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Abstract

The principal aim of this paper is to present the idea of a
'generalized frequency response' of a nonlinear input-output

map S . It is defined as /JS J™" where Jis the usual isomorphism
from *° 1.2 (0,®) to 22, RealiZftion results are presented

pertaining to linear, bilinear and nonlinear systems.

A

.



1. Introduction

The theory of linear systems has been developed from two points of view.- the
time-domain state-space theory and the frequency-domain transfer—function approach.
Each method has its advantages and disadvantages and, as is well-known, the
classical theory of control is developed mainly in the (complex) frequency

domain, while the theory of optimal control was initially developed in state
space. The two methods can, however, be regarded as equivalent since the Four ier
transform provides an isomorphism between the two representations of a system.

Thus it is not surprising that state-space methods have frequency-domain counter-
parts and vice-versa ; consider, for example, the recent Hm methods for

frequency~domain optimisation.

When we come to nonlinear systems, however, we are faced with what is essentially
a state-space theory since it does not appear to be sensible even to consider the
frequency response of such a system, Nevertheless, there have been attempts in
the literature to define some kind of 'frequency domain' theory for nonlinear
systems (see [1] 5 Bﬂ). The method consists of finding a Volterra series expan-
sion of the input-output map of the system and assocating a sequence of transfer
functions Hk(sl,...,sk , k21, each one being the multi-dimensionsl Laplace
transform of the corresponding Volterra series kernel. Setting Si=jwi gives the
tfrequency response' of the kth kernel, namely Hk(jwl,...,jwk). However this
approach has two immediate difficulties; firstly, we obtain frequency spaces

of increasing dimension and secondly, it is not at all clear how the functions
Hk(jml,...,jwk) relate to the responses of the system to standard inputs (e.g.

complex exponentials),

In this paper we shall take a more pragmatic approach and define a 'generalized
frequency response' for a nonlinear system in terms of the way it responds to
any input in terms of the components of the input with respect to some 'standard
functions'. Thus we shll suppose that the input and output functions belong to
Lz[b,ﬁaand take as standard functions some basis of this space (as a Hilbert

space). Using the induced isomorphism of L2[0,§ﬂ with QZ we obtain a 'generalized
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frequency response' which is just an analytic map s:& 24,

Throughout the paper we shall discuss the method relative to linear, bilinear

and general nonlinear analytic systems. In particular, in the linear case we
shall show that the method reduces essentially to the classical frequency response
of a linear system in the sense that the map s:£2+22 is linear and has a block
diagonal matrix representation, each block being a 2 x 2 matrix which can be
decomposed into a rotation and di lation corresponding to the phase shift and
amplitude response of the system at the frequency of the corresponding basis

function.

In section 2 we shall specify some notation and in section 3 we shall present

a new input—output representation for a nonlinear amalytic system., In section 4
we shall define the generalized frequency response of a nonlinear system and

in section 5 the realization of frequency response maps 5:22+22 will be

discussed,



2. Notation and terminology:

In this paper we shall use the following notation. An n-multi-index is an n-
tuple i=(il,...,in) of non-negative integers; its length (or order) is given by
|i1=i|+...+in- The sum of two multi-indices i and & is defined as i+&#=

(i.+2 ,...,in+£n). We say that igf if i sﬁk for k=1,...,n. When 1<% we define

171 k i i
=i as (L. =i ,...,2 -1 ). We also define i! =1i_!...1 ! and X =x.—...x " £dr
i 1 n n 1 n 1 n
T v % 3 v
X = (xl,---,xn) Rn. 1(r) will denote the n-multi-index with 1 in the rth place
L 2 ’
and zero elsewhere, and 6% = 6.1 ...8." " where §, =1if i = 2 and §. = o if
1 11, 1n 1k k k 1,

i # Rk-

o T : n
For an analytic function h: R—R, Taylor's formula becomes

h(x) = I l‘i h(|i1) (o)
|i|z0 1!

-

where - .
; : i i
h(lll) (x)=‘a|1| h(x)/axl1 ...axn

n

Let 22 denote the standard Banach space of square summable sequenc es and let Ee

[2] denote the Banach space of sequences (an)n>o such that the sequence (an/n,}

A nzo
2 2
belongs to & . Define a norm on Re by
1o o 2 1/2 2
NECTONR | R S i CIP I
nzo iy 2 n>o
(f-) -
Now consider the algebraic tensor product of n copies of Ee,:i;= Qn Re, and let
|[.|] be any cross norm ouéﬁ . Foér a simple tensor ¢ we have ¢= (¢i i ) =
1 n 1 n - k 2 1"
(¢, -+-0, ) = o' R...Ra where a = (a. ). € 7, k=1, ...,n .
i 1 i, 1,20 e 4
1 n - k "k”
k
Then, |I¢|| =1;11 ||a ]le.
2, 2 2
The standard L"{o,®] and 2" spaces will also be used.
3. The Nonlinear Input-Output map:
In this section we shall consider an analytic system of the form
x = f(x,u) ,x(o)=x0 (3.1)
= (3.2)

