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Abstract

This paper is concerned with efficient and fast computations of robot arm joint
torques, and solves the inverse dynamics problem through the design of a distributed
architecture for the recursive Lagrangian equations of motion. Such recursive
Lagrangian-based equations are found to be more appropriate to implement than the
equivalent Newtonian-based or classical Lagrangian-based equations where trajectory
planner or controller designs are involved. In addition, a symbolic representation for
parts of the relevant equations are developed as a contribution to the reduction of com-
plexity. As a result, the utilization of each element in the multiprocessor system is
high. The proposed architecture is shown to be adequate for real-time applications and
computationally efficient. Real time implementation is presented utilizing an INMOS
T-800 transputer network, for which programming is performed in the Occam pro-
gramming language, and simulation results are reported for a PUMA 560 robot mani-
pulator, with 6 degrees-of-freedom. The practical system constructed also provided the
opportunity to investigate the significance of the inter-processors communications.
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I: Introduction

The problem of robot control has always presented great difficulties. In each
sampling period [Brady et al 1982], a significant computational burden is involved if
the robot manipulator is to be directed along a defined trajectory. A trajectory planner
has the job of describing specific manipulator motion, and generating a suitable space
curve for the robot end-effector to traverse. A time history of positions, velocities,
accelerations and torques should be supplied to drive the control loops on the robot
joints. Hence, an accurate modelling of such a planner is required to maintain correct
motion. In undertaking such a task, kinematics equations are considered [Paul et al
1981; Bazerghi et al 1984; Lee and Ziegler 1984] in addition to the dynamic equations
of motion [Vukobratovic and Stokic 1983; Paul 1981; Fu et al 1987] to achieve the
required accuracy. However, the dynamic equations for a robot manipulator is known
to be a heavy computational burden, and is extremely difficult to approach in real-time
[Orin 1984; Luh et al 1980].

Tracing the history of the dynamic computations development, the first step was
made by [Uicker 1965; Kahn 1969], who introduced the classical Lagrangian formula-
tion. Successful attempts have been made to simplify the O(n*) time complexity of the
Lagrangian formulation by introducing different levels of recursion by [Waters 1979]
and later [Hollerbach 1980], yielding a reduced complexity of O(n?) and O(n), respec-
tively. Another approach using the Newron-Euler formulation was presented by [Luh
et al 1980] yielding a O(n) complexity as well. Both the Lagrangian and the Newton-
Euler formulations were shown to be of equivalent origins in [Silver 1982].

In addition, one trend of simplification applied to the existing formulations is
ignoring the associated coriolis and centrifugal forces terms , as these involve the
greatest computational burden [Paul 1972,1981; Bejczy 1974]. This approximation
was made under the assumption that the ignored terms were of no significance at low-
speed motion, and that the resultant errors could be corrected by feedback [Luh et al
1980]. However, the acceleration-dependent terms in the dynamics equations (i.e. the
coriolis and centrifugal forces terms) have been shown to be of equal importance to
other velocity-dependent term at both high and low speeds [Hollerbach 1984]. Also,
errors resulting from ignoring such terms cannot be easily corrected by feedback [Horn
and Raibert 1978].

Aside from the computational approaches described, one different attempt was
made by introducing a table-lookup method [Waters 1979; Albus 1975a,1975b; Raibert
1977;Horn and Raibert 1978]. The latter approach has the disadvantage of hardware



availability and data entry, in addition, there are doubts about the accuracy of this
method.

For most available industrial robots, a sampling rate of 60Xz (or faster) is
expected to achieve good real-time control [Paul 1981; Brady et al 1982; Luh and Lin
1982]. Thus, the dynamic computations must be completed within a sampling
period of 1 to 15 milliseconds [Vukobratovic et al 1988]. Therefore, it is of great
importance to cut down the computational burden involved if such a sampling rate is
to be met.

Recently, the principles of parallellpipelined processing has been introduced to
simplify the computational task [Nigam and Lee 1985; Binder and Herzog 1986).
Several parallel implementations had been introduced for the Newton-Euler formula-
tion [Luh and Lin 1982; Lathrop 1982,1985; Kasahara and Narita 1984,1985; Lee and
Chang 1986; Chen et al 1988] and the Lagrangian formulation [Vukobratovic et al
1988].

The Newton-Euler formulation has linear time complexity, which is attractive for
real-time applications. However, the use of these equations are not suitable for the
purpose of trajectory planning and control [Sahar and Hollerbach 1986; Zalzala and
Morris 1988,1989], since the torque values are given as one mixed term and not as
separate variable-dependent terms [Luh et al 1980]. Hence, a trajectory time-scaling
procedure [Hollerbach 1984; Lin and Chang 1985] could not be applied [Sahar and
Hollerbach 1986]. One solution was offered by [Turny et al 1981], where a strobing
technique was used to extract the velocity and acceleration dependent terms of the total
torque value. However, such a technique has a complexity of O(n3), and hence is not
suitable for real-time implementation.

The recursive Lagrangian equations of motion have a time complexity of O(n).
Nevertheless, they require more computations than the Newton-Euler equations [Silver
1982). Two parallel architectures had been introduced recently for this formulation in
[Lathrop 1982,1985] and [Khosla and Ramos 1988], but both of these require greater
hardware resources than for the N-E formulation.

This work describes the development of a distributed formulation of the recursive
Lagrangian equations of motion. Such recursive Lagrangian-based equations are found
to be more appropriate to implement than the equivalent Newtonian-based or the clas.
sical Lagrangian-based equations where trajectory planners and controllers designs are
involved. The proposed architecture is shown to be adequate for real-time applica-
tions, and is found to be computationally efficient. In addition, a VLSI implementa-
tion has been performed utilizing a network of INMOS T-800 transputers. This is the
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first time that such a parallel processing scheme for the recursive Lagrangian equations
of motion for robot manipulators has been implemented on an actual multiprocessor
system.

