pole network of 
shunt capacitors ܥ௥ separated by admittance inverters ܭԢ௥ǡ௥ାଵ 
may be transformed to the required lowpass prototype as  

ܻԢ௜௡ሺ݆߱ሻ ൌ ௥ܥ݆߱ ൌ ݆ ൬ͳ െ ߱௥߱߱ െ ߱௥ ൰ ௥ܥ Ǥ (20) 

which may be re-written as, 

ܻԢ௜௡ሺ݆߱ሻ ൌ െ݆߱௥ܥ௥ ൅ ௥ሺ߱௥ଶܥ െ ͳሻ݆߱ െ ݆߱௥ ൌ ௥ܤ݆ ൅ ܾ௥ݏ െ ݆߱௥ Ǥ (21) 

Where, ܤ௥ ൌ െ߱௥ܥ௥ ܾ௥ ൌ ௥ሺ߱௥ଶܥ െ ͳሻ 
(22) 

The frequency invariant admittance inverters ܭԢ௥ǡ௥ାଵ between 

the nodes in the Chebyshev lowpass prototype remain 

unchanged by this transformation. 
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Fig. 13.  Equivalent circuit of an ܰ௧௛ degree re-entrant bandpass filter 

 

Fig. 14.  Formation of admittance inverters between node  ݎ and ݎ ൅ ͳ 

 

Fig. 15.  Final equivalent circuit of an ܰ௧௛ degree re-entrant bandpass filter with admittance inverters 

 

 
Fig. 16.  ܰ௧௛ degree all-pole Chebyshev lowpass prototype filter with admittance inverters 

 

Fig. 17.  ܰ௧௛ degree lowpass prototype used in the design of re-entrant bandpass filters 

 

 
C. Frequency Transformation 

In order to make the admittance inverters frequency 
invariant in the re-entrant bandpass equivalent circuit, the 
admittance of the entire network is scaled by tanሺɅሻȀtanሺɅ୭ሻ, 

where Ʌ୭ is the electrical length of the re-entrant resonator at 
the center frequency. The source and load admittances are also 
scaled by tanሺɅሻȀtanሺɅ୭ሻ but the variations of tanሺɅሻȀtanሺɅ୭ሻ is small for narrow bandwidth filters. Thus the 
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frequency invariant admittance inverters are mapped as 

௥ǡ௥ାଵܭ ൌ ௥ܻǡ௥ାଵ݊ܽݐሺߠ௢ሻ ൌ  Ԣ௥ǡ௥ାଵǤ (23)ܭ

Hence, 

௥ܻǡ௥ାଵ ൌ  ௢ሻǤ (24)ߠሺ݊ܽݐᇱ௥ǡ௥ାଵܭ

Furthermore, the frequency variant admittance at ݎ௧௛ node of 
the re-entrant bandpass, (11), maps onto the admittance at ݎ௧௛ 
node of the lowpass filter,  (20), as shown below.  

൬ͳ െ ߱௥߱߱ െ ߱௥ ൰ ௥ܥ ௥ߙ ֜ െ ௥߱ߚ௥ߙ tanሺߠሻ െ tanଶሺߠሻ െ ௥ߛሻߠ௥߱tan ሺߚ tanሺߠ௢ሻ כ ሾߚ௥߱ tanሺߠሻ െ ͳሿ  

(25) 

Where, ߙ௥ ൌ ௒ೝೝ௒ೝ೔, ߚ௥ ൌ ஼ೝ௒ೝ೔ and  ߛ௥ ൌ ଵ௒ೝ೔  (26) 

   
Fig. 18 illustrates the frequency mapping defined using (25) 
above. The parameters ߙ௥, ߚ௥ and ߛ௥ may be determined by 
mapping the centre frequency,  ɘ ൌ Ͳ and the two bandedge 
frequencies at ɘ ൌ േͳ of the lowpass prototype onto the 
centre frequency ɘ୭ , lower cut-off frequency ɘଵ and upper 
cut-off frequency ɘଶ respectively of the re-entrant bandpass 
filter using (25) and solving the resulting non-linear equations 
for the variables ߙ௥, ߚ௥ and ߛ௥ at each node ݎ. The re-entrant 
bandpass element values are then obtained as follows: 

௥ܻ௜ ൌ ଵఊೝ , ௥ܻ ൌ ఈೝఊೝ   and ܥ௥ ൌ ఉೝఊೝ  (27) 

Finally the entire network nodal admittance matrix may be 
scaled at the nodes to yield realizable impedance values. The 
input and output connections are made by direct tap onto the 
first and last middle conductors.  Redundant coupled lines at 
input and output may also be added if desired. 

