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Abstract A flow-shop batching problem with consistent batches is considered in which
the processing times of all jobs on each machine are equal to p and all batch set-up
times are equal to s. In such a problem one has to partition the set of jobs into batches
and to schedule the batches on each machine. The processing time of a batch B; is the
sum of processing times of operations in B; and the earliest start of B; on a machine
is the finishing time of B; on the previous machine plus the set-up time s. Cheng et
al. [2] provided an O(n) pseudopolynomial-time algorithm for solving the special case
of the problem with two machines. Mosheiov & Oron [3] developed an algorithm of
the same time complexity for the general case with more than two machines. Ng and
Kovalyov [9] improved the pseudopolynomial complexity to O (y/n). In this paper we
provide a polynomial-time algorithm of time complexity O (log3 n)

Keywords Batch scheduling - Flow shop - Polynomial-time algorithm

1 Introduction

Ng and Kovalyov [9] investigated batching problems in a flow-shop environment and
derived complexity results for several special cases. One result is an O (1/n)-time algo-
rithm for the following problem.

There are n identical jobs j = 1, ..., n. Each job is ready for processing at time zero
and it has to be processed on machines My, Ma, ..., My, in this order. The processing
time of job j is equal to p > 0 on each machine and is equal for all jobs. Batches
are formed on each machine. They may include any number of jobs. Jobs in a batch
are processed on each machine sequentially so that the processing time of batch B;
on one machine is equal to pb;, where b; = |B;| is the number of jobs in B;. In other
words, jobs of batch B; become available for downstream processing on machine M1
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after completion of B; on machine M;. A setup time s > 0 immediately precedes the
processing of a batch on each machine and it cannot start until processing of a batch
has ended on the previous machine. No machine can process a job while performing a
setup. s and p are assumed to be integer. On each machine one has to partition the jobs
into batches and to sequence the batches so that the makespan is minimized. Using
standard three-field notation, the problem can be denoted as F|p;; = p, s —batch|Cmax,
see, e.g., [1].

Ng and Kovalyov [9] show that there exists an optimal permutation schedule, i.e., a
schedule in which the jobs (and therefore the batches) are scheduled in the same order
on each machine. Furthermore, for the O (y/n) algorithm they assume that the building
of batches is consistent among the machines, i.e., the batch partitioning By, ..., B} is
the same on each machine. In such a situation one has to partition the set of jobs into
batches and to sequence these batches.

Let Bi,..., By be a sequence of batches to be scheduled in this order on each
machine. Then the makespan of this schedule is equal to

k

Cmax = Z(S +pbz) + (m - 1)(5 +pbi*)7 (1)
=1

where b;» = max {b;|i = 1,...,k}. Minimizing the right hand side of (1) for a fixed k

is equivalent to solving the integer program

. k
min 37 (s +pb;) + (m — 1)(s + py)
s.t. Zle bi=n 2)
1 < b; <y and integer, 1<i<k.
As the objective function of (2) can be written

k

3 s+ pbi) + (m — 1)(s + py) = ks + pn + (m — 1)s +p(m — 1)y,
i=1

(2) is equivalent to the integer program

min y
k
st. Yo bi=n ®3)
1 <b; <y and integer, 1 <i < k.

Summation of the constraints 1 < b; < y together with Zle b; = n provides

<

>3

k
n:Zbi <ky or
i=1

This implies [ ] < y because y must be integer. Thus [%] is a lower bound for the
optimal solution value of (3). If  is integer, this lower bound is achieved by setting

bi:y::%fori:17...,k.

Otherwise we set
L%J forizl,...,k(%] —n,

(%W fori:k{%]—n+17...,k,



i.e., we choose = = k (%] —n batches of size L%J and k—x = k—(k [%W —n)=n—k L%J
batches of size [%]
Thus the batching problem reduces to finding an integer 1 < kopt < n which

minimizes
o) =4t [F] =rtm -0 (s ]
) g(k) = ak + [%_‘ )
with .
a= m

In this paper we present a polynomial-time algorithm which calculates an integer
1 < kopt < n which minimizes the function (4) for any fixed positive rational number
a. The shape of the graph of the function g(k) is shown in Figure 1.

g
0T

15T

Fig. 1 Function g(k) and its two components ak and (%-‘

The paper is organized as follows. In Sections 2 and 3 properties of the function
g(k) = ak + [%] are derived. It is shown in Section 2 that the problem can be solved
easily if a is an integer. Additionally some symmetry properties for the values [%-‘ are
derived. For non-integer values a the difficulties of calculating a value kopt € {1,...,n}
which minimizes g(k) arise because g(k) is oscillating in a neighborhood of kop¢. In
Section 3 this oscillation behavior is studied in detail. It leads to a polynomial-time
algorithm which is derived in Sections 4 and 5. In Section 6 it is shown that the running
time of this algorithm is O(log3 n). Section 7 contains some concluding remarks.

2 Symmetry and reduction to the case a > 1
In this section we first show that it is easy to minimize

g(k) = ak + [%-‘



if a is a non-negative integer. Then for non-integer positive values a we reduce the case

a < 1 to the case a > 1 by using some symmetry properties of the values (%]

To calculate a value kops which minimizes the function g(k) if a is integer we
consider the continuous function

Fk) = ak + .
k
The functions f and g have the following properties:

— f(k) is strictly decreasing (increasing) for k < \/E (k > \/g) and reaches its

a

minimum if k£ = \/§

- g(k) =ak+ [}] = [a’k + %] = [f(k)] holds for integer a .

Using these two properties we have for all k < L\/gj

(a0
o([Va]) =17 (IVe])] < rrwn=am.

Similarly it can be shown that

g([\/g‘) < g(k) for all k > [\/g‘

Vel it g (Ve <g(IVal),
[\/%—| , otherwise.

From now on let a be a positive non-integer number.

and therefore

Thus,

kopt =

Definition 1 Integer values K; are defined recursively as follows:

- K =1;
— given K, let K;41 be the integer w with K; <w< n, such that (%W = [%1 for
v=K;+1,...,w—1, and (ﬁw #+ { n -‘

w w—1

Let r be the number of all K;-values K1,..., K; = n. Notice, that the function
g(k) is strictly increasing in the interval [K;, K;11 — 1]. Therefore, one can restrict to
the K;-values when searching for an integer value kop¢ minimizing the function g.

The following theorem describes an important symmetry relation between the K;-
values and [%]—values.

Theorem 1 There exists a symmetry relation between the values K; and K,_;y1 of
the form:

n
Ki=|——| fori=1,...,r. 5
’ ’7Kr—i+1—‘ F (6)
FEquivalently,
n .
Ky i1 = [?—‘ fori=1,...,r (6)
(]

holds.



Before proving Theorem 1 we derive some useful properties.

For all positive integers j the inequality

1 1 1 11

- — - = — - < — = —
J+1 j+2 (G+1DGE+2) G+

holds, which implies the inequality

n n n n
<—— for all j > 1. 7
i+l jtz° 1 I = ™
Lemma 1 If {?—‘ [ —‘ then %W - [VL_‘_J <1 foralv>j.
Proof Assume that {%-‘ [ W , L.e., (%W — L}LHW > 2 for some v > j. Then
@—1>{31_2>{ e
v —lv “lv+1l —v+1
or
L L]
v v+17T
Furthermore [?—‘ = L%—‘ implies
2o
J J+1
Together with (7) we have the contradiction:
1<t LB S S Ly |
v v+1 " rv-—-1 v i 741
O
Definition 2 The index t is defined as the largest index such that K, = K,,_1 +1 for
v=2,...,t
Observe that
K,=v forv=1,...,t
and
[E-‘ < [ n —‘ forv=2,...,t,
v v—1
n n
D= 2. 8
7= 75 ®
Furthermore, due to Lemma 1
n n
— | = +1 forallv >t 9
’VKVW ’VKV+1—‘ - ( )
Lemma 2 Fori=1,...,r —t+ 1 the equality
n
=3 10
’VKrfiJrl—‘ (10)

holds.