The work will be presented as follows: In sections II and III, the theory of the
recursive Lagrangian dynamics equations and the concept of concurrent programming
are illustrated, respectively. In section IV, the proposed distributed formulation is dis-
cussed, while the job-scheduling aspects are tackled in section V. The performance of
the proposed method is evaluated in section VI, and the implementation of the mul-
tiprocessor system along with the results of a case study are included in section VII.
Finally, Conclusions are drawn in section VIIL



II: The Recursive Lagrangian Formulation

The dynamic equations of motion for robot manipulators have the characteristics
of being coupled and highly nonlinear [Luh et al 1980; Paul 1981], and are expressed
in terms of positions, velocities and accelerations of each joint. The original classical
Lagrangian formulation was derived in [Uicker 1965; Kahn 1969], where the general-
ized torques/forces for an open-loop kinematic chain was defined as

n| i | oW, oW,  wl | . . r oW,
"“Ei[ [ae i 38, ]]9”5:5:[ [ae aekae,]ekef]_mf 28,

=i lk=1 k=1 =1

o LB (1)
where,
JJ,- = inertia tensor of link j ,

m.

; = mass of link j ,

I; = coordinate of the centre of mass of link j ,

g = the gravity vector ,

and T and #r symbols denote the transpose and trace operations, respectively, while n
is the number of degrees-of-freedom for a specific manipulator.

The various terms of (egn.1) were defined as:

oW, e 0A, - - .
38, *13g, " s/ 2)
BZWJ,- - 0A, - aA, W, kel ;
aekael k-1 345 ae -1 35 891 » KIS ( )
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where a 4x4 transformation matrix between coordinate systems was employed in the
formulation [Denavit and Hartenberg 1955], which is defined as

CosB; -SinBCosd; SinbSind; a,Cos; |

Sin®; Cos6,Cosd; —CosB;Sind; a;Sind;
A= o Sinoi Coso, 4, ©)

i
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where 6, , ¢;, g; and d; are the arm link coordinate parameters.

The Uicker/Kahn formulation shown has an overall complexity of O(n*), and is
considered to be impractical for real-time applications.

Equation (1) was partially expressed in a recursive form by [Waters 1979] giving
oW, oW;

'Cx=2,[” WJIWJ'T]_mnger] (6)
J=i i i

where efficient computations of the coriolis and centrifugal terms lead to a reduced
complexity of O(n?).

One further level of recursion was introduced by [Hollerbach 1980], where a full
recursive formulation was introduced, having a linear computational complexity of
O(n). Nevertheless, although reaching an n dependent complexity, a further significant
reduction in the number of computations had been made by utilizing 3x3 rotational
matrices rather than 4x4 rotational-translational matrices [Hollerbach 1980]. Thus the
following recursive formula was given

aWI n as T T aw! n
T, =1 ZWJ‘]]W] =g —E(mJWJrJ) (7)

= 9 5

or,
oW, ) s aW, "
T, =1 =g ="
26, 36,
where,
i o . r
D;=A Dy + P + ;Pf + JW; 9
¢ =mr;+ A€ (10)
g
€ = €1 + mp; + [—} W (11)
m;
P: =Dy - W:P? (12)
Wl- = Wf—l . Ai (13)
W,=(W_, +W,_,.Q,.6,).A, (14)
W, = [Wi-l +2W,_;.Q,. 6, + W, [Q? o7 +Q, és] ] . By (15)
oW,

E)_Gj =W_;.Q, A (16)
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ri=W,. r; (17)
Cos8; =S8in6,Coso; SinBSing,

A; = | Sino, Cos8,Coso; —Cos56,Sing; (18)
0 Sindi Coso;
aCos6;
p; = | aSinb, _ (19)
d;
F"k?u + ki + K3 5
) +rix Tiy Tix Tix Tiz

Ji=m; Fiy Tix 2 +riy iy Tiz (20)
i1 1 Ky — k:z33
Tix Tz Fiy I'iz 2 i
L. o

and,
* . .. . .
I, = vector from the coordinate origin to the centre of mass of the ith link |
P; = vector from base coordinate origin to coordinate i origin ,
* . . . . . . .
P:; = vector from coordinate i—1 origin to coordinate i origin
K, = radii of gyration of link i,

also, the matrix Q, is defined for a revolute joint as

0-10
Q,=(10 0 1)
00 0

Thus, two levels of recursion are designated, one as a Backward Recursion, which
involves (eqn.6), and a Forward Recursion including (egn.7). The phrases Backward
and Forward are in terms of joints numbering, representing a count of 1,2,...,n and
n,n=1,...,1 , respectively.



II: Concurrency and VLSI Structures

The application of the concept of concurrency is found to be a well-suited solu-
tion for a wide range of technical problems in areas such as weather forecasting and
genetic engineering, as well as industrial automation. It is the computational complex-
ities associated with such applications that motivated the provision of an efficient form
of information processing in cost-effective means. Concurrency concepts in an appli-
cation involve the presence of parallel processing and pipelining procedures, where the
task’s execution time is shared and/or overlapped among the simultaneously initiated
programs [Hwang and Briggs 1985]. The efficiency of this is greatly superior to the
classical sequential concept of Von Neumann.

Hence, a parallel algorithm should be divided into m distinct jobs, which are then
distributed over a number of p processors, all running simultaneously. However, in
designing such a parallel algorithm, two paremeters are of overriding importance,
namely: minimization of the execution time and maximization of every processor utili-
zation. Thus, a time scheduling procedure is appropriate to maintain the latter require-
ments [Hu 1982; Winston 1984].

Parallel/pipelined processing offers large increases in computational speed. This is
accomplished not only by identifying appropriate algorithmic structures that help sim-
plifying the problem, but also by utilizing special structures of hardware designs.
Recent developments in VLSI technology have made many different types of powerful
processing elements available at relatively low price levels.