y = g(x)
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where XSER , U€R ; £ : R x R*R and g: R *R are analytic functions. (Thus, we
are considering the single-input, single-output case for simplicity). We shall
assume that the solution of (3.1) exist for all time and for each x E_Rn, although
o
systems with finite escape times can be treated similarly (except that the
solutions x(t,xo) of (3.1) are not analytic in t for all t.).
We shall require the input-output map S:u>y for the system (3.1), (3.2) which can

be obtained by using the method of Carleman Linearization [3]. (See also 5.

To obtain this map we introduce the functions

i i :

_ 1 nQ_l

q>i sl (x) = Xl "'Xn ik
1. n

Since f(x,.) is analytic we have
f(x’u) = j§0 £ (OsJ) (X,O)

{o0,3)

K]

where f denotes the jfB derivation of f(x,u) with respect to u. By the

analyticity of f withrespect to x, we have

f(x,u) = I Ei £ 1 f (IlI’J)(o,o)xl

izo ' |i|zo 1t
where 1 = (ilz""in)'
Hence we have
; o g AT
fgeeedl 4 T r
and so
L g 3 - -
$. ; = T i 1) £_(x,u)
1" r=1
4] 1 - : .
= I ir x" kLl x Ei__ I q fr(IEI’J)(o,o) x2
r=1 jzo 37 |e|z0 1
. ({2],3) .
n o, - +
= 3 u =z i X fr (0,0) x" 1(x)+2
jzo r=1 { ]ao 215! | [
- | l2l,5) -
L L-1(r)+
=3 o =z i1 ¥ by (0,0) §71D) Rxp
jzo r=1 " [2]20 |p|z0 &!j! F
We therefore have
b g =2 oo a?(j) <P
1 jzo |p >0

where
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n i
. (!p—i+1(r)| 1) : ;
T - . f 2 f p-1+ >
= el 5 x (0,0) if p-i+1(rxr)=0
C APray=d
ai(J) )
. 0 otherwise
Finally, we have
8= A o+ £ u A, 0 (3.3)
o

j=1

where ® is the tensor with components ¢i % ‘and Aj is the tensor operator
1" "n '

defined by
- P,- P P, .
% == z -
(A @)i a_(j) x pX ai(J) é P

plz0 * |p[20

We can solve equation (3.3) by standard Picard iteration ;thus define

_ A
Wo(t) =@ B , (3:4)
t ’ ;
y(t) = &£ | Aot Try A, v (1) dr ksl
k . j k-1 b
izl o

Using methods developed in [3], it can be shown that the solution of (3.3) is
given by

o(t) = I V¥ (t)
k>o -

. : 3 y 2
where the series on the right hand side converges in 2e for bounded controls.

Explicitly we have

t 'k 2 ifo~i ik
y)=3: ...z [ [..f% (£,0. +vey0 ) U (0 ).
k ; k. 1 Tk k
izl t>1 o o )
1 k"~ :
i,
i sl "
beo (01) dUl Oy (3.5)
where
—;1"°lk ) Ao(t—qk) A (ak—gé_l)
V. (tc,---,O’)—e A. e A, LR}
E > k Tk Tk-1
% ]
o
v Al e @o
From (3.2) we have
y = g(x)
= I glpl(o)‘ %P
Ip[30 ~ p!
= G &

for some tensor operator G. Hence the input-output map of the system (3.1),

(3.2) is given by
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E g 0'2 i ...l
y=v i)+ I p... [ [ (%t Koo
& k3l.i, 1 i1 o0 k Lk
; . 2151, 1zl o o )
k 1 o
u {Uk)... u (01) E[a‘.!_...acilz (3.6)
when
vy(t) =G eAbt ®
and bl ° ieeed
Vk (t,01’°"ack) = Gvk (tscis""ﬂ—k)
4. Spectral theory of Nonlinear Input-Output Maps:
Consider a System S given in terms of an input—-output map
2 : 27
s : R x L5 [o,m1+ L. o, . (4.1)
defined by y(t) = S(xo, u(e)) (t) (4.2)

. 2 ¢ n .
We assume that the input u and the output y belong to L [o,m] , xOER is the
initial state in some given state-space realization. Again for simplicity, we
have assumed scalar inputs and outputs, the multivariable case will be considered

in a future paper.