Proof Due to (9) and Definition 1 of the K, -values

=]
Ky—; KrfiJrl

holds for all ¢ with » — ¢ > ¢t. Thus, by induction we have

{Lw —i foralliwithr —i>t—1,ie,i<r—t+1
Ky it

because [KL—‘ =1. |

Lemma 3 Fori=1,...,r —t+ 1 the equality

n
[*ﬂ =Kr_it1

2

s valid.

Proof By Definition 1 of the Ky-values we have

n n
"KrfiJrl-‘ 7 "KrfiJrl - 1-‘

which together with (10) implies

{7” 1 >
Ky i11-1 '

n <" n -‘:z’ and L >

With

Kr—it1 7 | Kr—ita Ky_it1-1
we conclude
n n
Ky j41-1< " < Ky_jp10r [7—‘ =Kr—it1-

Lemma 4 r —t <t and therefore

Proof Assume that » —t > t. Then

{%HJ =t=Ki=| =] D

where the first equality holds due to Lemma 2 taking ¢ = ¢, the second equality holds
due to Definition 2 and the third equality holds due to Lemma 3 taking ¢ = r — ¢ + 1.
On the other hand, by Definition 2

3] = Il

tl e+’

which together with r—t+1 > t+1 implies K441 > r—t+1lor Kp_4y1—1 > r—t+1.
Together with Definition 1 we have:

’V n -‘ ’V n -‘ n
= | < < [ W ;
KT—t+1 Kr—t-‘,—l -1 r—t-+ 1

which is a contradiction to (11). O




Lemma 5 Fori=r—1t+1,...,t the equality

n
K= ]
holds.
Proof First we observe that in accordance with Lemma 4
r—t+1<4,

so that
r—t+1=Kr_¢y1.
It follows that

n L 2
{EW TR Tt = Ko

and

n n Lemma 3
= = K.
’7K7‘,t+1—‘ ’77'—254—1—‘ t

The statement of Lemma 5 now follows from the relations:

Kr_tt1 =K 4+1, Ke_ypo=K_411+1, ..., Ki=Ki_1+1,

&) <les] < o < ]

together with the equalities

n n
2 =K, d | =K.
[Kt—‘ r—t+1 an {KPHI—‘ t

Proof of Theorem 1 The proof is based on the above lemmas and equality
K;=1i fori=1,...,t.

By Lemma 4 we have r —t + 1 < ¢. Therefore, condition (5) holds due to Lemma 2
fori=1,...,r —t, due to Lemma 5 for i =r —t+1,...,t, and due to Lemma 3 for
t=t+1,...,r. O

In what follows we demonstrate that if 0 < a < 1, then the problem of minimizing
function g can be reduced to a symmetric problem with a > 1. For this purpose, we
indicate that the function g depends on the parameter a denoting the function g by

ga- We have to find an index i* such that K;+ minimizes gq(K;) = aK; + [KL—‘ for all

i

i=1,...,7. Due to Theorem 1

K; = [L—‘ fori=1,..,r or { " —‘ =K,_j41 fori=1,.,r.
Kr—it1

Therefore for a > 0 we have

ga(Kr—it1) = aKp—ip1 + | g5 W - [Iﬂ + K

=a (@it [ #]) = ooy (0. "



Thus, with (12) the Case 0 < a < 1 can be reduced to the Case a > 1. One has to find
K~ such that g1 (K;+) (where 1> 1) is minimal. Then Ky jxy1 = [%-‘ provides

a

an optimal solution g ([Ké* -D for gq.

Now we derive an estimate on the value r of the possible K;-values.

Lemma 6 The value of v is either 2s or 2s — 1 with a unique integer s < t defined

from the condition:
n+171<8< n+1+1
4 2~ 4 2

Proof Condition r = 2s implies together with Lemma 4 that s = § < t. Thus

s— K Theorem 1 n B n . n Definition 2 " n —‘
3 K541 Kos—s+1 Ksiq s+11°

n
s_HSsor

Therefore s — 1 <

n + <s<vn+1.

N =

1
4

Observe that vn+1 < 4/n+ i + %

If r = 2s — 1 for some s, then we have s = K. Indeed, by Lemma 4
r 1 1
Slil=ls—=|>s—=
= [J [S 21 =Ty

s<t

which implies

since s and t are integer. The latter inequality together with Definition 2 of ¢ implies

s = Ks. By Theorem 1
|- e | - [ -
Kr—s+1 K28—1—8+1 K s’

s=Kg =

|

which implies s — 1 <

n
s

IN

S or

1 1
<s<y/n+-+=.
Vn<s< n+ 143
Observe that 1/n+%—%§ V. |

To find an integer 1 < i* < r such that K;« minimizes g we now assume that a is
a non-integer number with @ > 1. As we show in the following lemma, the search for
i* can be limited to the range {1,2,...,h1} with hy < t since the sequence Kp,o41 <
Kp, 42 < --- < Ky is increasing.

Lemma 7 Ifa>1 then K;» € {1,...,h1} where

= {r,, I =T

s+ 1, otherwise.

Furthermore hq < t.



Proof Due to Definition 2 of ¢ we have K; = K;_1 + 1 for ¢ = 2,...,t. Together with
Theorem 1 this implies

n n
oK =K 4+1= |- | 41 fori=2,...,t
{KPHJ ‘ ot ’VKT7i+2—‘

Because a > 1, this implies

9(Ky1) — 9(Ky) = aKyp_1 + [K:‘_J ok [ ] < o ([Kzﬂ - [;VD _

=—-a+1<0

forv=r—t+2,...,7,0r

g(Kr—t-i-l) < g(Kr—t+2) << g(KT)'

Due to Lemma 4 the inequality ¢ > [g] holds, which implies

r roor
t<r— || <r— - =<
roEer [QW—T 272
and therefore
r Lemma 6 2g

We are on the safe side if we look for a value K;» such that g(K;+) is a minimum
of

{9(Kv)lv=1,2,...,s+1}.
Notice that by Lemma 6
s <t. (14)

Now h; can be calculated by the following procedure.
If (sf_l] #* (%], then s # ¢ and therefore by (14) s + 1 < ¢. Thus, we set

h1 :=s+ 1.

Otherwise s = t and we can set

hl = S.

Notice that due to the above lemma we have
K, =i

for all relevant i-values. For this reason in what follows we use i instead of Kj.

Lemma 7 immediately implies an O (y/n)-time algorithm just by calculating hj
and evaluating values g (i) for ¢ = 1,...,hy. Observe that the earlier algorithm due
to Ng and Kovalyov [9] has the same complexity bound. A faster O (10g3 n) will be
formulated in Section 4.
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3 Oscillation

The results of the previous section imply that the case of integer a is easily solvable and
for the non-integer case one may consider a > 1. From now on we assume that a is non-
integer and greater than 1. The difficulties to find a positive integer kopt minimizing
the function g for non-integer values a arise because g is usually oscillating in the
area around the optimal solution value kop¢. In this section we first present a general
description of the oscillating behavior of function g and then proceed with details and

justification.
n n
a=[5] =[5 05)

Consider differences
which characterize the changes in the values of function g:

g(i-1)—g(i) = A —a.

As we show later in this section, A-values mainly decrease, but they may occasion-
ally increase by 1:
A; <A;+1 foralll <i<j.

The increase/decrease structure of A-values has some important structural properties.

Consider the subsequence As,...,A, which contains an optimum kop¢.

1

- The first A; values are large and if A; > [a] , then function g is strictly decreasing.

- When Aj; achieves |a] for the first time for some j = I, the values of A; start
alternating between [a] and |a] and function g is oscillating (increasing when
Aj; = |a] and decreasing when A; = [a]).

