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Abstract Rigorous non-linear models of elasto-plastic
contact deformation are time-consuming in numerical cal-
culations for the distinct element method (DEM) and quite
often unnecessary to represent the actual contact deforma-
tion of common particulate systems. In this work a simple
linear elasto-plastic and adhesive contact model for spheri-
cal particles is proposed. Plastic deformation of contacts dur-
ing loading and elastic unloading, accompanied by adhesion
are considered, for which the pull-off force increases with
plastic deformation. Considering the collision of a spheri-
cal cohesive body with a rigid flat target, the critical stick-
ing velocity and coefficient of restitution in the proposed
model are found to be very similar to those of Thornton and
Ning’s model. Sensitivity analyses of the model parameters
such as plastic, elastic, plastic-adhesive stiffnesses and pull-
off force on work of compaction are carried out. It is found
that by increasing the ratio of elastic to plastic stiffness, the
plastic component of the total work increases and the elastic
component decreases. By increasing the interface energy, the
plastic work increases, but the elastic work does not change.
The model can be used to efficiently represent the force-
displacement of a wide range of particles, thus enabling fast
numerical simulations of particle assemblies by the DEM.
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1 Introduction

The macroscopic bulk behaviour of powders is governed
by the microscopic activity of the individual particles in an
assembly. This implies that in order to gain a better under-
standing of particulate systems and their functioning, the par-
ticle interactions at the microscopic level must be analysed.
It is currently very difficult to investigate the behaviour of
individual particles within a bulk assembly experimentally.
Therefore it is helpful to model the behaviour of particles
by the use of numerical simulations. Furthermore the use
of computer simulations provides a cost effective method
as an alternative to experiments, since no physical mater-
ial or process equipment is required, provided the simulation
results are validated. Simulations are also invaluable for cases
for which actual experiments are hazardous. For particulate
solids, the most appropriate approach for this purpose is the
use of computer simulation by the distinct element method
(DEM). More details on the methodology of the DEM and its
applications are presented elsewhere [1,2]. Various contact
models have been proposed in the literature for evaluation
of forces arising from inter-particle collisional interactions.
Ning [3] categorized the factors involved in a single contact
into three main categories: impact parameters such as par-
ticle velocity and impact angle, particle properties such as
size, shape, density, surface friction, adhesion and roughness,
and environmental factors such as temperature. Considering
such a wide range of factors involved in the interactions,
modelling of inter-particle contacts is a particularly complex
process. Various contact models have been developed and
reported in the literature for elastic [1,4–6], elastic-adhesive
[7–13], elasto-plastic [14–17] and elasto-plastic and adhesive
[18–21] contacts, some of which involve complex mathemat-
ical equations. The more complex a model, the slower the
simulations. Simplifications can be done in order to reduce
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Fig. 1 Schematic diagram of force-overlap relationship in Luding’s
[20] model

the computational complexity of the models; however this
comes at the expense of losing the accuracy of capturing the
realistic behaviour. In the present work a model is proposed
considering aspects of Thornton and Ning’s [18], Tomas’s
[19], and Walton and Johnson’s [21] models. Sensitivity
analyses of the proposed model parameters on bulk com-
paction behaviour are also reported.

In the following an overview of the available linear mod-
els reported in the literature for elasto-plastic and adhesive
contact deformation is presented.

Luding’s model [20]:

Figure 1 illustrates schematically the normal contact model
of Luding [20] for elasto-plastic and adhesive contacts. In this
model, the normal force will drop to a certain negative value,
f0, when two spheres come into contact due to van der Waals
attractive forces [8–10]. On initial compression loading, the
contact is considered to be plastically deforming; the contact
force increases linearly with the overlap α at a rate kp (i.e.
plastic stiffness) until an overlap αmax is reached (αmax is
kept in memory as a history variable). During unloading the
force drops on a line with the elastic stiffness (slope) ke. The
force decreases to zero at overlap αp, which represents the
plastic contact deformation. Reloading at any instant leads to
an increase of the force along the same line with slope ke, until
the previous maximum force is reached; if α increases fur-
ther beyond αmax , the force again follows the line with plastic
stiffness (slope) kp and αmax has to be adjusted accordingly.
Unloading below αp produces an adhesive force until the
maximum tensile force, fcp, is reached at overlap αcp. Fur-
ther unloading leads to a reduction in the attractive force
on the adhesive branch with a negative “stiffness” (slope)
kc. The maximum tensile force in this model increases by
having larger deformations, i.e. increasing αmax results in

a larger negative fcp. This is a linear simplification of the
so-called adhesion limit as defined by Tomas [22,23]. Sim-
ilarly, Thornton and Ning [18] modelled the pull-off force
to overcome the adhesion based on the increase in radius of
curvature of the contact area: the unloading path in Thornton
and Ning’s model is considered to follow the JKR equation
but with a larger radius of curvature due to plastic deforma-
tion. Luding [20] considered an elastic stiffness, ke, which
increased with the maximum overlap based on the work of
Walton and Braun [14]. For overlaps greater than α∗, elastic
stiffness is equal to k̂e and for smaller overlaps the elastic
stiffness is evaluated by:

ke = kp +
(

k̂e − kp

) αmax

α∗ (1)

