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Dynamics of Single, Non-Spherical Ellipsoidal Particles in a
Turbulent Channel Flow
D. O. Njobuenwu* and M. Fairweather
Institute of Particle Science and Engineering, School Chemical and Process
Engineering, University of Leeds, Leeds LS2 9JT, UK
Abstract
Using disk, spherical and needle-like particles with equal equivalent volume diameters, the orientational
dynamics of non-spherical particles is studied in a turbulent channel flow. An Eulerian-Lagrangian approach
based on large eddy simulation with a dynamic sub-grid scale model is used to predict a fully developed gassolid flow at a shear Reynolds number Re = 300. Particle shape and orientation are accounted for by the
coupling between Newton’s law of translational motion and Euler’s law of rotational motion, both in a
Lagrangian framework. The particle shapes are simulated using the super-quadrics form, with the
dynamically relevant parameters being the particle aspect ratio, equivalent volume diameter and response
time. The translational and orientational behaviour of single particles initially released at three different
locations in the wall-normal direction are monitored, with analysis showing a clear distinction between the
behaviour of the different particle shapes. The results show that turbulent dispersion forces non-spherical
particles to have a broad orientation distribution. The orientational states observed include periodic, steady
rotation, tumbling, precessing and nutating. Velocity gradient, aspect ratio and particle inertia all have an
effect on the alignment of the particle principal axis to the inertial axes. Unlike spherical particles, the disk
and needle-like particles display a transition from one orientational state to another, especially when their
initial position is in the near-wall region, with the frequency of this transition highest for the disk-like
particle. Overall, this study leads to an improved understanding of the significance of shape on particle
behaviour which is of relevance to many practical flows.

Keyword Channel flow, large eddy simulation, Lagrangian particle tracking, non-spherical particles,
orientation, turbulent boundary layer

1. Introduction
Non-spherical particles suspended in a wall-bounded turbulent flow display varying
linear (position and velocity) and rotational (orientation and rotation) attributes under the
action of the velocity gradient. Understanding these dynamic attributes is important in
many areas of science and engineering, and in many practical applications. For example,

* Corresponding author. Tel.: +44-113-343-2351
E-mail address: d.o.njobuenwu@leeds.ac.uk

their importance spans the fundamental properties of turbulence and the rheological
properties of suspensions, with relevant applications ranging from the deposition of
aerosols in respiratory organs, the distribution of cellulose fibres in the paper and pulp
industry, the motion of red blood cells travelling through blood vessels, and ice crystal
dynamics in clouds, to name but a few. Of particular interest here are flows of relevance to
nuclear reactor operations, where corrosion products can be transported into the reactor
core by the cooling fluids, and in some cases are deposited on the outside of the fuel pins
in the form of CRUD (an acronym for Chalk River unidentified deposit or corrosion
residual unidentified deposit). Individual particles are small, of the order of 0.1-2.0 m, but
these agglomerate into larger particles giving rise to a wide range of sizes and
morphologies, varying from needle-like, through near-spherical to platelets or flakes
(Hazelton, 1987). Particles suspended in a turbulent fluid undergo mean motion due to the
mean fluid velocity and random motion due to the ﬂuctuating component of that velocity.
For non-spherical particles, their motion is then a combination of translation and rotation
due to the anisotropy of their shape and orientation.
The first step in understanding non-spherical particle behaviour is to track the trajectory
and orientation of single particles in a given flow field. Starting with the work of Jeffery
(1922) on the behaviour of a single ellipsoid in viscous shear flows, analytical studies on
isolated anisotropic particles in steady and unsteady laminar flows are available in the
literature. In his formulation for the resistance force and torque on ellipsoids in uniform
shear flow under Stokes conditions, Jeffery (1922) showed that the axis of symmetry of a
spheroid performs a periodic motion on a closed orbit, the so-called “Jeffery” orbit. He
concluded that the final state of a spheroid depends on its initial orientation, with the
spheroid’s motion being that which results in the minimum average dissipation of energy.
Brenner, in a series of publications, e.g. (Brenner, 1963, 1964), expanded Jeffery’s analysis
to arbitrary flow fields, however, both Jeffery’s and Brenner’s works are in the absence of
fluid and particle inertia. Many researchers have subsequently extended these works to
study non-spherical particle suspensions in more general terms, including inertial effects
and turbulent flow regimes. For example, Karnis et al. (1963, 1966) observed that at large
Reynolds number, inertial effects become significant, making the non-spherical particles
exhibit behaviour different from Jeffery's theory. They reported that neutrally buoyant
particles in a Newtonian fluid move towards the region of maximum energy dissipation,
although with insignificant change in the particle rotation.
Following growing interest in the subject, physical modelling and different numerical
modelling approaches have been used to study the motion of non-spherical particles in
various flow fields, with an extensive literature having been produced. Carlsson et al.
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(2006) used as charge-coupled device to analyse the velocity and orientation of fibres
suspended in a shear ﬂow moving over a solid wall. Holm and Söderberg (2007) applied an
index-of-refraction matching method, together with particle tracking techniques, to study
the inﬂuence of the near-wall shear stress on ﬁbre orientation with different fibre aspect
ratios and concentrations. Dearing et al. (2012) applied and validated a comprehensive
methodology based on simultaneous single camera, two-phase PIV measurements to obtain
fibre orientation and distribution, as well as flow field data, in a turbulent pipe flow.
Hakansson et al. (2013) observed fibre streaks using a camera, and measured flow velocity
proﬁles using laser Doppler velocimetry, in their experiments which used ﬁbre suspensions
in a turbulent half-channel ﬂow. All these works have demonstrated that fibres accumulate
in the near-wall region, preferentially concentrating in regions of low-speed velocity
streaks, and tend to align with the mean flow direction.
Direct numerical simulation (DNS), in particular, has been used to study many aspects
of these flows. Feng et al. (1994), for example, used DNS to investigate the motion of
neutrally and non-neutrally buoyant circular particles in plane Couette and Poiseuille
flows, with qualitative agreement recorded against results obtained from experimental
measurement and perturbation theories. Others have studied the statistics, dispersion and
deposition of ellipsoidal particles in turbulent channel flow using DNS. A wide range of
classes of prolate spheroids have been considered using this approach, with the particles
characterized by their different elongation (quantified by the particle aspect ratio, ) and
inertia (quantified by a suitably defined particle response time,  p ), and transported in
flows with different levels of turbulence (quantified by the shear Reynolds number, Re )
(Zhang et al., 2001; Mortensen et al., 2008a; Marchioli et al., 2010). Here, the particle
response (or relaxation) time,  p , is the response of the particle to the perturbations
produced by the underlying turbulence, and the flow Reynolds number. The particle Stokes
number, St, is then ratio of the particle response time,  p , to a characteristic time of the
flow,  f . When the particle relaxation time is made dimensionless using wall variables, the
resulting particle Stokes number is given by St   p   p /  f , where  f   / u2 ,  is the
fluid kinematic viscosity and u is the shear velocity. The shear Reynolds number

Re  hu / , with h the channel half-height. These authors (Zhang et al., 2001; Mortensen
et al., 2008a; Marchioli et al., 2010) observed that, similar to spheres, prolate spheroids
accumulate in the viscous sub-layer and preferentially concentrate in regions of low-speed
ﬂuid. They also tend to align with the mean ﬂow direction, particularly very near the wall
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where their lateral tilting is suppressed. Tian et al. (2012) also used commercial CFD
software to study low Reynolds number flows, reporting that the flow shear rate, the
particle aspect ratio, different equivalent sphere sizes and the particle-to-fluid density ratio
all significantly affect the transport and deposition of regular non-spherical particles. These
authors also reviewed four frequently encountered equivalent sphere prescriptions used in
the literature. Of the four, earlier work (Zhang et al., 2001; Mortensen et al., 2008a;
Marchioli et al., 2010) only applied the equivalent Stokes sphere developed by Shapiro and
Goldenberg (1993), and did not consider platelet-like particles (   1 ). They also adopted
Jeffery and Brenner’s model for the general hydrodynamic forces and torques acting on an
ellipsoidal particle in an arbitrary flow field. The Jeffery method is, however, limited to
ellipsoidal particles with particle Reynolds numbers
Re p ~ O (1), where

