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ABSTRACT: -

The equations used in calculating the different forces and
torques which control the movement of a robot manipulator
involve a considerable amount of differential and non-linear
terms that possess high computational complexity. Centri-
petal and Coriolis effects are of great importance when the
manipulator is moving at high speeds. The previous effects,
based on the Lagrangian formulation, have been simplified

and a lower order form produced which has reduced compu-
tational complexity. Simulation results for a robot arm have
been obtained to check for the validity of the derivation.

INTRODUCTION:

Robot arm dynamics and mechanisms deals mainly with the
mathematical formulation of the equations of robot manipula-
tor motion, that is, computing the actuators torques and
forces to give a lower-pair kinematic chain certain desired
trajectories (inverse dynamics), or, given the forces and
torques to calculate the accelerations and velocities of the
robot arm joints (forward dynamics). The dynamics consists
of a set of differential, non-linear, and matrix oriented
equations which describes the behaviour of the robot arm and
allows for great flexibility in computer dynamic modelling
and simulation studies to evaluate and apply the different
control and analysis schemes.

In recent years various techniques and approaches have
been developed to formulate robot dynamics. The Lagrangian
|1,2,3,4,14| has low computational efficiency with equations
of order 0(n%), but otherwise is a well organized and system-
atic method which give good insight into the application of
different control techniques. The generalized D'Alembert
formulation |5| has an order of 0(n3) and consists of a
fairly well structured set of equations. The Newton-Euler
formulation ]6,8,9,15| has a messy derivation but is the
most efficient formulation with equations of order 0(n) that
follow from its vector structure and recursive nature.
Tabulation-dependent tec¢hniques, such as the configuration
space method |12]|, have very serious difficulties owing to
their enormous computer memory requirements.
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Other approaches include dynamic equations of Kane |13[,
and the use of parallel processing and multi-tasking to re-
duce the order of computations |16,17,18,19 . Of the
previous methods, the most commonly used are the Lagrangian
and Newton-Euler. The interaction and ecuivalence between
these has been shown by Silver|11

The Lagrangian formulation of the dynamic equations has a
simple and algorithmic representation obtained from Lagran-
gian mechanics. The set of equations consists of second-
order, highly-coupled, non-linear differential expressions
which can be written in a compact form:

n n k k| T n n n 2. r
F.= I 1 TR, JkyaHo v+  © ©oT )°H
Y ok=i j=1 v, lav. 3 r=i j=1 k=1 T ] Bv,.ov
1 ) ] k
T T n J
g | vov -3 omog) o, , i=1,2,...,n (1)
T av, J j=1 J av ]
i
where
H;: link transformation matrices
Jr: link inertia matrix
g : gravitational effects vector -
Tr: trace operator of a matrix (Tr(A) = I aii)'
i=1

F.: force (prismatic joint) or torque (revolute joint)
acting at joint (i).

V.»V.,V.,: position, velocity and acceleration of joint
35 BT T
r.: centre of mass of link j according to its own
coordinates.

J 5
: degree of freedom (DoF).

m.: mass of link j

n

Eq. (1) was applied to a six DoF robot arm (stanford arm) and
the different terms were analyzed and shown to be intertia
loading, coupling coriolis and centripetal reactions, and
the gravity effects. The inertial and gravity terms are of
particular significance in controlling the servo stability
and positioning accuracy of the robot arm. The coriolis and
centripetal forces are important in high speed movements.
All the attempts mentioned previously were made to solve for
the dynamic equations with special interest in the coriolis
effects, but some of the researchers neglected these second
order effects under the assumption of low speed movements,
and this assumption led to a suboptimal dynamic performance
because of speed restrictions. In this paper, a simpli-
fication is described for the mathematical representation,
and accordingly for the computational complexity of the
coriolis and centripetal forces of a six DoF robot arm.



This is achieved by reducing the order of the lagrangian
representation of those forces. Results obtained from simu-
lation programs for the Stanford manipulator are given.

The Lagrangian:

The use of the Lagrangian formulation has the advantage of
deriving the mechanics and dynamics of complex systems in

a well structured and organised manner but it is very diffi-
cult to utilize this in real-time control without simplifi-
cation. The symbolism and matrix notations used in |1,3|
which depend on the Denavit-Hartenberg representation |10|
will be used in our discussion. Eqg.(l) that controls and
governs the motion of the robot arm might be written in an
alternate form:

n n n
F. = I P.,.q. + I T Pis.GsQ. ¥ P (2)
1 j=1 1] ] Sl ewd 11k 7] 1
i=1,2, n
where
T effective inertia at joint (i)
pij’ coupling inertia between joint (i) and (j)
n
P = § Tr(%gi JR %E£ T) (3)
b pemax(i,j) 93 Uy
P...» Centripetal forces at joint (i) due to velocity
U joint (3).
Piig Coriolis forces at joint (i) due to velocities at
1% Soint (j) and (k).
n 2
P... = I 0 e laHQ] . (4)
1k g emax(i,i,k) \Fg. 4. lFq.
> ik TR
P.> gravity loading vector
n
T / 9H '3
Pi = T '—mz g ( R,) 1’2 (5)
L= .
1 Bql
and
oH
£
—* = H, “a (6)
qi e 1
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where “A, is the differential translation and rotationth
transforhation matrix if joint £ with respect to the 1
joint coordinate given by '
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and J. is a pseudo inertia matrix, where the elements compo-
sing the matrix are the moments of inertia, cross product of
inertia and first moments of each link,i.e.

