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Tubular Modular Permanent-Magnet Machines
Equipped With Quasi-Halbach Magnetized
Magnets—Part I: Magnetic Field
Distribution, EMF, and Thrust Force

Jiabin Wang, Senior Member, IEEE, and David Howe

Department of Electronic and Electrical Engineering, the University of Sheffield, Sheffield S1 3JD, U.K.

This paper describes the analysis, design, and experimental characterization of three-phase tubular modular permanent-magnet ma-
chines equipped with quasi-Halbach magnetized magnets. It identifies feasible slot/pole number combinations and discusses their relative
merits. It establishes an analytical expression for the open-circuit magnetic field distribution, formulated in the cylindrical coordinate
system. The expression has been verified by finite-element analysis. The analytical solution allows the prediction of the thrust force and
electromotive force in closed forms, and provides an effective tool for design optimization, as will be described in Part II of the paper.

Index Terms—Linear machines, magnetic field analysis, permanent-magnet machines.

I. INTRODUCTION

INEAR electromagnetic machines are being used increas-

ingly in applications ranging from manufacturing automa-
tion [1], embedded power generation [2], [3], transportation [1],
healthcare [4], [5], and household appliances [6], [7]. Whether
such machines convert thrust force directly from a prime-mover
(e.g., a free-piston combustion engine or Stirling engine) into
electricity or provide thrust force directly to a payload, they
offer numerous advantages over rotary-to-linear counterparts,
notably the absence of mechanical gears and transmission sys-
tems, which results in a higher efficiency, better dynamic perfor-
mance, and improved reliability. Of the various linear machine
technologies and topologies, tubular permanent-magnet (PM)
machines offer a high efficiency, a high power/force density,
and excellent servo characteristics, which make them particu-
larly attractive [8].

It has been shown that tubular PM machines with a Halbach
magnetization, of the form illustrated in Fig. 1(a), have a number
of attractive characteristics, such as a sinusoidal back-electro-
motive force (back-EMF) waveform, which is conducive to very
low electromagnetic force ripple, and the possibility of being
optimized to achieve almost zero cogging force associated with
both the slotting and the finite length of the stator core [9],
[10]. Since, in practice, it is relatively difficult to manufacture
magnets with an ideal Halbach magnetization, a simpler form,
referred to as a quasi-Halbach magnetization, as illustrated in
Fig. 1(b), may be preferred. Due to the virtually “self-shielding”
property of Halbach and quasi-Halbach magnetized magnets,
the magnetic flux which passes through the supporting tube is
relatively weak. Therefore, either a ferromagnetic or a nonmag-
netic tube may be used. However, as will be shown, while a
ferromagnetic tube will result in a stronger air-gap field, and
therefore a better force capability, for moving-magnet tubular
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Fig. 1. Armature of tubular permanent magnet machine. (a) Halbach

magnetization. (b) Quasi-Halbach magnetization.

machines, a lightweight armature is often desirable. Therefore,
a nonmagnetic supporting tube may be advantageous for many
applications so as to maximize the attainable acceleration.

A three-phase tubular PM machine can be wound to facil-
itate either brushless DC or brushless ac (BLAC) operation.
A brushless dc (BLDC) machine, shown in Fig. 2(a), has two
coils per pole pair per phase, displaced by 120 electrical de-
grees. Thus, the armature tooth pitch is two thirds of a pole
pitch, and the ratio of the slot number to the pole number is 1.5.
However, while the stator winding of a rotary BLDC machine
has a short coil pitch, and hence a short end winding, which
is conducive to a high efficiency and a high power/force den-
sity, in a tubular BLDC machine, which has no end windings,
this advantage no longer exists, and the short coil pitch leads
to a lower winding factor for the fundamental EMF. Hence, a

0018-9464/$20.00 © 2005 IEEE
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Fig. 2. Winding arrangements for three-phase tubular PM machines. (a) BLDC winding. (b) BLAC winding (one slot per pole per phase). (¢) BLAC winding
(short-pitched, two slots per pole per phase). (d) Modular winding (9-slot/8-pole combination).

BLDC winding is less favorable compared with a conventional
three-phase BLAC winding, which has a 60° phase-spread and
can be either full-pitched, with one slot per pole per phase, as in
Fig. 2(b) or short-pitched, with two or more slots per pole per
phase, as in Fig. 2(c). While a short-pitched winding is often
used to reduce EMF harmonics and force ripple, while also pro-
viding a greater degree of freedom in selecting an appropriate
ratio of slot number to pole number, primarily to minimize the
cogging force, in order to eliminate low-order EMF harmonics
(e.g., fifth and seventh) without a significant reduction in the
winding factor, a minimum of two slots per pole per phase is re-

quired. This results in a relatively large number of slots, which
can be a significant disadvantage from the manufacturing point
of view, since it is then more difficult to laminate a tubular stator.