Rep | u f  v | dev / (for volume equivalent diameter, d ev , and particle slip velocity
(u f  v) ), and there remains continued interest in the dynamics of finite Reynolds number
particles beyond the Stokesian regime. In addition, the dynamics of even the simplest nonspherical particles is often not well understood.
The lattice Boltzmann method has also been applied to study the effect of inertia and
initial orientation on the dynamics of ellipsoidal particles suspended in shear flow (Ding
and Aidun, 2000) and in Couette flow (Qi and Luo, 2002, 2003), with different states
found depending on the Reynolds number range and the particle shape. Here, the shear
Reynolds number is defined as (Huang et al., 2012) Re  4Gd 2 / , where G  2U / N y is
the shear rate, d is the length of the semi-major axis of the particles, U is the velocity of
the moving wall and N y is the number of nodes along the velocity gradient direction. Qi
and Luo (2002, 2003) identified the following modes for Re  467 : tumbling, precessing
and nutating, log rolling and inclined rolling for a prolate spheroid; and for an oblate
spheroid, log rolling and inclined rolling as Reynolds number increases. Huang et al.
(2012) considered 0  Re  700 , beyond the range studied by Qi and Luo (2002, 2003),
and reported seven rotational transitions and eight steady or periodic modes, with the
modes identified by Qi and Luo (2002, 2003) a subset of these. Glowinski et al. (1999) and
Glowinski et al. (2001) introduced the distributed Lagrange multiplier/fictitious-domain
(DLM/FD) method for the numerical simulation of neutrally buoyant particles in a twodimensional Poiseuille flow, later extending (Pan et al., 2008) the method to non-spherical
particles and performing DNS of the motion of neutrally buoyant ellipsoids in a threedimensional Poiseuille flow. In this work they investigated the orientational and rotational
4

behaviour of an ellipsoid at Reynolds numbers up to 80, and found its rotation exhibits
distinctive states depending on the Reynolds number range and particle shape. Yu et al.
(2007) also studied the rotation of a single spheroid in a planar Couette ﬂow at moderate
Reynolds number, with Re  256 , using the DLM/FD method, identifying an extra mode
for the oblate spheroid, i.e. the motionless mode, in addition to those noted by Qi and Luo
(2003), and finding that the orbital behaviour of the prolate spheroid is sensitive to its
initial orientation.
Other methods which take into account particle shape and the forces acting on nonspherical particles over a wide range of particle Reynolds number have been developed,
e.g. (Yin et al., 2003; Yin et al., 2004; Mandø and Rosendahl, 2010). Yin et al. (2003,
2004) modelled particle motion in a non-uniform ﬂow in order to better understand the
combustion of non-spherical particles, where both their translational and rotational
dynamics in the absence of fluid rotation were studied. In (Yin et al., 2003), the authors
tracked cylindrical PVC particles in undisturbed stagnant water that became a non-uniform
flow field under the influence of large settling particles. In (Yin et al., 2004), the authors
employed cylinders and disks, rather than spheres, as an improved geometrical
approximation to the shape of biomass such as straw and wood chips, implementing their
method within a Reynolds-averaged Navier-Stokes modelling approach. The authors
suggested using available drag correlations depending on shape, and accounting for the
dependence of orientation by using the projected area. The particle rotational motion was
investigated on the assumption of two dominating torques: that introduced by
hydrodynamic forces due to the non-coincident centres of mass and pressure which
determines the particle’s orientation with respect to its direction of motion in the flow
field, and the torque due to the resistance on a relatively rotating body, which always acts
to attenuate the relative rotation. The torque due to the resistance as applied originally (Yin
et al., 2003) did not consider fluid rotation, making the model more suitable for the
sedimentation of non-spherical particles in a stagnant fluid. The later application (Yin et
al., 2004) used their force and torque models to simulate co-ﬁring biomass with methane,
with comparisons with data on the motion of a cylindrical particle in a non-uniform flow
field showing good agreement for both the particle translational and rotational dynamics.
The Yin et al. (2003, 2004) model has also been successfully applied by Zastawny et al.
(2012) to develop drag and lift coefficients, and by Njobuenwu and Fairweather (2013a,
2014) to model the effect of shape on particle behaviour. Njobuenwu and Fairweather
(2013b, 2014) modified the Yin et al. (2003) model to account for ellipsoidal particles
(oblate and prolate spheroids), initially neglecting fluid rotation (Njobuenwu and
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Fairweather, 2014) when computing the torque due to resistance to relative rotation, but
accounting for it in (Njobuenwu and Fairweather, 2013b). Both research groups (Zastawny
et al., 2012; Njobuenwu and Fairweather, 2014) again show that shape has a large
influence on the behaviour of a particle, particularly in terms of the forces and torques the
particle experiences.
The aim of the present work was to study the effect of particle shape, inertia, initial
orientation and position within the boundary layer in a turbulent channel flow on the
translational and orientational behaviour of single non-spherical particles, assuming oneway coupling between the fluid and the particles. Most of the reported research efforts in
this area, i.e. on single particle dynamics, have focused on analytical solutions in frozen
flow fields, and in many cases, only prolate spheroids have been considered. However, the
characteristic translational and rotational dynamics of non-spherical particles resulting
from their interactions with the turbulent environment has not been fully elucidated. This
study considers a number of particle aspect ratios, with   1 for oblate spheroids,   1
for spheres, and   1 for prolate spheroidal particles, which complements other studies
available in the literatures. Another important aspect of the present work is that the particle
size is based on the equivalent volume diameter, where particles with the same relaxation
time have equal mass, volume and density. Hence, any difference in the behaviour amongst
particles with the same relaxation time will be as a result of the difference in shape and
orientation alone. The fluid phase is described as a continuum in an Eulerian framework,
with the time-dependent flow and turbulence predicted using large eddy simulation, with
the sub-grid scale motions modelled using a dynamic approach. The motion of nonspherical particles is computed in a Lagrangian framework using a point-wise
approximation (which means that for the largest needle-like particles results are likely to
be qualitatively rather than quantitatively accurate). The particle’s non-sphericity is
modelled by coupling Lagrangian particle tracking with the Euler equation of rotational
motion in the particle frame. The study is based on the approach of Yin et al. (2003) and
extends earlier work (Njobuenwu and Fairweather, 2013a, b, 2014) by accounting for fluid
rotation in a dynamic system when computing the torque due to the resistance to relative
rotation of a rigid non-spherical particle.
2. Numerical Simulations
2.1. Large eddy simulation
With the rapid advancements in, and successes reported for, large eddy simulation
(LES) of multiphase flows in various geometries, the LES technique is employed for the
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fluid phase in an Eulerian framework. LES resolves the large-scale energetic motions and
models the sub-grid scale (SGS) motions. The top-hat filtered governing equations of
motion for an incompressible fluid are given for mass and momentum, respectively, as:
u j
x j

 0,

ui
u
1 p

 ij   ij ,
uj i  

t
x j
 xi x j

(1)
(2)

where  ij  2sij represents the viscous stress, sij  12 (ui / x j  u j / xi ) is the filtered
strain-rate tensor,

is the kinematic viscosity,  ij  u i u j  ui u j represents the effect of the

SGS motion on the resolved motion (known as the SGS stress), t is time, xj is the spatial
co-ordinate directions, uj is the velocity vector, p is the pressure, and  is the density.
The SGS stress term is computed using the dynamically calibrated version of the
Smagorinsky model (Germano et al., 1991). This technique represents the SGS stresses as
the product of a SGS viscosity,  SGS , and the resolved part of the strain tensor, with the
SGS viscosity evaluated as the product of the filter width, ∆, and an appropriate velocity
scale,  s . Hence, the anisotropic part of the SGS stresses is given by:

 ija  2(C) 2 s sija ,

(3)

where the model coefficient C must be estimated, with this achieved by applying a second
ﬁltering operation, denoted by ( ~ ) to Eq.(2). In the test ﬁltered equation the SGS stresses
are:
~~
Tij  u i u j  u i u j .
(4)
Both Tij and ~ij are unknown but are related by Germano’s identity (Germano et al.,
1991) through the resolved stress tensor:
Lij 

ij

~~
 ~ij  u i u j  u i u j ,

(5)

which can be computed from the resolved quantities. To give the required expression for C
)
in E q. (3), some form of relationship between the model constant values C and C 2 ( ~
at the grid- and test-filter levels must be specified and, based on the hypothesis that the cut ) . However, such a sub-range is not
off length falls inside the inertial sub range, C 2  C 2 (~
guaranteed to occur in wall bounded or low Reynolds number flows, with the largest
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deviation from universality of the SGS motions expected to occur in the regions of weakest
resolved strain. Based on this, the two values of the model parameter at two different filter
levels are likely to differ. To account for this, di Mare and Jones (2003) proposed the
following:


C 2 ( ~ )  C 2 1 
~ ~a 2
~
2
 2 2 || s |||| s ||


,



(6)

where  is assumed as the dissipation rate, such that   v 3 / l ; v and l are the velocity
and length scales respectively, such that v  ub and l  h , where ub and h are the bulk
velocity and channel half width.
Equation (6) assumes that the scale invariance of C can only be invoked if the cut-off
falls inside an inertial sub-range, and when this occurs, the modelled dissipation should
represent the entire dissipation in the flow. Conversely, in the high Reynolds number limit,
s ||3 is a
the dissipation is only determined by v and l so that the ratio of to ~2 || ~
measure of how far the flow is from scale preserving conditions. This equation represents a
first-order expansion of other scale dependent expressions for C , e.g. that of Port-Agel et
al. (2000), which also use a single length and velocity scale. Equations (5) and (6), with
~
contraction of both sides with the tensor s , then give
~
2 2 (C 2 ) 2 || s |||| s a || ~ ~
sija  Laij sija 
*
ij