- The oscillation range of A-values ends after A; changes to [a] for the last time for
some j = h — 1, all subsequent A-values are less than or equal to |a] and function
g is strictly increasing.

This means that the range {1, ..., h1} can be narrowed to a smaller range {l,...,h}
with 1 <1 < h < hq and within that range A; € {[a], [a]}. We use notation Al = [a]
for the Aj-value which leads to a decrease in g and and B! = |a] for the Aj-value
which leads to an increase in g.

As we show later in this section, there is a certain regularity in the pattern of A*
and B'. In particular,

(i) subsequence 4y, ..., A} starts with BrAl.. . AtBt At Al . BYA'.. Al con-

sisting of repeated A' ... A' separated by a single B';
(ii) the next part is of the form BA' ... B'A! with single occurrences of B! alternat-
ing with single occurrences of A';
(iii) the final part B'.. . B*A'B'.. . B'A'...B'.. B! A' consists of repeated
—_—— N———

B! ... B! separated by a single A'.

If a —|a] > [a] —a, ie. a > %, then the search can be limited to the first
subsequence B* Al atBt Al Al BAl. . Al only. Depending on the number
N—— N—— N——

of repetitions of A" the patterns B'A'... A' are combined into blocks A% and B2,
which are called level 2 blocks. They are defined in such a way that the cumulative
effect of A? (B?) leads to a decrease in g (increase in g, respectively). Similar to level 1,
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the blocks A% and B? of level 2 are alternating in a manner described by (i)-(iii) with
the first part B2 A%, A%2B2A%. . A%...B2A%... A? followed by B2A%...B%4?% and
S—— S—— ——

then by B%...B>A%2B%*...B%A%...B%...B% A% Again, the search can be limited to
—_— ———

a smaller subsequence Ay,..., Ay (I <1 < h' < h) corresponding to a part of
Ay, Ay

The process of grouping several lower level blocks into higher level blocks and
narrowing the boundaries of the search continues iteratively until at some level there
are no blocks in-between the left and the right boundaries. Since any higher level
block consists of at least 2 lower level blocks, the overall number of levels is no more
than logy n. In what follows we explain the described approach in detail justifying its
correctness.

First we derive some properties of the A;-values.

Lemma 8 For integers 1 <i<j<mnandk>1withj+k<n

HEE=IEHRE

holds.

Proof For each non-negative integer v with j + v + 1 < n due to (7)

n n n n
<

j+v jHv+ldi4v i4v+1

holds. This implies

n_|_nj,r__n

J Jtk| T J Jtk
_(n_ N, (N, (_n _ n
S \J J+1 jH+1 j+2 j+k—1 j+k
(P Y (e Y ()
—\1i 1+1 i+1 i4+2 i+k—1 i+k
n n n n
- = — = <’V*‘ - T -
) i+k i i+ k

<241

J

HEF =1 R b
{?1"{3%%Ew = [%W"i:fk4’L

In the previous inequality wik is the only possible non-integer value. Hence it can be

J—

Therefore, together with %

IN
—
(]
|
3
+
-

ie.

replaced by LJFLH, which proves the lemma. |
Lemma 9 A; < A; +1 foralll <i<j.

Proof Application of Lemma 8 with k£ = 1 and 4 replaced by ¢ — 1 as well as j replaced
by 7 — 1 proves the claim. a
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Lemma 10 Let j < hy be a positive integer. Then the following statements are correct.

(a) If A; > [a] then g(v —1) > g(v) for all2 <v < j.
(b) If Aj < |a] then g(v) > g(v — 1) for all hy > v > j.
(c) If Aj = [a] then g(j) = g(j — 1) — ([a] —a), i.e. g decreases by d = [a] — a.
(d) If Aj = |a] then g(j) = g(j — 1) + (a — |a]), i.e. g increases by e = a — |a].

Proof (a) By Lemma 9 for all v < j we have A; < Ay 4 1. Furthermore, A; > [a]
implies A; > [a] 4+ 1. Therefore

g(l/—l)—g(l/):a(z/—l)-i-[ n -‘ —al/—{?w =

v—1

(16)
=Ay—a>A4;-1-a>([a] +1)—1—-a>0.

(b) By Lemma 9 for all j < v we have Ay < Aj; + 1. Furthermore, A; < |a] implies
Aj; 41 < |a]. Therefore

gw)—glv—1 =av+ 2| —a(w-1)— [;%] =

=a—Ay,>a—-A;—1>a—|a] >0. (17)
(c) For v = j (16) provides g(j — 1) — g(j) = A; —a = [a] — a.
(d) For v =j (17) provides g(j) —g(j —1) =a—A; = a — |a].
0

Notice that the statements of Lemma 10 need not to be true if j > h; because for
Jj >t > hy the equality K; 1 = K; + 1 does not hold. Therefore one has to restrict
the search for kop¢ to the range 1,...,h1. Remember, we have no efficient algorithm
to calculate t.

Let I < hj be the smallest positive integer with A; < |a]. We may assume that
such an [ always exists; otherwise A; > |a], i.e., A; > [a] for all j < hq, so that g
decreases in [1, h1] and kopt = h1. Furthermore, A; > |a] for at least one j; otherwise
A; < |a] for all j <t, so that g increases in [1, h1] and kopt = 1.

Let h be the smallest integer with A, < |a] for all v, h < v < hy. If such an
integer does not exist, we set h = hj. Clearly [ < h and an optimal solution can be
easily identified if I € {h — 1, h}. Therefore it remains to consider the case I < h — 1.

By Lemma 9 we have

Ay e{la),[al} forallv=1,...,h—1.

We study the structure of the oscillation area defined by the sequence

Ay, A1y, Ap—1. We represent it as a sequence of repeated blocks of A-values of
two types A and B. Level I blocks A' and B' are of the form
= lal,
= la].

More complex level A blocks A* and B/\7 A= 2,3, ..., are defined inductively. Each of
these blocks A* or B consists of several blocks A*~! and B 1.

The following lemma describes the structure of the sequence A;, Ajyq,...,Ap_1
in terms of A' and B'. The higher level blocks A* and B? are introduced and studied
after it.
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Lemma 11 The oscillation area has the form

4
Bl Al . Al Bt At . Al . Bl Al Al BlAlBlAl
my ma ms
Ap_q
Bla'B'.. B ... At B'.. B At B'... B! Al

m

s my my

where the block marked with mz (mg) corresponds to the last (first) occurrence of two
or more A’s (B’s),

My <Muy+1 for 1<u<v<3s,

and
m, <m, +1 for 1<v<u<s.

The structure (18) can be described informally as follows. At the beginning of the
oscillation area subsequences of consecutive level 1 blocks A' are separated by a single
Bl Symmetrically, at the end of the oscillation area subsequences of consecutive level 1
blocks B! are separated by a single A'. m; and m,; denote the number of repetitions of
Al subsequences and B 1 subsequences, respectively. If the middle part is non-empty,
then it consists of alternating single occurrences of A'- and B'-blocks. In what follows
we prove that (18) correctly represents the oscillation area.

Proof The proof is split into 2 parts.
Part (a). First we claim that a subsequence of the form

...BY BY ... At Al

is not possible. Indeed, in this case we would have (with Lemma 8)

s (2] )+ (51 [2])- [2]- 21

{n—‘—{n“+1:A1+Ai+1+1:2LaJ+1:2M]_1
i1 i+1

2al

IN

which leads to the contradiction 0 < —1.

