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Abstract

The purpose of this contribution is to illustrate the potential of Reversible Jump Markov Chain Monte Carlo
(RIMCMC) methods for nonlinear system identification. Markov Chain Monte Carlo (MCMC) sampling
methods have come to be viewed as a standard tool for tackling the issue of parameter estimation using
Bayesian inference. A limitation of standard MCMC approaches is that they are not suited to tackling the
issue of model selection. RIMCMC offers a powerful extension to standard MCMC approaches in that it
allows parameter estimation and model selection to be addressed simultaneously. This is made possible
by the fact that the RIMCMC algorithm is able to jump between parameter spaces of varying dimension.
In this paper the background theory to the RIMCMC algorithm is introduced. Comparison is made to a
standard MCMC approach.
Key words: Nonlinear Dynamics, System Identification, Bayesian Inference, MCMC, RIMCMC

1 Introduction

Since their invention in 1953, Markov Chain Monte Carlo (MCMC) sampling methods have been used in
many research areas where they have proved their capacity of sampling from probability density functions
(PDFs) with complex geometries. In the domain of system identification (SID), MCMC has been exten-
sively used as a tool for parameter estimation. MCMC sampling methods are part of a group of algorithms
that, through the use of generated samples from geometrically complicated PDFs, can be implemented to
estimate the parameters on which a system depends. Because they make use of PDFs;, MCMC algorithms
have proven to work extremely well within a Bayesian framework. By joining these two concepts, one can
conduct SID for either linear or nonlinear models efficiently. This is of great interest in structural dynamics,
at a time when nonlinear models still remain difficult to identify and understand.

The aim of this contribution is to give a better understanding of the RJIMCMC algorithm and its appli-
cation in system identification. A comparison is made between the Metropolis-Hastings (one of the MCMC
samplers) algorithm and the RIMCMC algorithm in order to demonstrate the advantages of the later in
model selection. The detailed balance principle is explained and it is proven that it is respected by both
Metropolis-Hastings and RIMCMC algorithms. The power of RIMCMC is demonstrated through its ability
of dealing efficiently with model selection and parameter estimation (simultaneously) for both linear and
nonlinear models.

Work of particular relevance in SID, with the use of Bayesian inference and MCMC algorithms, was con-
ducted by Beck and Au [1]. The authors proposed a MCMC approach to sample from PDFs with multiple
modes. A Metropolis-Hasting algorithm with a version of the Simulated Annealing algorithm were used
together to obtain the regions of concentration of the posterior PDF. In [1] there are two different models
used to demonstrate the validity of their proposed method, one locally identifiable and one unidentifiable
(the locally identifiable model had multiple optimum parameter vectors while the unidentifiable model had



a continuum of optimum parameter vectors). Paper [1] tackles the problems of uncertainty and reliability
as well. Rather than selecting the model considering the data as was done in previous work with SID, the
paper proposes a predictive approach which puts together all possible models according to their probability
of being the right choice, given the data. Other work worth mentioning in the fields of Bayesian Inference
and MCMC was conducted by Worden and Hensman [2] and Green and Worden [3]. The work discussed
in [2] is concerned with offering a Bayesian framework to nonlinear system identification (i.e. parameter
estimation and model selection). The importance of the work presented was particularly related to the
use of Bayesian inference and MCMC sampling methods on nonlinear systems. Two different systems were
simulated to demonstrate the validity of the approach: the Duffing Oscillator and the Bouc-Wen hysteresis
model. The Metropolis-Hastings MCMC method was used to generate samples, demonstrate parameter
correlations and help in model selection. [3] tackles the problems of parameter estimation and also model
selection for an existing nonlinear system (i.e. the data used was from a real system rather than a simulated
one) using a Bayesian approach through MCMC methods. The nonlinearities introduced were of a Duffing
kind (i.e. cubic stiffness) and friction type (using viscous, Coulomb, hyperbolic tangent and LuGre friction
models). Other work on MCMC can be found by the interested reader in [4].