(7)
C2  
~ ~a 2
~
2
  2 2 || s |||| s ||
where C*2 is a provisional value for the field C 2 , for example, its value at the previous
time step (Piomelli and Liu, 1995). The dependence embodied in Eq. (6) gives a simple
correlation for C 2 . The main advantage of the method is that it is well conditioned and
avoids the spiky and irregular behaviour exhibited by some implementations of the
dynamic model and, as the resolved strain tends to zero, C 2 also tends to zero, while
C 2 (~ ) remains bounded. Equation (7) also yields smooth C 2 fields without a need for
averaging, and the maxima of C 2 are of the same order of magnitude as Lilly (1967)
estimate for the Smagorinsky model constant. However, Eq. (7) does not prevent negative
values of the model parameter, with such values set to zero to prevent instability. Negative
values of the SGS viscosity are similarly set to zero. In the present work, test filtering was
performed in all space directions, with no averaging of the computed model parameter
field. The ratio ~ /  was set to 2 and the filter width determined from   (   )1/ 3 .
x
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z

2.2. Particle Equations of Motion
Three reference frames are invoked to describe an ellipsoidal particle (spheroid), as
shown in FIG. 1; x  [ x, y , z ] is referred to as the inertial or external frame, x  [ x, y , z ]
represents the particle frame while x   [ x , y , z ] is called the co-moving frame. The
origin of both the particle and co-moving frames is at the particle centroid, while the axes
of the co-moving frame are parallel to the corresponding axes of the inertial frame.

z''
y'
z'

z

x'



y

y''

x''
N

x

FIG. 1. Relationship between the inertial x  [ x, y , z ] , the particle x  [ x, y , z ] and the co-moving
x  [ x, y , z ] co-ordinate systems and definition of the Euler angles ( , , ) .

N  plane [ x,y]  plane [ x, y] ,  is the angle between the z  -axis and z ,  is the angle between the
x -axis and N, and  is the angle between the x  -axis and N.

The Euler angles ( ,  , ) define the particle orientation, as shown in FIG. 1. The
surface of a super-quadratic ellipsoidal particle in the particle reference frame is given as
(Hilton and Cleary, 2011)
 x   y   z  
        1,
a b c
2

2

2

(8)

where a , b and c represent the lengths of the three semi-principal axes of a spheroid in
the x  -, y - and z  -directions, respectively. Three special cases of super-ellipsoids are
considered: spherical (   1 ), oblate (   1) , and prolate (   1) spheroids, where
 c/a

is the aspect ratio of the spheroid, and a = b in all cases. The transformation
between the co-moving frame and the particle co-ordinates is expressed as
9

x   A  x  .

(9)

The transformation matrix A  [aij ] can be expressed with respect to either Euler angles,
( , , ) or Euler parameters (or quaternions), q  [q0 , q1 , q2 , q3 ] (Goldstein, 1980).

Previous investigations (Fan and Ahmadi, 1995; Yin et al., 2003) have shown that the use
of Euler angles is very inefficient because of the singularity problem whenever the Euler
angle is 0 or . The use of four Euler quaternions overcomes this problem(Fan and
Ahmadi, 1995). Hence, the particle rotational dynamics is therefore determined in terms of
the quaternions. The orientational matrix A in terms of the quaternion q is given by:
1  2( q22  q32 ) 2( q1q2  q0 q3 ) 2( q1q3  q0 q2 ) 


A   2( q1q2  q0 q3 ) 1  2( q12  q32 ) 2( q2 q3  q0 q1 )  ,
2( q1q3  q0 q2 ) 2( q2 q3  q0 q1 ) 1  2(q12  q22 ) 



(10)

where the individual quaternions are obtained from the Euler angles as:
 

cos
2
2
 

q 2  sin
sin
2
2

 

sin
2
2 .
 

q3  sin
cos
2
2

q0  cos

q1  cos

(11)

The quaternions are subject to the constraint
q 02  q12  q 22  q 32  1 .

(12)

2.2.1. Translational motion
A force F applied on a non-spherical particle away from its centroid simultaneously
changes two properties of the particle: the linear motion of the centroid and the angular
motion around the centroid. The former is governed by Newton’s equation of motion:

mp

dv
 FD  FL ,
dt
dx p
dt

 v,

(13)

(14)

where x p  [ x p , y p , z p ] and v  [v x , v y , v z ] represent the particle position and velocity
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vector, mp  4a3 p / 3 is the mass of the particle, and FD and FL represent drag and
profile lift forces acting on the particle. Note that the unsteady particle-fluid hydrodynamic
forces (e.g. Basset, pressure gradient, added mass) are not accounted for since their effects
are negligible for gas-solid flows with  /  p 1 (Broday et al., 1998; Njobuenwu et al.,
2013). The shear (Saffman) lift force is important, especially in the near-wall region, but is
generally smaller than the drag force, even in this region. In this work its effect was
neglected for the sake of improving understanding of fluid-particle interaction within a
manageable parameter range. This is common practice in the DNS and LES of particleladen, two-phase flow in a channel (Wang and Squires, 1996b; Wang and Squires, 1996a;
Marchioli et al., 2008; Mortensen et al., 2008a, b; Marchioli et al., 2010; Zhao et al., 2012).
For small sizes of ellipsoidal particles, the drag force also exhibits a greater influence on
the particle dynamics than the lift force (Wang et al., 1997; Pan et al., 2001). In addition,
since the particle shapes are subjected to the same force balance and turbulence intensity, it
may be assumed that the conclusions reached from the analysis performed will be correct.
A high particle relaxation time implies that the body forces (e.g. gravity) are normally
important in the analysis of particle motion (Marchioli and Soldati, 2007), however, in this
work gravity is not accounted for in order to focus on the effects of particle inertia, shape,
orientation and interaction with the fluid. Neglecting gravity in a particle-laden two phase
flow simulation has been employed previously for similar reasons by a number of authors,
e.g. (Marchioli and Soldati, 2007; Marchioli et al., 2008; Marchioli et al., 2010). The drag
and profile lift forces resulting from particle orientation are given, according to (Yin et al.,
2003), as:

FD  12 ADCD | u f  v | (u f  v) ,
FL  12 AL CL

z.(u f  v)
|uf  v|

z  (u

f



 v)  (u f  v) ,

(15)

(16)

where u f  [ux , u y , uz ] is the fluid velocity vector at the particle centroid, z  is the
direction of the particle major axis in the inertial frame, which means that it is transformed
from the particle to the inertial frame using Eq. (9), and AD and AL are the particle
projected areas normal to the direction of the drag and lift forces, respectively. The
projected areas AD and AL expressed as a function of the incidence angle provide
coupling between the translational and rotational motion. The areas AD and AL can be
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expressed as a function of the particle incidence angle, i , between the particle slip
velocity, (u f  v) , and the particle principal axis, z  , see FIG. 2, as (Yin et al., 2003):





(17)



(18)

AD  a 2 cos2  i  4 /   sin 2 i 2 ,
1

2



AL  a2 sin2 i  4 /   cos2 i 2 ,
1

2

where AD   a 2 for a spherical particle with   1 . The drag coefficient, CD , in Eq. (15)
is obtained from correlations for non-spherical particles available in the literature. Note
that the incidence angle is required to determine the forces and torques.
z'

z'
z'

z''
FL
FD

y'

CP

z

u–v

i

p

CG

x cp

y

FG

x

x'

CG

y''

l

A

f

x''

L/ 2

(a)

(c)

(b)

FIG. 2. (a, b) Illustration of torque due to resistance on a rotating particle and the location of the centres
of gravity (CG) and pressure (CP), the incident angle i and the forces acting on the particle ( xcp is the
distance between CG and CP, and the incidence angle i is the angle between the slip velocity | u  v | and
the particle major axis z  ); (c) Definition of angles x , y and z which are, respectively, the angle between
the particle principal axis z  and its co-moving axes x , y and z .