The plastic flow limit overlap, α∗, i.e. the overlap beyond
which the elastic stiffness becomes independent of the max-
imum overlap, was defined by:

α∗ = k̂e

k̂e − kp
φ f 2R∗, (2)

where k̂e is the maximum value of the elastic stiffness, φ f

is the dimensionless plasticity depth and R∗ is the reduced
radius given by:

R∗ =
(

1

R1
+ 1

R2

)−1

, (3)

where R1 and R2 are the radii of the spheres in contact.
Luding’s model contains a shortcoming by which the

behaviour of elasto-plastic and adhesive contacts is not real-
istically simulated. Contacts “break” at zero overlap (α = 0),
regardless of loading or unloading history. This implies that
plastic deformation has been ignored, which is unrealistic
since plastic deformation is permanent and hence detach-
ment must take place at α > 0.

Walton and Johnson’s model [21]:

This model is shown schematically in Fig. 2 and accounts
for plastic deformation. In this model, the contact starts at
α = 0 with a normal contact force of zero, unlike the models
of Thornton and Ning, Luding (with f0 �= 0) and Tomas,
where a small tensile force is assumed to exist at the point
of contact due to the molecular attractions between the two
bodies in contact. In Walton and Johnson’s model [21], if
the particles in contact are to be separated just at the point
of first contact, the contact detachment does not occur until
a separation distance of α f e. This behaviour is analogous
to the JKR theory of work of adhesion: the work required
to break an elastic and adhesive contact is larger than that
which is used to bring them together. Similar to Luding’s
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Fig. 2 Schematic force-overlap response according to Walton and
Johnsons’ model [21]

model, under compressive loading the contact is assumed to
deform plastically with a linear stiffness of kp. The contact
unloading follows the line with slope ke until the unloading
path intercepts with the locus of the pull-off force at fcp . Con-
tact reloading before the unloading reaches the pull-off force
fcp follows the unloading path. Further unloading beyond
this point follows a path with negative slope kce, until the
contact breaks when the force reaches zero at α f p. A linear
locus (dashed line) is considered for the pull-off force with
a negative slope of kcp. However if the contact is reloaded
after unloading beyond the pull-off force (i.e. reloading on
kce branch), the contact force is evaluated based on a stiffness
whose response provides a line from the point of reloading
to αp (see the two reloading responses in Fig. 2 denoted by
grey dashed lines), from where further reloading follows the
elastic ke line.

2 The proposed contact model

The proposed model is a linear elasto-plastic adhesive
model with the detachment condition governed by the work
of adhesion, and the normal force-overlap response shown in
Fig. 3. Similar to the models of Luding, Tomas and Thornton
and Ning, the normal force drops to a certain negative value,
f0, when two spheres come into contact at α = 0 due to
van der Waals attractive forces. The contact is assumed to be
elastically deforming for α < αy . For α ≥ αy the contact
deformation is elasto-plastic until point D. The initial elas-
tic deformation is considered to be a linear version of JKR:
the tensile force f0 is equal to 8 fce/9, where fce is the JKR
elastic pull-off force (point B) given by Eq. (4),

fce = −3

2
π R∗Γ (4)

Fig. 3 Schematic diagram of the normal force-overlap relationship in
the proposed model

where Γ is the interface energy. The contact is assumed to
be elastically deforming with an elastic stiffness, ke, for line
BC, for which the contact force is given by Eq. (5),

f = keα + 8

9
fce (5)

Since the deformation is elastic, the unloading curve follows
the same path on the BC line. Unloading beyond point B
is governed by a “stiffness” −ke. The contact breaks at a
negative overlap, α f e, at point A with the contact force being
5 fce/9.