 
Fig. 18.  Frequency mapping of the admittances at  ݎ௧௛ node 

D. Close-to-Band Transmission Zeroes 

In this section, the limitation of the transmission zero 
locations is discussed with respect to the element realisations. 
For example for the transmission zero above the passband re-
entrant structure of Fig. 8, consider a single resonator where 
the bandwidth is controlled by the input and output couplings, 
then using (13) of section II (A) for ௢݂ ൌ ͳ ݖܪܩ and ܼ௥௜ ൌ

͹͹ ߗ, the ratio of ܼ௥௜Ȁܼ௥  and ܥ௥ were plotted against the 
transmission zero locations as depicted in Fig. 19. It is clear 
from Fig. 19 that the ratio ܼ௥௜Ȁܼ௥  increases as the transmission 
zero location gets closer to the upper passband edge. As the 
transmission zeros get very close to the passband, clearly ܼ௥ 
becomes unrealizable small. Increasing ߠ௢ from ߠ௢ ൌ ͵Ͳ௢ in 
Fig. 19 (a) to ߠ௢ ൌ Ͷͷ௢ in Fig. 19 (b) increases the ratio ܼ௥௜Ȁܼ௥ while the capacitance loading ܥ௥ decreases. This 
means  ܼ௥ decreases for a fixed ܼ௥௜.  By using a different ߠ௢ a 
similar analysis may be done to determine the location of the 
transmission zeros that will give realizable ܼ௥ given ܼ௥௜.  For a 
given bandwidth and centre frequency, the closest 
transmission zero to the passband the structure can support 
would be determined by the realisability of ܼ௥ for a fixed ܼ௥௜ 
by using an appropriate electrical length (Ʌ୭). Thus the 
structure can realize transmission zeros as close as one 
passband bandwidth away from the passband edge. More 
specific design examples and impedance levels for the 
elements will be given later. 

 
(a) 

 
(b) 

Fig. 19.  (a) Element values vs transmission zero positions f୭ ൌ ͳ �Hzǡ and Ʌ୭ ൌ ͵Ͳ୭and ܼ௥௜ ൌ ͹͹ ȳ  (b) Element values vs transmission zero positions f୭ ൌ ͳ �Hzǡ and Ʌ୭ ൌ Ͷͷ୭and ܼ௥௜ ൌ ͹͹ ȳ 

E. Physical dimensions 

With the element values known, calculation of the physical 
dimensions is fairly straight forward using established 
methods already used for combline and interdigital bandpass 
filters as explained in [7-8]. The inner transmission lines are 
realized as circular coaxial lines which are easy to machine. 
One end of the inner re-entrant line is fixed to the upper 
metallic wall (cover) by screwing it into the wall. Metallic 
discs may be fitted to the other end of the inner re-entrant line 
to achieve the required capacitive loading. The middle 
transmission lines may be realized with circular or rectangular 
rods. The ground spacing is chosen to achieve the given 
unloaded Quality factor, ܳ௨ and that there is sufficient space 
for the inner re-entrant conductor. 
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Fig. 20.  Re-entrant resonator cross section corresponding to Fig. 8 structure 
of section II (A) case 2 with square outer conductor and circular middle and 

inner conductors and height H (not shown) 

TABLE I 
 Air-Filled Re-entrant Resonator With ܾ ൌ ͵ͷ ݉݉ǡ ܾ௥௜ ൌ ͳͺ ݉݉ǡ ௥௜ܦ ൌ ͶǤͻͻ ݉݉, ܪ ൌ ʹͷ ݉݉   