Due to the fact that a subsequence (19) is not possible to the left of an A A ... AL

block of length at least two, all A' ... Al-blocks must be separated by a single B! and
to the right of a B'B'...B'-block of length at least two all B'... B'-blocks must be
separated by a single AL,
Part (b). Now assume that 7, > 7y, + 2 for some 1 <u < v < 5. Let A; and A4,
be the A’s corresponding to the B-bounds of the A-block of length of 7, and let A;
correspond to the first A! in the A-block of length 7y, i.e., we have the following
situation:

.Bt At A B ..BY AY ... oAY ... oAt BY...
——r

may moy
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where z > 0. Again Lemma 8 leads to the contradiction:

(k+1)[al = Aj+ Ajpr+ -+ Aj = {il - {il
j—1 Jj+k

IN

[ n 1 ~ [Lw Fl= A+ A+ + Ay +1
i—1 itk

(k—=1DJal+2|a]+1=(k+1)]a] —1.

Thus, My < My + 2, ie. My <y + 1 for 1 <u < v <5 Symmetrically, it can be
shown that m,, <m,, +1for1 <v <u<s. a

Consider an oscillation area of the form (18) where by A! the function g is decreased
by the value d and by B! the function g is increased by the value e, see Lemma 10.
If d = e then the subsequences

B At Al withm; >2
——
m;
in the left part of the oscillation area decrease g.
The subsequences
A' B'... B! with m; > 2
——

m;

in the right part of the oscillation area increase g. The subsequences A'B' in the
middle part do not change g. Therefore an optimal solution is given by the end of the
last Bt A1 ... Al subsequence with 7; > 2 occurrences of Al

—_——

It remains to consider the case d < e (the case e < d is treated symmetrically). In
this case an optimal solution can be found in

B' Al At B A'.. A . BY Al Al
SN—— N—— N—— (20)
mq mo ms

Let I’ < 3 be the smallest positive integer with i d < e, i.e., My < LgJ We may
assume that such an !’ exists because otherwise g achieves its minimum at the end of
sequence (20). Furthermore, m; > \_%J for at least one i; otherwise the minimum is
achieved just before the oscillation area, i.e., it is given by the last position before the
oscillation area.

Let k' be the smallest positive integer with 7, < L%J for all v > h’. By the
definition of I’ the function g is strictly decreasing for all 77, with v < I’ and non-
decreasing for all 7, with v > h' (because in the latter case m, < L%J < gor
e > myd). Clearly, I’ < h' and an optimal solution can be easily identified if I €
{h/ -1, h/}. Therefore it remains to consider the case I’ < b’ — 1. With Lemma 11

WVG{MEJ,[E—‘} foralll’ <v<h —1. (21)
d d
Define
A?2=pB' A'.. A' and B2=B' 4. .. Al
—_—— ———

[§] 4]

(22)
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Notice, that by the block A?(B?) the function g is decreased (increased) by

d’:[ﬂdfezgdfe:o(e’:efﬁdzefgdzo). (23)

In what follows we will show that the new (considerably smaller) oscillation area
Btat.. At A'.Ab Bt AN A
my my 41 My —1
has the form

B2 A%, A2B2 A% A% .. B2 A%... A2 B2A%2B2%4A2. ..
—— N—— N——
™y T o
.B2A2B%2...B%... A2B%. .. B%A2B%. .. B? A2
—_——— —— ——

I !/
m.s mo m_q

Whereﬁgl,mg/ > 2, m, §m2+1f0r1§i<j§§',and m; §m§+1f0r

J
1<j<i<s.

Notice, that level 2 blocks are sequences of level 1 blocks. This process will be iter-
ated considering level 2 blocks A? and B? instead of A" and Bl, etc. More specifically,
given level X blocks A* and B*, where A* (B*) decreases (increases) g by d* (¢*), the
blocks in level XA 4+ 1 are defined as

AML — BX AN AN and BMI =B At 4.

] k

Then by the block A* ! (BM1) the function g is decreased (increased) by

P i d)\_,\>éd)\_)\70 (M= A i P> ,\_é
= d)‘ e 7d>‘ e = e =e d)‘ -~ € d>‘

)
>

d* =0). (24)
Later we will show that to identify K,p: one has to consider at most O (logn)

levels.
The next theorem generalizes Lemma 11.

Theorem 2 The oscillation area in each level A has the form

VAY
B A* ... AN B AN AN B AN AN BAAMBM AN
m? ™o 70N (25)
Ap—1
B*AN B ...B* ... A B... B A2 B... BN A}
m mj m}

where

A A
MEa, Mgy > 2,

my <mp+1 for 1<u<v<3,
my <mp+1 for 1<v<u<s™
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Proof We prove the theorem by induction by A-values. Due to Lemma 11 the theorem
is correct for level A = 1. For the induction step we follow the structure of the proof of
Lemma 11.

Part (a). Consider the oscillation area at a level A + 1, A > 1 consisting of blocks

AMT = B4 AN with [Z—i—‘ repetitions of AN and BM! = BM 4 AN with

b—iJ repetitions of A™:
AL =prar A M =Bt AN (26)
—— N——

Again a subsequence
LLBMIBATL AL AL (27)

is not possible. Indeed (27) has the form

B AN AN BMAM AN gh  BMAN A X AN BMAMN A A (28)
v R 7’ g ire
BA+1 BX+1 AXF1 AXF1

Let i’ be the index of the first A, in the first A® of the first B>‘+1, i.e., the first
position in this first A, Let 5" be the last position of the last A* of the second B M.
Furthermore let i’ + p be the first position of the second A* in A*T! in (28). Notice
that the sequences A; ... A and Ayy,...A;,, are identical. Let i < i’ be the
largest index with A; # A;y, and Ay = Apqp for v =i+ 1,... ,i’. Such an index
exists because block B* is the block preceding immediately position i’ in B M1 and
A™ is the block preceding immediately position i’ 4 p in AN (see (28)). Furthermore,
Airp = [a] and A; = |a]. To show this, we decompose A* and B” into blocks A*™1
and B 1:

B BAL ANl gA
A)\: B)\—l A)\—l A)\_l...A)\_l.

It is easy to see that only the first fragments of the above sequences are different while
the final parts are the same. We continue the decomposition into lower level blocks:

B= B 2AN2  Ar2 g 4T
A)\: B/\le)\72 A/\72Ax\72' B A)\72 A)\fl. . A)\fl'

Proceeding in a similar way we obtain:

B* B Al A A2 A% AX2 0 a2
Ar= BMIpA=2 Bl Al Al Al A2 A2 AN AN 2

(29)

which proves the claim that A;y, = [a] and A; = |a].
Let j > j be the smallest index with A, = Apyp for v = j +1,...,5—1and
A; # Ajy,. Again Aj = |a] and Ajy, = [a]. Now we have with Lemma 8

Ai+-~~+Aj—|—2:Ai+1+"'+Aj*1+2|-aJ+2
=Aip14pt+ o+ Aj14p +2[al (30)

Lemma 8

=i+ + 454, < A+ +A;+1
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which provides the contradiction 2 < 1.

Part (b). To prove that mf,‘Jrl < m;}“ +1forl <u<wv< 51 assume that
mﬁ“ > ﬁﬁ""l 4+ 2 for some 1 <u < v < 521, Then similar to Part (b) in Lemma 11
we have the situation with the blocks A**1 and B in level A + LA>1:

B)\"rl A)\+1 A)\+1 B)\-‘rl B)\-‘rl A>\+1A>\+1 AA+1A)\+1 A>\+1 B)\+1
—_— —_—

gt it

my T >my T 42

Substituting lower level blocks instead of some of AM1 and BM! we rewrite the above
sequence as follows:
B M1 B M1 AN

—_——~ —_—— —
LUBMAM AN AN AL pAAN AN B AR AN AN AL pAL
,L'/ _/_/ j/ _,—/

i +p
At mAtL
A)\+1
——N—
B AN AN AN AN AL pARL (31)
j/+P N———

my T —ma -1

Definition of indices ', 5" and i and 7 is similar to that in part (a). Namely, let i’ be
the index of the first A, in the first A* of the first B)‘+1, i.e., the first position in this
first A*. Let j' be the last position of the last A* of the second B !, Furthermore
let i’ + p be the first position of the second A* in A*! (see (31)). Notice that the
sequences A; ... Ay and Ayy, ... Ajivp are identical. Let ¢ < i’ be the largest index
with A; # Ajypand Ay = Apypforv=14i+1,... ,i’. Such an index exists because
block B is the block preceding immediately position i’ in B 1 and A is the block
preceding immediately position i’ + p in AN (see (31)). Furthermore, as shown in
Part (a), A;y, = [a] and A; = |a]. Let j > j’ be the smallest index with A, = A, 4,
forv=j44+1,...,5 — 1 and A # Ajyp.