On compressive loading beyond αy the contact reaches
the yield stress and plastic deformation takes place which is
governed by the plastic stiffness, kp, on line CD.

f = kp
(
α − α0p

)
(6)

The yielding force and deformation are given by Thornton
[24] and Johnson [25]. Once the contact is unloaded from
point D, the path lies on line from D to αp with elastic
stiffness ke, as given by:

f = ke
(
α − αp

)
, (7)

where αp is the overlap at which the unloading force becomes
zero. The unloading path continues until a maximum tensile
force ( fcp), known as the pull-off force, is reached (point E).
The calculation of fcp is provided in Sect. 2.1. For unloading
beyond the pull-off force (line EF), a negative elastic stiff-
ness, −ke, is considered. The governing equation for this part
of contact force can be evaluated by Eq. (8),

f = −ke
(
α − 2αcp + αp

)
(8)
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where αcp is the overlap at which the pull-off force is
achieved. The contact is considered to break at an overlap
which provides a force equivalent to 5 fcp/9 similar to the
JKR theory. Different from both previous models, deforma-
tions expressed by Eq. (8) are reversible, i.e. reloading fol-
lows the path of unloading, like for Eq. (7), and if reloading
goes beyond point D, the deformation is plastic and follows
Eq. (6). If the two bodies come towards each other again
after the contact is broken, the contact is considered to be
established at an overlap slightly larger than αcp (i.e. αc0)
by analogy with JKR theory, considering the surfaces relax
following detachment. At this point the contact force is equal
to 8 fcp/9. The increasing elastic stiffness ke due to increased
maximum overlap, as suggested by Walton and Braun [14]
and implemented by Luding [20], is adopted for the simpli-
fied model described later.

2.1 The load-dependent pull-off force

In order to account for the increase in the pull-off force due
to plastic deformation (i.e. flattening of the contact area), the
pull-off force is evaluated by applying an energy balance: the
work of adhesion of the contacts is equated to ApΓ , where
Ap is the contact area of the plastic deformation. The plastic
deformation (overlap), αpd , is given by:

αpd = αp − αy, (9)

and the contact area can be estimated from the reduced radius
of the sphere R∗ and the overlap αpd , hence the work of
adhesion is,

|Wad | = Ap� = π�
(

2R∗αpd − α2
pd

)
(10)

The work of adhesion is also the area under the unloading
response from αp to α f p (Fig. 3), which can be derived to
give (see Appendix I for the details of this derivation),

|Wad | = 137

162

f 2
cp

ke
(11)

By equating the right hand sides of Eqs. (10) and (11), and
considering that the pull-off force is tensile, we get

fcp = −
√

162

137
π�R∗keαpd

(
2 − αpd

R∗
)

(12)

as an expression for the pull-off force as a function of αpd .
However it is of interest to show the locus of the pull-off
force, hence fcp is expressed in terms of αcp in Fig. 4 for the
case where ke = 1,500 N/m, kp = 210 N/m, Γ = 0.02 J/m2

and R∗ = 2.45 µm. The selection of these values is explained
in Sect. 3.
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Fig. 4 Pull-off force as a function of αcp
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Fig. 5 Schematic force-overlap response of the proposed model and
corresponding work of deformation

The magnitude of pull-off force increases with plastic
deformation initially very rapidly and then more linearly,
an observation which is also present in the elasto-plastic and
adhesive models of Thornton and Ning [18], Tomas [19],
Luding [20], and Walton and Johnson [21]. αcp is directly
related to αp, for which a similar functional relationship pre-
vails.

2.2 Impact, rebound and critical sticking velocities

In this section, the equations for the impact, rebound and
critical sticking velocity are derived based on applying an
energy balance during contact loading and unloading. The
force-overlap response of the proposed model is shown
schematically in Fig. 5. Different areas under the response
lines, corresponding to different energies, are shaded and
coloured. Wlc, Wy , Wp, We and Wad correspond to the ini-
tial loading adhesive work, elastic compressive work until
the yield point, plastic work, elastic unloading work and
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work of adhesion, respectively. Considering the impact of
a sphere against a large rigid body with a flat surface, the
energy balance from the point where the contact is first
made to where the velocity becomes zero is given by Ei ,

Ei = 1

2
mv2

i = Wp + We + Wy − |Wlc| (13)

where vi is the impact velocity. The elastic strain energy,
We, is responsible for the rebound. There exists a critical
balance between We and Wad which determines whether
the sphere sticks or rebounds. The critical sticking veloc-
ity, vs , is the maximum impact velocity at which the
contact does not break, where the energy of adhesion
cannot be overcome by the elastic strain energy. Hence,

We = |Wad | → vi = vs (14)

For impact velocities larger than vs , the unloading leads
to detachment of the contact. The rebound velocity, vr ,
can be derived based on the following energy balance,

Er = 1

2
mv2

r = We − |Wad | (15)

where Er is the rebound kinetic energy. The rebound
velocity derived from Eq. (15) is given by Eq. (16),

vr =
(

fmax

(
αmax − αp

)

m
− 137

81

f 2
cp

mke

)1/2

(16)

and Eq. (13) can be re-arranged for an expression in
terms of vi (Eq. 17), based on which the coefficient of
restitution, i.e. the ratio of vr to vi can be calculated.
Details of these derivations are provided in Appendix II.

vi =
((

fmax+ fy
) (

αmax−αy
)+(

αy −α0
)

fy −α0 | f0|
m

)1/2

(17)

Figures 6, 7 and 8 show the coefficient of restitution as a
function of impact velocity for different values of the inter-
face energy, elastic and plastic stiffnesses, respectively. In all
cases the fixed properties are as follows: ke = 1,500 N/m,
kp = 210 N/m, Γ = 0.02 J/m2, and R = 2.45 µm. The
selection of these values is explained in Sect. 4. The criti-
cal sticking velocities are given in captions of Figs. 6, 7 and
8.