We have seen an example of such an input-output map in section 3, generated by
a nonlinear analytic differential equation. Two simple examples are given by

the linear-convolution systems and by the Volterra series of a bilinear system.

Example 1: Linear Systems

Consider the Linear system

X = Ax + Bu , x(0) = %
° (4.3)

y = Cx

then the input-output map is given by

At L A-
y(t) = Ce X + f C e "t ha (t) dt (4.4)
o
In this case
(x4, ul+)) (t) =g (t) + (gru) (t) (4.5)

where

At At
go(t) =Ce " x_» g(t) =Ce B ‘

and

* denotes the convolution operator.
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Example 2: Bilinear Systems
Consider the bilinear system
"X = Ax + uNx + Bu, x(o0) = X
{ (4.6)
Ly = Cx

where A, N, B, C are constant matrices of suitable dimensions. ‘then the input-
output map is given by [4]:

At t
y(t) =C e X + I f
o

%2
oo [5 v, (t,0,500050.).
13l o J ]

1

o—Q

i A . ...dog, +
u(ci) u (UJ) dUl UJ

t uj g,
+ _E f f... f Wj(thl""’cj)°
izl o o o
A
= ] e L) do_ e e.d :
u (01} u(aJ) 01 doJ 4.7
where
- A(t-o._)
vl(t}dl) =Ce 1’ B
vj(t)al,...,qj) = Céé(t-cj) Ne A(U_-]hcr_-]—l) |
LN 2Oy s
and
_ A(t-o_)
wl(tiul) = Ce 1 X,
w.(t,0.500050,) =C eA(t_Uj) N eA(Uj_Uj—l) Neowoo
J 1 ] Ag
... N eA(GZ_Ul) e - X s j>1
so y(t) = S(xo, u(«)) (t).
Returning to (4-1), for each fixed initial state X, we have a map
A 2 2 -
S =S(x,.): Lo,=) 5 LTo,=) (4.8)
%, o ,
Let {e.} be a basis of Lz[o,ml and let j denote
jzo

the usual isomorphism
" 2 1 2
j : L [o,ud+£
given by

Jo =
j>o

-

where

£e1%fo,0), = 3 £, e

The SX induces a map

9 2 2

] HE S
x
o
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cuch that the diagram S
X
2y y 2 :
L [Osm]"—h)'g L ‘[o’w]
7 : b (4.9)
S .
2 %5 p?
—_—
commutes. SQMQ¢QLLZQJ
We shall call B the % frequency response of Sx (with respect to the basis
>0 ¥ [4 ) - 4
{e,} ). Explicitly s 1is given by
k. p <
Jzo. °
s. ({u } ) ={<s (L u,e.,, e?> (4.10)
%5 k ko % izo J K k>0

. 2
where <. , .> denotes a scalar product in L (0,%).

As an example consider the linear system in example 1 above. The map Sx , and
o

hence the map 5, » is affine and is linear if x = o. s has a matrix represen-
2 o x
o o

tation given by

s ({u '} ) =w, + I G,.. u,
*o Tk k=0 ¢ t jzo %J J \
where

w, = <C eAt e >
[} 0 "e
In order to see the relationship to the familiar frequency response consider the
input and output functions over [o,T] for fixed T>0 . Let x =0 and introduce

the basis

B = {-1*{%-} \J {@ cos 2 nnt/T} (W {\/%‘ sin 2 I'lTI‘t/T]'

n>1 n>1
2 . . .
of L [o,Tl. Then, as is well-known from linear systems theory we can write g*u
in the form

t
(gxu) (£) = [ g(1) u(t-1) dr
o

:iW.‘ i t
and so if u(t) = e - , where w_ = 2mn/T we have
iv t o -t iw t -iw T
(g*u) (t) = e oy Ig(r) e T dr- e " T g(t) e ™dr
. o £ (4.11)
A 1Wnt
= e G(iw ) + E (t)
n n

for t € [p,T]. Here, En(t) is called the transient term. Of course, this is

just the familiar expression for the frequency response&ﬁwﬂ)(i.e., the Fourier



transform of the impulse response). If we order the basis B in the following

way:
llff ’Vﬁg cosm(2mt/T) ’V@% sin (2wt/T),

? O
/%.cos (4wt/T), /%j sin (4mt/T). ...
then the commutative diagram (4.9) induces by the map j a one-to—ome corresp-

ondence of this basis with the basis
2
G100 s aals DOLLI, sty 00,0, L, 0,008) ya5s B 85,
From (4.10), we therefore see that the matrix representation of the linear

2 -2 ; 5 s ;
operator sx t% +4 for the linear system above, with respect to the basis given
o)

Y 0
Iy + 40
I
O . (4.12)

is

(assuming the system is stable). Here

¥ = g(t) dt

C -+

is just the gain of the system, Tk (1gk<=) is a 2 x 2 matrix given by
Re G(iw, ) ~ImG(iw, )
r = ( k . Kk
k ; .
Im G(lwk) RF.G(lwk)

and A is the matrix representation of the isomorphic image of the transient term

. 2
in ¢ .