Middle 
Conductor  ܦ௥  ሺmmሻ 

Resonant 
Frequencyሺݖܪܩሻ 

First 
Spurious ሺݖܪܩሻ 

Unloadedܳ௨ 

ܳ௨ per 
Volume ሺ݉݉ିଷሻ ͵ʹǤͳͶ ͳǤͲʹ ʹǤͺʹ ͳͺͲͷ ͲǤͲͷͷ ʹͶǤͶ͵ ͳǤͲͳ ʹǤ͹͸ ʹʹʹ͸ ͲǤͲ͸͹ 

Air-Filled Coaxial Resonator With ܾ ൌ ͵ͷ ݉݉ǡ ܪ ൌ ʹͷ ݉݉ 
Inner 

Conductor  ܦ௥  ሺmmሻ 

Resonant 
Frequencyሺݖܪܩሻ 

First 
Spurious ሺݖܪܩሻ 

Unloadedܳ௨ 

ܳ௨ per 
Volume ሺ݉݉ିଷሻ ͳ͵Ǥͺͻ ͳǤͲͲ ͸Ǥͳ͸ ͵͵ͺ͸ ͲǤͳͳͳ 

It is quite obvious that the advantages of the re-entrant 
resonator of having close-to-band transmission zeros creating 
high stopband rejection and simple in-line structure do have 
tradeoffs.  The theoretical spurious resonance is three times 
the center frequency for Ʌ୭ ൌ ͵Ͳ୭. However, because of the 
presence of the parasitic capacitance on one end of the middle 
conductor, the spurious resonances actually appear closer to 
the first passband. Furthermore, choosing relatively large 
ground spacing pushes these farther down in frequency. Table 
I shows the unloaded ܳ௨ and spurious performance for a re-
entrant resonator compared to the normal coaxial resonator of 
comparative size using HFSS assuming silver plated 
conductors. Following up from section III (D), it may be seen 
that for fixed inner conductor dimensions, the transmission 
zero is controlled by the middle conductor dimension, i.e. ܦ௥  
as shown in Fig. 20. Therefore, for a fixed ground plane 
spacing (ܾ) and as the position of the transmission zero gets 
closer to the passband, ܦ௥  increases. The middle conductor 
dimension in Table I corresponds to a transmission zero 
position at 1.075 GHz (32.14 mm) and 1.2 GHz (24.43 mm) 
respectively. It is clear from table I that the unloaded ܳ௨ is 
lower in re-entrant resonator and further degrades for much 
closer-to-band transmission zeros above the passband.  

The requirement to physically incorporate two conductors 
within the same physical structure and to improve the 
unloaded ܳ௨ does mean that the re-entrant filter would require 
relatively large resonator size. However, in certain cellular 
applications where deep stopband rejections are required on 
the upper side of the passband, the re-entrant resonator 

bandpass filter would provide a good alternative solution. 

IV. DESIGN EXAMPLE 

A. Design Example I 

A 5 pole reentrant bandpass filter with centre frequency at 1 
GHz, 50 MHz bandwidth and 20 dB return loss was designed. 
The filter were designed with the following arbitrary located 
transmission zeros as: ߱௥ ൌ ሾ͹Ǥͳ͸ͳ͸ǡ ͵ǤͶǡ ͵ǡ ͵Ǥʹǡ ͶǤͶͶǡ͹ǤͳͶͲͶሿ ݀ܽݎȀݏ 
corresponding to microwave frequencies: ௥݂ ൌ ሾͳǤͳͶ͹ǡ ͳǤͲ͹͹ǡ ͳǤͲ͸ͺǡ ͳǤͲͻͺǡ ͳǤͳͶ͹ሿ ݖܪܩ. 
Firstly the elliptic lowpass with arbitrary transmission zeros 
was synthesised corresponding to the circuit of Fig. 17 above. 
The obtained element values are shown in table II below. 
   The bandpass element values are obtained by application of 
(24-27) and (18) as described in section III (C).  The electrical 
length at the center frequency was chosen to be Ʌ୭ ൌ ͵Ͳ୭. 
After the bandpass frequency transformation and scaling so 
that the inner re-entrant lines are identical for all resonators 
(i.e. Z୰୧ ൌ ͹͹ ȳ), the element values were determined as 
shown in table III in a ͷͲ ȳ system. 