The coefficient of restitution reaches an asymptote at very
high impact velocities. The asymptotic value is a function of
contact properties. Increasing the interface energy results in
a reduction of the coefficient of restitution since the cohesion
is increased. Increasing the elastic stiffness also reduces the
coefficient of restitution, since the plastic work is increased.
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Fig. 6 Coefficient of restitution as a function of impact velocity for
different interface energies: ke = 1,500 N/m, kp = 210 N/m. The crit-
ical sticking velocity for the four data sets are 0.451, 2.228, 4.387 and
10.485 m/s
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Fig. 7 Coefficient of restitution as a function of impact velocity for
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0.451 m/s
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different plastic stiffnesses: ke = 1,500 N/m, Γ = 0.02 J/m2. The
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and 1.471 m/s

Increasing the plastic stiffness increases the coefficient of
restitution, since the contact becomes stiffer and the extent
of plastic deformation is reduced.
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2.3 Linearization of the locus of pull-off force

Figure 4 showed that the locus of pull-off force for different
extents of plastic deformation is governed by the specific sur-
face energy and the flattened contact area. The locus is not
linear at very small deformations, yet becomes linear towards
large deformations, see Sect. 2.1; for more details see refer-
ence [26]. In an attempt to propose a more computationally
cost-effective model, the locus of the pull-off force is consid-
ered to be only the linear part of the locus. Hence the pull-off
force can be approximated as,

fcp = −kcpαcp + f0p (18)

where kcp is the slope of the linear fit and f0p is the inter-
section of the fit with the force-axis. The part of the pull-off
force locus for large deformations (larger than 6 % of particle
radius) and the linear fits for different interface energies are
shown in Fig. 9.

Furthermore, in a number of cases the initial elastic defor-
mation may be small as compared to the total deformation, as
it is the case for materials with notable plastic deformation in
which case the model can be simplified further. In real con-
tacts, the presence of surface asperities always leads to plastic
deformations right from the beginning of loading. If the ini-
tial elastic deformation is ignored, the force-overlap response
can be simplified to the model that is shown schematically in
Fig. 10. Once the contact is established at α = 0, the contact
force drops to a tensile force which is equivalent to 8 fce/9,
where fce is the JKR pull-off force given by Eq. (4). The
contact is plastically deformed on the line α0 to B with force

f = kpα − 8

9
fce (19)
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Fig. 9 Pull-off force as a function of αcp for different interface ener-
gies: ke = 1,500 N/m, kp = 210 N/m, and R∗ = 2.45 µm. The dashed
lines are the fitted lines to the linear part of the loci given by Eq. 18 (i.e.
deformation larger than 6 % of the particle radius)

Fig. 10 Schematic force-overlap response of the simplified model

The unloading curve lies on a line with the elastic stiffness
ke (line BC), so that

f = ke
(
α − αp

)
(20)

The unloading path continues until the pull-off force ( fcp) is
reached at

αcp = keαp − f0p

ke + kcp
(21)

For unloading beyond the pull-off force (line CD), a negative
elastic stiffness, −ke, is considered, leading to the contact
force

f = −ke
(
α − 2αcp + αp

)
(22)

The contact is considered to break at an overlap which pro-
vides a force equivalent to 5 fcp/9, i.e. similar to the JKR the-
ory. If the two bodies come towards each other again after the
contact is broken, the contact is considered to be established
at an overlap slightly larger than αcp (i.e. αc0) in line with the
previous model, see Fig. 3, representing surface relaxation
following detachment. At this point the contact force is equal
to 8 fcp/9.

3 Comparison of the proposed model
with that of Thornton and Ning [18]

Ning [3] simulated the impact of an ammonium fluorescein
particle to a silicon target using Thornton and Ning’s [18]
model. The parameters in these simulations are summarized
in Table 1.