If we write T, = (dEtTk)l/?( COSOk —51nak)

k
sin cos
k ek Ok
then I' represents a rotation and a dilation corresponding to the phase shift

k

and the amplitude response of the system.

To illustrate the expression (4.10) for the bilinear input-output map (4.7) let

{ei} be a basis of Lz[o,w] and define

@ ey = ety
(o] (o]
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and for j>1

T2

] ® iltg, seensts) €
o 171 1 1 j ]
- J (4.13)

. ... do,
dc% aJ

V.
Jkl""skj(t) =

Q *—rt
o “—AQ
o

'_'.
a

2
f wo(£,00500050.) @ (0))...e (0.
¢ i " Ty 53
AT s wedd,
1 J

J
W. (e) = [7...
Jkl,...,kj

o
o

then, if u= L ue , u € Lz [0,5]
k k
k>0
the input-output map (4.7) becomes

y(t) =w (t) + L ToeE ou e.eu ¥, (i
: 21 okpokze K Ik ook,

(4.14)

+ I, L

e, o0 i G
i1 k.=o k.>0 1 i 1°°°7]
i 1 3 j i

and so

<y(t) , e, > =<w0(t) i eQ> + I T swiw B W eeoll, o

. j=1 k120 kao 1 ]

. <V, (t) , e > +
Jkl...kj 2

+ I T «:+ I U ...u <W (t), e

]
™

where y(t) Yy eitt), wo(t) = ¥ L eg(t)

>0 . 2>0
W e (t)

k... k.2 2
Jkl 3

= t), W.
\Y (t) I ij e (t), 3

Lokt S k..., BT

L
1 j 220

] 2 2
It follows that the diegtam (479) induces the map S, :27+2" given by

ik, « 0 oK,
Jkl q %zo0 1

Sy ((uo,ul,--- ))2 = WOQ + I % veo T

u. s s s U . V, + z P2 v s b . (4-15)
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We shall require the generalization of the Taylor's forﬁula of an analytic function
£: R™R to an a;alytic function'?:l2+R defined on the infinite-dimensional space
22. From the general theory of higher~order derivatives of functions defined on
an_infinite-dimensional space [7] and from the familiar finite-dimensional formula,

s ; : 2 .
we can write an analytic function f:¢ +R in the form

flil(a) ui

f(uoi u-l’ uzs"') = 11 (4.16)
' |i]z0 :
where
u=(u, u u ...)Elz
o’ 17 "2°
i= (io, il, i2"'°) with only a finite number of non—-zero terms.
ut = u10 u%l u12
o, Uy Uy e
il =2 ) 2. ! 2.}

|1|== I 1
Lz0
o = (o0, 0, 0,00.)
and )
. i :
elil oy = 2 £€0) ;

1 1 1
‘ 034 13 2
BUO bul u, e

g 2 o s
Define the map s j :2 +R in the usual way by
o/

SX . ((uo-)ul"--)) = (S}{ ((uo)ula-"“)))j
0,1 a)

then, comparing (4.14) with (4.16) we obtain

W ,= 8 ({04050 44))
ol "x.1 (4.17)
h (( ))
+ W, RN —— 60 55
T N
[0}

where Py is the number of terms in the sequence k. ,...,k. equal to r (note that

1 i
z Pr=J)-
r>o

¥t follows that in the 'frequency domain' representation a bilinear system is just

2 2 : o 2 2
an analytic map from £ to 12 (or if we vary the initial value from R x2 to &7).