We have

LLANBAAN

J
AN AN
Ji'+p

By expanding B*4* and A>‘, which follow A>‘ and A , respectively, we get
J’ J'+p

B)\AA — B)\—lA)\—l B .A)\—lB)\—lA)\—l
A/\ _ B)\—IA)\—I » .A/\_lA/\_l

B)\AA _ B)\—lA)\—l o A)\—IB)\—2A)\—2 o A/\—2B)\—2A)\—2
A)\ — B)\flA)\fl L A)\le)\72A)\72 L A)\*QB)\72

B AN = BM a1 A IpA2422  p4A 2R3 B242 A2t
AN = BAIAAL  AATIpAT2 42 pA2pA-S B242  p240
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Again A; = |a] and A4, = [a] and the sequences
Aiy1,..,Aj1and A pyt,. ., Ayt

are identical. Similar to Part (a), relation (30) holds leading to the contradiction 2 < 1.
Symmetrically one can prove ml})‘ < mﬁ +lforl<v<u< §>‘. O

We introduce the following notations. A block x* (X/\ =AM or XN = B’\) at some

arbitrary level A can be decomposed in a unique way into level 1 blocks A, € {[a], |a]},
ie.,

XM= AjAigr ... A

The cumulative A-value of X* is defined as

a =3 2= (2] [2D) = (2] - [

(5=l =[50 =1 -1

and its length is given by

The values of Ay and lya for X* = B and X* = A* can be calculated level by
level using the recursive formulas which follow from (22) and (26):

eAfl eAfl
Apy = Aga-1 + \‘FJ Apgrn-1, Ayn=Agr- + IVF—‘ Aypr-a (32)
and
6A71 6A71
ZBA == ZBA—l + \‘FJ lAA—l, lAA == lBA—l + ’VF—‘ lAA—l (33)
with initial values
Apgi =lal, Aq1=Ta]l, lq=lg =1 (34)

A

Due to Lemma 10 and (24) the values e” and d* are calculated recursively by

A—1

J A and @t = BA—?J Ao (35)

eA—l
dr—1

A a1 L
e =e€ —

with initial values

¢! =a—|a) and d* = [a] — a. (36)
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4 A Polynomial-Time Algorithm

In this section we formulate an algorithm for finding an integer 1 < kopt < hq, which
minimizes g under an assumption that a > 1. The idea of our algorithm is to calculate
for each relevant level the corresponding oscillation area. The levels A are considered
one by one. In our description we assume that in the current level A condition e > at
holds. The case e < d* is symmetric and the corresponding version of the algorithm
which takes care of both cases can be easily derived.

The algorithm stops when an oscillation area contains at most two blocks. In this
case kopt can be identified easily. The algorithm can be described by a recursive pro-
cedure Optimize(\, [, h), where [ is a lower bound and h is an upper bound for the
oscillation area at level A.

Procedure Optimize(\,l,h)

1. If A > 2 then h :=Rightboundary (A — 1,1, h);

2. [ :=Updateleft(\, [, h);

3. h:=Updateright(}\,[, h);

4. Calculate the blocks X;“H and X;“H, which can be of type AMT or BMT at level
A+ 1 in which [ and h are contained;

5. If at least one (A+1)-block exists between Xl)‘Jrl and Xf)L”Ll, then Optimize(A+1,
l,h)

6. else CalculateOptimum ()\ + 1, Xl)‘Jrl, X})L‘Jrl)

Rightboundary(\ — 1,1, h) provides an upper bound for the right boundary of
the oscillation area for A > 2. Such a boundary is provided by the last position of
the last A)‘flA)‘fl-subsequence in an oscillation area at level A — 1. The procedure
Updateleft()\ l,h) and Updateright()\,[, h) calculate the left boundary 1 and right
boundary h of the oscillation area at the next higher level, given a lower bound I
for I and an upper bound h for h. Notice, that Rightboundary(},[, h) and Upda-
teright(\, [, h) with A > 2 are different procedures. Rightboundary(\, !, h) identifies
the last position of the last AMAN -subsequence in an oscillation area at level A\ which
defines the input h for the procedure Updateright (), [, h). Rightboundary(\, [, h) is
needed to cut off the B*A*B*4* ... AMB> ... pA 42 -part which under the assumption
e > d* is not relevant for identifying an optimal solution.

The procedure CalculateOptimum ()\, X l)‘,X 2‘) provides an optimal solution if

only one block Xl>‘ = X,i‘ or two adjacent blocks Xl)‘ and X;} are left. If Xl)‘ and X;}
coincide and are equal to B’\, then k — 1 provides an optimal solution where k is the
first index in Xl)‘. If Xl)‘ and Xﬁ coincide and are equal to A)‘7 then the last index
in Xl)‘ provides an optimal solution. If Xl)‘ and X,)L‘ are two adjacent blocks, then for
X[\X,)l‘ we have the four cases: A’\A)‘, A/\B>‘7 B/\AA, and B*B*. In the last two cases
again k—1 provides an optimal solution where k is the first index in X lA In Case A*AN
the last index in X 2 provides an optimal solution and in Case A*B? the last index in
X[\ provides an optimal solution.
Minimize g is the main procedure which calculates Kop:.

Minimize g

1. l:=1;h := hy;

2. A:=1;

3. Optimize(\, [, h)
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In the first iteration of Minimize g the procedure Optimize(1,1,hq) is called
in which [ and h are calculated by Updateleft(1,1,h;) and Updateright(11, h;),
respectively. Due to Lemma 11, the search can be narrowed to the subsequence
Ap, ..., Ap_1, marked by (18), with A; corresponding to the first occurrence of B!
and Aj_1 corresponding to the last occurrence of Al. This is depicted in

(20)

—N— —— —— ——
Bl Al A'. B Al A'B'A'.. B'A'B'...B'A'.. B'. . B'A!
) ) )
Ag. .. A Ay Ap_1 Ap. . Ap,

If | < h—1 then Optimize(2,l, h) is called which first calls Rightboundary (1,1, h)
to find the last position k' of the last subsequence A'A'. Now the level 2 starts which
is restricted to the range 4y, ..., Ay, marked by (20).

Next we describe the procedures Updateleft(), [, h) and Updateright(\,[,h),
which by binary search provides the beginning and end of the oscillation area at level
A+ 1 [l/,l”] and [h’, h”] are the corresponding search intervals. The description of
Updateleft(A, [, h) and Updateright(),l,h) for A = 1 differs slightly from the de-
scription for A > 1.

First we formulate Updateleft(), 1, h) for A = 1, afterwards we describe Upda-
teright(\, [, h) for A = 1 and finally the update procedures for A > 1.

Procedure Updateleft(1,1,h)
1. UV:=11":=hy; Ay = o0
2. While I” >1' +2 do

3. ji= {—l -gl J;

4. If Aj > [a] then ! := j;

5. If A; < |a] then!” :=j;

6. If Aj =Ta] then

7. Find the maximal [a]-block
Aj/ A] Ajll
[a] ... Ta] ... [a]

containing A;;

8. If Ajiuyq > [a] thenl :=j" +1;

9. If Aj//+1 < I_aJ then

10. if 7/ +1<1” then 1" := 5" +1

11. else if Aj_1 > [a] then return j” +1

12. else ! :=j5 —1;

13. Return !”

The procedure used in Step 7 for finding the maximal [a]-block to which A; belongs
will be discussed in Section 5.

