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Finite element analysis for a coupled bulk-surface partial differential
equation

CHARLES M. ELLIOTT AND TOM RANNERT
Mathematics Institute, University of Warwick, Coventry CV4 7AL, UK

[Received on 17 January 2012; revised on 28 June 2012]

In this paper, we define a new finite-element method for numerically approximating the solution of a
partial differential equation in a bulk region coupled to a surface partial differential equation posed on
the boundary of the bulk domain. The key idea is to take a polyhedral approximation of the bulk region
consisting of a union of simplices, and use piecewise polynomial boundary faces as an approximation
of the surface. Two finite element spaces are defined, one in the bulk region and one on the surface, by
taking the set of all continuous functions which are also piecewise polynomial on each bulk simplex or
boundary face. We study this method in the context of a model elliptic problem; in particular, we look at
well-posedness of the system using a variational formulation, derive perturbation estimates arising from
domain approximation, and apply these to find optimal order error estimates. A numerical experiment is
described which demonstrates the order of convergence.

Keywords: Surface finite elements; error analysis; bulk-surface elliptic equations

1. Introduction

Coupled bulk-surface partial differential equations arise in many applications; for example, they arise
naturally in fluid dynamics and biological applications. This paper studies mathematically a finite ele-
ment approach to a sample elliptic problem. The method is based on taking a polyhedral approximation
of the domain. Given a sufficiently smooth boundary we go on to show error bounds of order /¥ in
the H' norm and order #**! in the L? norm, where & is the polynomial degree in the underlying finite
element space.

1.1 The coupled system

For a bounded domain € RY (N = 2,3) with boundary I", we seek solutions #: 2 — Randv: I’ — R
of the system

—Au+u= fin Q, (1.1a)
(au—ﬁv)—l—%:OonF, (1.1b)
—Arv—|—v—|—%:gonf‘. (1.1¢)

Here we assume that o and 8 are given positive constants and f and g are known functions on Q and
I' respectively. We denote by Ar the Laplace—Beltrami operator on I" and by n the outward pointing
normal to I".

TEmail: T.Ranner@warwick.ac.uk
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1.2 Applications

In recent times there has been a great deal of attention paid to problems involving diffusion on a surface,
for example Dziuk & Elliott (2007b) and references therein. Of particular interest is cell biology, see, for
example, Sbalzarini et al. (2006) and Schwartz et al. (2005). Indeed, cellular metabolism and signalling
are mediated in part by trans-membrane receptors that can diffuse in the cell membrane; see Alberta et al.
(2002). There are also examples where this surface diffusion is coupled to diffusion in the bulk. For
example, fluorescence loss in photobleaching (FLIP) where surface diffusion of a signalling molecule,
G-protein RAC, cycles between the cytoplasm (bulk) and cell membrane (surface); see Novak et al.
(2007).

The coupling on the surface (1.1b, 1.1c) has been used by Novak ez al. (2007). It can be viewed as
a linearisation of the more general equation

du
on +L(u,v) =0

where L, > 0 and L, < 0 which has been used in Booty & Siegel (2010); Kwon & Derby (2001);
Medvedev & Stuchebrukhov (2011); Rétz & Roger (2012) for example. We leave the numerical analysis
of more general couplings, the parabolic case, and evolving domains to future work.

1.3 Outline of paper

The paper is laid out as follows. In the second section we will derive a variational form for the equations.
The third section looks at existence, uniqueness and regularity of variational solutions. The fourth
section focuses on the approximations we make to the geometry of the problem. In the fifth section we
develop the finite element method and in the sixth section we will look for error bounds for this method.
In the final section we will show some numerical results.

2. Derivation of variational form
2.1 Surface properties

Throughout we will use the notation from Deckelnick et al. (2005). We will assume that I" is a compact
(N —1) dimensional hypersurface without boundary and that I is C?, so there exists a distance function
d: RN — R defined by
—inf{|lx—y|:yeI'} ifxeQ,
dx)=4¢0 ifxerl,
inf{|x—y|:yeTI} ifx¢ Q.

Since |Vd(x)| = 1 in a neighbourhood about I", we can define the normal to I" for almost every x € I’
by

n(x) = Vd(x).
It follows that there exists a narrow band U = {x € RV : |d(x)| < dr} about I, such that d € C*>(U), for

which we can also define the normal projection x — p(x) from U onto I" given by the unique solution
of

x = p(x) +d(x)n(p(x)). 2.1
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This is possible by the assumptions above; see, for example, Hildebrant (1982). Note that p(x) is the
closest point to x on I, so p is also the closest point operator. Since this decomposition is unique, we
can extend n to a vector field on all of U so that n(x) = n(p(x)).

For a function & : I' — R we define its surface gradient to be

Vré :=VE—(VE -n)n,

where V& denotes the gradient with respect to ambient coordinates of an arbitrary extension to U of
£. Alternatively, we can denote this relation as V& = PVE where P is an N X N tensor given by
P;j = 6;j —n;nj. Notice that P is symmetric. The Laplace—Beltrami operator is given by the surface
divergence of the surface gradient, that is :

Ar§ :=Vr-vré.

We denote by ¢ = V- n the mean curvature of I". For facts about tangential gradients see Gilbarg &
Trudinger (1983), chapter 16.

We denote by do the (N — 1) dimensional surface measure on I'. The formula for integration by
parts on I' is given by

/F(Vp)iédo:f/réjfnido.