Several structures have been proposed for the construction of a parallel
configuration [Haynes et al 1982], such as the Systolic Architectures (or Arrays) [Kung
1982; Kung 1987], and the Reconfigurable Processor Array [Snyder 1982; Jesshope
1987], which were established to provide a general methodology for mapping high-
level computations onto hardware structures. The main idea in a systolic architecture
is the provision of a data flow to pass through the required processing element (PEs) in
one or more directions, where each PE is designed to perform a specific job. This
highlights the idea of data-flow computers over the conventional sequential control-
flow computers, for which maximum concurrency can be exploited in such a machine,
constrained only by the hardware resource availability [Hwang and Briggs 1985].
Thus, the main aim is to construct the so-called basic clements in the required pro-
cedure, where the repetitive usage of similar elements would lead to a low-cost solu-
tion. The PEs in an architecture are often interconnected to form an array, from which
a two-dimentional formation can be of different types to exploit the maximum



parallelism present in a given problem.

Considering the problem of inverse dynamics formulation for robot manipulators,
a two-dimentional torus array is considered as a possible implementation [Snyder
1982; Guibas et al 1979], with the vertical extension employed for the global recursive
configuration, while the horizontal extension accommodates for the local distribution,
This will be discussed in the following sections.
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IV: The Distributed Recursive Lagrangian (DRL)

IV.1 Levels of Concurrency:

An inherent feature in the formulation considered is the presence of recursive
relations, where two levels of recursion were ‘detected as illustrated in section II. This
provides a fair justification for having a pipelined implementation. In addition, each
stage of the pipeline suggested would be examined thoroughly. The equations of the
manipulator are to be decomposed into a set of computational modules, where each
module is called a job. Consequently, these jobs are connected by communications
links whenever applicable. These links are essential for data transfer among each job,
and are imposed according to the needs of the algorithmic implementation. Thus, a
pipelined array architecture would result, as was defined in section III. Several jobs
could be extracted for each phase of recursion, where a total of (10) jobs were set for
phase #1 (i.e. backward recursion), and 6 jobs for phase #2 (i.e. forward recursion). It
should be noted that several jobs in phase #1 were extracted from the equations
involved in phase #2 of the computations. For each recursive phase indicated, one job
is intended to overshadow the other jobs, yielding a significant reduction in the compu-
tational time. In addition, certain jobs consisting of matrix-matrix, matrix-vector or
vector-vector multiplications (or additions) will be further operationally distributed
whenever needed. Thus, parallelism in the recursive Lagrangian formulation is
exploited at three levels: 1) a global level, where a pipelined configuration is imposed
to accomodate for the presence of recursion in the equations, 2) a local level, where
the procedure at each link is divided into several concurrent jobs, and 3) a sub-local
level, yielding parallelism in the operations of a certain job within each link. The pro-
posed configuration is illustrated in graphical form for individual links in Figure (la).
Once the pipelining is included, the structure would be in the form of a two-
dimensional array for an n-link manipulator, as indicated in Figure (1b).

Considering the case where the total number of jobs involved are
Nroml = N;lahase + Ngha.se (22)
where N},,me and Nghase denotes the number of jobs in phases #1 and #2, respectively.

Thus, the total execution time for the DRL algorithm would be

T:omi = T;]Jhase + Tghase + Tcown (23)
where,
Ns. '
Tphase = MAX [ fiob ] (24)
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and,

M
Teiae= MAX [,;ob] (25)
and T,y is the communications overhead involved in the flow of data.

The following jobs are considered for concurrent implementation in phase #1 of
the DRL algorithm:

Job #(1,1) :
Job #(1,2) :
W=W_ +W.,.Q,. 6,). A 27)
Job #(1,3) :
WJ-:[WHHWH.QZ.QJJFWJ-_I[Qgé}+QZéj]].Aj (28)
Job #(1,4) :
P =Pp1 - WJ P (29)
Job #(15) :
oW,
Job #(1,6) :
* T
r. .
ej:[—f—] W] (31)
J
Job #(1,7) :
* r* o e
Dj=—J_.pJ-T+Jj.WjT (32)
J
Job #(1,8) :
oW,
* T J
E =g -5 (33)
06;
Job #(1,9) :
Cosb; —SinBJ-COSQ)j SinejSinq)j
A= Sinej CosBJ-COSQJj -—CosBJ,-Sianj (34)
0 Sind; Coso,
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Job #(1,10) :
a;Cosb;
P = | a;Sing, (35)
d.

IV.2 Symbolic Representation:

In formulating these equations [Hollerbach 1980], a significant reduction in com-
putations was made through the reformulation of the Lagrangian dynamics in terms of
3x3 rotational matrices instead of 4x4 rotational-transational matrices. The previous
approach minimiswd the degree of sparseness in the transformation matrices.
Nevertheless, unnecessary presence of sparseness was detected during the computation
of several terms of the relevant dynamic equations. The terms concerned Were exam-
ined, and a symbolic representation was formed for each in which unnecessary multi-
plications and additions were eliminated. These symbolic terms are included in

Appendix (A), along with the resultant reduction in the total number of calculations
associated with each.

Hence, the computational burden represented by the number of multiplications
and additions involved in each Job could be calculated theoretically. This is illustrated
for the ten proposed jobs in Table (1). The overall configuration of these jobs could be

constructed for a single link as in Figure (2a), or as a global pipelined array architec-
ture, as shown in Figure (2b).