If there is no exit from the while-loop 2-12 by the return in Line 11, then during
the performance of the while-loop always the inequalities Ay > [a] and Ay < |a] are
satisfied. Therefore by Lemma 9 I’ < I” is always satisfied. Furthermore in this case
the while-loop ends when I” = I’ + 1 is reached. At that point I’ marks the start of
the oscillation area. Notice, that Ay > [a] implies that A, > [a] for all v < I'.
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If on the other hand Ajiyq < |a], I < j” +1 (which implies I = j” + 1), and
Aj_1 > [a], then again I marks the start of the oscillation area.

Notice, that Updateleft(1,1, k1) returns an index | with A; < |a]. If 4; < |a
then | — 1 provides an optimal solution. Otherwise, A; = |a], i.e., [ is the index of a
B-block.

The procedure Updateright(\, [, h) for A = 1 is shown below. It is symmetric to

Updateleft(\, [, h) for A = 1.

Procedure Updateright(1,1,h1)
1. b :=1; B := hy; Ay :=o0;
2. While "/ > A’ +2 do
. h/ h// .
3. ji= {*‘TJ,

4. If A; < |a] then b :=j;

5. If Aj > [a] then ' := j;

6. If A; = |a] then

7. Find the maximal |a|-block
Aj/ AJ Aj//
la] ... la] ... |a]

containing Aj;

8. If Aji_q < |a] then b :=j —1;

9. If Aj_1 > [a] then

10. if j/—1>h then b/ :=j —1

11. else if Ajvyq < |a] then return j' —1

12. else b/ :=j" +1;

13. Return A’/

Updateright(1,1, k1) returns an index h with A, > [a]. If Ay > [a], then h
provides an optimal solution. Otherwise, Ay = [a], i.e. h is the index of an A-block.

Next we describe Updateleft(A + 1,1, h) for A > 1. The corresponding oscillation
area has the form (25) where block A decreases the objective function g by d* and
block B increases g by e. [ is the first index in (25) and h is the last index. We
assume that e® > d*. The case e* < d” is treated symmetrically. In the case N >
d* the last occurrence of an A™... A-block with at least two A* repeated defines
a right boundary of the relevant B*A* ... A*-area. The blocks X ! considered in
Updateleft(A + 1,1, h) for A > 1 have the form

XML prar AN
————

My A+1

and its type depends on the number myat1 of repetitions of AN, Up-
dateleft(\ + 1,1,h) for A > 1 is similar to Updateleft(1,1, h1), see the description
below.

Procedure Updateleft(\ + 1,1, h)

1.U:=031"=h

2. Calculate the blocks Xf,“H and Xf,‘,‘*'l in which Ay; and Ay are contained;
3. I’ := the last index in X[}'H; " := the first index in Xl>,‘,+1;

4. While a (X + 1)-block exists between X, ! and X)/*! do
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o

Ul .
2

)

6. Let X;‘Jrl be the block to which A; belongs;

CAW then !’ ;= the last index in X;"H;

7. If ij\Jrl > [

o

8. If myap < {d—iJ then I := the first index in X;"H;
J

9. If mXJ,_\+1 = [Z—i—‘ then

10. find the maximal sequence of repetitions of the block XA = X]f\""l:

C)\+1X>\+1 o X>\+1 ...X>\+1D>\+1 (C)\—‘rl D>\+1 7& X)\—‘rl) .
j ) )

A
11. If mprt1 > ’V%-‘ then
replace I’ by the last index in DM and set Xf,‘+1 = D)"H;
A
12. If Mmpr+1 S \\Zi)‘J then
13. if the first index in D! is smaller than "
then let I’ be the first index in D1 and set Xf,‘,"'1 — p>Mt
14. else if maay1 > [Zfi—‘ then return the first index in D!
15. else replace I” by the first index in CM 1 and set Xf,‘,+1 = C’)"H;

17. Return l”

The procedure for identifying block X;"H to which A; belongs and for calculating
the first and last indices of Xj“H will be discussed in Section 5.

Notice, that during the performance of the procedure Updateleft(\ + 1,1, h) for

A A
A > 1 the inequalities m a1 < L%J and m a1 > [Z—;‘ always hold. Therefore
ll/ l/
X} is to the right and X, is to the left of the X ™, ... X! block. This
implies that C M1 and DM always exist.

The procedure Updateright(\ + 1,1, h) is symmetric to Updateleft(\ + 1,1, h).
It remains to describe the procedure Rightboundary (A, !, h) which calculates the
last position of the last A)‘A)‘—subsequence in an oscillation area at level A\, A > 2, if such
a position exists. Again binary search is applied to find this position. More specifically,
we calculate a position j in a block in AMNAMBMANBM AN | where AMAY s the last
occurrence of two consecutive A*. In the second step the last position in AM A must
be calculated. This is easy if A; belongs to AMAN Otherwise, the first occurrence of
B AN in AMAMBMAMBM AN . B})‘A)‘ must be identified. A corresponding method is
J

discussed in Section 5.3.

We start by calculating the last index h’ of the block containing ! and the first
index A" of the block containing h. If there exists another block between these two

blocks, we calculate the block Xj‘ containing j := [h/-gh”—‘. Then we distinguish the

two possible cases depending on whether XjA is of type B or A. If X;‘ is of type B,
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then the following three subcases are considered:

! J
Case 1: A*B*.. . A*B A*B*.. _A’B> (the fragment A/, ..., Aj is covered by
A* B -sequences)

Case 2: AMANBN [ ANBA (nearest repeated A> which appear to the left
of X j/\)
A DA AN DRA A pA A .
Case 3: B*B*A*B" ...A"B" (nearest repeated B" which appear to the left
of X3}

If Case 3 holds, then due to Part (a) in the proof of Theorem 2 there is no A*A*-
subsequence to the right of X j)‘ In this case we set " equal to the first index in the
j-block XJ/-\. In the other two cases no B/\B)‘-subsequence occurs to the left of Xj‘ but
an A)‘AA—subsequence may occur to the right of X ;‘ and we set h’ equal the last index
in the j-block X7.

The case X j‘ = A is treated symmetrically.

In either case we proceed with the new values A’ and A" and continue until there is
no other block between the h/-block and the h”-block. If both blocks are B*-blocks then
we set h equal to h'. Otherwise we set h equal to h”. Now we have reached a situation
in which no B*B> occurs to the left of the h-block and we calculate the last position
of the last A* A* which occurs before the h-block. The algorithm is summarized below.

Procedure Rightboundary(\, [, h)

1. B’ := last index of the block containing [;

2. " := first index of the block containing h;

3. While at least one block exists between the h'-block and the h”-block do

4. j= L'ghw ;
5. Xj‘ = the block containing Aj;
6. If X} is a B-block then
7. if
J
B*B*A*B*...A*B
8. then h'" := the first index in the j-block B*
9. else 1/ := the last index in the j-block B
10.  else if _
J
B*B*A*B*. . AMBM AR
11. then h” := the first index in the j-block AN
12. else b’ := the last index in the j-block A>‘;

13. If X7, = B* and X;, = B* hold, then h := h’

14. else h:=h';

15. Return the last position of the last A* A*-block which does not end later than
the h-block

Steps 13 and 14 are such that h belongs to the block in the B A*B*A* .. -area
after the last occurrence of A*A. Notice that procedure Rightboundary always
deals with the blocks X })L‘, and X ,)L‘,, in different positions in the A-oscillation area so
that these two blocks never coincide.