Consider, finally, the general non-linear analytic system (3.1), (3.2) and its

input=-output map (3.6). As before let u = I uje .
o
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since (3.6) involves ul(U), we consider ul(g) = I Lji' e.(0) where
jzo
.. =< ul, e. >
1] J
we have
i=1 i-1
.., = < u I ue , e, >= L u <u e e, >
2
1] K30 k'k™ 3 K30 k k2 ]
= I u <ui_1 e e.>
- s
k36 k k ]
i -
=<ee,, e > (4.18
let ka ek_ Js )
then U = I u -<ul_l BJ >
e i 5 .
i] k>0 k p30 kg P
i
= I u By ¢ 1- >
k20 p2o k "kp Mu " ep
that 1is ;
U = I I u B U.
iq k>0 P30 k "kp i=1,p (4.19)
U = <l,e,>
therefore 0 3 ) - )
= I I r % uw gl _u gP uw g ily
k20 pi30 k30 pyzo ky kyPy kp kyPy kg kyPy 0P
kyoook,
= L . L V,],' . uk A uk
k120 kJZO 1] 1. i
where
¢ sk ; X
L, Bt ey i 1 JPia1
V.. = Le«e¢e L B K Bk Dk B .
= p30 P30 171 22 iP; ©°P
Thus (3.6) becomes )
*J]_.” Jk_ ( )
y(t) = v, () + L B .. I b « B I . v, - t
¢ LE1 sl i 31 j %0 i 30 134 Tede Rqlqeecy
i k 1 k
where :
*3 3
J}' ik to g i ol
"k B k /. | k d
V. - (t) = f 0. . f Vk (ticl’ .,ﬁgejk(ck)...ejl(cl)dcl... o
W ; o o
odqeeety (4.20)
ie.j
y(t) = vb(t) + I T see L ) E oaea X )3 i DY
k1 1121 1kal 3200 52 Rl,i 5 L, 4 %0
0 ) 9. 1 1, 1
Lig W s ﬁ’ik Tl
w0 aes b .. - B
1] 1, ] °
21,1 0 ii % Z0 171 k k



= 13 =
LR T |
I k
BT P | awall e U v . . (t)
2 L 8. . 2. ki_eeol
1,1l 11’11 1’1k lk,lk 1 k
Hence
Y. =W _» + I . I s I L ees z EP
J J k3l ijz0 i 20 2,430 iil,ilao
B oo wesl, = weik . sas L i
i ; e T R B Y
Ryg 30 &, 4 30 L ’
" kK _
(4.21)
Uy u X u A ;
lg}i LLi’LI El Utz_ o= SK ((U‘D,ut ))
Y& Ly y3y ® K
- K
where v, = <y(t), e.>
J J
w ., = <v (t), e.>
0] o
-and
B, . exi B s sl o 2 R
e B o o B S I N 5 5 baly  igh
ki ...1kJ .30 3. 30 1111
B s wesle : xx  4F
v l,lk lk’lk . 314..Jk .
Ll kipeeeq 7l

5. Realization theory.

In this section we shall consider the problem of the realizability and the state
space realization of an analytic map s:£2+12, which defines a generalized frequency
response. We shall again study the problem in the linear, bilinear and general
nonlinear situations and the results will be expressed in the form of conditions

on the multi-dimensional Laplace“transforms of various kernel functions associated

with 9.

5A: Linear Systems.

Theorem 1:

A necessary and sufficient condition for a sequence {G _,} of numbers to be
4 £,j20

the 'generalized freguency response' of a linear system with zero initial

condition (with respect to a given basis {ek} wso OF LZEO,mrj)is that there

exists a strictly proper rational function G(s) such that

L G . E (8) =G(s) E.(s) (5.1)
b2 ]
L0
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for all jzoq G(s) is then the transfer function of the linear system.

Proof:

In section 4, we derived the 'generalized frequency responmse' s  of linear
e
systems. Taking x =0, this reduces to

where
y(t) = £ ¥y eg(t), 1€ [o,)

and 2>0 %

L G .e (t) =
230 £, 2

Q *=tmyrt

Ce A(t-1) Bej(T) drt

Taking Laplace transform, we obtain

A E’L(s) = C(sI - A)-l B. E.(38)
2z0 % J
that 1is

% G , E (S) = G(S) E.(S) o
230 L) % J

5.B: Bilinear Systems:

i
Let Ek(s) have only simple poles ukk jk=l"'°’rk' The corresponding residues

are denoted Eif, k>o0.
Theorem 2:

A necessary and sufficient condition for a sequence

1 "7 j>¥kt"'kj£20 of numbers to be the '"generalized:

=

! — s e . 7
frequency response of a bilinear system with zero initial conditiom (with respect

to a given basis {ek} of LZ[G,@}) is that there exist four matrices Go(s),
kzo
Gl(s), Gz(s), GB(S) with dimensions respectively 1x1, lxm, mxm mxl of strictly

proper rational functions such that

(1) r v E (s) = G (s) E_ (s) (5.2}
£30 i 9 k,
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rkj rﬁg
(ii) v, E (s) =, I
3o dEpcccE2 R g =1 g, =1
ks k
| 2
EkJ sz lkj
Ek Ek Gl(s) Gz(s—a ')..
i 2
Rkj “ks ij sz
"'GZ(S_%k. mee a0y ) GB(S?uk._”n'ﬁak )
-] 3 ] 2
Ekj ﬁkz
E (s~a v, .~a %)
Kl ki kz
for all k. ,...,k.30, j>1.
1 ]
Proof:
Tor X =0, s given in (4.15) reduces to
%o
y, = % E = E u o, v
£ 531 k.30 k20 %y uk] Iy
where
y(t) = Ly, e (t)
230 2 £
and V. () = : V., e (t)
cask, A
JkyeeXy 130 351 3Pt
but (4.7) and (4.13) yield
} A(t—c?
v (t) = | Ce B e (c,)do
1k1 5 kl 13
and gy
t ag. o A(t-0.) A(o.-o,_
v, (vy=f ... [ce I ye 11
jk,eeok, ;
1 i o © o]
A(Uz“dl)
. .Ne Be (0.)...e
k1 1
-dUl...dcj s 31