This gives us a surface Green’s formula, for a surface without boundary,

[(arngdo= [ Vry-vrédo. 2.2)
r r

2.2 Variational form

We take functions 77, € in a suitable space of test functions, multiply (1.1a) by 1 and (1.1¢) by &, and
integrate by parts to get

/Vu-Vn+undx7/n@d0:/fndx, (2.3a)
Q r on I
/va-Vré—i-védo—&—/ @édOZ/gé do. (2.3b)
r r on r
The boundary condition (1.1b) gives us that
7/ n@doz/((xufﬁv)ndo and @édO:f/(aufﬁv)édo. (2.4)
r odn r ron r
We substitute these into (2.3) to get
/Vu-Vn+undx+/(au—[3v)ndo:/fndx (2.50)
Q r Q
/ Vrv-Vré+vE do—/(au—ﬁv)gdo: / gndo. (2.5b)
Jr JIr JI

We now take a weighted sum of (2.5a) and (2.5b) to obtain the variational form
oc/Q (Vu-Vn +un) dx+[3/r (Vrv-Vré +v€) do

+/F(au—Bv)(omfﬁ§)do:oc/gfnderB/Fgédo. 2.6)
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To help with notation later, we will write a((u,v),(n,&)) for the left hand side of this equation and
1((n,&)) for the right hand side.
We will test this variational form over the space H'!(Q) x H'(I") which we define to be

H'(Q)xH\():={(n,§)|[neH' (), e H(I)}. 2.7)
We equip this space with the inner product

((m,81), (M2, 82)) 1 (@)yxm () = (M1 M2) 1 (@) + (61, 82) (1) (2.8)

and induced norm given by

Bl—=

1, a1 (@yxa () = (||77||?11(9)+H§||%11(r)) : (2.9)

One may define higher order spaces if I" is more regular: to define H! () x H'(I"), we require I to
be C/'¥ with [ < j+ k and k = 0,1. See Wloka (1987) for details of how to define the surface Sobolev
spaces.

Hence the variational formulation of the problem is to find (u,v) € H'(Q) x H'(I") such that

a((u,v),(n,&)) =1((n,&)) forall (n,&) e H'(Q) x H'(T). (2.10)

3. Existence, uniqueness and regularity

In this section, we apply the usual Lax—Milgram techniques (Evans, 1998) to the variational form de-
veloped in section 2 in order to find a unique solution to (2.10). Following this, we split the equations to
show regularity with respect to the bulk and surface variables independently. To apply these techniques
we must show that a is bounded and coercive and [ is bounded over H' (Q) x H'(I").

To see that a is bounded, notice that

a((w,y),(n,8))
< oWl @) Mg @) + BV ) 16l @
+ [ (cw=py)(om —pg)do
r
< \meaX{a,ﬁ} H(va)HH'(Q)XHI(F) ”(n?é)HH'(Q)le(F) 3.1

JFZC% max{a,ﬁ}z ”(Way)”Hl(_Q)le(F) H(nvé)”Hl(_Q)le(F)
< C”(va)HH'(Q)le(F) ||(na§)||H1(Q)xH1(F)-

Here, cr is the constant from the Trace Theorem, see Evans (1998). Coercivity of a is immediate since
we have

a((n,£),(n.€)) = e nllz ) +BlIE I )+l = BElI 72y (3.2)
> V2min{at, B}HI(M, &3 (@) (1)

Hence a is coercive if o, B > 0. By the Cauchy-Schwarz inequality [ is clearly bounded.
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THEOREM 3.1 (Existence and uniqueness) Given f € H~!(Q), g€ H ('), and o, 8 > 0, there exists
a unique pair (u,v) € H'(2) x H'(I") such that

a((u,v),(n,8)) =1((n,&)) forall (n,&) € H'(Q)xH(I). (3.3)

Furthermore, if I" is C3, we can achieve bounds in the H?-norms by consider restricting the bilinear
forms by setting 1 and & = 0 in turn.
For n =0, we get

B / Vrv-Vré +vEdo+ / B2vEdo=p / gé d0+/ ofué do. 3.4
Jr Jr Jr r
This is exactly the variational form of the equation
—BArv+(B+B*)v=Bg+aBuonl. (3.5)

Hence by surface elliptic theory (Aubin, 1982), if I" is C3, we have that v € H?(I"). Since, by the Trace
Theorem, u € L*(I"), we have the bound:

V2 < e(llgllzry + IVl + lullmg))- (3.6)
For & =0, we get
oc/ Vu-Vn +undx+/ azundo:a/ fndx+/ ofvn do. 3.7
Jo r Q Jr

This equation arises as the variational form of the equations

—o0Au+ou=0ofin Q (3.8a)
P
o qu=PBvonT (3.8b)
on

By regularity theory of elliptic problems with Robin boundary data (see Gilbarg & Trudinger (1983);
Ladyzhenskaia & Uraltseva (1968)), if I" is C3, we have the following result:

el < ¢ (Ifll2cy + Ml ) - (3.9)

THEOREM 3.2 (Regularity) If I is C3, f € L*(Q),g € L*(I") and o, 8 > 0 and (u,v) solve the varia-
tional problem (2.6), then
ue H*(Q)andv e HX(I'),

and
@) l2@)yxm2ry < (1 fllr2) + llgllzry)- (3.10)

4. Domain perturbation and estimates

4.1 Domain approximation

The first step we take in discretising the system (1.1) is to take kth order approximations _Qh(k) and Fh(k)
of ©Q and I". We follow ideas taken from Lenoir (1986); Bernardi (1989) and Dubois (1990) in order
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to define the triangulation of our bulk domain and use results of Dziuk (1988); Dziuk & Elliott (2007b)
and Demlow (2009) to make estimates about the perturbation of the boundary of this domain. To prove
the results in this section, we will assume I" is C**!. The higher order surface finite element spaces,
used here, are described in Heine (2005).