Recently, an alternative topology of three-phase tubular PM
machine, referred to as modular [11], [12], has emerged which
offers significant advantages over conventional tubular PM
machines. Most notable is the fact that each phase winding
comprises a number of concentrated coils which are disposed
adjacent to each other. This results in a high winding factor
and a smaller number of slots for a given number of poles, e.g.,
9 slots for an 8-pole machine, as compared to 12 slots and a
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minimum of 24 slots, respectively, for conventional three-phase
BLDC and BLAC machines. This is not only conducive to
a lower manufacturing cost, but also results in a fractional
number of slots per pole. Thus, the cogging force due to the
stator slots can be very small without employing skew.

The combination of a modular stator winding with a quasi-
Halbach magnetized armature results in a machine with var-
ious attractive features and superior performance. This paper
describes analysis and design techniques that have been devel-
oped specifically for such machines. Feasible slot/pole number
combinations are identified, and various performance indicators
that are pertinent to the machine design, such as the open-cir-
cuit flux linkage, the thrust force and force ripple, the iron loss,
the armature reaction field and winding inductances, and the de-
magnetization withstand, are treated with a unified framework.
These allow design optimization at a system level, taking ac-
count of both the machine and its power electronic converter.

II. FEASIBLE POLE/SLOT NUMBER COMBINATIONS

In three-phase moving-magnet and moving-coil tubular mod-
ular PM machines, the permanent-magnet armature is usually
longer than the stator in order to maximize the machine effi-
ciency. Hence, feasible slot/pole number combinations for mod-
ular machines refer to the active part of a machine. Many fea-
sible slot and pole combinations exist, the slot number [V, being
related to the number of pole pairs p by the following:

Ns=2p+lor2p+t2 (D

where IV, must be divisible by 3. Furthermore, for a three-phase
winding, the phase shift between phases is given by

N, 180
9)5 = /35 TS T Ta
I 3 ﬁp
_ 2B, (N, 180\ _ 360p )
N 3 8 ) 3

which, in electrical degrees, must equal +£360k + 120, where
k=0,1,2,...is a positive integer, 3, is the magnet pole-pitch
angle, and 8, = 2pf,/N's is the slot-pitch angle.

Table I lists all possible combinations of N, and p derived
from (1) and (2). It should be noted, from (2), that there is no fea-
sible slot/pole number combination when p is divisible by 3. For
all feasible Ny = 2p £ 1 combinations, the number of slots per
phase is odd. Therefore, all the coils which form one phase must
be connected in series, since the EMFs which are induced in
the coils are not exactly in phase. In other words, such slot/pole
number combinations prevent the coils from being intercon-
nected to form phase windings with parallel paths. As p in-
creases, the number of coils in series also increases, and, as will
be shown, the winding factor decreases, which will adversely
affect the machine performance. For all feasible Ny = 2p + 2
combinations, however, the number of slots per phase is even.
Therefore, the coils of each phase can be either all connected
in series or connected in series/parallel groups if p is even, or
connected in series/antiparallel groups if p is odd.

Thus, Ns; = 2p % 2 slot/pole combinations offer greater flex-
ibility in that the number of parallel paths may be greater than
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TABLE 1
FEASIBLE SLOT/POLE NUMBER COMBINATIONS FOR N, = 2p =1 AND 2p £ 2

Feasible slot number, N
Number of pole-pairs, p 2p+l 2p+2
1 3 -
2 3 6
4 9 6
5 9 12
7 15 12
8 15 18
10 21 18
11 21 24
13 27 24
14 27 30
16 33 30
17 33 36
19 39 36
20 39 42
22 45 42
23 45 48
TABLE 1I

FEASIBLE SLOT/POLE COMBINATIONS FOR THREE-PHASE TUBULAR
MODULAR PM MACHINES

Number of pole-pairs, p Number of slots, Ny
1 3
2 3,6
3 9
4 6,9,12
5 9,12, 15
6 9,18
7 12, 15,21
8 12,15, 18,24
9 27
10 18,21, 24,30
11 21,24,33
12 18,27, 36
13 24,27, 39
14 24,27, 30,42
15 27, 36,45
16 24,30, 33, 36, 48
17 33, 36,51
18 27,54
19 36, 39, 57
20 30, 36, 39, 42, 45, 48, 60