TABLE II: Elliptic Lowpass Filter Element Values ܤ௥ ܾ௥ ܭ௜௝ᇱ െ͹ǤͲ͸Ͷ͹ ͶͺǤͺͻͷͺ ͲǤʹͳͻʹ െͲǤʹʹ͸ʹ ͲǤ͸ͻ͸ͺ ͲǤͲͶͶͲ െͲǤʹͳͷͺ ͲǤͷ͹ͶͶ ͲǤͲ͵͵ͳ െͲǤͳ͸ͻ͵ ͲǤ͹Ͳ͸ͻ ͲǤͳ͸ͷͺ െ͸ǤͻͻͲͳ ͶͺǤ͸Ͳͳͺ  

 
TABLE III: Re-entrant Bandpass Filter Element Values ܼ௥௜ ൌ ͹͹ ȳ 

Middle 
Conductors 

Capacitors 
Coupling 

admittances 

Input and 
Output 

Coupling ܼଵ ൌ ʹ͹Ǥͷͻ͸͵ ȳ ܥଵ ൌ ʹǤ͸ʹ͸ͷ ܨ݌ ܼଵଶ ൌ ͷ͵Ǥͻͺʹ͹ȳ ܼ௦ଵ ൌ ͷͲ ȳ ܼଶ ൌ ͳͷǤʹͷͶͷ ȳ ܥଶ ൌ ͵ǤͲ͵͵ͷ ܨ݌ ܼଶଷ ൌ ͵͵ǤͻͲͷͻȳ ܼ଻௟ ൌ ͷͲ ȳ ܼଷ ൌ ͳʹǤͺʹ͸͹ ȳ ܥଷ ൌ ͵ǤͲͺ͸ͺ ܨ݌ ܼଷସ ൌ Ͷ͵Ǥ͸ͳʹͶ ȳ  ܼସ ൌ ʹͲǤ͹ͻͷͺ ȳ ܥସ ൌ ʹǤͻͲͷͲ ܨ݌ ܼସହ ൌ ͸ͻǤͳ͹͹ͳ ȳ  ܼହ ൌ ʹͷǤͳ͸ͻ͹ ȳ ܥହ ൌ ʹǤ͸ʹ͹ͳ ܨ݌   

The circuit simulation is shown in Fig. 21. All the element 
values shown are realisable with the middle conductors 
realised in rectangular coaxial profile, while the inner 
transmission lines are realised with circuilar coaxial and are 
identical. The input and output feed is implemented by means 
of a tap near the top of the first and last resonators. The close 
to band transmission zero at 1.068 GHz is created by the 
centre resonator as evidenced by the smallest characteristic 
impedance (ܼସ ൌ ͳʹǤͺʹ͸͹ ȳ). This impedance may easily be 
scaled up if necessary. The outermost transmission zeros at 
1.145 GHz are created by the the first and last resonators. 
Deep stopband rejection of about 120 dB is achieved around 
the transmission zeros positions. 
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Fig. 21.  Circuit simulation of the 5th degree re-entrant bandpass filter of 

example I  

B. Design Example II 

A 5 pole re-entrant bandpass filter with centre frequency at 1 
GHz, 85 MHz bandwidth, 20 dB return loss and 1 dB 
maximum insertion loss across ripple bandwidth was 
designed. A lowpass filter was first designed with all the 
transmission zeroes placed at ߱௥ ൌ ͷǤͷ ݀ܽݎȀݏ, corresponding 
to microwave frequency of ͳǤͳͶ͸͸ ݖܪܩ.  

TABLE IV: Re-entrant Bandpass Filter Element Values 

Inner conductors Middle Conductors 
Coupling 

admittances ܼ௥௜ ൌ ͹͹Ǥͳͷͻͺ ȳ ܼଵ ൌ ܼହ ൌ ͵ʹǤͻͺ͸͹ȳ ܼଵଶ ൌ ܼସହ ൌ ͳͲʹǤͺͶ ȳ ܥ௥ ൌ ʹǤ͵͸ͷͺ ܨ݌ ܼଶ ൌ ܼସ ൌ Ͷ͵Ǥͳͷ͸ͺ ȳ ܼଶଷ ൌ ܼଷସ ൌ ͳ͵ͻǤͻͺ ȳ 