Taking the Laplace transform of (5.4) we obtain

T V. E (s) =V,
e 5 K S—
230 Jkl ji % Jkl kj

whereas the Laplace transform of (5.5) yield:

i !
vlkl(s) = C{sI-A} 'B. Ekl(s)

that is

k.

(0.)-
]

(5:3)

(5.4)

(5¢3)

(5.6)

£5.7)
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£V E (s) =G (s) E_ (s) {5.8)
230 lkll 2 o kl

where GO(S) = C{SI"A}_IB (5.9)

In order to find the Laplace transform of (5.6) we are going to write it in a

different form more suitable to the introduction of the multidimensional Laplace

J

transform [5]. Consider the change of variables:

01 =t —tl g s
we obtain, "
i bt T, A(Ct, _=T1.) At ~1.)
Vo L= o fee Ine TP Iy ne 1 Z o
j oo

ek (t—Tl),.,ek'(t—Tj)G_l(Tj_l“Tj)...6_1(T1_12). (5.10)

where 8§ _ is the unit step, and the e 's being zero for negative arguments. We

1 k
shall introduce functions ij ,k.(tl""°’tj) defined by

. LS At. A(t, _-t.)

v, (tpeeest)=Jooo Tce Iwe 71 Ty,

Jkl'”kj 1 J o o
A(Tl—rz)

«as N € B

(t.~1.)....e. (£.-T).
b "1 k3
) v ™ Ta) wua - . I, . .
» (Tj—l TJ) §_y(1ym1y) dr, dTJ {5.11)

.ek

Then, taking the j-dimensional Laplace transform we obtain

A

ij ix.k.(51’°'°’5j) = 'j(sl"'i.’sj) Ek (Sl)°"Ek,(sj) (5.12)
1 | 1 b
where
0 @ AT, A(T._l—r,)
Vole yereplud = | fece Ine 370 Iy
gk ] . .
A(t,—T,.)
1 2 -
N e B Svl(T s ).Dﬂéml(Tl Tz)n
o L AL SjTj)dwl....de (5.13)

and
(st +...+s.t,)
J ]

Vi ..,k.(sl"'°’sj) = f--»-i Voo . x (tl,..,t_) e

. dt ,o.dtj (5.14)
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We need the following lemma ([6]):

lemma 1:
The following relation holds between ij k (s)
7 R
and V (5. ;.5:58.)
sanls, 2 2
kI g 1 J
p,+imw P +iw
V (8)= ~—— L } }—1 G (s=s s S_,S
5 _ ; con | . L T8, TeseTS, 58,5,
k.. ok 5 (zﬁl)J 1 p.—ies: o, _LMLJkl_,.kj c 1 j-17"1772
P i-1
- Sj—l) dsj_l. . .ds1 _ (5.15)
In the following, we shall be concerned with the evaluation of ij X (s).
1ok
From (5.8) we obtain
_ o = Ao, Ao, . Ad,
V.(s,5:0058) = .. [ Ce INe 37" N...Ne °B.
1L J o o
S TowetOqF +u awt +...+7'8.0.
. {51[01, UJ] 52[62 cj] sJoJ}
' dcl...doj
Therefore
V.(5. s00048.) = C{(s *uvuts,)I = ayl N (g, #euu¥s, )I-A}"1
71 J 1 3 1 j-1
N...N{s T - AY ' B (5.16)
Now let N = Nl . Nz where Nl is nxm and NZ is mxn, and define Gl(s), G?(S),
b
G3(S) ¥
G.(s) = C{sI - A} }
1 4
(s) = N, {sI - Al (5.17)
G2 s) = 4 _"N1 .
: -1
G3(s) = Nz{sI - A} "B

{(5.11) becomes

v oo s = s 00 Fowe ¥ B
Vj(sls »sj) G (51+ +s.) G2(51 +s, )

i1 (5.18)
Gz(sl+52) G (s )
hence (5.7) and (5.10) yield
1 pl}lm pj}l+1m
V. (8) = ——. Y G,(s) G.(s~s. _)=
das K L . i -
Ik kJ (2ri)? py=iv Pj_l“lm 1 g J-1
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...Gz(s-si--ea~s._

3 1). G3(s-sfesr—s

-1

Ekl(s—slﬂ...usj_l) Ekz(sl)"° Ekj(sj_l).