1. Tt will also be noted that, for a given N, /p combination, mul-
tiplication of both p and N, by a positive integer number re-
sults in a new feasible slot/pole combination. For example, for
Nq/p = 9/4,Ns/p = 18/8,27/12,36/16,.. ., etc., are also
feasible combinations, some of which are not cited in Table 1.
In addition, although values of p which are integer multiples
of 3 are not included in Table I, new slot/pole combinations
for such pole numbers can be derived from integer multiples
of the Ng/p combination for p = 1. In general, as the number
of pole pairs increases, the number of feasible combinations of
N, and p becomes greater. For instance, when p = 8, there are
four feasible combinations, viz. Ns/p = 12/8,15/8,18/8, and
24/8, while when p = 16,5 feasible combinations exist, viz.
Nq/p = 24/16,30/16,33/16,36/16, and 48/16. It is evident
that modular machines with an even number of pole pairs have
more feasible slot/pole number combinations than those having
an odd number of pole pairs. Table II summarizes all feasible
slot/pole number combinations for values of p up to 20, where it
will be noted that the last value of N in each row corresponds to
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TABLE III
ADDITIONAL FEASIBLE SLOT/POLE COMBINATIONS FOR THREE-PHASE
TUBULAR MODULAR PM MACHINES

Number of poles, p/2 Number of slots, Ny
5 6
7 6
11 12
13 12
15 18
17 18
19 18
21 18
23 24
25 24

the slot/pole number combination of a conventional PM BLDC
machine.

It should also be noted that for linear PM machines, the active
number of poles does not have to be an even number. Hence, ad-
ditional feasible slot/pole number combinations can be derived
from the combinations in Table II with an odd number of pole
pairs and an even number of slots. These are listed in Table III
for up to 25 active poles.

For a given number of pole pairs, different slot/pole number
combinations lead to different winding factors for both the fun-
damental and high-order EMF harmonics, and for the armature
reaction magnetomotive force distribution. Further, the cogging
torque due to slotting is approximately related to the inverse of
the smallest common multiple of p and N [13]. Thus, the choice
of a particular slot/pole combination has a profound influence
on the performance, demagnetization withstand capability, and
noise/vibration characteristics of a machine.

III. MAGNETIC FIELD DISTRIBUTION DUE
TO PERMANENT MAGNETS

In order to establish an analytical solution for the magnetic
field distribution in a quasi-Halbach magnetized tubular mod-
ular machine, the following assumptions are made.

1) The axial length of the machine is infinite, so that the
field distribution is axially symmetric and periodic in the
z direction. However, fringing effects associated with the
finite length of the armature may be considered [9].

2) The stator core is slotless, and the permeability of the
iron is infinite. However, slotting effects, if present, can
be taken into account by introducing a Carter coefficient
[14], as has been shown in [15].

Consequently, the magnetic field analysis is confined to the
airspace/winding region / in which the permeability is 0, and
the permanent-magnet region /I in which the permeability is
Lot where p,. is the relative recoil permeability. The gov-
erning field equations in terms of the vector magnetic potential
Ay are

2473

M A
Brend o
Tmr
z o T2 )
D ‘ - Tmﬂ I
Tmr
M A
: Brew/ 1y
z 5 )
h - z‘mz/z z—mz/2

Fig. 3. Distribution of M, and M., .

In the cylindrical coordinate system, the magnetization M is
given by

M = M,e. + M.e. 4)
where M, and M, denote the components of M in the r and
z directions, respectively. Fig. 3 shows the distribution of M,

and M, which may be expanded into a Fourier series having
the forms

o0 o0
M, = E M, sinmyz;, M, = E M., cosm,z

n=1,2,... n=1,2,...
5
where
2n —1
NCIE
Tp
M,, = 4Brom sin MnTp sin mnTmT;
HOTpMy, 2 2
4Brem m'mz
= sin T (6)
HOoTpMy, 2

Tp is the pole pitch, and Bier, is the remanence Thus, (3) may
be further written as

{ = (%38—2(7”1419))4'@% (+5(rAm)) =

5 (78 (rA10)) + 5 (350 (rArze)) = 0Ly P cosmnz
@)
where
4Brm mr
Po= —22 inma 2 sinm, . ®)
p 2 2

The form of the solutions to (7) depends on whether the sup-
porting tube is ferromagnetic or nonmagnetic.