Several authors have proposed drag correlations that apply to particles of several
different shapes. Chhabra et al. (1999) compared five available drag coefficient
correlations for non-spherical particles (Haider and Levenspiel, 1989; Swamee and Ojha,
1991; Ganser, 1993; Chien, 1994; Hartman et al., 1994) by using 1900 data points covering
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a wide range of physical and kinematic conditions such as particle Reynolds number

104  Rep  5 105 , particle sphericity

0 .09 

 1.0

, and particle shape (cylinders,

needles, cones, prisms, discs, cubes) from 19 independent studies. Note that the particle
sphericity, , is defined as the ratio of the surface area of a sphere having the same
volume as the particle to the actual surface area of the non-spherical particle. They
compared the overall mean and maximum percentage errors using the same set of data for
the five correlations and found that the Ganser (1993) correlation was the most accurate
with an average error of 16.3%. Ganser’s correlation is based on the fact that every particle
experiences a Stokes regime where drag is linearly related to the velocity, and a Newton
regime where drag is proportional to the square of the velocity, and introduces two shape
factors, K1 and K 2 , applicable in the Stokes and Newton flow regimes, respectively.
Ganser’s method is adopted here with the correlation given as:





CD
24
0.4305
0.6567

1  0.118 Rep K1K 2 

,
K 2 Rep K1K 2
1  3305 /( Rep K1K 2 )

(19)

where Rep | u f  v | dev / is the particle Reynolds number based on the volume
equivalent diameter, d ev , the particle slip velocity (u f  v) and the fluid kinematic
viscosity , K1  ( 13 dn / dev  23

 0.5

) and K 2  101.8148(  log

) 0.5743

are unique coefficients that

model the sphericity of a spherical particle, or the particle sphericity and orientation for
non-spherical particles. The volume equivalent diameter dev  2a1/ 3 is the diameter of a
sphere having the same volume as the non-spherical particle, while the projected area
diameter d n  (4 AD /  )1/ 2 is the diameter of a circle having the same area as the projection
of the non-spherical particle. To emphasise the coupling between the Newton and Euler
equations, the particle orientation is accounted for in the drag force in Eq. (15) by AD, the
particle projected area normal to the direction of the drag, and by the drag coefficient CD.
The projected area on which the drag is based, given in Eq. (17), is expressed as a
functional relationship of the incidence angle i and the particle’s dimensions a, c. Using
an analogy from the aerodynamic theory of wing sections it is possible to define the
incidence angle as the angle between the principal axis z' and the direction of motion,
represented as the particle slip velocity, as shown in FIG. 2. At every time step (or
iteration), a new i is based on the instantaneous particle orientation. Mathematically, the
new

i

is obtained from the transformation of (u f  v) with the third row of the elements

of the orientational matrix A of Eq. (9). The projected area may be several orders of
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magnitude different from one orientation to another. The drag coefficient also varies
significantly depending on the orientation. In CD, Eq. (19), the dynamic equal-projected
area circle diameter, dn, is a function of AD and has to be updated for every incidence
angle. The lift coefficient CL in Eq. (16) is determined such that the ratio of lift to drag
forces satisfies the relationship (Yin et al., 2003):

| CL |
| sin 2  i cos 2  i | .
| CD |

(20)

Following (Besnard and Harlow, 1986), the profile lift has limiting cases such that for a
spherical particle (  1) there is no rotation nor lift of the particle, hence only drag is
applied. Likewise, for an infinitely massive particle, there is no motion; if  i   / 2 , there
is no torque; and for  i  0 , there is no profile lift. Note, a common approach used in the
literature is to assume that the profile lift is proportional to the drag, and that the
dependence with the orientation is given by the so-called ‘cross-flow principle’(Mandø and
Rosendahl, 2010). Based on this, the approach of Yin et al. (2003) has been adopted, with
the limitations of this approach discussed in detail elsewhere (Mandø and Rosendahl,
2010; Njobuenwu and Fairweather, 2014).

2.2.2. Rotational motion
The rate of change with time of the principal components of the angular velocity
 ( x ,  y ,  z ) is given by Euler’s equation as:

I

d
 Toffset  Tresist  Tcrossterm ,
dt

where I is the moment of inertia tensor, and

(21)

is the angular velocity vector. The

principal moments of inertia of a spheroid are I x  I y   15 m p a 2 (1  2 ) and I z   25 m p a 2 .

Toffset is the torque due to non-coincidence of the centres of gravity and pressure, and takes
account of the hydrodynamic force effect as illustrated in FIG. 2. The aerodynamic forces
act at CP which is located a distance xcp from CG. Using the particle major axis, z', and the
transformation matrix, A , Toffset is given in the particle frame of reference as (Yin et al.,
2003)
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Toffset  A[( xcp z )  ( FD  FL )] ,

(22)

where Toffset will change its sign, such that Toffset  Toffset when cos  i  0 , and

xcp  0.25az (1  e3(1  ) ) | cos3 i | ,

(23)

which is based on a semi-empirical expression proposed in (Yin et al., 2003). Tresist in Eq.
(21) is the torque due to resistance to rotation, which always acts to attenuate the angular
velocity and can be directly derived by integration of the friction, caused by rotation, over
the particle length, L . Tresist for spheroidal particles under Stokes flow conditions is known
(Jeffery, 1922) and has also been expanded to other shapes (Cox, 1971) and to higher
Reynolds numbers (Mandø and Rosendahl, 2010). The local relative spin of the fluid due
to particle rotation is ( A f  p )l , where f  12   u accounts for the fluid undisturbed
vorticity at the point occupied by the particle’s centre of mass, with respect to the particle
frame, which has been related to the local velocity gradient (Yin et al., 2003; Yin et al.,
2004); l is the distance from the centre of rotation (see FIG. 2). The resulting torque is
thus expressed as:
Tresist   

L/2

0

C D  f AD [( A

f



where the sign (  ) of Tresist is selected as the sign of ( A

p

) l ] 2 dl
f



(24)
p

)l , as illustrated in FIG.

2. Tcrossterm  [Tx , Ty , Tz ] in Eq. (21) with respect to the particle axes x  [ x, y , z ] is given
by:

Tx '   y z  ( I y   I z  )
Ty  z x ( I z   I x ) .

(25)

Tz   x y  ( I x  I y  )
The time evolution of the quaternion is used to update the orientation of the particles
and is computed from:
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Lastly, it should be noted that there is coupling between the translational and rotational
motion. In Eq.(22), the torque due to the non-coincident centres of mass and of pressure,
Toffset , is a function of the hydrodynamic force in the inertial frame which is transformed to
the particle frame by the transformation matrix A. For each time or integration step, the
transformation matrix is obtained from the new quaternions, and these quaternions are
subsequently used to obtain new values of i, AD, dn, CD, FD and Toffset . This is also the case
for the torque due to the resistance on a relatively rotating body, Tresist , which is a function
of AD and CD.

3. Numerical Solution
The channel flow employed had the configuration: inertial co-ordinates ( x  y  z ) ,
computational domain size (2 h  2 h  4 h ) and grid nodes (129  128  128) in the wallnormal, spanwise and streamwise directions, respectively, as shown in FIG. 3. The shear
Reynolds number Re ( hu / ) was 300 based on the shear velocity u  0.2355 m s-1
and the bulk Reynolds number Reb ( hub / ) was 4910 based on the bulk velocity

ub ~ 3.855 m s-1, respectively, with the channel half height h  0 . 02 m, kinematic
viscosity   1.57  10 5 m2 s-1 and density   1.3 kg m-3. The mesh spacing was uniform
in the homogeneous (y- and z-) directions, but stretched in the inhomogeneous (x-)
direction by a hyperbolic stretching function. The non-dimensional values of parameters
associated with length, velocity and time are presented in wall units (+) following
normalisation with u and  .
Periodic boundary conditions were applied in the homogeneous directions for both the
fluid and particle phases. A mean pressure gradient was applied in the streamwise direction
to maintain the mass flow rate. No-slip boundary conditions were applied at the walls for
the fluid. The particle wall boundary condition is straightforward for spherical and nontrivial for ellipsoidal particles. In the absence of a detailed particle-wall interaction model
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for ellipsoidal particles, the model employed for spherical particles was used. This
approach has been previously applied by a number of authors (Zhang et al., 2001;
Mortensen et al., 2008a; Marchioli et al., 2010; Zhao et al., 2014), with particles reﬂected
elastically when the particle centre is half the equivalent sphere diameter from the wall. In
such cases, the particle linear momentum in the wall-normal direction is changed in sign
whereas the linear momentum in the two homogenous directions and the angular
momentum are unchanged. To avoid laminarisation of the flow, an initial simulation at
high Reynolds number ( Re  300) was carried out and the resulting solution was used
to initialise the flow at Re  300 . The two-phase ﬂow simulation started from the fully
developed turbulent single phase ﬂow. The particles’ initial position and orientation were
random, with the initial linear and rotational velocity vectors set equal to those of the fluid
at the particle position.
Ly
Lz
Lx

Z
x

yY

zX

FIG. 3. Schematic of the computational domain of the channel flow.