-13 -



Table (1)
Job Computations for Phase#1 of the DRL Algorithm
Job # || Term Multiplications Additions
n=1 | n>1 | Total || @n=6 || n=1 | n>1 | Total || @n=6
1 Wi || O [ 24 | 24n24 | 120 || 0 | 15 | 150-15 || 75
2 || W; || 6 | 30 |30n24] 156 || 3 | 21 | 21m18 || 108
3 W, || 13| 47 [am3a| 248 || 7 | 36 | 36n29 || 187
4 p; 9 | 9 9n 54 9 | 9 9n 54
s 150 | 1s | 1gmas || o 3| 9 | o6 || 48
36,
6 e 9 9 9n 54 6 6 6n 36
7 D; | 36 | 36 | 36n 216 | 27 | 27 | 27n 162
8 g" 9 9 9n 54 6 6 6n 36
9 A “ 4 4n 24 2 2 2n 12
10 p; 2 2 2n 12 0 0 0 0

Now, considering phase #2 of the DRL algorithm, only 6 concurrent jobs remain
to be implemented, as follows:

Job #(1L,1) :

Job #(1I1,2) :

Job #(I1,3) :

Job #(114) :

¥
D; = AjiiDpy + pjiiej + D]

- . 2 T
ej—eﬁ1+ej+mj .pj

*
Tj—ﬁ‘[

c.=A.

oW,
96

)

*
j = Apr - Gyt m . Wi
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Job #(11,5) :
Job #(11,6) :

* *
Tj=tj _Tj (41)

IV.3 Distributed Operations:

For the benefit of simplifying some of the above jobs, and reducing their compu-
tational complexity, a distributed matrix multiplication procedure is utilized. This pro-
cedure is employed for the multiplication of two 3x3 matricies A and B as follows:

PAR_For i=1 To 3
SEQ_For j=1 To 3
ClilG] = 0.0
SEQ_For k=1 To 3
ClilG] = CHG] + AL[K] * BIX][)

Such a procedure can be easily modified to accommodate for matrix-vector mani-

pulations if needed. This would be applicable for jobs (II,1) and (IL,4), as shown in
below:

Job #(11,1) :
[d]; = (@il - [drlisg + Pilisr - lexlj+1 + [d?]j (42)
,kie {1,2,3}
Job #(11,4) :

,kie {1,2,3}

Once again, the number of additions and multiplications for each of the given
jobs are calculated as shown in Table (2), where the parallel multiplication procedure
mentioned earlier is included. The architecture of phase #2 is presented in Figure (3).
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Now that all jobs involved in both recursive phases are identified, and their com-
putational complexities are calculated, it should be noted that for the recursive phase
#1, jobs (I,4), (I,6) and (I,7) are dependent on the output of job (I,3). Hence, these
three jobs (i.e. 1,4-7) are delayed one level over the other jobs involved in this phase.
This 1-level delay must be accounted for when the total execution time is calculated,
and will be considered as an indentation at the end of the pipeline. This indentation
has been made obviouse in Figure (2b).

Table (2)
Job Computations for Phase#2 of the DRL Algorithm
Job # || Term Multiplications Additions
n=1 | n>1 Total @n=6 || n=1 | n>1 Total @n=6
T D, 0 | 12 | 12012 || 60 0 | 12 | 12n12 || 60
2 ¢ 3 3 3n 18 3 6 | 6n-3 33
3 T 9 9 9n 54 8 8n 48
4 ¢ 0 6 | 6n6 30 0 5 5n-5 25
5 T 3 3 3n 18 2 2 2n 12
6 T, 0 0 0 0 1 1 In 6
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V: The Job-Scheduling Problem

The DRL algorithm was divided into several smaller jobs in section IV. How-
ever, these jobs should be distributed optimally on a given number of processors to
achieve the shortest execution time. In addition, the number of processors involved
should be kept as small as possible if a cost-effective solution is to be found.

The scheduling process is performed by the optimal distribution of m jobs over p
processors, achieving the minimum cost possible, where the cost indicates the overall
execution time in this case. This is the most important issue in the design of multipro-
cessor systems, thus optimality should be reached to claim credibility for the proposed
system. This issue is usually discussed in the literature as the critical-path problem
[Coffman 1976; Hu 1982; Aho et al 1974], where the purpose of the analysis is to
identify critical jobs in order to concentrate all available resources (i.e. processors) on
them, in an attempt to reduce the total finishing time [Horwitz and Sahni 1987]. The
Scheduled jobs are represented as a directed graph, in which nodes represent the jobs
J; ,i=1,2,...,m, and the arcs indicating links between appropriate jobs.

The Scheduling problem in question has been considered, in general, to be
extremely difficult to solve [Graham 1978; Garey and Johnson 1979; Coffman 1976].
Nevertheless, certain simplifications can often be made, which allow certain relaxations

on the problem constraints and lead to a complete and successful solution [Hu
1961,1982; Nett 1976].

However, the problem of the dynamic control of robot manipulators is of extreme
difficulty, where different selected jobs, with varying sub-execution times, along with
an arbitrary number of application processors, increases the optimality-seeking schedul-
ing complexity [Luh and Lin 1982; Kasahara and Narita 1985]. Hence such a problem
has been classified as being strong NP-complete [Kasahara and Narita 1984; Aho et al
1974; Gary and Johnson 1979,1978], and a P-time approximation is concluded to be
impossible [Kasahara and Narita 1984; Sahni and Horowitz 1978].

Nevertheless, if a scheduling scheme of some kind is to be applied, a weight fac-
tor (WF) should be associated with each of the jobs concerned. Hence, the weight fac-
tor WF; of job J; is defined as

WF" = MULTI . Mperf + AIJDi . Aperf (44)
where,
MULT; = Number of multiplications envolved in the job Ji

M pers = The performance time of a multiplication operation,

= 17 =



ADD; = Number of additions envolved in the job J;, and
Aperr = The performance time of an addition operation.

The values of MULT; and ADD; could be easily calculated from the computa-
tional complexity Tables (1) and (2), yielding the number of operations concerned with
only one joint. However, the values of Mperr and A, are both machine dependent,
and are given the values of 550 nanoseconds and 350 nanoseconds, respectively.
These values have been adopted from the implemented hardware data sheets, and are
adequate to perform the scheduling process needed, and will be further discussed in
section VII following. The weight factors for all jobs concerned are shown in Table

(3).