Even though MCMC is an impressive approach when it comes to parameter estimation, when system
identification is conducted, there is also the need to tackle the model selection issue. As most MCMC
methods do not cover model selection, Green [5] introduced Reversible Jump Markov chain Monte Carlo
(RIJIMCMC), a tool that covers both problems of system identification, i.e parameter estimation and model
selection. In the past few years there has been a lot of research conducted in model selection using Green’
s [5] RIMCMC algorithm. Some mentionable work with RIMCMC was done by Dellaportas et al [6],
where they employed RJIMCMC on the problems of logistic regression and simulated regression, using a
Gibbs sampler, which is an alternative MCMC sampling method used for parameter estimation. In order
to demonstrate the computational efficiency of the algorithm on Nonlinear Autoregressive Moving Average
with eXogenous(NARMAX) input models, Baldacchino,et al [7] presented a comparison between the for-
ward regression method and the RIMCMC method. A thorough explanation of the RIMCMC method can
be found in [8] where Green, the developer of the algorithm, provides further explanations of the method.
There is also some work done in signal processing using RIMCMC and it can be found in [9] and [10].

The current paper aims to introduce the RIMCMC algorithm in the context of structural dynamics,
explaining how the algorithm works and how it can be related to one particular sampler of MCMC, the
Metropolis-Hastings algorithm. The paper is structured as follows. Section 2 will be an introduction
to Bayesian inference and its relevance in system identification. Section 3 introduces the background of
MCMC sampling methods, in particular the Metropolis-Hastings sampler, together with its importance
in SID. Section 4 is concerned with describing background on RIMCMC and linking RIMCMC with the
Metropolis-Hastings algorithm (in the context of structural dynamics). The last section, Section 5, gives
insight on future work and concludes the present contribution.

2 Bayesian Inference

When it comes to structural dynamics, one of the classes of interest is system identification (SID). The main
concerns of SID are parameter estimation (every system will depend on a set of parameters) and model se-
lection. Unfortunately, when it comes to identifying systems, uncertainties will inevitably arise. This allows
one to know a system only to a probabilistic extent. Probability helps to extract order from randomness
and one cannot talk about probability without making use of the concept of a probability distribution. One
of the conditions of probability theory is that the probability distribution must always integrate to 1.

In this case, the random variables one is interested in are the parameters of the system of interest. There
has been defined at this point a set of parameters, @ = { 61,60s,...,0r} which needed to be estimated.

This paper makes use of probability theory through a Bayesian framework. The Bayesian approach is
based on degrees of belief. It is assumed for the moment that one knows the model, denoted by M, so that
model selection is not a problem for the time being. Bayesian inference is being used to address the issue of



parameter estimation. Bayes’ theorem states that the posterior will equal the product of the likelihood and

prior, divided by the evidence:

P(DI9, M)P(6]M) o
P(D|M)

P(6|D, M) =

The posterior, P(|D, M), is the probability of the parameters € after one has seen some measured data,
D , the data being whatever response was measured. The evidence, P(D|M), acts as a normalising constant
and it ensures the area under the posterior is unity, as required by probability theory. The prior, P(0|M),
is the probability assigned to the parameters before one has seen the data. It represents one’s knowledge
about the system from previous experience. For further reading about priors, relevant information can be
found in [11].

The likelihood, P(D|@, M), is the probability of seeing the data given the selected model and the pa-
rameters that one wishes to estimate. It is typically viewed as the most important function (in spite of its
form, the likelihood is not a probability distribution when the data is constant and 6 is varied) to evaluate
in Bayes’ theorem. Analytical evaluation of the likelihood term is often hard to achieve when one has a set
of parameters.

Numerical evaluation of the evidence is not feasible once the number of parameters is bigger than 3, as it
gets computationally expensive. MCMC algorithms typically allow one to generate samples without having
to evaluate the evidence term.