The governing equations for the fluid phase were solved numerically using the ﬁnitevolume code BOFFIN (Boundary Fitted Flow Integrator) (Jones et al., 2002). The code is
based on a fully implicit low-Mach number formulation and is second-order accurate in
both space and time. The governing ﬁltered equations in Cartesian co-ordinates can be
transformed into a curvilinear co-ordinate system, although the equation set was solved in
Cartesian co-ordinates in the present work, and the ﬁnite-volume approach is used to
discretise the partial differential equations to yield a system of quasi-linear algebraic
equations. To discretise the spatial derivatives in Eqs. (1) and (2), the standard secondorder accurate central difference scheme is used, except for the convective terms in the
momentum equation, Eq. (2), for which an energy conserving discretisation scheme is
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employed. The time derivatives in Eqs. (1) and (2) are approximated by a three point
backward difference scheme with a variable time-step to ensure that the maximum Courant
number, based on the ﬁltered velocity, always lies between 0.1 and 0.2. The pressure is
determined by a two-step, second-order, time-accurate approximate factorisation method.
A co-located pressure and velocity arrangement is used and an odd/even node uncoupling
of the pressure and velocity ﬁelds is prevented by a pressure smoothing technique (Rhie
and Chow, 1983). The system of algebraic equations resulting from the discretisation is
solved using the matrix pre-conditioned conjugate gradient methods BI-CGSTAB (van der
Vorst, 1992) for the matrix of velocity vectors, and ICCG (Kershaw, 1978) for the
pressure. The BOFFIN code has been applied extensively in the LES of reacting and nonreacting turbulent ﬂows, e.g. (Bini and Jones, 2008; Njobuenwu and Fairweather, 2014).
For further details of the numerical method used in BOFFIN, readers are referred to those
publications and relevant references therein.
The particle equations of motion were integrated using an efficient fourth-order RungeKutta scheme. The computational procedure for the solution of the particle equations is
similar to that described in (Yin et al., 2003). To avoid build-up errors, the quaternions are
renormalized at every time-step using Eq. (12). The particle integration time for the
translational and rotational motion is equal to the LES time step and smaller than the
smallest particle response time. One-way coupling is assumed between the fluid and the
particles. Considering the negligible volume fraction of a single particle suspended in the
carrier phase, the adoption of one-way coupling is justified. During each time step, the
fluid flow field is first updated and then interpolated to the particle position using a
trilinear interpolation scheme, and then passed to the Lagrangian particle tracker. It is
worthy of note that predictions obtained for particle dispersion in a turbulent channel flow
using this interpolation scheme have been demonstrated (Marchioli et al., 2008) to yield
results in line with those derived on the basis of higher order schemes.
Only values from the resolved velocity field were used to calculate the unsteady forces,
thus neglecting the effect of the unresolved velocities on particle trajectories. At low
Reynolds numbers, Armenio et al. (1999) reported that the unresolved velocity field was
found to have a limited effect on the statistics of inertial particles. Wang and Squires
(1996b) applied LES to study particle-laden channel flows at Re  180 and 644 using
646564 grid points to discretise the filtered equations. These authors used a dynamic
eddy viscosity model and added the SGS fluctuations to the particle velocity,
demonstrating that these fluctuations contributed less than 1% of the total particle rootmean-square (rms) velocity fluctuations. In this study, significantly more grid nodes were
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used (129128128), effectively doubling the number of nodes in each co-ordinate
direction. The instantaneous SGS kinetic energy obtained using the latter grid node
distribution is given in FIG. 4. The SGS kinetic energy, ksgs, shows how much energy is in
the unresolved scales, as well as the likely contribution this energy makes to the particle
dispersion. Values of ksgs are seen to be negligible throughout the cross-section of the
channel, except close to the wall where a maximum magnitude of ksgs  0.13 m2 s-2 was
observed compared, for example, to ksgs  1.9 m2 s-2 obtained by Winkler (2002) when
using a 646532 mesh. Further consideration of the effect of SGS velocity fluctuations on
the motion of particles in the LES of particle-laden turbulent flow can be found elsewhere
(Bini and Jones, 2007; Salmanzadeh et al., 2010). Overall, the influence of such
fluctuations on the motion of particles depends on the flow Reynolds number and particle
inertia, the numerical resolution used, and the filter function and precise SGS model
employed. In this work, the parameters and variables adopted were such that the errors
arising from neglecting the influence of the SGS velocity were kept to a minimum. These
include the consideration of a low Reynolds number flow and inertial particles (Stokes
number based on equivalent sphere diameter, ev+
1), the use of top-hat filtering of the
descriptive equations and a dynamic SGS model, as well as the use of a high nodal density
to ensure a close to DNS resolution, particularly near the walls.

FIG. 4. Instantaneous sub-grid scale turbulence kinetic energy (ksgs / m2 s-2) in the spanwise direction
along a plane at z = 2h.

4. Results and Discussion
4.1. Fluid phase validation
The relevant features of the flow field at those locations where the particle dynamics
are reported and analysed are first presented. The instantaneous streamwise fluid velocity
fluctuation (w ) in wall units is shown in
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FIG. 5 on wall-parallel planes (y-z) in the buffer region ( x  ~ 8 .0 ) and at the channel
centre ( x   300 ). The instantaneous spanwise fluid vorticity y  0.5  (w / x  u / z)
in wall units is shown in
FIG. 6 on a plane (x-z) down the centre of the channel. The LES is seen to produce
instantaneous turbulent structures resembling streaks in the layer at a distance of x  ~ 8.0
from the lower wall and at the channel centre, as shown in
FIG. 5. From this figure, it is clear that the fluid velocity in the buffer region is
generally less than the mean velocity of the entire channel, whilst at the centre, the velocity
is evenly distributed about that mean. In addition, coherent structures in the spanwise
vorticity are captured on the x  z plane down the centre of the channel, as shown in
FIG. 6. The unsteadiness in the flow can clearly be inferred from the small-scale
structures visible in these plots. These well-known characteristics of a channel flow are
well captured by the LES using the nodal distribution employed. The LES results are
further compared with DNS predictions(Marchioli and Soldati, 2007) for the single-phase
flow in FIG. 7 for the streamwise mean velocity w  , the rms of the velocity fluctuations


 , vrms
( urms
and wrms ) in the wall-normal, spanwise and streamwise directions, and for the

turbulent shear stress (u   w  ) . There is in general good agreement between the LES and
DNS results. The peak in the rms of the streamwise velocity fluctuation is slightly overpredicted, while the wall-normal and spanwise components are slightly under-predicated.
The LES also generally under-predicts the velocity fluctuation profiles in all three
directions towards the channel centre. Overall, however, the accuracy of these predictions
demonstrates that the current LES is in sufficiently close agreement with the DNS to
warrant its use in analysing the dynamics of non-spherical particles.
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FIG. 5. Instantaneous streamwise fluid velocity fluctuation ( w  ) in the streamwise direction along

planes at x   8 (top) and x   300 (bottom).
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FIG. 6. Instantaneous spanwise vorticity (  y ) in the streamwise direction along a plane at y  h .
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FIG. 7. Mean streamwise velocity ( w ), root-mean-square of components of velocity fluctuations ( urms
 ,
 ), and Reynolds shear stress (
u  w ). LES at Re =300 (solid lines) and DNS (Marchioli and
 and wrms
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Soldati, 2007) at Re =300 (symbols).

4.2. Single Particle Statistics
When studying particle dynamics, the trajectories of individual particles can be
followed, or the motion of groups of particles can be examined. In this paper we focus on
single particles with varying aspect ratio released at different initial wall-normal positions
and orientations. The study of single particles represents the first step in understanding
particle behaviour in the system, and below results are presented for the particle
translational and orientational dynamic properties.
Three particle aspect ratios are considered, representing disk-like (  0.1) , spherical
   1.0) , and needle-like (  10) particles following the Loth (2008) classification, with

these particles introduced into the flow to analyse the shape and orientation effect on
particle behaviour. Note that   1 . 001 was used rather than   1 . 0 for the sphere in
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order to impose rotational dynamics which is only active for   1 . 0 . For a given particle
relaxation time,  eq , the particles have different aspect ratios,  , and sphericity,

, but

have the same equivalent volume diameter, d ev , mass and volume; this is different from
other works (Zhang et al., 2001; Mortensen et al., 2008a; Marchioli et al., 2010; Tian et al.,
2012) where for a given  eq , the particles had different d ev , mass and volume. In addition,
three initial wall-normal locations are considered, at x p 0  2 , 8 and 300, corresponding to
locations in the viscous sub-layer, the buffer layer and at the channel centre. The particles
have fixed initial spanwise, y   930 , and streamwise, z   30 , locations. The shape and
other relevant parameters of the particles considered are listed in Table 1. The simulations
were performed in sets, with each set using three particles with the same relaxation time,

 ev , and equivalent diameter, d ev , but with different aspect ratios,  . Each set of
simulations then employed the same initial conditions (particle initial position, orientation,
velocity and spin). Hence, at the start of the runs, all the particles started with the same
conditions and were subsequently subjected to the same turbulence field provided by the
LES.
The point-wise approach of tracking particle trajectories is valid when the particle size
is equal to or less than the smallest length scale, i.e. the Kolmogorov length scale. The
Kolmogorov length scale for the flow considered is  ~ 1.842  10-4 m, and in wall units