Let €, be a polyhedral approximation of Q and I, = 08;,. We suppose that the faces of I, are
(N — 1)-simplices whose vertices lie on I" so that I}, is an interpolant of I". We take a quasi-uniform
triangulation 9, of £, (Brenner & Scott, 2002) consisting of closed simplices, either triangles in R? or
tetrahedra in R3.

We define » = max{diam(T') : T € .}, } and assume that / is sufficiently small so that Ij, C U so that
for all x € I}, there exists a unique point p = p(x) € I defined by (2.1). Finally, we assume that for each
T e jh T NI} has at most one face of 7.

4.1.1 Exact triangulation. In order to define our computational domains, we first define an exact
triangulation of Q. For each simplex T € .7,, we define an affine function Fr: RN — RY which maps
the unit N-simplex 7 onto T (mapping the vertices of 7" onto the vertices of T') which we write as

Fr(£) =Art+br. A.1)

We say that a closed set T¢ is a curved N-simplex if there exists a C'-mapping Fy that maps T onto T¢
that is of the form

Ff =Fr+or, “4.2)
where Fr is the affine map from (4.1) and &7 is a C'-mapping from 7" to RV satisfying
Cr :=sup |[DPr(£)A7'| <C< 1. 4.3)
fel

From this definition we immediately have the following results:

PROPOSITION 4.1 If the map Ff exists, then itis a C I_diffeomorphism from 7" onto 7°¢ and satisfies

sup |DFf (£)| < (1+Cr) |Ar],

feT
sup |D(Ff) " (x)| < (1—Cr) ' A7,
xeTe
(1 —Cr)N |detAr| < |det DEE ()| < (14Cr)N |det DFr| forall£e 7.

There are several ways of defining such a @7 given in the literature. Zlamal (1973, 1974) and
Scott (1973) considered problems with finite element spaces defined over curved spaces. Scott gives
an explicit construction of an exact triangulation in two dimensions which was generalised by Lenoir
(1986). Here, in this paper, we use a construction based on Dubois (1990) which uses the normal
projection (2.1). We will adopt the notation of Binsch & Deckelnick (1999); Deckelnick et al. (2009).

Bearing in mind our assumptions on the triangulation, each T’ € 9}, is either an internal simplex, with
at most one node on fh, in which case we set @7 = 0; or T has more than one node on the boundary.
We denote by / the number of nodes of T that lie in I, and denote by y1,...,Wn4 the vertices of T,
ordered so that 1, ...,y lie on I, For each point x € T, we define barycentric coordinates by

N+1

x=Y AV
j=1

J
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F1G. 1: An illustration of the construction of the exact triangulation of 2. The point x is mapped onto
y € T (the simplex spanned by i, y», y3) and then to X = Fy(x) by using the closest point projection
(2.1) of y.

and write £ = (A1, ..., Ay) for the coordinates in 7. We next introduce
!
Ar=2"E) =) 4 6={feT:A*%) =0}
=

In three dimensions this falls into the following cases:

1. T NIj is an edge of a tetrahedron (I = 2), then & is the inverse image of the edge spanned by
W3, Yy under Fr.

2. TNIj is a face of a tetrahedron (I = 3), then & is the point ' (yy).

For £ ¢ &, we denote the projection of x onto 7 by y = y(£) € 7 by

] A
y= Zfil[/jE’L’.
jzl}M

Then using the normal projection p(y) € I' of y given by (2.1) and we define &7 by
R A2 (p(y)—y) ifi¢ 6
qu(x):{( FHp) -y ifE¢6 )
0 if£€6.
We now follow a sequence of Lemmas from Bernardi (1989) to show that @7 satisfies (4.3).

LEMMA 4.1 The mapping y is of class C**! on 7'\ 6 and satisfies

¢
IDEY[| o (76) < A forIl<m<k+1. 4.5)
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Proof. See Bernardi (1989), Lemma 6.2. O

LEMMA 4.2 The mapping p(y) is of class C**! on 7"\ 6 and we have the bound

]’l2
I8 (0 =D\ < g (46)

Proof. We remark, using Bernardi (1989) equation (2.9),

128 () =)l ﬁ (HD;(W) i ﬁ [Db):

where i = (iy,...,i,) € N" with

m m
Ziq:r and Zqiq:m.
q=1 g=1

We notice that p(y) =y if y = l[/] for any 0 <, so y|1 can be seen as a linear interpolant of p(y)
(p(y HL°° (@) < ch®77 for
0g<r<.
Using (4.5) we see, if m < 2
2 (5 i) (4 —(X0 i)
1D (P(Y) =9) 1= (3 S € Y B2 RIFa=1 ' ()" amr 8ie) A
r=1

andif m > 2,

2 . m ; UL m. m [
IDE(P0) =) li=(rey < € (Z e B e W ’”(z*)‘(z"‘qlq))
r=1

r=3
< ch?
S @anm
O
PROPOSITION 4.2 The mapping @r (%) = (1*)¥*2(p(y) —y) is of class C¥*! on T and satisfies
1D Dr | =y < ch® for0 <m < k+1. (4.7)

Furthermore, Py satisfies (4.3).

Proof. Using the Leibniz formula, we have for any X in T \ 6,

D@1 () = DF (A 20 0)=3)) = 3 () k2)c 3 = )& DiA" D T (p0) =),

r=0

so that applying (4.6)

DE((A") 2 (p(y) )
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FIG. 2: A plot of two sections of triangulations. The left shows three tetrahedra in J, and the rights

shows the corresponding three tetrahedra in .7,¢. The surface is shown by spots on both sides. The red
and yellow tetrahedra (left and right in each image) share a face with the boundary (/ = 3) and the blue
tetrahedron (center in each image) shares an edge with the boundary (I = 2). This means that the red

and yellow curved tetrahedron have four curved faces and the blue tetrahedron has two curved faces.