Table (3)
Jobs Weight Factors
Job # Weigt Factors (WF;) (USec) || Normalised Weight Factor (nWF;)
Phase #1 Phase #2 Phase #1 Phase #2
1 18.5 10.8 0.48 0.68
2 23.9 3.8 0.62 0.24
3 38.5 7.8 1.00 0.49
4 9.2 5.1 0.24 0.32
8 13.1 24 0.34 0.15
6 7.1 0.4 0.18 0.03
7 29.3 - 0.76 -
8 7.1 - 0.18 -
9 2.9 - 0.08 -
10 1.1 - 0.03 -

In addition, a normalized weight factor (nWF) will be defined as

WF,
nWF; = ————— (45)

MAX (WF})
=

which is a dimensionless value, while WF; is in unit time.
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In this paper, a heuristic scheduling scheme is introduced, which is a combination
of both the First-Fit Decreasing (FFD) and the Best-Fit Decreasing (BFD) rules. The
combined scheme, namely the FFD/BFD procedure, applies both mentioned methods
on a predefined prioritized list of jobs. The First-Fit (FF) and the Best-Fit (BF) rules
are illustrated in [Hu 1982; Graham 1978], which distributes a job to the lowest-index
processor available, and the best available processor in the sense of minimum remain-
ing time-space on it, respectively. In addition, the FFD and BFD procedures sort the
given list of jobs into a decreasing form in terms of the jobs’ normalized weight fac-
tors [Johnson 1973]. Two problems are generally encountered when applying the FF
rule, namely: (1) after a few passes, several time gaps, g;, would emerge within one or
more processor, for which none of the remaining jobs would fit. Thus, gi<WF; ,ie
list of the remaining jobs. Also, (2) due to (1), searching for a suitable processor gets
more difficult as the scheduling passes go on [Horowitz and Sahni 1987]. The
FFD/BFD algorithm proposed is intended to overcome such problems, and provide a
good quality solution to the scheduling task on hand.

Certain assumptions were imposed concerning the scheduling process, as follows:

A. All p processors employed are identical, and can operate on any of the avail-
able m jobs.

B. A running process cannot be interrupted until a job is completed (non-pre-
emptive scheduling).

C. An initial priority list of jobs must be available.

The last assumption, (C), is usually met by the mathematical algorithm con-
sidered, since certain priorities may occur between several jobs as an inherent property
of the algorithmic procedures. This is certainly the case in the DRL algorithm, where
several jobs were found to be dependent on the output of others, as was illustrated in
section IV,

Considering phase #1 of the DRL algorithm, the jobs concerned are shown as a
directed graph in Figure (4a), where each of the jobs is represented as a node. The
nodes are labled J; , i=1,2,...,8, and each node encircles the joB’s normalized weight
factor corresponding to the values of Table (3).

Respecting assumption (C) above, a priority list of decreasing order of these jobs
is given as

PL[]J.MS‘E={{J2’J1}’J3!{J7 ,J4}’{153J8}3J63J9 ,J]_O} (46)
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where decreasing is in terms of the associated values of nWF,. Thus, substituting in
(eqn.46) with the normalized weight factors for each job yields

HWFPL;MSE =

{{0.69 : 0.48}, 1.00, {0.76 5 0.24},{0.34 , 0.18}, 0.18,0.08,0.03, }(47)

In sorting out the priority list, each sublist is considered as one elment with a
weight factor equal to the sum of the enclosed weight factors.

The list of (eqn.46) has been imposed by the mathematics of the dynamics equa-
tions. The scheduling is performed by applying the FFD rule to the first element of
the priority list (or any sublist within it), and further applying the BFD rule to arrange
the rest of the jobs. Performing this procedure for the jobs of phase #1, a total number
of 4 processors were needed, as shown in the Gantt chart form of Figure (4b).

The same procedure is applied to phase #2 of the DRL algorithm with a priority

list of
PLgkase={{E3E}:{‘E:ﬁ}!{ﬂ’ﬂb}aj3)JZ!JS’J6} (48)
nWFPL2, ., =

{{0.32 , 0.68 }, {0.32 , 0.68 },{0.32 , 0.68 }, 0.49,0.24, 0.15, 0.03 } (49)

Again, the number of processors needed is four, as shown in Figure (5), where J,
and J4 were distributed on 3 processors as Jy,, .y, , Ji. and Jy, , Ty, , Jo,, respec-
tively, as indicated by (egns.42,43).

or,

-20 -



VI: Performance Analysis of the DRL

In this section, the performance of the proposed DRL algorithm will be assessed
in regard to its efficiency for implementation. Since the DRL involves both parallel
and pipelining processing, a comparison between both sequential and parallel versions
and sequential and parallel/pipelined versions of the equations will be conducted. The
utilization degree of each processor will also be discussed to illustrate the efficiency of
the scheduling procedure. In addition, the communication time of the proposed
parallel/pipelined structure is to be investigated.

VL.1: The computational complexities:

The computational complexity of the DRL algorithm is to be calculated according
to (eqns.23-25), while keeping in mind the 1-level indentation in phase #1 of the com-
putations (section IV). Hence,

T;ihase = (47n=34)+45 mulriplications + (36n-30)+36 additions (50)
and,
Tihase = (18n=18)  multiplications + (17n=17) additions (51)
Hence,
Tiota1 = (65n=T) multiplications + (53n—11) additions + y (52)

Thus, for a 6 degrees-of-freedom revolute-joints robot manipulator (i.e. n=6),

Tild = 383 multiplications + 307 additions + T, (53)

The overall computational complexities of several formulations of the inverse
dynamics equations are illustrated in Table (4), along with the DRL results obtained.
For a 6 degrees-of-freedom (ie. n=6) revolute-joints robot manipulator, the original
formulation of the recursive Lagrangian by [Hollerbach 1980], employing 3x3 transfor-
mation matrices, has a complexity of 2195 multiplications and 1719 additions.