  ~ 2.763 . In this study the longest needle-like particle (  ev  125 ,   10 ) has a non-

dimensional elongation (2c+) slightly larger than the Kolmogorov length scale, although its
equivalent volume diameter is d ev  0.619 . In terms of the latter equivalent diameter, all
the particles considered were smaller than the Kolmogorov length scale. For the largest
needle-like particles, therefore, the results are likely to be qualitatively accurate in terms of
their trends, but less so from a quantitative viewpoint. Despite this limitation, previous
research (Yin et al., 2004; Marchioli et al., 2010; Marchioli and Soldati, 2013; Njobuenwu
and Fairweather, 2013c, 2014) routinely uses the point-wise approximation for particles
with sizes beyond the smallest length scale to highlight such trends.
Results presented are in terms of the time evolution of the particle centroid in the wallnormal direction, x p , its orientation in terms of the direction cosines, cos  x , cos  y , cos  z ,
and its dynamic properties, e.g. incidence angle, i , Reynolds number, Rep , and drag
coefficient, CD .
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Table 1: Properties of super-quadric shapes investigated.
Set

Shape

 ev

1
2
3
4
5
6
7
8
9

Disk
Sphere
Needle
Disk
Sphere
Needle
Disk
Sphere
Needle

5
5
5
25
25
25
125
125
125

0.1
1.001
10
0.1
1.001
10
0.1
1.001
10

p /

a  b

c

d ev

769.2
769.2
769.2
769.2
769.2
769.2
769.2
769.2
769.2

0.737
0.342
0.159
1.648
0.765
0.355
3.685
1.710
0.794

0.074
0.342
1.588
0.165
0.765
3.550
0.368
1.711
7.938

0.342
0.342
0.342
0.765
0.765
0.765
1.710
1.710
1.710

a k  bk
0.267
0.124
0.058
0.596
0.277
0.128
1.334
0.619
0.287

ck
0.027
0.124
0.575
0.060
0.277
1.285
0.133
0.619
2.873

d evk



0.124
0.124
0.124
0.277
0.277
0.277
0.619
0.619
0.619

0.418
1.000
0.588
0.418
1.000
0.588
0.418
1.000
0.588

Note: Superscript k indicate variables made dimenlesionless with the Kolmogorov length scale. The Kolmogorov length
scale is given by   ( 3 /  )1 / 4 , where  is the average rate of dissipation of turbulence kinetic energy per unit mass, and 
is the kinematic viscosity of the fluid. Also, the computational time-step used, which is dependent on the grid resolution and
the flow Reynolds number in wall units, is t  ~ 0.049 for both phases which is smaller than the smallest particle response
time used which is  ev  5 .

4.2.1. Spatial dynamics
To demonstrate the dynamic behaviour of particles in a turbulent channel flow, FIG. 8
shows a typical evolution of the spheroid (S1, S2, S3) = (disk, sphere, needle) trajectories


in terms of their wall-normal distance with time for three different initial conditions ( xp0 
2, 8 and 300). The results are based on  eq  125 and an initial particle orientation
(0  0,  0  60 o , 0  0) , implying the angle subtended between the particle’s principal

axis z and its co-moving axis z is 60o. The trajectories were obtained for the same time
interval, with the particles subjected to the same turbulence conditions.
It is clear that the disk-like particle with   0.1 has the largest rate of dispersion when
compared with the other particles for all three starting positions. This is expected following
the recent observation (Njobuenwu and Fairweather, 2013c, 2014) where the oblate
spheroid showed qualitatively higher dispersion than the other shapes for particles released
from the channel centre at x+ = 300. At t    eq , the particle trajectories are approximately
identical for the three particle shapes and for all initial release locations. However, at

t    eq the various particles follow a different dispersion pattern, although the particles
with   1.0 remain reasonably close to one another, and for sufﬁciently large integration
times after release the particles clearly loses any memory about their initial position and,
hence, that position has a negligible effect on their long-time trajectory. Furthermore, it is
interesting to note that the rate of the dispersion towards and away from the walls (at
x   0, 600) in general increases with the increasing non-sphericity of the particle. This
phenomenon provides insight into the effect of particle aspect ratio on turbophoresis
(preferential concentration). The dispersion patterns observed are therefore primarily due
to a particle’s rotational motion with respect to its aspect ratio, and as a secondary effect
due to dispersion inherent with particle-pair motion. Jeffery (1922) also reported that
particle rotation induced by shear may significantly a ect particle trajectory.

(a)

(b)

(c)

FIG. 8. Time evolution of the centroid of a single spheroidal particle for various initial release locations of its
centroid from the wall,


xp0
 : (a) 2, (b) 8, and (c) 300. Series (S1, S2, S3)

and 


eq

= Spheroids (  0.1, 1.0,10.0)

 125 .

In FIG. 9, the time evolution of the particle incidence angle, Reynolds number and drag

coefficient for the three shaped particles with  eq  125 , all initially released at xp0  300,

is presented. Note that the  i , Re p and C D in FIG. 9 produced the particle trajectories
shown in FIG. 8(c). As expected in FIG. 9(a), the particle incidence angle that accounts for
the particle orientation in the drag and profile lift forces varies from 0 to 180o. The
incidence angle between the particle major axis direction (z ) and the flow slip-velocity is
determined for each time step, with the various particle shapes exhibiting different
incidence angles which clearly influence the particle motion because this affects the
projected area normal to the directions of the drag and profile lift forces. The disk-shaped
particle exhibits a wide range of more rapidly varying orientations compared to the needlelike and spherical particles, with the latter particle spending more time with a particular
orientation.
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FIG. 9. Time evolution of: (a) incidence angle between particle relative velocity and particle major axis
z', (b) Reynolds number, and (c) drag coefficient for various particle shapes. Series (S1, S2, S3) = Spheroids

 300 .
(  0.1,1.0,10.0) ,  eq  125 and xp0

In FIG. 9(b), particles with the same volume equivalent diameter have similar Reynolds
numbers, but slight differences occur between the different shapes due to differences in the
slip velocity which depends on the location of the particle centroid in the velocity gradient
direction. The drag coefficient given in FIG. 9(c) is at most times different for the three
particle shapes, with the needle-like particle having a reduced drag coefficient compared to
the equivalent spherical particle, while the disk-shaped particle has in turn an increased
drag relative to both other particle types. The time evolution of the particle incidence
angle, Reynolds number and drag coefficient are not presented for single particles released

 2 and 8 since, due to the complexity of the resulting plots,
in the near-wall region at xp0

it was impossible to establish any trends with respect to particle shape. In addition,
evaluation of these dynamic properties at lower particle relaxation time did not reveal any
trends significantly different from those shown in FIG. 9.
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(b)

(a)

(c)

FIG. 10. Time evolution of the centroid of a single spheroidal particle for various particle relaxation
times: (a) disk-shaped, (b) spherical, and (c) needle-like particles. Series (S1, S2, S3) = particle relaxation

time ( eq  5, 25,125) and xp0
 300 .

The effect of particle inertia on trajectory, measured by the particle non-dimensional
relaxation time (also called particle Stokes number), is shown in FIG. 10. Each figure gives
the trajectories of particles of the same shape that are released from the same wall-normal

location, xp0  300 , with the series (S1, S2, S3) representing the particle relaxation times

( eq  5, 25,125) . It is clear from these results that in general all the various particle shapes
exhibit similar trends with respect to the particle relaxation time. The smaller particles
follow the ﬂuid motion relatively well with a high dispersion rate, whereas the particles
with the highest inertia show a lower dispersion rate and a damping of the effect of the
fluid’s fluctuating motion. This behaviour is due to the particle inertia ﬁltering out some of
the effects of the local ﬂow, making large particles relatively insensitive to small-scale
velocity ﬂuctuations.
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FIG. 11. Time evolution of the square of the displacement of the centroid of a single spheroidal particle
for various particle relaxation times: (a) disk-shaped, (b) spherical, and (c) needle-like particles. Series

(S1, S2, S3) = particle relaxation time ( eq  5, 25,125) and xp0
 300 .