The mapping @r is is of class C**! on 7'\ & with derivatives of order less than or equal to k + 1 tending
to zero when £ tends to a point in &. Hence, it can be extended to a C**!-mapping on 7' (Gilbarg &
Trudinger, 1983) which satisfies (4.7).

Since % < ¢/h (Ciarlet & Raviart, 1972a, page 239), we know that
J
C
A7 =
| T | h

This result together with (4.7) shows
Cr <sup|DPr(%)||A7"| < ch,
el
hence @7 satisfies (4.3) for & small enough. (I

REMARK 4.1 Note that we could have chosen @ (%) = A*(p(y) —y). However this function is not
C!(T), and the interpolation theory of Bernardi (1989) would be unavailable. Our construction is a
combination of ideas from Lenoir (1986) and Dubois (1990).

We will call the exact triangulation, defined by F} above, Zf. Notice that under this construction,
simplices in .7,¢, which have more than one vertex on the boundary, can have more than one curved
face. See Figure 2 for an example.

4.1.2 Computational domain. We can now define our computational domains Q}(lk) and El(k>. LetT €
J, and q){‘, ceey (]),’fk be a Lagrangian basis of degree k on T corresponding to the nodal points £!,. .. &%,
Then for £ € T, we can define a parametrisation of a polynomial simplex T® by

FO®) = Y FE#)0k ().
j=1
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We can carry out this procedure for each simplex T’ € ). Since the basis functions {¢J"} are unisolvent,

FT(k) is also a diffeomorphism. We define Q,Sk) as the union of elements Zl(k) given by
T = (FM (%) : 2 T} FW .= {TW|T € F}. (4.8)

Then Fh(k) is the boundary of the domain .Qh(k> with the triangulation %l(k) e This construction admits

h
quasi-uniform triangulations ﬂh(k) and Zl(k> -0 for .Q,Ek> and Fh(k) respectively. Notice that, like the
h

(k)

exact simplices in Zf, the simplcies in ,Zl can have curved (polynomial) faces.

4.2 Bulk estimates

We define a function Gj,: Q,(lk) — Q locally by Gp|;x) := Ff o (FT(k))*1 for each 7% ¢ yh(k). This is
a homeomorphism, which when restricted to interior simplices (those with at most one vertex on the
boundary) is the identity.

We use the notation DG, for the gradient of G, where (DGy);; = %(Gh)i, and DG, for its trans-

pose. Also, we will write DG, ! for D(G, ') = (DG;,)~!. We denote by J, |7 the absolute value of the
determinant of DG,|T.

We denote by By, the union of elements in Z,(k)

which have more than one vertex on the boundary

Fh(k> and Bf, the associated exact elements in Zf. Notice that By, is the region where Gy, is different from
the identity.

Let us use the notation that for a fixed £ € T, we denote FT(k) (%) = x, then one may write that
k)N — A A k) /A
Gu(x) = FE((FY) 1)) = FE (%) = 2+ (Ff(2) — B (). 4.9)
LEMMA 43 If T is C<*! then Gy |z € C<*1 (W) for each T® € 7,*) and we have that || Gy |yyic1 w0

is bounded independently of A.

Proof. Using (4.9), we can write Gy, as
Gy, (x) =Fr ()?) + dr ()?)

Since x — £ is smooth, G}, is the sum of an affine function and a C¥*! function, so Gy, is of class C¥*!
on TW_ To achieve the bound independently of &, we use (4.3). O

PROPOSITION 4.3 (Geometric bulk estimates) Let T € ﬂh(k) be a boundary simplex (one which has

more than one vertex on the boundary E,(k)), and T° the associated exact triangle in .7,°. Under the

assumption that .7}, is quasi-uniform, for sufficiently small &, we have that

DG =1d]] e ) < (4.10a)
[ alr = |y < ch. (4.10b)
Proof. 'We will bound
0
ij(Gh)i_ 8ij|»
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which will show the estimates above.
We start by taking the x; derivative of G, to get

G O(F) ! (01 (F; (),

1

where we have used the substitution FT(k) (%) = x. We note that this means
k) /o
AR (), _ Y (w)

th 8xj 8)2; o 8xj - 5ij

Hence "
9 e v OED)TN 9 i )
ij(Gh)l - 51/ = ;T (9)?[ (FT(X) _FT (x))i'

It is classical (Ciarlet & Raviart, 1972a, Lemma 7, page 238) that

k)y—1/4 -
((F) (%), _‘3161 c
8xj 8xj h7
and from standard interpolation theory, we see that
J e/a (k) (o . k+1 (e
55 (0 - F @), <e D),

However we may use the fact that ’D;”“x j‘ < ch™ (Ciarlet & Raviart, 1972a, page 239) and change
coordinates to see

|

From Lemma 4.3, we know ||G, ||Wk+11w(T(k)> is bounded independently of 7, this shows that

DT (FF)

< k| (Ff o (F) )

— gkt
L=(T) WhtLeo (7)) =ch ||Gh||Wk+1,m<T(k)) .

J
=—(Gp)i— 0;;

< ch.
8xj

We can now lift a function defined on Q;(lk) onto a function defined on Q.

DEFINITION 4.4 For a function 1y, : Q;lk) — R, we define its lift nf :Q — Rby
M :="MoG,".
For a function 1 : Q — R, we can also define an inverse lift n—¢ : Q}Eb — R by
—£._
n =no Gy.