 ܼଷ ൌ ͵ͺǤͺ͵ʹ͸ ȳ  

 
TABLE V: Filter Theoretical (Calculated) Physical 

Dimensions (mm) ܦ௥௜ ൌ ͳǤͻ͹ ܾ ൌ ͶͲ ݓݏͳ ൌ ʹͲ ݓͳ ൌ ͳʹǤͺͺ ܦ௥ ൌ ͹ǤͳͶ ܪ ൌ ʹͷ ݏͳʹ ൌ ͺ ݓʹ ൌ ͳͳǤͳͶ ݐ ൌ ͵ʹǤͲͲ ݄ ൌ ͶǤʹ ݏʹ͵ ൌ ͳͲǤͶ ݓ͵ ൌ ͳʹǤͷʹ 

The Chebyshev lowpass filter with ʹͲ ݀ܤ return loss was 
synthesized with elements values ܥ௥ and ܭԢ௥ǡ௥ାଵ obtained. 
Then (19) was used to obtain the element values of the 
lowpass prototype required for the design of the re-entrant 
bandpass filter. As in example I, the bandpass element values 
are obtained by application of (24-27) and (18) as described in 
section III (C).  The electrical length at the center frequency 
was chosen to be ߠ௢ ൌ ͵Ͳ௢. After the bandpass frequency 
transformation and scaling so that the inner re-entrant lines are 
identical for all resonators, the element values in a ͷͲ ȳ 
system were determined as shown in table IV. The circuit 
simulation is shown in Fig. 22 below. 

TABLE VI: Filter Dimensions after Optimization (mm) ܦ௥௜ ൌ ͷǤͲʹ ܾ ൌ ͶͲ ݓݏͳ ൌ ʹͲ ݓͳ ൌ ʹ͵Ǥ͸͵ ܦ௥ ൌ ͳ͹Ǥͺͺ ܪ ൌ ʹͷ ݏͳʹ ൌ ͹Ǥͺ ݓʹ ൌ ʹͳǤͺͺ ݐ ൌ ͵ʹǤͲͲ ݄ ൌ ͶǤʹ ݏʹ͵ ൌ ͳͲǤͶ ݓ͵ ൌ ʹ͵Ǥʹ͹ 

The physical dimensions were determined as described in 
section III (E) and using [8] as shown in Table V. The ground 
spacing of 40 mm was used in the design. The physical 
structure was simulated using HFSS and optimized. Note as 
always [9], the theoretical design underestimate the actual 
bandwidth in combline filter design using [8]. The optimized 
physical dimensions are given in Table VI and depicted in Fig. 
23 below. Note also that the inner conductor dimensions were 
not optimized but were proportionally increased so that the 
characteristic impedance (ܼ௥௜ ൌ ͹͹Ǥͳͷͻͺ ȳ) is maintained. The 
overall filter cavity dimensions were 40 mm wide, 190.69 mm 
in length and 29.2 mm in height. The filter was fabricated 
using Aluminium with the above physical dimensions. 

 
Fig. 22.  Circuit simulation of the 5th degree re-entrant bandpass filter example 

II vs HFSS simulation 

V. RESULTS 

Fig. 24 shows the comparison between the measured 
frequency response and HFSS (lossless) simulation whereas 
Fig. 25 shows the same simulation on a broader frequency 
scale. In the re-entrant bandpass filter, the coupling 
admittances are considerably smaller than in normal combline 
bandpass filter of comparable bandwidths. This means that the 
inter-resonator spacings are relatively smaller. Thus 
significant fringing capacitance between non-adjacent 
resonators do exist and potentially leading the method in [8] 
for obtaining physical dimensions inaccurate. Thus the 
bandwidth is considerably broader with initial values obtained 
using [8]. However, this bandwidth change also occurs in 
conventional combline filters. As noted in [9], the problem 
may be solved by utilizing full EM simulators or alternatively 
using bandwidth correction factors may be less time 
consuming. Further adjustment may be achieved by 
mechanical tuning using tuning screws in the fabricated filter. 
The filter fabricated hardware is shown in Fig. 26 below. 