The force-overlap responses with three different impact
velocities of 2, 5 and 10 m/s are shown in Fig. 11. PlotDigi-
tizer software was used to digitise the response in Fig. 11. In
order to simulate the same system with the proposed models,
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Table 1 Properties of ammonium fluorescein particle and silicon wall
used in Ning’s [3] simulations

Property Particle Wall

Radius (µm) 2.45 –

Density (kg/m3) 1,350 1,350

Elastic modulus (GPa) 1.2 182

Poisson’s ratio (−) 0.3 0.3

Interface energy (J/m2) 0.2

Contact yield pressure (MPa) 35.3
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Fig. 11 Normal force-overlap responses of impact of an ammonium
fluorescein particle to a silicon target using Thornton and Ning’s [18]
model with three different impact velocities [3]. The data are obtained
by digitizing the results of Thornton and Ning

Table 2 Model parameters obtained by determining the slopes of the
responses in Fig. 11

ke (N/m) 1,500

kp (N/m) 210

kcp (N/m) −20

f0 (µN) −2.1

f0p (µN) −4.0

the elastic, plastic and adhesive stiffnesses are evaluated by
determining the slopes of the responses from Fig. 11. The
values are summarized in Table 2.

It is noteworthy that the elastic stiffness, ke, in Table 2 is
the average value of the initial unloading slopes in Fig. 11.
The proposed simplified model with the linear pull-off force
locus (shown in Fig. 9) was implemented as a subroutine
for EDEM� software provided by DEM-Solutions, Edin-
burgh, UK. Using the parameters in Table 2, the impact of a
2.45µm radius sphere on a flat wall at three impact veloc-
ities of 2, 5 and 10 m/s was simulated, with no additional
viscous/velocity dependent contact damping. The responses
using the proposed model are shown in Fig. 12.
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Fig. 12 Normal force-overlap responses of impact of a 2.45µm radius
particle to a wall with the parameters in Table 2 using the simplified
proposed model for three different impact velocities

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

001011

e 
(-

)

Impact velocity (m/s)

Thornton and Ning

Proposed Model

Equation (15)

Fig. 13 Coefficient of restitution as a function of impact velocity using
different contact models for a 2.45µm radius ammonium fluorescein
particle impacting to a silicon target. The dashed line is obtained ana-
lytically by applying an energy balance as described in Sect. 3.2 and
the data points with the marker (diamond) are from EDEM� software
simulations

Comparing Figs. 11 and 12 a good agreement is observed
between the simplified proposed model and that of Thornton
and Ning in terms of the maximum overlap and permanent
plastic deformation at different impact velocities.

In order to provide a more in depth comparison, the coef-
ficient of restitution as a function of impact velocity was
calculated from the impact and rebound velocities obtained
from the numerical simulations data using EDEM� software
as well as from the energy balance given by Eq. (15). The
results for the 2.45µm radius ammonium fluorescein particle
impacting at the silicon target are shown in Fig. 13 for these
models. For the simplified proposed model, the data points
are from the simulation data and the continuous curves are
from the energy balance approach. For the Thornton and Ning
model [18], the data are taken directly from Ning [3].

Figure 13 shows a reasonable agreement between the pro-
posed model and that of Thornton and Ning given the simpli-
fication. The dotted lines are obtained analytically by apply-
ing an energy balance as described in Sect. 2.2. Since the
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simulation results of the proposed model lie on the analytical
curves, it can be concluded that the energy balance consider-
ations in Sect. 2.2 are correct. The critical sticking velocity
in the proposed model is very similar to that of Thornton and
Ning (∼1.6 m/s). With the proposed model, the coefficient of
restitution increases initially, however it reaches an asymp-
totic value of ∼0.38 for impact velocities larger than about
10 m/s. The reason for this is attributed to a constant elastic
stiffness, for which the ratio of elastic work (We) to plastic
work (Wp) is always constant. At very high impact velocities,
the elastic strain energy becomes very large relative to the
work of adhesion (Wad), so the elasto-plastic process dom-
inates since the plastic-cohesive stiffness, kcp, is normally
smaller than the plastic stiffness, kp. Hence the asymptote
has a value of (kp/ke)

1/2 [14]. This asymptotic behaviour is
not in line with the experimental evidence [27,28], where it
is shown that at sufficiently high velocity the impact energy
far exceeds the adhesion energy and the coefficient of resti-
tution is primarily a function of the energy loss due to plastic
deformation.

In order to account for a decreasing coefficient of resti-
tution at high impact velocities, the elastic unloading stiff-
ness must be made load-dependent. Now, considering that
the stiffness increases proportionally with the contact area,
which in turn is a function of the maximum overlap, αmax ,
the stiffness, ke, is given by Eq. (23),

ke ∝ r2 = 2R∗αmax − α2
max (23)

where r is the contact radius. Assuming the maximum elastic
stiffness, k̂e, is at an overlap of R∗, then

ke =
( r

R∗
)2

k̂e (24)

For very small deformations, Eq. (24) gives elastic stiffness
values which can be smaller than the plastic stiffness. In order
to avoid such values for ke, following the approach of Luding
[20] as per Eq (1), Eq (24) can be modified as follows,

ke = kp +
( r

R∗
)2 (

k̂e − kp

)
(25)

The elastic stiffness can be evaluated by finding the tangent
to the Hertz response of the contacts in Fig. 11 and finding the
best match to the Hertz curve for initial stage of unloading.
For the values given in Tables 1 and 2, a maximum elastic
stiffness k̂e of 13,000 N/m was calculated using Eq. (25).