3 MCMC sampling methods

Markov Chain Monte Carlo methods are sampling algorithms that employ the use of random variables.
Their purpose is to solve the issues of generating samples from a probability distribution with complex
geometry. MCMC algorithms work by creating a Markov chain of parameter samples, 8;, whose stationary
distribution is equal to the desired, target distribution. The desired distribution is the posterior.

There are many MCMC methods, each with their own advantages and disadvantages, but for the time
being and for the purpose of this paper only, the Metropolis-Hastings (MH) method will be explained as
it has been the most employed for parameter estimation. One begins by choosing a target density, (),
(which in this case will be the posterior parameter distribution). Then, one chooses a proposal density,
Q(0’]0) ,which is often a multivariate Gaussian (multivariate because one must not forget that 0 is a set of
parameters).The next step is to generate a sample 8’ from the proposal density, Q(6'|0) and a quantity o
is built (as shown below). This is known as the Metropolis acceptance rule and it is used to decide if the
proposed sample will be accepted or if the chain remains at the current state.

To generate N parameter samples using the MH algorithm [12]:
Initialize
forn=1:N do

Generate 8 from Q(0'|0) ;
CHRPICARIS!

Calculate a = @) QeTTem)

if « > 1 then
—new state accepted,
0(n+1) =@ ;

else
—new state accepted with probability o ;
0(n+1) _ e(n) :

end if

end for

For further insights into the Metropolis-Hastings algorithm, the interested reader is directed to [13].

So far the work presented in this contribution has been about parameter estimation when the model
is known. However, it is possible that there are multiple models, M = {M(U,M(Q)7 ey MO ...,M(L)}



that may explain the physical behaviour of the experimental system. Even if the models are of the same
dimension, they could be differently parameterized. If one takes into consideration that the models might
be of different dimensions as well, the issue is amplified. RJIMCMC can handle model selection.

4 RJMCMC

With Reversible Jump MCMC one can address parameter estimation and model selection simultaneously.
The way the algorithm works is that it can move/’jump’ between parameter spaces of different dimension.
The vector set of parameters is not fixed to each model; it can vary in both length and values. Reversible
Jump MCMC is capable of jumping’ from one model to the other and select the most likely model while
generating parameter samples for that particular type of system.

In the set of models, M, the models will be arranged in the order of their complexity; in this particular
case a more complex model is defined as one with more parameters.

There are three main moves in the RIMCMC method:

e Birth move - which implies that if the birth move condition is satisfied, the algorithm moves to a
model with an additional parameter;

e Death move - which implies that if the death move condition is satisfied, the algorithm ’jumps’ to a
model with one less parameter;

e Update move - which implies that if neither the birth move condition nor death move condition were
satisfied, the algorithm remains within the same model and the use of the normal MH algorithm is
employed, as presented before, for parameter estimation.

The birth move will be randomly attempted with probability b;, where :
P(l+1)
P(I)
The death move will be randomly attempted with probability d;, where:
. P(l)
diy1 = 1, ————

r = pmin { 1,50 ®)

Lastly, the update move will be randomly attempted with probability u;, so that

b = pmin{ 1,

b+d+u =1 (4>

The variable [ is an indicator of the current model, the variable p adjusts the proportion of the up-
date move in relation with the birth and death moves, and the probabilities, P(I) and P(l 4+ 1), are prior
probabilities of the models at iteration [ and [ 4 1 respectively.

By using equations 2 and 3 one can see that:

nP(l)
APl )

It is assumed at this point that one has a set of two potential models of a SDOF system,M =
{ MY, M@} where model M) has one unknown, #(Y), while model M(? has two unknown parame-

ters, {9§2),9§2)}.
The first model is described by the following equation:

mij+cj+kWy =F (6)

The second model is described by the following equation:



mij+ ey + k@y + kPP = F (7)

where y € D is the data available for the two models and F' € D is the excitation applied to each system.