An efficient procedure implementing Steps 7,10, and 15 is presented in the next
section.
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5 Calculating Block Boundaries

In Step 7 of the procedure Updateleft(1,1,h1) and in a corresponding step in Upda-
teright(1, 1, h1) one has to calculate the boundaries of an AA ... A-block and BB... B-
block, respectively. Similar calculations are needed for higher level Updateleft and
Updateright procedures. We also have to identify at the current level A the block X J/\
in which A; is contained and to find the first and the last index of X;‘. This is done
by first calculating the boundaries of the level 2 blocks in which A; is contained, then
calculating the boundaries of the level 3 blocks in which A; is contained, etc.

In the next two subsections it is shown how to calculate A*A™ ... A*-block bound-
aries for level A = 1 and for higher levels . B*B* ... B*-block boundaries can
be calculated in a similar way. We also need to calculate the boundaries of an
A*BMAMB* ... A B*-block. A corresponding procedure is described in the third sub-
section.

5.1 Calculating Boundaries for AA ... A-Blocks at Level 1

To calculate the left boundary of an AA. .. A-block at level 1 we consider the following
two situations:
Casel: B A A .. A
Ajs Aisy1 Aist2 - 4y

Case2: D A A oA
Aj s Aisy1 Disya . 4y

with A = [a], B = |a] and D > [a] (cf. Lemma 9). In both cases

(2] =13 = (2 | = [ ) + (=] = T ) +

T

1
[

el lv forv=0,..,34.
Thus,
n
L’_V-‘ =&+ [aly forv=0,..,9 (37)
with & = [%] holds.
Additionally,
n
{mw—5i+fa15+w—si+ra1<6+1>—1 (38)
holds in Case 1 and
n
L . S
L—(5+1)—‘ &+ [al(64+1)+2 withz>1 (39)

holds in Case 2.

Theorem 3 (a) Case 1 holds if and only if (37) and (38) are satisfied. (b) Case 2
holds if and only if (87) and (39) are satisfied.
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Proof The necessary part has just been proved. It remains to show that (37) and (38)
((37) and (39)) are sufficient for Case 1 (Case 2).
In Case 1 in which (37) and (38) hold, subtracting [;2;]| = & + [a]v from

i—v
[%—‘ =&+ [a]l (v+1) yields A;—, = [a] for v =0,...,d and A 541 = la].
In Case 2 in which (37) and (39) hold, a similar subtraction provides A;_,, = [a]
forv=0,..,0 and A;_(541) = [a] + = with z > 1. O

We give a geometric interpretation of Cases 1 and 2.
Consider first Case 1. Condition (37) is equivalent to

n n
< ¢ > ~ 1.
iiyi&—&—[a]l/andiﬁy>§1+[a1v 1 (40)
Furthermore, (38) implies
n n
< =¢; 6+1)—1. 41
i—w+1)—[p45+nl Gitlal@+1) (4D
In this case the line §; + [a] v — 1 intersects the hyperbola ;™ in one point d =0 or

two points ¢ < b'.

Furthermore, the interval [c’ , b/} contains the integer point § + 1 and ¢ < 0 < ¢
where in c¢ the line & + [a] v intersects the hyperbola. The situation with ¢/ < b’ is
depicted in Figure 2.

To calculate § one has to find the smallest solution ¢’ of the equation

n

=&+ [alv—1

i —v
which is equivalent to the quadratic equation
[a]v? 4 (& —1—ifa])v +n—i(& —1) =0.

0 is calculated by
§=[c 1] (42)

Fig. 2 Calculation of left boundary for A-repetitions
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Now consider Case 2 in which (37) and (39) are satisfied. Then besides (40) the

inequality

P ECEAGICS)
holds. The hyperbola does or does not intersect the lower line &; 4+ [a]v — 1. In the
latter case, due to (40) ¢ < 0 < b, where ¢ and b are intersection points of the hyperbola
and the upper line & + [a] v, see Figure 2.

On the other hand, if the hyperbola intersects the lower line & + [a] v — 1, then
due to (40) either ¢ < 0 < ¢’ or ¥’ < 0 < b, where ¢ and b’ are intersection points of
the hyperbola and the lower line &; + [a] v — 1. Observe that if ¢ < 0 < ¢/, then due
to (39) and (40), interval [c’,b’] cannot contain an integer point. In both cases case
0 = |b] where b is the largest solution of the equation

n

=& +[a]v.

11—V

We conclude that in order to find out which case applies and to calculate the
corresponding value § one has to solve two quadratic equations.
The right boundary of an A...A-block can be calculated in a similar way.

5.2 Calculating Boundaries for A AN ... A*-Blocks

We describe how to calculate the left boundary of AMAN .. AM-blocks at some level A
greater than 1. Right boundaries are calculated similarly.



B/\—l AX—I.._AA—lAA.“ ...AA BA—l A>‘_1 AA—I_“AA—I

Case 1 :
A)‘-sequence : BM1 AN AN AN AN AN | BA | A | oAt Mt
Case 2 LB Mg A | gt A1 AN AN AN AN [ AL | gl gt (43)
t t t T
i—L A (84+1) =1, (5+1) i J
B 1= BA..AA® AR AN2 g2
AM1= BA2BA 3 B A AL AAD AR A2 42 (44)
Case 1 : BA...A...AM2 AN 2| A1 AN AN AN
A*sequence  : BA...A...A»2.. A2 | B 2 .. B AA...A... AN ANZ | AN oaMIAN AN
Case 2 o B MIAML AN | B2 B AALL AL ANZ A2 | BYM2UBOAALL AL ANTZ AN A AN A A
) )
i—l 45 (3+1) J=lax(6+1)
Case 1 (cont.) . BA...A...AN2 . A2 | B2 BA A.LAANTZ AN A AN
AM-sequence (cont.) : BA...A...AN2...AN2 | BN2 BA A A AN2 . AN2 | AL a4
Case 2 (cont.) . BA...A...AN2. . A2 | B2 BA ALLLALANTZ AN AL p (45)
) )
i j

LT
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To calculate the block B (Case 1) or D* (Case 2) at the left boundary of a
sequence A AN where

BA _ B>\—1A>\—1“.Ak—1
A/\ _ B)\fl A}\flA)\fl'”A)\fl
DA — B)\_lA)\_l... A)\—l A)\_lA)\_l...A)\_l

we compare the following sequences

Case 1 . BMAM AN AN
A)‘—sequence : AMNAN AN AN
Case 2 : DA AN AN AN
—
5

which can be written in the form (43). In (43), ¢ (j) is a position of a A; (4;) value
contained in the block B*~! (A1) marked with i (j). Consequently, i — I 42 (8 + 1)
(j =14 (04 1)) are contained in the blocks with offset [ 4x (6 + 1), as indicated in (43).
Recall that [ 4» denotes the length of block A* as introduced at the end of Section 3.

To define position i —1 4 (6 +1) compare the Case 2 sequence with the AA—sequence
in representation (43). Scanning these sequences from right to left there is the first
column where the blocks in the two sequences are different. This column is marked by
i — 14 (0 4+ 1). Similarly, if we compare the Case 1 sequence with the A*-sequence in
representation (43) by scanning these sequences from right to left there, we get the first
column where the blocks are different marked by j — 45 (6 + 1). The precise position
of i — 142 (0+1) and j — 4 (6 + 1) will be explained after a further decomposition of
the blocks in the columns marked by ¢, j.

Notice that A1) := A = [a] and BY) := B = |a]. Also, if A\ = 2 then (43) provides
directly the relevant structure and the precise positions i —l4x (§+1) and j—I42(6+1)
and correspondingly ¢ and j.

If A > 3 consider a further decomposition of B*~1 and AM~! of the form (44),
which has been derived in Section 3, see (29). Substituting (44) the comparison (43)
can be extended to (45).

In representation (45), when scanning from right to left, i — I 4» (6 + 1) marks the
first position where the Case 2 sequence and the AA—sequence are different. Similarly,
J — 142 (04 1) marks the first position where the Case 1 sequence and the A)‘—sequence
are different.