A clearer illustration of this effect is provided by plots of the square of the
displacement of the particle centroid,  x  ( xp  x0 ) 2 / Re2 , given in FIG. 11 for the
various particle shapes, where the lower inertia particles in general again show higher
displacement values. The results of FIG. 11 further confirm the well-known result that
particles with large relaxation times are less sensitive to small-scale turbulent structures
(ElMaihy and Nicolleau, 2005) and that, in the absence of gravity, a particle disperses in an
isotropic turbulence ﬁeld with departures from ﬂuid particle paths largely due to the
inertial effect. The only slight exception to these conclusions are for the disk-shaped
particles, where the  eq  5 and 25 particles exhibit a similar level of dispersion, and for
the spherical particles, where the higher inertia  eq  25 and 125 particles both display
reduced dispersion relative to the  eq  5 case.
Overall, the results of Figs. 8, 10 and 11 demonstrate that particle shape (and
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orientation), inertia and initial position all affect the temporal behaviour of a particle in a
turbulent channel flow. They demonstrate that at small times, t    eq , the particles move
approximately with linear paths, hence their trajectories and dispersion patterns look
similar irrespective of their shape, inertia and initial position. This is expected particle
behaviour for times less than the Lagrangian integral time scale since, when a particle is set
in motion by the velocity fluctuations, it moves steadily in a certain direction at a certain
speed, with its motion becoming diffusive-like as the integral time scale is approached.
The length of this time period depends, however, on the particle inertia. As shown in FIGS.
10 and 11, the duration for which a particle maintains a seemly straight-line trajectory
increases with its inertia, and this can be attributed to the fact that particles with higher
inertia take a longer time to overcome the influence of their initial conditions. Hence, to
obtain particle statistics devoid of the effect of initial conditions, sampling must be
performed at t    eq . Also, when the three shapes of particle are released from the same
wall-normal location they do not migrate to the same distance from the wall over the time
period examined, with a continuous transverse migration taking place such that they
eventually forget their initial position. This contrasts with Broday et al. (1998) observation
where, in a vertical Poiseuille ﬂow, a spheroidal particle was found to arrive at an
equilibrium position in the flow cross-section, independent of the particle’s initial crosssectional location.
Again, it should be noted that the trends observed in FIGS. 10 and 11 were not

2
significantly affected when particles were released from wall-normal positions of xp0

and 8.
4.2.2. Orientational dynamics
The results in this section focus on the orientation of the non-spherical particle due to
its rotation, where the orientation is characterised by the direction cosines the particle
principal axis, z', makes with the axes of the co-moving frame, x , which is always
parallel to the inertial frame x . In the configuration used for the inertial co-ordinate x (see
FIG. 1 and FIG. 3), the streamwise direction of the channel flow is along the z-axis, while the
velocity gradient (wall-normal) and the vorticity (spanwise) are orientated in the x- and ydirections, respectively. The direction cosines, cos  x , cos  y and cos  z , represent the
particle orientation with respect to the particle co-moving axes x , y and z ,
respectively, subject to the constraint cos x2  cos y2  cos z2  1 (see illustration in FIG.
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2(c)). Obviously, cos x  0

with  x  90 o means that the particle principal axis is

perpendicular to the particle co-moving axis x , while for cos x  1 with  x  0 o the
particle aligns with the co-moving axis x . The same analogies apply to the remaining two
particle co-moving axes, y  and z  . The particle orientation cannot be well understood in
isolation, but must be considered in relation to its spatial location since the particle’s
position in the velocity gradient direction gives an indication of the turbulence intensity
and velocity gradient that it experiences. For a channel flow, the mean velocity gradient is
smaller in the vicinity of the channel centre than in the near-wall region. Therefore, the
orientation of the anisotropic particles with respect to the flow is due to the interplay
between the randomizing process of turbulence and the local velocity gradients. Below the
effect of particle inertia and shape on their orientation with time is considered. The particle
initial orientation, specified by the Euler angles (0 ,  0 , 0 )  (0 o , 60 o , 0 o ) , is kept constant,
with the particle shape (   0.1 , 1.0 and 10.0) and relaxation time (  eq  5 , 25 and 125)
varied.
The time evolution of the direction cosines ( S1, S 2, S 3) = (cos  x , cos  y , cos  z ) for the
three particle shapes considered and a particle inertia  eq  5 is shown in FIG 12, with the
results of FIG 12(a, b, c) being for the disk-shaped particle, FIG 12(d, e, f) for the spherical
particle and FIG 12(g, h, i) for the needle-like particle. Results for particles released at
wall-normal locations of x p 0  2, 8 and 300, demonstrating the effect of velocity gradient
on particle orientation, are also considered. Initial Euler angles of (0 ,  0 , 0 )  (0 o , 60 o , 0 o )
correspond to initial particle directional angles of ( x 0 ,  y 0 ,  z 0 )  (0o , 135o , 60o ) , giving
initial direction cosines of (cos  x 0 , cos  y 0 , cos  z 0 )  (0, 0.7071, 0.5) . Also note that  z 0
is the angle between the particle principal axis z and z , hence,  z 0   0 at t   0 . Within
the time range 0  t   1000 of the simulations, the transient particle orientation
demonstrates different rotational modes.
Usually turbulence is thought of as a randomizing process, and that any particles
carried along with a turbulent flow will have random orientations as a consequence.
However, the velocity gradients in turbulence have the net effect of aligning anisotropic
particles with the inertial co-ordinate system. A non-spherical particle settling in a stagnant
fluid therefore maintains a steady orientation in the Stokes limit (Yin et al., 2003). For the
disk in FIG 12(a, b, c), only orientation profiles up to t   50 are shown in the interests of
clarity since beyond this time the plots are sufficiently complex to be difficult to read.
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However, the orientation profiles at greater times are considered later.
(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

FIG 12. Time evolution of the direction cosines of the z'-axis with respect to the x -, y - and z -axes of
the disk-shaped (a, b, c), spherical (d, e, f) and needle-like (g, h, i) particles as a function of particle initial

position, xp0
 : (a, d, g) 2, (b, e, h) 8, and (c, f, i) 300. Series (S1, S2, S3) = (cos  x , cos  y , cos  z ) and

 eq  5 .

After some disturbance arising from the initial conditions, the disk is seen to take up an
almost stable rotation with respect to the three directions, i.e. the x-, y- and z- axes. The
principal axis of the disk ( z -axis) has no preferential alignment to the inertial co-ordinate
regardless its initial position, but the disk is rotating in all three directions. The wave
32

height of the orientation profile of the disk is the same with respect to the y- and z- axes in
FIG 12(a), initially with respect to the y- and z- axes and later the x- and y- axes in FIG
12(b), and with respect to x- and z- axes in FIG 12(c). The profiles with equal wave height
have their troughs and peaks at approximately -1 and 1, respectively. The direction
cosine cos  x , following initial disturbances, oscillates about -0.5, and moving from left to
right in FIG 12(a) to (c), the number of cycles per unit time decreases. This implies that a
disk shaped particle with a small relaxation time is always rotating in all directions, with
the orientation periodic in time when in the viscous sub-layer region (FIG 12(a)). The
behaviour in this region mimics the laminar flow behaviour noted in Jeffery’s analysis
(Jeffery, 1922) and by Yin et al. (2003).
In FIG 12(d, e, f) results for the spherical particle demonstrate that its orientation at all
distances from the solid surface is more stable than that of the disk considered in FIG 12(a,
b, c). Close to the surface, the particle exhibits the precessing and nutating mode, as noted
by Huang et al. (2012) for a prolate spheroid at Re  120 . The wave height of the
orientation profile of this particle is shorter than was obtained for the disk, with cos x and

cos z changing periodically in the range -0.5 and 0.5 for the particle injected at x p 0  2 ,
and with cos  y remaining almost unchanged from its initial orientation of cos  y  0.71
(  y  135o ) throughout the time range considered. In FIG 12(e), the particle injected in the
buffer region at x p 0  8 shows changes in both its wave amplitude and frequency, with
both increasing with time. This demonstrates that for this relaxation time, the particle is
sensitive to the fluid velocity scale, with its rotation influenced by the fluid velocity
gradient and turbulent fluctuations and, hence, the particle rotates with the flow. The
precessing and nutating mode was again exhibited in this case, however, the orientation of
the sphere’s principal z -axis with respect to the vorticity y -axis showed some form of
periodicity. At the channel centre, FIG 12(f), the spherical particle shows a highly periodic
orientation in all directions with a larger amplitude and period than for the other release
locations considered. This demonstrates that the fluid, and hence particle, rotation at this
location is not biased in any of the three directions, and strengthens the argument that the
particle orientation is largely dependent on its position in the wall-normal direction,
especially for particles with small relaxation times. Broadly, for the spherical particle
therefore, as the release location moves away from the wall the period of orientation
increases from the viscous to the free stream regions. The orientation of the needle-like
particle shown in FIG 12(g, h, i) is clearly less stable than that of the disk or spherical
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particles. The needle-like particle injected at x p 0  2 in FIG 12(g) shows two components
of its orientation that are periodic in time, with equal nutation amplitudes of  1  cos x  1
and  1  cos z  1 . The needle is rotating in the (x, z)-plane and, although its principal z axis is less defined, it eventually aligns with the vorticity axis where  y averages to 0 o .
The orientations of the needle particle injected in the buffer region given in FIG 12(h), and
at the channel centre in FIG 12(i), are more complex than observed previously, with the
various orientations displaying multiple frequencies and amplitudes with time. This is
caused by the large dispersion of this particle, as noted earlier, with the particle moving
from one turbulent region to another with time.
The orientation of the disk principal z - axis with respect to the inertial frame x-, y- and
z- axes for a moderate particle relaxation time,  eq  25 , as a function of the nondimensional time, t  , is shown in FIG. 13(a, b, c). The disk injected in the near-wall region
shown in FIG. 13(a) interacted with the wall at x   0 just before t   50 , with that
interaction altering the angular momentum of the disk, giving rise to a jump in the
amplitudes of the orientation. Following this jump, the disk precesses around the x-axis
with a nutation, although this is more complex than observed in FIG 12(a) for the low
particle relaxation time. The period of the orientation in the three directions is similar, but
the nutation amplitude increases in the x-, y- and z-directions. The disk injected in the
buffer region, the results for which are shown in FIG. 13(b), and at the channel centre in
FIG. 13(c), shows orientations similar to the  eq  5 case in FIG 12(b) and (c). Comparing
the direction cosines (S1, S2, S3) = (cos  x , cos  y , cos  z ) of the  eq  25 spherical particle
in FIG. 13(d, e, f) and the  eq  5 particle in FIG 12(d, e, f), there are similarities between
both sets of results for all three initial particle positions. It is therefore clear that the
orientational dynamics of the spherical particle are less dependent on the particle inertia
but largely on the particle position in the velocity gradient direction. The orientation of the