Fig. 1 is a possible representation of the two models. In the context of the two equations of motion and the

models presented above, the mass m is assumed known as well as the damping coefficient, ¢, while k(") = 99)
and k) = 952) , k§2) = 0&2) are the unknown parameters.

8 4 y
m m

k(l) c k (2) k3(2)
= =

a

TT7T77T77777777 777777777777
(a) (b)

Fig. 1: (a) Linear system, (b) Nonlinear system of Duffing type

The RIMCMC algorithm is implemented as follows [7], [9]:

forn=1:N do
Get u from U|0,1] —generates a random number from an uniform distribution;
if u < bl(n) —birth move condition; then
—do birth move
Get uy from U|0,1] —generates a random number from an uniform distribution;
Evaluate oy, (detailed below)
if u, <a,, then
—update to model | + 1 and update model parameters;
else
—stay in model I;
end if
else
if u < (bl(n) + dl(n)) —death move condition; then
—do death move
Get uq from U[0,1] —generates a random number from an uniform distribution;
Evaluate o, (detailed below)
if ug <al, then
—go to model | — 1 and update model parameters;
else
—stay in model [;
end if
else
normal M H algorithm, model remains at | state, update parameters only;
end if
end if
end for

The acceptance probabilities of the birth and death moves, respectively a,,, o/, will be evaluated in
Section 4.2. The generated u dictates what the proposal will be. An important point to remember is that

for [ = 1, there is no death move and for [ = L, there is no birth move.



With the models introduced at the beginning of this section one notices a difference in dimensions: the
first model has only one unknown parameter while the second model has two unknown parameters. This
makes it a good point to introduce the concept of detailed balance, a principle that must be respected in order
for MCMC or RIMCMC methods to generate samples from the target PDF. This is simpler to demonstrate
for MH as the dimension space remains the same. With RIMCMC it becomes harder to maintain because
the dimension space varies.

4.1 Detailed Balance and MH Sampler

The most important aspect of MCMC methods is that detailed balance is respected. In general terms, de-
tailed balance states that at equilibrium every process should be balanced out by its reverse process. In the
context of MH sampling, detailed balance ensures that ergodicity and a limiting distribution are respected
[5]. Further details on ergodicity and limiting distributions can be found in [12].

The following analysis will make use of the concept of mappings, which are functionals that can relate
one state to another [14]. In the current work, the mapping h : @ — 6’ is defined as the path from 6 to 6’
with its inverse, h~! being defined as the path from 6’ to 8. Detailed balance states that, for the standard
Metropolis-Hastings algorithm, for a model M that depends on two parameters, i.e. @ = { 61,02}

T(O)T(0 — 0') = r(6')T(6' — 0) (8)

The above equation is true no matter what path one chooses to take from 6 to 8’, which in mathematical
terms translates into:

/W(B)T(G —0')do = / (0T (6" — 0)de (9)
Putting the above equation in the extended form, results in the following equation:
// q(0'16") (6 — 0') df1dbs = / (6")q(0)0') (0" — 6)do;do, (10)

Assuming that one had a mapping h, h : @ — 0’ , then a relationship can be expressed using the Jacobian
matrix, once the substitution rule was applied :

0 (01,65)
d0}de), = | —--2|d6,do 11
14Y2 ’a (01’ 02) ‘ 14v2 ( )
where
90" 90"
‘8(9/1’95)' det |20 2% (12)
0 (01,62) o0 G0t
So, replacing into the previous equation gives the new expression for detailed balance:
’ no_ / ’ / 0 ( 1179/2)
m(0)q(0'|0)x(6 — 0") = w(0')q(010" (0" — 0)| ———=— (13)
0 (61,02)

Assuming that the mapping h exists, one can look into its form. One could choose to propose new
parameters 6] and 6/, using Gaussian distributions centred around the current parameters:

9’1 =601 +a (14)
and
0 =60, +0 (15)

where a and b are generated from a Gaussian. The above is defining the mapping h which can be written
now in matrix form as:



9/1 a 91
) = o]+ ) a0
Calculating the Jacobian using equations 14 and 15 one finds that:

/ / / /
o0 | 00 0B o of an
891 802 801 892
This means that the determinant becomes equal to 1, no matter what the generated values of a and

b might be. The above explanations will hold and prove detailed balance when using the MH algorithm
because the dimension matching requirement is met.