A. Selectivity 

The re-entrant bandpass can realize a maximum of ܰ 
transmission zeroes equivalent to the filter order making it 
relatively very selective filter. Additionally, the design 
presented above provides for flexibility in position of the 
transmission zeroes. The transmission zeros above the 
passband may be located as near as one passband away from 
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the bandedge. The fundamental limit to the placement of 
transmission zeroes is that as the transmission zeroes become 
much closer to the passband edge the impedance levels are 
unrealizably small or large.  

B. Symmetrical Design 
The re-entrant bandpass may be realized using physically 

symmetrical or asymmetrical in-line structures depending on 
transmission zero placements. Physically symmetrical design 
may be achieved by placing transmission zeroes so that each 
node from the two opposite ends have the same transmission 
zero. For example for a 5 pole and 5 transmission zeroes filter, 

the lowpass transmission zero distribution may be chosen as ߱ ൌ ʹǡ͵ǡͶǡ͵ǡʹ ݀ܽݎȀݏ or ߱ ൌ ͷǡͳͲǡͳͲǡͳͲǡͷ ݀ܽݎȀݏ - all 
produce physically symmetrical designs. Alternatively, all the 
transmission zeroes may be placed at a single frequency. 
Although this does not improve the overall stopband rejection, 
it does simplify the synthesis, design and tuning of the filter. 
Physically symmetrical structures make for easy of tuning the 
filter after fabrication and as well as cut down design time 
when optimizing using time consuming EM software such as 
HFSS.

 

 
Fig. 23.  Diagram showing the layout of the re-entrant resonators in the design example of part IV: (a) Top view (b) Cross section of side view - dimensions 

shown are as given in table IV. 

 
C. Tunability 

The filter tuning is achieved by screws that control the 
lumped capacitance on the inner transmission lines of the re-
entrant resonators. The tuning of the lumped capacitance 
controls both the resonant frequency and the transmission zero 
location. Aditional tuning screws may be inserted on top of the 
filter  to control the resonance frequency by slight adjustment 
of the capacitance at the open-circuited end of the middle 
conductors. Coupling screws may also be inserted between the 
nodes to control the couplings. The fabricated filter was easy 
to tune as all the inner conductors’ dimensions were identical 
requiring identical turns in the tuning screws. 

D. Compact In-Line Filter Structure 

In the re-entrant bandpass filter design presented above, the 
resonator lengths at the center frequency may be made 
considerably short e.g. ߠ௢ ൌ ͵Ͳ௢. The re-entrant resonators 
also require strong couplings for very close-to-band 
transmission zeroes resulting in smaller inter-resonator 
spacing. Thus the filter may considerably be reduced in size. 
However, the requirement to have an inner conductor inside 

the middle conductor does limit the choice of the ground 
spacing. In addition, the in-line filter topology makes an ideal 
realization for base station filters.  

The highly selective re-entrant resonators may also be 
mixed with normal combline resonators with much wider 
spurious free frequency window to exploit the better of ‘both 
worlds.’ Furthermore, the re-entrant bandpass filter is easy to 
fabricate, like in combline bandpass filters, as all the middle 
transmission lines are fixed and short-circuited at one end 
whereas the inner transmission lines may be fabricated 
separately and fixed to the filter cover by screwing them into 
the cover as depicted in the fabricated filter photos in Fig. 26 
above. The tuning screws located on the same side of the filter 
bottom wall make for easy of tuning. 

VI. CONCLUSIONS 

The design of a highly selective re-entrant microwave 
bandpass filter with arbitrarily placed transmission zeros 
above the passband has been demonstrated. A five pole re-
entrant bandpass filter was designed and fabricated. The 
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measured results showed good agreement with established 
theories. The filter offers significant advantages over 
conventional design when very high stopband attenuation is 
required. 

 
Fig. 24.  Measured vs HFSS frequency response of the fabricated re-

entrant bandpass prototype. 

 
Fig. 25.   Measured versus HFSS simulation of the fabricated re-entrant 

bandpass filter 

 
(a) 

 
(b) 

Fig. 26.  Photo showing a fabricated re-entrant bandpass filter (a) filter with 
top cover removed (b) assembled filter with input and output connectors 
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