-1 .+1  .+1 I . I . m, .
XX1 AR 221 ] Xy1 XZ1 1X1
2
I, -1 . +1 ., I . m, .
Xyl Xxxi “yyi "zzi yzl iyi| (g)
J.= 2
1
I . 1 i I Lt+1I o= . m. .
2y yzil XX1 yyl zzl 121
2
m. . m. . m. . m,
1x1 iy1i 1z1 i

Inertial and gravity terms:

The effective and coupling inertia terms at eq.(3) have
been shown in |1] to be:

n .
P.. = I Tr(RAj J 2Af) (9)

1] L=max 1i,] L

and the gravity loading vector are given as:

5 = Digh ; i-1 c1p
i & A )
=1
where
i-1 {-g.o g.n 0 0} rotatiomal joint
g B {o0 0 0 -g.a } prismatic joint
The symmetry of the matrix P.. was also shown in L1,3|

which led to p..=p... For motd detailed discussion about
the previous détivitions, the reader is referred |1,3

Coriolis and Centripetal effects:

These terms of great importance in high speed operations
which is the case in a lot of industrial applications. Egq.
(4) can be simplified to give a reduced model of low compu-
tational complexity.



According to the mathematical identity.

2%a _ 3
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A: matrix

Eq.(4) could be manipulated as

; X,y scalar variables

follows;

: i
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The second term of eq.(12)
its
culations, which yields,
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Substituting (6) into (13),

BZHR =5 lA 2&
aqjaqk L "3 "k

now substituting (11),
for simulation purposes;
n
Powis = &
1.1k 2=max 1i,j,k

Eq.(15) could be simplified further;
respectively will effect the rot-

multiplying by H_ and H

2
. CH
Tr (H, bib 3 A )

could be neglected because of
small significance in effecting the accuracy of the cal-

(13)

(14)

(14) into eq.(4) gives a better form

k 2 1 2 (15)

premultiplying and post

ation part only, hence t%e trace will remain unchanged.

Eq.(15) will reduce to:

n
L
Po.. = I *a.a
1] L=max 1i,j,k

now expanding the expression;
that:

and assuming a matrix (M)

(16)

such

the matrix (M) will have the following form:
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the important elements of the previous matrix are the diag-
onal elements which constructs the trace operator. 5o eq.
(16) will reduce to:
n
o, +m, +
Pije = I L (mygtmyptmgy) (17)
g=max 1i,],k
If in matrix IJ I, o - = ¢ (which 1is the case

in a lot of robot manlbulator 5 tﬂe elements of eq.(17) will
be as follows:
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Simulation Results:

Computer programs were written to validate the simplified
formulation by comparing the force and torque values cal-
culated by

(a) the classical Lagrangian formulation and
(b) the simplified formulation developed in this paper.

For our example a stanford manipulator was simulated.

As an example, each joint position parameter is chosen as

0. = ¢.3 radians (i=1,2,...,6) for all the cases considered
ifi our example. The resulting joint forces and torques were
calculated for the different joint velocities and accelera-
tions. The velocities and accelerations were chosen to give
realistic simulation results, whilst maintaining consistency
with the existing robot models.

Case (1):

joint velocities (éi) = 0.5 rad/s.

- 2
joint accelerations (ei) = 0.5 rad/S".

Table 1.
] Joint
\\EEEZ“\\\ 1(§m) | 2(8m) 3(N) 4 (Nm) 5(Nm) 6 (nm)
1 | o0.754 | 3.9 ~57.26 | 0.0007 | 0.656 | 0.0105
11 | 0.739 | 4.061 | -57.38 | 0.0074 | 0.7186 | 0.01048

I: Lagtangian

II: This paper model.




Case (2):

joint velocities (éi) = 0.8 rad/s.

i ; - 2
joint accelerations (Gi) = 0.8 rad/s".

The previous four cases were plotted to show the difference between the

two schemes, as shown in Fig.l.

Table 2.
w
Case 11(Nm) 2(Nm) 3(N) 4 (Nm) 5(Nm) 6 (Nm)
I 1.1 4.91 =55.48 0.017 0.706 0.0168
IT 0.946 | 4.95 -55.96 | 0.076 | 0.84 0.017 |
Case (3):
joint velocities (éi) = 1 rad/s.
joint accelerations (éi) =1 rad/Sz.
Table 3.
Case 1(Nm) 2 (Nm) 3(N) 4 (Nm) 5(Nm) 6 (Nm)
I 1.178 5432 =54.47 0.026 0.74 0.0211
II 1.184 5.604 =-55.07 0.11 0.95 0.0209
Case (4):
joint velocities (éi) = 1.5 rad/s.
joint accelerations (6.) = 1.5 rad/Sz.
i
Table 4.
|
Case 1 (Nm) 2 (Nm) 3(N) 4 (Nm) 5(Nm) 6 (Nm)
I 0.63 6.18 -52.79( 0.05 0.82 0.0318
II 0.392 7.17 -53.3 0.0686 0.788 0.0313
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(c) Case (3) (d) Case (4)

Fig.l Forces and torques effecting each joint in case
' (I) and (II).

In calculating the forces and torques effecting each joint,
some simplifications were used to increase the speed and
efficiency of the calculations |3,7| such as P,,.=0 always,
because the joint which generates the centripe%ﬁ force will
not be effected by it, and Pijk=0’ if i=K, K>].

Concluding Remarks:

The equations which describe the behaviour of a robot man-
ipulator consist of a considerable number of differential
and non-linear terms which complicate the calculations and
make the real-time control a very hard task. Coriolis and
Centripetal effects are of special importance in high speed
movements. These effects were studied.and a simplified rep-
resentation was produced based on the Lagrangian formulation
Simulation and numerical results were presented at different
speeds (see table 1,2,3,4) for comparison between the class-
ical Lagrangian formulation of coriolis and centripetal
effects and the simplified model.
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