The coefficient of restitution as a function of impact
velocity is shown in Fig. 14 for the proposed model with
a load-dependent elastic unloading stiffness. This response
is obtained by the same energy balance approach as described
in Sect. 2.2. The prediction from Thornton and Ning’s model
is also given for comparison.
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Fig. 14 Coefficient of restitution as a function of impact velocity using
the proposed model with a load-dependent unloading stiffness and
Thornton and Ning model

As expected a decreasing coefficient of restitution is
observed at high impact velocities, although showing a devi-
ation form Thornton and Ning’s model.

New experimental data are needed to check the validity of
the model’s predictions, as a larger data set than that avail-
able for ammonium fluorescein particles would provide more
certainty.

There are clear differences between this model and those
of Walton and Johnson [21] and Luding [20] in (1) the point
of contact detachment, (2) reloading on the adhesive branch
and (3) most importantly in the work of adhesion. The latter
strongly influences the sticking velocity, as it depends on the
balance between elastic strain energy and work of adhesion.
Hence a rigorous test of these models is to experimentally
verify the sticking velocity of materials, whose model para-
meters have been independently characterised.

4 Sensitivity analysis of the proposed model parameters

A set of simulations were carried out in order to investigate
the effects of the model parameters on the elastic and plastic
components of work during loading and unloading of bulk
compression. The tangential stiffness, kt , was equated to the
elastic stiffness, ke, throughout the simulations. The model
with a linear pull-off locus and with a constant unloading
stiffness was used in these simulations. The model parame-
ters for the particles are summarized in Table 3.

The sensitivity of bulk compression response to the plastic
stiffness (kp) was evaluated with two fixed values of elastic
stiffness, ke, (1,000 and 5,000 N/m) in order to achieve the
same stiffness ratio (ke/kp) with different plastic stiffnesses.
This facilitates the sensitivity analysis of stiffness ratio as
well as sensitivity of elastic and plastic stiffnesses. The walls
were considered to be elastic with zero adhesion (i.e. f01 =
f0p = 0, kce = kcp = 0 and kp = ke = kt ). The stiffness
of the walls was set to be 8,000 kN/m. 3,400 particles with
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Table 3 Model parameter
values used in the simulations

Parameter varied kp (kN/m) ke (kN/m) kcp (kN/m) Γ (J/m2)

ke 10 50, 100, 500, 1,000 0 0

kp 10, 50, 100, 250, 500 1,000 0 0

kp 50, 100, 500, 1,000, 2,500 5,000 0 0

kp = ke 100 100 0 0

Γ 100 1,000 5 0.05, 0.1, 1, 2, 5

Table 4 Size distribution of the generated particles

Particle diameter (mm) 0.8 0.9 1 1.1 1.2

Number frequency (%) 5 25 40 25 5

a mean diameter of 1 mm and a normal size distribution (as
shown in Table 4) were generated inside a cylindrical die
of 12 mm diameter. This number of particles provided a bed
height of approximately 36 mm. The density of the particles
was set to be 1,000 kg/m3.

The time-step is calculated based on a mass-spring system
as

t = 0.2tcri t = 0.2

√
m∗

k∗
cri t

(26)

where tcri t is the critical time-step for a mass-spring system,
m∗ = msmallest/2 is the equivalent mass of the smallest par-
ticle, and k∗

cri t = ksmallest/2 is the largest equivalent stiffness
in the system. The coefficient of sliding friction was 0.25
for both the particle–particle and particle–wall contacts. The
compression was simulated at a strain rate of 0.28 s−1. In
order to define the dynamics of the process, the dimension-
less shear strain rate, γ̇ , of Tardos et al. [29] is evaluated
using Eq. (27),

γ̇ = γ

(
dp

g

)1/2

(27)

where γ is the shear strain rate, dp is the mean particle diam-
eter and g is the gravitational acceleration. The strain rate
of 0.28 s−1 provides a dimensionless shear strain rate of
∼0.003. It is shown by Tardos et al. [29] that for dimension-
less shear strain rates of <0.15, the process is quasi-static,
therefore the inertial effects on the stresses throughout the
bulk are negligible. The assembly was compressed by mov-
ing the top platen until a bulk strain of 11 % (for non-cohesive
cases) or a solid fraction of 0.58 (for cohesive cases) was
achieved, after which the platen was unloaded with the same
speed as the compression. The non-cohesive simulations all
had very similar initial solid fractions and applying the same
amount of strain produced similar final solid fractions. In
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Fig. 15 Typical loading–unloading curve of compaction (kp =
10 kN/m and ke = 50 kN/m)

contrast, the cohesive simulations provided different initial
packing fractions since the cohesion was introduced prior
to generation of particles, therefore the compression simula-
tions were not strain-controlled and were run to the same final
solid fractions. Figure 15 shows a typical force-displacement
curve of the top platen during the bulk compression using
EDEM� software.