A. Ferromagnetic Supporting Tube

If the permeability of the ferromagnetic supporting tube may
be assumed to be infinite, only two field regions are considered,
viz: the air-gap region / and the permanent magnet region /1, as
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Fig. 4. Field regions. (a) Ferromagnetic tube. (b) Nonmagnetic tube.

shown in Fig. 4(a). The boundary conditions to be satisfied by
(7) are

BZI|7‘:RS =0; HzII|r:R0 =0

ZII|7‘ . (9)

’I"I|7‘=R - BT‘II|’I"=R7”; HZI|’I‘=R —

Solving (7) subject to the boundary conditions (9) yields the
following expressions for the flux density components:

By, (r,z) io: [arn BILi(mpr)+brn BK1(myr)] sin(myz)
n=12,...
Bi.(r,z) i aInBIO(mn )—brn BKo(m,r)] cos(m,,z)
o (10)
Bir(r, 2) i {[Fan(mnr) + arra] Bl (my,r)
n=12,.
+[—Fpn(m,r) bun]BKl(mnr)}sin(mnz)
Brr-(r,2) i {[Fan(mur) + arrn])Blo(mnr)
n=1,2, .
—[—=FBn(mur) + brrm| BKo(m,r)} cos(m, 2) an

where Bly(-),BI;(-) are modified Bessel functions of
the first kind; BKo(-), BK(-) are modified Bessel func-
tions of the second kind, of order O and 1, respectively; and
Fan(-),FBn(+),arm,brm,arm, and brr, are defined in
Appendix A.

B. Nonmagnetic Supporting Tube

When a nonmagnetic supporting tube is used, the magnetic
field analysis have to encompass three regions, viz., the airspace
regions / and /11, and the permanent-magnet region /7, as shown
in Fig. 4(b). Although the field equations in terms of Ay are the
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TABLE IV
DESIGN PARAMETERS OF TUBULAR MODULAR PM MACHINE (m)

R Ry Ry 7 Tinr Tz

0.01 0.006 0.004

0.0255 0.0245 0.0195

same as those given in (7), the boundary conditions are different,
and are given by

Birlr=rs =0;  Agrrrlr=0=0

By1lr=r,, = Britlr=r,.; H.1lr=r,, = H.11lr=gR,,

B.11lr=ry = Buttilr=r,; H:rrlr=r, = H:r11|r=R,- (12)

The field solutions which satisfy the boundary conditions (12)
are given by

By (r,z)= Z [}, BI1(myr)+b, BK1(myr)]sin(m,2)
n=1,2,...
Bi.(r,2) aInBIO mnr)—b7, BKo(m.,r)] cos(myz)
n=1,2
(13)
Bipe(r,z) = Z {[Fan(mar) + a}p,]BIi(myr)
n=1,2,...
+[—Fpn(mur) + b7, | BK1(myr)} sin(m, 2)
Bir.(r,2) Z {[Fan(mnr) + a7p,|Blo(mar)
n=1,2,...
—[=Fpn(mnr) + b7, BKo(my,r)} cos(m,z) (14)
Brin(r,2) = 3 [y By (myr)] sin(m,.2)
n=1,2,...
Brrra(r, 2) Z (@711 BIo(mnr)] cOS(mnz) (15)
n=1,2,...
where the definitions of af,,b%,, a5, 57, and a%;;, are

given in Appendix B.

C. Comparison With Finite-Element Analysis

The main design parameters of a three-phase tubular modular
PM machine, for which analytical field solutions have been ob-
tained, are given in Table IV. The magnets are sintered NdFeB,
for which B¢y = 1.15 T and p,, = 1.05. The analytical field
distribution has been validated by finite-element calculation of
the radial and axial variations of the radial and axial flux density
components in the air-gap and winding regions.

The finite-element solution was obtained by applying a pe-
riodic boundary condition at the axial boundaries z = =7,
and imposing the natural Neumann boundary condition at the
surface of the ferromagnetic stator core and the surface of the
supporting tube, if it is ferromagnetic. Fig. 5 compares numer-
ically and analytically calculated distributions of the axial and
radial flux density components, B, and B,r, as functions of
the axial position z at a constant radius, » = 0.025 m, with a
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Fig.5. Comparion of radial and axial flux density components at r =0.025 m.
(a) Variation of B,. as a function of z; (b) variation of B. as a function of z.
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TABLE V
HARMONIC COMPONENTS OF RADIAL FLUX DENSITY (T)