To establish the boundaries of the A*...A* block we need to derive formulas
similar to (37)-(39). For Case 1 we compare the first two lines in (45) and conclude
that

[‘%—‘ZQA—A}MV forv=0,...,0, (46)
— I
n
n
lrm—‘:&'ﬁ-AAxl/ fOI"llI(],A..7(57 (48)
YA

where ¢ and j are the positions marked in (45) and A 4 is the cumulative A-value
of the block A* introduced at the end of Section 3. We demonstrate how condition
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(47) can be derived; the other conditions are similar. Consider the difference between

[ | and &5
n
7lA>\ (6+1) i

=
(L_zm 5+1)w L_zm(?H)HD +
*(ﬂ—wguwﬂ [j—lm(?HH?D i

e ([2] - [3])

= Aj_lAA((S-‘rl)-{—l +Aj—l,4x(<5+1)+2 +o A=
:AA/\(5+1)—|—(1.|+\_QJ :AA/\((s"Fl)—l.

{J*lmn(‘“rl w

For Case 2 a comparison of the last two lines in (45) leads to

n
n
[mw =& A0+ A+l (50)
n
J— v =& +Apv forv=0,...,94. (51)

Theorem 4 (a) Case 1 holds if and only if (46) to (48) are satisfied. (b) Case 2 holds
if and only if (49) to (51) are satisfied.

Proof Again it remains to prove that (46) to (48) and (49) to (51) are sufficient for
Case 1 and Case 2, respectively. Notice that the sequences in (45) are part of the
oscillation area of level A — 1, i.e. they consist of blocks of type ANt and BM! only.
The structure of this oscillation area is described by Theorem 2.

Part (a). Similar to the proof of Theorem 3 it follows from equalities (46) to (48) that

’7. L —‘—[ n —‘:AA)\ forv=0,...,0—1 (52)

J—lar(v+1) J—=laxv
n n
- — A -1
’Vj—lA)\(5+1)-‘ L—lmé-‘ Ar (53)
n n
L‘—ZA/\((;"‘D—‘ — ’V'L._ZAA(S—‘ =Ayx forv=0,...,6 — 1. (54)

(52) to (54) imply that the first & blocks to the left of the A*-block containing A;
and A; must be AM-blocks and the next block is a B*-block.
The proof of Part (b) is similar. a

As discussed in the previous section conditions (46)-(48) and (49)-(51) can be
checked and a corresponding § can be calculated using the technique of the previous
section.
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5.3 Calculation of Boundaries for A*B*A*B» ... A* B - Areas

To calculate the left boundary of an ANBMAMBY . ANB-area we proceed in a similar
way as in the previous section.

For A > 3 consider the sequences given by (55). These sequences can be expanded
to (56) by substituting the expressions for B and A*.

For A = 1 the sequences (55) can be simplified by replacing A by [a] and B by
|a]. Similarly (56) can be simplified for the case A = 2.



Case 1 : B? B AM...B*A | B
A>‘B>‘-sequence . B AN B A*...B*A* | B
Case 2 :AN AN B AM...B*4 | B
t ) T
i—(LaHga)(64+1) = a+lga)(6+1) i
Case 1 : B MMl AM1 | BN
AMBM... B NTAML AAL | AL AT 4 | BA AN L
Case 2 o BAML O AATIpA o pAL | pATT AT AT qAl | BAgA
t T

i*(lA,\JrlB,\)([erl)

J=(Uaa+lga)(6+1)

AN
AN
AN

(55)

(56)

1¢
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Sequences (56) lead to the following case dependent equations which are similar to
(46)-(48) and (49)-(51) and are necessary and sufficient for the corresponding situa-
tions.

Case 1:
lrm-‘ :§]+(AA>‘ -‘rAB)\)IJ fOrV:(),...,(S (57)
L‘—(lm +7B*)(5+1)-‘ =&+ (Agr +Ap)(+1) 1 (58)
’Vm-‘ :£l+(AA>\ +AB>\)V fOI‘V:O,...,6 (59)

Case 2:
’Vm—‘ :£z+(AA>\ +AB>\)V fOI‘VIO,...,(S (60)
L—(lm +7BA)(5+1J =&+ (A + A0+ 1)+ 1 (61)
{m—‘ :gj—f—(AAA +ABA)V fOI‘I/:07...,6. (62)

As before the two cases can be checked and a corresponding ¢ can be calculated by
solving two quadratic equations.

6 Complexity

The complexity of the overall algorithm Minimize g which identifies an integer kopt
minimizing g(k) can be estimated as follows.

In each level A the blocks A* and B* contain one B '-block and at least one
A*~1_block of the previous level. Therefore the length of level A+ 1 blocks is bounded
from below by 2*. On the other hand, the length of the oscillation area is not increasing
which implies that the recursive procedure Optimize performs no more than O(logn)
recursive calls because the algorithm stops when reaching a level in which the oscillation
area has no more than two blocks. Using the recursive formulas (32) to (36) we calculate
the values A 5, Apgxs,l x and Igs also in time O(logn).

To identify the level A block in which j is contained, we calculate for each level
v =2,..., A the first and the last indices of the level v block in which j is contained. If
7 is contained in a BY~L.block or A 1-block at level v — 1 with known first and last
indices, we can find out in constant time whether j is contained in a B”-block B;-’ or in
a A-block A7 at level v. Furthermore, the first and the last indices of the level v block
can be calculated in time O(1). All this can be accomplished using the techniques
described in Section 5. Thus, the first and the last indices of the level v = 2,..., A
blocks containing j can be calculated in O(logn) time. The overall time complexity of
each of the procedures Updateleft and Updateright is O(log? n) because the while-
loops in these procedures are iterated at most O(logn) times. Similarly, the procedure
Rightboundary has complexity O(log2 n). We conclude that the main procedure Op-
timize(1, 1, h;) which performs at most log n recursive calls has complexity O(log3 n)
which is the complexity of the algorithm Minimize g as well.
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7 Concluding Remarks

In this paper we have resolved an open question posed in [9] for the flow-shop batching
problem with equal processing times and equal setup times, which is formulated as
an integer non-linear programming problem of one variable k with a solution region
given by the natural numbers not exceeding n. The objective function is of the form
g(k) = ak + {%W For that problem we have developed a polynomial-time algorithm
for finding an integer solution kopt.

A non-integer optimum of the relaxed problem of minimizing the continuous func-
tion f(k) = ak + % is given by k = \/g which can be determined easily by standard
calculus techniques. On the other hand, an integer optimum of g (k) cannot be obtained
by simple rounding since this optimum can be quite far from \/g .

While the earlier algorithms have time complexities O(n) [3,6] and O (v/n) [9],
which are both exponential with respect to the binary encoded input length, the com-
plexity of the new algorithm is O (log3 n). The main challenges of developing a fast
solution algorithm involve identification of a complex discrete periodic structure, find-
ing out how it can be described in mathematical terms using a recursive representation
and proving that the identified structure and the algorithm based on this structure are
correct.

To the best of our knowledge, the technique developed does not have similar coun-
terparts in the optimization literature. However, we believe it has potential to provide
solutions to a range of high-multiplicity optimization problems, in particular to various
batching problems with equal processing which can be formulated in a form similar
to (3):

(i) the single machine batching problem to minimize the sum of completion times [4,
7,8,10,11],

(ii) the open-shop problem to minimize the makespan [5],

(iii) the job-shop problem to minimize the makespan [3].

For all above problems only pseudo-polynomial algorithms are known except for
problem (i) for which Shallcross [11] has developed a polynomial-time algorithm with
time complexity depending not only on logn, but also on log p and log s. The approach
used in that paper is quite different from ours.

An interesting open question is establishing a link between the periodic structure
derived for g (k) and the continuos optimum \/g . We suspect that at least one of the
numbers L\/gj or (\/%_| is close to the highest level block found by our algorithm.

Proving this could lead to a faster algorithm of time complexity O (log;2 n)
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