In this case, it follows that ()" = .
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We also have equivalence of norms via this lifting process:

(k)
h

PROPOSITION 4.5 Let 1;,: 2, — R and let nf;: Q — R be its lift. Then there exists constants cy,c;

independent of A such that

<Ml o o) (4.11a)

cl ]nﬁ 20 ’nh

(@)

c1 Hanf < IIVnhII <ea|vmi)| , (4.11b)

(@)

Proof. We can write integrals over Q}(lk)

Jymas= [ i) s

in the following way

and the gradient on Q,gk) as

Vana(x) = DG} () Vymi ().

The results follows simply from applying the previous proposition. O
In the following error analysis, we will require the following narrow band trace inequality.

LEMMA 4.4 Let A5 C U be the band of width 6 < 8 given by
Ns={xeQ:-6 <d(x) <0}

It holds that for n € H'(Q)
1
MMl 245 < €62 M1 - (4.12)

Proof.  First, we may assume that n € C! (), since the more general result will follow by a density
argument. Note that d € C?(.43) and |Vd| = 1 on .#5. We can apply the coarea formula to integrals

over 45 as follows:
/ )2 dy = / )2 |Vd(y)| dy

:/ /n2|1;d0ds.
-sJr;

Here I; denotes the C2 hypersurface which is the inverse image of s under d, namely I = {x € .45 :
d(x) = s}. Next, we wish to apply a trace inequality type argument to bound the right hand side of this
equation. We follow the proof of the trace inequality (Theorem 1.5.1.10) from Grisvard (2011). Let the
vector field D: Q — RY be an extension of Vd of class C! on Q, equal to Vd on .45, with the bound
[Dllcr () < clldlica( sy)- Setting 5 = {x € Q : d(x) < s}, see Figure 3, we have that

/ V(n?)-Ddx = 2/ nvn-Ddx.
Q Q4
On the other hand applying Green’s theorem, using the notation n; for the normal to I, we obtain

/V )-Ddx— /nando—/ 12V Ddx.
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I

Q

FIG. 3: A cartoon of the setup of 2 (yellow) and I; lying inside Q (red).

Since D - ny = 1 on I;, combining these two equations we have that

nzD-nstZZ/ nVn-Ddx+/ N2V Ddx,
I Qs Qs

which means that
/ n%do < 2mﬁax\D|/ Iz dx+mﬁax|V-D|/ 1 dx.
I Q Qq £ Q
Since we have that Q; C Q, applying a Young’s inequality gives
/FnZdo < CHDHCI(Q)/Q |Vn2}+n2dx.

Hence we have that
[ nav<csini). (4.13)
N

4.3 Surface estimates

We have the following geometric estimates for the surface I,. They follow since I}, can be viewed as an
interpolant of I". Details can be found in Dziuk (1988); Dziuk & Elliott (2007a,b); Demlow (2009).

PROPOSITION 4.6 (Geometric surface estimates) Under the above assumptions on I" and I}, we have
that
k41
e I

Let u;, be the quotient of the measures on the surface and the approximate surface, so that do = i, doy,.
Then we have the the estimate
sup |1 — | < chF L. (4.14)
I—h(k)

Let P and P, denote the projections onto the tangent spaces of I and I, respectively. We introduce the

notation .
9, = M—(Id—d%)PPhP(Id—d%) (4.15)
h

then we have the estimate that
I1d — w0, 25| < k¥ (4.16)
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FIG. 4: A section of a surface triangulation with normal lifts shown in R?

A proof can be found in Dziuk (1988); Dziuk & Elliott (2007a) for the linear case and Demlow
(2009) for higher orders.
We use the closest point operator (2.1) to define the lift and inverse lift of surface functions.

DEFINITION 4.7 Given & : Fh(k) — IR, we define its lift, denoted by &/ : I — R, by
& (p(x)) = & (x)-

Similarly for a function & : I’ — R, we define its inverse lift, written & ~*: Fh(k) — R, by

It can be shown that the following norms are equivalent via this lifting process.

PROPOSITION 4.8 Let &;: Fh(k> — Roand let £ : I — R be its lift. Then there exists constants c1,c2
independent of /4 such that

L 4
1 Héh éh

1 Hvréf

<& < 4.1
iy < N6y <2 ] (417

‘

L2(I) < HvrhéhHLZ(Fh(k)) S@ HVFéh Lz(l—)' (4.17b)

A proof is given in Dziuk (1988); Dziuk & Elliott (2007a) for k = 1 and Demlow (2009) for any
k>1.

5. Finite Element Method

In this work we will use piecewise polynomial finite element functions of the same degree as the approx-
imation of the domain. This leads to so-called isoparametric elements which will give the optimal rate
of convergence. One could also implement this method with different order finite element functions, but
would lead to suboptimal convergence.
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5.1 Isoparametric finite element spaces

We use this section to define the finite element spaces V}, and S, that our finite element method will be
based on. We recall that the computational domains €2, and I, are defined elementwise by a parametri-

sation FT(k) T —TWm Q}Ek) as in (4.8). In both the bulk and surface cases, we define the finite element
functions to be continuous functions which are piecewise polynomials of degree k with respect to the
barycentric coordinates of the reference element in dimension N and N — 1. An important part of the

construction is that the trace of a function on Q(k) in Vj, lies in Sj,.
More precisely for the bulk finite element functions:

Vi = {m € (@) : ulr = Ao (FM) " with A, € P(T) for all T € .7}
For the surface finite element functions, we introduce
Sp={& e CMY): &|r = & o (F5) " with &, € P(?) forall T € F, with t = T NTj, # 0}.