However, as was indicated by (egn.53), the total complexity of the DRL algo-
rithm is 383 rmulriplications and 310 additions, yielding reduction factors of 0.83 and

0.82, respectively. The data of Table (4) was extracted from [Hollerbach 1980] for
comparison purposes.
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Table (4)

Computational Complexities of the Inverse Dynamics Formulations

Multiplications Additions
Method
Total n=6 Total n=6
Uicker,Kahn 320n% + 86-2n + 25n% + 66 +
1711n? + 531n-128 | 66271 1292n% + 422n - 96 | 51548
Waters 106_;n2 +6202n - 212 | 7051 82n? + 514n — 384 | 5652
Hollerbach (4x4) 830n-592 4388 675n—464 3586
Hollerbach (3x3) 412n-277 2195 320n-201 1719
Newton-Euler 150n—48 852 131n—48 738
Horn,Raibert 2n3+n? 468 n+n%+2n 264
(Table Look-up)
DRL 65n—7 383 53n—11 307
DRL
(Pipelined) 47 47 36 36
V1.2: Processors utilization:
The Utilization degree of each processor is defined as
3 Processor busy—time (54)

Total system execution—time

Considering the normalized weight factors nWF; illustrated in Table (3) and Fig-
ures (4a) and (5a) for all processors involved, the utilization value for both phases of
the DRL algorithm are shown in Table (5), where a normalized total execution-time
duration of 1.00 is considered.

The results of Table (5) indicates clearly the efficient utilization of each proces-
sor, where for phase #1 and #2 of the computations 75% of the involved processors
are fully utilized, while only 25% of them are idle for 9% of the total execution time.
Such a high utilization increases the algorithm’s credibility, and allows for a low-cost
VLSI implementation. However, noticing the fact that the utilization percentages
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change for the first pass of the calculations (i.e. link 1) and for the 1-level indentation
of phase #1, a demonstrating graph for each stage of the pipeline is shown in Figure

(6).

Table (5)
Utilization of Processors
Processor # || Phase #1 | Phase #2
1 0.91 1.00
2 1.00 1.00
. 1.00 1.00
4 1.00 0.91

VI1.3: The communications time:

One important aspect in the design of a multiprocessor system is consideration of
any communications between different processors in the network. In certain cases,
inter-processor communications overhead may cause a corruption to a proposed algo-
rithm [Hwang and Briggs 1985] if not handled carefully, causing delays and/or
deadlocks. The time consumption of these data communications have been for long
neglected by the robotics research literature, claiming its insignificance in implementa-
tion. However it is believed that the time delays between parallel-running processors,
and specially when pipelining is involved, is significant, and should be included in the
calculation of the total execution time. Nevertheless, the rate of data transfer is
promptly machine-dependent, and its significance will be revealed in the practical
implementation of section VII.

The inter-processor communications in the DRL formulation is inevitable due to
the recursive nature of the equations. However, any passing of intermediate data is
made between each processor and its immediate successor and/or predecessor only. In
other words, no chain-passage structure is accommodated for in the structure. For
phase #1 of the computations, the upmost communications overhead between any of
the 4 processors involved is defined as 12 fps (floating-point numbers) including one
3x3 matrix and one 3x1 vector, while phase #2 is found to need an upmost overhead
of 29 fps. These floating-point numbers counted are for each stage of the pipeline.
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Thus, defining the following:

COMM,,,r = the performance time of a single floating point number transfer,

Trans},;me = number of fps transfer in one stage of phase#1 (=12),

and,

Transg,me = number of fps transfer in one stage of phase#2 (=29),
then the communication overhead for each phase is defined as:
Teomm = Transpase - COMM,,,,¢ (55)
Tomm = Transiyzse . COMM,,,,¢ (56)
The value of COMM,,,,; is again hardware dependent, and is taken for the imple-

mented practical system to be approximately (1.60 pseconds) for a single floating point
number [INMOS 1988c], for which (egns.55,56) gives

T um = 19.20 pseconds, (57)
and,

T2, mm = 46.40 seconds, (58)
respectively, for each stage of the algorithm.

Hence, the total execution time of the DRL can be calculated theoretically by
considering (egn.53). Thus,

T oominy = (1) s Tl 4 T2 (59)
then,
9P = 383 x (550x107%) + 307 x (350x107%)
+ 7 x (19.20x107%) + 5 x (46.40x107%)
=(021+0.11+0.13+0.23)x 1073 =(0.32+ 0.36 ) x 1073
= 0.68 milliseconds (60)

Considering the values of (eqn.60), it is noted that the communications time
incorporates 53% of the total execution time, and is 1.13 times the operational time.
This result proves the importance of including the communications overhead if a reli-
able functional algorithm is to be defined. Further discussion of this issue will be con-
ducted in section VII following.
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V1.4: The effect of pipelining:

Pipelining leads to one form of parallelism by overlaping the execution of the
individual jobs. The pipeline structure associated with the DRL algorithm is linear in
n—1 stages for both phases of the computations. Hence, such a system is expected to
produce a single result every one clock interval z-; x, defined as

Icrk = MAIX [WFI'] + Leomm (61)
=

where 7., is the communications time associated with one stage of the pipeline.

The speed-up S of the n-stages is given by

S=n.m (62)
where 1 is the efficiency of the pipeline

/

=25

(63)

and [/ is the number of tasks to be completed. Hence, for a large value of [/ (i.e.
[ > n), m reaches its ideal value of 1, for which the throughput

p=— (64)
IcLK

gives the ideal value of : ‘
IcLk

Considering (eqn.61), the maximum number of operations involved in the pipe-
lined version of the DRL has been estimated, as shown in Table (4), yielding a reduc-

tion factor of 0.98 for both multiplications and additions over the original RL formula-
tion.

.