The plastic work (i.e. irrecoverable work) on loading is
calculated as the closed area underneath the curve (the green
shaded area in Fig. 15). The elastic work (i.e. recoverable
work) is calculated as the area underneath the unloading
curve (the red hatched area in Fig. 15). The total input work is
the addition of the plastic and elastic work components. The
normalized elastic and plastic work components are defined
as the elastic and plastic work, respectively, divided by the
input work. Figure 16 shows the normalized elastic and plas-
tic work components as a function of stiffness ratio, ke/kp,
for all the cohesionless cases (first 4 rows of Table 3).

Large stiffness ratio values imply particles deforming
extensively plastically, whereas a stiffness ratio of one
implies a purely elastic deformation. For the stiffness ratio
of one, the plastic component of the work is still larger than
the elastic one. The plastic work in this case is due to particle
rearrangements and frictional dissipation between the parti-
cles themselves and with the walls, since the normal contacts
deform elastically. The graph shows that as the stiffness ratio
increases, the fraction of plastic work increases, while that
of elastic work decreases. The increase in the ratio means
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either the plastic stiffness is decreased or the elastic stiffness
is increased. If the plastic stiffness is decreased while the
elastic stiffness is kept constant (softer particles), more work
is expended in deforming contacts to reach the same force.
This leads to an increase of the total work, while the elastic
work remains the same. Therefore normalized elastic work
decreases and normalized plastic work increases accord-
ingly. In the case where the elastic stiffness is increased
while plastic work is kept constant, the total input work does
not change, but the fraction of elastic work decreases. This
leads to a decrease in the normalized elastic work and con-
sequently normalized plastic work increases. It can also be
seen from Fig. 16 that there exists a limit for the stiffness ratio
(ke/kp ≈ 20) beyond which almost all of the work input into
the system is used in plastic deformation.

Figure 17 shows the plastic and elastic works as a function
of increasing the interface energy. By increasing the interface
energy, the plastic work increases; however the elastic work
is very small for the range of Γ investigated here and it does
not change significantly with the interface energy. This obser-
vation is attributed to the differences in the initial packing of
the powder beds due to cohesion. This is shown in Fig. 18 as
a function of the interface energy. As it can be seen, the ini-
tial solid fraction decreases with increasing interface energy.
Therefore in order to get to the solid fraction of 0.58, more
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Fig. 18 Initial solid fraction as a function of Γ (kp = 100 (k N/m),
ke = 1,000 (k N/m), kcp = −5 kN/m)

cohesive beds will undergo higher strains, i.e. increasing the
total input work.

5 Conclusions

A new linear elasto-plastic and adhesive contact model for
spherical particles has been proposed based on the models
of Luding [20] and Walton and Johnson [21] and consider-
ing aspects of Thornton and Ning’s [18] and Tomas’s [19]
contact models. Plastic deformation of contacts during load-
ing and pure elastic unloading, accompanied by adhesion
are considered, for which the pull-off force increases with
plastic deformation and for which the detachment is gov-
erned by the work of adhesion. Considering the collision of
an adhesive spherical body with a rigid flat target, the critical
impact velocity above which rebound occurs, as predicted
by the proposed model, is found to be very similar to that of
Thornton and Ning’s model. This agreement is improved by
considering a load-dependent unloading stiffness.

Sensitivity analyses of the model parameters on work
of compaction reveal that by increasing the stiffness ratio
(ke/kp) the normalized plastic work increases and the nor-
malized elastic work decreases. By increasing the interface
energy, the plastic work increases, however the elastic work
does not change notably. This highlights the flexibility of the
model in representing the mechanical behaviour of a wide
range of particulate materials. The linear nature of the model
leads to time efficient simulations, whilst still capturing the
complex material behaviour.
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Appendix I: Derivation of work of adhesion

The work of adhesion is the negative area underneath the
unloading curve (see Fig. 3), which consists of a triangle
(with area of |Wc1|) and a trapezoid (with area of |Wc2|),
hence,

|Wad | = |Wc1| + |Wc2| (28)

The triangle area |Wc1| is,

|Wc1| = 1

2

(
αp − αcp

) ∣∣ fcp
∣∣ , (29)

where αcp can be derived as follows,

@αcp : − ∣∣ fcp
∣∣ = ke

(
αcp − αp

)

⇒ αcp = αp −
∣∣ fcp

∣∣
ke

(30)