We have used the notation 7 = (FT(k))_1 (1) for the face of the reference element 7' corresponding to T,
and P (o) for the space of polynomials of degree k on .

From now on we will assume k is fixed and write ©,,,I},, 7, for Q}(’m , Fh<k>, Zl(k) without ambiguity.

5.2 Description of the method

We define approximate data f3, g, using the appropriate inverse lifts. That is

fr=r1" =g 'l (5.1)

The approximate problem is then to find (uy,v;) € V, X S), such that

o A Vuh'Vnh-i-uthhdx-Fﬁ/FVrhvh'VFhéh +vi&ndop
h h

+/ (aup — Bvi)(ony, — B&y) doy :a/ fhnhdx+ﬁ/ gn&ndop, (5.2)
I Q I
for all (N, &) € Vi, X Sy

where Vr; is the surface gradient on Ij,.

REMARK 5.1 This choice of fj, and gj, is not fully practical for arbitrary (f,g) € L?(Q) x L*(I") as the
right hand side integrals would need to be calculated via some numerical integration rule. We are not
concerned in analysing such errors in this paper and will assume that it is possible to calculate these
integrals exactly. For general results on numerical integration in the context of curved domains see
Ciarlet & Raviart (1972b); Barrett & Elliott (1987).

REMARK 5.2 To implement the method we use exact quadrature rules to calculate mass and stiffness
matrices on reference elements using the transformation (4.8).
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We introduce the bilinear and linear forms on Vj, x Sj:

an((wnsyn), (M, En)) = OC/Qh Vwy, -V +wypnpdx
+B/F,, Vvn - V,6n + yn&udoy,
+/Fh(O‘Wh*/3)%)(0”1%:*ﬁéh)dOh
In((Mns En)) :a/thhnhderﬁ/thhéthh,

so that we can write (5.2) as: find (uy,,v;) € V), X Sj, such that

an((unsv), Mnsn)) = (M, En)) for all (M4, &) € Viy x Sh. (5.3)

THEOREM 5.1 The finite element method defined in (5.2) has a unique solution (uy,v;,) € Vi, x S, for
all . which satisfies the bound

s vid g )i ) < €82 @)wizry - G4

Proof. It is clear that the equations have a unique solution since ay, is also coercive — this follows from
the same reasoning as (3.2). To show the bound we use the coercivity of a;, the equivalence of norms
shown in (4.17a, 4.11a) and (4.14, 4.10) to see for 4 small enough

(fh?gh)||L2(Qh)><L2<1—il>

[ ety vin) L1 () <t (i) < €
<c

|
1(f,8) ||L2(_Q)><L2(F) :

5.3 Lifted finite element spaces

In order to prove error bounds, we define the lifted finite element spaces that lifts of finite element
functions live in. In particular this allows us to define (ufl,vf;), the lifts of the finite element solution,
defined on the same domain as the solutions of the continuous problem. We define the lift of the finite
element spaces as

Vi={nj:mev} CH (Q)

(5.5)
S, =1{& & €8,y CHNYT).

It is important to note that the trace on I of functions in V}/ live in S},

PROPOSITION 5.2 (Approximation property) For the lifted finite element spaces V,f ,Sfl defined above
there exists an interpolation operator I, : H**'(Q) x H**1(I") — V! x S} such that for2 <m <k+1,

1w, 3) = Ie(W, )l 2 (@) w2y R IW,Y) = Iew ) g1 @yt () < ™ | W, 9l m @y mimry - (5:6)

for all (w,y) € H*(Q) x H*(I").
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Proof.  We start by defining the interpolation operator I, : H2(Q) x H2(I') — Vj, x Sy, so that (w,y)

- ~ ¢
and I (w,y) agree at the nodes of €, and Ij,. We use both lifts to define I,(w,y) = (I;,(W, y)) . The

error bounds follow from given interpolation theory; see Bernardi (1989), Corollary 4.1, for the bulk
and Demlow (2009) for the surface. [l
Using the fact that
V(wy,) = V(wy oG, ') = DG, (Vwy)",

(writing DG,;t for (DG;I)‘) and from Dziuk (1988),
(Po(ld—d.2))Vr(y;,) = (Vi)'
we have that

1
an (), (s E) = O‘/Q (DGLYw, - DGV} -+ winy) 77
h

1
+ﬁ/1_Q£VFYﬁ'VF§f+y£51fﬁd0
h

+ [ et aml — B do
h
= aj, (Wi 2h), (M5, E1)) -

for all (W, yn), (M, &) € Vi x Sy with Lifts (wh, 1), (nf, &) € VI x S}
Whereas for the right hand side, we immediately have that I, ((11,,&,)) = {((n/,&/)) since

1 1
dx:/ -1y, dx:/ SIAL L,dx:/ 7! de:/ Ay,
/thhrlh Qh(f ) Th Q(f i) T?hjﬁ Qf hnhjﬁ erlh
and

- » RN - 1
/ gn&pdoy = / (¢ un)&ndoy = /(g ‘up) & — do = / guifi;f7d0=/g€/fd0~
Jr, Jr, Jr Hy, Jr u, Jr

Hence we may rewrite (5.3) as: Find (ufl,vﬁ) € Vhé X Sfl

af ((uh,vh), (i, €D)) = 1((nf, D)) for all (nf, Ef) € V! x S, (5.7)

We will make use of the fact that a, now make sense for all function pairs in H'(Q) x H'(I") in the
following.