Harmonic order

Radially magnetized

Quasi-Halbach magnetized

1 0.956 1.164
3 0.198 0.128
5 0.076 0.076
7 0.037 0.047

1.2
1 P m— "
E N L=
AN \
> 08
@ —— Ferromagnetic tube
§ --- Non-magnetic tube
© 06
-
[~
S 04
o/ \
0.2
0
0 0.002 0.004 0.006 0.008 0.01

Axial position z (m)

Fig. 6. Comparison of radial flux density components at r = 0.025 m.

magnetic supporting tube. It will be seen that the analytical so-
lutions agree extremely well with the finite-element predictions,
the main cause of any discrepancies being due to discretiza-
tion errors in regions where the components of flux density vary
rapidly.

Fig. 6 compares the radial flux density component which re-
sults with ferromagnetic and nonmagnetic supporting tubes. As
can be observed, the ferromagnetic tube results in a stronger
air-gap flux density, and, hence, a higher force capability.

In order to illustrate the benefit of employing the quasi-Hal-
bach magnetization as compared to a radial magnetization [15],
Fig. 7 compares the flux which passes through the ferromagnetic
tube as a function of axial position, while Fig. 8 compares the
radial flux density component in the air gap at » = 0.025 m, a
comparison of the harmonic components being given in Table V.
As can be seen, while the fifth and seventh harmonic compo-
nents are almost identical, with the quasi-Halbach magnetiza-
tion the fundamental component is 20% higher and the third har-
monic is 36% lower than the corresponding components which
result with the radial magnetization. Further, the peak flux which
results in the ferromagnetic tube with the quasi-Halbach mag-
netization is ~3 times lower than that with the radial magne-
tization. Consequently, its radial thickness can be much lower.
This is particularly important for moving-magnet machines, as
a lower mass results in a higher acceleration capability.
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IV. FLUX LINKAGE, EMF, AND THRUST FORCE

For tubular modular PM machines with a slotted stator, the in-
fluence of slotting may be accounted for by introducing a Carter
coefficient, K., given by [14], [15]:

KC:L

7-sp - ryql (16)

where ¢ = g + hm/pr, Tsp is the stator slot-pitch, g is the
air-gap length, u, is the relative recoil permeability of the per-
manent magnets, and h,, is their radial thickness, and the slot-
ting factor +y is given by

4] b bo \°
== Ztan [ 2 ) —Iny/1+ (2 a7
w | 2¢’ 29’ 29’

where by is the width of the stator slot openings. Therefore, the
effective air-gap length g. and the equivalent stator bore radius
R, are given, respectively, by

9Ge =4 + (Kc - l)ql
Rse = Rm + ge

(18)
19)

where R,, is the outer radius of the magnets. It has been shown
in [15] that the flux linkage of a stator coil can be obtained by in-
tegrating the radial flux density component at r = Ry, over the
coil pitch. The total flux linkage of a phase winding is therefore
the sum of the flux linkages in all the coils which are connected
in series, and is given by

Upw = D Pppcosmg(z — Tup/2) (20)
n=1,2,...
where
2 NW K( mn
O, = M[{m 1)
My,

in which Ny, is the number of series turns per phase and 7y,
is the axial span of the phase winding. Kg,, is defined as the
winding factor of the (2n — 1)th harmonic, and K, is the co-
efficient related to the (2n — 1)th harmonic in the radial field
distribution, and is given by

Rsc [aInBll (mnRso) + bInBKl (mnRsc)]
Ferromagnetic tube

Rec[ay, BI1(myRee) + by, BK1(m, Ree)]
Nonmagnetic tube

K,, = (22)

The winding factor Kg,,, is the product of the pitch factor K,
and the distribution factor K 4,,. The pitch factor is related to the
coil-pitch 7., by

K,y = sin (%) . (23)

IEEE TRANSACTIONS ON MAGNETICS, VOL. 41, NO. 9, SEPTEMBER 2005

Since the coils in each phase of a modular winding are displaced
by

T
64 = abs(1, — TCP)T—
P

(24)

the distribution factor K4, of a phase winding having NV, series
connected coils is given by

sin <Nsp(2n — 1)9d>
2
N, sin <w>

The no-load flux that passes through a stator tooth can be simi-
larly calculated by integrating the radial flux density component
at 7 = R over the tooth pitch width 7, and the flux in the
stator back-iron and the supporting tube can be evaluated using
the formulas given in [16].