VII: Practical VLSI Implementation

VIL1: Introduction to the transputer:

The transputer is a general-purpose single-chip computer designed by INMOS
Ltd. [INMOS 1987a)], which is intended to be a significant contribution towards
achieving fifth-generation supercomputers. This idea has been supported by the fact
that a transputer can form a node among any number of similar devices, in whatever
structure is needed to form a powerful multiprocessor system [Hill 1987; Vadher and
Walker 1987]. The latest, and the most sophisticated, version available is the T800
[INMOS 1987b], for which an architectural view is shown in Figure (7) [INMOS
19882,1988c]. The presence of an on-board floating-point unit significantly enhances
the performance of the device, by allowing an execution rate of 1.5 million floating
point operations per second. One other attraction is the communications structure
predicted which allows each transputer to have four high-speed serial duplex channals
linking to others in the network. Such a communication scheme would override the
single-bus structure, and effectively relieves the system from a bottleneck occuring.
The transputer design supports the concurrent Occam programming language [INMOS
1988b; May and Shepherd 1988: Pountain and May 1987], which allows in-depth
exploition of paralle] features.

The transputer has been proposed for the solution of several control applications
[Taylor 1984; IEE Workshop 1987,1988; Hamblen 1987; Atkin and Ghee 1988]
including robot manipulators [Jones 1985; Geffin et al 1987]

VIL.2: Mapping of the DRL:

The significant features illustrated above promoted the use of the T800 transputer
as the main block for the implementation of the DRL algorithm as a multiprocessor
system. Each transputer in the network is considered as one PE accommodating one,
or more, of the proposed jobs.

Excluding the pipelining feature, both phases of the algorithm are mapped on a
4-members transputer network, as shown in Figure (8). The bi-directional communica-
tions channels are set as appropriate to provide for data flow. However, it should be
noted that communications among processors commences concurrently only at the end
of each stage of the computations (i.e. one link of the arm), where all data flows are to
be functional simultaneously, thus reducing the communications time to that of the
worst channel. In addition, the bi-directional communications has the effect of increas-
ing the link performace considerably. A study case has been investigated for a
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revolute-joints robot, namely the PUMA 560 robot manipulator, with six degrees-of-
freedom. Source codes for each PE have been programmed in Occam, where the sym-
bolic representation of the computations included in Appendex (A) were fully main-
tained, excluding all but a minor number of structure instructions. The latter are
believed to cause an increase in the execution time, and should, therefore, be minim-
ized. Hence, employing the network of Figure (8), a total execution time of (2.46 mil-
liseconds) could be achieved. The total execution time for each link of the PUMA
manipulator is shown in Table (6) for both phases of computations, and including the
communications time.

Table (6) *
Execution Times
Link # || Phase #1 | Phase #2 || Total
1 0.133 0.144 0.277
2 0.293 0.144 0.437
3 0.293 0.144 0.437
4 0.293 0.144 0.437
5 0.293 0.144 0.437
6 0.293 0.144 0.437

* All values in milliseconds

When computing the equation of motion of each link of the manipulator, two tri-
gonometric functions would be performed, namely Cos(theta;) and Sin(theta;). These
were not considered in the theory presented. Thus, although the utilization of proces-
sor P1 of phase #1 was shown to be 91% (Table (5)), an actual practical utilization of
98% was detected on the corresponding transputer.

The Communications activities between each of the four processors is illustrated
in Tables (7a) and (7b) for both phases of the algorithm.
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Table (7a)

Communications Activities for Phase #1

TO T1 T2 T3
Pass #
Send | Receive Send |Receive||Send Rf:ceive Send Receive
0 - - T2 T3 - T1 - T1
1 - |TIT2T3|TOT2T3| T3 TO | T1 T3 |[TO T1 T2 T1
2 - |TIT2T3|TOT2T3| T3 TO | T1 T3 |[TO T1 T2 T1
3 - |TIT2T3|[TOT2T3| T3 TO | T1 T3 ||TO T1 T2 T1
4 - |TIT2T3|TOT2T3| T3 TO | T1 T3 |[TO T1 T2 T1
5 - |T1 T2 T3|TO T2 T3| T3 TO | T1 T3 |[TOT1 T2 T1
6 - |TIT2T3 TO T3 TO - TO T1 -
7 - T1 TO - - - -
Table (7b)
Communications Activities for Phase #2
TO T1 T2 T3
Passl #
Send Receive ({Send |Receive|{Send |Receive||Send Receive
1 T1 T2 T3 |T1 T2 T3|| TO TO TO TO TO TO
2 T1 T2 T3 |T1 T2 T3|| TO TO TO TO TO TO
3 T1 T2 T3 |T1 T2 T3|| TO TO TO TO TO TO
4 T1 T2 T3 |T1 T2 T3|| TO T0 TO TO TO TO
5 T1 T2 T3 |T1 T2 T3|| TO TO T0 TO TO TO
6 £ 2 - - - - - |-

A noticable difference occures between the total execution time between the
theoretical value obtained by (egn.60) and that produced by the implemented transputer
network, as shown in Table (9). This is due to the precence of delay elements in the
executed code (e.g. matrix indexing and control structures) in addition to the
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communications mechanism of the links.

Including the pipelining in the structure of the DRL for this case study yields a
two-dimensional array architecture, for which a network of 26 transputers is needed, as
shown in Figure (9). The speed-up factor associated with such an implementation is
calculated from (egn.62) for a 300 point trajectory, and is found to be (6.86), yielding
an efficiency of n = 0.98. However, it should be mentioned that different communica-
tion configuration must be applied for this implementation. This is due to the 4-link
limitation imposed upon each transputer. Thus, data must flow between two tran-
sputers through a third one in each stage of the pipeline. The speed-up values
involved using a multiple of 4 transputers (i.e. 4,8,12,...) is shown in Figure (10). The
time sequence for each stage of the pipelined array is shown in tables (8a) and (8b) for
both phases of the algorithm, with a total execution time of (0.026 milliseconds).