6. Error analysis

In this section, we wish to compare the error of the solutions (u,v) of the exact problem (1.1) to the
solutions (uy,vy,) of the approximate problem (5.2) defined in section 5.

One of the problems we have to overcome is the fact that the two problems are posed over different
domains. However the lift operators we have defined will help us.

In order to derive optimal order estimates for k > 1, we must assume higher regularity of the smooth
solution (u,v) of (2.10) and the surface I". We require (u,v) € H**!'(Q) x H**!(I") which requires I"
to be CK+2 (Wloka, 1987).
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THEOREM 6.1 Let (u,v) € H*1(Q) x H*"1(I") be the solution of the variational problem (2.10) and
let (up,vy) € Vi x Sp, be the solution of the finite element scheme given by (5.2). Denote by ”i and vft
the lifts of u;, and v;, respectively. Then we have the following error bounds:

(”_uﬁ’v_vi)Hyl(g)mer) <G, ©D
where
Cr = (1| v) || g1 (@) oy + 1 (Fr @) 200y w22y )
and
H(u—uf;7v—vﬁ) LX(Q)xL2(I) S Cth+l7 ©2
where

C = [ ) g1 (@) et oy + 1 (@) 220y <22 )-

6.1 Geometric errors

Part of the error of the finite element method comes from the fact that there is a so-called ‘variational
crime’, that is we are using different bilinear forms in the exact and approximate formulations and
V, € H'(Q) and S, € H'(I"). These errors come from the change in geometry of the computational
domain.

LEMMA 6.1 For (w,y),(n,&) € V{ x S}, we have

[a((,), (0,8)) = (w,9),(1.€)| .
<chf Wl gy 1701 s +eh ! [0 (@t () 1M E) 1 (@) et () - '
Proof. To prove this lemma we will split the forms a and aﬁ into bulk, surface and cross terms. That is
a®(w,n) = Ot/~Q Vw-Vn +wndx
aT(0,8) =B [ Vry-VrE+yEdo

a*) (0,9).(1.8)) = [ (e —By)(an - B&) do.
We define '’ similarly.
Givenw,n € V}f , for the bulk term we see that

Vw_[~Vn[dx—/ Vw~Vndx‘ =N + b + A,
2, Q

where

I
o = / (DG}, —1d)Vw- DGLVR — dx,
Q J,

1
;z%:/V (DG! —1d)Vn — dx,
2 o W( h )7715

%:/ Vv Vi (— — 1)dx.
o It
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Making use of the fact that

1
57— 1=0 and DG!—1d=0, inQ\B,,
h

we actually have

1
o = / (DG} —1d)Vw-DGLVn — dx,
B J,

1
o= [ Vw- (DG}, —1d)Vn— dx,
B J,

1
oty = /B[ V-V (o~ 1) dx.
h h
Using Proposition 4.3, we see the three terms .27; are bounded by

e 9w 2y (V120

Similarly,

1

S k

w dx—/ wndx| = / w —1)dx)| <ch”||w .
/Qh n v ’ ‘ A ”(Jg ) )’ Wiz IMll20)
Given y,& € S, for the surface terms we see that, using Proposition 4.6,

’/ any_£~vnlé_[doh—/ Vry-Vrédo
I r

~| [0 i 2y Voo
[

< H VY2 IVEE 2y
and

<Yy € 2y -

-| e -na

‘/ y‘fé‘gdohf/yédo
Iy r

Using the previous result we also have that

= gy an = pg)don— | (o pr)(an &) o

(= By)(an &) ~ o

h

< chtt! H(Way)HLz(F)xLz(F) H(naé)“ﬂ(r)xﬁ(r)
< K ) e @y () 11 E) e (@) () -

This shows (6.3). ]
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We remark briefly that since Bfl is contained in Q we also have for functions (1,&) € H'(Q) x
HY(I)
la((w,), (1,8)) = ay((w.y), (1.8))]

k 6.4)
< A [ @)t (o) 1M E) M @) () -
Finally, we remark we can use Lemma 4.4 for integrals over Bfl.
LEMMA 6.2 Forn € H'(Q),
Il20a1) < ch3 Ml ) (6.5)

Proof. We may apply Lemma 4.4 to the domain .#5. We can choose § such that 6y > ch > 6 > h > 0,
since the width of Bfl is just one element. Hence

1 1
IMll2sty < Mll2s5) < €82 Ml o) < ch? [Mllaq)

6.2 Proof of error bounds

Let (u,v) € H*1(Q) x H*1(I") be the solution of the variational problem (2.6) and let (1, v;,) € Vj, x S},
be the solution of the finite element scheme given by (5.2). Denote by ufl and vi the lifts of u;, and vy,
respectively. Define Fj, : H' () x H'(I") — R by

Fi((n,8)) = a((u—uj,v—v}),(n,8)). (6.6)

LEMMA 6.3 If (n,&) = (n},&}) € V! x S}, then F, is bounded by

{ gl < chk A 0 gl
Fh((nh’éh))‘ S ch (uh’vh)‘ H'(@)xH\(T') H(n’“éh)’ HY(Q)xHY(T) ©D
If (n,&) € H*(Q) x H*(I") then, we can improve the bound on F}, to
< (et o Gklle 0
15 (1. )< @)y ey T =) i o

+ el @) @) 1158 ln20) i) -

Proof. First, we notice that if (1,&) = (n},&}) € Vi x S}, using the fact that (u,v) satisfies (2.6) and

(uf;, vﬁ) satisfies (5.7), Fj, can be written as

Fy (4 &) = a((u =y, v = vi), (15,61))
((nhvgh))_a((”havh) (7757 lf))
= (1((715»55)) 71((”]1?6]1)))

— (). (14 &0)) — (o), (4, E0)) )
= —(al(uh,v1), (mi &) —ah (V). (4. €0)) ).
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Applying the result from (6.4) gives (6.7).
To show the second result, we assume (1,8) € H?*(Q) x H*(I") and introduce the interpolant
I(n,&) € VI x St of (1,€), so that

Fi((n,8)) = a((u—uj,v—v;),(n,£))
a((w—up,v—v,),(0,8) = Ih(n,&)) +a((u—up,v—vp),1h(n,£)).