4.2 Detailed Balance and RIMCMC

Detailed balance, when it comes to RIMCMC, gets more complicated to evaluate because each variable is
part of a space of different dimension. This implies that one cannot be sure that the space dimension of the
right hand side is necessarily equal to the space dimension of the left hand side.

Going back to the two models presented at the beginning of the section, one assumes that the mass m
is known and that these will be damped, forced systems with known damping coefficients ¢. This implies
that model M) is dependent only on the unknown stiffness k(*) = 6; and that the nonlinear model M) is
dependent on the stiffness k() = 9/1 and the cubic stiffness that introduces the nonlinear element,k:(f) = 9;.
One can see that there is a mismatch in dimensions. Jumping from model M) to model M) is not
possible at this point in time as the detailed balance principle is not respected (a space of dimension 1 does
not equal a space of dimension 2). In order to match the dimensions one must make model M (1) depend on
an additional parameter u, such that both spaces are of the same dimension. The parameter u; influences
the choice of 9/2 . This was referred by Green [5] as ’dimension matching’. Writing the detailed balance for
the two models for RIMCMC algorithm, one has:

/ / !/ !/ / a (k(2)7 k§2))
7(0)q(0'10)a (0 — 0") = w(6")q(0|6") (60" — 9)‘ 2 (6 up) ‘

where, in this case, @ = { k) u,} and 6" = { k(z),k§2)} .
Again, the mapping will be of the following form:

)= bl (o} )

which assures that the Jacobian, as before, will be unity, no matter the values of a or b.

Matching the dimensions above proved that the chosen mapping h is differentiable. Remember from
before that the detailed balance only holds if the chosen mapping is differentiable and unique. The mapping
was proven to be differentiable but one has to prove that it is (1 — 1). This is very straightforward. There
is a theorem, called the inverse function theorem, that confirms that as long as the Jacobian at a point 6 is
nonzero (which was proved to be true, the Jacobian is 1 all the time) then the mapping h is unique [14].

The work presented until this point demonstrated detailed balance for the RIMCMC algorithm. This
means that one can evaluate the acceptance probabilities of move, a,,() and o/, () , on which the conditions
of birth and death depend on. The acceptance probability of the birth move can be evaluated as:

) = min _m(6)
o (61 — 0)) = { 1, W(@l)g(ub)} (20)

where all the values are known or can be estimated and one can notice that the Jacobian is not included
as it is always equal to 1, no matter the conditions.
The acceptance probability of the birth move can be written also as:

am (0 — 0;) =min{ 1,7, } (21)



where 7, is the ratio of move and is computed as:

/
o = O (22)
m(61)g(us)
The acceptance probability of the death move can be evaluated as:
o, (6 — 6;) =min { 1,r)'} (23)

At this point one gets a better grasp of the concepts needed to understand the RIMCMC algorithm and
the mathematical tools for implementing it with either real or simulated data.

5 Conclusions

This current contribution introduced the RIMCMC algorithm and provided a comparison between the most
widely used MCMC sampling method, the MH, and RIMCMC. While the first one only covers parameter
estimation, the RIMCMC method is used to cover both issues of SID, parameter estimation and model
selection.

As part of future work on the subject, the authors plan to introduce the RIMCMC in the context of
nonlinear dynamical systems and its applicability will be demonstrated through application to an exemplar
system for which alternative models exist.
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