Table (8a) *
Pipelined execution-time for Phase #1

Stage # || TO Tl T2 | T3
1 0.0 | 0.096 | 0.096 | 0.0
9 025 | 025 | 025 | 0.25
3 025 | 025 | 025 | 0.25
4 025 | 025 | 025 | 0.25
5 025 | 025 | 025 | 0.25
6 025 | 025 | 025 | 025
7 0.224 | 0064 | 00 | 00

* All values in milliseconds
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Table (8b) *

Pipelined execution-time for Phase #2

Stage # TO T1 T2 T3
1 0.144 | 0.144 | 0.144 | 0.144
2 0.144 | 0.144 | 0.144 | 0.144
3 0.144 | 0.144 | 0.144 | 0.144
4 0.144 | 0.144 | 0.144 | 0.144
5 0.144 | 0.144 | 0.144 | 0.144

6 0.144 0.0 0.0 0.0

* All values in milliseconds

As a comparison between the T800 transputer and the older version, the T414
[INMOS 1987c], the same configuration was executed for a T414 network. The
results are reported in Table (9), which clearly shows the superiority of the T800.

Table (9) *
T800 vs T414 Results
Transputer || Theoretical | Practical || Pipelined **
T800 0.68 2.46 0.026
T414 7.72 8.96 1.09

* All values in milliseconds

** Simulation results

P



VIII: Conclusion

A distributed algorithm of the recursive Lagrangian equations of motion for robot
manipulators has been introduced. These equations are believed to be more suitable
for tackling the problem of robot control than the equivilant Neuton-Euler equations.
The proposed algorithm was implemented on a multiprocessor system, yielding almost
full utilization of the network. A practical VLSI system has been constructed, for
which the importance of the inter-processors communications was demonstrated. The
performance of the system is found to be close to that predicted by the theory, and is
shown to be adequate for real-time robot control.
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Appendix (A)

Symbolic Representation of Terms

Each matrix involved in the computation of the following terms has a general
structure as follows: ’

mhy mbhy mby
Mj= ”’51 "’52 mjsz (A.1)
ml3 by iy
and the index i is defined as
i=1273

whenever applicable.

(1): Evaluating W, = Wj_l LA U> 1)

wiy = witlal, + wizlah, (A.2)
why = wii'al, + wizlab, + wizlal, (A3)
wiy = whilals + wilah; + wizlals (A.4)

why = whi'ah) + whjlab, (A.5)
why = whi'al, + whlaby + wizlal (A.6)
why = whi'aly + whjlaby + whilal; (A7)

why = whilal, + wilab) (A.8)
why = whi'al, + wijlab, + wizlal, (A.9)
why = whilals + whabs + wiilal, (A.10)

* Original Computations = 27 multiplications + 18 additions.
* Reduced Compurations = 24 multiplications + 15 additions.

(2): Evaluating W= (Wi + W, . Q,.6;) . A;=V, A, :
A. =1
Vi =-ab; . 6 (A.11)
whi=df; . 6, (A.12)
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V;’gl =00

* Original Computations = 27 multiplications + 18 additions.
* Reduced Computations = 6 multiplications + 3 additions.

B. >1:
vip = wig! . 6 + Wi’
vh = witl . 6 + wj!
viy = wi!
then,

Wiy = vifal; + vl
Wiy = vilal, + vizlab, + vilad,
Wiz = vitlals + vig'aby + vizlal,
Wh = vhi'al; + vby'ah
why = vii'al, + vilal, + vilal,
whs = vilaly + vi'abs + viilals
why = viila], + vl
why = whilal, + vizlab, + vizlal,
Why = viilaly + vilahs + vilal,s
* Original Computations = 63 multiplications + 45 additions.

* Reduced Computations = 30 multiplications + 21 additions.

(3): Evaluating

Wj= [Wj—l +2Wj_1 .Qz . éj+wj—l [Q2 82 ]] . AJ=U_}' .
A. j=1:
p=6;.6

"‘"'.11="P-Wi_11‘éj-“§
V";"'12=-P-“”.1-21‘éj-“‘5_.21
‘:‘%3=_P-“”i_211_éj-“’1£1
%1=éj-W’ﬁl‘P-W51

s B9 &

(A.13)

(A.14)
(A.15)
(A.16)

(A.17)
(A.18)
(A.19)
(A.20)
(A.21)
(A.22)
(A.23)
(A.24)
(A.25)

(A.26)
(A.27)
(A.28)
(A.29)
(A.30)



‘;‘}52=éj-wj1_21“P-“’5_21
Why = 0. wizl - p . wh
Whj = Why = Why = 0.0

* QOriginal Computations = 73 multiplications + 45 additions.

* Reduced Computations = 13 multiplications + 7 additions.

B. 513

p=ejej

uy=—p . wirl +8; . wh + 8w, + W
”{:2=‘éj-wﬁl‘9-“‘{:51‘5- Vit + W

-l
Uy = wp

* Original Compurations = 137 multiplications + 99 additions.
* Reduced Computations = 47 multiplications + 36 additions.

BWJ-
(4): Evaluating =N.:

° 08
A j=1:
"’i;':‘aﬂf
"'5i=a£i
né-‘-=0.0

* QOriginal Computations = 27 multiplications + 18 additions.

* Reduced Computations = 3 additions.

B. j>1:

nh =—wiil . ab; + wi!

3

. . :210’11
ny=—witl . aby + wh! . afy

rhy=—wii' . by + wh!

a3

* Original Computations = 54 multiplications + 36 additions.

* Reduced Computations = 18 multiplications + 9 additions.
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(A31)
(A.32)
(A.33)

(A.34)
(A.35)
(A.36)
(A37)
(A.38)

(A.39)
(A.40)

(A.41)

(A.42)
(A.43)
(A.44)
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