- T
Vik, ...k, 8 = 6, (8) b £ gz(tj-1)'°-gz(t2)g3(t1)ek1(to)o

)t

(Sj—l)exP_[(S-sj“l 5-1

Pi-1" g K
+..,+(s—52—...—sj_l)t2+(s—sl-...—sj_l) t1 +

+{8=8_—..."S,. '. . el § . oo o
(s 51 S]“l) t; ] dsJ_1 dsl} dtJ_1 dt0

Thus
o

vjkl”'“k'(S) = G, (s) f wve § gz(tj—l)’°°gz(t2)g3(t1)'
] o o
p,tie P
e, (t){—i-—j_lj oo | E (s,)...E (s, .)
1 % @m)” " p-ie By

. o o i Faaiark . .
exp[}sj_l(tj_1 to) + 53—2 (tsz

+ + + + ds . = s.ad .
+a,(tt £+t ) + s (t to)] JITIELLN.

. - R P . o wield
exp [ s(tJ_1 +t0)1 dtj—l t

Applying residue theory this will yield,

RS ALIVE-NCRE

K, "k, k. sz R -

I ... 0z E-J... E . exp[d J (t, .+...4+E )+
o o . ; k. =1 o
=1 L. =1 ; 2 i

k

+...+aké? (tl+t0) - s(tj_1+...4¢$)j} dtj—l""°dto

hence we obtain (5.3).

Remark 1:

4

(5.19)

(5.20)

{5:21)

(5.22)

To obtain the actual matrices involved in the bilinear representation we proceed

as follows [}]. Consider the matrix



- -

6 (s) GI(S)
G(s) =( © (5.23)
G3(s) Gz(s)

Since all the elements in G(s) are proper rational functions, G(s) may be
considered as the transfer function of a constant linear system of finite order
with m+l outputs and m+l inputs. Therefore there exist three matrices A, R, S
respectively nxn, nx(m+l), (m +1) x n such that

s {sI - AY ! R = G(a) (5.24)

By partitioning S and R in the form

S1
S =( )s R = (Rl R.) (5.25)
S 2
A
where S1 is a lxn matrix and R1 an . nxl matrix we obtain
G (s) =S {sI-A} 'R
o i 6 1
G.(s) =S. {sI - A} ' R
1 1 2
-1 (5.26)
Gl(s) = 32 {sI - A} R2
G.(s) = 5. {sI -A} 'R
3 2 1

» B =R, N=R_S_.

Now substitute GO(S),..., G3(s) in (5.2) and (5.3), and let C=S1 1 2S5

{A, N, B, C} will constitute the bilinear realization.

" Remark 2:

If we assume further that the basis functions have only single simple poles and
that {

1 1 1
L ¥, E(s)/E .... .. E E(s=a ...— )
1o JEp-ekR ky , ky 1 kg “kz

TV E (s)/E, . (s)
D R e

are independent of kl, kfao, we can obtain another characterization of a bilinear

realization. For this, consider G(s) = IV E (s)/E, (s)
k.2 2 k
2>0 1 1
and
£ , 1 i 1 y
V. (s,0 g 1
K. soa k. 2 Koseows k. )= L V, Kk E (s)/E E- .E_(s- (5.27)
2 ] 2 3 250 Jkl--- jR 2 k.oooo kz 1
1 1
—ay TeeeToy ), 332
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For fixed s ,6say s, as k2"""kj ranges from O to m)vk2 . k'(s) akif-.fka.)

. s g i = I :
constitute an infinite sequence of complex numbers in C = P (C) (the Riermann

-~

sphere). Therefore it converges to v.(s s ,...,8.). Here s = lim o EC.
i 22 j Kk o K
P
p
Corollary:
A necessary and sufficient condition for a sequence {ijl...kjg} i1, kl---kaao

of numbers to be the 'generalized frequency response' of a bilinear system with

: S i ; ; : p 2 :
zero initial condition (with respect to a given basis {ek} of L [o,M]) is that
k2o

~

(i) v(s) is a strictly rational function

e 1ot v ; —at
(i1) vj(s?s§_§2,...,sj Sj—l s S sj)

is a strictly proper rational recognizable function in s )Sé s &5 By 55 such that

~

| 1 L . 1 s T -
vj(SJSB 52,..., Sj Sjél’ s sj)
_ 1 ' [ :
= Gl(s)Gz(sj)...Gz(s3) G3(52), j=2 (5.28)

where Gl(s), GZ(S)’ G3(s) are matrices with dimensions respectively lxm, mxm, mxl.