Substituting Eq. (30) into (29) gives,

|Wc1| = 1

2

(
αp − αp +

∣∣ fcp
∣∣

ke

) ∣∣ fcp
∣∣

⇒ |Wc1| = 1

2

∣∣ fcp
∣∣2

ke
(31)

The trapezoid area |Wc2| is,

|Wc2| = 1

2

(
αcp − α f p

) (∣∣ fcp
∣∣ + 5

9

∣∣ fcp
∣∣
)

⇒ |Wc2| = 7

9

∣∣ fcp
∣∣ (αcp − α f p

)
(32)

Substituting Eq. (30) into (32) gives,

|Wc2| = 7

9

∣∣ fcp
∣∣
(

αp −
∣∣ fcp

∣∣
ke

− α f p

)
(33)

α f p is derived as follows,

@α f p : −ke
(
α f p − 2αcp + αp

) = −5

9

∣∣ fcp
∣∣

⇒ α f p = 2αcp − αp + 5

9

∣∣ fcp
∣∣

ke
(34)

Substituting Eq. (30) into (34) gives,

α f p = 2

(
αp −

∣∣ fcp
∣∣

ke

)
− αp + 5

9

∣∣ fcp
∣∣

ke

⇒ α f p = αp − 13

9

∣∣ fcp
∣∣

ke
(35)

Substituting Eq. (35) into (33) gives,

|Wc2| = 7

9

∣∣ fcp
∣∣αp − 7

9

∣∣ fcp
∣∣2

ke
− 7

9

∣∣ fcp
∣∣

×
(

αp − 13

9

∣∣ fcp
∣∣

ke

)
⇒ |Wc2| = 28

81

∣∣ fcp
∣∣2

ke
(36)

Substituting Eqs. (31) and (36) into (28) gives,

|Wad |= 1

2

∣∣ fcp
∣∣2

ke
+ 28

81

∣∣ fcp
∣∣2

ke
⇒ |Wad |= 137

162

∣∣ fcp
∣∣2

ke
(37)

Appendix II: Derivation of impact and rebound velocities

The force-overlap response of the proposed model is shown
schematically in Fig. 19. Different areas under the response
lines, corresponding to different energies, are shaded and
coloured. Wlc, Wy , Wp, We and Wad correspond to the initial
loading adhesive work, elastic compressive work until the
yield point, plastic work, elastic unloading work and work
of adhesion, respectively.

The equations of these energies are derived as follows,
Wlc:

|Wlc| = 1

2
α0 | f0| (38)

Wy :

Wy = 1

2

(
αy − α0

)
fy (39)

We:

We = 1

2
fmax

(
αmax − αp

)
(40)

Wp consists of a trapezoid with area of Wp1 and a triangle
with area of Wp2:

Wp = Wp1 + Wp2 (41)

The trapezoid area is,

Wp1 = 1

2

(
fy + f p

) (
αp − αy

)
(42)

α 

f

We

Wp

Wad

Wy

Wlc

α0 αfp αcp
αp αmax

-|fcp|

-| f0|

fy

αy

fp

fmax

Fig. 19 Schematic force-overlap response of the proposed model and
corresponding work of deformation
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The triangle area is,

⇒ Wp2 = 1

2
f p

(
αmax − αp

)
(43)

Substituting Eqs. (42) and (43) in (41) gives,

Wp = 1

2

(
fy + f p

) (
αp − αy

) + 1

2
f p

(
αmax − αp

)
(44)

Wad is given by Eq. (37).
Considering the impact of a sphere against a large rigid

body with a flat surface, the energy balance from the point
where the contact is first made to where the velocity becomes
zero is given by Ei ,

Ei = 1

2
mv2

i = Wp + We + Wy − |Wlc| (45)

where vi is the impact velocity. Substituting Eqs. (38)–(41)
into (45) gives,

1

2
mv2

i = 1

2

(
fmax + fy

) (
αmax − αy

) + 1

2

(
αy − α0

)
fy

−1

2
α0 | f0| ⇒ vi

=
((

fmax+ fy
) (

αmax−αy
)+(

αy −α0
)

fy −α0 | f0|
m

)1/2

(46)

For impact velocities larger than the critical sticking veloc-
ity, the unloading leads to detachment of the contact. The
rebound velocity, vr , can be derived based on the following
energy balance,

Er = 1

2
mv2

r = We − |Wad | (47)

where Er is the rebound kinetic energy. Substituting Eqs. (40)
and (37) into (47) gives,

1

2
mv2

r = 1

2
fmax

(
αmax − αp

) − 137

162

∣∣ fcp
∣∣2

ke

⇒ vr =
(

fmax

(
αmax − αp

)

m
− 137

81

∣∣ fcp
∣∣2

mke

)1/2

(48)
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