The induced EMF in each phase winding is given by

Kdn =

(25)

__d\IJ&:_U i KEnsinmn(z—TW?p) (26)

Cpw = dt
n=1,2,...

where v is the linear velocity of the armature, and Kg,, is the
EMF constant of the (2n — 1)th harmonic, and is given by

KE'n, = 27I-]pr[(dp'n,I('r‘n (27)

It can be shown [16] that the instantaneous force of the machine,
when the three phases are excited with balanced sinusoidally
time-varying currents which are in phase with the phase EMFs,
is given by

F=F + i Fo1 cos [(277, —9) C—jﬂ

n=3k+1
k=1,2...

+ i F3 cos [(271—5) (?)} (28)

n=3k+3 p
k=0,1,2...

where Fi, F,1, and F, 3 are given by

3
Fl = _\/iKl_erspf

2
3
Fn = \/EersﬁKn(_l)kv n=3k+1 k=12....
3
FnBZﬁerngn(_l)k+l7 n:3k+3 k:0172/

(29)

in which K, = 47pKgpn KrnSap, Jrms 18 the rms current den-
sity, Py is the copper packing factor, and Sap is the total slot
area per pole. As will be evident from (29), the force ripple due
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to triple harmonics in the radial air-gap field distribution is zero.
The normalized total force ripple is therefore given by

_ \/Zn=3 Fg _ \/Zn=3 KTQL
TFR = 2 = K, )

n#£3k+2, k=0,1,2,.... (30)

V. CONCLUSION

Feasible slot/pole number combinations for three-phase
tubular modular PM machines have been derived, and their rel-
ative merits have been evaluated. An analytical expression has
been established for the open-circuit magnetic field distribution
which results with a quasi-Halbach magnetized armature, for
both a nonmagnetic and ferromagnetic supporting tube, and this
has been verified by finite-element analysis. It has been shown
that, compared with a radial magnetization, a quasi-Halbach
magnetization results in a lower harmonic content in the airgap
field, and a lower flux in the ferromagnetic tube on which the
magnets may be mounted. These features are very attractive
for applications that require a low force ripple and a high
acceleration capability.

APPENDIX

A. Definition of FA, (), FBn(+),arn,brn,arrm, and by,
Let
cin = Blo(mpRs);  con = BKo(mnRs);
m);  Can = BK1(m,R.,);
m);  Cen = BKo(mpRy,);
);  csn = BK1(mnRyp);

(mnR
c3n = BIi(mpR
¢sn = Blp(mnR
(m,R
(m,R

Crn = BII mny

0
con = Blo(m,Ro);  cion = BKo(m, Ro)
P, N BKy(z)dz
F n n =
an{mar) = / BI,(z)BKo(z) + BK1(z)BIo()
my, Rg
p,f BI,(2)d
F n nl) — —
Ba(mar) = 2 BI,(z)BKo(z) + BK1(2)BIo()
may, Ro
Bn — 4Brem mnTmZ
M TpMey 2

Then, Ay, Brn, Arrn, and By, are solutions of the following
linear equations:

1 - 0 A,

s Can s s B
n n n
Cin o (‘fin (‘18671, In
Csn __Cén _ _C6n
Cin Can HrClon AII”
C
0 0 _ HrCon 1 Br
C5m

0
C3nFAn(man,) - C4nFBn(man,)
ﬂ%[CSnFAn(man) + CGnFBn(man)] - Bn
tr B,
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Grn,brn,arm, and by, are then given by

Ay, By Arrn
arp = —; b= ——5 arm = —lr ;
Cln Can Csn
Brrm
bIIn - - .
Clon

S / / / / /
B. Definition of a%,,,b},,, a1, b71, and ¢y,

Let A}, BY,., At1,. BYr..» and A7 be solutions of the fol-
lowing linear equations:

—2n 0 0 A,
Can 7
C3n 1 KrC3n __ Can 0 B
8%71 6 65171 Cgs n 0 ,In
n __Cé6n n
Cln Can HrC8n AIIIn
0 0 __ BrCin 1 Cin
Csn c Con B/IIn
0 0 __Con ___Cion A
Csn HrC8n IIIn
0

cSnFAn(man) - C4nFBn(man)
= i[cf)nFAn(man) + CGnFBn(man>] - Bn
0
B,

Then, a’,,,b7,s @51y U1, and a’yp g, are given by

/ / /
r A oy B __NTAHn_
A = ’ In — ) IIn — 3
Cin Can Csn
/ /
/ _ BIIn . / _ _“IIn
IIn = v A = T -
C8n Con
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