Proof:

(i) immediate

(i1) We have
- 1 1 - !
Vk vk (s, ak s-":ak_ ) = Gl(S) GZ(S Gk-)-
2 ] 2 j j

...Gz(s—ui' —...—u; ) G3(s-ai.-...—a; ) for jz2.
] 3 i 2
For fixed s, say s, as k2""’kj ranges from o to = ,the right and left side

constitute sequences in C, therefore they converge respectively to,

~

vj(s, 8o emis Sj) and Gl(s)Gz(s-sj)...Gz(s—sj—...—SBT

)

.G3(s--sj—...-s2

hence

;.(5 S 3e0058.) = G, (5)G.(5-8.)... G.(S5=5.¢..=5_)=
742 j 1 ) 2 3 2 i 3 (5:29)
.G3(s—sj—...-sz)
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since s was arbitrary,

vj(st

2,...,sj) = Gl(s) Gz(s—sj)...Gz(s-sj—...—s ).

3 (5.30)

’ GS(S"Sj-. . ."52)

Therefore we have (5.28).

Remark3:

Theorem 2 cannot, however, be extended to general non-linear system as the one
given in (3.1) and‘(3.2) since we assumed the initial condition to be zero,
whereas in (3.5) the initial tensor ¢ is never the zero tensor even if the

initial condition in the original system (3.1) and (3.2) is zero.

A similar result can be obtained however for bilinear systems when the initial
state is arbitrary. The proof follows the same lines as the one given for the
zero initial condition and shall be omitted. One remark can be made, however;
there is a term involving t in the integrand, one can take it out and consider
the Laplace tramsform of the product of two time functions, that is the frequency

convolution of their Laplace transforms.

For simplicity we state the theorem for the case B = 0. The general case can

be obtained‘LmMa&_LquQl:j L:j Lombinlnj Hae Agrn“bw'\-m‘j theorem
wddy Haptem 2

Theorem 3:

ik
1
of numbers, to be the 'generalizad frequency response’ of a bilinear system with

A necessary and sufficient condition for a sequence {W, Kk 2}j>1 klt..kjﬁzo
ceuk, >1,
]

PR g . . . 2
non—zero initial condition (with respect to a given basis {ek}k>0 of L [o,m])

is that there exist four matrices Gé(s), Gl(s), GZ(S)’ Gé(s) with dimensions

respectively 1x1, lxm, mxm, mxl of strictly proper rational functions such that

(1) T WyE,(s) = G)(s) (5.31)
i30



kJ "ki kj Ky
(i1) I W. E (s) = b ‘ T B S.« E
K, ...k, 258 g & g v B, K
22 ] kj— El-} 3 1
Rkl lkl Rkj_l
.Gl(s) Gz(s—ak_ ) . Gz(s-ak _"7_ak. )
1 1 i-1
2 e
G!(s-a T 3 (5.232)
3 kl kj

5.C: Non-linear Systems:

Now, we can state a corollary for the general nonlinear system (3.1) and (3.2).

Corollary:

S M TTTLIPIRTYL
2 L4 5 By
A necessary condition for a sequence {wki " 1 K | k1k}

1...ikJ
of numbers to be the 'generalized frequency response' of a general system of the
form (3.1) and (3.2) (with respect to a given basis {ek} of Lz[o,WJ)is that

k2o
there exist a tensor Go(s) and three sequences of infinite k-dimensional tensors

le(s), G2k(s), G3k(s) whose components are analytic at infinity such that the
following conditions hold for all indices:
\

I W.E. (s) =C(s)
o] ] o

jzo
RO S SR S
i i, 1t By U
; Wk' 1 : ﬁ? 1 "k Kk HO
jzo “t1tt Tk J
B .. wedl, b s s,
- 3 v 1t v Ve ek
. ; 17 R T
PECTIE B SO | Wk
r r .
k,Jx % p p I, ky P
LKy VR Ejk : EE} Gli J(s) G, é—gj}).
Bl Py k 1 1
k . k. .7k
1° 5 P1 Pror, 1707 Py Py
Gore (8=0;, —eao—t,. ) G (s-aj,—. ﬂuj*)
4 1 1 k

‘6. Conclusions:

In this paper we have introduced a generalized frequency response for a nonlinear

system in terms of the response of the system to a set of standard inputs which
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form a basis bf Lz[o,w]. The theory has been illustrated in the linear, bilinear
and general nonlinear cases. A realization theory has been presented in terms of
the multidimensional Laplace transform. The method may be developed in a variety
of ways and, in particular, we are now considering the application of these ideas

in the design of nonlinear filters.
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