Then, again we can use the fact that (u, v) satisfies (2.6) and (uj,,v}) satisfies (5.7), so that

Fi((,8)) = a((u— v =}), (0,8) = 1(1,8)) + (4 (G, vh). 1u(n.©)) = (). 1u(n. ) ).
Hence we have that
Fy((n,8)) = a((u—uj,v—v}),(1,8) = 1n(n,£))
o (ah (ahe 1) 1o (1.8) = (1.8)) = a((aho 1) Fo(1.6) = (n.6)) )
+@(W—uw ),(1.6)) — al(wh— v, —v), (1,8)))
+ (e (), (1.8) —a((wv),(1.8))).

We bound each of the terms on the right hand side of (6.9) in turn. For the first term we apply (6.1)
together with the Approximation Property (Proposition 5.2) to see

(6.9)

\a((u—uﬁ,v—Vi)»(n,é) —Ih(nyé))\ S CLHEch | (0, 8) | 2 () wrz(r) -

For the second term, we use the geometric bound (6.4), again, with the Approximation Property (Propo-
sition 5.2) to get

af (uh V1), 1n(0.€) = (1.8)) = a () a1, ) = (n,8))|
()|

< ch*

@) (D) ch|(0,8) 2 @) xm2(r) -

A bound for the third term follows by applying the geometric bound (6.4)
(= =), (1, ) = a((uh = v}, = v), (0, 6)|
(=, v}, = )|

chk

HI(Q)xH(I) ||(77’§)||H1(Q)xH1(F)-

Finally, for the fourth term, we simply apply (6.3) followed by the result from Lemma 6.2 to see
@i ((,v), (1.8)) = a((,v), (0,8))|
< cht lall gty 1M 1 52 + R @) g @y () 115 E) i (@)t ()
Lt H(uvv)HHz(.Q)tz(F) ||(71,5)HH2(Q)xH2(F) .

Adding together the previous four result into (6.9) gives (6.8). (]
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REMARK 6.1 Notice that for (1,&) = (1, &) € Vi, x Sy, in the absence of domain perturbation then

Fy((n,&n)) =0,

where this is simply Galerkin orthogonality, whereas, in the absence of the bulk equations then the
bound would be order A1, Demlow (2009).

Proof of Theorem 6.1. The error estimate (6.1) follows simply by combining the approximation
property (Proposition 5.2) with the bound on F;, from above (6.7). We rewrite the error as
l 0 0 0
a((u —up,v—vy), (u— uh,v—vh))
= a((u —ulv—h), (u,v) — Ih(u,v))
—|—a((u - uf’,,v — Vf‘l),lh(u,v) - (uﬁ,vfl))

= a((u - ufm‘}_ sz)a (M,V) _Ih(u7v)) +Fh (Ih(u7v) - (l/l]/,“\/][;))
The result follows from application of a Cauchy inequality and the coercivity of the bilinear form
a (3.2). To show the given value of C; we use (5.4) from Theorem 5.1 and (4.17, 4.11) to bound

N
||(u117vh)HH1(Q)><H1(F)'

We will use an Aubin-Nitsche duality argument to show the L? bound. For { = ({1, ) € L*(Q) x
L?(I"), we define the dual problem: Find ¢ € H'(Q) x H'(I') such that

a((n.8).2¢) = (£, (1,8)) 2(@)wr2(r) for all (n,&) € H' (@) x H'(I"). (6.10)

Here, ((w,y),(n,&)) € L*(2) x L*(I") denotes the sum of the L? inner products between w and 1 on
Q and y and & on I'. Similar to Theorem 3.2, one can show the following regularity result for the dual
problem:

12|l 2@yxazry < N8 Niz(@) a2y - 6.11)

We write the error,
e=(u—up,v—vi) € Q) x L*(I),

as the data for the dual problem and test with (17,&) = e so that
2
”e”LZ(Q)xLZ(F) =al(e,zc) = Fiy(ze)-
Hence, using (6.8) combined with the H ! error bound (6.1) the dual regularity result (6.11), we have

HeHiz(Q)xLz(F) = Fi(ze) < CAY! ||e||L2(Q)xL2(r)»

with C; as in the statement of the theorem. O

7. Numerical Results

We have implemented the above finite element method using the ALBERTA finite element toolbox
(Schmidt et al., 2005).
The data was chosen, with &« = 8 = 1, so that the exact solution was,

u(xy,x2,x3) = Bexp(—x; (x; — xp(x2 — 1))
v(x1,x2,x3) = (@ +x1(1—2x1) +x2(1 —2x2) ) exp(—x1 (x1 — D)z (x2 — 1)).
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u
0.09 0.48 0.

FIG. 5: Plot of the solution of the finite element scheme at & =~ .2, k = 2, along the plane x =y in £,
with mesh shown, (left) and the surface I}, (right).

We calculate the right hand side by setting (f;,,g,) = I~h( f,8). We ran two simulations: one with k = 1,

one with k = 2. We present the error calculated after solving the matrix system at each mesh size in
Tables 1-4. A plot of the solution is provided in Figure 5.
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