 eq  25 needle-like particle injected in the viscous sub-layer given in FIG. 13(g) again
shows a close similarity to the orientation of the  eq  5 particle in FIG 12(g). Complex
orientations are observed for the  eq  25 needle injected in the buffer region in FIG. 13(h),
with a transition from one nutation amplitude to another as the needle transverses from one
velocity gradient position to another. The nutation amplitude in the x- and z- directions at
most times varies from -1 to 1, and is larger than that in the y-direction. The  eq  25
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needle injected at the channel centre, FIG. 13(i), again exhibits different frequencies, and
this trend continues with further increases in the particle relaxation time (as below). Huang
et al. (2012) also reported a similar trend, with many orientation frequencies observed with
increases with Re.
(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

FIG. 13. Time evolution of the direction cosines of the z'-axis with respect to the x -, y - and z -axes of
the disk-shaped (a, b, c), spherical (d, e, f) and needle-like (g, h, i) particles as a function of particle initial

position, xp0
 : (a, d, g) 2, (b, e, h) 8, and (c, f, i) 300. Series (S1, S2, S3) = (cos  x , cos  y , cos  z ) and

 eq  25 .
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

FIG. 14. Time evolution of the direction cosines of the z'-axis with respect to the x -, y - and z -axes of
the disk-shaped (a, b, c), spherical (d, e, f) and needle-like (g, h, i) particles as a function of particle initial
position,


xp0
 : (a, d, g) 2, (b, e, h) 8, and (c, f, i) 300. Series (S1, S2, S3)

= (cos  x , cos  y , cos  z ) and

  125 .

eq

Simulation results for a  eq  125 disk-shaped particle injected at x p 0  2 given in
FIG. 14(a) show that the particle orientation in all three directions is periodic with time. Its
principal z -axis precesses around the vorticity y -axis, while the nutation amplitude in the
x- and z-directions changes with time from -0.5 to 0.5. In FIG. 14(b) the orientation of the
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principal z -axis with respect to the velocity gradient x -axis and the vorticity y -axis show
jumps in their amplitude as the disk transverses different boundary layer positions. The
disk injected at the channel centre in FIG. 14(c) shows a relatively steady rotation as the
particle remained within this region of the boundary layer over the time interval
considered. In FIG. 14(d, e, f), the orientational behaviour in all three directions of the

 eq  125 spherical particle mimics that of the  eq  25 case shown in FIG. 13(d, e, f). The
 eq  125 needle-like particle results given in FIG. 14(g, h, i) exhibit a tumbling mode,
with both the orientational amplitude and frequency of the direction cosines found to be
close to that of  eq  25 case shown in FIG. 13(g, h, i).
Lastly, the time evolution of the direction cosines showing the orientational dynamics
of a single disk, sphere and needle with  eq  125 released in the buffer region for the time
interval t   1000 , previously reported in terms of their spatial dynamics in FIG. 8, is
shown FIG. 15. Based on the criteria defined in Huang et al. (2012) and the discussions
above, the disk in FIG. 15(a, d, g) exhibits many frequencies and amplitudes in all the three
time intervals reported. This is expected as the disk injected in the buffer region, shown in
FIG. 8(b), transverses across the boundary layer, with the velocity gradient at each
boundary layer location affecting its orientation frequency and amplitude. The spherical
particle, FIG. 15(b, e, h), enters a periodic mode at the outset and remains stable
throughout the reported simulation time. The orientation of this particle shows a similar
frequency and amplitude for cos  x and cos  z irrespective of its initial release location.
The spherical particle is rotating in the (x, z)-plane, and its principal z -axis eventually
stops rotating along the vorticity axis, where  y ultimately averages to its initial value of

135 o . The  eq  125 needle released at x 0  8 , shown in FIG. 15(c, f, i), experiences some

complex orientations initially but maintains a periodic orientation at time t   200 with
respect to the streamwise and velocity gradient axes. It principal axis eventually aligns
with the vorticity y axis, where  y evolves to 0 o at times t   800 .
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

FIG. 15. Time evolution of the direction cosines of the z'-axis with respect to the x -,

y - and z -axes of

the disk-shaped (a, d, g), spherical (b, e, h) and needle-like (c, f, i) particles at (a-c) 0  t   200 , (d-f)
400  t   600 , and (g-i) 800  t   1000 . Series (S1, S2, S3) = (cos  x , cos  y , cos  z ) ,  eq  125 and

xp0
 8.

5. Conclusions
A computational approach for simulating the three-dimensional motion of single nonspherical particles in a turbulent channel flow has been described, assuming one-way
coupling between the fluid and the particles. The approach involves the complete
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numerical simulation of the particles’ translational and orientational behaviour in a fully
developed turbulent flow field obtained using large eddy simulation coupled to a
Lagrangian particle tracking algorithm and Euler’s law of rotational motion. The technique
is general and can be applied to any regular isotropic non-spherical particle, and in the
present study, results were presented for ellipsoidal particles (disk-shaped, spherical and
needle-like) in the Stokesian and Newtonian regimes, with the work described providing
an extension to previous studies that use Jeffery’s equations to model drag force and
hydrodynamic torque. In wall-bounded turbulence, it has been demonstrated that the
particle linear and rotational dynamics are affected by the fluid shear rate, and particle
inertia and shape, as well as the initial position and orientation of the particles. At small
times, the particles move approximately with linear paths, with their dispersion patterns
similar irrespective of their shape, inertia and initial position. The length of this time period
depends on the particle inertia, although beyond this period different shapes of particle do
not migrate to the same distance from the wall over the simulation times examined.
Particle orientation was characterised using the direction cosine of the particle principal z axis with respect to the inertial x, y and z axes. The results show that turbulent dispersion
forces non-spherical particles to have a broad orientation distribution. Velocity gradient,
aspect ratio, particle inertia and initial orientation all have an effect on the alignment of the
particle principal axis to the inertial axes. Disk-shaped particles with small relaxation times
are always in rotation in all directions, and the orientation is periodic in time when the
particle is injected in the viscous sub-layer and at the channel centre. A change in the
orientation state was observed when the disk was injected in the buffer region. At higher
relaxation times, interactions with the wall and translation through the boundary layer
caused jumps in the amplitude of the orientation, and a subsequent precessing and nutating
orientation state. For the spherical particle, the orientation behaviour in all three directions,
which is independent of the particle relaxation time, exhibits the tumbling mode, and both
the orientational amplitude and frequency of the direction cosines are found to be similar at
all particle relaxation times. The orientation of the needle-like particle is less stable than
that of the disk and sphere, and at lower relaxation times exhibits complex orientation
profiles, although the stability of these particles increases at higher relaxation times.
The overall objective of the work described was to study the behaviour of single
particles of different shapes and sizes, and their translational and orientational behaviour in
a turbulent channel flow. To that end, all the different shaped particles were tracked
through the same turbulent flow field having been released from the same wall-normal
locations in order to ensure consistency in comparing the results obtained. Clearly many
issues remain, for example the influence of the spanwise release location on particle
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behaviour and, for particles close to the wall, the position of that location relative, for
example, to the coherent structures which give rise to ejection and sweep events which
play a role in determining that behaviour. Given the instantaneous and spatially varying
nature of such events, however, the only meaningful way to investigate their influence is
through the use of multiple particles released at different spanwise locations and averaged
over time and space. These and related issues will be addressed in future work on the
dynamics of multiple particles in a turbulent channel flow. Lastly, a point-wise
approximation was adopted for the larger particles (  eq  125 ,   10 ) even though their
longest characteristic length is greater than the smallest Kolmogorov length scale (although
the equivalent volume diameter in all cases was smaller than that length scale). Whilst the
use of such an approximation is reasonable and common practice amongst various authors
(Yin et al., 2004; Marchioli et al., 2010; Marchioli and Soldati, 2013; Njobuenwu and
Fairweather, 2013c, 2014), this simplification should be relaxed in future work.
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